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Abstract
This work introduces a proximal sample-average subgradient method for minimizing the

sum of an expected cost, whose integrand is potentially nonsmooth and nonconvex, and a lower
semicontinuous, prox-bounded function. We target the class of upper-C2 integrands obeying a
nonsmooth, localized variant of the descent lemma in the decision variable, a structural assump-
tion that simultaneously covers smooth losses with Lipschitz gradient and differences of such
losses with convex functions. At each iteration the expected cost is replaced by a linearization
of the sample average that is progressively refined, and the proximal-subgradient stepsize is
selected by an Armijo line search enforcing a sufficient-decrease property up to stochastic er-
rors induced by the sample-based approximation. This framework accommodates more general
problem formulations than existing methods, in particular, it requires neither (weak) convexity
of the regularizer nor a uniform bound on the variance of the stochastic oracle, and our analysis
yields asymptotic convergence guarantees that are new even in the smooth setting. Specifically,
we establish almost sure convergence of the sequence of function values and stationarity of ev-
ery accumulation point of the trajectories under the relaxed requirement that the sample-size
sequence be merely nondecreasing, with no prescribed growth rate.

Key words. Stochastic programming, proximal subgradient method, sample average approxima-
tion, nonconvex optimization, upper-C2, Armijo line search
MSC codes. 90C15, 49J53, 49J52, 90C26, 65K05

1 Introduction
A large class of optimization problems under uncertainty are modeled as minimizing an expected
value written as an integral with respect to the underlying probability distribution. In many appli-
cations arising in machine learning, statistics, and operations research, this expectation cannot be
evaluated exactly, either because the distribution is not available in closed form or because the re-
sulting integral is computationally intractable in high dimensions. To overcome this issue, stochastic
algorithms replace exact first-order information by sample-based approximations, leading to meth-
ods that must balance computational effort, statistical accuracy, and convergence guarantees; see,
for instance, [52, 15, 29, 28, 30].

In this paper, we consider the following structured nonconvex stochastic programming problem

min
x∈Rd

Φ(x) := Eµ
[
φ(ξ, x)

]
+ ψ(x), (P)
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where the expected cost is defined on a probability space (Ξ,A, µ) by

Eµ
[
φ(ξ, x)

]
:=
∫

Ξ
φ(ξ, x) dµ(ξ).

Here, φ : Ξ×Rd → R is assumed to be an upper-C2 normal integrand with respect to the decision
variable in the sense of Definition 2. Roughly speaking, for all ξ ∈ Ξ, the mapping x 7→ φ(ξ, x)
may be nonsmooth and nonconvex, satisfying a local generalized version of the so-called descent
lemma, suitable for variational analysis. The term ψ : Rd → R ∪ {+∞} is assumed to be proper,
lower semicontinuous, and prox-bounded. Models of the form (P) emerge naturally in stochastic
problems where nonsmooth losses and regularizers appear, such as the ones described in Section 3.1.

To tackle problem (P), we propose a method of proximal subgradient type, in which stochastic
subgradient information is estimated by average approximations. A sufficient decrease condition of
the sample-based estimations tracks the progress of the method, though it does not yield a descent
method in the usual sense, but rather a method of approximate descent up to vanishing stochastic
errors. The method is presented in Algorithm 1.

Related work Stochastic optimization methods have been extensively studied in recent years
(see, e.g., [15, 64, 1, 9]), motivated by their relevance in modern applied mathematics, and especially
by their prominent role in machine learning and related scientific fields. A substantial part of this
literature has focused on convex and strongly convex optimization, where significant advances have
been achieved through several complementary approaches, including refined stepsize rules (see,
e.g., [52]), variance reduction techniques (see, e.g., [37]), and central limit theorems describing the
asymptotic behavior of stochastic algorithms (see, e.g., [47] and references therein).

Despite the progress made in convex stochastic programming, the nonconvex and nonsmooth
setting has received comparatively less attention. This is due to the intrinsic difficulties arising from
the interaction of nonconvexity, nonsmoothness, and stochasticity. Indeed, deterministic techniques
do not transfer directly to stochastic frameworks, where first-order information is typically available
through oracles only. Moreover, in nonconvex optimization, convergence of function values does not
necessarily characterize convergence to the optimal value, and stationary points need not be global,
or even local, minimizers. Nevertheless, several important contributions have been made in this
direction. For smooth and composite nonconvex stochastic programming, complexity guarantees
and accelerated variants have been obtained in [29, 28, 30]. More recent developments include
variance-reduced, recursive-gradient, mini-batch, and hybrid stochastic methods for finite-sum and
expected value composite problems; see, e.g., [56, 69, 48]. These methods typically assume that the
expected value term is smooth, or that the nonsmooth component has a convex structure that can
be handled by a proximal operator. For nonsmooth expected value objectives, proximal stochastic
subgradient and stochastic prox-linear methods have been proposed for weakly convex functions
and tame functions; see, e.g., [23, 20, 22, 21].

A classical approach to tackle the minimization of expected costs is the sample average ap-
proximation (SAA) method, which replaces the expected value function by an empirical average
over a finite sample. This leads to a deterministic optimization problem solved by determinis-
tic optimization techniques. SAA methods have been extensively studied from the viewpoints of
consistency, asymptotic convergence, stability of optimal solutions, and finite-sample error esti-
mates; see, among others, [41, 66, 42, 32]. This approach is especially useful when the sampled
problem preserves exploitable deterministic structure. An example of the latter are the stochastic
difference-of-convex algorithms proposed in [45], in which both SAA approximations and lineariza-
tions using (averaged) subgradients are combined to exploit the difference-of-convex structure. In
general, however, solving a sequence of large deterministic problems may become expensive when
high accuracy requires large sample sizes or when each sampled problem is itself nonsmooth and
nonconvex. A different paradigm is provided by stochastic approximation (SA) methods. This line
of research goes back to the seminal works [60, 40], and has become one of the central algorithmic
frameworks for stochastic optimization; see, e.g., [23, 20, 22, 21]. Unlike SAA, these methods are
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able to address the original stochastic problem by calling stochastic oracles for approximating first-
order information of the expected cost; see, e.g., [57, 52, 44]. However, SA methods suffer from
poor sample efficiency to achieve high accuracy.

Regarding stepsize selection, we can mention two approaches. In the absence of dynamically
increasing sample sizes, stochastic approximation schemes require rapidly diminishing stepsizes to
ensure convergence; see, e.g., [30, 52, 27, 21]. More precisely, in these works, the sequence of
stepsizes (γk)k∈N satisfies ∑∞

k=0 γk = +∞ and ∑∞
k=0 γ

2
k < +∞. Such conditions are standard in

the convergence analysis of (proximal) stochastic gradient methods, both in convex and nonconvex
settings. As an alternative, the stepsizes can be defined to adapt to the progress of the iteration
process via backtracking line search procedures using function and (sub)gradient estimates; see,
e.g., [54, 53].

Our contribution In this work we propose a novel convergence analysis of a proximal sample-
average subgradient algorithm for solving (P) when the integrand is an upper-C2 function (see
Definition 2). At every iteration, our method constructs a surrogate model of (P) where the
expected cost is replaced by a linearization of the sample average approximation, refined along it-
erations. Specifically, given an increasing sequence of sample sizes (nk)k∈N, where k ∈ N represents
the algorithm’s current iteration, the method draws a collection ξnk−1+1, ξnk−1+2, . . . , ξnk

of inde-
pendent identically distributed (i.i.d.) random variables to construct a first-order approximation
of the empirical average of the integral in (P). Informally, for x ∈ Rd close to xk,

Eµ
[
φ(ξ, x)

]
≈ 1
nk

nk∑
j=1

φ(ξj , x) ≈ 1
nk

nk∑
j=1

[
φ(ξj , xk) + ⟨∂φ(ξj , xk), x− xk⟩

]
Leveraging the properties of upper-C2 normal integrands (see Proposition 2), in each iteration k
the method constructs a first-order majorization of the empirical average of the integral, namely,
for all x ∈ Rd close to xk, for sampled subgradients vkj ∈ ∂φ(ξj , xk) it holds that

1
nk

nk∑
j=1

φ(ξj , x) ≤ 1
nk

nk∑
j=1

[
φ(ξj , xk) + ⟨vkj , x− xk⟩

]
+ 1
nk

nk∑
j=1

ℓ(ξj)∥x− xk∥2.

