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Abstract The cosine measure of a set of vectors in R™ measures how well the set covers all
directions in R™. It identifies the direction furthest, in angle, from the set. It is used in the
convergence theory of various optimization algorithms, but also highlights interesting geometric
properties of sets. For example, the cosine measure of a set .S is greater than zero if and only if
given any C! function f at a point x where the gradient is nonzero, S must contain a descent
direction of f at x. In this paper, we examine the question of what can be said when the function
f is non-differentiable or if it has a gradient equal to the zero vector. To examine these cases, we
introduce the novel concept of the cosine measure of a function at a point. This value provides
an infimum on the value of the cosine measure that a set of vectors requires to guarantee it
contains a descent direction of the function at the point of interest. We present mathematical
theory around this concept, including examples showing that the cosine measure of a smooth
function can have any value in [—1,1]. We further present algorithms to compute the cosine
measure of a function, and examples demonstrating the algorithm on smooth and nonsmooth
functions. These results also shed light on the the cosine measure of infinite sets and nonconvex
cones.

Keywords Cosine measure - Descent directions - Infinite sets - Finite-max function - #; norm

1 Introduction

In Derivative-free optimization (DFO), direct search methods usually rely on positive spanning
sets to explore the space around an incumbent solution. A notion closely related to positive
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spanning sets is the concept of positive bases. A positive basis can be thought of as a minimal
positive spanning set. In other words, if any one vector in a positive basis is removed, then it
is no longer a positive spanning set. The properties of positive spanning sets and positive bases
have been studied in [1,6,8,9,12,18,23,28,32,33,36,37]. In [15,29,30], the notion of positive k-
spanning set is studied and its value in DFO is briefly discussed.

One property of positive spanning sets (that make them useful in DFO methods) is that if
the gradient of a function at a point is well-defined and not equal to the zero vector, any positive
spanning set contains at least one descent direction (and at least one ascent direction) for the
function at the point. To decide whether a given finite set of vectors is a positive spanning set
of R™, the cosine measure can be computed [26]. It is known that a set of vectors is a positive
spanning set of R™ if and only if the cosine measure is greater than zero [2]. The cosine measure
is a real number between —1 and 1 inclusively. Its value quantifies the largest angle that can
be created between the set and an arbitrary vector in R™; with values near 1 representing that
this largest angle is close to 0 (i.e., cos(f) ~ 1). The structure of positive bases with maximal
cosine measure is investigated in [16,24,31]. The convergence theory supporting a direct search
method usually assumes that the cosine measure values of the positive spanning sets utilized are
bounded away from zero [7]. The cosine measure is also used to define the notion of complexity
measure that arises in complexity bounds for direct search methods [5,10].

The main goal of this paper is to investigate the value of the cosine measure necessary to
guarantee that a set of vectors contains a descent direction of a real-valued function f. When the
gradient of f at a point is well-defined and not equal to the zero vector, then a set of vectors with
cosine measure value greater than zero guarantees that the set contains a descent direction of f at
the point. This is not necessarily true if the gradient is equal to the zero vector or if the gradient
does not exist. The notion of cosine measure of a function emerges from the investigation of the
two latter cases. We present theoretical results and examples exploring this notion.

A deterministic algorithm for computing the cosine measure of a finite positive spanning set
was proposed in [14]. A few months later, an alternative approach to compute the cosine measure
of a finite set of vectors was introduced in [34]. Further research has revealed that computing
the cosine measure exactly is an NP-hard problem [25], and proposed heuristics to compute the
value quickly in high dimension [19]. Recently, the notion of cosine measure has been extended to
consider cosine measure relative to a subspace and an algorithm for its computation is presented
in [2]. All of the aforementioned algorithms begin with the assumption that the set of vectors is
finite.

A secondary result of this current work is the development of algorithms to determine cosine
measures where the set contains infinitely many vectors. This leads to algorithms for computing
the cosine measure of a classical type of nonsmooth function: the finite-max function. In this
case, the Clarke subdifferential at the point of interest is the convex hull of the active gradients,
in line with the general gradient-limit representation of Clarke subdifferentials for stratifiable
functions established in [11]. The set of non-descent directions for this type of function at the
point of interest is the polar of the cone generated by the active gradients. The cosine measure of
the function at a certain point quantifies the angular size of this cone, measuring how difficult it
is for a finite set of directions to contain a descent direction. Whereas gradient-sampling methods
[4] address this difficulty by approximating the Clarke subdifferential through randomly sampled
gradients, the approach in this paper is deterministic.

The remainder of this paper is organized as follows. In Section 2, the notation is clarified,
and background results and necessary definitions to understand the remainder of this paper are
provided. In Section 3, the concept of cosine measure of a function is defined and properties
of this novel definition are introduced. Examples are provided showing the cosine measure of a
function can take any value between —1 and 1 inclusively when the gradient is equal to the zero
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vector. In Section 4, pseudo-codes to compute the cosine measure of infinite sets are introduced.
In Section 5, we show how to find the value of the cosine measure of a finite-max function. In
particular, a closed-form solution is provided for the ¢;-norm function. Lastly, the main results
of this paper are summarized, and future research directions are proposed in Section 6.

2 Preliminaries

In this paper, we follow the standard notation found in [35]. A vector is written as a column
vector and denoted with a bold-face lower-case letter. A matrix is denoted with a bold-face
capital letter. The transpose of matrix A is denoted by A T. We work in finite-dimensional space
R™ with inner product x'y = """ | ;3; and induced norm ||x|| = vx"x. The identity matrix
in R™*™ is denoted by I,,. We use e; € R™ where i € {1,2,...,n}, to denote the standard unit
basis vectors in R™, i.e. the i*" column of I,,. The zero vector in R™ is denoted by 0,, and the
vector of all ones in R™ is denoted by 1,,. When there is no ambiguity about the dimensions of
the matrices or vectors considered, the subscript n referring to the dimension may be dropped.

The notation f : dom f C R™ — R is used to refer to a real-valued function f where the
codomain is R and dom f is assumed to be a non-empty subset of R™ where f is well-defined.
The interior of a set S is denoted by intS and the closure of the set S is denoted by clS. The
column space (span) of a set S is denoted by span(S). the set of all unit vectors in R™ is denoted
by S™. The definition of positive span follows.

Definition 1 (Positive span) Let S be a non-empty set in R™. The positive span of S is
denoted by pspan(S) and defined by

k
pspan(S) = {XER”:x:Z)\idi,keN,di ES,)\iEO}.

i=1

The normalized positive span of S is denoted by pspan(S) and defined by pspan(S) = pspan(S) N
s,

Note that the positive span of S is equivalent to the conical hull of S. When S is finite,
pspan(S) is a polyhedral cone. The set S is said to be a positive spanning set of R™, or to
positively span R™, if and only if pspan(S) = R™. It is known that the cardinality of a positive
spanning set of R" is equal to or greater than n + 1. A finite positive spanning set of R™ with
cardinality s will be denoted by P,, .

The following definition of cosine measure makes it possible to consider infinite sets of vectors.
The max operator in the original definition (see [26]) is replaced by a supremum operator.

