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Abstract

Inspired by the progressive decoupling of linkages methodology for optimization and
variational inequalities, we propose an algorithm for solving quasi-variational inequalities
as a sequence of variational inequalities. Our method is shown to converge locally under
some regularity conditions and globally when such conditions hold throughout the entire
domain. Separately, under other type of assumptions, global convergence with linear rate
is also established for the class of quasi-variational inequalities said to have a moving set.
Advantageous computational performance is shown for large-scale Walrasian equilibrium
problems, a special case of generalized Nash equilibria, as well as for some other instances
encountered in related literature.

Keywords: quasi-variational inequality; generalized Nash equilibrium problem; progres-
sive decoupling; Spingarn’s partial inverse; proximal point method.

1 Introduction

The quasi-variational inequality (QVI) is a framework for solving a broad spectrum of
variational and equilibrium problems. Given F : R™ — R" and a set-valued mapping
K :R" = R", the QVI formulation is as follows:

find € K(z), such that (F(Z),x —Z) > 0, for all x € K(Z), (1.1)

where (-, ) stands for the Euclidean inner product in R™. The QVI setting is more general
than the well-known variational inequalities (VI), the latter corresponding to the case when
the set-valued mapping K(-) is constant (the same set K for all x).

The first QVI formulation was proposed in [5] and [6] for stochastic impulsive optimal
control problems, see also [7]. Since then, the framework has shown itself to be very valuable
in economics, for solving generalized Nash equilibrium problems (GNEP) [21], [3], [17], as
well as in some engineering and transportation applications, see [28] and [38] respectively.
The monograph [19] discusses the mathematical theory of QVIs and VIs in detail.

Much of the literature on QVIs concerns theoretical results, such as the existence and/or
uniqueness of solutions. In the context of QVIs in Banach spaces, several existence results
have been established for specific problems, in a way similar to developments in partial
differential equations theory, often together with uniqueness and regularity of solutions.
Some examples can be found in [4], [22], and [29]. An existence theorem for a general QVI
in Banach spaces is presented in [26]. General theorems establishing existence of solutions
for QVIs in Euclidean spaces can be found in [§] and [2]. There are also existence results
for QVIs in specific applications, see for example [3] and [IT]. However, there are only a few
specific theorems addressing uniqueness, such as the results in [33] and [14].
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More recently, in order to address large-scale structured problems, the QVI Dantzig-
Wolfe decomposition in [23] demonstrated promising computational efficiency and scalability.
Nevertheless, in its so-called master subproblem each Dantzig-Wolfe iteration still solves a
QVI, albeit a simpler one than the original one (the second subproblem to be solved at each
Dantzig-Wolfe iteration is a VI, often separable).

Our goal in this work is to design an algorithm capable of handling large-scale instances of
through the iterative solution of VI problems. To this end, we employ a decomposition
approach different from the Dantzig-Wolfe paradigm, inspired by the progressive decoupling
of linkages proposed in [37] for optimization and VI problems. After lifting into a
higher dimensional space, a common technique to induce decomposition, the linkage is given
by a subspace constraint. In each iteration, progressive decoupling consists of first solving a
proximal subproblem in the larger space, without the aforementioned constraint, and then
performing a projection onto the subspace to recover feasibility of the linkage. To extend
this mechanism to our setting, we first rewrite the QVI in a favorable format. Thanks to this
reformulation, the subproblem solved by the progressive decoupling approach is just one VI,
as desired. The subsequent projection onto the subspace has an easy explicit expression.

We expect our new proposal to outperform the Dantzig-Wolfe approach [23] when the
master QVI subproblem therein is more difficult to solve, which occurs when the problem has
more constraints and QVI subproblems are not too small. The expectation is confirmed by
the numerical experiments in Section [7], where it is also shown that the situation is reversed
for instances with fewer constraints. For computational assessment, we solve Walrasian
equilibrium problems formulated as GNEPs, using their optimality conditions that give rise
toa QVI, as in [21], [18], [16]. We compare our method with a direct application of the PATH
solver in GAMS [20] and with the Dantzig-Wolfe approach of [23]. Additionally, we solve
several other QVI examples from [16] and [9] that are useful to analyze some convergence
features of our method, including sensitivity with respect to the subproblems’ proximal
parameter.

When dealing with proximal subproblems, one difficulty which is inherent in QVIs is the
lack of monotonicity-type properties of the associated mapping. We briefly discuss this next.
Let K(x) be convex for each z. For a convex set D, the normal cone to D at z is the set
Np(z) ={v € R" : (v,y — z) < 0,for all y € D} when z € D, and Np(z) = @ otherwise.
Then the QVI is equivalent to finding ¥ solving the generalized equation

0€e F(z)+ NK@) (7). (1.2)

Because K in a QVI is not a constant set, but varies with x, the mapping Ng((-) : R* = R"”
may lack properties suitable for a direct application of proximal point and related techniques,
such as the progressive decoupling method. For this reason, special attention is required.
Following [35] we refer to such a mapping as the putative normal cone. In particular, this
mapping is not monotone, even in very simple examples. Moreover, even weaker properties
like local monotonicity around a solution or elicited monotonicity, do not appear to be
amenable to the QVI case (a further discussion is given in Section see in particular
Example therein). For this reason, part of our analysis relies on local results. We
shall prove local convergence, under suitable regularity conditions and global convergence
when the conditions hold throughout the entire domain. This analysis invokes variants of
the progressive decoupling method proposed in [I5]. Note that even though the method
proposed in [37] allows elicitation of monotonicity, the progressive decoupling+ from [I5]
covers more general cases and provides both local and global convergence results under a
calmness condition. In addition, we establish global convergence with linear rate for a specific
instance of , namely the moving set case, by direct analysis not involving the theory of
[15].

The rest of the paper is organized as follows. In Section [2] and Section [3] we develop
and formulate the algorithm. In Section [4] we introduce the regularity conditions necessary
for the convergence analysis. Section [5] and Section [6] provide global and local convergence
analysis, respectively. The final Section [7]is devoted to the numerical assessment.

We introduce the following notation. Denoting the Euclidean norm by || - ||, the closed
unit ball in R™ is B” = {v € R™ : ||lv|| < 1}. For a vector subspace S C R, its orthogonal
subspace is St = {u € R" : (u,v) = 0,for all v € S}. It then holds that R® = S @ St =
{veR":v=uvg+vgi,vs € S,vg. € St} is the direct sum decomposition of R", where



vs = Pg(v) and vg: = Pg.1 (v) are the projections of v onto S and S+, respectively.

For a set-valued mapping ® : R® = R", its domain is given by dom ® = {z € R" : &(x) #
0}, its graph is gph ® = {(z,u) : ¢ € dom ®,u € P(x)}, its range is rge(P®) = {u e R" : u €
®(x) for some x € dom @}, and its set of fixed points is given by Fix(®) = {z : z € ®(z)}.
The mapping @ is o-strongly monotone if there exists o > 0 such that (v —u,y — z) >
olly — x|, for all (y,v), (x,u) € gph®. The mapping ® is monotone if the inequality holds
with ¢ = 0. A monotone set-valued mapping is maximally monotone if its graph is not
properly contained in the graph of any other monotone mapping.

A set-valued mapping T : R™ = R"™ is e-elicitable monotone with respect to the subspace
S if T + ePg.1 is maximally monotone for some e > 0. Given a proximal parameter r > 0,
the resolvent of T" with parameter r is defined as VEUIRES (I+ %T)‘1 : R™ = R", a possibly
set-valued mapping if 7' is non-monotone.

A set-valued mapping K : R™ == R"” is inner semicontinuous at & € dom K if for all
uF — @ and v € K(u), there exists a sequence v* — o with v* € K(u*). In our QVI
the set-valued mapping K (-) is assumed to be closed and convex-valued, meaning that the
sets K (x) are closed and convex for each z € dom K. Moreover, K (-) is assumed to be inner

semicontinuous and to have a closed graph. Finally, the variational inequality obtained when
K in (1.1)) is a fixed set is denoted by VI(F, K).

2  QVI Progressive Decoupling

A useful mechanism to induce decomposition in a problem is to make copies of variables
appearing in coupling constraints, in a manner that separable structures can be exploited.
The mechanism is defined in a decision space of larger dimensions, but in compensation
each iteration yields separate subproblems, generally simpler to solve, possibly in parallel.
Decisions in the original space are obtained by forcing the copies to be equal, and the iterative
process continues.

2.1 The considered setting

We denote with bold font all vectors, mappings, and sets in R?", the space of copies. We

introduce the subspace S = {x = §1 ER"XR": 21 = :Ez} , and its orthogonal complement
2

St = { = Bl} ER" X R":y; = —yg}. The associated projection operators are
2

Ty — T2

1z + 2
T2 — T1

1
o1+ 902] and Pg1 (x) = = [

3 } for any x € R*". (2.1)

The QVI formulation (1.2 in the space of copies, is given by

(x,y) €S x 8, with y €T (x)=(F(x1) + N (25 (1)) x {0}, (2.2)
and x1 € K(x3). (2.3)

This is Spingarn’s partial inverse problem, where the goal is to find a pair in the graph
of the operator such that the point and its image respectively lie in a subspace and its
orthogonal complement. The transformation was proposed in [39] for convex separable pro-
gramming problems, and the progressive decoupling method for VIs [37] is based on this
type of construction.

