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Abstract

Consider a discrete optimal transport problem that has at least two
consumers. We show that the Monge and Kantorovich versions of such
a discrete optimal transport problem are equivalent for all cost functions
if and only if the supply from all the suppliers are equal, and the de-
mand from every consumer is an integral multiple of the supply. When
there is only one consumer, we show that the equivalence is trivially true
irrespective of the supply and demand.

1 Discrete Optimal Transport

Consider an optimal transport problem in the discrete setting, where the set of
suppliers and the set of consumers are denoted, respectively, asX = {x1, . . . , xN}
and Y = {y1, . . . , yM}. The supply from xi and the demand from yj are de-
noted, respectively, as µi and νj . The total supply must be equal to the total

demand and therefore we have
∑N

i=1 µi =
∑M

j=1 νj . The cost of transporting
a unit quantity from supplier xi to consumer yj is given by the cost function
c(xi, yj). See [2] and the references therein for more details on the problem.

The Monge version of the optimal transport problem in the discrete setting
is given by

VM = inf
T :{1,...,N}→{1,...,M},

T :T#µ=ν

N∑
i=1

µic(xi, yT (i)),

where T#µ = ν in the discrete setting refers to
∑

i:T (i)=j µi = νj . The relaxed
problem by Kantorovich is given by

VK = min
{γ:γ∈Π(µ,ν)}

N∑
i=1

M∑
j=1

γijc(xi, yj),
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where Π(µ, ν) = {γ ∈ RN×M : γij ≥ 0,
∑M

j=1 γij = µi,
∑N

i=1 γij = νj}. Observe
that when we set

γij =

{
µi if T (i) = j,

0 otherwise,
(1)

for all i = 1, . . . , N , we have
∑M

j=1 γijc(xi, yj) = µic(xi, yT (i)). Summing over

all i, we have
∑N

i=1

∑M
j=1 γijc(xi, yj) =

∑N
i=1 µic(xi, yT (i)). So for any function

T : {1, . . . , N} → {1, . . . ,M} there exists an equivalent γ ∈ Π(µ, ν) such that
the objective functions of the Monge and Kantorovich problems are equal. We
thus have VK ≤ VM given that there could exist γ ∈ Π(µ, ν) that are not of the
form given in (1).

We now address the following question. Under what conditions do we have
VK = VM? The two problems are not the same, in general, as can be readily
seen from the following two examples.

Example 1: Consider N = M = 2, µ1 = 1, µ2 = 3, and ν1 = ν2 = 2. There
are only four possibilities for T : (a) T (i) = 1, i = 1, 2, (b) T (i) = 2, i = 1, 2,
(c) T (i) = i, i = 1, 2, and (d) T (i) = 3− i, i = 1, 2. Note that T#µ = ν is not
satisfied for any of these cases. Thus, the constraint set for the Monge problem
is empty, and hence VM = ∞. Now, observe that the set Π(µ, ν) is given by

Π(µ, ν) = {(γ ∈ R2×2 : γ22 ∈ [1, 2], (γ11, γ12, γ21) = (γ22 − 1, 2− γ22, 3− γ22)}.

We thus have γij bounded for all i, j, and so the solution always exists for the
Kantorovich problem irrespective of the cost function. So, VK is finite for any
cost function, and thus VK < VM .

Example 2: Consider N = M = 2, µ1 = ν1 = 1, µ2 = ν2 = 2. Again,
there are only four possibilities for T . Note that the constraint T#µ = ν is
satisfied only when T (i) = i. Thus, the constraint set for the Monge problem is
a singleton set, and hence the solution is T (i) = i for any given cost function.
So, if we consider c(x1, y1) = c(x2, y2) = 100 and c(x1, y2) = c(x2, y1) = 50,
we have VM = 300. However, the solution to the Kantorovich problem can be
derived as γ11 = 0, γ12 = γ21 = γ22 = 1, and hence VK = 200. This is an
example where the constraint set in Monge problem is non-empty but we still
have VK < VM .

The following theorem from [1] provides a sufficient condition on the values
of N , M , µi’s and νj ’s for which VM = VK holds for all possible cost functions.