In this manner, our method generates an iterative sequence of the form
vk = 1

nk

nk∑
j=1

vkj , vkj ∈ ∂φ(ξj , xk),

xk+1 ∈ proxγψ(xk − γvk) for some γ > 0,

thus combining stochastic (Clarke) subgradient information of φ taken from the empirical ap-
proximation with a proximal evaluation of ψ. Observe that the linearization of the empirical
approximation prevents our method from suffering from the tractability issues known for SAA sub-
problems. The stepsize γ > 0 for this proximal subgradient update is computed by an Armijo-type
line search [4] to ensure a sufficient decrease of the sample model of the objective function Φ in
(P). This line search replaces the necessity of vanishing stepsizes typical of stochastic (sub)gradient
methods, and does not require the prior knowledge of any (sub)gradient Lipschitz bounds. The
sample errors lead to a nonmonotone stochastic scheme with respect to the original objective Φ,
hindering the direct application of standard techniques for the convergence analysis of descent
methods. In contrast to standard approaches, we do not impose any bounded variance condition,
but rather assume local Lipschitzianity of x 7→ φ(ξ, ·); see Remark 3. This allows us to combine
a stopping time based analysis together with new results on uniform error bounds for average
approximations on compact sets to show that our method satisfies a sufficient descent condition
perturbed by stochastic errors that vanish along the iteration process, as long as the sequence of
iterates remains bounded.
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From the perspective of the proximal operation, our analysis only relies on the ability to compute
at least one element of the proximal mapping of ψ, without requiring an additional geometric
structure such as (weak) convexity, different from most existing works on stochastic approximation
schemes with proximal steps; see, e.g., [22, 72, 58, 26, 36]. Thus, our setting naturally covers the
class of proper, lower semicontinuous, prox-bounded functions for which such a proximal point is
available. From a numerical standpoint, this encompasses many relevant classes of constraints and
nonconvex regularizers; see, e.g., [25, 71, 49, 51, 6].

Our contributions can be summarized as follows. We introduce the notion of upper-C2 normal
integrands, and show that this class of functions appears naturally in applications. Furthermore, in
Theorem 1, we prove that almost surely every accumulation point of bounded sequences generated
by our method with line search is a stationary point of (P). We do not impose any assumption on
the sequence of sample sizes (nk)k∈N besides being nondecreasing and unbounded. To the best of
our knowledge, this feature remains novel even within the smooth setting; see Remark 8 for more
details. Furthermore, our new analysis is based on a sufficient decrease condition up to controllable
stochastic errors obtained from a line search test that only uses sampled information, in contrast
to, e.g., [21, 11, 14, 12], where a differential inclusions approach is taken for methods of SA nature.

Organization of the paper In Section 2, we present the notation and concepts used in this
work and show some preliminary results. In Section 3, we introduce the notion of upper-C2 normal
integrands, describe some optimization models with this structure, and show properties pivotal in
our analysis. Section 4 presents our proposed method (Algorithm 1) to solve problem (P) and
its analysis of almost surely subsequential convergence. Section 5 reports numerical experiments
comparing our method with proximal stochastic subgradient methods. Section 6 concludes with
some final remarks and future research directions.

2 Preliminaries of variational and stochastic analysis
2.1 Elements from nonsmooth analysis

For a function f : Rd → R, Lipschitz continuous around x ∈ Rd, the Clarke subdifferential at x is
defined as

∂f(x) = {v ∈ Rd : ⟨v, d⟩ ≤ f◦(x; d) ∀d ∈ Rd}, where f◦(x; d) = lim sup
y→x
t→0+

f(y+td)−f(y)
t

is the Clarke subderivative at x in the direction d ∈ Rd. A function f : Rd → R ∪ {+∞} is said to
be prox-bounded if there exists some γ > 0 such that x 7→ f(x) + 1

2γ ∥x∥
2 is bounded from below.

The supremum of the set of all such γ > 0 is called the threshold of prox-boundedness for f , and
is denoted by γf . Given a proper, lower semicontinuous (lsc) function f : Rd → R ∪ {+∞} and a
constant γ ∈ (0,+∞], the proximal mapping is the multifunction proxγf : Rd ⇒ Rd defined as the
solution set of the optimization problem

proxγf (x) := argmin
u∈Rd

{
f(u) + 1

2γ ∥u− x∥
2
}
,

with the convention 1
2γ = 0 for γ = +∞. If f is prox-bounded, then the set proxγf (x) is nonempty

for every γ ∈ (0, γf ). We say that x̄ is a stationary point of (P) if there exists v̄ ∈ ∂xEµ
[
φ(ξ, x̄)

]
and γ̄ > 0 such that

x̄ ∈ proxγ̄ψ(x̄− γ̄v̄). (1)

The following lemma shows a type of upper-semicontinuity property of the proximal mapping
for prox-bounded functions. Its proof follows the same arguments as in [55, Lemma 2.3] and is
therefore omitted.
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Lemma 1. Let ψ : Rd → R ∪ {+∞} be a proper, lsc and prox-bounded function with threshold
γψ. Consider a point x̄ ∈ domψ, a bounded sequence (vk)k∈N in Rd, and, for all k ∈ N, x̂k ∈
proxγkψ

(
xk − γkvk

)
for some sequence xk → x̄ and γk → 0+ with γk ∈ (0, γψ). Then x̂k → x̄.

2.2 Elements from measure theory

In what follows, (Ξ,A, µ) will be a complete probability space, and we use the notation Lpµ for
denoting the space of all p-integrable functions. Moreover, we consider a complete probability
space (Ω,F ,P).

Consider a σ-algebra G ⊆ F and an integrable function f : Ω → R. We denote by E[f | G]
the conditional expectation of f with respect to G. Given a measurable set F ∈ F , the indicator
of the set F is given by: 1F (ω) = 1 if ω ∈ F , and 1F (ω) = 0 otherwise. A set-valued mapping
M : Ξ ⇒ Rd is said to be measurable if M−1(U) ∈ A for every open set U ⊂ Rd, where M−1(U) :=
{t ∈ Ξ | M(t) ∩ U ̸= ∅}. Additionally, a function φ : Ξ × Rd → R ∪ {+∞} is called a normal
integrand if the multifunction ξ ∈ Ξ 7→ epiφξ is measurable with closed values, where the function
φξ : Rd → R ∪ {+∞} is given by

φξ(x) := φ(ξ, x), for all x ∈ Rd. (2)

Let (Ω,F ,P) be a probability space and let (Fn)n∈N be a filtration, namely, a family of sub-σ-
algebras such that F0 ⊆ F1 ⊆ F2 ⊆ · · · ⊆ F . A random variable τ : Ω → N ∪ {+∞} is called
a stopping time with respect to (Fn)n∈N if for every n ∈ N, {τ ≤ n} ∈ Fn. Equivalently, τ is a
stopping time if and only if {τ = n} ∈ Fn, for all n ≥ 0.

Following standard notation in probability theory, we omit the dependence on ω ∈ Ω when
writing random variables defined on the probability space (Ω,F ,P), in order to avoid overloading
the notation. Whenever needed, this dependence will be made explicit to prevent ambiguity.

The next result, known as the freezing lemma, provides a formula for computing conditional
expectations of compositions involving integrands and independent random variables, extending
the classical conditional-expectation formula under independence; see, e.g., [13, Lemma 10.10.2].
The proof follows from standard approximation techniques based on simple functions and can be
found in [10, Lemma 4.11].
Lemma 2. Let φ : Ξ × Rd → R be a measurable mapping. Let G ⊆ F be a σ-algebra on Ω, and
let ξ : Ω→ Ξ be independent of G and y : Ω→ Rd a G-measurable function. Then

E [φ(ξ(·), y(·)) | G] (ω) =
∫

Ω
φ(ξ(ω1), y(ω)) dP(ω1), a.s. ω ∈ Ω,

provided that ω 7→ φ(ξ(ω), y(ω)) is integrable.
Next, let us establish a notion of local Lipschitz continuity for normal integrands.

Definition 1 (locally Lipschitz normal integrand). A normal integrand φ : Ξ× Rd → R is said to
be locally Lipschitz around x̄ with square integrable modulus if φ(·, x̄) ∈ L2

µ and there exist κ ∈ L2
µ

and a neighborhood V of x̄ such that almost surely ξ ∈ Ξ, |φξ(y) − φξ(z)| ≤ κ(ξ)∥y − z∥, for all
y, z ∈ V .

The following proposition shows that the local Lipschitz continuity stated above is equivalent
to what appears to be a stronger condition: a uniform Lipschitz condition over bounded sets. More
precisely, we have the following result, whose proof follows from a classical compactness argument.
Proposition 1. Let us consider an integrand φ : Ξ×Rd → R and let U ⊆ Rd be a convex compact
set. Then the following are equivalent:
(a) for every x̄ ∈ U , the integrand φ is locally Lipschitz around x̄ with square integrable modulus.

(b) there exist κ ∈ L2
µ and a neighborhood V of U such that almost surely ξ ∈ Ξ

φ(·, y) ∈ L2
µ and |φξ(y)− φξ(z)| ≤ κ(ξ)∥y − z∥, for all y, z ∈ V. (3)
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2.3 Average approximation errors

We now introduce the notation for the expected cost in problem (P) and its sample-based approx-
imations that we will use throughout this paper. For ease of notation, we let Eφ : Rd → R be the
expected value function given by

Eφ(x) := Eµ [φ(ξ, x)] =
∫

Ξ
φ(ξ, x) dµ(ξ), for all x ∈ Rd.