To analyze the framework in QVTI setting, we begin by examining one iteration of the pro-
gressive decoupling of linkages when applied to 7. At iteration k, given (x*,y*) €
S x S+ and a proximal parameter r;, > 0, the next iterate (x**1, y**1) € S x S+ is generated
in two steps, by solving a proximal subproblem and projecting. Specifically,

first, X" is a solution to 0 € T(x) — y" + rp(x — x¥), (2.4)
then, (2.1) gives xM = Pg(x") and y* ! = y* — r,Pgu (X%).  (2.5)

Although the original progressive decoupling method is formulated for a fixed proximal pa-
rameter, we write the iteration with a variable parameter for greater generality. We restrict



to the case of a constant parameter whenever required for the convergence analysis, except
for the global convergence result in the moving-set setting (where we show that variable
parameters are admissible indeed).

Two important comments are now in order. To begin with, because a solution %* to
satisfies the inclusion 0 € T(X*) — y* + rp (%% — x¥), it holds that

0] ¢ F(27) + 72} — yf — riaf + N (2)
0 redk —yb — rpak

Thus, at iteration k, the two components 2% and 2% in (2.4) are such that 2§ = 2§ + L5,
)

while 2% solves VI (F + riI — y§ — rpazf, K*), where we defined the set K* = K (2%).
Second, by the projection formula in (2.5), the next iterates are

1 [k + 2k 1
k+1 1 2 k+1 k+1 Ak k k
X = — | . . — T =X = - + x + J—
9 Llf‘f'xlf 1 2 2( 1 2 ky2)7
ko k41 _ k  Te(sk k_ 1.k
yktl = gk Tk {l’]f - 3615] i =y — (@ —ag - Eyz)»
=Y T o sk _ sk k41 _ Kk (ko 1ok Ak
2 |73 — I3 Yo =ys — (@3 + 5oys — 2).
: k k 1 : : k _ .k k_ _k
Since x* € S and y” € S+, the respective components satisfy x7 = z5 and y5 = —y7. Thus,
renaming z¥ = 2§ = 2%, and y¥ = y*, y5 = —y* yields the expression &5 = z¥ — %kyk. We
k _ sk

can also rename 27 = Z".
Altogether, the proximal subproblem of the iteration consists in finding

1
#* solving the VI(F + 7l —y* — rpa®, K (2F — *Z/k)> .
Tk

2.2 A first algorithmic setting

Since we have characterized #* as a solution to a VI with operator F + riI — yk — rpak

and set K* = K(2F — %kyk)7 the subproblems are well defined without further assump-
tions/considerations, at least locally. To see this, note that as K is inner semicontinuous in
7, then # € intdom K. Therefore, K* will be non-empty whenever (2*,y") is sufficiently
close to (#,0). If, in addition, F' were monotone, the VI mapping F(-) + rx] — y* — rpa®
would be strongly monotone. In this case, by Proposition 2.3.3-(b) in [I9], the corresponding

kth VI subproblem has the unique solution &*.

Algorithm 1 Progressive decoupling for QVI

Require: z°,y° € R",tol > 0,£° > tol.
Ensure: Convergence to solutions of the QVI.
Set k + 0.
while ¥ > tol do
Choose 71, > 0 and set K* = K(2F — %yk);
find #* as a solution to VI (F + rxl — y* — rpa®, K*);
set ghtl = %(ﬁ:k + 2k — %yk),
set yFtl = yF — %"(ﬁ’“ — gk + iyk)
STOPPING CRITERION: Compute e¥ = [[25+! — 2F|| 4 L||yF+1 — yF|;
UPDATE: k < k + 1;
end while

Note that the iterative procedure given in Algorithm [I| solves one variational inequality
in R™ per iteration, the remaining calculations being simple algebraic operations. The stop-
ping criterion is based on the convergence of the corresponding sequences, whose analysis is
provided in Sections [f| and [6] For now, we provide some insights as to why, if the method
converges in some sense, then a solution to is obtained (of course, approximate solutions
for a positive tolerance tol > 0).



Proposition 2.1 (Meaning of the stopping criterion). Suppose that in QVI the operator
F :R™ — R"” is continuous and K : R™ = R" is an inner semicontinuous set-valued mapping
with closed graph.

Suppose, in addition, the prozimal parameters in Algorithm[1] are chosen so that 0 < 7 <
re <7 < oo forall k.

If the process generates a sequence {y*} — 0, then every accumulation point T of the
sequence {x*} is a solution of the QVI . Moreover, whenever {x*} — T the sequence

{y*} = 0, and T solves the QVI (1.1)).
k

Proof. Suppose that {y*} — 0 and consider k — oo. As yFt!l = —Tk(3k — gk — %k_yk), our
conditions on 7, imply that #% — 2% — 0.

For Z an accumulation point of {z*}, consider the subsequence {z*i} — 7 as j — oc.
Then it also holds that {#%} — Z as j — co. Since for all k the points #* € K(z* — iyk)
and gph K is closed, passing to the limit along the subsequence {k;} as j — oo, we conclude
that 7 € K (7).

Next, take an arbitrary v € K(Z). By the inner semicontinuity of K(-), together with

the relation z%i — r%yki — 7, there exists some subsequence {u*i} — u such that u* €

KFi = K(zh — T%y’“ﬂ') for all j. Since #* solves the corresponding VI, it holds that

<F(§ck1) + rkjfckj —yhi — rijkf,ukj - i‘kj> > 0.

Passing onto the limit as j — oo yields that (F(Z),u — &) > 0, a relation that holds for any
u € K(Z). Hence, Z solves the QVI (1.1J), as claimed.
Finally, suppose that 2* — Z. The result follows, because z**! — z* — 0 and

Tk, . 1 Tk . 1
Y+l = ——k(xk ok 7yk) _ _j( kygh o gk ka) _ _,rk(xk-&-l _xk) 0.
2 Tk 2 TLk
That this relation implies that Z is a solution to (1.1) was established above. O

At this stage, it is convenient to recall the relation between the proximal subproblem in
Algorithm [I} written in the original space (R™), and its equivalent expression involving the
resolvent of the operator in (2.2)), defined in the lifted space of copies, that is:

A k 1
2" solves the VI (F+ril — y* - rkxk,Kk) — xF= |:$k v 1 yk] € jLT(Xk + fyk> .
-x = -
Together with (2.1)), we see that, when written in the lifted space of copies, the kth iteration
of AlgorithnI] performs the following steps

Xt e Jop(xt +5y")
xF1 = Pg (%) (2.6)
yE = yh =P (x9).

This rewriting will be useful in the following section to introduce a second algorithmic ap-

proach for solving (|1.1), when written in its equivalent form (2.2))-(2.3).

3 QVI Progressive Decoupling+

The progressive decoupling method [37] handles non-monotonicity of the mapping T through
elicitation within the linkage subspace. Since that setting does not accommodate the lack of
monotonicity of the putative cone (see Section [4| and Example , we consider instead the
weaker concept of semimonotonicity, introduced in [15].

The modified variant of the progressive decoupling approach presented in [I5] can be
employed when elicitation is not applicable. The resulting method, called progressive de-
coupling+, incorporates in the original framework separate relaxation parameters, A\, and
Ay when updating the iterates in . As long as the proximal parameter is fixed (ry = r
for all iterations), the mechanism allows for a controlled form of non-monotonicity along the
subspace directions and their complements.



The approach in [I5] applied to our QVI problem writes down as follows. Given (x*, y*) €
S x S+, a proximal parameter r > 0, and relaxation parameters \,, Ay, the iteration of the
progressive decoupling+ defines

%7 e Jip(xF 4+ Lyk)
xFHL = (1 — \)xF + N\, Ps(xF)
yhtl =y — AyrPgi (xF).

We see that taking A\, = A\, = 1 gives the progressive decoupling steps of Algorithm written
in the form and fixing 7, = r (in the progressive decoupling variant with elicitation the
respective values of the parameters are A\, =1 and A\, =1+ £).

Algorithm [2| stated below results from [15], after lifting to the space of copies as in

Section using the operator T given in (2.2).

Algorithm 2 Progressive decoupling+ for QVI

Require: z°,¢° ¢ R*,r >0, )\, > 0, Ay > 0,tol > 0,e% > tol.
Ensure: Convergence to solutions of the QVI.
Set k < 0.
while £ > tol do
Set K* = K (zF — 1yk);
find 2% as a solution to VI (F +rl —yF —rak K*);
set zF+! = (1 Ao)zF + Ap (3 (m —l—x — %yk));
set yPTt =gk — A, (5(2% — a2k + 1 k))
STOPPING CRITERION: Compute k= = [lz" Tt — 2k || 4+ Lyt —y
UPDATE: k < k + 1;
end while

b

For ensuring convergence, the parameters r and A, A, have to satisfy certain conditions,
which will appear in due course, after the study of semimonotonicity in our QVI setting in
the next section.

4 On semimonotonicity in QVI setting

Since the progressive decoupling of linkages is an application of the proximal point method
(PPM) [37], its convergence properties follow from those of that method under appropriate
assumptions. Convergence of PPM depends on monotonicity-related properties (perhaps
local monotonicity, perhaps elicitation), which are not easily achievable in the presence of
putative normal cones.

4.1 Regularity Assumptions

The structure of the mapping T in is not amenable to monotonicity, but the assumptions
required by the progressive decoupling+ are less demanding and turn out to be reasonable
for quasi-variational inequalities.