Theorem 1. [1, Thm. 1.1] When N = M and µi = νj = 1 for all i, j ∈
{1, . . . , N}, we have VM = VK .

In the following section, we provide a necessary and sufficient condition on
µi’s and νj ’s to have VM = VK for all cost functions.

2 An Equivalence Result

Consider a discrete optimal transport problem with one consumer, that is, M =
1. Then the feasible set of the Monge version is a singleton set, with T (i) = 1
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for all i. Similarly, the feasible set of the Kantarovich version is also a singleton
set, with γi1 = µi for all i. Thus, VM =

∑N
i=1 µic(xi, y1) = VK , and this holds

for all cost functions irrespective of µi’s and ν1.
We now consider a discrete transport problem having more than one con-

sumer, that is, M ≥ 2. The following result shows that VM = VK holds for all
cost functions if and only if (i) the supply from each supplier is equal (say µ),
and (ii) the demand for each consumer is an integral multiple of µ.

Theorem 2. Let M ≥ 2. Then VM = VK holds for all cost functions if and
only if (i) µi = µ for all i ∈ {1, . . . , N}, and (ii) νj = kjµ for some kj ∈ Z+ for
all j ∈ {1, . . . ,M}.

Proof. We begin by proving the if part. Define P as the optimal transport
problem with µi = µ for all i and νj = kjµ for all j. Given that total supply

must be equal to total demand, we have
∑M

j=1 kj = N . We now consider an

alternate optimal transport problem P̃ , where

(i) a quantity of µ in the original problem P is considered as a unit quantity
in P̃ , with the cost of transportation being scaled up by a factor of µ, and

(ii) consumer yj in the original problem P is considered as kj different con-

sumers ỹj1, ỹj2, . . . , ỹjkj in P̃ , each having a demand of unit quantity ac-
cording to the modified metric.

So, P̃ is an optimal transport problem with

• N suppliers denoted by x̃i, i = 1, . . . , N ,

• N consumers denoted by ỹjl, j = 1, . . . ,M , l = 1, . . . , kj ,

• their quantities of supply and consumption given by µ̃i = ν̃jl = 1, and

• the unit cost of transport c̃(x̃i, ỹjl) = µc(xi, yj).

Observe from Theorem 1 that the Monge and Kantorovich versions of P̃ are
equivalent, that is, ṼM = ṼK . We now show that the optimal transport problems
P and P̃ are equivalent. In other words, we show that ṼM = VM and ṼK = VK .

Consider a T̃ that is feasible for the Monge version of P̃ , and define

T (i) = j if T̃ (i) = jl for some l ∈ {1, . . . , kj}. (2)

We now show that T is feasible for the Monge version of P , and that the
objective function of P under the transport mechanism T and that of P̃ under
the transport mechanism T̃ are equal. We first argue that T is feasible. Note
that T̃ feasible implies that there exists exactly one supplier i such that T̃ (i) = jl
for any l ∈ {1, . . . , kj}. So by the definition of T there exist exactly kj suppliers
who supply to consumer j in problem P . Thus, we have

∑
i:T (i)=j µi = kjµ = νj .
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Therefore, T is feasible for the Monge version of P . Now, regarding the objective
functions, we have

N∑
i=1

µ̃ic̃(x̃i, ỹT̃ (i)) =

N∑
i=1

µc(xi, yT (i)) =

N∑
i=1

µic(xi, yT (i)),

where the first equality follows from the definitions of c̃ and T .
We have thus shown that if T is constructed as in (2) from a T̃ that is feasible

for P̃ , then T is both feasible for P and gives the same value of the objective
function as T̃ . So, if T̃ ∗ is the solution of the Monge version of P̃ , then there
exists a feasible T ∗ such that

∑N
i=1 µic(xi, yT∗(i)) = ṼM . We now show that T ∗

is the solution for P .
Consider a T that is feasible for P , and define

T̃ (sjl) = jl if T (sj1) = · · · = T (sjkj
) = j for some sj1, . . . , sjkj

. (3)