Definition 2 (Cosine measure) [2] Let S C R™ be a non-empty (possibly infinite) set of unit
vectors. The cosine measure of S is defined by
em (S) = min sup u'd,

ucR"ges
flufl=1

and the cosine vector set of S, denoted by c¢V(S), is defined by

¢V(S) = argmin sup u' d.
ueR” des
fluf|=1
In the case where S is empty, we define the cosine measure of S to be equal to —1 and the cosine
vector set of S to be the empty set.
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Definition 3 (active set) Let S C R™ be a non-empty set of unit vectors.
The active set for S at a cosine vector u € cV(S) is denoted by A(S,u) and defined by

A(S,u) = {deS:dTu=cm(S)}.

When § is finite and pspan(S) = R, it is known that A(S,u) contains a basis of R™ for any
u € cV(S) [14,Cor.18]. The following result clarifies the relation between cosine measures and
positive spanning sets of R™.

Proposition 4 Let S be a non-empty (possibly infinite) set of unit vectors. Then cm(S) > 0 if
and only if S is a positive spanning set of R™.

Proof The proof follows immediately from [2, Proposition 18]. O
Next, we recall the definition of descent direction.

Definition 5 (Descent direction) Let f : dom f C R™ — R and x € dom f. A unitary vector

d € R" is said to be a descent direction of f at x if and only if there exists a scalar ¢ > 0 such
that f(x +td) < f(x) for all ¢t € (0,¢].

As mentioned in Section 1, an important property of positive spanning sets is that if Vf is
well-defined at x € dom f and Vf(x) # 0,, we have —Vf(x)'d > 0 for at least one vector
d € P, . In other words, there exists at least one descent direction of f at x in a positive
spanning set of R™ [7]. The statement does not extend to non-differentiable functions or points
where the gradient is equal to the zero vector, as the next two examples illustrate.

Ezample 6 Consider the function f(x) = max{|z1|, |z2|} at the point xo = [1 1]T and the set
Py, = {e1,e2,—e1,—ez}. Then P; 4 is a positive spanning set of R™ with cm(Pg4) = 1/V2.
However, IP; 4 does not contain a descent direction of f at xo.

Example 7 Consider the function f(x) = (x1 — 22)? — (71 + 22)? at the point xo = 0 and the
set Py 4 = {e1,ez, —e;, —es}. Then, Py 4 is a positive spanning set of R™ with cm(Py4) = 1/v/2.
However, IP; 4 does not contain a descent direction of f at xg.

Notice that in Examples 6 and 7, if a set of vectors with cosine measure strictly greater than
1/ V2 is utilized, then the set will contain a descent direction of f at the given respective point.
We conclude that a “sufficiently good” set of vectors in terms of cosine measure may be able
to find a descent direction in the non-differentiable case or when the gradient is equal to the
zero vector. The question of how to quantify “sufficiently good” leads to the definition of cosine
measure of a function.

3 Cosine measure of a function

In this section, we introduce the definition of cosine measure of a function. We will see that it
provides information on the quality that a set of vectors must have to ensure a descent direction
of f is found at x. We investigate the properties of the cosine measure of a function, and provide
examples in R? that show the cosine measure of a function can take any value between -1 and 1
(inclusive) when the gradient is equal to the zero vector or does not exist.

Henceforth, the set of all unit vectors in R™ is denoted by S™. The set of all unit descent
directions of f at x is denoted by D(f;x). The complement of D(f;x) in S" is denoted by
De(f;x), i.e.,

D(f;x) ={d € S™ : d is a descent direction of f at x},
De(f;x) =S"\ D(f;x).



Cosine measure of a function 5

We simply write D and D¢ when it is clear from the context what the function f and the point
of interest x are.

Definition 8 (Cosine measure and cosine vector set of f at x) Let f:dom f CR” - R
and x € dom f. The cosine measure of f at x is denoted by cm (f;x) and defined by

em (f;x) = min sup u'd
u€eR” gepe
[lull=1
provided D¢ # . If D¢ =, then cm (f;x) is defined to be —1.
The cosine vector set of f at x is denoted by ¢V (f;x) and defined by

¢V(f;x) = argmin sup u'd
ueR”™ deDec
flull=1

provided D¢ # (). If D¢ = (), then cV(f;x) is defined to be 0.

In the previous definition, note that the supremum operator may be replaced by a max
operator by considering the set cl D¢ rather than D¢. It follows that when D¢ # (),
em (f;x) = min max u'd and cV(f;z)=argmin max u'd.

ueR"” decl D¢ ueR® declDe
llull=1 luj|=1

Note that ¢V(f;x) is non-empty if and only if D°(f;x) is non-empty. Observe that, when
D¢ # (), the definition of the cosine measure of f at x can be reformulated in terms of the
definition of cosine measure of a set:

em(f;x) = cm (D) = cm (cl D).

In words, the cosine measure of f at x is equal to the cosine measure of the set of all unit
non-descent directions of f at x.

Theorem 10 clarifies the relation between the cosine measure of a function at a point and
the cosine measure of a set of vectors. First, we recall a result about the effect of an orthogonal
matrix on a set of unit vectors.

Lemma 9 Let S C R"™ be a closed set of unit vectors and R € R™ ™ be an orthogonal matriz.
Define the closed set Sp = {Rd : d € S}. Then cm(S) = cm(Sg).

Proof This is an immediate consequence of [34, Thm 3.4].
O

Theorem 10 Let f :dom f CR™ — R and x € dom f and let S C R™ be a closed set of unit
vectors (possibly infinite). If cm(S) > em (f;x), then S contains a descent direction of [ at x.

Moreover, Sg = {Rd : d € S8} contains a descent direction of f at x for any orthogonal matriz
R e R™™™,

Proof Suppose cm(S) > cm(f;x) > —1. Since cm(S) > —1, the set S contains at least two
vectors (so S # 0).

If D¢ is empty, then D = S™ and it follows that all of the vectors in S are descent directions
of f at x.

Suppose D¢ is non-empty. Let u € cV(f;x). We have

supu’ v > cem(S) > sup u'd = em(f;x).
ves deDe
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Let v* € S be a vector attaining the supremum sup,cs u'v. Note that such a vector exists in
S, since S is a closed set. If v* € D¢, then

em(f;x) = sup u'd > u'v* > em(S),
deDe
which is a contradiction to the assumption cm(S) > cm(f;x). Therefore, v* € D, so is a descent
direction of f at x.
The second results follows from Lemma 9. O

It is tempting to believe that given a set S, function f, and point x; if Sp contains a descent
direction for any orthogonal matrix R, then cm(S) > cm(f;x). But this is not necessarily true,
as the following example illustrates.

Ezample 11 Consider the function f(x) = x? — 3 at xo = 0, and the minimal (optimal) positive

: 0 V3 V3 : N

basis § = NE 21, ? . Note that Sp contains a descent direction of f at xq for
2 2

any orthogonal matrix R € R?*2. (This is visualized in Figure 1.) The cosine measure of S is

em(S) = 1/2, but em(f;0) = 1/v/2.

Fig. 1: Any rotation or reflection of the set S contains a descent direction of f at xo = 0, but
em(S) = 1/2 < 1/v/2 = ecm(f;0). The two green spherical caps represent the descent directions
of f at xg.