We illustrate the situation with the following simple example, in which we have neither
monotonicity —nor local monotonicity around the solution —nor elicitation for any parameter.
However, as will be shown later on in Example we have semimonotonicity at the solution
point in the sense of [15], stated in Definition

Example 4.1. Consider QVI (1.1) defined with n = 2, the identity operator F'(xz) = z and
the set-valued mapping K (z) = {tz : t € R} C R%
It is easy to see that

Ni(o) () = [e]* = {(h € R? : (h,) = 0},

Then the unique solution to QVI (L.2), i.e., 0 € F(x) + Ng(y)(x), equivalent to (L.1)), is
z=0.



To derive the operator in the lifted space, first note that given z, z, € R2,

[2]t :={h € R%: (h,29) = 0}, when 7, € K(x3),

NE(a2) (1) = {@, when z; ¢ K(2).

It follows that the mapping T from ({2.2)) is given by

T.R' =R T ([z1:|) _ {(xl + [w2]F) x {0}, if 21 and x5 are parallel,

Z2 (0, otherwise.

Furthermore, keeping (2.1]) in mind, for any € > 0,6 > 0,

€ €
0 . e 0 2 0 _ t 4
T||°]- (M +{M R ,teR}) x {[OH Hemritery,
0 0
while, similarly,
0 t
§ _ 1) 4.
T 0 = 0 eR*:teR
—0 0
Therefore,
€ € 0 0
0 0 ) 1)
Pg: . =1_." Pg: 0 =10l
0 0 -6 —0
and, hence,
0 to 0 € € 5
1) ) 1) 0 tq 0
ol o +e 0 ALz o +e e € gph(T + ePg.), for t1,t2 € R.
—0 0 -4 0 0 0

In particular, given any elicitation parameter e > 0,

(2 (1+e) 0 €
1
< ( T)e)é - _tée ) 8 - _05 > = (1+2e)(0> +e%) —t10 —tae <0, (4.1)
—ed 0 -6 0

whenever 10 + tae > (1 + 2¢)(6% + 7).

We conclude that for this example, T + ePg1 cannot be monotone for any e > 0. Thus, T
is not an e-elicitable mapping and, moreover, taking e = 0, shows that T is not monotone
either. Monotonicity cannot be ensured even locally around the solution (0,0) € R* x R?,
because we can choose 9, ¢ above as small as we wish, without altering the conclusion. On the
other hand, the semimonotonicity condition required by progressive decoupling+ is readily
satisfied for this example, as will be illustrated in Example below. O

As the mapping T : R?” = R?" cannot be expected to be maximally monotone, locally
monotone, or elicitable in the sense of [37], the results on convergence of PPM cannot be
applied to progressive decoupling in our setting. Instead, we shall employ the framework of
[15], which is based on the notion of semimonotonicity.

Definition 4.2 (Semimonotonicity). Given a mapping ® : R™ = R™, a subspace V C R™
and scalars pu*,p > 0, the mapping ® is (u™*, )- semimonotone at (z*,3*) € gph ® on an
open set U > (a*,y*) if, for all (z,y) € gph ® NU the following holds:

(y—y" o —a*) + pt|[Pys(a) = Pys(a®)|® + plPy(y) — Py(y")lI* > 0.



For our mapping T in (2.2) and the subspace S, this property will be satisfied at (X, 0)
if there exist 6,0, > 0 such that

for all z1,29 € Z + 9,B" and y € §,B"

such that y € F(1) + Nic(ap (21). (4.2)

pt 7
(0 = ) + ol = a2+ Sl > 0
Recalling that Algorithm [1]is a particular case of Algorithm [2| to show convergence for
both of our QVI progressive decoupling methods, we next state conditions ensuring that the
property of semimonotonicity holds.
To this end, given parameters p,q € R", we introduce the following parametric VI and
QVT solution mappings:

meMvi(fpaQ) — Oep—’_F(x)—i_NK(q)(m)?

4.3
x quvi(p7Q) — 0 €p+F($)+NK(m+q)($) ( )

Stability properties of parameterized VIs and QVIs have been studied in [36], [31], [34], [32].
Some results are based on metric subregularity theory, which is equivalent to a calmness
property for the solution mapping.

We now introduce the regularity conditions for our mappings. For the convergence anal-
ysis, it suffices that either of the two assumptions below holds. The difference between the
local and global analyses is that the former requires subregularity only locally, while the
latter requires the property to hold on the entire domain.

Assumption 4.3 (My;-calmness). Let T be a solution of QVI , meaning that T €
M,;i(0,Z). The mapping My; is locally single-valued and calm at ((0,Z),Z): there exist
neighborhoods V, 3 0,V, 2 T and constants L,,Lq > 0 with Ly < 1/2 such that My; is
single-valued in V, x Vi, and

[Myi(p; q) = Mui(0, 2)[| < Lyllpll + Lqllg — 2, for all (p,q) € Vy x V.

Assumption 4.4 (Mgyi-calmness). Let & be a solution of QVI , meaning that T €
Mqvi(0,0). The mapping Mqvi is locally single-valued and calm at ((0,0),Z): there exist
neighborhoods V,, > 0,V, > 0 and constants Ly, Ly > 0 with Ly < 1 such that Mqvi is
single-valued in V, x V, and

”Mqvi(p» Q) - Mqvi(OaO)H < Lp”p” + Lq”‘]”» for all (p, Q) €Vpx Vg

Remark 4.5. (i) When F is strongly monotone, the mapping My; is always single-valued,
since uniqueness of the solution of the VI is ensured by Theorem 2.3.3-(b) in [19].

(ii) Assumptiondoes not require uniqueness or local uniqueness of solutions to QVI (1.1)).

Indeed, My; can be single-valued even when QVI (L.1) has multiple solutions. On

the other hand, single-valuedness of Mgy, locally or globally, requires local or global
uniqueness of the solution of QVI (1.1)).

(iii) The calmness property can be analyzed using variational analysis tools, such as coderiva-
tive criteria for metric subregularity [12] [I3]. Estimating the calmness moduli L, and
L, is possible via coderivatives, but is not straightforward in general.

(iv) Assumptions and are independent (neither implies the other), as shown by
Examples [4.7) and [£.8] below.

Verifying when the assumptions above hold is not a simple task, but we can expect them
to be satisfied for nontrivial classes of QVIs, as illustrated by the following example.

Example 4.6. Consider affine QVI ({1.1]), given by
F(z)=Ax+b, K(z)={2€R":Cx+ Dz=d},

where A € R"*" b e R"*, C,D € R™*" d € R™.
Let A and DA~' D7 be nonsingular. This holds, for example, when A is positive definite
and D has full rank. If Z is a solution of the QVI, it satisfies the following KKT system:

(4.4)

AZ+b+ DT =0,
(C+ D)z = d,



where A € R™ is a Lagrange multiplier associated to the constraints.
Let us examine the parameterized VI (4.3)) given by

F(z)=Arx+b+p, K(q ={zeR":Cq+Dz=d}

and Assumption Solution « of this VI and an associated Lagrange multiplier A satisfy
the system

{Ax+b+p+DT)\:0, — [A DT} m _ [—b—p] (4.5)

Cq+ Dz =d. D 0 ||A d—Cq

In this system, the Schur complement of block A is —DA~!DT. The invertibility assumption
ensures the solution is unique, meaning that My, is single-valued in the entire domain R™ x

R™. Using systems (4.4) and (4.5 together, we have

A(x —z) + DT\ = \) = —p, (4.6)
D(x—2)=-C(q¢—1T). (4.7)

Then,
t—T=A(—p-DT(A=X)=-A"1p—A'DT(N-)\). (4.8)

Using this in (4.7)), we obtain that
DA 'p+ DAT'DT (A = \) = C(q — 7),
and hence, -
A== (DA'DTYC(q—z)— (DAT'DT)" DA p.

Substituting this back into (4.8), we conclude that

r—1 = —-A'p—AT'DTY(DAT'DTY'C(q—z)+ AT DT (DA DT)'DA™p

(~A' + A DT(DAT'DTY'DA Yp — A DT (DA DT)"1C(q — ).
This implies that
lo = Z|| < Lyllpll + Lqllg — |,
where
Ly=|-A+ A DT(DA'DT) DA™Y, L,=|A*DT(DA~'DT)"1C].
Therefore, Assumption is satisfied globally (V, =V, =R"), if
1
AT DT (DA™ DT) 10| < 3 U

The next examples illustrate the independence between Assumption and Assump-

tion (441

Example 4.7. In the QVI (1.2)), let ' : R — R be defined by F(z) =z, and let K : R = R
be defined by K(z) = [22, +00).
Clearly, 0 € K(0),1 € K(1), and Ng()(0) = Ng1)(1) = (—00,0], so that

0 €04 (—00,0] = F(0) + Ng(y(0), and 0 € 1 + (—00,0] = F(1) + Ng(1)(1).

Thus Z; = 0 and T = 1 are solutions of the QVI. Since the QVI solution is not unique,
Assumption [4.4] cannot hold.
We now examine Assumption [£.3] at the point z; = 0. We have

T € Myi(p,q) <= 0€p+a+ Ny oo)(2).

This parametric VI has a unique solution because the mapping x +— p + x is strongly
monotone.
If —p > ¢?, then 2 = —p is the solution, because

0 Gp—p+N[q27m)(—p) <— 00+ {0}



If —p < ¢?, then = = ¢? is the solution, because
0€p+¢®+ Ny 1oy (?) &= 0€p+¢®+(—00,0].

Therefore,
r = max{—p, ¢°}, and hence |z| < |p| + |q|*.