Since the exact evaluation of Eφ may be unavailable or computationally expensive, we approximate
it by empirical averages constructed from samples. More precisely, for k ∈ N representing an
iteration index, the empirical average of Eφ at a point x ∈ Rd is given by

Ek
φ(x) := 1

nk

nk∑
j=1

φ(ξj , x), for all x ∈ Rd, (4)

and where nk ∈ N is the sample size, and for j = 1, . . . , nk, the random variables ξj are i.i.d. In
this manner, the sample average approximation of Φ in (P) at iteration k is given by

Φk(x) := Ek
φ(x) + ψ(x), for all x ∈ Rd. (5)

In the context of the approximation in (4)-(5), we make the following standing assumption on
the sample (ξi)i≥1 used throughout the paper.

Assumption 1 (Sampling framework). Let (Ω,F ,P) be a probability space, and let ξi : Ω→ Ξ, i ≥
1, be a sequence of i.i.d. random variables with common law µ, and a divergent and nondecreasing
sequence of sample sizes (nk)k∈N ⊆ N\{0}.

For notational convenience, we omit the symbol ω ∈ Ω for the functions ξi. In particular, using
the notation already introduced in (2) for a normal integrand φ : Ξ× Rd → R, in what follows we
shall write φξi

(x) := φ(ξi(ω), x).
To establish convergence of our method, we need to control the error associated with replacing

the expected value with the empirical average in (5) during the iteration process. The follow-
ing lemma furnishes a nonasymptotic bound for the uniform error of the average approximation
generated by the sampling.

Lemma 3. Let (ξi)i≥1 be a sampling with sample size (nk)k∈N satisfying Assumption 1, and let
φ : Ξ × Rd → R be a normal integrand which is locally Lipschitz around any point x ∈ Rd with
square integrable modulus. Then, the following hold.

(i) For all r > 0, there exists a constant ar such that

E
(

sup
∥x∥≤r

∣∣∣Eφ(x)−Ek
φ(x)

∣∣∣) ≤ ar√
nk
, for all k ∈ N.

(ii) There exists a measurable set Ω̂ with P(Ω\Ω̂) = 0 such that for all ω ∈ Ω̂ and all r > 0 the
expected value function Eφ is finite and continuous, and Ek

φ converges uniformly to Eφ on
Br[0].

Proof. The first assertion follows directly from [43, Theorem 2.1 and Proposition 2.6]. Furthermore,
(ii) is a consequence of [67, Theorem 9.60].

To conclude this section, we state the following technical lemma which shows the convergence
of a series involving the sequence of sample sizes used to approximate the expected value in (P),
which is instrumental for proving subsequential convergence in Theorem 1.
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Lemma 4. Let (nk)k∈N be a divergent, nondecreasing sequence of positive numbers. Then
∞∑
k=1

nk+1 − nk√
nknk+1

< +∞.

Proof. Since 0 < nk ≤ nk+1, then nk
√
nk+1 ≤

√
nknk+1, and thus

nk+1 − nk
2√nknk+1

≤ nk+1 − nk√
nknk+1 + nk

√
nk+1

=
√
nk+1 −

√
nk√

nk
√
nk+1

= 1
√
nk
− 1
√
nk+1

.

Since nk+1 → +∞, we get ∑∞
k=1

nk+1−nk√
nknk+1

< +∞.

3 Upper-C2 normal integrands
Several notions of nonconvexity have been defined in the literature to cover different structures
in optimization problems. In particular, the class of lower-C2 functions [61, 17] generalize both
convexity and smoothness. These functions can be locally represented as the maximum of a family
of twice continuously differentiable functions parametrized over a compact set, and coincide with
the set of locally weakly convex functions [61, Theorem 6]. In this work, we focus on the “mirror”
class of the aforementioned functions for integrands, namely, the upper-C2 integrands that capture
value functions of parametric minimization over a compact set. The latter family of functions
appear, for instance, in partial-learning tasks [18], trimmed least squares [63], power systems [70],
and the models described in Section 3.1 below. Observe that the class of upper-C2 functions has
received comparatively less attention than their lower-C2 counterpart. We refer to [3, 2, 70, 39, 38]
for recent works studying the family of functions of our interest in deterministic settings.

We now introduce the definition of upper-C2 integrands that will constitute a fundamental
structural assumption throughout the remainder of the manuscript.

Definition 2 (upper-C2 normal integrand). Let φ : Ξ × Rd → R be a normal integrand. We say
that φ is upper-C2 around x̄ if φ is locally Lipschitz around x̄ with square integrable modulus and
if there exist a compact convex neighborhood V of x̄, a nonnegative ϱ ∈ L1

µ, a Polish space X,
a measurable set-valued mapping C : Ξ ⇒ X with nonempty compact values, and a measurable
mapping g : Ξ×X × Rd → R such that almost surely ξ ∈ Ξ,

φξ(x) = min
t∈C(ξ)

g(ξ, t, x) x ∈ V, (6)

the map x 7→ g(ξ, t, x) is twice continuously differentiable on an open set containing V , the mappings
g, ∇xg and ∇2

xg are continuous in (t, x), and ∥∇2
xg(ξ, t, x)∥ ≤ ϱ(ξ) for all ξ ∈ Ξ, t ∈ C(ξ), x ∈ V .

Furthermore, we simply say that φ is an upper-C2 normal integrand provided that φ is upper-C2

around every point x̄ ∈ Rd.

Remark 1. Definition 2 naturally extends the notion of upper-C2 functions to the setting of inte-
grands. Recall the classical definition of the upper-C2 class consisting of those functions that can be
locally represented as the minimum over a compact of a parametrized family of twice continuously
differentiable functions (see, e.g., [62, Definition 10.29]). This class of functions has been tradition-
ally well-recognized in the variational analysis and generalized differentiation literature, and more
recently for the development of numerical methods, as they can be characterized by a nonsmooth
counterpart of the descent lemma; see, e.g., [2]. It has been shown that the class of upper-C2

functions is broad, encompassing structured functions given by the difference between a smooth
function with a locally Lipschitz continuous gradient and a possibly nonsmooth convex function;
see [2, Proposition 3.2] for the deterministic setting and [7, Corollary 4.1] for the stochastic case.
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3.1 Examples of upper-C2 normal integrands

In this section, we describe some important examples of upper-C2 normal integrands that appear
in machine learning applications.

3.1.1 Optimal quantization

The optimal quantization problem consists of approximating a (continuous) probability distribution
by a discrete measure that minimizes the expected distortion. This problem has been extensively
studied in multiple fields; see, e.g., [31] and the references therein. The problem can be mathemat-
ically formulated as follows. Let µ be a probability distribution in Rd. The goal of the optimal
quantization problem is to find s ∈ N points x1, x2, . . . , xs ∈ Rd solving the minimization problem

min
x1,...,xs∈Rd

∫
Rd

min
t∈{1,...,s}

∥xt − ξ∥22 dµ(ξ) +N(x1, . . . , xs),

where N is a regularization term that induces a certain structure on the quantization, e.g., spar-
sity, thus controlling the number of quantization points. See [3, Section 4.2] for a deterministic,
empirical-risk formulation of the problem. The integrand above, namely,

φξ(x) := min
t∈{1,...,s}

∥xt − ξ∥2, for ξ ∈ Rd, x = (x1, . . . , xs) ∈ Rd×s, (7)

defines an upper-C2 normal integrand. Indeed, suppose that Eµ[∥ξ∥4] < ∞. First, φξ(x) ≤
2∥x∥2 +2∥ξ∥2, which shows that φξ ∈ L2

µ. Moreover, for a V ⊂ Rd×s compact convex neighborhood
of a given x̄, observe that for all x, y ∈ V ,∣∣φξ(x)− φξ(y)

∣∣ ≤ κV (ξ) ∥x− y∥, κV (ξ) := 2
(
∥ξ∥+RV

)
,

where RV := maxx=(x1,...,xs)∈V max1≤j≤s ∥xj∥ <∞. Then the assumption on the second moment
implies that φ is locally Lipschitz around x̄ with square integrable modulus. Furthermore, setting
X = {1, . . . , s}, C(ξ) = X, g(ξ, t, x) = ∥ξ − xt∥2, where for fixed (ξ, t) the map x 7→ g(ξ, t, x) =
∥xt − ξ∥2 is a quadratic polynomial with ∥∇2

xg(ξ, t, x)∥ = 2. Then, the function φ in (7) is an
upper-C2 normal integrand around x̄. Note that if µ has bounded support, say suppµ ⊆ BR[0], we
may therefore replace the regularizer N by N + ι(BR[0])s so that domψ is bounded.

3.1.2 Minimum eigenvalue of a stochastic matrix

Given a real symmetric matrix A ∈ Rp×p, it is well-known that its minimum eigenvalue is the
optimal value of the problem min∥u∥=1⟨u,Au⟩, which defines a deterministic upper-C2 function.
We proceed to describe its stochastic counterpart.