From the previous example, we conclude that it is possible to create a set S with lower cosine
measure than cm(f;x) and identify a descent direction even when the set is rotated. However,
it is also possible to create a set S with cosine measure equal to cm(f;x) such that S does not
contain a descent direction of f at x, provided cm(f;x) > —1.

Proposition 12 Let f : dom f CR™ — R and x € dom f. Let cm(f;x) > —1. Then there exists
a non-empty set of vectors S such that cm(S) = cm(f;x) and S does not contain a descent
direction of f at x.

Proof Take S = D¢. a
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We now provide several results about the value of the cosine measure of f at x. In examining
Theorem 13(iii), recall that, assuming pspan(clS) # R", we have cm(clS) = 0 if and only
if cIS contains a non-empty proper subset V' such that pspan(V) = span(V) [2, Corollary
29]. This implies that clS contains a positive spanning set of a linear subspace L C R™ with
1 <dim(L) < n.

Theorem 13 Let f:dom f C R"™ — R and x € dom f. Then the following hold:

(i) em(f;x) = —1 if and only if |D°| < 1,
(i) ecm(f;x) < 0 if and only if D¢ is contained in a closed half-space of R™ (whose boundary
contains the origin),
(iii) if pspan(cl D€) # R™, then cm(f;x) = 0 if and only if cl D¢ contains a positive spanning
set of a linear subspace L C R™ where 1 < dim(L) < n,
(iv) cm (f;x) =1 if and only if cl D® = S™.

Proof (i) Suppose cm(f;x) = —1 and [D°| > 1. Let d; and dg2 be two distinct unit vectors in

De¢. Then there exists a unit vector u € R™ such that supgecpe u'd = —1. This means that
u'd; =u'dy = —1. This implies d; = —u and dy = —u, a contradiction.

Conversely, suppose |D¢| < 1. If |D¢| = 0, then the result holds by definition. If |D¢| = 1,
then take u = —d where d is the vector in D°.

(#7) Suppose cm(f;x) < 0. If ¢V(f;x) is empty, then this means D¢ = () and the result holds.
Suppose u € ¢V(f;x). Then
em(f;x) = sup u'd < 0.
deDe

Let H be the hyperplane in R™ with normal vector u passing through the origin. Then D¢ is
contained in the closed half space H~ = {v € R" :u'v < 0}.

Conversely, suppose D¢ is contained in a closed half-space defined by a hyperplane H. Let u
be a unit normal vector to the hyperplane H such that

sup u'd < 0.
deDe

Therefore, we must have cm(f;x) < supgepeu'd < 0.

(#i) The result follows immediately from [2, Corollary 29].

(iv) Suppose cm(f;x) = 1 and cl D # S™. This means there exists a unit vector v such that
SUDPgepe v d = maxgec pe v'd < 1, a contradiction.
Conversely, suppose cl D¢ = S™. Let u € cV(f;x). Then u € cl D¢. Hence,

T

em(f;x)=supu'd= max u'd=u'u=1.

deDe déecl D¢

When f is a single-variable function there are only three possibilities.

(i) The set D¢ is empty. In this case cm(f;x) = —1.

(ii) The set D¢ contains one direction (D¢ = {1} or D¢ = {—1}). In this case cm(f;x) = —1.
(iii) The set D contains two directions (D¢ = {—1,1}). In this case cm(f;x) = 1.
Theorem 13 can be reformulated as follows for a single-variable function:

(i) em(f;x) = —1 if and only if cl D¢ = D¢ # S,
(ii) em(f;x) = 1 if and only if ¢l D¢ = D¢ = SL.
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The next theorem provides a result about the value of the cosine measure of a function at a
differentiable point where V f(x) # 0,,n > 2.

Theorem 14 (Cosine measure at a differentiable point where Vf(x) # 0) Let f :
dom f CR™ — R with n > 2. Suppose f is differentiable at x € intdom f. If Vf(x) # 0, then

cm(f;x) =0 and cV(f;x) = {_”%83”}.

Proof Suppose V f(x) # 0. Consider the hyperplane passing through the origin and defined by
H = {v eR": —Vf(x)"v =0}. Then the unit vectors in H with initial point at the origin are in
cl D¢. This means that cl D¢ contains a positive spanning set of a linear subspace with dimension
n — 1. Since pspan(cl D¢) is not equal to R™, cm(f;x) = 0 by Theorem 13. Since the unit vector

u € R™ such that u'd < 0 for all d € cl D¢ is unique, we get cV(f;x) = {_H%ggl\} . a
Note that the previous theorem assumes n > 2. For a single-variable function, em(f;x) = —1
whenever f/(z) # 0.
The converse of Theorem 14 is not necessarily true. Examples where cm(f;x) = 0 and

Vf(x) = 0 can be created. The following section provides examples for the case where the
gradient is equal to the zero vector. We will see that anything can happen when V f(x) = 0 (or
when f is not differentiable at x).

3.1 Cosine measure of a function when the gradient is equal to the zero vector

In this section, we provide examples in R? showing that the cosine measure of a function may
take any value between -1 and 1 inclusively. The value of the cosine measure of a function is
calculated in each example. Note that the set of non-descent directions of a function at a point
x, D°(f;x), may not be a finite set of directions. In [2], a deterministic algorithm is provided
to compute the cosine measure (relative to a subspace) of any non-empty finite set of nonzero
vectors. Hence, Algorithm 1 from [2] can be applied directly to compute the cosine measure of
a function when D¢ is finite. In Section 4, we show how to compute the cosine measure of a
real-valued function in R™. Alternately, by switching to polar coordinates, computing the cosine
measure in R? can be reduced to single-variable optimization. In all of the following examples
this computation is easy, so omitted.
We begin with an example where V f(x0) = 0 and cm (f;x¢) = —1.

Ezample 15 (cm (f;xg) = —1) Consider the function f : dom f = R? - R : x = [2 I'Q:IT —

—x? — 13 at the point xo = 0. Note that D¢ is empty. Therefore, cm(f;x0) = —1.

The next example illustrates V f(xg) = 0 with cm (f;x0) € (—1,0).

Ezample 16 (cm (f;x0) € (—1,0)) Consider the class of functions

2 2
—axrt —x To <0
fo:domf=R?* 5 R:x+— ; ;’ )
—axri +x otherwise
1 29 )

where a € (0,00), at the point xo = 0.
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Fig. 2: The set D¢ for f, at xg = 0 is represented by the red spherical cap. On the left, a = 0.5,
and on the right o = 10.

Note that f, is differentiable at xo = 0. The contour lines at f(x) = 0 are given by the

equations xs = v/a|z1|. As a vector-valued function, the contour lines at f(x) = 0 are L1 (t) =
T

1
| s \/ria] tand La) = |

o

T
\/% Ta| & where ¢ > 0.

T T
We find that the set D¢ is pspan { [ﬁ Vital [ﬁ Tra } . We obtain

cm (fo; 0) = —,/%, and the cosine vector isu = [O fl]T.

As a function of «, cm (f4;0) is a continuous function on (0, c0) with

lim — @ - 0 and lim — a
a—0+ 1+« a—00 1+«
Hence, cm (f4;0) can take any value in the interval (—1,0).