Note that
1 1 11
< Bl = s <0 = o< o] = a1
lq] f3|Q| = 3lgI"— gl <0 <= |q| € 0.3] == 4 |-3:3
Thus, for (p,q) € R x [, 1],
1
IMui(p, ) — Myi(0,0)] = || < |pl + [a* < [p| + 3ldl

and Assumption is satisfied with L, = 1,and L, = % < %

Example 4.8. In the QVI (1.2), let K : R™ = R™ be defined by K(z) = {—z}, and let
F :R™ — R" be defined by F(z) = 0.
Any solution Z of the QVI satisfies

0€0+N_5(Z) = T=-7 = =0
For the parametric QVI,
0€Mqui(p,q) = 0€p+ Ngig(z) = 2z=—-(x+q) = m:—%

1
— Lp:O7Lq:§<1

Thus, Assumption [£.4] holds. We next show that Assumption [£.3] does not.
For the parametric VI,

OEMvi(paq) = OEp—l—NK(q)(x) = = —q,

1
= Lp:07Lq:1>§.

Recall that L, < % is required in Assumption

4.2 Calmness ensures semimonotonicity
We now show that My; or Mgyi-calmness ensure the lifted mapping T is semimonotone.

Theorem 4.9 (Semimonotonicity of QVI mapping). Under Assumption or Assump-
tian@ there exist p, > 0, with pp < 1, and U C R?™ x R?" such that the mapping T
in [2.2)) is (u*, p)-semimonotone at (%,0) on U.

Proof. First, suppose Assumption holds. Take x1,29 € V, and y; € V, with y; €
F(x1) + Ng(2,)(21), meaning that 2y = My;j(—y1,72). Then

1 = Z[| = [[Myi(=y1, 22) = Myi(0,Z)[| < Lp[lyall + Lglz2 — Z[|. (4.9)
Therefore,
w2 = 2| < |lwe — 21| + [lo1 = Z[| < [lw2 — @1l + Lypllya |l + Lgllz2 — 2,

implying that

L 1
_ 7l < P
o2 =l < 7%l + =

Using the Cauchy-Schwarz inequality and (4.9, we have that

|22 — z1]|. (4.10)

(o1 =) > =llyalllles =2l > =yl (Lpllys | + Lallzz = 2l1) = = Lyllys I* = Lolly [l — 2.

10



Using (4.10)), we conclude that

) L 1
=2 > <Ll - Lol (220 Il + = lea =),

L,L L
— | L pP—q 2 q .
< pt 1—Lq) [y 1 _Lq‘|yl||||x2 1,

Ly

L

2 q
T2l 4.11
1 [qHyln Hy1||||331 2” ( )

1-L,

Having in mind the property (4.2), denoting

1
M 1
Q(J"Lanyl) = <y1a$1 —.’E>+ 2 ||£C1 _x2H2+EHy1||2

)

we need to show Q(z1,x2,y1) > 0. Using (4.11]), we obtain that

1% Ly, 2 Ly NL 2
> (L - - — L :
Qorazn) > (5 = 25 ) Il = 22 Il = aal + %5 s = o)

Therefore, Q(x1,x2,y1) > 0 would hold if the following matrix is positive semidefinite:

p_ Ly _—Lq
o, = [2 _é;Lq 2(1}}@)1 = 0.
2(

1-L,) 2
Note that oL
> 17
Hi=0 < (pt>0,
_ ot ptL Ly
det Hy = Hi— — 30-L,) ~ (=L, > 0.

2 2
q

Since 0 < Lg < 1/2, we have (kLT)Z <1. Taking0<e<1-— ufiﬁ)z, we can choose

1-L L l1—¢
1 q a
—(1-- —F— du= . 4.12
O<pu < T ( € (1—Lq)2) and o >0 (4.12)
For these parameters,
1 2L 2L
p=0-e)— >(1-¢) P 5 >1_Z.
K (1_Lq)(1_8_ﬁ) q
We have that ptp =1 —¢ < 1. Finally,
1—¢ L L?
det — L P _ q
et # 1 M an—1,) a-L,?
l—e 1-1L L L L
> < 111—-e- g 5 4 — d 5 =0.
4 2L, (1-Ly?% ) 2(1-L,) 4(1—-Ly,)

Since Q(z1,x2,y1) > 0 when 21,22 € V, and y; € Vj,, we conclude that T is (u™, u)-
semimonotone at (X,0) on U = (V; x V) x (V,, x R™).

Now suppose Assumption @ holds. We can choose § > 0 such that B; C V. Taking
y1 € Vp and z1, 32 € {Z} + $Bs, we have that ||zy — 22| < |lz1 — Z[| + || — 22]] < 6, implying
that 1 — 2 € V,,. Therefore,

[ =z} = [[Mqui(=y1, 22 = 21) = Mqui(0,0)[| < Lylya[| + Lg[[z2 — z1]-

We obtain that
(1,21 =) > =Lyl I = Lollya [[[l21 — 22|,

1
© Iz
Qlav,aa 1) = (5 = Ly ) Il = Lallyillles — wall + Sl — a2l

11



Therefore, Q(x1,x2,y1) > 0 if

%_Lp _%
H2: _h ﬁ EO.
2 2
Note that
> 2L,
Hy = 0 <= S put >0,
2
det My = 1= — o le _ La 5 g
727
SinceOﬁLq<1wecantake€<1fL(21,0<uJ‘<IZLLqu,uzlu;f,sothat

,ul,u:1—5<1,
2L,

1
1 2 2 2
—e pL, Lg 1-e 1-Lj—-eL, L
det Hy = e ] - e T4y,
iy = 5 1 1 °n, 2 4

We conclude that Q(x1,z2,y1) > 0 when z1,20 € {Z} + %]B%(; and y; € V,. Thus, T is
(p, p)-semimonotone at (%,0) on U = (({z} + 3Bs) x ({Z} + 3Bs)) x (V, x R"). O

5 Global Convergence Analysis

When Assumption or Assumption [£:4] hold on the whole domain, we show in Theo-
rem below that Algorithm [2] converges globally. Independently, under appropriate con-

ditions, global convergence with linear rate is proven for the case of QVIs with moving set,
in Theorem [5.61

5.1 Global convergence under global calmness

Before stating our result, we revisit Example to show that the mapping T therein
satisfies the semimonotone inequality in Definition in the whole space (even though
neither monotonicity, even local, nor elicitability hold for T).

Example 5.1 (Continuation of Example [4.1). For the same mappings F' and K in Exam-
ple we shall show that T is semimonotone at (X,0) = (0,0) in two different ways.
First, we show semimonotonicity directly using the concept in (4.2)). We have that

Y1 € F(21) + Ng(a,)(21) = 1 = twy, for some t € R, and y; = 21 + v, with v € [xg]J‘

Then y; = tae + v, with v € [15]*, and

ph p pt 7
{y1, 21 = 0) + = [los — a2 ||* + §||y1H2 = (twz + v, twg) + —-|[tw2 — wo|* + 5 lltw2 + v||?

iR 2 2
p(t—1) pit 2
fHMHQ + 7”432”2 + §HU||2 >0,

= %] za||* +
for any choice of y > 0, ut > 0.
Alternatively, we can verify that Assumption holds, and apply Theorem Let
x € Myi(p, q) be a solution for the parametrized VI in question. Then

0€p+ F(z)+ Ng(g)(r) <= z=tq,for somet € R,and 0 =p+ x + v, with v € [q]*t.

If ¢ = 0, we would have z = 0, and then ||My;(p,0) — Myi(0,0)|| = 0 < L,||q|| + Ly||p||, for
any L,,Ls > 0. So assume g # 0. Since —p = tg + v, taking the inner product with ¢ we
obtain that

(p.q) _ e

T =— q.
el lqll?

—(p,q) =tlq> = t=—

12



Therefore, the solution z is unique and

< Il gl
M) - M 0.0)] = |-l = Lol < Il
||Q||2 ||QH lqll
Writing the right hand side as ||p|| = Lq||q||+Lyp]l, Assumptionholds with L, =0 < 1/2,
L, =1. 0

We now prove that our QVI progressive decoupling+ method is globally convergent.

Theorem 5.2 (Global convergence of Algorithm[2)). Assume that dom K = R", F is contin-
uous and either K is compact-valued or F' is monotone. Consider parameters in Algorithm|[J
satisfying

re (1), A € (0,2(1 = rp)), Ay € (0,2(1 — /), (5.1)
where p, = > 0 with pp’t < 1 are given by Theorem @ Then the following statements
hold:

(i) If Assumptwnm [4.3 holds with V,, = V; = R", then either a solution of QVI (L)) is
reached in a finite number of iterations, or the generated sequence {x*} is bounded and
every accumulation point of this sequence is a solution of QVI (1.1 . In particular, if
T 1is the unique solution of QVI , then the sequence converges to .

(ii) If Assumption holds with V,, = V, = R", then the generated sequence {z*} reaches
a solution in a finite number of iterations or converges to the (unique in this case) QVI
solution .

Proof. Global convergence of progressive decoupling+ depends on three properties stated in
Assumption IV of [I5], referred to as Al, A2, and A3. We next show that these hold in our
case.

Property Al is semimonotonicity, which follows from Theorem with U = R?? x R?",
under Assumption or under Assumption [£.4]

Property A2 concerns outer semicontinuity of the mapping T, which holds here on the
entire domain. To see this, let

<[le} , {%}) € gph T be such that <[le} , {yi}) — <[x1} , {yl}) , asi— o0.
Lo Ya L2 Y2 T2 Y2

Clearly, we have that yi € F(ai) + NK(z;)@CZi) and y = 0. Thus 7> = lim y = 0. For any
11— 00
z € K(%3), by the inner semicontinuity of K(-), we can choose 2* € K(z}) with 2" — z.
Since yj — F'(21) € N (41)(21), it holds that (y} — F'(21), 2" — 21) < 0. By the continuity of
F(+), taking the limit as ¢ — oo, we obtain that
<§1 — F(il),z - i‘1> <0.

