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Abstract

For solving nonconvex equality-constrained optimization problems, a recent Gradient-Eigenstep Al-
gorithm by Goyens et al. is an iteration-efficient approach, based on minimizing Fletcher’s augmented
Lagrangian function, for finding an approximate second-order stationary point from an arbitrary starting
point. In this paper, the analysis of this algorithm is extended, offering a two-fold contribution. First, it
is shown that a local-linear rate of convergence can be obtained by this method if it is initiated sufficiently
close to a strong second-order stationary point and employs a sufficiently small step-size parameter and
sufficiently large penalty parameter. In this case, the algorithm reduces to a gradient descent algorithm
applied to minimize Fletcher’s augmented Lagrangian. Second, as a particularly useful application of
the first result, it is shown that the Gradient-Eigenstep algorithm can be used as an iteration-efficient
subproblem solver in the context of a progressive sampling strategy for solving equality-constrained op-
timization problems when the objective and constraint functions are defined by large sample averages,
ultimately offering an algorithm with an improved worst-case sample complexity when compared to an
approach that solves a full-sample problem directly.

1 Introduction

This work studies the theoretical convergence-rate behavior of an algorithm for solving nonlinear equality-
constrained continuous optimization problems. Problems of this type, and algorithms for solving them,
have been the subject of research for decades. Many of the most successful algorithms can be characterized
as being penalty methods or primal-dual methods; see, e.g., [I2] Chapter 17-18]. These are local-search
algorithms that seek a point satisfying either first- or second-order stationary conditions for optimality.

Our focus in this paper is on a particular penalty method. Penalty methods solve a constrained problem
by introducing a measure of constraint violation and adding it to the objective function, weighted by a
penalty parameter. The aim is to solve the original constrained problem through unconstrained optimization
techniques, where the penalty parameter is adjusted in a principled manner to ensure that the constraints are
eventually satisfied, at least in the limit. The penalty function used in a penalty method can be characterized
as being either inexact or exact. An inexact penalty function is one for which the penalty parameter might
need to be driven to infinity to ensure that constraint satisfaction is achieved in an asymptotic sense. By
contrast, an exact penalty function is one for which, for a given problem, there exists a threshold for
the penalty parameter, above which there is a correspondence between stationary points for the original
constrained problem and stationary points for the penalty function. This feature of exact penalty functions
is attractive, but an issue with many exact penalty functions is that they are nonsmooth.
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Fletcher [6] provides an exact penalty function—which came to be known as Fletcher’s augmented La-
grangian function—that is both exact and smooth. After it was introduced and shown to be exact, several
articles [2, [3 4] explored the potential use of it in practical penalty methods for solving constrained problems,
focusing in particular on its computational costs related to the computation of least-squares Lagrange mul-
tipliers and their derivatives. Recently, the article [5] proposed an algorithm based on Fletcher’s augmented
Lagrangian that only requires a linear system solve in each iteration. Even more recently, [9] extended the
work in [3] by proposing an algorithm that exploits potential negative curvature directions to obtain an
approximate second-order stationary point with a complexity guarantee.

Our contributions in this paper are twofold. First, we show that if an initial point is given that is
sufficiently close to a strong second-order stationary point satisfying a regularity condition, then if the
penalty parameter is sufficiently large and the step sizes are chosen sufficiently small, then an application
of gradient descent to minimize Fletcher’s augmented Lagrangian function can be used to obtain a linear
rate of decrease in the norm of Fletcher’s augmented Lagrangian, ultimately yielding an even more accurate
approximate strong second-order stationary point. In this pursuit, we show that the Gradient-Eigenstep
method in [9] reduces to gradient descent with a local-linear rate of convergence in the vicinity of certain
strong second-order stationary points. Second, as a particularly useful application of these first results,
we prove strong worst-case complexity properties for a recently proposed progressive sampling method for
solving certain equality-constrained problems; see [I, Algorithm 1]. In particular, the progressive samping
method is designed for solving problems where the objective and constraint functions are formed by large-
scale sample average approximations of functions defined by expectations. The idea of progressive sampling
is to solve a subsampled problem to modest accuracy, and then use the solution as a starting point for
solving a subsequently subsampled problem to higher accuracy, progressively increasing the sample size until
the original sample average approximation problem is solved to a desired accuracy. If the original problem
satisfies a so-called strong-Morse property and the subsampled problems are solved through an application of
gradient descent on Fletcher’s augmented Lagrangian function with appropriate parameter choices, we show
that the progressive sampling strategy yields an improved worst-case sample complexity property compared
to a method that solves the full sample average problem directly.

1.1 Notation

We use R to denote the set of real numbers, R, (resp., R.,) to denote the set of real numbers greater than
or equal to (resp., greater than) r € R, R™ to denote the set of n-dimensional real vectors, and R™*™ to
denote the set of m-by-n-dimensional real matrices. We define N := {0, 1,2, ...}, and, for any integer N > 1,

we use [N] to denote {1,..., N}. For any finite set S, we use |S]| to denote its cardinality. For vectors, we
define || - || := || - ||z, or else specify the norm explicitly. We use || - || to denote the spectral norm of any
matrix.

For any A € R™*"™ we use 0;(A) for each ¢ € [min{m,n}] to denote its ith largest singular value, and
for any symmetric A € R™*™ we use \;(A) for each i € [n] to denote its ith largest eigenvalue. Given any
such A, we use Null(A) to denote its null space, i.e., {d € R" : Ad = 0}. Assuming that B € R"*™ has
full-column rank, its Moore-Penrose pseudoinverse is BT := (BT B)~!BT. Note that in this case of B having
full-column rank, the pseudoinverse Bt is a left inverse of B in the sense that BfB = I. Given B € R"*™
with full column rank, we use R(B) := BB' and N(BT) = I — R(B) to denote orthogonal projection
matrices onto the span of the columns of B and the null space of BT respectively. That such R(B) and
N(BT) are orthogonal projection matrices follows since each of them are both symmetric and idempotent.

1.2 Organization

In we show that the Gradient-Eigenstep method ([0, Algorithm 1]) can reduce to a gradient-descent
method that converges linearly in the neighborhood of certain second-order stationary points of an equality
constrained optimization problem. We apply this result to prove strong worst-case complexity properties
of a progressive sampling method for equality constrained optimization in A summary and concluding
remarks are given in {4



2 Local-Linearly Convergent Algorithm

In this section, we prove that the Gradient-Eigenstep method, namely, [9, Algorithm 1]—if the step size is
sufficiently small and the penalty parameter is sufficiently large—converges linearly when initiated in the
vicinity of certain second-order stationary points of the optimization problem

aI;IelJiRI}L f(x) subject to (s.t.) c(x) =0 (1)

when, among other properties, the functions f and c satisfy the following.

Assumption 2.1. The objective function f : R™ — R and constraint function ¢ : R™ — R™ are twice-
continuously differentiable.

We begin this section with some additional assumptions and definitions, then proceed with our theoretical
convergence-rate analysis.
As in [9], we assume the following about the constraint function.

Assumption 2.2. There exists a positive real number R € Ry such that the set Cr := {x € R" : |c(z)| <
R} is compact.

Under Assumption let us denote the objective gradient function as Vf : R® — R”, the objective
Hessian function as V2f : R” — R™*" the constraint derivative function as Ve : R® — R™*™ and for each
j € [m] the jth constraint Hessian function as V?[c]; : R® — R"*". Here and throughout, for a function c,
we use [c]; to denote its jth component. Similarly as in [9], we make the following assumption about the
constraint Jacobian function, i.e., VeI, Here, the margin § appears in our analysis as a tolerance to ensure
that trial steps computed by an algorithm remain within the set Cr.

Assumption 2.3. There exists § € R., a bounded open set Cr containing Cr + {v € R" : |[v|| < 8} and a
positive real number omin € Ry such that, for any x € éR, the constraint Jacobian has 0., (Ve(x)T) > omin.

The Lagrangian of is L: R™ x R™ — R defined by

L(z,9) = f(z) + c(2)", (2)

where y € R™ is known as the Lagrange multiplier. Defined with respect to L, an approximate second-order
stationary point of is the following.

Definition 2.1. For a pair of real numbers (¢,() € Ry X Ry, a point z € R™ is (e, C)-stationary for
if there exists § € R™ such that

IVL(z,9)ll < e
and dTV2, L(z,9)d > —C||d||* for all d € Null(Ve(z)T).

Due to the first of the second-order stationarity conditions in Definition for any x € R™ a particular
Lagrange multiplier of interest is any that minimizes a norm of the gradient of the Lagrangian. Such a
Lagrange multiplier is also of interest since it is used within the algorithm that we analyze. Let us define an
fo-norm least-squares Lagrange multiplier function y : Cr — R™ by

y(z) = arg min ||V f(z) + Ve(2)g|l*, 3)
geR

and note that, under Assumption for any x € ¢ r the unique solution is
y(x) = —(Ve(a) Ve(@) "' Ve(@) 'V f(z) = =Ve(2) TV f(2). (4)

We now introduce Fletcher’s augmented Lagrangian function.