We next illustrate V f(xg) = 0 with cm (f;x0) = 0.

Ezample 17 (cm (f;x0) = 0) Consider the function f : dom f =R?* - R:x = [2; xQ]T "
at the point xg =

2
3
0. As a vector-valued function, the contour line at f(x) = 0 is given by

L(t)=[1 O]Tt. We find that the set D€ is equal to D¢ = {][1 O]—r [-1 O}T} and cm (f;0) =0

The following example provides a class of functions where V f(xq) = 0 with cm (f;x¢) € (0,1).
Ezample 18 (cm (f;%0) € (0,1)) Consider the class of functions

fs:dom f=R? - R:x > —fz] + 23,
where § > 0, at the point x¢o = 0. For any values of 5 > 0, we have V f3(0) = 0. As a vector-

-
valued function, the contour lines at f(x) = 0 have equation L;(t) = [ \/11+75 ,/%} t, and
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T T
— 1 B — 1 B _ 1 B c
La(t) = [W — /25|t Let dy = [ﬁ Jis| and da = [ﬁ _,/m} . The set D
can be written as D¢ = pspan{d;, —ds} U pspan{—d;,ds}. We obtain

em (f50) = ——
m(f;0)=
Vi+a
and the cosine vectors are u; = e; and us = —e;. As a function of 8, cm (f;0) is continuous on
(0, 00). Additionally,
1 1
lim —=1 and lim —— =0.
B—0+/1+ B—oo /1 4+

This shows we can pick 8 > 0 to create a function where the cosine measure of f at xg = 0 can
take any value in (0,1).

Finally, we provide an example where V f(xg) = 0 and cm (f;x0) = 1.

Example 19 (cm(f;x0) = 1) Consider the function f : dom f = R? — R : x> —a? + 22 at the
point xo = 0. The contour lines at f(x) = 0 are given by the equations x5 = +x1->. The only
descent direction at xo = 0 is d = e;. Thus D¢ =S?\ {e;} and cm (f;0) = 1.

In the next section, pseudo-codes are provided showing how the cosine measure of a function
may be computed for functions. The examples above are all sufficiently simple that these codes
can be applied (by hand) to confirm the cosine measures.

4 Computing the cosine measure of a function

In this section, we show how to compute the cosine measure of a function at a point. The pseudo-
code is divided in two cases: cl D(f;x) is contained in a closed half-space of R™ and cl D¢(f; x)
is not contained in a closed half-space of R™. To make notation tighter, we write D¢ and D to
represent D°(f;x) and D(f;x), respectively.

4.1 The case where cl D¢ is contained in a closed half-space of R™

We begin by considering the case where cl D€ is contained in a closed half-space of R™. In this case,
the cosine measure value is non-positive. We assume that the closure of the set of non-descent
directions can be written in the form

k
D¢ = | | pspan(S;) (1)
=1

where each §; is a finite set of nonzero vectors. This structure allows cl D¢ to contain infinite
vectors and does not force the cone {v : v.= Ad,d € c1 D, A\ > 0} to be convex. Recall the
definition of the polar cone of a set S.

Definition 20 Let S C R™ be non-empty. The polar cone of S is denoted by polar(S) and
defined by
polar(S) = {veR":v'd <0 foralld € S}.

Next, we present the pseudo-code for this case, then we show that it returns the exact cosine
measure and cosine vector set.
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Algorithm 1: Computing cm(D¢) when cl D¢ is contained in a closed half-space of R™

Given a set of non-descent directions contained in a closed half-space of R™ with its

closure written in the form
k

clD¢ = U pspan(S;),
i=1
where each S; is a finite set of nonzero vectors in R".
0. Special cases and initialization:
Define the normalized set

k
S=J{d/ld]|:d e S;i=12,... Kk}

i=1

Define ¢ = |S|.
If ¢ = 0, then return cm(D¢) = —1 and c¢V(D¢) = (.
1. Optimize:
Solve the second-order conic program (SOCP)
(1.1) (t*,u*) € argmin{t: |lu| <1, u'd <t vdeS}
t,u

2. Compute cosine measure and the cosine vector set: return
(2.1) cm(D°) =t".
If cm(D°) < 0, then return
(2.2.1) V(D) ={u*}.
Else (cm(D°) = 0),
(2.2.2) c¢V(D) = polar(S) NnS™.

Before proving that Algorithm 1 returns the correct output, we make a few remarks. Note
that Algorithm 1 requires solving a SOCP. In MATLARB, for example, this can be done be with
the function coneprog. Finally, we note that, by [33, Theorem 3.2], each S; can be reduced to
a positive linearly independent subset of S; with maximal cardinality. In [33, Section 4], Regis
refers to this as a frame of pspan(S). The vectors of a frame are sometimes called the generators.
If all generators of a frame for pspan(S) lie in an open half-space, then pspan(S) is said to be
pointed. Note that the frame of a pointed polyhedral cone is unique (up to positive scaling).
Reducing each S; to a frame could reduce the size of the second-order conic program in Step
1 and the (possible) cost of finding the polar cone of S, resulting in faster completion of the
algorithm.

The following theorem provides the main result to prove Algorithm 1 returns the correct
results.

Theorem 21 Let T = Uf | Dspan(S;), where each S; is a finite set of nonzero vectors in R™,

and let S = Ule S;. If T is contained in a closed half-space of R™, then
cem(7) = em(S) and  cV(T) =cV(S).

Proof Since T is contained in a closed half-space, S is contained in a closed half-space. This
means that cm(7) < 0 and cm(S) < 0. Without loss of generality, assume all vectors in S are
unit vectors. Since S C T, we have cm(S) < cm(7).

For a unit vector u € R", write fs(u) = maxqesu'd and fr(u) = maxge7u'd. We
claim that fr(u) = fs(u) whenever fs(u) < 0. Indeed, let d € T. Say d € pspan(S;) with
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S; ={di,ds,...,d;}. We may writed = 22:1 a;d; with a; > 0. By the triangle inequality, we
know 3>79_, a; > [|d|| = 1. We obtain

a q
u'd= Z a;ju'd; < (Zaj)fs(u) < fs(u),
j=1 j=1

where the last inequality uses fs(u) < 0. Since d € T was arbitrary, fs(u) is an upper bound
for u'd over 7. Hence, fr(u) < fs(u). Clearly, fs(u) < fr(u) since S C T. This proves the
claim.

For any us € ¢V(S), the previous result gives cm(7) < fr(us) = fs(us) = em(S) < 0.
Therefore cm(7) = cm(S).

Finally, if u € ¢V(T), then cm(S) < fs(u) < fr(u) = em(T) = em(S), so u € cV(S).
Conversely, if u € cV(S), then fs(u) = cm(S) < 0, and we get fr(u) = cm(S) = cm(7). That
is, u € cV(T). O

Theorem 21 shows that the cosine measure of the (possibly) infinite set Ule pspan(S;) can be

found by computing the cosine measure of the finite set S = Ule S;. This allows the application
of the techniques from [2]. We now provide three results on the cosine vector set.

Lemma 22 Let S be a non-empty set of unit vectors in R™. If cm(S) < 0, then cV(S) contains
exactly one vector.

