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Abstract

We consider a broad class of bilevel linear programs in which the follower’s decisions are all con-
tinuous, while the leader’s decisions may include integrality restrictions. Solving such problems to
optimality is known to be N P-hard. A classical approach in bilevel optimization for constructing lower
and upper bounds is based on a single-level relaxation, in which the follower’s objective function is
dropped. Equivalently, the leader is assumed to “fully control” all of the follower’s variables, which
reduces the original bilevel program to a single-level optimization problem. We propose a generaliza-
tion of this approach in which the leader controls only a subset of the follower’s variables. This simple
generalization yields a hierarchy of lower and upper bounds, with an underlying trade-off between the
quality of the bounds and the computational difficulty of obtaining them. Finally, we provide some
preliminary computational observations.
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1 Introduction

We consider a class of bilevel optimization problems of the form:

P n
n* = I?cl,iyn Z ;T + Z Biyi
i=1 i=1
st. € X i={Az>b, x € RE x 712}, (BP)
n
y:=y(x) € argmygx{ Z%gi : Cy<d— Bz, jeR}},
i=1

where the lower-level problem is a linear program (LP), while the upper-level decisions may involve
integrality restrictions. Let p :=p1 +p2, A € Q¥*P, B € Qm*P, C € Q™*", b€ Q7 and d € Q™. Also, to
simplify our further notation we assume that a € QP, g € Q", and v € Q™ are all row vectors. We refer
to z and y as the upper-level (leader’s) variables and the lower-level (follower’s) variables, respectively.
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In bilevel problems, the key underlying assumption is that the leader acts first by setting the values
of z. Then, the follower determines the values of variables y := y(x) in reaction to the leader’s choice by
solving the lower-level problem. Because the bilevel problem is considered from the leader’s perspective,
the leader’s aim is to select the best solution while taking into account the follower’s rational response.

Bilevel problems of the form given by (BP) model hierarchical decision-making processes in a variety
of practically relevant application settings. Primary examples include network design [1], pricing [10],
and defense [3]. We also refer the reader to recent detailed surveys in [2, 8].

Next, we formally define

S={(z,y) € X xR} : Bx+ Cy < d},

which is the feasible region of the relaxation obtained by dropping the optimality conditions on the
follower’s variables at the lower level. Given z € X, we refer to

S(z)={yeR} : (z,y) €S}

as the follower’s feasible region, which represents the feasible decisions available to the follower, given a
fixed leader’s solution x. Then, the follower’s feasible reactions, i.e., the set of optimal solutions of the
lower-level problem are given by

R(z)={yeS) : wy=2yy VyeS(x)}

which is referred to as the follower’s (rational) reaction set. Note that the lower-level problem in (BP)
can be then re-written as simply y € R(z). We say that a pair of leader’s and follower’s decisions given
by (z,y) is bilevel feasible if x € X and y € R(x).

Throughout this note we make the following two assumptions:

A1: The leader’s feasible set X is non-empty and bounded. Furthermore, for any € X, the follower’s
set S(z) is also non-empty and bounded.

A2: We consider the optimistic version of bilevel problems. That is, for any x € X, if R(x) is not a
singleton (i.e., the follower’s problem has multiple optimal solutions), then the follower picks the
one that is most favorable to the leader’s objective function.

Assumption A1 is relatively standard in bilevel optimization literature and simply ensures that (BP)
has a finite optimal solution [4]. Assumption A2 is directly incorporated in our model formulation (BP)
as the follower’s optimal solution y appears under the minimization symbol at the upper level. Hence, if
(x,y) is optimal for (BP), then we must have y € R(x) and Sy < py for all y € R(x).

Furthermore, we note that the optimistic model is, perhaps, the most commonly used approach in
the bilevel optimization literature [8]. Admittedly, there also exists the pessimistic model, where the
least favorable response by the follower is considered [16]. Finally, both the optimistic and pessimistic
responses can be considered simultaneously, leading to what is known as the strong-weak model [9].

Bilevel problems given by (BP) reduce to bilevel LPs (BLPs) if there are no integrality restrictions at
the upper level, i.e., po = 0. In contrast to classical single-level LPs, BLPs are known to be computationally
difficult, i.e., strongly N P-hard; see, e.g., [6, 7]. Moreover, finding even locally optimal solutions is
difficult [11]. On the positive side, BLPs, as well as more general classes of bilevel problems with LPs at
the lower level as in (BP), can be reformulated as single-level mixed integer linear programs (MILPs) via
the LP optimality conditions; see our further discussion on this issue in Section 2.5.



If we relax the optimality requirement for the follower in the lower level, then the resulting single-level
relazation of (BP) is an MILP of the form:

P = min {az + By}, (SLR)
(z,y)eS
which provides a lower bound for (BP) because an optimal solution for (BP) is always feasible for (SLR).
This problem is also known as the high-point problem in the related literature.
Furthermore, an optimal solution for (SLR) can also be used to find an upper bound for (BP).
Specifically, assume (2°,3°) is optimal for (SLR) and §° € R(z") is an optimal follower’s decision for the
lower-level problem corresponding to z°. Denote by

ﬁSLR($O,QO) — a[L‘O _’_Bgo
the leader’s objective function value corresponding to (zg, 9p). Then, we have that:
P <t < PR, ), (1)

which we refer to as the SLR-based bounds. Note that if the leader’s decisions are all continuous in (BP),
then both the upper and lower bounds in (1) are computable in polynomial time. The SLR-based bounds
are commonly exploited for solving various classes of bilevel optimization problems, including those that in-
volve integrality restrictions at the lower level; see, e.g., a recent example in [12] and the references therein.