Definition 2.2. Using y defined by , Fletcher’s augmented Lagrangian with penalty parameter p € Ry
is the function F, : Cr — R defined by

Fy(x) = f(x) + c(@)Ty(@) + plle()]*.

We also include the following additional assumption about the Lagrangian with respect to the least-
squares Lagrange multiplier function and the constraint violation measure ||c||?, i.e., the two component
functions defining Fletcher’s augmented Lagrangian for any penalty parameter.

Assumption 2.4. Along with Assumptzons m . and (2 . the functzon y defined by (4) is twice-
continuously differentiable over Cg, and over Cg the functions f + ¢Ty and llcl|? have Hessmn functions
that are Lipschitz continuous in the sense that there exists (Mg, M.) € Ryy x Ry such that, for all

(x,T) € Cr % Cr, one has that
IV2(f + " y) () = V2 (f + Ty)(@)]| < My|le — 7|
and || V2([|cl*)(2) = V(l|el*) (@) < M|z — z]|.
Under these conditions, for any p € Ry, define M, := My + pM..

We now commence our analysis. For our first lemma, we introduce a uniform bound for the norms of
various quantities and state useful properties of F, at approximate second-order stationary points.

Lemma 2.1. Under Assumptions and [24] there is k € R, with

glaX{Vf( )II,IIy(JL')H,IIVy(JC)ILIIVC(JJ)H,IIVZf(JJ)H,jng[f;}nx]{IIV2 $ @I 1V2[el II}} < K (5)

and along with any p € Ry one has

AR, = sup {\1(V?E,(z))} < o0. (6)

z€CR

Moreover, for any € € (0, R] and B € Ry, if x € R" has

IVL(z,y(2))|| <€
and dTV2,L(z,y(z))d > B||d||* for all d € Null(Vc(z)T),

then for any p € Ry and with positive real numbers

wp:=1+k+2pk

2/mk (8)

and 1, := —— + mkK + 2mpkK
Omin
one finds that
le(@)]] < R,
IVE, ()] < wpe, (9)
and Au(V2F,(x)) > min{8 — npe, 2002 — (5 + ma?) — e},

Proof. Consider (). Continuity of Vf(z), Ve(z), V2f(z), and V?[c];(z) for all j € [m] follow by Assump-
tion Continuity of y(x), Vy(z), and V?[y];(z) for all j € [m] follow by Assumptions and
Since Cp is compact by Assumption the existence of K € Ry follows from continuity of these functions,
continuity of norms, the fact that compositions of continuous functions are continuous, and the Weierstrauss
Extreme Value Theorem.



Consider next @ The fact that F), is twice-continuously differentiable follows under Assumption
and by continuity of eigenvalues of V2F}, and compactness of Cp, it follows that the supremum in @ is finite.
Consider now @ Consider arbitrary € € (0, R], B € Ry, x € R" satisfying @, and p € Ry . Therefore,

max{|[Vf(z) + Ve(@)y(@)|, [e(@)[[} < [VL(z,y(x))]| <, (10)

which with € < R gives the first inequality in @ Thus, = € Cg, so the triangle inequality and submultiplicity
of the matrix 2-norm give

IVE, ()] < IVf(2) + Ve(@)y(@)[| + ([Vy (@)l + 20 Ve@) Dl e(2)
< IVf(2) + Ve(@)y(@)[| + (x + 2pr) | e(2)]- (11)

Combining (11)) with , one obtains the second inequality in @D Our final aim is to prove the third
inequality in ([9). Toward this end, note that

V2Fp($)
= V2, L(z,y(z)) + Vy(2)Ve(z)" + Ve(x) Vy(z)"
+2pVe(x)Ve()" + > (V2[yl;(@) + 20V2[d]; () [c]; (). (12)
J€[m]

Let us now express this Hessian in an equivalent form involving a decomposition into orthogonal spaces
defined by the constraint Jacobian at z. Let us first derive an expression for Vy(x)Ve(z)T by differentiating
the linear system that defines y(z) through . Specifically, by 7 one finds that

Ve(z) ' Ve(z)y(z) = —Ve(@)TV f(2). (13)
Abbreviating notation and differentiating the left-hand side yields
V(VeTVey)l.

= V(VCT|rvc|my)|x + V(VCTVC‘ZZUH”I + V(VCT|1:VC Yl )|z
= Vy|$VcT|ch|x + [v2[0]1|rvc|my|z V2[C]m|IVC|Iy\m]

+ D Vdilelwlile | Vel
jelm]
while at the same time differentiating the right-hand side yields
V=V V)= =V(V oV )le = V(VE V)
= - VQf\ch\x - [V2[0]1|zvf‘z vz[c]m|mvf|m’] .

Combining these derivations and rearranging yields

Vy(2)Ve(z) ' Ve(z)

= — Vi, L(z,y(x))Ve(x)
= [V2i(@)VaLl(z,y(@)) -+ V2[m(@)VoL(z,y(2))] . (14)

=:£(z)

Multiplying on the right by (Ve(z)TVe(z)) 1 Ve(z)T yields
Vy(z)Ve(z)T
= — (Vi L(@,y(@)Ve(z) + £(2))(Ve(@) " Ve(z)) ™ Ve(@)



= — Vi L(z,y(2))R(Ve(z)) - E(2)Ve(x)'. (15)

On the other hand, denoting R(z) := R(Ve(z)), N(x) := N(Ve(z)T), and Hy, := V2, L(z,y(z)) and using
R(z) + N (x) = I, one finds that
H, — HyyR(z) — R(x)Hypy = HypoN () — R(x)Hyy
= N(2)HyoN(x) — R(z)Hyp R(x). (16)
Combining , , and now yields the expression
V2F,(z) = N(2)HpuN (7) — R(2)Hpr R (2
—E@)Ve(x)t = (Velz)NTE(x
+ ) (VPlyl() + 2pV2 [ (@) [ (). (17)

J€[m]

|
2
—
=
&

8

+2pVe(z)Ve(z)T
T

Let us now observe that from the definition of £(x), norm inequalities, submultiplicity of the matrix 2-norm,
z € Cg, , and that

IE@)] = 11€ )" ]|
1€ @) dll

max
deRn st. ||d||=1
Vo L(z,y(x)) V2 (z)"d

deRn sx dl=1 :
cR™ st. = .
Vo L(z,y(2))" V2] m(2)"d

T dernst dl=1 \/g:] (Vo L(@, y(2))TV?[d]; ()T d)*

< L 72 () d
SV (%%W (2, y(2))"V2[c];(2) |)

< 211
SV <m[m’ﬁ IVo Lz, @)V [cw)ndn)

< d||) = .
<V max - (en|d]) = Viike (18)

Now consider arbitrary d € R™ \ {0} decomposed as d = dn + dr, where dyr € Null(Ve(x)T) and dg €
Range(Vc(z)). One has from that
d"'V?F,(z)d
= d"N(2)V2, L(z,y(x))N(x)d — d"R(2) V2, L(z, y(x))R(z)d
+2pd"Ve(z)Ve(z)Td — 2dTE(x)Ve(z)Td

+d' ( > (VPIli(e) + 20Vl () [C]j(fc)) d

j€[m]
= dy Vi, Lz, y(x))dy — dx Vi, Lz, y(2))dr
+ 2p||Ve(z)Tdr ||? — 2dT E(x)Ve(z)Td

+d" ( > (V2Iyli() + 2pV7[c]; (@) [C]j(fv)) d, (19)

J€[m]

7



where for the latter two terms one has from , , , and the fact that the spectral norm of the
pseudoinverse of a matrix is at most the reciprocal of the matrix’s smallest singular value [8, Chapter 21]
that

—2d"E(2)Ve(z)id+d" | Y (V2[yl(z) + 20V [e];(2))[e]; () | d

Jj€[m]
> 2NNV I - | 3 (V712 + 205l o)
> - B g 3 (VB EI+ 2T N1
> - B g 5 (9B, + 29l D
> = 22 — (o + 2l (20)

Since dy € Null(Ve(z)T), Definition gives di V2, L(z,y(x))dn > Blda|?>. With (5], the triangle
inequality, and submultiplicity of the matrix 2-norm,

+ Y VeIl (@)

J€[m]

IV2f @)+ > IV @) lly(@)]| < &+ ms?. (21)

J€[m]

IV2e L, y(2)ll

IN

At the same time, let us derive a lower bound for ||[Ve(x)Tdgr||. Let Ve(z) have the singular value decom-
position } ;¢ () uioiv] where (u;,04,v;) € R" x R x R™ for all i € [m] with {u;};e[m) and {v;}ie[m) being
sets of orthonormal vectors. Then, by Assumption and the fact that dg € Range(Ve(x)),

|Ve(z)Tdr|? = Z vioul dp|| = Z |vicsul dr||? = Z o2 (uldr)?

i€[m] 1€[m] i€[m]

Z U; d'R = mln”d'RH2 (22)
i=1

Combining , , , , and the decomposition d = dy + dg,
d'V?F,(z)d
> Blldnl” + (20005 — (5 + mr?))||dr|?
B (2\/5/6

Omin

= (- (B s+ 2 )

+ mk + 2mpf€) elld||?