Let Sp denote the space of real symmetric p × p matrices, equipped with the spectral norm
∥ · ∥2, and let A : Ξ×Rd → Sp be a mapping. Suppose that for every x ∈ Rd, the map ξ 7→ A(ξ, x)
is measurable, and that for every ξ ∈ Ξ, the map x 7→ A(ξ, x) is C2, namely, that DxA(ξ, x),
D2
xA(ξ, x) are continuous in x. Set

φξ(x) := λmin
(
A(ξ, x)

)
for all x ∈ Rd and ξ ∈ Ξ, (8)

where λmin denotes the minimum eigenvalue operator. The function in (8) defines an upper-C2

normal integrand. Indeed, let x̄ ∈ Rd, and let V be a compact convex neighborhood of x̄. Set

κV (ξ) := sup
x∈V
∥DxA(ξ, x)∥, ϱV (ξ) := sup

x∈V
sup

∥h∥=1

∥∥D2
xA(ξ, x)[h, h]

∥∥
2, (9)

and suppose that ϱV ∈ L1
µ and κV , ∥A(·, x)∥ ∈ L2

µ for any x ∈ V . In Definition 2, set X = Sp−1 :=
{u ∈ Rp : ∥u∥ = 1}, C(ξ) = Sp−1, and g : Ξ×Rp×Rd → R given by g(ξ, u, x) = ⟨u,A(ξ, x)u⟩. The
Rayleigh quotient characterization of the eigenvalues gives (6). Furthermore, for ∥u∥ = ∥h∥ = 1,
(9) yields

∣∣∇2
xg(ξ, u, x)[h, h]

∣∣ ≤ ∥∥D2
xA(ξ, x)[h, h]

∥∥
2∥u∥

2 ≤ ϱV (ξ). Then Definition 2 holds true.
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Remark 2. A particular setting in which the constants in (9) are, respectively, integrable and
square integrable, is the following. Consider B0, B1, . . . , Bq : Rd → Sp of class C2, and w =
(w1, . . . , wq) : Ξ→ Rq measurable, such that E

[
∥w(ξ)∥21

]
<∞. Define

A(ξ, x) := B0(x) +
q∑
j=1

wj(ξ)Bj(x), for x ∈ Rd and ξ ∈ Ξ.

For x̄ ∈ Rd, V as above, and κV and ϱV given in (9), it holds that κV (ξ) ≤ α0 + ᾱ ∥w(ξ)∥1 and
ϱV (ξ) ≤ β0+β̄ ∥w(ξ)∥1, where αj := supx∈V ∥DxBj(x)∥ and βj := supx∈V sup∥h∥=1

∥∥D2
xBj(x)[h, h]

∥∥
2

for j = 0, 1, . . . , q, with ᾱ := max1≤j≤q αj and β̄ := max1≤j≤q βj .

3.1.3 Dictionary learning

The (sparse) dictionary learning problem aims to find a representation of data vectors as sparse
linear combinations of basis elements. Formally, consider a (dictionary) matrix D = [d1, . . . , dK ] ∈
Rp×K whose columns dj , called atoms, form a redundant spanning family of Rp, that is, K > p
holds. Let the data ξ ∈ Ξ ⊆ Rp be distributed according to a probability measure µ. Each
realization ξ carries its own admissible set of coefficient vectors T (ξ) :=

{
α ∈ RK : ∥α∥1 ≤ τ(ξ)

}
,

where τ : Ξ→ [0,+∞) is measurable. Given λ ≥ 0, the objective function of the dictionary learning
problem is determined by the integrand

φξ(D) = min
α∈T (ξ)

{
1
2∥ξ −Dα∥

2
2 + λ∥α∥1

}
, (10)

resulting in the following stochastic program

min
D∈Rp×K

Eµ
[
φξ(D)

]
+ ιD(D), (11)

where ιD is the indicator of the set D := {D ∈ Rp×K : ∥dj∥2 ≤ 1, j = 1, . . . ,K}. This constraint is
necessary to prevent the solutions from being invariant under (positive) rescaling. The constraint
set D satisfies ∥D∥F ≤

√
K for every D ∈ D, so dom ιD is bounded. By replacing µ with its

empirical approximation and taking τ constant, (11) yields the deterministic formulation of the
dictionary learning problem [50].

We now verify that (10) defines an upper-C2 normal integrand. Suppose that

Eµ
[
τ(ξ)2(∥ξ∥2 + τ(ξ)

)2]
<∞ and Eµ[∥ξ∥42] <∞,

and set X = RK , C(ξ) = T (ξ), g(ξ, α,D) = 1
2∥ξ−Dα∥

2
2 +λ∥α∥1. Observe that the set-valued map-

ping C is measurable [62, Example 14.15]. Moreover, as ∇2
Dg(ξ, α,D) = (αα⊤)⊗Ip, where ⊗ is the

Kronecker product and Ip is the identity matrix of dimension p, it follows that ∥∇2
Dg(ξ, α,D)∥2 =

∥α∥22 ≤ ∥α∥21 ≤ τ(ξ)2. Then ϱ := τ2 ∈ L1
µ follows from the moments assumption and that

τ2 ≤ τ2(∥ξ∥2 + τ)2 whenever ∥ξ∥2 + τ ≥ 1, and τ2 ≤ τ4 + 1 otherwise. Next, let V ⊂ Rp×K be a
compact convex neighborhood of a given D̄ and RV := maxD∈V ∥D∥F < ∞. Then for all ξ ∈ Ξ
and all D,D′ ∈ V ,∣∣φξ(D)− φξ(D′)

∣∣ ≤ κV (ξ) ∥D −D′∥F , κV (ξ) := τ(ξ)
(
∥ξ∥2 +RV τ(ξ)

)
,

with κV ∈ L2
µ under the moments assumption. Then the function φ given by (10) is an upper-C2

normal integrand.

3.2 Some properties of upper-C2 normal integrands

We proceed to establish some properties of the family of upper-C2 normal integrands. First, we
formalize that upper-C2 normal integrands satisfy a (random) local version of the descent lemma,
which will be used throughout the development of our method.
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Proposition 2. Let φ : Ξ×Rd → R be a finite-valued normal integrand, and let x̄ ∈ Rd. Assume
that φ is locally Lipschitz around x̄ with square integrable modulus. If φ is upper-C2 around x̄,
then there exist a neighborhood V of x̄ and (a nonnegative) ℓ ∈ L1

µ such that for almost surely
ξ ∈ Ξ, x ∈ V and v ∈ ∂φξ(x), it holds

φξ(y) ≤ φξ(x) + ⟨v, y − x⟩+ ℓ(ξ)∥y − x∥2, for all y ∈ V. (12)

Proof. Throughout, V , ϱ, X, C and g denote the objects introduced in Definition 2. After replacing
V by a smaller neighborhood, we may suppose that every φξ is Lipschitz continuous on an open
set containing V . Furthermore, let us denote Ξ̂ ⊆ Ξ a measurable set such that µ(Ξ̂) = 1 for which
the representation (6) holds. Fix ξ ∈ Ξ̂, two points x, y ∈ V , and an arbitrary v ∈ ∂φξ(x). First,
by the Clarke calculus rule for minima and maxima (see, e.g., [16, Theorem 2.8.2]) there exist an
integer n ≥ 1, indices t1, . . . , tn ∈ C(ξ) and weights λ1, . . . , λn ≥ 0 with ∑n

i=1 λi = 1 such that

v =
n∑
i=1

λi∇xg(ξ, ti, x), and g(ξ, ti, x) = φξ(x) for all i = 1, . . . , n.

Now fix i ∈ {1, . . . , n}. As φξ is an infimum over C(ξ) and ti ∈ C(ξ), we have φξ(y) ≤ g(ξ, ti, y),
while the standard descent lemma applied to the smooth map g(ξ, ti, ·) yields

g(ξ, ti, y) ≤ g(ξ, ti, x) + ⟨∇xg(ξ, ti, x), y − x⟩+ ϱ(ξ)
2 ∥y − x∥

2.

Moreover, ti is active, so g(ξ, ti, x) = φξ(x). Putting these three facts together, we obtain

φξ(y) ≤ φξ(x) + ⟨∇xg(ξ, ti, x), y − x⟩+ ϱ(ξ)
2 ∥y − x∥

2, i = 1, . . . , n.

Therefore, multiplying the above inequality by λi and summing over i, we get (12).

To end this section we study the convergence of the Clarke sample-based subgradients for
upper-C2 normal integrands. Results of similar nature can be found in [19, 65, 68].

Lemma 5. Let (ξi)i≥1 be a sampling with sample size (nk)k∈N satisfying Assumption 1, and let
φ : Ξ×Rd → R be an upper-C2 normal integrand. Then there exists a measurable set Ω̂ ⊂ Ω with
P(Ω \ Ω̂) = 0 such that, for all ω ∈ Ω̂, every sequence xk → x and every vk ∈ ∂Ek

φ(xk), all the
accumulation points of (vk)k∈N belong to ∂Eφ(x).