A similar proof can be used to show that T̃ is feasible for P̃ , and that it gives
the same value of the objective function. So, if there exists a feasible T such
that

∑N
i=1 µic(xi, yT∗(i)) = V > ṼM , then there exists a feasible T̃ such that∑N

i=1 µ̃ic̃(x̃i, ỹT̃∗(i)) = V > ṼM , which is a contradiction. So T ∗ is the solution

for P , and hence VM = ṼM .
We now proceed to prove VK = ṼK . Consider a γ̃ that is feasible for the

Kantarovich version of P̃ , and define

γij =

kj∑
l=1

µγ̃i(jl) (4)

We now show that γ is feasible for the Kantorovich version of P , and that the
objective function of P under the transport mechanism γ and that of P̃ under
the transport mechanism γ̃ are equal. We first argue that γ is feasible. We now
have

M∑
j=1

γij =

M∑
j=1

kj∑
l=1

µγ̃i(jl) = µ,

N∑
i=1

γij =

N∑
i=1

kj∑
l=1

µγ̃i(jl) = kjµ,

where the equalities follow from the definition of γ and the feasibility of γ̃. So γ
is feasible for the Kantorovich version of P . Regarding the objective functions,
we have

N∑
i=1

M∑
j=1

kj∑
l=1

γ̃i(jl)c̃(x̃i, ỹjl) =

N∑
i=1

M∑
j=1

kj∑
l=1

γ̃i(jl)µc(xi, yj) =

N∑
i=1

M∑
j=1

γijc(xi, yj),

where the first and second equalities follows from the definitions of c̃ and γ,
respectively.

We have thus shown that if γ is constructed as in (4) from a γ̃ that is feasible
for P̃ , then T is both feasible for P and gives the same value of the objective
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function as T̃ . So, if γ̃∗ is the solution of the Kantarovich version of P̃ , then
there exists a feasible γ∗ such that

∑N
i=1

∑M
j=1 γ

∗
ijc(xi, yj) = ṼK . We now show

that γ∗ is the solution for P .
Consider a γ that is feasible for P , and define

γ̃i(jl) =
γij
kjµ

for all l ∈ {1, . . . , kj}. (5)

A similar proof can be used to show that γ̃ is feasible for P̃ , and that it gives
the same value of the objective function. So, if there exists a feasible γ such
that

∑N
i=1

∑M
j=1 γijc(xi, yj) = V > ṼK , then there exists a feasible γ̃ such that∑N

i=1

∑M
j=1

∑kj

l=1 γ̃i(jl)c̃(x̃i, ỹjl) = V > ṼK , which is a contradiction. So γ∗ is

the solution for P , and hence VK = ṼK . This completes the if part of the proof.
We now proceed to prove the only if part. We show that if the conditions in

the statement of the theorem are not satisfied, then there exists a cost function
for which VM > VK . Consider the case when µi = µ for all i = 1, . . . , N , but
∃ j such that

νj

µ /∈ Z+. Then
∑

i:T (i)=j µi will always be an integral multiple
of µ, and thus the feasible set of the Monge problem is empty. So we have
VM = ∞. But the feasible set of the Kantorovich problem, Π(µ, ν), is closed,
bounded, and nonempty. It is bounded since γij ∈ [0, µi], and is nonempty
since γij =

µiνj∑M
j=1 νj

∈ Π(µ, ν). The objective function to be minimized is a

linear function and thus is continuous. Since we minimize a continuous function
on a compact set, the minimizer γ∗ exists, and thus VK is finite. Thus, we have
VM > VK for any cost function.

Consider the case when maxi µ ̸= mini µi. In case the supply and demand
are such that the feasible set of the Monge problem is empty, then we again
have VM = ∞ > VK for any cost function, and the theorem is proved. So, let
us consider the case when the feasible set of the Monge problem is nonempty.
Consider a feasible T̂ , and pick i and j such that µi ̸= µj and T̂ (i) ̸= T̂ (j).
Observe that picking such a pair of suppliers is possible because of the following
reason: Pick i and j such that µi ̸= µj ; If T̂ (i) = T̂ (j), then pick k such that

T̂ (i) ̸= T̂ (k); If µi = µk, then j and k can be picked; Otherwise, i and k can be
picked.