Umln
2
+ (2pcrr2nin — (k +mr?) — ( vm +mk + 2mpf<:> e) ldz||?. (23)
Omin
Combined with the definition of 7, in , the proof is complete. O O



We make a few observations regarding Lemma First, the bounds on the norms of ¢(z) and VF,(z)
in @D follow from the fact that x is assumed to satisfy @ with € < R; the factor on the right-hand side
of the second inequality in @ merely accounts for the difference between the gradients of the Lagrangian
and Fletcher’s augmented Lagrangian. Second, we note that our lower bound on the smallest eigenvalue of
the Hessian of Fletcher’s augmented Lagrangian in @[) can be related to [B, Theorem 6], which gives a lower
bound for p to ensure positive semidefiniteness of V2F, (), namely,

p = max{0, Ay (Ve() V2, L(x)(Ve(z))T)}. (24)
In particular, with € = 0 yields
d"V2EF,(x)d 2 Blldnl® + (205 — (5 +ms?))|ldr |,

min
so positive semidefiniteness of V2F,(z) follows from p > "””;;7’2”'3 This is of the same form as since,

as mentioned in the proof of the previous lemma, [|[Ve(z)T|| < —2— and from the definition of x one has

[V2,L(z)| < k+ msx?. Finally, let us make two further observations related to (23). That is, for directions
in Null(Ve(z)?), a small € relative to 3 is sufficient to ensure positive curvature with respect to V2F,(x).
However, for directions in Range(Ve(z)), the combination of a large p and a small € are needed to ensure
positive curvature with respect to VZF »(x). This occurs since corresponds to sufficiently positive cur-
vature of V2, L(z,y(x)) in Null(Ve(z)T), but to ensure positive curvature of V2F,(z) in Range(Ve(z)) one
needs a large penalty parameter p to exploit the curvature of the Hessian of ||c(z)]|?.

We now prove our main theorem of this section.

Theorem 2.1. Suppose that Assumptions and hold and let k € Ry satisfy . In
addition, for some 8 € Ry, suppose that

(25)

2
Omin 205 in

1 2
o> ps :max{max{ ,H}7ﬂ+/€+m/~€ }’

and that x € R"™ satisfies @, where with M, € Ry defined in Assumption (wp,Mp) € Ryg xRy defined
n , and A, € Ry satisfying

Ap = B+ Ar, (where Ag,, is defined in (6))
the tolerance € € Ry satisfies (with ¢ defined in Assumptz’on

5 R B AB
2(77p+4Mprp+(1+ 2 )i) Wy 2Mpw, 2w,

Omin 5

€ < €, ;= min

(26)

Furthermore, suppose thatt € Ry satisfies

1 1
0<t§tp::min{ } (27)

)\p, 6 . 7’]p6 _ 4M’Bpu.zp6

Then, for any € € (0,€) and with the parameters

e 1
(61, a1, Cl) = <\/g,t, 2) y (28)

(notation in [J)])

the method [9, Algorithm 1] reduces to applying gradient descent with the constant step size t to minimize
F, with initial point x. Thus, in at most

\/gwpe
6/

T= POgJ‘m “ iterations (where 4 — 8t > 0) (29)



the method gives a point satisfying with (e, B) replaced by (¢',8), where

4M, 2 1
B =B —nye— Bpwpé — (1 + Umin) %6/ > 55 (30)

Proof. Let us begin by showing that implies as well as positivity of other quantities that are used
throughout the proof, including the upper bound for the step size in . By and € € (0,¢), one finds

4M ,w 2 K
- ppe_(1+)€/
IB B e 6 Omin \/S
4M

2 1
> - (np+ 5’)wp+(1+amm> \55)6225,

which shows that holds. From these inequalities, one also finds that

4M 1
e > 2p, (31)

1 ~
5/},6 =8- Np€ 2> §B and Bp,e = Tp€ — 3 9

which shows that the upper bound in is positive.
Let us now consider gradient descent applied to minimize F, from z with step size ¢, where p € R
satisfies and t € Ry, satisfies , which by combining and can be seen to satisfy

0<t< < B < Bo.c

1 1
— do<t< —. 32
T Ay T 2Mpwpe T Mywpe an <ts (32)

pr€

Once this is completed, we confirm that [0, Algorithm 1] with the parameters in indeed reduces to such
an application of gradient descent. Let £° <— x and consider the iterative method defined for alls = 0,1,2,...
by

6/

2 o —tVE, (') wtil |VE, ()] < < (33)

=
Our first aim is to show that z° € Cg, ||[VF,(z°)| < wpe, and A, (V2F,(z°)) > B, ., and that, for any i € N
with ¢ > 1, one finds that

a:i S CR,

95,11 < (1= 5t ) IVE)

(34)
. i—1 1. r
o A (VE () 2 By = MAVEN S (1= 30ct) = e
1=0
where 1 — %Bp’et > 0 by . First, for ¢ = 0, by one has that p > %{n”?, so with one has
2ar2ninp - (K‘ + mK:Q) — Tpe€ > ﬁ —Tp€ = /8/7,6' (35)

Since 2V = x satisfies (7)), it follows from and w, > 1 that |c(2°)|| < R, which means z° € Cg, and it
follows from Lemma [2.1] (26), and that

IVE,(2%)]| < wpe
and )\n(VQFp(xO)) > min{3 — 1€, 2012mnp —(k+ mﬁQ) — 1p€} (36)
> ﬂp,m

10



as claimed. Now consider arbitrary ¢ € N with ¢ > 1 such that holds. To complete the induction, our
aim is to prove that all of (34) holds with ¢ replaced by i + 1 as well. Denote G; := VFp(xi) for all ¢ > 0.
Furthermore, note that, by (26 and the fact that t < 1/\,, one has

_ _ wye 0
o = 2l = tGill < HGol < tepe < S < 5,
P

meaning that the line segment [z, 271] lies in Cr and Assumption [2.4) applies along the segment. Next, one
has from Assumptions [2.1] and [2.4] that

0N (o i 1 i i
[Ginll < [1Gi+ P Ep(a) @ — )| + 5 Myl — |
i 1
= [|Gi =tV F,(2")Gil| + §M,,t2||Gi||2
2 i 1 2 2
< [ =tVEE, @) IIGill + S Mpt (|Gl ™ (37)
By ! € Cg from , @, Ap > AR,p, and , one has tA1(V2FE,(z%)) < tA, <1, which with gives
11 = tV2E, (2"

= max ’vTv - thVQFp(xi)v‘
vER” st. ||v||=1

= max {|1 — tAy (V2 F,(2")], |1 = tAL (V2 (2")) | }
=1 tA,(V?Fp(2"))

<1-tB,.. (38)
At the same time, combining , , and yields
Mt||Gill < M,t||Gol| < Mptwpe < Bp,e. (39)

Now combining , , , and one obtains that
~ 1
IGunall < (1 thye+ 32061 ) G

< (1= 5t 161, (40)

This gives the first inequality in (34)), and in fact shows that ||G;11]| < ||G;]| for all i € N. Also, from [13,
Theorem 6.6] (or see [15, Eq. (3)]), one finds

An(V2E,(2'71)) = A (V2 (a"))]
< VPE (@) = V2F,(a')[| < Mplla™! — o'l = Mt||Gill.
Combining 7 7 , , and , one now obtains that
A (V2 (271))

An(VEE (') = [An(V 1) = (V2 (2")))|

Py (ot
1
> By - MtHGonZ( 15 t) — MGl

> By MtnGouZ( )

w\»—‘



00 l
1~
> By = Mt Goll D (1 — 2Bp,et>
=0

2
= Bpe = MptIIGoHB

py€

_G,. (41)

All that remains to complete the induction is to show that z'*! € Cr. Toward this end, let us employ [9,
Corollary 2.7]. Employing this result requires that the singular values of Ve are bounded away from zero
and that Cg is compact, which hold here by Assumptions and It also requires that

max{1, [|Vy(2)[/}
P e  onm(Ve@)

(42)

This also holds here since for any @ € Cr one has omin(Ve(2)) > omin by Assumption [2.3and |Vy(z)|| < &
by 7 which when combined with shows that holds. Now since and (41]) give

} 1 - i+1 ] B
(ol < s i= (1= 330ct)  Gall and TE(a+1) = ot (13)

by [9, Corollary 2.7] one has 2**1 is an (&1, 2641, —BP,E +(1+ %)KQH) stationary point of in the
sense (defined in [9]) that
eI < &g, [IVe L™ y@™))] < 2644,

2 -
) +) 2
Omin

for all d € Null(Ve(zH)7T). (44)

and d¥V2, L(z™ y(a1))d > (5,3,6 — (1 +

Noting that 1 — %Bp, < 1, one has &41 < [|Go||. Combined with the fact that ||Go|| < wye < R by (26),

4
€
one finds that |lc(z**1)|| < €41 < R. Thus, 2! € Cx has been proved, and the desired induction to prove

is complete.