Proof. For all x, h ∈ Rd, k ∈ N, define f(x, h) :=
(
Eφ
)◦(x;h) and fk(x, h) :=

(
Ek
φ

)◦(x;h). By the
Clarke interchange formula for subdifferentiation under the integral [16, Theorem 2.7.2], together
with the Clarke regularity of −φξ for every x ∈ Rd, we have

∂Eφ(x) =
∫

Ξ
∂φξ(x) dµ(ξ), f(x, h) =

∫
Ξ
φ◦
ξ(x;h) dµ(ξ),

for all h ∈ Rd. Similarly, by the sum rule for the Clarke subdifferential and the Clarke regularity
of each function −φξ [16, Proposition 2.3.3 and Corollary 3], we obtain

∂Ek
φ(x) = 1

nk

nk∑
j=1

∂φξj
(x), fk(x, h) = 1

nk

nk∑
j=1

φ◦
ξj

(x;h), (13)

for all x, h ∈ Rd and all k ∈ N. Therefore, by [5, Theorem 2.3], there exists a measurable set Ω̂ ⊂ Ω,
with P(Ω \ Ω̂) = 0, such that, for every ω ∈ Ω̂, the sequence (fk)k∈N hypographically converges to
f on Rd × Rd.

Next, fix ω ∈ Ω̂. Let xνk → x and vνk → v, with vνk ∈ ∂Eνk
φ (xνk) for all k ∈ N. We prove that

v ∈ ∂Eφ(x). Indeed, for every h ∈ Rd, the definition of the Clarke subdifferential gives ⟨vνk , h⟩ ≤
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(
Eνk
φ

)◦(xνk ;h) = fνk(xνk , h), for all k ∈ N. Since (xνk , h)→ (x, h) and fk hypographically converges
to f , [62, Eq. 7(9)] implies

⟨v, h⟩ = lim
k→∞
⟨vνk , h⟩ ≤ lim sup

k→∞
fνk(xνk , h) ≤ f(x, h) =

(
Eφ
)◦(x;h).

Since h ∈ Rd was arbitrary, it follows from the characterization of the Clarke subdifferential that
v ∈ ∂Eφ(x), which proves the desired inclusion.

4 Proximal stochastic subgradient algorithm with line search
In this section, we formulate and analyze our method for solving the nonconvex problem (P),
corresponding to Algorithm 1. Throughout this section, we have the following blanket assumptions.

Assumption 2 (On problem (P)). Let Φ : Rd → R ∪ {+∞} be the objective function of prob-
lem (P). We assume the following:

(i) ψ : Rd → R ∪ {+∞} is a proper, lsc, prox-bounded function;

(ii) φ : Ξ× Rd → R is an upper-C2 normal integrand;

Input: x0 ∈ domψ, ρ ∈ (0, 1), σ > 0, γmin ∈ (0, γψ), and sample size (nk)k∈N with 0 < nk ≤ nk+1
and nk →∞ as k →∞. Set n−1 := 0 and k := 0.

1: If nk > nk−1, draw ξj ∼ µ i.i.d. for j = nk−1 + 1, . . . , nk.
2: Choose vki ∈ ∂φξi

(xk) for i = 1, . . . , nk.
3: Define vk := 1

nk

∑nk
i=1 v

k
i and set Φk using (5). ▷ Subgradient estimate

4: Take γk ∈ [γmin, γ
ψ). Set γk := γk .

5: Compute ▷ Proximal line search

x̂k ∈ proxγkψ

(
xk − γkvk

)
. (14)

6: while Φk(x̂k) > Φk(xk)− σ∥x̂k − xk∥2 ▷ Sample-based descent test
do γk ← ργk and recompute x̂k according to (14).

7: Set xk+1 := x̂k, update k ← k + 1, and go back to Step 1.
Algorithm 1: Proximal sample-average subgradient algorithm for problem (P)

Remark 3. A few comments on Assumption 2 are in order.

(i) It is common in the literature to impose smoothness assumptions on the integrand φ and
require the stochastic gradient to be unbiased, that is, E

[
∇xφ(ξi, x)

]
= ∇Eφ(x) for a suitable

class of points x ∈ Rd. However, this property is inapplicable in our setting as the integrand
is nonsmooth. Instead, one can show that any measurable selection vki ∈ ∂xφ(ξi, x) satisfies
E[vki ] ∈ ∂Eφ(x). This condition is closely related to the one used in [20], where the authors
consider a measurable selection of subgradients g : Ξ × Rd → Rd such that Eµ[g(ξ, x)] ∈
∂Eφ(x) for all x ∈ U , where U is an open set containing the constraint set. Furthermore,
the latter work imposes a global second-moment bound on the stochastic subgradient oracle
g : Ξ × Rd → Rd, namely, supx∈U Eµ

[
∥g(ξ, x)∥2

]
< +∞. In contrast, since we assume only

local Lipschitz continuity of φ in Definition 1, such a global moment bound may fail in our
framework.

(ii) Let us emphasize that, in the definition of an upper-C2 normal integrand, we implicitly
assume that the integrand is locally Lipschitz in the sense of Definition 1. This assumption
is closely related to the standard uniform bounded-variance condition

sup
x∈Rd

Eµ
[
∥∇xφξ(x)−∇Eφ(x)∥2

]
< +∞,
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or to its corresponding version on a prescribed subset of Rd; see, e.g., [30, 28] and the references
therein. More recently, this condition has been weakened by allowing multiplicative noise [37].
Particularly, the stochastic oracle is allowed to have a variance that grows with the distance
between points, rather than being uniformly bounded on the whole set. Moreover, when φ
is convex differentiable with respect to the decision variable x ∈ Rd, the multiplicative-noise
assumption implies local Lipschitz continuity of the integrand in the sense of Definition 1
provided that V is an open convex set and that there exists x̂ ∈ Rd such that φ(·, x̂) ∈ L2

µ. For
nonconvex normal integrands, relations of this type appear in [7, Corollary 5.3 & Remark 5.4].

The method proposed in Algorithm 1 approximates the (sub-)gradient of the expected cost
function in (P) by means of an empirical average that is calculated in each iteration by adding new
terms to the sum coming from new samples of the underlying random variable of the model. Then,
a proximal subgradient step is performed on the approximation, where the empirical average is
linearized through its stochastic (sub-)gradient to solve the proximal subproblem, and the stepsize
is defined via line search. Observe that, in principle, the line search can restart the initial candidate
stepsize in each (outer) iteration, thus allowing a nonmonotone sequence of stepsizes. Moreover,
each line search adjustment does not require additional stochastic subgradient evaluations, and a
single sample-average subgradient suffices for the entire line search procedure. This is in contrast
with other line searches proposed for stochastic methods, which require fresh gradient computations
at every trial step; see, e.g., [54, 53].

4.1 Well-posedness of the iterative scheme in Algorithm 1

We start the analysis of Algorithm 1 by showing it is well-defined, which accounts for proving that
the line search terminates after finitely many trials in each iteration. We first show a technical
proposition from which the desired result will follow.

Proposition 3. Let φ and ψ be functions satisfying Assumption 2(i)–(ii), and suppose that As-
sumption 1 holds for the sampling ξi, with i ≥ 1. Let x̄ ∈ domψ and σ > 0. Then, there exists a
measurable set Ω̂ with P(Ω \ Ω̂) = 0 such that, for all ω ∈ Ω̂, there exist a neighborhood W of x̄
and a constant ϑ > 0 such that for all x ∈W , k ∈ N, and v ∈ ∂Ek

φ(x), one has

Φk(w) ≤ Φk(x)− σ∥w − x∥2,

provided that
w ∈ proxγψ (x− γv) , with γ ∈ (0, ϑ). (15)

Proof. Let x̄ ∈ domψ and σ > 0, and take r ∈ N such that ∥x̄∥ ≤ r − 1. By Proposition 1, there
exist κr ∈ L2

µ and a measurable set Ξ̂1 ⊆ Ξ with µ(Ξ̂1) = 1, such that (3) holds on Br[0] for all
ξ ∈ Ξ̂1. In addition, from Proposition 2, there exist V ⊆ Br[0], ℓr ∈ L1

µ and a measurable set
Ξ̂2 ⊆ Ξ with µ(Ξ̂2) = 1 , such that (12) holds for all Ξ̂2. By the strong law of large numbers, we
can assume that there exists a measurable set Ωr ⊆ Ω with P(Ωr) = 1 such that for all ω ∈ Ωr

ςr := sup
k∈N

1
nk

nk∑
i=1

ℓr(ξi) < +∞ and ς̃r := sup
k∈N

1
nk

nk∑
i=1

κr(ξi) < +∞. (16)

Set Ω̂ := Ωr ∩
⋂∞
i=1 ξ

−1
i (Ξ̂1 ∩ Ξ̂2). Fix ω ∈ Ω̂. For any x ∈ V and v ∈ ∂Ek

φ(x), in view of (13) and
[16, Proposition 2.1.2], there exist vi ∈ ∂φξi

(x), i = 1, . . . , nk, such that

∥v∥ ≤ 1
nk

nk∑
i=1
∥vi∥ ≤

1
nk

nk∑
i=1

κr(ξi) ≤ ς̃r.