Proof Since § is a non-empty set, cV(S) contains at least one vector. We show that it contains
exactly one by contradiction. Suppose cm(S) = a < 0 and u, v are two distinct unitary vectors
contained in ¢V(S). This means u'd < aand v'd < « for all d € S. Consider the unit

vector HEJJ:,’H. Note that |[u + v|| # 0 since ||Ju+ v|| = 0 implies v = —u and this would imply

vid=—-u'd > —a > 0. Then for any d € S, we obtain

-
2
<U+V> a< 2,
u+v]| u+v]|
as |[u+v]|| < Jul|+]|v]| = 2 and a < 0. This is a contradiction to the assumption that cm(S) = «.
O

Next, we prove that the vector u* found while solving the SOCP in Step (1.1) is a unitary
vector whenever cm(D¢) < 0.

Lemma 23 Let S be a finite set of unit vectors. Suppose that the convez relaxation of the cosine
measure problem returns a negative value, i.e.,

min maxu'd < 0. (2)
ucR” des
luf<1

If u is a vector solving (2), then ||u| = 1.

Proof By way of contradiction, suppose u solves (2). If |Jul| = 0, then u'd =0 for all d € S, a
contradiction.
Suppose 0 < |lu|| < 1. Then

a \T
() d<u'd<0
[[ull
for all d € S. It follows that

-
max il d < maxu'd,
des \ ||ul| des

a contradiction to the assumption that u solves (2). O
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Next, we show that the cosine vector set of D¢ is equal to polar(D¢) N S™ whenever cm(D®) = 0.

Proposition 24 Let S be a finite set of unit vectors in R™. If cm(S) = 0, then cV(S) =
polar(S) N S™.

Proof Let u € ¢V(S). Then maxgesu'd = 0 and so u'd < 0 for all d € S. Hence, u €
polar(S) N'S™. Now, suppose u € polar(S) N'S™. This implies maxges u'd < 0. Since cm(S) = 0,
we must have maxgesu'd = 0 (otherwise, it contradicts the definition of cosine measure). It
follows that u € cV(S). O

Note that

k k k
polar (U pspan(Si)> = ﬂ polar(pspan(S;)) = ﬂ polar(S;) = polar(S) (3)
i=1

i=1 i=1

where S = U¥_, S;. The polar cone is finitely generated (since cl(D¢) is assumed to have the form
described in (1)). A frame for the polar cone can be found using the MATLAB toolbox MPT3
[22]. We conclude this section by showing that Algorithm 1 returns the correct value of cosine
measure and the complete cosine vector set.

Theorem 25 Given a set of non-descent directions contained in a closed half-space of R™ written
k

in the form cl D¢ = U pspan(S;) where each S; is a finite set of nonzero vectors in R™, Algorithm
i=1
1 returns the correct cosine measure value and the complete cosine vector set.

Proof Lemma 33 of [2] notes that if the cosine measure is nonpositive, then the convex relaxation
of the cosine measure problem is exact, i.e., if cm(S) < 0, then
cm(S) = min maxu'd. (4)

ueR™ des
laf|<1

Step 1 is a standard reformulation of Problem 4. Step (2.1) extracts cm(D¢), given by t*.
If cm(D€) = 0, Step (2.2.2) returns the full cosine vector set of D¢ by Proposition 24 and (3).
If em(D°) < 0, Step (2.2.1) returns the unique cosine vector of D¢ by Lemmas 22 and 23. ad

4.2 The case where cl D¢ is not contained in a closed half-space of R™

Next, we consider the case where cl D¢ is not contained in a closed half-space of R™. In this case,
the cosine measure is strictly positive. To find the value of cosine measure and the cosine vector
set, we will work from the spherical complement of cl D¢, D° = {x € S : x ¢ c1 D°}. In this
case, we assume that the spherical complement of the closure of the non-descent directions can
be written in the form

k
D°=S8"n U int pspan(S;), (5)

i=1

where pspan(S;) N pspan(S;) = {0} for all ¢ # j. Intuitively, D° is providing a proxy for the
interior of D relative to the unit sphere (it is not the interior, nor is it the relative iterator, as
both of those are empty). Notice that cl D¢ not contained in a closed half-space does not imply
that D° is contained in a closed half-space. Indeed, the function and point given in Example 11
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has cl D¢ = {x € R? : |x1| > |22],2% + 23 = 1} and D° = {x € R? : |11] < |z2|,2? + 23 = 1},
neither of which are contained in a closed half-space.

If ¢l D€ is the entire unit sphere, then cm(D¢) = 1 by Theorem 13. This creates a special case
in Algorithm 2 that we elaborate in the next lemma.

Lemma 26 Let f:dom f CR™ — R and x € int dom f. Then the following are equivalent:

(i) D ="
(ii) D° =0,
(#i) cm(D°) =1,
(iv) cV(D°) =S".

Proof The result follows immediately from [2, Prop. 2]. O

Algorithm 2 proposes a pseudo-code to compute the cosine measure and the cosine vector set
for a function when cl D¢ is not contained in a closed half-space of R"™.

Algorithm 2: Computing cm(D¢) when D€ is not contained in a closed half-space

Given a set of non-descent directions not contained in a closed half-space of R™ with its
spherical complement written in the form

k
D°=8"n U int pspan(S;),

i=1

where each S; is a finite set of nonzero vectors in R™ and pspan(S;) N pspan(S;) = {0}
for all i # j.

0. Special cases and initialization:
If D° =0, return cm(D¢) = 1, cV(D*) = S™.
Else define the index set of nontrivial S;, J = {i : int pspan(S;) # 0} C {1,2,...,k}.

1. Outer loop: For each i € J do the following.
Compute the set of positive unit normals to the (n—1)-dim. faces of pspan(S;)
L lpll=1,p'd>0foraldes;,
11 P = {p " dim(span(d: p'd =0,d € S;))=n—1]"
Solve the second-order conic program (SOCP)
(1.2) (tf,u}) cargmax{t:|ul| < 1,p'u >t VpecP}
t,u

2. Compute the cosine measure and cosine vector set: return
(2.1) cem(D) = miny/1 — (¢F)2,
icJ

3

(2.2) V(D) = {u] : t] :I]ngjct;, ieJ}.

In words, Algorithm 2 considers the pointed polyhedral cones C; = pspan(S;). For each C;,
it finds the unit vector u} which is as far as possible from the (n — 1) dimensional faces of C;. To
do that, the algorithm finds the positive normal vectors for all faces of C;. Working with the set
of positive normals P; associated to C;, the problem requires to find the unit vector u;} which is
a close as possible (in angle) to the farthest positive normal vectors in P;. Once it is done for
all pointed polyhedral cone C;, the cosine measure is obtained by taking the minimum value of
sin(p;) where 0 < ¢; < 7/2 is the angle between u} and an active vector p; € P;.

Before proving that Algorithm 2 returns the correct outputs, we make a few more remarks.
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First, the assumption that pspan(S;) N pspan(S;) = {0} is necessary to obtain the exact
value of cosine measure. For example, suppose

D° = {(z1,22) : 0 < z1, —x1 < @2, ||x]| = 1}.