Let us now give an upper bound for the number of iterations until the gradient descent method defined
by terminates. Let 7" € N be the smallest positive integer such that & < S-. Then,

NG
/ €
T <|log,_15 ,—|, 45
< { 81-15,.t \/5||G0||-‘ (45)
and since |G/ || < € one has T' <T”. Since the definition of A, , , and imply that
B B p
4-Bft>4a— >4 P >y P 59
Ap An(V2E,(2T)) e
one finds with that
41 1
A—pt 1-Lipt T 115, #
so by considering and [|Go| < w,e one finds that
log, 15 76/ =log__1 7\/5HGOH
LRV TeN T lhe €
c1og o YAIGol o VBwe
1-1p¢ 1% 1-pBt %
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which gives the upper bound for T' < T’ stated in the theorem.

Next, let us show that 7 satisfies with (e, 3) replaced by (€¢/,3). Note that |Gr| < 57’5 by the

termination condition in (B3)) and A\, (V2F,(z7)) > B,. by (). Therefore, [9, Corollary 2.7] applied at 27
gives
le@D)I < IGzll, VL™, y(@)] < 2/Grl,

2 Gl lal? ()

min

and d'V2_ L(z", y(z"))d > (BP,G — (1 +
o
for all d € Null(Ve(z™)T).
From this, the termination condition in , and the properties ,

IVL(", y(a)]
= \/IIVwL(wT, y@DIP + VLT, y(@T))]?

< V5|Grll < ﬁ(\/g) e,

At the same time, combining (3I), (46)), and ||G7| < 67/5 one has

~ 2
B = (14 2 el

min

~ 2
Zﬂp,ei <1+0- i >\l/€56/
4M 2
=B —1pe— ﬂpwpe—(H )He’z

Omin

which gives (30). Overall, z” satisfies (7)) with (¢, 8'), as claimed.

Lastly, let us explain that [0, Algorithm 1] with the parameter choice in reduces to the gradient
descent method . In contrast to itself, [9, Algorithm 1] first moves along negative gradient directions
until [|[VF,|| < €. Then, if the curvature is sufficiently negative, it starts a second-order phase by moving
along a direction computed by using second-order information. The stepsizes for both directions are deter-
mined by using a line-search strategy. From and (41)), one can observe A, (V2F,(z*!)) > 5 > 0 for all
i, and hence the second-order phase will never be triggered. Moreover, let us show that A\;(VZF,(z)) < A,
for all = on the line segment between z° and z*+!. For any s € [0,1], let x(s) = 2% + s(z'*! — 2%). Then, by
[13, Theorem 6.6], Assumption 2 € Cg from along with the definition of Ag , in @, the fact that
[zt — 2| = ¢|G]l, [B9), the fact that Bpe < B by (1), and A, > B+ Ag,,, one finds that

M(V2F,(x(s))) < M(VEF,(2) + [[V2F,(2(s)) — V2F, ()|
< Arp+ Mps||xi+1 — 2
< Ar,p + Mpt[|Gil
<ARp+ Bpe < Anp+ B < A,

Therefore, from this bound, Taylor’s theorem, and ¢ in , one has
F, (") < F (2") + VE,(2)T (2" — 2%) + EAPHQ:Z'H — 22
i i 1 i
= Fp(a") = t|VE, (@) [* + 507 [VE, ()]

i 1 i
< Fpa') = StIVE, ()]
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= Fy(a') — croon [V F, ()% (47)

Hence, the line-search termination condition in iteration i of [9, Algorithm [2] is satisfied at x'*!, so [9]
Algorithm 1] reduces to gradient descent with a fixed step size t. Moreover, the choice €; in ensures the
output of [9, Algorithm 1], say z7, gives ||VEF,(z7)|| < € = \%, which is exactly the termination condition

in . O O

3 Application: Progressive Sampling

The purpose of this section is to show that Theorem can be leveraged to prove a strong complexity
guarantee in a specific setting of interest. In particular, we consider the setting of progressive sampling as
proposed in [I] to solve instances of problem when the objective and constraint functions are defined
through expectations, which in turn are approximated by a large-scale sample average approximation (SAA)
strategy. We show that when [, Algorithm 1] is employed as the subproblem solver, an improved sample
complexity can be obtained by a progressive sampling strategy to solve the SAA problem as compared to an
approach that solves the full SAA problem directly.
The SAA problem type that we consider in this section can be written as

min f(z) = — Z filz
ek 16 [N]
) (48)
st c(x) = N Z ci(r) =0,
1€E[N]

where, among other properties, the objective function f : R™ — R and constraint function ¢ : R — R™
satisfy Assumption Generally speaking, the objective and constraint functions could be defined with
respect to different numbers of terms, but to simplify our notation we assume that f and c are each composed
of N terms. A main challenge of solving instances of problem is that N can be quite large, meaning
that each evaluation of f, ¢, or either of their first-order derivatives requires taking a sum over N terms.

The progressive sampling strategy proposed in [I] has been designed for such a context. The main hope is
to exploit the fact that many of the objective and constraint function terms may be relatively similar to each
other, say, in settings when the objective and constraints are averages over functions defined by independent
and identically distributed draws of a random variable. The main idea of the approach is to solve in a
progressive manner by first selecting a subset of terms (e.g., at random), solving the corresponding sampled
problem to moderate accuracy, then increasing the sample size and tightening the accuracy tolerance in an
iterative manner, where in each case the solve is warm-started by the approximate solution obtained for the
previous sample. Denoting S, C [N], a corresponding approximate objective function as fs, : R" — R,
and a corresponding approximate constraint function as cs, : R” — R™, one can write a subproblem of
progressive sampling as

min fgs, (z) s.t. cs, (z) =0,

IER"
1 49
where fs, (z Z fi(xz) and ¢, (z) = — Z ci(z). (49)
|S | 1€Sk |Sk‘ 1€Sk

A statement of the progressive sampling method from [I] (assuming equal sample sizes for the objective
and constraint functions) is given as Algorithm [I} Also, a simplified statement of [, Algorithm 1] is given as
Algorithm (The step-size selection mechanisms that may be employed by the algorithm are specified in our
subsequent analysis.) Analogously to Definition for any S C [N] the algorithm defines Fs , : C5 r— R
(see Asbumptlon E below for the definition of CS r), which for all z € Cg R 1s given by

Fs,(x) = fs(z) + cs(x) ys(z) + plles(x)|?,
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where analogously to , for any x € CA’S, R, the multiplier is given by

ys(x) = ~Ves(2)'V s (x). (50)
Let us also introduce for our analysis, as in , the Lagrangian

Ls(z,9) = fs(z) + cs(x)"g.

For these quantities, we have F' = F|n), y = y[n), and L = Ln).

Algorithm 1 Progressive Sampling Algorithm for Solving
Require: Initial sample size p; € [N], sample increase factor § € (1,00), initial point xy € R™, iteration
limit K = [log, pﬂJ + 1, and tolerances {(ex, (k) H, C Ry x Ry
set Sg 0
. for k € [K] do
choose Sy O Sk—1 with S| = px
choose pr € Ry,
using zi_1, Sk, pk, and (e, k), call Algorithmto obtain zj,
set pr41 < min{fpy, N}
end for
return (zx,y(rk))

Algorithm 2 Adapted [0, Algorithm 1] for Solving

Require: Initial point z;_; € R™, sample set Sy C [N], penalty parameter p, € R, and tolerances
(€&, Ck) € Ryg x Ry from Algorithm
1: set i < 0 and 2 | < xp_1.
2: for i € N do
3: if HVFSk,pk (I271)|| > ¢, then
i+l

4: set oY« xl | —t,VFs, , (xi_,) for some t, € Ry

5: else if \,(V2Fs, . (zi_,)) < —(x then

6: set d € R™ with ||d|| = 1, dTV?Fs, (2% _,)d < —(k, and dTV Fs, ,, (2% ) <0
7: set x?:ll — 952—1 +tgd for some ty € Ry

8: else

9: set xp 1‘271

10: return x;

11: end if

12: end for

For our analysis of Algorithm [I} we make the following assumptions. (These assumptions are consistent
with those in [I], so making them allows us to employ the results up through Theorem 3.8 in that paper.)
First, extending Assumption [2.I] we assume the following.

Assumption 3.1. The objective function f : R™ — R and constraint function ¢ : R® — R™ are twice-
continuously differentiable. Moreover, there exists (kvy,kve, kvzg, kvze) € Rog X Rog x Ryg X Ry such
that, for all x € R™ and j € [m], one has [|[Vf(2)| < kvy, [Ve(@)| < ke, [[V2f(2)] < K2y, and
[V2[c]j (@) < kvz., where recall that [c]; is the jth component of c.

To connect Assumption [3.I] to properties of the approximation functions, we make the following loose
assumption about the component functions. The main consequence of this assumption can be seen in
[1, Lemma 3.2], which shows that by increasing the sample size one obtains approximation function and
derivative values that more closely approximate those of f and c.