Since z € K (Z2) was arbitrary, it follows that 71 € F(Z1) + Ng(z,)(Z1). Therefore,

(Bj ’ [Zj) € gph T.

Hence, gph T is closed, and therefore T is outer semicontinuous.
Finally, property A3 requires the resolvent J1 to have full domain. Indeed, for x € R?",

YETn() = xey+ T(y) < r(x-y) € T(y)

— {7"(331 —y1) € F(y1) + Ni(ys) (1),
r(xe —y2) = 0.

Or equivalently, yo = 22 and y; solves VI(F + rI — rxy, K(x2)). Since o € dom K, we
have that K(x2) # 0. If K is compact-valued, then K(x53) is compact, and existence of a
solution to VI(F +rI —rxy, K(z2)) follows from the continuity of F. If F' is monotone, then
F + rI — rx; is strongly monotone, and therefore the VI has the unique solution. In either
case, Jip(x) # 0 for all x € R*". Thus, J1p has full domain.
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When the parameters lie in the nonempty sets given by , Corollary 4.10 of [15]
ensures that Algorithm [2]either reaches a solution in a finite number of iterations or generates
a bounded sequence whose accumulation points are solutions of QVI (see also item (iii) of
Theorem 4.9 in [I5]). If the solution is unique, then the sequence converges to this solution.
The case of Assumption [£:4] falls into the uniqueness setting. O

Convergence of Algorithm |1] follows taking A, = A, =1 in (5.1).

Corollary 5.3 (Global convergence of Algorithm [1| with fixed proximal parameter).
Consider the QVI progressive decoupling method given in Algorithm[1. Let for all itera-
tions, r, =1 € (u*,1/p). Then, if the mappings F and K are as in Theorem under the
assumptions in (i) and (ii) therein, the convergence properties of Algorithm (1| with a fized
proximal parameter are the same as stated in Theorem for Algorithm [3 [

5.2 The moving set case

For the class of QVIs whose mapping K represents a moving set: K(x) = c¢(x) + C, where
C C R” is a fixed closed convex set and ¢ : R® — R" is a given function, we next establish
convergence of Algorithm [T]directly, allowing variable proximal parameters, without invoking
the framework of [I5]. Moreover, under suitable conditions our algorithm converges with the
global linear rate.

Formulations of QVI with a moving set appear in numerous mechanical applications
with implicit-obstacle-type constraints, as described in [28]. This specific structure has been
extensively studied in the QVT literature; see [18]. A proximal point method for QVIs with
moving set is proposed in [30].

We state the following proposition, which will be used in the sequel. It is an immediate
consequence of some results in [33]. Specifically, [33, Lemma 2] on a certain property of
projections onto a moving set, and [33, Corollary 2] on existence of solutions for a general
QVTI which requires a condition on projections (satisfied under appropriate assumptions in
the moving set case).

Proposition 5.4. For the QVI , let F be strongly monotone with modulus o > 0 and
Lipschitz continuous with modulus {p > 0. Let K : R™ = R™ be given by K(x) = c¢(z) + C,
where ¢ : R" — R™ is Lipschitz continuous with modulus ¢, > 0, and C C R" is a closed,
convex set. If €. < 7., then the QVI is solvable, and the solution is unique.

We now introduce an assumption required to establish global convergence of Algorithm
for the moving set case.

Assumption 5.5 (Parameters relations for a QVI with moving set). Let QVI (1.1) be such
that:

1. F is o-strongly monotone and Lipschitz continuous with modulus €p > 0;

2. K(x) = c¢(x) + C, where C C R™ is a closed convex set and ¢ : R™ — R™ is Lipschitz
continuous with modulus £, > 0;

3. For some 7 € (3,1),

V2
> _ v _ 2
20 — 03 >0 and l. < (VT 2)\/20 2. 0O

Before stating the next theorem, note that v27 — 7 € (0, 1) because

V2r =7 =V2yT -7 > V21 -7 >0,
V21 —7=+2/7T—7< max {ﬂu—u2}<\/§(§>—<72)2:%.

uE(%,l)
Now, we can state the following result.

Theorem 5.6. [Convergence of Algorithm |1 with varying prozimal parameter for moving
set QVIs] Under Assumption the QVI (1.1) has the unique solution T, and from any
starting point, Algom'thm generates a sequence {x*} converging to this solution, provided

%7(\/§77)) (20 — 12, for all k.

the parameters i, satisfy 0 < ro < rp < rpgpq < (m
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Moreover, the primal-dual sequence {||z* —Z||% + T%||yk||2} converges to zero with a global
k

linear rate.

Proof. First, we establish the existence and uniqueness of the QVI solution. Note that
ﬁ > 0, and

V2=l el al

el - F F 52
Lr

A
vE
S
ca
~
’11[\3
~—| —/~
SHE
~
|
~
ﬁjﬂk
/~
SHE
~
[\v]

By the inequality above and Assumption , it follows that ¢. < (/7 — g)ﬁ < &
Proposition ensures the existence and uniqueness of the QVI solution.

Let Z be the solution of the QVI. By the definition of the iterates of Algorithm [If and
since 0 < 1 < rg41, we obtain that

1 TE . 1
[ [ e i e o L I € e 01
Tht1 T 2 L

1, 1
= " =P+ 5 E" et - ay’“) -
= [la™ = a® + 2 -2t

5 (1@ =) + @ =) P + (@ - 2) = @ = ab)))

1

2

1

L (2t ok ) o - )
_1 ~k 1k =12 k =112
= 3 (1= Lt -l + ot -l

1, . _ _ 1 . _ 1

L8 4 - 2+ St - 20 - 2 L)

k
1 k =112 1 k2 ]‘Ak: =112 ~k —]‘k:
I = ol + 15¥1) + 318~ alP - (a* -5, Ly¥).

We next analyze the last term in the right-hand side of the relation above. Note that for
any 05 # 0 (this 0 is introduced here for a reason that will become clear in the sequel), it
holds that

1
20%r2

N N | 0 -
—(@* — 2, —y) = (O (2" — 7), < FlEt -z +

k|2
~ T I 1.

Combining the relations above, we obtain that

1 1 1+ 63 1 1\ 1
E+1 12 kL2 < Lok o2 AP o) AR (50
Ja# 7ol Sl < gl a4 S ol (54 g ) P (52)

The task now is to estimate the middle term in the right-hand side of (5.2]), so that the
expression reduces to a suitable multiple of ||z* —Z||*+ = ||*||?, implying (linear) convergence
k

of the corresponding sequence.
Observe that

1 1
Te K@) =c@)+C = T—c(T)+cla* - Eyk) € K(zF — ay’f) = K"

Therefore, the fact that 2* solves VI(F + riI — rpa* — %, K*) implies that

1
(F(i%) 4+ rpa? — rpa® — oF 7 — c(@) + c(2® - ayk) —iFy > 0. (5.3)
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On the other hand,

it e K% — —y ):c(:ck—iyk)—i—C = % —c(a® — =¥ + (@) € K(2).
Tk

or equivalently,
1
(~F(2),7 — c(z) + c(a” Y ") —-a*) >0

Adding the last inequality above with (5.3 , we obtain that

1
(F(@") = F(@) + 1 =t = 4,5 = 8 + ola* = ) = (@) 2 0.

Hence, by the strong monotonicity of F', we obtain that

olli* — | < (F@) - F(@), 5" - )
< (P(@) = Fl@)ela" = 24") - (@) + a2 = -y 5 - 3¥)
+r (ik gk %yk,c(xk — %yk) —¢(z)). (5.4)

We next estimate the three terms in the right-hand side of (5.4)).
First, by the Lipschitz continuity of F' and of ¢, we have that

. _ 1 . B 1 1 B

(F(3*) = F(z), c(z" - o )—c(@) < *IIF(J?'“) - F(@)|*+ §||C(1‘k - Hyk) —c(@)|?
2 _ 2 1 _
< F|| Bk — H2+§H$k—7y'“—$ll2- (5.5)
k

Second, it holds that

. 1 _ Tk - 1 _
(@ —a — E:t/'“@-ﬂ?’“) =5 (lz- z* — o P —ll2* —a* y*[I” = 12" — z[*). (5.6)

Third, using again the Lipschitz continuity of ¢, we obtain that

1 1 1 1
r(E* — 2k — =gk ezt — —yF) (@) < k- ot - —yF| P+ “II ’“ffy —z|*. (5.7)
Tk Tk 2

Combining now with 7 we obtain that

R B 02— Tk . B fz(Tk +1 B 1 TE B 1
olle* — ) < E Tk e LI D r 5 Ly T g o Lipe
2 2 Tk 2 Tk
As rj, +20 — (% > 0, it follows that
Clrg+1) 1 Tk 1
sk =12 < k_ oot ky2 k_ g4 k)2
||‘T l’H — Tk + 20_ 42 H T]gy || + Th + 20_ 76% HfI; 'T+ Tky ||

Denoting 7y = max{ry, {2(r; + 1)}, it then holds that

1 1
sk o2 < V& E_ = L ok2 ko~ =~ k2
o -l < (et~ - Ly e - Ly

_ 27k Eo=n2 . Lo kg2
s — gQ(”x x| +7‘1%Hy %)
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Using this inequality in (5.2]), we obtain that

1 1+ 62
le* = 2| + =l P < 7+(—’“)7’“2 2% — z||?
rk-‘rl 2 (rk + 20 7£F)
L A+ N 1 e
+(2+2012€+(Tk+20@) rilly I
1,1 (L + 62) v P I,
< — [ S TALA _ _ .
= <2+29,3+(7~k+20_£%) (la* = 1" + S 1*1)

To establish linear convergence of the sequence {[|z* — Z||? + -%[jy"||?} to zero, we have to
k

show that the multiple in the right-hand side of the last relation is bounded above by some
t <1 for all k. .