The desired description would use {(e; — e3)/v/2,es}, while an undesirable description would
use {(e; —e2)/Vv2, (e; +e2)/v2} and {e;,es} (see Figure 3). The correct representation gives

cm (D) = cos(37/8) ~ 0.3827.

However, the “overlapping” description gives em(D¢) = cos(w/4) ~ 0.7071. If pspan(S;) N
pspan(S;) # {0} for some i # j, then the value of cosine measure may be overestimated.

0.5 * 0.5
3mn/8 u

0.0
N
N /3“/8
N

-0.5 1 S -0.5

0.0

X2
X2
\
2
B
A
[e
c
N *

Xy = —X1
-1.01 -1.0

5 T T T T T T T T
-15 -1.0 -0.5 0.0 0.5 1.0 15 -15 -1.0 -0.5 0.0 0.5 1.0 15
X1 X1

Fig. 3: On the left, the set {(x1,22) : 0 < 21, —z1 < 2, ||x|| = 1} is represented by one spherical
cap. The cosine vector u* is found using Algorithm 2. On the right, the set is decomposed into
two overlapping spherical caps. A vector u* is computed for each spherical cap. This yields an
incorrect (overestimated) value of the cosine measure.

Examining the special cases (Step 0), we notice that if Algorithm 2 is applied to a single
variable function (i.e., n = 1), then “cl D¢ is not in a closed half-space” implies that cl D¢ = S!,
so the special case D° = (} is applied. Also note, in Step 0, that if J = (), then the special case
D° = () would have been triggered. Therefore, if the algorithm continues to Step 1, then we must
have n > 2 and J # (.

Like Algorithm 1, if desired, each S; could be reduced to its unique frame at the beginning
of Step 1. This can simplify the process to identify all boundary faces of a pointed polyhedral
cone.

In Step 1, the algorithm defines P; to be the set of positive unit normal vectors to the
n — 1 dimensional faces of C; = pspan(S;). To justify this, first notice that dim pspan(S;) = n, as
otherwise int pspan(S;) = () and the set would have been ignored in Step 1. As dim pspan(S;) = n,
the set P; can be created by taking subsets of S; of size n—1 using the (generalized) cross product
to create p then checking if either p = p/||p|| or p = —p/||p|| satisfies p'd > 0. It is possible
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to identify the same face of pspan(S;) more than once by considering sets of n — 1 linearly
independent vectors contained in ;. For example, consider the set S; = {+ej, e, ez} C R3.
The linearly independent sets {e;,e2} and {—ej,es} both find the unit normal vector p = es.
Similarly, the linearly independent sets {e1,es} and {—ej, e3} both find the unit normal vector
p = es. As such, when constructing P; it would be wise to implement a strategy to detect and
remove repeated vectors. Notice that this process is identifying the facets of a polyhedral cone,
which can grow exponential in dimension.

Step 1 of Algorithm 2 then requires solving a second-order conic program for each C;. Note
that the constraint ||u|| < 1 in Step (1.2) relaxes the sphere constraint ||u| = 1. Since ¢t} > 0
for every pointed full-dimensional cone, scaling u toward the unit sphere strictly improves the
objective function ¢. Hence, every optimal solution satisfies |[uf|| = 1. Furthermore, note that u}
must be in int pspan(S;) since p'u} > 0 for all p € P; (this is used in Theorem 29).

We now focus on proving that Algorithm 2 returns the correct output.

Lemma 27 Suppose D€ is a set of non-descent directions not contained in a closed half-space
of R™ with its spherical complement written in the form

k
D°=8"n U int pspan(S;),

=1

where each S; is a finite set of nonzero vectors in R™ and pspan(S;) N pspan(S;) = {0} fori # j.
For each i € {1,2,...,k} define S = S™ N int pspan(S;). Then, for all i,

0<em((S)) <1,
with em ((87)¢) = 1 if and only if SO = 0.

Proof Since D¢ is not contained in a closed half-space, it follows from Theorem 13 that 0 <
cm (D) < em ((87)¢) for all 4. The second statement follows from Lemma 26. O

Next, we show that the cosine measure of D¢ is obtained by considering the appropriate single
set §;. This greatly simplifies the remaining proofs.

Lemma 28 Suppose D€ is a set of non-descent directions not contained in a closed half-space
of R™ such that cl D¢ £ S™ and with its spherical complement written in the form

k
D°=8"nN U int pspan(S;),

i=1

where each S; is a finite set of nonzero vectors in R™ and pspan(S;) N pspan(S;) = {0} fori # j.
For eachi € {1,2,...,k} define S = S™ N int pspan(S;). Then there existsi € {1,2,...,k} such
that

cm (D) = cm ((S7)°) .

Proof Note that S7 is non-empty for at least one ¢ since cl(D¢) # S™. Without loss of generality,
assume that S # 0 for all ¢ € {1,2,...,k}. Since D¢ C (8?)¢ for every 4, we get cm (D¢) <
cm ((S7)¢) for all 4.

For the reverse inequality, let u* € ¢V(D¢) and define v = ¢cm (D°) < 1. Consider the open
spherical cap

C={desS":d"u" >~}.
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Since v < 1, we must have u* € C, so C # ). By definition of cm (D¢), every d € D¢ satisfies
d"u* < ~. Hence, CN D¢ = () and it follows C C Ule Sy¢. Since pspan(S;) N pspan(S;) = {0}
for i # j, and C is connected, there exists a unique index ¢* such that C C S;.. Therefore, every
d € (82)° satisfies d "u* < . This implies

em ((88)¢) < max d'u* < 4 = em(D9).

de(s%)e

0

Lemma 28 allows us to simplify the remaining proofs, as it allows us to consider each pspan(S;)
one at a time. That is, it suffices to show that (¢F,u), from Step 1 of Algorithm 2, provides
the cosine measure and a cosine vector for (S79)¢. In Step 2, we simply take the minimum of

1 — (tF)? over i to obtain the cosine measure of D°.

Theorem 29 Suppose D€ is a set of non-descent directions not contained in a closed half-space
of R™ with its spherical complement written in the form

k
D° =S8"n U int pspan(S;),

i=1

where each S; is a finite set of nonzero vectors in R"™ and pspan(S;) N pspan(S;) = {0} fori # j.
For each i € {1,2,...,k} define S = S™ N int pspan(S;). Let P; C R™ be the finite set

containing the unit normal vector pj, for each boundary hyperplane Hj, of pspan(S;) such that

p;-rix >0 for all x € pspan(S;) and for all j; € {1,2,...,m;},1 € {1,2,...,k}. If S # 0, then

em((857)) = max /1 — (pTuy)?,
PEP;
where u} is the unique unit vector solving the SOCP in Step (1.2) of Algorithm 2. Consequently,
Algorithm 2 returns the cosine measure and the cosine vector set for D€.