15



Assumption 3.2. There exists (Vf, Ve, 7w fs Yves Vw2 f5Yv2e) € Rog X Rog X Ry X Ryg x Ryg x Ry such
that, for all (z,j) € R™ x [m], one has

5 X 1@ - 1@ <y,

1€[N]

% 3 lei@) = @) < 7
]

€[N

1
% 2 IVfil@) = Vi@I? < vy,
1€E[N]
1
N > IVeil@) = Ve@)|? < yvel Ve(@)|?,
i€[N]

1
N D IVEile) = VA (@)]P < yvey
1€[N]

1
and > [V2[ei; (@) = V2[el;@)]? < oz
1€[N]

Next, extending Assumptions [2.2] 2:3] and [2.4] for any sample problem encountered by the algorithm, we
make the following assumptions.

Assumption 3.3. There exists R € Ry such that, for any S C [N] with |S| > p1, the set Cs g := {z €
R™ : |les(z)|| < R} is compact.

Assumption 3.4. There exists 6 € R. (uniform over S C [N] with |S| > p1), a bounded open set Cs.r
containing Cs.r + {v € R™ : ||v|| < 6}, and a positive real number omin € Ry such that, for any S C [N]
with |S| > p1 and x € CAS,R, the constraint Jacobian has 0,,(Ves(x)T) > omin.

Assumption 3.5. Along with Assumptions[3.1] and forany S C [N] with |S| > p1 the function

ys defined by is twice-continuously differentiable over Cs r, and over Cs g the functions fs + ngg
and ||cs||* have Hessian functions that are Lipschitz continuous in the sense that there exists (M, M.) €

R., X Roy (independent of S) such that, for all (z,%) € Cs.r X Cs.r, one has that
IV2(fs + esys)(x) = V(fs + c5ys) (@) < Mylz — 7|
and [[V*([les]|*) (@) = V2 ([les|*) (@) < Mz — 7.
Under these conditions, for any p € Ry, define M, := My + pM..

Our last assumption is the one that allows us to leverage the local-linear convergence rate of Algorithm
in the neighborhood of certain stationary points (as shown in the previous section) in order to prove an
overall improved sample complexity bound for a progressive sampling strategy. It builds on the concept of
a Morse function [II] to that of a Morse program [7]. As discussed in [I, Remark 3.2], the assumption is
relatively mild in the context of constrained optimization problems with isolated local minima [10].

Assumption 3.6. For some pair of positive real numbers (o, ) € Ry g xRy, problem is (o, B)-strongly
Morse in the sense that, for any x € R", if the pair (z,y(z)) satisfies |VL(z,y(z))| < «, then

|d*'V2, L(x,y(x))d] > B||d||* for all d € Null(Ve(x)T).
For our analysis, we also introduce the useful quantity
N(N —|S
€s = (|S|2|) € [0,4/N(N —1)] for all nonempty S C [N]. (51)
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The lemma below shows conditions under which we can carry over the theoretical guarantees from [9]
for our employment of Algorithm [2| within the context of Algorithm In the lemma, we use 75, € R g
to denote the positive real number “C” introduced in [9, Corollary 2.7], which depends on second-order
derivatives of {[cs,];} em] and {[ys,];}je[m) over Cs, r. We use this notation to indicate the dependence of
this quantity on the sample set Si.

Lemma 3.1. Suppose that Assumptz'ons and hold, a sample set Sy C [N] is given with

|S1| > p1, and an initial point xo € Cs, g is given. Then, there exists p1 € Ry such that the requirements of
[9, Theorem 3.5] hold for all p1 > p1. Consequently, for any such py there exists (us, 1,us, 2) € Ryg x Ry

such that for any (¢) € (0, %R] x (0,1] one has that Algom'thm with inputs xo, S1, p1, and (€1,(1) €

Ry o x Ry satisfying
_ 5 C
€1 < & (€ ¢) == min {\ge, 4551 }

_ (52)
and <1 < 51(67 C_) = g + TSIEI(E, C_)

(using either the line-search methods in [9, Algorithms 2-3] or setting the step sizes according to the lower
bounds in [9, Lemmas 3.2 and 3.4]) terminates in a number of iterations that is at most

TSI = max{u31,16;2’ u51,2<;3}' (53)
Moreover, the final iterate is (€,()-stationary (see Definition[2.1)).

Proof. Consider arbitrary Sy and z as stated. Our first aim is to prove that the requirements of [9, Theorem
3.5] hold for all p; above a threshold p; € Ry . This requires showing that Assumptions A1-A5 in [9] hold.

Assumption A1l requires the existence of R € R., and & € Ry such that for all z € R" with [|cs, (z)|| < R

one has opmin(Ves, (x)T) > 0. This holds in our present setting with Assumption Assumption A2
requires the existence of R as stated in Assumption @ Assumption A3 requires the existence of 75, € Ry
such that

s, (x +d) — cs, (z) — Ves, (2)Td|| < ns,||d||* for all (z,d) € Cs,.r x R™. (54)

To show that this holds here, observe that for all (z,j) € R™ x [m] it follows from Assumption[3.2] [T} (3.3f)],
and the triangle inequality that
IV2[es, ] (@)l = 1V2[c]j(2) + V2[es, )i (x) = V[ ()]
< IVl (@)l + 1V2[es,]i (@) — V[
< V2l @) + &, vAvee

NN —pi)rvee

< Kyze + 2
by

Kpy - (55)

Now consider arbitrary (z,d) € Cs, g X R™ and observe that, by Taylor’s theorem and , it follows that
for all j € [m] there exists Z; € R” with

lles,Jj(@ +d) = les,]j (@) = Vies,](x) 7 d]

1 . 1 -
= Sl [es )i (@)l < 5IV2es, @I < S ). (56)

DN | =

Consequently, one finds that

1 1
les,(z+d) = cs, (2) = Ves, (@)Td| < | > 23 lld][* = 5y, [ld]?,
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from which it follows that holds for ns, = %w/mﬁpl. Assumption A4 requires that z¢ € Cs, g, as is
stated for this lemma. Finally, Assumption A5 requires that the penalty parameter is chosen greater than

01(Ves, (2))o1(Vys, () 01(Vys, (z)) 1 }
20m(Ves, (2))? T om(Ves, () om(Ves, (z))

Since Cs, r is compact, it follows under Assumption @ and the extreme value theorem that there exists p;
as stated in the lemma. All together, one can conclude that the requirements of [9, Theorem 3.5] hold in
our present setting.

Next we prove the claimed worst-case complexity bound and the claimed (€, {)-stationarity of the final
iterate produced by Algorithm [2 Toward these ends, one first has from [0, Theorem 3.5] that there exists
(Ts, 1, Ts, 2, Us, ,3) € Ryg X Ryg x Ry such that in a number of iterations that is at most

max max
z€Csy,R

Tgl = max {17,517161_2, 17451,2C1_1; 17,5173C1_3} (57)
the algorithm produces a point € R" satisfying
|VFs,(Z)| < e1 and d'V*Fs, (Z)d > —(i||d||* for all d € R™, (58)

meaning that Algorithm 2 terminates with Z as the final iterate. (Note that to apply [9, Theorem 3.5] it has

been observed that ¢; < %E < %R) To shoyv that this is achieved in a number of iterations that is at most
Ts, in (53)), one only needs to observe that ¢ € (0, 1] implies

+ 7, (453) <0<l = g
1
so from the bound in holds with us, 1 := Us, 1 and us, » = max{Us, 2, Us, 3}. Finally, [9, Theorem

3.5] also shows that T satisfies

Vo L(Z,y(Z))|| < 21, [[VyL(Z,y(Z))| < e,
and dTV2, L(z,y(Z))d > —(C1 + 7s,€1)||d||* for all d € Null(Ves, (Z)7).

Observing that this means ||VL(Z,y(Z))|| < v/5e; < € and observing that ¢; + 7s,e1 < g + 275, ( < ) < ¢,

s,

it follows that Z is (€, {)-stationary. O O

We now state a useful result, namely, [T, Lemma 3.6], which shows that the strong Morse property extends
from the full-sample problem to any sampled problem as long as the sample size is sufficiently large.

Lemma 3.2. ([i, Lemma 3.6]) Suppose that Assumptions and hold, and define

the tuple (K1, k2, k3) € Ryg X Ry xRy by

\/ K
K1 = $7 Ko = \/(2W+ R1kvf)? + e, and
min

\/ﬁ(:’)ﬁv%lﬂ + \/’yvzc)(5/€vf/£1 + W)) .