Take 6, = (M> ! and denote [y

1
(W) *. Note that 62 = —1—. We have
d F

29k V2B
that
L1 (4w N 1 VEL .1,
(2_‘_29]?—’—(7"}@4-20—@%) = §+7ﬁk+ﬁk+mﬁk
2
1 2
= 2+\/§5k+/813:<6k+\2[>-

Hence, the claim would follow if we show, for example, that

2
(ﬁk + ?) <7, for all k, (5.8)

where 7 € (1/2,1) is given in the assumptions of the Theorem. Since 8 > 0, the condi-

tion (b.8) is equivalent to
V2
Br < VT — 5 (5.9)

To conclude the proof, it remains to verify (5.9).
As 0 <o </ and 20 76% > 0, it holds that

20 — 1% < 2Up — 1% < IB&%{QU —u?} =1.
Since 20 — (2. < 1, we have that ry(20 — (%) + 20 — (% < 1, + 20 — (%. Hence,
(ri +1)(20 — £2) <1 + 20 — (3. (5.10)
Squaring the second inequality in Assumption [5.5] we obtain that
1
< (r—V2r+ 5)(20 —12).
Multiplying the latter by (ry + 1), we have
1
C(r+1) < (1—V2r+ 3)(20 - 03)(re + 1),
1
< (T—\/QT+§)(rk+20—e%), (5.11)

where the second inequality is by (5.10). Using the condition on the choice of r, which is

ry < (%) (20 —ﬁ?)a

we have that

(34 m-n) < (3-0F ) o),
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from where it follows that

(3 -0) e (3-wE-n) < (- -0) o+

and hence,

T < (T—\/Z—i—l)(m—!—Za—E%). (5.12)

Since 7y, = max{ry, (2(ry + 1)}, inequalities (5.11]) and (5.12) yield

rE+ 20 — (2

'VkS(T—\/Z-F%)(Tk-FQJ—Z%) k< ( \2[>

Yk
— = _— 7'
P (rk + 20 — (2 > S
This verifies (5.9)), thus completing the proof. O

To conclude with the convergence theory for Algorithm [2| we now examine its behavior
when the regularity conditions required in Theorem only hold near a solution.

6 Local Convergence Analysis

To exhibit local convergence of the progressive decoupling+ algorithm, a localization con-
dition (the region in which convergence assertions hold), must be specified. To this end,
following [15], we define the following neighborhood of a solution.

r _ 1
W, = {(x7y) €S xSt flx —%|*+ [y - 0" < 52}. (6.1)
z Y

Equivalently,
x L. 2r _ 2
(x,y) EWe <= x= M Y = [_yy] , with /\—wa —z|]* + W||y||2 <l

In particular,

E B . [ e Ay
(x,y) EW. = x= [a:} N — [y] e —z| <e 5 and |ly|| <e 5 (6.2)

In addition to the Assumption [I.3] or Assumption [£:4] we introduce another regularity
condition, now on the parameterized VI with a proximal term. That it is independent from
Assumption or Assumption is illustrated in Examples and shortly in the
sequel. This new condition is natural, as the proximal term tends to stabilize solutions near
the reference point z. Given r > 0 and Z a solution of the QVI[I:2] we introduce the solution
mapping M* : R" x R" = R",

r €M (p,q) <= 0€p+ F(z)+7r(x—2) + Ngq(v). (6.3)

Assumption 6.1 (MF-calmness). The mapping M* is locally single-valued and calm at
((0,2),z): there exist neighborhoods V,; > 0,V > & and constants Lj,, Ly > 0 such that M*
is single-valued in V) x V| and

IM*(p, q) = M¥(0,2)[| < Ly llpll + Lgllg — 2l for all (p,q) € V; x V.

Note that we do not require bounds for the calmness constants in Assumption In
this case, single-valuedness follows from strong monotonicity induced by the proximal term,
as guaranteed by Theorem 2.3.3-(b) from [19]. Subregularity is more easily satisfied, in
particular because there are no bounds required for the calmness constants. Results from
[12} [13] can be useful to analyze subregularity further.

Assumption is independent of Assumptions and as illustrated by the following
examples.
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Example 6.2. In the QVI (1.2)), let K : R™ = R™ be the constant mapping K(z) = R™ and
let F': R™ — R™ be defined by F(z) = —z.
If Z solves the QVI, then
0e-z+{0} = z=0.

Analyzing the parametric QVI,

0€Mqui(p,q) = 0ep—2+{0} = 2=p,L,=1,L;=0<1.
For the parametric VI,

1
0€M,i(p,q) = 0ep—az+{0} = z=p,L,=1,L,=0< 7

Hence, Assumptions and hold. However, analyzing the mapping in with r =1,
r €M (p,q) = 0ep—z+2+{0} = p=0,2€R".
Therefore,
R
Clearly, Assumption is not satisfied.

Example 6.3. In QVI (L.2)), let K : R™ = R" be defined by K (x) = z+R, and F : R — R"
be the identity F(z) = x.
Any point in the nonnegative orthant x € R”} is a solution of the QVI, because

0€ F(z)+ Ng@)(z) <= 0z +R" <= 2R}

We can choose a solution to analyze the local assumptions. Take T = (1,--- ,1). The lack of
uniqueness of the QVI solution implies Assumption [£.4] cannot be satisfied; we next consider
Assumption [4.3]

Take (p, q) such that ||p|| < 1,|l¢ — Z|| < 1. We have that
0 € Myi(p,q) < 0€p+$+NK(q)(Z‘). (6.4)

It is easy to verify that x = ¢ satisfies (6.4]). In fact,

1 1

pil <lpll <z = pi>-=,

2 2
_ _ 1 B 1

g —Zi| <|l¢g—Z| <z = ¢—-T>—= = ¢>-,
2 2

pitq >0 = p+tqcR} = 0€p+q+R" =p+q+ Ngp(q)-

Thus, by the strong monotonicity of z — p + x, we conclude that ¢ is the unique solution:
g = Myi(p,q). Although we have local single-valuedness of My;, Assumption is not
satisfied, because L, =1 > %, contrary to required.

We now examine the mapping in . We have that

r €M (p,q) <= 0cx+p+r(z—1I)+ Nggle). (6.5)

Take (p,q) such that [p|| < %,|l¢ — Z|| < min{}, =}. Taking z = ¢ in (6.5), we have
Nk (q)(q) = R™. Note that

_ 1 B 1 B 1
lp+7r(g—2) < llpll +7llg -zl < 5 = Ipitra - 7;)| < 3 = pitr(ai—T) > —3,
-zl <t = jg-al<t = g-m>-t—=g>1-123
q— 1 qi — T4 1 qi — X4 1 qi 11
3 1
G+pitrle-2)>7-5>0 = q+p+rig—2) R

Finally,
0€q+p+r(@—2)+RE=p+q+7(qg—7) + Ng)(9) = q€M(p,q).
Strong monotonicity of x — = 4+ p + r(z — Z) implies that the solution is unique. Thus,

q=M"*(p,q), L, =0, L;, = 1 and Assumption is satisfied.
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We are now ready to state the localization assumption required in [I5], given in
below.

Proposition 6.4. Under Assumption there exists an € > 0 such that for every (x,y) €
W, there exists a pair (X,¥) such that

(i—i—%(y—f’),y—i—r(x—i)) €gphTNU, (6.6)

where U is the semimonotonicity neighborhood as given in inequality (4.2) and Theorem ,

Proof. Choose § > 0 such that {(X,0)} + Bs C U. Take 41,02 > 0 such that Bs, C
V, and {2} + B;, C V. First, take € > 0 such that

—1 —1
A A A 1 /rA
< oo = mi N Joe 2 [Ty . .
e < g9 = min 51<r 2r+ 2) ,52< 2r+r 2) (6.7)

Given (x,y) = <[ﬂ , [_yy]> € W,, take §1 = y,72 = 0,%2 = x, and let Z; be the solution
of the VI(F +rI — rz — y, K(z — 1y)). We have that
(5 +r(x = )2 = o + 7z — 2) =0, (6.5)
and
0€ F(@1)+rin—re—y+Ngu_1,(@1) < y+r(@—T1) € F(Z1)+ Ng(p—1,)(Z1). (6.9)
Therefore,

(F+r(x—%x) € F((x+ %(y =Y)1) + Ni(zriy-g)) (X + %(y =¥)). (6.10)

Conditions and are equivalent to
(X + %(y -¥),y+r(x—x)) € gphT.
By (6.9), we have that
0 € F(@1)4+7(F1—8)+ 1) —y+ Nig(o_1,)(#1) = &1 = Mr(r(:f—x)—y,:c—%y). (6.11)

Using (6.2)) and (6.7)), we conclude that

I —2) - y|<r|x—x+||y||<e<rf w“)

= r(z—z)—ycB; CV,, (6.12)
and
T)\
||(~T—*y)—$||<||33—93||+*||y||<€ < 9y
= - 7y e{z}+Bs, CV,. (6.13)

Assumption applied to (6.11]) implies that
- _ 1 _
120 = 2] < Ly[Ir(z — 2) =yl + Lillz — —y — 2.