Hence, the set {v ∈ ∂Ek
φ(x) : x ∈ V, k ∈ N} is bounded. Then, by Lemma 1, we can consider

a neighborhood W ⊆ V of x̄, a positive constant ϑ0 so that any vector w given by (15) with
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x ∈ W and γ ∈ (0, ϑ0) belongs to V . By resorting to (12), we have that, for all k ∈ N and all ξi,
i = 1, . . . , nk, the following inequality holds

φξi
(w)− φξi

(x)− ℓr(ξi)∥w − x∥2 ≤ ⟨vi, w − x⟩.

By summing the above inequalities for i = 1, . . . , nk and dividing by nk, we get

Ek
φ(w)−Ek

φ(x)− 1
nk

nk∑
i=1

ℓr(ξi)∥w − x∥2 ≤ ⟨v, w − x⟩, for all k ∈ N. (17)

By (15), the definition of the proximity operator and rearranging terms we get

ψ(w) + ⟨v, w − x⟩+ 1
2γ ∥w − x∥

2 ≤ ψ(x). (18)

Summing (17) and (18) yields

Φk(w) +
(

1
2γ −

1
nk

nk∑
i=1

ℓr(ξi)
)
∥w − x∥2 ≤ Φk(x), for all k ∈ N.

Therefore, it suffices to take ϑ := min{ϑ0,
(
2(σ + ςr)

)−1} to obtain the desired result for all k ∈
N.

A direct consequence of Proposition 3 is that the line search procedure in Algorithm 1 is well-
defined, as shown in the next result.

Corollary 1 (Finite termination of line search). In Algorithm 1, under Assumption 2(i)–(ii), for
each iteration k ∈ N, the line search procedure described in Step 6 terminates after a finite number
of (inner) steps.

Proof. Fix k ∈ N. Apply Proposition 3 with x̄ = x = xk and v = vk ∈ ∂Ek
φ(xk), where the inclusion

holds from (13). Then, after finitely many trials of the line search, γk ∈ (0, ϑ), thus the line search
terminates with Φk(x̂k) ≤ Φk(xk)− σ∥x̂k − xk∥2.

Remark 4. In view of the proof of Proposition 3, when the function ℓ in the condition (12) is
known globally, for example, when φξ is smooth with deterministic globally Lipschitz gradient,
the stepsize γk can be taken in each iteration in a way that the descent condition in Step 6 of
Algorithm 1 is satisfied after one trial.

4.2 Subsequential convergence analysis of Algorithm 1

We now proceed to show subsequential convergence of the sequence generated by Algorithm 1, for
which we need the following assumption.

Assumption 3 (On Algorithm 1). Let (nk)k∈N ⊆ N\{0} be a nondecreasing sequence of sample
sizes such that nk → +∞, and let (xk)k∈N be the sequence generated by Algorithm 1. We consider
a filtration F := (Fk)k∈N, representing all the information used by Algorithm 1 up to iteration k,
such that ξj is Fk-measurable for every j ≤ nk, and ξj is independent of Fk whenever j > nk.
Furthermore, we assume that xk is Fk−1-measurable, for k ≥ 1.

Remark 5 (Measurability of the sequence generated by Algorithm 1). It is important to note that
there is no guarantee that the sequence produced by Algorithm 1 will be a sequence of measurable
functions, even more adapted to the filtration F in Assumption 3. This issue arises primarily from
the fact that the first order information considered in the algorithm comes from set-valued mappings
(Step 2), or from the proximal subproblem (14) possibly admitting multiple solutions. A common
approach to overcome this issue is to assume the existence of a selector for the subdifferential
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and for the proximal mapping in (14). Under these assumptions, the sequence (xk)k∈N becomes
an adapted process with respect to the filtration, which is sufficient for analyzing the asymptotic
behavior of the sequence. However, we prefer to state this condition as an assumption rather than
impose restrictions on the potential applications of Algorithm 1.

We first state the main theorem of this section. Then, in Section 4.2.1, we present some technical
lemmas instrumental for the proof of the theorem, which will be developed in Section 4.2.2.

Theorem 1 (Subsequential convergence). Let Φ : Rd → R ∪ {+∞} denote the objective function
of problem (P), and assume that Assumption 2 holds. Given an initial point x0 ∈ dom Φ, consider
the sequence (xk)k∈N generated by Algorithm 1 under Assumptions 1 and 3. Then, there exists a
measurable set Ω̂ with P(Ω \ Ω̂) = 0, such that for all ω ∈ Ω̂, if the sequence (xk)k∈N is bounded,
then both

(
Φk(xk)

)
k∈N and

(
Φ(xk)

)
k∈N converge to the same limit,∑
k∈N
∥xk+1 − xk∥2 < +∞, (19)

and the following assertions hold:

(i) infk∈N γk > 0;

(ii) if xkj → x̄ as j → ∞, then x̄ is a stationary point of problem (P) in the sense of (1), and
Φ(x̄) = lim

k→∞
Φk(xk) = lim

k→∞
Φ(xk) ∈ R;

(iii) the set of accumulation points of (xk)k∈N is nonempty, closed, and connected;

(iv) if (xk)k∈N has an isolated accumulation point x̄, then the entire sequence (xk)k∈N converges
to the stationary point x̄ as k →∞.

Remark 6 (On the boundedness of the iterates). Theorem 1 is valid under boundedness of the
trajectory (xk)k∈N, which holds particularly when domψ is bounded. Indeed, by Step 7 and (14)
one has xk+1 ∈ proxγkψ

(xk − γkvk) ⊆ domψ for all k ∈ N, so that

sup
k∈N
∥xk∥ ≤ sup

x∈domψ

∥x∥ < +∞.

Observe that domψ is bounded in our examples of Section 3.1.

4.2.1 Technical results for Theorem 1

We start the analysis by defining a stopping time related to the boundedness of the sequence
(xk)k∈N. Its proof follows directly from the definitions.

Lemma 6. Suppose that Assumption 3 holds. Given r > 0 such that ∥x0∥ ≤ r, define

τr := inf
{
k ∈ N : ∥xk+1∥ > r

}
,

with the convention inf ∅ = +∞, and consider the stopped process

xkr := xk∧τr , k ∧ τr := min{k, τr}, for every k ∈ N.

Then τr is a stopping time with respect to the filtration (Fk)k∈N in Assumption 3. Furthermore,
xkr is Fk−1-measurable for every k ∈ N\{0}, and the stopped process (xkr )k∈N satisfies

τr ≥ p =⇒ ∥xp∥ ≤ r, for every p ∈ N.

In particular, ∥xkr∥ ≤ r, for every k ∈ N.

14



In the next lemma, we show that the stopped sequence defined in Lemma 6 satisfies a sufficient
decrease condition up to errors.

Lemma 7. Suppose that the assumptions of Theorem 1 hold. In the setting of Lemma 6 define
the sequence of random variables

Φr
k := Φk∧τr (xk∧τr ), for all k ∈ N.

Then, for all k ∈ N, it holds that

σ∥xk+1
r − xkr∥2 ≤ Φr

k−Φr
k+1 +W r

k , (20)

where the random variable W r
k is defined by

W r
k :=

(
Ek+1
φ (xk+1

r )−Ek
φ(xk+1

r )
)
1{τr≥k+1} . (21)

Proof. From the definition of xk+1 in Step 7 of Algorithm 1 it follows that

Φk(xk+1) ≤ Φk(xk)− σ∥xk+1 − xk∥2, for all k ∈ N.

By (4)-(5), then

σ∥xk+1 − xk∥2 ≤ Φk(xk)− Φk(xk+1) = ∆ Φk +Ek+1
φ (xk+1)−Ek

φ(xk+1), (22)

where ∆ Φk := Φk(xk)− Φk+1(xk+1) for all k ∈ N. Given a fixed k ∈ N, note that

∥xk+1
r − xkr∥ =

{
0, if τr ≤ k,
∥xk+1 − xk∥, if τr ≥ k + 1,

(23)

and

Φr
k =

{
Φτr (xτr ), if τr ≤ k,
Φk(xk), if τr ≥ k + 1.

(24)

Hence, on the one hand, using (22) and (23) on {τr ≥ k + 1}, we have that

σ∥xk+1
r − xkr∥2 ≤ ∆ Φk +Ek+1

φ (xk+1)−Ek
φ(xk+1) = Φr

k−Φr
k+1 +W r

k .

On the other hand, on {τr ≤ k} we have σ∥xk+1
r − xkr∥2 = 0 and Φr

k−Φr
k+1 +W r

k = 0, so we
conclude that (20) holds.

The estimate shown in Lemma 7 is not a descent condition in the traditional sense due to the
random variables (W r

k )k∈N, defined in (21), appearing on the right-hand side of (20). Nevertheless,
as shown in the next result, (the conditional expectation of) this sequence is vanishing.

Lemma 8. Let us assume the setting of Lemma 7. Then, for all k ∈ N and r > 0 such that
∥x0∥ ≤ r, the random variable W r

k given in (21) is integrable. Furthermore, let Zrk := E
[
W r
k |Fk

]
.

Then ∑k∈N E
[
|Zrk |

]
< +∞.