2amin/fl

R3 1= <3K}v2f/€1 + 1//€v2f —|—

Then, with (o, §) € Ry x Ry from Assumption if Sp+1 C [N] has

§5k+1<min{ 1 «a 75}7 (59)

3k 2Ky 18k
then with k replaced by k + 1 is (as,, ,, B8, )-strongly Morse with

1
a8k+1 =a = K2€Sk+1 Z 5@

1 1
and B5k+1 = <1 - 3H1£Sk+1) 6 - H3€5k+1 Z iﬂ
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Our next lemma shows that if the achieved termination tolerances for a sample problem are set in an
appropriate manner, then the initial point for the solve of the next sample problem (if K > 1) satisfies
certain critical bounds. Here, we first see the significance of Assumption [3.6]

Lemma 3.3. Suppose that Assumptions and hold and K > 1. Define (K1, ks, k3) €

Rog xRy xRy as in Lemma and define the pair of positive real numbers (11,72) € Ryy x Ry by

\/TW) . (60)

T1 = Ko and T := (Kovzf +
Omin

Suppose that p1 € [N] is sufficiently large such that, for all k € [K],

&5y stlémin{l 2 25}7 (61)

3%1 ’ 4:‘62 ’ 9/’63
and that, for all k € [K — 1], a pair (é, fk) € Ry x Ry satisfies
& <Tiés, and G < ks, (62)

Then, for all k € [K — 1], if z), € R™ is (ék,fk)—stationary with multiplier ys, (xy) respect to , then
for with k replaced by k 4+ 1 one has

HVLSk+1(wk7ySk+l(xk))” < 37—1551 < Sy and
dTvixLSkJrl (xkv YSk41 (mk))d > ﬁsk+1 ”dH2 f07’ all d € Null(vcsk+1 (xk)T)v

where one defines (as,, ,,Bs,,,) as in Lemma ,

Proof. Suppose that K > 1 and zj € R" is (ég, fk)—stationary with respect to for § = Sy with (&, fk)
satisfying . Our aim is to prove (63). First let us bound the norm of the difference between the gradients
of Ls, and Ls, , with respect to the point x;. Toward this end, using 7 define yj, := ys, (x) and
Yk+1 := YSp,, (Tx). Then, by the triangle inequality,

(63)

HVzLSk}+1 (xk7yk+1) - vﬂ?LSk (xk& yk)H
S HVJCLSIC+1 (Ik7yk+1) - vxL(xlﬁyk‘)”
+ Vo L(zk, yk) — VaLs, @k, yr)|- (64)

Then, by similar arguments as led to [1, (29)], one finds

IVaLs, Tk, yr) — VaLl(zk, yr)|| < &s, (2y/Fvy + kikvy) and
IVaLs, ., (ks Yr+1) — VaLl(@r, yi)|| < Esppr 2/EVS + K1kvy)
<&s,(2¢/Fvs + Kikvy),

where the last inequality follows from and |Sk41] > |Sk|. Combining these bounds with , one obtains
that

HvxLSkJrl (xka yk+1) —V.Ls, (l'k, yk) || < 2s, (2\/ Ko+ Rl’ivf)' (65)
On the other hand, from the triangle inequality, [I, (10b)], and &s,,, < &s,»

||V:0L5k+1 (xlﬁ yk+1) - VQLSk (wlm yk)”
= llesi (@) = cs, ()]
< lesysn (@r) — clzp) || + lle(zr) — cs, (z) |

< V€S T Vs < 2v/eEsy - (66)
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Combining and , one finds that

IVLs i (@, ykt1) — Vs, 2k, yi)||?

2y ¢2 242 (67)
< 4(ye + (2y/Evy + kikvs)7)Es, = 4Raks,
which further gives under the conditions of the lemma that
‘IVLSk+1 (ijv yk-‘rl)”
< |IVLs, o (Tr, k1) — Vs, (wr, yr) | + [V Ls, (2k, yr) |
R 3
< 2kads, + &k < 2mibs, + Mibs, < 3Mibs, = 3kals, < o (68)
At the same time, by &s,,, < s, and kafs, < ia, one has that
1 3
as ., =0 —kals,,, > a— ks, >a— 19= 1« (69)
Combining and , one obtains the first conclusion in that
||VLSk+1(xk7yk+1)” < 37—1551 < ASytq- (70)

Our next goal is to prove the second inequality in . Toward this end, first note that Lemma
applies here since the right-hand side of is less than or equal to the right-hand side of . Hence,
by Lemma it follows that with k replaced by k + 1 is (as,,,, fs,., )-strongly Morse. Combined
with (70), this means that one has for all ds,,, € Null(Ves,,, (z))7) that

|d£k+1via:L5k+1 (ajk’ yk+1)d5k+1 ‘ > /6$k+1 Hd3k+1 ”2 (71)

To prove the second inequality in , it is necessary to show that this inequality holds without the absolute
value on the left-hand side. Toward showing this, let us define ds,,, := N (Ves, (2x)")ds,,,. Then, one
finds

ds, \ViLs, , (zk yes1)ds, .,
= d,., V2, Ls, (a5, )s, ,,
+(d§,,, VoL, (@, gk )ds, , — 3§k+1vimLsk (Tk, Yr)ds, )
> &§k+1vix‘[/$k (xkvyk‘)&slﬁ-l
— 5, VL (o ys 1) sy — s, V2oL, (2 i) s | (72)
Since N (Ves, (71)T) is a projection matrix, |N(Ves, (zx)7)] < 1 and
dsiss 1? = IV (Ves, (21))ds, ., |1

< IV (Ves, (20) )P llds, . 1 < lds, . 1.

Along with the fact that zy is (ég, fk)—stationary, this means that the first-term on the right-hand side of
satisfies the inequalities

-7 — PO ~
d8k+1v2mL5k (xk’ yk)d5k+1 > 7Ck||d3k+1 ||2 > 7Ck||d5k+1 H2 (73)

On the other hand, with respect to the second term on the right-hand side of , observe that with the
triangle inequality one finds

7T —_
|d§k+1viml’3k+1 (xkv yk+1)d3k+1 - dSk_H viILSk ($k7 yk)d3k+1 |
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< |d‘:§k+1viml’3k+1 (xlm yk+1)d3k+1 - d£k+1vizL(xk7 yk)d5k+1 ‘
-T _
+ |d5k+1v92mL(xka yk)d5k+1 - d5k+1v32cxl’(x/€7 yk)d5k+1 |
—_ 7T —_
+ |d8k+1viwl’($ka yk>d3k+1 - d8k+1viwL3k (mk’ yk)dsk+1 | (74)

Next, one can observe that the first and third terms on the right-hand side of can be bounded as in [T,
(41)] with respect to S = S, and S = Sj+1, respectively. To see this, note that a bound of the form in [T}
(36)] holds since [1l (36)] followed using general matrix-norm inequalities. Furthermore, a bound of the form
n [I (37)] that relies on [, (36)] and [I (10f)] holds, and bounds of the form in [I (38)—(39)] hold since
these rely on £s, < ﬁ and s, ., < i, which hold here. Thus, since [I}, (41)] follows from a combination

of [1l (36)—(39)], one obtains that with

3Vmrygzcr1 (3kv k1 + Avr) T VmyAvze(drv ki + VT )

2a—mm’il

A =\ /Klv2f =+
the first and third terms on the right-hand side of respectively satisfy

|d8k+1 L$k+1 (xk’ yk+1)d5k+1 - d£k+lvs2va(xk7 yk)d5k+1 |

< )\Esk+1 Hdsk+1 ”2 < )\gsk Hd5k+1 ”2 (75)
-7 — -T —
and |dsk+1vixl/(1‘k, yk)dsk+1 - dSk+1v92mL5k (Z‘k, yk)d5k+1 ‘
< Aslldsiy 12 < As, llds, . 1% (76)

As for the second term on the right of , submultiplicity of the matrix 2-norm, the triangle inequality,
lds,si |l < llds,.., ||, and [1 (8¢)] give

7T —_

|d8k+1v§mL(xk7 yk)dsk+l - dSk_HvizL(mk’ yk)d3k+1 |
= |(d5k+1 - g3k+1)TvimL(mk7yk)(d5k+1 + a3k+1)|
< ”V?mL(xk: yk)” ||d5k+1 - d8k+1 H ||d$k+1 + d5k+1 ”

\/alﬁv Ry2e -
< 2 (iay + VSIS g s, - B
Omin
T2 =
= 2;1||d5k+1 HHdSk+1 - d5k+1 ” (77)

By Assumption [3.4] the matrices Ve(xy) and Veg, (xr) have full row rank, i.e., the same rank, which by [14
Theorems 2.3-2.4] means that

[(R(Ve(ar)) = R(Ves, (2x)))]| < ki€,

Hence, with respect to ||ds, ., — ds,,, ||, one finds from the triangle inequality, submultiplicity of the matrix
2-norm, and [I, Lemma 3.5] that

Hdsk+1 - ;lSkJrl H

= [R(Ves, (zr))ds, . |l
< [[R(Ve(z))ds, ., || + [[(R(Ve(zr)) — R(Ves, (zr) | ds, . |
< H1£5k+1 Hd3k+1 ” + Hlfsk Hd5k+1 ” < 2K:1§Sk ||d$k+1 || (78)

Combining (72 with [T, (25)], , and CAk < s, , one finds

dgkﬂvf:stkﬂ (Tks Ykt 1)dsy
> = CkHdsk-H ”2 - 2)\£Sk ||d3k+1 ||2 - 47—2§Sk ||d5k+1 ||2
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= (=512 — 2)) &s, s, 1>

On the other hand, from the definitions of 75, A, and k3 one finds

(—5T2—2>\)
Vm(3kv2.k1 + /Ivze) Dk k1 + 1/
> —2(3livzfl€1+\/liv2f+ Bryzcr 2Zv I)i( v 7Vf)>
min/vl
= —2/{,3.