Using the triangle inequality and (6.2]) once again, we have

- _ 1 Az 1 rA
120 =2[| < (rLy,+ Lo)llz =2+ (L + —Lo)llyll < e <(rL; + Lo\ 5+ (L + Lo =+ ) :
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Denote K = (rL;, + L)/ 2o 4 (L, + +L)y/ %, so that

|11 — 7| < Ke. (6.14)

. . . [ Az
IIx—$1||<||$—$||+||$—w1||<( 2T+K>E~ (6.15)

We also have

Note that
_ NI - - 2
1%+~ =3) = %["+ ¥ +r(x - %) - 0]
B | |z 2+ y+r(x—ax1)| {0 ?
o -1y T 0 0
. _ 1 -
= II&“l—iUHQJrHfﬂ—x—;y||2+||y+7"(ff—x1)||2
. _ 1 -
< E3 =217+ 20z = 20 + Sllyll®) + 20lyll* + e = 2 ]%)
2
A 17rA rA A
2 € 2 y 2 y_2 2 z 2
< (Ke) +2<2r€ +r225>+2 € +r <K+ 2r> €
= ag?,
where

2
A A A
a=K*+ =+ 2L pr), + 207 <K+1/“’> .
r r 2r

Choosing ¢ < min{ey, %}, we obtain that

[&+ (v —§).5 +r(x— %) ~ (% 0))] < Vae <5,

implying that

O

Our final result, stating local convergence, is shown for monotone F', so that each VI
subproblem has unique solution. This follows from Theorem 2.3.3-(b) in [19], since the
proximal term makes the operator strongly monotone. Monotonicity of F is used only to
ensure uniqueness of the iterates. In the absence of that property, the same local argument
would apply to any sequence generated, by selecting a localized solution at each step, whose
existence is guaranteed by Proposition

Theorem 6.5 (Local convergence of Algorithm . Assume that T is a solution of QVI|1.2
F is monotone, Assumption holds, and the parameters in Algorithm |9 satisfy
where p, p > 0 with uu’ < 1 are given by Theorem @ Then the following statements
hold whenever the starting point (2°,9y°) is close enough to (Z,0):

(i) If Assumptz'on holds, then either a solution of QVI is reached in a finite number
of iterations, or the sequence {x*} generated by Algorithm |4 is bounded and its every
accumulation point is a solution of QVI[1.1l In particular, if T is the unique solution
of QVI[11)in the neighborhood under consideration, then the sequence converges to T.

(ii) If Assumption holds, then either the solution T is reached in a finite number of
iterations, or the generated sequence {x*} converges to the solution of QVI (unique in
this case).

Proof. Assumption III in [I5] states the conditions required for local convergence of the
progressive decoupling+ algorithm, divided into four items: A1, A2, A3, A4. We proceed to
show that these hold in our case.
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Theorem [1.9] establishes the semimonotonicity property, which is precisely the require-
ment in Al.

Ttem A2 requires outer semicontinuity of T, which holds on the entire domain, as shown
in the proof of Theorem [5.2

Ttem A3 requires the parameters to be chosen within nonempty sets specified above, with
ppt < 1. The latter condition is ensured by Theorem [4.9

Item A4 is precisely , which holds in our case by Proposition

Because of item A4, a localized solution exists at each iteration of Algorithm Since
monotonicity of F' ensures uniqueness of the VI solution at each step, the iterates are uniquely
defined and remain in the semimonotonicity neighborhood.

By item (iii) of Theorem 4.9 in [15], whenever the initial point (2°,4°) is sufficiently close
to (Z,0), equivalently, whenever (x°,y?) is sufficiently close to (X,0), the sequence {z*}
generated by Algorithm [2] either reaches a solution in a finite number of iterations or it is
bounded and all its accumulation points are solutions of QVI Then if Z is the unique
solution of QVI in the neighborhood under consideration, the sequence converges to .
The case of Assumption [£.4] falls into this local uniqueness setting. O

7 Numerical Results

To assess computational performance of our proposal, we apply Algorithm [1] to solve Wal-
rasian equilibrium problems formulated as GNEPs [I]. A GNEP can be solved combining the
optimality conditions of agents’ problems, which leads to a QVI, as in [I7, [I§]. We compare
our method with a direct solution using the Extended Mathematical Programming (EMP)
module in the software GAMS [20], described in [27]. The latter method uses safeguarded
semismooth Newton techniques to solve the mixed complementarity reformulation of GNEP,
using the PATH solver [I0]. We also benchmark Algorithm [1| against the recently proposed
QVI Dantzig-Wolfe decomposition method [23].

Before solving the large-scale Walrasian equilibrium problems, we tune the proximal
parameter on a battery of QVI problems available in the literature. These experiments were
conducted to understand the sensitivity of the method with respect to the proximal parameter
r > 0, to gain some intuition on what values are suitable for computational purposes. To
this end, we apply the method to the academic problems from [I6] and to other Walrasian
equilibrium problems from [9].

All tests were conducted on a computer running Ubuntu 22.04 with an AMD Ryzen
Threadripper 1950X processor featuring 16 cores (32 threads) and 64 GB of RAM. The
codes are available at https://github.com/ManoelJardim/ProgQVI/tree/main/ProgQVI.
We used GAMS with its default parameter settings. All codes were written in Python, with
explicit calls to GAMS and other necessary packages when required.

7.1 Proximal Parameter Analysis

In [9], numerical examples of the Arrow-Debreu model with utility functions based on the
constant elasticity of substitution are presented. We simulated Examples 3.7, 3.8, and 3.9
from that paper. The remaining QVI problems solved in this section are described in [16],
where the authors propose a benchmark library of QVI problems called QVILIB. Since
the realistic Walrasian problems are already part of our test set, we selected the academic
problems from QVILIB.

The experiment includes all 29 academic problems from QVILIB and the 3 examples
from [9], amounting to 32 problems.

For each problem, we tested the proximal parameter for the fixed values r € {0.001, 1,100},
and monotonically increasing parameters given by 75, = min(0.001 x 2%, 106), starting at 0.001
and bounded above by 10°. The initial point was set to zero, 2 = y° = Ogn, except for four

QVILIB instances for which Og» is already a solution. In these cases, we set the initial point
1

toz? = :| and y = Ogn. We counted the number of iterations until the stopping criterion

1
measure fell below 1073. The performance profile in Figure [1] indicates the sensitivity of
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https://github.com/ManoelJardim/ProgQVI/tree/main/ProgQVI

Algorithm[I] to the choice of the proximal parameter. The performance factor was defined in
terms of the number of iterations, which was set to infinity for cases in which the algorithm
diverged.

Performance Profile

1.01

o
o

o
o

r=0.001
== r=1
—A— r=100
=@~ r,=min(0.001 -2, 10°)

Cumulative proportion of solved problems
o
Y

o
[N)

0.0

10° 10! 102
Performance factor (1)

Figure 1: Performance profile comparing different proximal parameters.

Convergence was observed for almost all problems for at least one choice of the proximal
parameter or by using the increasing parameter. Only the Box1B problem from QVILIB did
not converge for any of the parameters tested. This problem is known to be difficult and
has been reported in the literature [24] 25], with most methods failing to converge except for
exact penalization techniques in [25]. Algorithm is based on solving a variational inequality
(VI) subproblem at each iteration; therefore, its convergence depends on the robustness of
the subproblem solver. This explains the divergence observed for the Box1B problem, which
poses challenges to VI solvers in its subproblems.

Smaller values of the proximal parameter led to faster convergence. On the other hand,
some problems required larger values of r to converge, which could be mitigated by using
a variable proximal parameter. The increasing parameter strategy achieved convergence in
fewer iterations in most cases, combining the faster convergence of small proximal parameter
values with the stability obtained for larger values.

7.2 Walrasian Equilibrium Problem

We closely follow the Walrasian problem formulation in [23]. There are C' consumers, G
goods, one firm and one regulator doing the market clearance, totaling C' + 2 players with
G goods.

7.2.1 VI subproblems

For i = 1,...,C, denote 2* € RY the goods to be bought by consumer i. To avoid confu-
sion, in this section, iteration indices will be written in parentheses, such as z(®) or 2.
Each consumer has a concave utility function U*(z*) and a budget constraint defined by its

endowment £ € RE: o ' '
max {U'(z") : (p,z") < (p,E")}. (7.1)

x>0
The firm produces a quantity of goods, denoted by 2¢*! € R®, to maximize its profit under

a production constraint, but it could be absent in a purely exchange economy, having the
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problem

G
g}f}x C+1 § C+1 ] (72)
T >0 1

]:

The price of each good p’ € RY is set by the market player to achieve market clearance,
when there is an equilibrium between demand and supply, equivalent to Walras’s law,

c G
) <p,Z(mi — &Y - xc+1> : ij =1;. (7.3)
> =

i=1
2l
Labeling the market player with C' + 2 so that p = 2612, 2 = : , the GNEP can be
2C+2
solved by the following QVI(F, K):
F(z) = (_vzlul(:ﬂl) , —V,clUC (2C), —aC+? Z C“), (7.4)
K(z)={z €D c RECEHD . Zxc+2 — &) <0, for 1 <i<CY, (7.5)
j=1
a €]
D ={zeREC+D . > >, Z(ZJCH)Q < M,E:zf+2 =1} (7.6)
=1 j=1

The main cost of the iteration in our algorithm consists in solving a VI. This VI can
be decoupled employing the structure of the convex set K®). We next write explicitly the
iterations VI for the mapplngs F, simplifying the notation by renaming the vectors
for the calculations: z = & +rz® and ¢ = 2 — % (k)| This gives the following,.