Given that µi ̸= µj and T̂ (i) ̸= T̂ (j), we consider the following cost function:

c(xk, yT̂ (k)) = 1, c(xk, yl) = (N + 2)
maxs µs

µk
, ∀l ̸= T̂ (k),∀k ̸= i, k ̸= j,

c(xi, yT̂ (j)) = 1, c(xi, yT̂ (i)) = 2, c(xi, yl) = (N + 2)
maxs µs

µi
, ∀l ̸= T̂ (i), l ̸= T̂ (j),

c(xj , yT̂ (i)) = 1, c(xj , yT̂ (j)) = 2, c(xj , yl) = (N + 2)
maxs µs

µj
, ∀l ̸= T̂ (i), l ̸= T̂ (j).

Observe that
∑N

s=1 µsc(xs, yT̂ (s)) = µi + µj +
∑N

s=1 µs < (N + 2)maxs µs.

We now show that T̂ is the solution of the Monge problem for the given cost
function. If T (k) ̸= T̂ (k) for k ̸= i, k ̸= j, then a cost of (N + 2)maxs µs

is incurred, and thus T cannot be the minimizer. A similar argument holds if
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T (i) /∈ {T̂ (i), T̂ (j)}. Furthermore, T (i) = T̂ (j) and T (j) = T̂ (i) is not feasible
since µi ̸= µj . Thus, T̂ is the solution of the Monge problem for the given cost

function, and thus VM = µj+µi+
∑N

s=1 µs. Assuming without loss of generality
that µi < µj , we consider the following values for γ:

γk(T̂ (k)) = µk, γkl = 0, ∀l ̸= T̂ (k),∀k ̸= i, k ̸= j,

γi(T̂ (j)) = µi, γil = 0, ∀l ̸= T̂ (j),

γj(T̂ (i)) = µi, γj(T̂ (j)) = µj − µi, γjl = 0, ∀l ̸= T̂ (i), l ̸= T̂ (j).

We now show that γ is feasible. Note that
∑M

t=1 γst = µs is true for all s =

1, . . . , N . Now, to show that
∑N

s=1 γst = νt for all t, we first observe that the

transport mechanism under T̂ and γ differs only with suppliers i and j, and
consumers T̂ (i) and T̂ (j). Every other supplier k transports all his supplies to
the consumer T̂ (k) under both the transport mechanisms T̂ and γ. So, for all
t ̸= T̂ (i), t ̸= T̂ (j), we have

N∑
s=1

γst =
∑

s:T̂ (s)=t

µs = νt,

where the final equality follows from the feasibility of T̂ . When t ∈ {T̂ (i), T̂ (j)},
we have

N∑
s=1

γst = γit + γjt +
∑

s:T̂ (s)=t,
s ̸=i,s̸=j

µs =
∑

s:T̂ (s)=t

µs = νt,

where the second equality follows since γi(T̂ (i)) + γj(T̂ (i)) = µi and γi(T̂ (j)) +
γj(T̂ (j)) = µj . This proves the feasibility of γ.

Now we have

VK ≤
N∑
i=1

M∑
j=1

γijc(xi, yj) = µj − µi +

N∑
s=1

µs < µj + µi +

N∑
s=1

µs = VM .

We have thus constructed a cost function for which VK < VM . This completes
the proof of the theorem.

Our results can thus be summarized as follows.

• The objective functions of the Monge and Kantorovich problems are equal
for all cost functions when M = 1.

• When M ≥ 2, the necessary and sufficient condition for the objective
functions to be equal for all cost functions is (i) µi = µ for all i and (ii)
νj = kjµ for some kj ∈ Z+ for all j. In other words, the objective functions
are equal for all cost functions when the supply from every supplier is
the same and the demand of every consumer is an integral multiple of
the supply; when this condition is not satisfied, then there exists a cost
function for which the objective functions are unequal.
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