Hence, since (61)) requires £s, < %, it follows that

4
d§k+1v92mL5k+1 (xk7yk+1)d5k+1 > 72H3€Sk“dsk+1”2 > 7§ﬂ||d5‘k+1 ”2 (79)
On the other hand, recall fs,., = (1 — 3r1&s,,,) B — K3&s,,,» which along with &s,,, < &s, and
(specifically, with &g, < min{i, %}) implies

Bsiin 2 (1 - ;ngsk) B —ks&s, = B — %6 - gﬂ = %ﬂ

Since (49) with & replaced by k + 1 is (ag+1, Sk+1)-strongly Morse (which follows as a consequence of
Lemma [3.2)), one has that

Bllds, . 1%

W o

‘dgk+1vizL5k+1 (xka yk+1)dsk+1 | Z B5k+1 ||d$k+1 ||2 Z
That said, since holds and —% > —%, it must hold that

T 2 2
d8k+1 va:a:LSk+1 (Ika yk+1)dsk+1 > ﬁ5k+1 ||d3k+1 H )
which completes the proof. O] O

We are almost prepared to prove our main theorem about progressive sampling. We remark upfront that,
in order for our theoretical guarantee to hold for p; < N, the algorithmic parameters need to be chosen
within prescribed intervals. For notational simplicity, we shall define these intervals with respect to a single
prescribed parameter pu € (0,1). Choosing the parameters in such intervals ensures that the computational
effort is balanced appropriately for all k£ € [K], so that, for example, the tolerance for solving one sampled
problem is not arbitrarily tighter than the tolerances for solving the other sampled problems in the sequence.
Such requirements can be seen to be natural for worst-case complexity guarantees of the type proved in the
theorem. We emphasize, however, that for good practical performance, we do not expect these parameter
requirements to be absolutely necessary. Indeed, the experiments in [I] show good performance without such
stringent parameter choices.

To define our parameter intervals, we refer to the user-defined p € (0,1) along with (e, 5) from Assump-
tion First, for each S C [N] with |S| > p1, let ks be defined in the same manner as  is defined in
Lem in this case with respect to problem with § in place of Sy, then let

R :=max{ks : S C [N] and |S| > p1}.

The fact that this value is finite follows under the present assumptions from this section using the same
arguments as in Lemma Second, let p; be defined as in Lemma Third, as in , but with
replaced by the uniform bound & defined above and p; included, let

max{1,&} B+ K+ mk>

A 2
Omin 2o-min

pp = max{ 7/31} and prax = 17 -
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Fourth, following the notation in Theorem let

w =14+ K+ 2pmaxk,

9 _
ni= VR + MK + 2mpmaxk,

Omin

M = Mf + pmaxMca

and let A € R be any real number satisfying

A= B+ sup max {0, sup Al(VQFs,p(I))}

(0,S) z€Cs R (80)
s.t.pe (pﬁapmax]
Finally, define the values

AN
€ i= min 8M - 2 ’ E’ 4?4 2w (81)

w R w w’ 2w

G (2 5)

€c = 7—1631 (82)

and c::min{lawe*ml}. (83)

3/%17 4/’*627 9/‘%3’ 37’1’ 2T1 77'2

It is useful to state the following technical lemma.

Lemma 3.4. For any b€ Ry, K € Ry, and p € Ry, let €,(b, k) denote the right-hand side of with
B replaced by b, (w,,7n,) defined as in for the given x, M, = My + pM., and X\, replaced by \ defined in
(180), i.e.,

b R b &
9 (Up N 4Mgwp " (1 42 ) %) "w,’ 2Mpw,’ 2w,

Omin

€p(b, £) = min (84)

Then, €,(b, k) is nondecreasing in b and nonincreasing in each of k and p. Consequently, for every p €
(s Pmax], & € (0,&], and b € [3/2,0] one has that e, < €,(b, k), while at the same time for any e €
(0,€,(b, k)] and with

)1 1
t,(b, k) := min {/_\, ; 4Mgwp€} (85)

— 1€ —

(see [27)) one has that 1/X =t,(b, k), so [u/X,1/A] C (0,t,(b, K)].

Proof. For the sake of brevity, let C(k) := (1 + -2 ) = Consider first monotonicity with respect to b.
The first term in is

b b?

2 (ny + Moo 1 0(r)) 2000 + O+ 1M y)’

which is strictly increasing in b. On the other hand, the second and fourth terms in are independent of
b while the third term is increasing in b. Hence, overall, €,(b, ) is nondecreasing in b, as claimed. Consider
next monotonicity with respect to x. By , both w, and 7, are increasing in x. At the same time, C'(x) is
increasing in x while M, is independent of x. Consequently, each of the four terms in is nonincreasing
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in #, and therefore so is €,(b,x). Consider finally monotonicity with respect to p. Each of w,, 7,, and
M, is increasing in p while A is independent of p, so by similar reasoning each of the four terms in is
nonincreasing in p, and therefore so is €,(b, x).

Now consider arbitrary p € (pg, pmax), & € (0,&], and b € [5/2,5]. Combining the three monotonicity

properties established above, one finds that

€p(b,K) > €p (%ﬁ, F@) . (86)

On the other hand, since (wWy,...., Mpmars Mpmax ) = (w, 1, M) by the definitions of w, n, and M, evaluating (84)
at (ba Ky p) = (B/za R7 pmax) ylelds

8 I
a(n+ e 4 (14 52) &) @ 4w

Omin

€pmax (5/27 R:) = min

which with shows that €* < ¢,(b, k), as desired.
Lastly, for the arbitrary p € (pg, pmax), & € (0, %], and b € [3/2, 3], consider arbitrary € € (0,¢,(b, x)]. By
one has A > 3, which with b < § gives

4Mpw,

; e<b<B<A

b—nye—

Consequently, the first term in the minimum defining t,(b, x) is the smaller one and t,(b,x) = 1/A. Thus,
indeed, 1/X < t,(b,k), and since p € (0,1) it follows that [u/A,1/A] € (0,t,(b, k)], which completes the
proof. [ O

We now prove our main theorem for progressive sampling. In the theorem, for a reasonable basis of
comparison, our primary measures of performance of an algorithm are the number of individual objective
gradients and individual constraint Jacobians that need to be computed prior to termination with an ap-
proximate second-order stationary point of a desired user-defined accuracy. In other words, we are concerned
with the number of times that V f;(x) is evaluated for some i € [N] and some z € R", and the number of
times that V¢;(z) is evaluated for some ¢ € [N] and some x € R". One might also be interested in the
numbers of individual objective function evaluations, individual constraint function evaluations, or evalua-
tions of a least square multiplier. That said, if the methods are implemented with fixed step-size strategies,
then the algorithmic complexity with respect to these quantities would be the same as for the derivative
computations that we consider.

Theorem 3.1. Suppose that Assumptions[3.1} and[3.6 hold. Then, the following hold for
Algorithm [1, where it is assumed that calls to Algorithm[g for k = 1 use either the line-search methods in
[9, Algorithms 2-3] or set the step sizes according to the lower bounds in [J, Lemmas 3.2 and 3.4]. (In the
following parts, we refer to € (-,-) and (1(+,+) defined in Lemma )
(a) Suppose that py = N, S1 = [N}, xo € Cn),r, and p1 > p1, where py is defined as in Lemma . Then,
for any (¢,¢) € (0, @R] x (0,1], Algom'thm with initial point xo and tolerances (€1,(1) satisfying

€1 € [M€1(€7C)7€1(6ag)} and Cl € [N@(@C)fl(@()]

for some p € (0,1) requires
O (N[max{e ?,¢(*}]) (87)
indwidual objective gradients and individual constraint Jacobians until it terminates, yielding x1 that

is (€, ¢)-stationary for .

(b) Suppose that p1 < N, S C [N] with |S1| = p1 satisfies {s, < c (where c is defined in [83)), zo € Cs, .
and the ultimate desired tolerances satisfy (e, () € (0, 3e.) x Ry (where €. is defined in ) Suppose
further that the parameters of Algorithm[1] and the calls to Algorithm[3 have:
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o pr € (P8, Pmax) for all k € [K];

o for each k € {2,...,K}, line 4 of Algorithm |4 employs a fived step size chosen to satisfy t, €
[/ A 1/ A

e for all k € [K — 1], target accuracies (ér,Cy) € Rog X Rog are chosen such that é, € [ue,,e.] and
Ck € [umas, 2ts,);

e the tolerances input to Algorithm [ satisfy

e1 € [uér(ér, 1), ex(ér, ),
G € [uCi(é, G), e, Gl
(ex,Ck) = (éx/V5,Ck) forall ke{2,..., K —1},
and (ex,(k) = (e/V5,Q).