Find z € K st. (F(z)+rz—d,z—xz) >0, Vze K®),

which means

Find z € K® s.t.

M=

(=Vld' (2 +ra’ —d', 2" — 2"

=1
4+ (—zCH? 4 pgCHl _ gO+1 O+l _ acCH)
c
+ <Z(51 o x’b) + :EC+1 + m:CJrz - dC+2,ZC+2 o xC+2> >0,
i=1
Vze KW, (7.7)
Note that
K® ={zeD: Z OF2(21 —£1) <0for 1 <i < C} = [[ D' x DO x D2,
i=1

where D' = {z' ¢ R{ : ch+2 8 <0},

G
DC+1 _ {ZCJrl c RG Z C+1 < M}7DC+2 _ {ZC+2 c Ri . ZZ]Q'+2 _ 1}
j=1 j=1

For each i € {1,..,C}, take z € K® with 2™ = 2™ when m # i,2' € D’ arbitrary,

20t = €+ and 2¢*2 = £¢*2. Applying this in (7.7), we get VIs in a small-dimensional
G.

space R>:

Find 2° € D" s.t. (—=V ' (x") +ra’ —d*, 2" —2') >0, V2 € D", (7.8)

24



Taking z € K¥), with 2" = 2% for 1 <i < C,29%! € DM, 292 € DO*2 applying these in
(7.7), we get the VI

: zCrt C+1 C+2
Find L0tz € D x D s.t.

c+2 C+1 _ gC+1
e AT —d LC+1 2C+1
(& — ) + 20 4 raCF2 _ go42 | [Zc+2] - Lcm] >0,

ZC'H
v LCH} € DE x DOTE (1.9)

ity

We still have the variables x%,i € {1,...,C}, in VI , but we can first solve the VIs in
to obtain these vectors x?. Crucially, due to their structure, each of these VIs can be
solved separately as a convex optimization problem. Once these vectors are determined, they
are no longer variables in , which then becomes a VI on R?“. This decoupling allows us
to solve at each iteration C' separate G-dimensional VIs (as convex optimization problems!),
followed by a single 2G-dimensional VI, rather than tackling the large G(C + 2)-dimensional
V1. This feature appears to be a great gain for large-scale problems.

7.2.2 Computational Tests

Our experiments compare the following three approaches:

1. Direct Method (DIRECT): using the EMP module from GAMS [27], based on PATH
solver. The parameters are used in default mode of GAMS;

2. Dantzig-Wolfe decomposition (DW): The DW decomposition for QVI proposed in [23].
The VI subproblems are solved using convex programming, with CVXOPT package in
Python for the quadratic case, and QVI master problems are solved using EMP. The
initial point takes prices equal to 1/G and zero for the other values, while the stopping
criterion requires to have cap > —0.01;

3. Progressive decoupling of QVI (ProQVI): Algorithm Each VI decoupled in
solved using convex programming, with CVXOPT package in Python for the quadratic
case. The nonsymmetric VI in is solved using GAMS. Based on the sensitivity
analysis in section [7.1] and opting for a fixed proximal parameter, we use r = 0.001.
The initial point sets the prices equal to 1/G, and assigns zero to the other values of
2% and to y°. The stopping criterion is based on tol = 0.001.

The data is generated randomly as done in [23]. The utility functions are concave and
quadratic U'(z') = —1(z', Ria") + (b',2"), for i = 1,...,C, where b’ € R has elements
uniformly distributed in [0, 10], and R is a G x G positive semidefinite matrix generated by
ﬁflﬂfﬂ with A% € REXY having elements uniformly distributed between [—1, 1], so
that the elements of R are between [—10, 10], regardless of the size of G. The endowments
are also obtained randomly with uniform distribution between [0, 10] and the firm capacity
is proportional to CG, maintained at levels sufficient to meet market demand; however, this
parameter has minor influence on the numerical results.

The problem can increase in dimension by having more consumers C' or having more
goods G, or even increasing both simultaneously. While we have G(C + 2) variables, we
have C main constraints in the definition of K(z) in (7.5)), besides the constraints in the
definition of the set D. For our analysis, we increase G and C simultaneously, in three
different benchmarks, based on the relationships C'/G € {0.5,1, 2}, allowing to evaluate big
problems with different structure concerning the dimensions of the variables and constraints.

The results in Table [I|show that both decomposition methods behave very well for large
scale problems, surpassing the direct approach for these instances. For small problems, the
direct approach is advantageous, since the problem is solved almost instantaneously. This
was already observed when testing the DW approach [23]. For the ProQVI, we observe
a very good performance, even surpassing the DW decomposition for several cases. The
reason is that after decoupling, all the subproblems in ProQVI decomposition are simple
VIs (some even convex optimization problems), not needing any QVI solution (like DW
decomposition). Particularly, for problems with more constraints, the ProQVI approach
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Table 1: CPU time for solvers DIRECT, DW and ProQVI, and number of bw and ProgQVI
iterations with 600 instances of the Walrasian equilibrium problem. In each row, the solver in
bold face is the one having the lowest mean time of execution. The three cases marked with *
had 1 divergence in 20 simulations, while the two marked with # had 2 divergences between 20

simulations.
(C.Gn) DIRECT time (s)  DW time (s) PROG time (s) Iterations (mean)

mean max  mean max Iean ~max = DW PROG

(20, 20, 440) 0.2 0.2 2.3 4.1 2.1 4.5 16.2 33.6
(40, 40, 1,680) 0.8 1.1 3.8 73 29" 5.9 18.8 39.5
(60, 60, 3,720) 6.4 74.1 43 84 42 64 182 58.5
(80, 80, 6,560) 23.5 220.4 4.8 70 6.2 8.6 159 80.6
(100, 100, 10,200)  256.9  1,710.5 47 87 41 108 13.0 54.0
(120, 120, 14,640)  702.9 9,887.3 5.8 9.7 4.0 4.7 12.7 48.8
(140, 140, 19,880)  583.8 3,855.4 5.8 9.6 4.5 5.7 10.5 54.4
(160, 160, 25,920) 1,660.3 13,803.8 6.5 109 5.8 6.6 9.1 60.5
(180, 180, 32,760) 1,867.2 4,568.6 74 139 6.7 9.8 8.2 60.5
(200, 200, 40,400) 1,844.7 10,596.5 7.7 179 7.8 9.1 6.8 73.1

(10, 20, 240) 0.1 0.1 1.3 3.0 1.9 2.2 10.4 29
(20, 40, 880) 0.4 0.4 1.8 2.8 2.3 3.0 13.0 35.7
(30, 60, 1,920) 1.2 1.3 2.3 3.9 3.9 5.1 13.8 54.9
(40, 80, 3,360) 2.9 3.1 2.3 46 46 65 119 60.4
(50, 100, 5,200) 6.0 7.6 2.1 45 53 82 103 67.6
(60, 120, 7,440) 60.8 915.8 2.5 3.6 4.8 9.9 9.6 54.9
(70, 140, 10,080)  33.9 65.1 2.5 45 35 41 7.5 41.7
(80, 160, 13,120) 139.1 1,731.9 3.6 6.0 4.6 5.3 8.5 49.4

(90, 180, 16,560) 77.5 213.7 3.8 6.0 5.4 6.3 7.2 54
(100, 200, 20,400)  88.6 333.1 3.1 6.0 55 7.0 5.3 55.3
(20, 10, 220) 0.1 0.1 3.1 5.1 1.8* 2.0 19.8 29.5
(40, 20, 840) 0.3 0.6 4.8 82 207 2.5 244 32.9
(60, 30, 1,860) 0.8 1.3 83 161 2.6 3.8 28.9 40.0
(80, 40, 3,280) 2.6 14.2 122 240 34 5.1 31.3 50.7
(100, 50, 5,100) 15.8 57.5 15.0 419 4.5 6.4 30.5 66.8
(120, 60, 7,320) 69.9 195.3 156 332 5.1 7.6 29.0 72.9
(140, 70, 9,940) 169.3 345.9 174 878 4.5% 8.5 27.0 62.8
(160, 80, 12,960) 343.2 868.5 16.5 49.3 3.3% 7.3 26.0 23.7
(180, 90, 16,380)  699.8  2,741.0 144 253 3.7 7.8 220 52.0
(200, 100, 20,200) 1,122.3 3,836.6 163 458 4.1 48 215 54.3
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is naturally superior, since the DW technique needs to solve its QVI master subproblems.
However, for problems with fewer constraints, DW was superior to ProQVI, although the
execution time was similar. In conclusion, both ProQVI and DW decomposition are useful
for large problems, with the number of constraints in the problem determining which one of
the two approaches is superior.

The graphs in Figure [2] show the trend for the simulations, considering the statistical
time, since we have solved 20 problems for each case, using the same starting points. As
we can see, both decompositions present a small variation of time for the problems, and
the ProQVTI has the smallest dispersion, except for a few isolated instances which presented
divergence (1.17% of the cases for » = 0.001).
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Figure 2: Time statistics (median and 25%-75% quantiles) for DIRECT, DW and ProQVI, in-
creasing n with G = C, G = 2C, and 2G = C.
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