Proof Consider i such that S # (). Note that this implies cm ((S7)¢) < 1. Define the normalized
frontier of pspan(S;) via

d pspan(S;) = (clpspan(S;) \ int pspan(S;)) N S™.
Note that

em((S89)€) = min  sup d'u
v ucR™ de(se)e
lull=1 ‘
_ : T
= min max d'u
ueR™ decl((S87)¢)

lull=1
— min max d'u (since cm(D€) < 1, so u cannot be in (S;)¢)
ueS? decl((S9)°)
= min max d"u
u€eS? declpspan(S;)\int pspan(S;)
lldll=1
= min d'u, (6)

ues? d€5max i
i pspan(S;)

since the maximum is attained by a unit vector on the boundary of pspan(S;).
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Let uf € S be a solution to (6) and let Hy,,..., Hy,,, be the boundary hyperplanes of
pspan(S;). Denote the projection of the vector u} onto the hyperplane H;, by Proj m,, ;- Also,
denote a boundary hyperplane containing a unit vector d € R" by Hyq. We have '

0< max d'u} = max dT(Prode uf)
ded pspan(S;) des pspan(S;)

. T
Projg. uj
— J4 g . *
max Moo %1l PI'OJH,_ llZ-
ie{i2,mid \ | Projy, || “

= ma. Proj,, u’ll.
ji€{1,2,.}.(“mi}|| r ‘]H.n‘ 1H

Note that Projy, uj need not lie in pspan(S;). However, the maximum of || Projy, uf|| over
ji is attained at a hyperplane realizing the minimal distance from u}, for which Prq] u,, u; €

pspan(S;). Next, note that
max Projg. ul|| = max sin(pp |
Gie{1,2,...,m;} I JH;, Wi I Ji€{1,2,...,mi} (cpp“)
where 0 < ¢p, < 7/2 is the angle between the positive normal vector p;, associated to the

hyperplane Hj, and the vector u}. Since (u}) 'p;, = cos(ipp;, ) and sin(pp; ) = /1 — cos?(pp, ),

we obtain

m ((87)¢) = max /1 — (pTuf)?.

pPEP;:

Now, since P; is a non-empty compact set, and ¢(t) = v/1 — 2 is a strictly decreasing continuous
function on 0 < t < 1, we have

2
min max4/1 — (p'u)2=4/1— [ max minpTu | .
uesy peP; u€$° PEP;

Moreover, the two problems have identical solution sets

argminmax /1 — (pTu)2 = arg max min p' u.

uesy PEP; ucsy PEP;
Next, we prove that
max min p' u = max minp'u. (7)
ues? peP; ucR”™ peP;
flull=1

Indeed, since S is a subset of S”, we get

max min p' u < max min p ' u.
ucs? peP; ucR” peP;
flufl=1

Let f(u) = minpep, p' u and u* be a unit vector achieving the maximum of the right hand side
of (7). Then for any G € 8, we have f(u*) > f(a) > 0. Note that f(u*) > 0 implies u* is in
S7. We get

ma u") = ma u).

mag () > () = max f(u)

[lafl=1

Besides, since the optimal value of f(u) is positive, every maximizer over S” satisfies p'u* > 0.
Hence, both sides of (7) have the same solution set.
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Finally, using similar arguments as in Lemmas 22, 23 and Lemma 33 in [2], we obtain that
the convex relaxation of the problem
T
max min p u 8
ueR™ peP; P ( )
lul=1
may be considered:
max min p ' u. (9)

ucR”™ peP;
[luf|<1

The convex relaxation returns the unique unit vector solving the nonconvex program (8). Step
(1.2) of Algorithm 2 is a reformulation of the convex program (9). In the case where D° consists
of several polyhedral cones pspan(S;), the correctness of Step 2 follows from Lemma 28. a

Remark 30 Given a full-dimensional pointed polyhedral cone C' = pspan(S) C R", we could
define the sine measure of C' (denoted by sm(C)) by

sm(C) = min r;lea%q/l —(pTu)? = min I;lél%(SlIl((p) = |1- max Ir)ne%pTu (10)

lull=1 lull=1 flull <1
where 0 < ¢ < 7/2 is the angle between u and p, and where P is the finite set of positive unit
normal vectors for the boundary hyperplanes of C. That is, find the unit vector in C' that is as
far as possible from its nearest boundary hyperplane. Equivalently, in terms of P, find the unit
vector which is as close as possible (in angle) to the farthest normal in P. A unit vector u solving
the sine measure problem is called the sine vector of C. It is worth mentioning that the sine
vector of C' is equivalent to the incenter of a proper cone K denoted by m,.(x) and introduced
in [20,21].

Under this terminology, Step (1.2) is the second-order conic program to solve the sine measure
problem for each pspan(S;). From Theorem 29 , each u} found while solving the SOCP is a unit
vector in int pspan(S;). However, it should be noted that even though the problem is an SOCP,
the number of constraints for this problem grows with the number of boundary hyperplanes to
C. Indeed, determining the constraints for the SOCP is equivalent to identifying the faces of a
pointed polyhedral cone from its extreme rays (which can grow exponentially).

5 Computing the cosine measure of the finite-max function

In this section, we consider a nonsmooth function of the form
F =max{f1, fo,..., fe}, where ficC' forallic{1,2,...,¢}. (11)

We will see that computing the cosine measure of I’ at x relies on the active gradients. Indeed,
the set P defined in Step (1.1) of Algorithm 2 is exactly the negative of the set of normalized
active gradients at the point x. A particular type of finite-max function, the ¢ norm is considered
to conclude this section. We begin by recalling the active index set at x.

Definition 31 (Active set of indices) Let F': R” — R be defined by

F == 7 )
(x) (e fax fi(x)

where f; : R™ — R is in C1. The active index set of F at x is denoted by I(x) and defined by
Ix)={ie{1,2,...,0} : fi(x)=F(x)}.
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Note that I(x) is non-empty for any x.
The set of non-descent directions of F' at x is given by

D= |J{d : V£i(x)'d>0,[d]| =1}
i€l (x)

The spherical complement of cl D¢ in S™ is equal to

D°=¢ () {d: Vfix)"d <0, |d]| =1} p nS™ (12)

1€I(x)

When |I(x)| = 1 and the gradient of the active function is not the zero vector, by Theorem
14, we obtain that cm(D¢) = 0 and c¢V(D¢) = =V fi(x)/||V fi= (x)|| where I(x) = {i*}.

If one of the active gradient vectors is equal to the zero vector, then the set of non-descent
directions of F' at x can take any form. In particualar, examples may be created (as we did in
Section 3.1) showing that in this case the cosine measure of F' at x may take any value in [-1,1].
For this reason, we assume that the set of active gradient vectors does not contain the zero vector
in the following algorithm.

Algorithm 3: Computing cm(D¢) of a max function

Given a function of the form F = max{f1, fa,..., fe}, where f; € C! for all
i€{1,2,...,¢} and a point x € R™.

0. Special cases and initialization:
Define the set of active indices I(x) = {i € {1,2,...,¢} : fi(x) = F(x)}.
If Vfi(x) =0 for any i € I(x), stop (cosine measure cannot be computed).
If |I(z)] = 1, return cm(D¢) = 0, cV(D®) = =V fi=(x)/||V fi= (%), where {i*} = I(x).