B: 1 >1, T:= {logB <3\25w>—‘ , (88)

T4 _uB
4_2?\

Then, with

(usy.1,us,,2) defined as in Lemma and

Us, 1 5 1673 } 8us, 2 }
C1 := max - max < —, L L , 89
o i e 5 T8 b e =

Algorithm [1] terminates with g satisfying

IVL(zk,y(vk))l < €
and d'V2, L(zk,y(zk))d > 3B|d|*> for all d € Null(Ve(zk)T),

so that xx is (e,(')-stationary for for every (" € Ry,. Moreover, the total number of individual
objective gradients and individual constraint Jacobians computed before termination is at most

p1Ch +T% +N ’ngB <3\/iwec>-‘ ) (90)

where the first two terms are independent of € and (.

Proof. Consider part (a). By Lemma there exists a pair (upny,1,u[n],2) € Rog X Ry such that, for any
(e,¢) € (0, %R] x (0, 1] and tolerances (€1, (1) satisfying the conditions of part (a), Algorithm (1| requires at
most

Ts, = maX{U[N]JEIaU[N]’ngS}
iterations until z; is produced, which is (e,()-stationary, as desired. Further, since e; > péi(e,() =
pming \/556 < _}and ¢ > pci(e, ) > u%, one finds

7 AT(N)

Ts, < max{5u *upny 1€ 2, 167[2N]M_QU[N],1C_2’ 8 gy 2¢ 0}
< max{5u *upn) 1€, 167—[2]\7]M_2U[N],1<_3a 8 gy 2¢ 0}
Thus, the claim follows since each iteration the call to Algorithm ] requires N individual objective gradients
and N individual constraint Jacobians.
Now consider part (b). Throughout the proof of this part, for each k € [K] let ks, < & denote a

value satisfying with respect to and define the pair (as,, s, ) in the manner of Lemma Since
prr1 = min{fpy, N} for all k& € [K] and K = [logg(N/p1)] + 1, one finds that pp = 6*"'p; < N for all
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k € [K —1] and px = N. Consequently, &s, > 0 for all k € [K — 1] while £s,, = 0s0 as, = « and Bs, = 0.
In addition, since s, < ¢ and, by and |Sk| > p1, one has s, < &g, for all k € [K], it follows from the
definition of ¢ that holds. Hence, by Lemma Bs, € [8/2,0] for all k € [K]. Finally, observe from
and and the conditions of part (b) that

3ec = 3ms, <3nc< e <

€=

<R. (91)

We now claim that, for any k € {2,..., K} and any € € (0, 3e.), if

IVLs, (zk-1,ys, (zx-1))]| < 3ec
and d"V2, Ls, (w51, ys, (z6-1))d > Bs, |d]* (92)
for all d € Null(Ves, (zx-1)7),

then Algorithm [2, called with inputs xp_1, Sk, pr, and (ex, (k) replaced by tolerances (¢'/v/5,(x) and
with the fixed step size t4, reduces to gradient descent applied to minimize Fjs, ,,, terminates in at most
[og s (3v/5w/€)e.]—more precisely, at most [log;(3v/5we./€’')]—iterations, and returns a point zy, satisfying
(7 with respect to with (e, 8) replaced by (€', Bs,./2).

To prove this claim, we verify the conditions of Theorem for with p = pi, 8 = Bs,, K = ks,
€ =36, A\, = A, and t = t,. First, the threshold in (25) is increasing in each of § and k, so with 8s, <
and ks, < R its value is at most pg, meaning that (25) holds since py > pg. Second, by one has
A= B +supsecs, n A (V2Fs, po () > Bs, + AR,pr» S0 A is valid in place of A,. Third, by Lemma with
(b, K, p) = (Bs,, ks, px)—Tlor which b € [8/2,5], kK < &, and p € (pg, Pmax] hold—and by (91)), one finds
3e. <€ <€, (Bs,,ks,), SO holds. In addition, 3¢, € (0, R) by (91), as required in Lemm Fourth,
by Lemma one has ty <1/X <t,,, so holds. Finally, states that x;_q satisfies with € = e,
and 8 = Bs,, and € € (0,3¢.). Consequently, Theorem applies. By the parameter correspondence ,
the tolerance €’ /v/5 and step size ty input to Algorithm [2| are exactly those in , so Algorithm [2| reduces
to the gradient-descent iteration (33)); indeed, by and one has A\, (V*Fs, . (zi_1)) > Bs,/2 > 0
for all 4, so the condition in line 5 of Algorithm |2| never holds. Moreover, by , the number of iterations

performed is at most
(25 < o (2529
T=Bs, iy € €

where the inequality follows since w,, < w (as pr < pmax and ks, < &), since 3v/bwe /€' > 1, and since the
function 4/(4 — a) is increasing over a € [0,4), which with Ss,t, > Bu/(2)) shows that 4/(4 — Bs,t,) > B.
Lastly, by , the returned point xj, satisfies (7)) with (e, 8) replaced by (¢’, ') where 8’ > 8s, /2 > 8/4 > 0,
which proves the claim.

Now consider £ = 1. By one has €1 < e, = més, < 1ec < V5R and CAl < mls, < me <1,
so (é1,¢1) € (0, @R] x (0, 1] satisfies the conditions of (¢,{) in Lemma In addition, z¢ € Cs,,r and
p1 > pg > p1. Hence, by Lemma the call to Algorithmwith inputs zg, S1, p1, and (e, (1) terminates
in at most Ts, = max{us, 1€ >, us, 2(; °} iterations with z; being (¢1,(;)-stationary with respect to
with k£ = 1. Furthermore,

er > péy(é1,G1) = pmin{v5é1/5, G /(47s,)}
> u2§31 min{\/gﬁ/f)7 T2/ (47s,)}
and ¢ > pCi(é1, 1) = péi/2 > pPmes, /2,

so one finds from that T's, < C. Since each iteration of Algorithm [2|in this case requires p; individual
objective gradients and p; individual constraint Jacobians, k& = 1 requires at most p;C; of each, the first

term in .
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We now prove by induction that, for each k € {2, ..., K}, the point xk 1 satisfies and, if k < K —1,
that Algorithm |2 I returns x that is (é, Ck) stationary Wlth respect to in at most T 1terat10ns For the
base case, recall from the previous paragraph that x; is (€1, (1) statlonary with respect to with k& =1,
where €; <€, =7T1&s, and (Al < 7'2531, so that (| . ) holds for k = 1. Since (61| . ) holds by previous arguments,
Lemmam 3.3|with £ =1 y1e1ds , which is exactly . 92) for k = 2 since 37'1531 = 3¢.. Next, for the inductive
step, consider k € {2,. — 1} and suppose that Te-1 satisfies (92). Since e;, = é./v/5 with é&, € [uec, €],
one has ¢, € (0, 3¢.), so Theorem u 2.1] applies with € = é;. Hence Algorlthm I returns z in at most

2 o2 -

iterations, and xj satisfies with respect to with (e, 8) replaced by (ék,%ﬁsk). In particular,
|VLs, (x, s, (zx))]| < é and, since one trivially finds f8s, /2 > 0 > —(, it follows that xy is (éx, Cp)-
stationary with respect to . Now since €, < €. = T€s, and ka < 79€s,, the tolerances satisfy ,
so Lemma yields , which is with k replaced by k£ + 1. This completes the induction. Overall,
since each iteration of Algorithm [2]in iteration k requires pj, individual objective gradients and py individual
constraint Jacobians, and since py = 0 1p; for all k € [K — 1], the total of these evaluations required over
iterations k € {2,..., K — 1} is at most

K—1 K—2
— — . =0(prk—1—p1) _ 0N —p1)
T E =T =T ~——— <7 -

k:2pk plj:19 0_1 >~ 0_1 )

which is the second term in . (We remark specifically that if K = 2, then this sum is empty and the
bound holds trivially.)

Finally, consider £k = K. By the previous induction, xx_1 satisfies with k = K, where (s, =
and Lgs, = L by previous arguments. Since e = ¢/4/5 with € € (0, 3¢.), Theorem applies with € = ¢,
so Algorithm [2] returns xx in at most [logg(3v/5we./€)] iterations, and zx satisfies with respect to
with (e, ) replaced by (e, 8/2), i.e., |VL(zk,y(zk))|| < € and dTV2 Lk, y(zk))d > 18|d||? for all
d € Null(Ve(zg)T). Since 8> 0> —(’ for any ¢’ € R, it follows that 2 is (e, {’)-stationary for for
every (' € Ry, as claimed. Since each iteration in this case requires N individual objective gradients and
N individual constraint Jacobians, iteration & = K requires at most N [logy(3v/5we./€)] of each, which is
the third term in . Summing the bounds from the previous arguments completes the proof. O O

4 Conclusion

We have proved that a recently proposed Gradient-Eigenstep algorithm for solving equality constrained
continuous optimization problems, which is based on minimizing Fletcher’s augmented Lagrangian function,
reduces to a local-linearly convergent gradient-descent method in the vicinity of certain approximate second-
order stationary points when the step size is sufficiently small and the penalty parameter is sufficiently large.
We have also leveraged this result to show that a progressive sampling strategy for solving sample-average-
type problems can obtain an improved worst-case sample complexity bound as compared to an approach
that solves a full-sample problem directly.

Data Availability

We do not analyze or generate any datasets because our work proceeds within a theoretical and mathematical
approach.
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