Proof. Let us consider an arbitrary r > 0 such that ∥x0∥ ≤ r. From Lemma 6, ∥xkr∥ ≤ r for all
k ∈ N. Furthermore, by Proposition 1, there exist square integrable functions κ and δ such that
for all ξ ∈ Ξ,

|φξ(u)| ≤ κ(ξ)∥u∥+ δ(ξ), for all u ∈ Br[0]. (25)

Therefore, for all k ∈ N,

|W r
k | ≤

1
nk+1

nk+1∑
i=1

(κ(ξi)r + δ(ξi)) + 1
nk

nk∑
i=1

(κ(ξi)r + δ(ξi)) .
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Hence, E
[
|W r

k |
]
≤ 2E[κ]r + 2E[δ]. Moreover, observe that

W r
k =

 1
nk+1

nk+1∑
j=nk+1

φξj
(xk+1
r ) + nk − nk+1

nk+1
Ek
φ(xk+1

r )

1{τr≥k+1} .

Now, using that {τr ≥ k + 1} ∈ Fk, because τr is a stopping time (Lemma 6), we get that

Zrk = E

 1
nk+1

nk+1∑
j=nk+1

φξj
(xk+1
r ) + nk − nk+1

nk+1
Ek
φ(xk+1

r )
∣∣∣∣∣ Fk

1{τr≥k+1} .

Recall from Lemma 6 that the function xk+1
r is Fk-measurable, and by (25) the function ω 7→

φξj(ω)(xk+1
r (ω)) is integrable, so using Lemma 2 we get that

E
[
φξj

(xk+1
r ) | Fk

]
(ω) = Eφ(xk+1

r (ω)) a.s.,

for all j = nk + 1, . . . , nk+1. This shows that

Zrk = nk+1 − nk
nk+1

(
Eφ(xk+1

r )−Ek
φ(xk+1

r )
)
1{τr≥k+1} a.s.

Since ∥xkr∥ ≤ r for all k ∈ N, it follows from Lemma 3(i) that there exists a constant ar > 0,
independent of k, such that

E
[
|Zrk |

]
≤ ar

nk+1 − nk
nk+1

1
√
nk
.

By Lemma 4, this yields ∑k∈N E
[
|Zrk |

]
< +∞, concluding the proof.

We now prove that the sequence generated by Algorithm 1 has square-summable increments.
In addition, we show that the sequence of value approximations along the iterates is convergent.
This is stated in the following lemma.

Lemma 9. Suppose the assumptions of Lemma 8 hold. Then, (Φr
k)k∈N converges a.s. to some

finite value and
∞∑
k=0
∥xk+1

r − xkr∥2 < +∞ a.s. (26)

Proof. Let κ and δ be the functions in (25) (which exist in view of Proposition 1). Let us define

sk := 1
nk

nk∑
i=1

(
rκ(ξi) + δ(ξi)

)
− irψ and srk := sk∧τr , for all k ∈ N,

where irψ := infx∈Br[0] ψ(x). It is clear that srk is (square) integrable. Moreover, by (20) and (25),

−srk+1 ≤ Φr
k+1 ≤ Φr

0 +
k∑
i=0

W r
i ,

which particularly implies that Φr
k+1 is integrable in view of Lemma 8. Next, we introduce the

process Y r
k := E

[
srk+1 − srk

∣∣∣Fk] for all k ∈ N. Notice that (20) yields, for all k ∈ N,

E
[
Φr
k+1 +srk+1 | Fk

]
≤ Φr

k +srk − σ∥xk+1
r − xkr∥2 + |Y r

k |+ |Zrk |. (27)

A direct computation yields

Y r
k = nk+1 − nk

nk+1

(
E
[
rκ(ξ) + δ(ξ)

]
− 1
nk

nk∑
i=1

[rκ(ξi) + δ(ξi)]
)
.
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Hence, by Lemma 3, we conclude the existence of a constant br > 0 such that

E
[
|Y r
k |
]
≤ br

nk+1 − nk
nk+1

1
√
nk
,

where br is a constant depending on the second moment of the square integrable function ξ 7→
rκ(ξ) + δ(ξ). In this manner, Lemma 4 implies ∑k∈N E

[
|Y r
k |
]
< +∞. Therefore, by Lemma 8,

the nonnegativity of the sequence
(
Φr
k +srk

)
k∈N, and (27), it follows from the well-known Rob-

bins–Siegmund supermartingale convergence theorem (see [59, Theorem 1]) that
(
Φr
k +srk

)
k∈N con-

verges and (26) holds. Moreover, by the strong law of large numbers we have, a.s., that

lim
k→∞

srk =
{
E(rκ+ δ)− irψ, if τr = +∞,
sτr − irψ, if τr < +∞.

Consequently,
(
Φr
k

)
k∈N converges a.s.

4.2.2 Proof of Theorem 1

We are now in a position to prove each assertion of Theorem 1.

Proof of Theorem 1. We consider a measurable set Ω̂ of full measure such that for all ω ∈ Ω̂, the
conclusions of Proposition 3 and the following conditions hold: for all r ∈ N with ∥x0∥ ≤ r,

aω) from Lemma 9, ∑
k∈N
∥xk+1

r (ω)− xkr (ω)∥2 < +∞ (28)

and Φr
k converges to some random variable;

bω) by Lemma 3(ii) we get
∣∣∣Eφ(xkr )−Ek

φ(xkr )
∣∣∣→ 0;

cω) 1
nk

∑nk
j=1 κr(ξj(ω)) → E [κr], where κr is chosen according to (3) in Proposition 1 for the

bounded set Br[0] with r ∈ N.

Let ω ∈ Ω̂ such that (xk(ω))k∈N is bounded. Let us consider r ≥ supk∈N ∥xk(ω)∥ + 1. So, due to
the equations (23) and (24), we get that

Φk(xk) = Φr
k and ∥xk+1 − xk∥ = ∥xk+1

r − xkr∥ for all k ∈ N.

Therefore,
(
Φk(xk)

)
k∈N converges and (19) holds due to (28). Moreover, by bω), (23) and the fact

that τr = +∞, we get that
∣∣∣Eφ(xk)−Ek

φ(xk)
∣∣∣→ 0, and since Φ(xk)−Φk(xk) = Eφ(xk)−Ek

φ(xk),
we deduce that

(
Φ(xk)

)
k∈N converges a.s. to the same limit as

(
Φk(xk)

)
k∈N.

Now, let us continue with item (i), showing that infk∈N γk(ω) > 0. We proceed by way of
contradiction, assuming that there exists a subsequence (γνi)i∈N of (γk)k∈N such that γνi → 0+

as i → ∞. Since (xk)k∈N is bounded, we may assume that xνi → x̄. Observe that by lower
semicontinuity of Φ and convergence of

(
Φ(xk)

)
k∈N, we have x̄ ∈ domψ. Take λνi := ρ−1γνi and

wνi ∈ proxλνiψ
(xνi − λνiv

νi), where vνi = 1
nνi

∑nνi
j=1 v

νi
j and vνi

j ∈ ∂φξj
(xνi) for all j = 1, . . . , nνi .

In particular, λνi is the stepsize of one trial prior to passing the test in Step 6 of Algorithm 1 in
iteration νi. Hence, for all i ∈ N,

Φνi(wνi) > Φνi(xνi)− σ∥wνi − xνi∥2.
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Furthermore, since γνi → 0+, then for all i0 ∈ N sufficiently large, in view of Proposition 3, applied
to x̄, x = xνi0 and w = wνi0 , we get that

Φk(wνi0 ) ≤ Φk(xνi0 )− σ∥wνi0 − xνi0∥2, for all k ∈ N,

yielding a contradiction. Hence item (i) holds true.
To prove item (ii), let xkj (ω) → x̄ ∈ domψ as j → ∞. We first prove that x̄ is a stationary

point of (P). First, from item (i), we can assume that γkj
→ γ̄ ∈ (0,+∞]. By (28), it follows that

xkj+1 → x̄. Moreover, by the definition of r, we conclude that x̄ ∈ Br′ [0], where r′ := r − 1
2 . Since

φξi
is Lipschitz on Br[0] with modulus κr(ξi), we have

∥vkj∥ ≤ 1
nkj

nkj∑
i=1

κr(ξi), whenever xkj ∈ Br[0],

which shows that vkj is bounded in view of cω). Therefore, up to a subsequence and without
relabeling, we may assume that vkj → v̄. Now, by Lemma 5, we have that v̄ ∈ ∂Eφ(x̄). In
addition, by (14) and the definition of the proximal operator, for all u ∈ Rd, we have

ψ(xkj+1) + ⟨vkj , xkj+1⟩ + 1
2γkj

∥xkj+1 − xkj∥2

≤ ψ(u) + ⟨vkj , u⟩+ 1
2γkj

∥u− xkj∥2. (29)

Using the inequality above with u = x̄ and lower semicontinuity of ψ, we get that

lim sup
j→∞

ψ(xkj+1) ≤ ψ(x̄) ≤ lim inf
j→∞

ψ(xkj+1),

from which we obtain limj→∞ ψ(xkj+1) = ψ(x̄). Note that Lemma 3(ii) particularly implies

Φkj+1(xkj+1)→ Φ(x̄). (30)

In this manner, fixing u ∈ Rd in the right-hand side of (29), letting j → ∞ and recalling that
γkj
→ γ̄, we deduce that

ψ(x̄) ≤ ψ(u) + ⟨v̄, u− x̄⟩+ 1
2γ̄ ∥u− x̄∥

2,

with the convention 1
2γ̄ = 0 for γ̄ =∞. In the latter case, the same estimate holds replacing γ̄ with

any γ > 0. Therefore, x̄ is a stationary point of problem (P) in the sense of (1). This proves the
first claim in item (ii). For the second claim, let us show that

Φ(x̄) = lim
k→∞

Φk(xk) = lim
j→∞

Φkj
(xkj ).