1. SOCP set up and solution:
Define the set of active negative gradients of F' at x:

V fi(x) , }
1.1 73:{— riel(x
-y U
Solve the second-order conic program (SOCP)

(1.2) (t*,u*) cargmax{t:|u] < I,p'u >t VpeP}
t,u

2. Compute the cosine measure and cosine vector set: return
(2.1) cm(D®) = /1—(t*)2,

{u*} ift* >0,

Notice that Algorithm 3 is Algorithm 2 with a few simplifications. The set of positive normals
is now given by the set of normalized active negative gradients at x. The outer loop is deleted
since the set of descent directions of F' at x can be represented by a single polyhedral cone
C' (intersecting with S™) as described in (12). Note that it is possible for C' to be empty. For
example, consider f; : R2 2 R:x — z1,fo : RZ = R: x — —2; at the point x = 0. Then
F = |z1| and we have Vf1(0) = e; and V f2(0) = —e; In this case, the SOCP returns ¢ = 0 and
we get cm(D¢) = 1,¢V(D¢) = S?. Thus we have the following corollary.

Corollary 32 Given a function of the form F = max{fi, fa,..., f¢}, where f; € Ct for all
i€{1,2,...,4} and a point x € R™, Algorithm & returns the correct cosine measure and cosine
vector set.
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We end with two examples demonstrating Algorithm 3.
Ezample 33 Consider two functions with domain R? defined by
f1(x) = x1 + @2, fa(x) = —x1 + xo.
Let F(x) = max{x1 +x2, —x1+x2} = |z1|+ 22, and consider the point xo = 0. From the contour

plot (see Figure 4), it is easy to confirm that cm(F;0) = 1/v/2 and cV(F;0) = {[0 —1]T}.

I fi=x1+Xx2 (x1=0)

m fh=-x1+x2 (x1=0) 1.0
—— Kink (x,=0)
0.5
Xo
0.0
Fog <\
X
-0.5
a D
P1 P2
-1.0 =
u
-15 T T T T T T T
-15 -1.0 -0.5 0.0 0.5 1.0 15
15 -15 x1

Fig. 4: Graph and the descent directions of F' = max{z; + 22, —z1 + 22} at x¢o = 0 (represented
by the green spherical cap).

The active set of indices at xo = 0 is I(xg) = {1,2}, so the normalized active negative

gradient set is
=49P1 = \/§ 11! P2 = \/§ -1 .

Solving the SOCP,

{ ul <1 Y ||\u[||§1

max<qt: 7 }:max t: —u1/vV2—us/V2 >t
>t Vv P

t, u p'u> pE< t,u 1/ — /3 > ¢

=max<t: ||u|| <1
t,u ’ —U2 Z \/it ’
we obtain

em(F;0) =1/1—(1/v2)2=1/V2 and u* = [ 0} = cV(F;0).

-1
In Example 33, the cosine vector u* is also the direction of steepest descent. In general, this
is not necessarily true. For example, considering F'(x) = max{x1,2z2} at the point xy = 0, we

find u* = —% [1 1}T (and em(D®) = 1/4/2) but the direction of steepest descent, denoted by

Ugg, 1S —% [2 1]T. Figure 5 illustrates both vectors on the contour plot of F.
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-1.0 -0.5 0.0

Fig. 5: The cosine vector u* of F' at xg = 0 is not equal to the steepest descent direction ugy

Our second example considers the common regularization function ¢;. Recall, in R™,

n
]
X = €Tr;| = ma. o X
I =3 fl = a0

where the notation {—1,1}™ means that each entry of the n-dimensional vector o is either —1
or 1. Therefore, ||x||; is the maximum of 2™ linear functions. Each linear function has the form
fo(x) = 0 Tx € C' and gradient equal to Vf, = o # 0,,. Algorithm 3 provides us the tools to
compute the cosine measure of this function as a simple formula of the number of zeros in the
point xg.

Theorem 34 (Cosine Measure of the ¢; norm at xq) Let F(x) = ||x||1 and let xg € R",n >
2. Let m be the number of 0s in xq. Then

m S"ifm=mn
cm(F;xo)Z\/; and CV(F;XO):{\/ii;m<n,}

where s € {—1,0,1}" is defined by

+1 (Xo)j > 0,
sj =sgn((x0);) =< 0 (x0); =0, je{1,2,...,n}. (13)
-1 (x0); <0,

Proof If m = n, then x¢g = 0 and the result follows from Theorem 13.
Suppose m < n and define the nonzero and zero index sets respectively by

N ={j:(x0); #0}, Z={j:(x0); =0}, INl=n—m, |Z]|=m.

The active negative gradient set at xy can be written as

~ o, =—58; 1€N,
P{S'ai:il ieZ }
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Since ||s|| = v/n, the normalized active negative gradient set at xg can be written as

P p=t1/n i€z [

Thus, the SOCP in Algorithm 3 becomes
r?ax{t: J[ul < ,p'u>t VpeP}
= max {t Sl < 1,- Z siu; — Z lu;| > \/ﬁt}
ieN i€z

:r)rslax{t:||u|| < 1,—28“% > Vnt, u;=0 Vi EZ}.

i€EN

This is solved when

__% ifieN —
uf =< Vn—m e and =Y
0 ifieZ vn

Applying Step 2 of Algorithm 3, we find

S"ifm=mn

m
cm(F;xO):m:\q and  cV(F;x) = S5 _ifme<n
vVn—m ’

0O

Combining Theorem 34 with Theorem 10, we gain insight regarding the cosine measure
required to ensure a set contains a descent direction of the ¢; norm at a given point.

Corollary 35 Let F: R" = R:x — ||x||1,n > 2. Suppose xo has m zero entries. If E is a set

of vectors in R™ with cosine measure cm(E) > %, then E contains a descent direction for F

at xg. (If m = n, this is impossible.)

6 Conclusion

Several future research directions have emerged from this work. An analysis of the finite-max
function using approximate gradients to find the cosine measure value could be explored. In
practice, the exact gradients are usually unknown and using approximation of the gradients
might be necessary. Gradients can be approximated using generalized simplex gradients [13,17]
and bounds between the exact cosine measure and the approximate cosine measure could be
developed. Another obvious research directions is to investigate the cosine measure of other
classical nonsmooth functions. For instance, the ¢; norm function of Ax — b, the maximum
eigenvalue function, the nuclear norm function and the Hinge loss are reasonable choices.

The cardinality of active set of vectors for a sine vector (or a cosine vector) is still unclear.
It is known that the active set may not contain a basis of R™ in general. Depending on the
properties of the set D€, it might be possible to develop results on the cardinality of the active
set.

Another important topic to investigate is the cosine measure of a set pspan(S) such that
pspan(S) has an infinite frame. In this paper, we have assumed that all frames are finite. However,
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this is not always the case. One of the most famous examples of an infinite frame is the Lorentz
cone: in R, £ = pspan(S) where S = {v € R® : v = [cos(0) sin(f) 1]T ,0 € 10,2m)}]. In some
cases, it might be possible to develop results related to cosine measure. Beyond such convex cones,
nonconvex semialgebraic sets with explicitly characterized geometric structure provide another
promising source of infinite directional families. In particular, bilinear constraint sets, including
hyperbolas, possess continuously varying tangent and normal directions that could naturally be
studied from the perspective of cosine measures [3,27]. These examples may help clarify when
cosine measures associated with infinite families are computable and how the geometry of the
underlying set influences their values and active directions.
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