We already know from the beginning of this proof that the limit limk→∞ Φk(xk) = limk→∞ Φ(xk)
exists, and thus combined with (30) yields

Φ(x̄) = lim
j→∞

Φkj+1(xkj+1) = lim
k→∞

Φk+1(xk+1) = lim
k→∞

Φk(xk).

To conclude the proof, we now proceed to show that items (iii) and (iv) hold. First, by (28), it
follows that ∥xk+1−xk∥ → 0 as k →∞ a.s. Hence, the sequence (xk)k∈N satisfies the Ostrowski con-
dition, which implies directly our last claim (see, e.g., [24, Theorem 8.3.9 and Proposition 8.3.10]).
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Remark 7. It is worth mentioning that if one requires that (a.s.) ∥xk∥ ≤ r for all k ∈ N for some
r > 0, then it is not difficult to show that τr = +∞ a.s., for every r > supk∈N ∥xk∥. Therefore,
taking expectation in (27) we get that ∑k∈N E∥xk+1−xk∥2 < +∞ and that

(
Φk(xk)

)
k∈N converges

to an integrable random variable.

Remark 8 (Sampling budget). A distinctive feature of Theorem 1 is that it does not impose any
prescribed growth rate on the sample sizes nk; it is sufficient to assume that (nk)k∈N is a nonde-
creasing sequence satisfying nk →∞. To the best of our knowledge, this level of flexibility is novel.
Many classical and recent frameworks in the literature mandate pre-scheduled growth conditions
on the sample sizes to establish subsequential convergence; see, e.g., [27, 46, 45, 37, 47]. Specifi-
cally, within the smooth, convex setting, the reduced-variable stochastic algorithm in [37] requires a
sample-size sequence growing at a rate of at least O(k3 ln k). In nonconvex scenarios, the mini-batch
sizes in [30] are assumed to scale at least linearly, and no trajectory-level convergence guarantees
are obtained. Central limit theorems and asymptotic properties studied in [47] similarly rely on
polynomial sample-size growth schedules of the form n−1

k = O(kν) with ν ≥ 1 to enforce noise sta-
bilization. For nonconvex settings, even more demanding polynomial configurations are typically
assumed; for instance, the stochastic difference-of-convex framework in [45] requires n−1

k = O(kν)
with a power of at least ν ≥ 2, while related nonconvex schemes [46] obtain convergence guarantees
with strictly increasing polynomial or geometric sample paths. In the infinite-dimensional Hilbert
space setting, the convergence result in [27] needs the summability condition ∑k∈N 1/nk < +∞.

Moreover, since Step 2 of Algorithm 1 evaluates nk subgradients in iteration k, the cumulative
number of subgradient evaluations up to iteration K is ∑k≤K nk. As no growth rate is imposed in
Theorem 1, we may take, for instance, nk := max

{
1, ⌈log k⌉

}
or nk = ⌈kα⌉, α ∈ (0, 1), which are

nondecreasing and divergent. As summarized in Table 1, the schedules mandated by the frameworks
discussed above force larger budgets.

Covered by Sampling schedule ∑
k≤K nk

[37] nk ≳ k3 ln k O(K4 lnK)
[27, 30, 45] nk ≳ kn, n ∈ {1, 2} O(K1+n)
This work nk = ⌈kα⌉, α ∈ (0, 1) O(K1+α)
This work nk = max

{
1, ⌈log k⌉

}
O(K logK)

Table 1: Comparison of cumulative subgradient evaluations for different sample-size regimes

5 Numerical illustrations
We illustrate the behavior of Algorithm 1 on the regularized minimum eigenvalue problem with
integrand (8) for destabilization analysis. The goal is to identify a bounded and sparse perturbation
of the system parameters that minimizes the expected smallest eigenvalue, starting from a nominal
configuration where that eigenvalue is positive. As in Remark 2, we take A(ξ, x) = B0(x) +∑q
j=1wj(ξ)Bj(x) with Bj(x) = Cj +∑d

i=1 xiGj,i + cjSj(x)⊤Sj(x) and Sj(x) = ∑d
i=1 xiHj,i, so that

each Bj depends quadratically on the decision variable. We set p = 20, d = 40 and q = 4. The
matrices Cj , Gj,i = G⊤

j,i and Hj,i are drawn at random, and the weights wj(ξ) are independent
Student-t variables with 3 degrees of freedom. Thus ℓ(ξ) in (12) is random and unknown, the
local Lipschitz moduli grow with ∥x∥, and no global second-moment bound on the stochastic
subgradients is available; see Remark 3. The regularizer is ψ = λℓ0 + ι[−1,1]d with λ = 0.02, and
thus domψ is bounded as in Remark 6. Fig. 1 reports the relative error of the function values
(using a reference value computed by SAA with linesearch until ∥xk+1 − xk∥/γk ≤ 10−10) and the
stationarity measure ∥xk+1−xk∥/γk, against the number of oracle calls, as medians over ten initial
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points with interquartile bands. Algorithm 1 (left panels) decreases both quantities under all four
sampling regimes, and outperforms PSS (middle panel). PSS with large constant stepsizes and
growing mini-batches (right panels) are competitive in function values only, while tuned constant
stepsizes are more competitive in the stationarity measure alone but tend to oscillate more. The
line search reaches a better accuracy without any tuning and without knowledge of the curvature
modulus, keeping the stepsize values away from zero.
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Figure 1: Comparison between Algorithm 1 and the proximal stochastic subgradient methods
(PSS), with mini-batches (mb) of size 8 and 64, and without mini-batches (single). Algorithm 1
is run with σ = 10−4, ρ = 1/2, and initial trial stepsize γ̄0 = 1. The middle panels show two
vanishing stepsize regimes γk = (k + 1)−a, a ∈ {0.75, 1} (regimes 1 and 2, resp.). The right panels
show the PSS method with growing mini-batches for tuned, small and large constant stepsizes.
Four sample-size regimes are implemented: doubling every T = 10 iterations, polynomial of degree
1/2 (poly), logarithmic (log), and an adaptive variant that enlarges the sample size whenever the
decrease achieved is below a threshold. The latter is a heuristic in the context of Algorithm 1 since
the sample sizes are not deterministic.

6 Conclusion
In this work, we developed a convergence analysis for a proximal sample-based subgradient method
with an Armijo-type line search for nonsmooth and nonconvex stochastic optimization problems.
The method applies to objectives given by the sum of an expected upper-C2 normal integrand
and a proper lower semicontinuous prox-bounded function, thereby covering nonsmooth losses,
constraints, and possibly nonconvex regularization terms. The main idea of the analysis is to
interpret the sample-based sufficient decrease condition as an inexact descent mechanism for the
true objective, where the perturbation terms are induced by the empirical approximation and vanish
asymptotically. This viewpoint is inspired by the deterministic convergence framework (cf. [8]), but
requires additional probabilistic estimates to handle the nonmonotonicity produced by stochastic
errors.

We established almost sure convergence of both the sample-based and true objective values,
square summability of the increments, and stationarity of every accumulation point of bounded
trajectories. A distinctive feature of the result is that, for subsequential convergence, no prescribed
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growth rate is imposed on the sample-size sequence: it is enough to assume that the sequence is
nondecreasing and unbounded. This flexibility is obtained through a new localization argument
based on stopping times, which allows the analysis to be carried out along bounded sample paths. In
particular, the convergence result does not require an a priori almost sure boundedness assumption
on the whole stochastic process. Our numerical illustrations suggest that Algorithm 1 with line
search can be more robust than proximal stochastic subgradient methods with vanishing stepsizes,
particularly in guaranteeing precision. A more in-depth numerical analysis is required to fully
exploit the capabilities of our framework, including specific sample-size regimes (which, in turn,
enables quantifying complexity bounds and rates of convergence), adaptive sampling strategies,
and boosted line search procedures [3] to improve the computational cost per iteration.

Several questions remain open for future research. It would be interesting to refine the stopping-
time localization technique in order to weaken standard assumptions commonly imposed in stochas-
tic optimization, such as uniform bounded variance or global uniform smoothness. Other natural
directions to investigate are variance-reduction mechanisms within the present nonsmooth noncon-
vex function setting and the extension of the variational inequality framework developed in previous
works [33, 34, 35].
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