Note that one way to interpret the SLR-based bounds is that the leader controls all lower-level vari-
ables. In this note, we propose a natural generalization of this approach, where the key idea is to assume
that the leader controls only a subset of the follower’s variables. Hence, the problem remains bilevel,
where the lower-level problem becomes smaller as the follower controls only the remaining subset of the
lower-level variables. This simple generalization yields a hierarchy of lower and upper bounds, with an
underlying trade-off between the quality of the bounds and the computational difficulty of obtaining them.

The remainder of this note is organized as follows. In Section 2, we formally describe the proposed
hierarchies of bounds and present a simple approach for computing them. We also discuss several basic
properties of these bounds and provide illustrative examples. In Section 3, we report some preliminary
numerical observations. Finally, Section 4 summarizes our results and outlines future research directions.

2 Hierarchy of bounds

First, in Section 2.1, we formally outline the idea of a partial relaxation of the follower’s objective
function, which leads to a bilevel problem with a lower-level problem of a reduced dimension. Sections 2.2
and 2.3 then describe the lower and upper bounds for the original problem obtained by solving this simpler
bilevel problem. Section 2.4 provides some additional observations and examples. Finally, Section 2.5
presents a single-level MILP reformulation that can be used to compute the developed bounds.

2.1 Partial relaxation of the follower’s objective function

Recall that the follower’s problem has n decision variables. Assume F C [n] := {1,...,n} and let
f :=|F|. Define yr as a vector, which consists of the components of y that are contained in F. That is,

YF = Wirs Yins - - - Yij)

where F := {i1,42,...,ir}. Similarly, we define £ := [n]\ F, £ := |L| = n — f and yz. We also in-
troduce a vector of auxiliary variables §r, which has the same dimension as yr. Then, we assume that
(x,yc,JF) € Rﬁl X Zlf X Rﬁ X Ri and yr € Rfr are leader’s and the follower’s variables, respectively.



Let Cr and C be sub-matrices of C' containing the columns that correspond to F and L, respectively.
Then, we define another bilevel problem with the leader’s variables given by (x,yr, §r):

77;—' = InlIl Z Q;T; + Z Biyi + Z Biyi

:Eyllvy}— icL 1€F
s.t. J:GX:Z {Az >0, z e R < 217}, (BP[F])
(z,yc,9r) €S,

yr € argn;ax{ Z%yz Cryr <d—Bx —Cryc, yr € Ri},
ieF

where in the constraint (z,yr,yr) € S, the vector of lower-level variables is understood as the vector
whose L£-components are y, and whose F-components are §r. Recall from Section 1 that set S is defined
for vectors (z,y) formed by the leader’s and follower’s variables.

Next, there are three important observations that need to be made here, which we outline below.

e First, the leader’s variables yr appear only in the constraints that require (x,yc,gr) € S at the
upper level. Indeed, these variables do not contribute to the leader’s objective function, and do not
appear in the follower’s constraints; only variables (z, y,) appear in the follower’s problem. We intro-
duce these auxiliary variables to ensure that for any feasible leader’s decision (z, y., §r) in (BP[F]),
the corresponding follower’s problem is feasible. That is, assumption A1 also holds for (BP[F]).

e Second, if F = [n], then £ = (), which implies that (BP[F]) and (BP) coincide, i.e., (BP[F]) reduces
to the original bilevel problem. Indeed, auxiliary variables 3+ can simply be dropped from the model.

e Finally, if 7 = (), then £ = [n], which implies that (BP[F]) and (SLR) coincide, i.e., (BP[F]) forms
a single-level relaxation of the original bilevel problem.

Generally speaking, (BP[F]) is a natural generalization of the single-level relaxation (SLR), where,
instead of all follower’s variables, the leader “controls” only a subset of the original follower’s variables,
denoted by set £ C [n]. Meanwhile, the follower retains the control of the variables in F, while [n] = LUF.

2.2 Lower bounds

In the remainder of the note, we use (27, yf ,g]@) and y;: to denote the leader’s and the follower’s
optimal solution for (BP[F]). In this notation, superscripts indicate the relaxation set used to obtain a
solution, while subscripts indicate the corresponding variable block.

We first show that (BP[F]) provides a natural lower bound for (BP). Formally:

Proposition 1. For any F C [n], 0 is a valid lower bound for n*, i.e., ny < n*. Furthermore, if
F' C F, then 0y < k.

Proof. Let (z*,y*) form an optimal solution for (BP), and y; and y% be the components of y* that
correspond to £ and F, respectively. Let §% := y%. Then, (z*,y}, %, y5) is bilevel feasible for (BP[F]),
where (z*,y},7%) and y% are the leader’s and the follower’s decisions, respectively. Hence, n% < n*.
The proof of the second part of the statement proceeds in a similar manner. Recall that (27, yf , g]jf , yfT)
forms an optimal solution for (BP[F]). Denote by yf, and y]];, the components of (yj:T ) yj];) that correspond
to £’ and F’, respectively. Also, let §%, := y%. Then, (z7,y7,, 5%,y ) is bilevel feasible for (BP[F])
and the result follows. O



In addition, these lower bounds improve progressively as the cardinality of F increases, or, equivalently
the cardinality of £ decreases. That is, we obtain the following hierarchy of lower bounds:

Proposition 2. For any nested sequence ) = Fy C Fi C --- C Fp, = [n] such that |Fix| = k for all
k € {0} U [n], we have that:

USLRZW*FO < <<k =1t
Proof. The facts that nS'F = nx, for Fo = () and n* = n%, for F, = [n] hold by the construction of
(BP[F]). The remainder of the proof follows directly from Proposition 1. O

2.3 Upper bounds

Similar to the construction of the SLR-based upper bound in Section 1, (BP[F]) can be exploited to
construct upper bounds for (BP). Formally, let (z7,y/, §%) be an optimal leader’s solution for (BP[F])
and §7 be an optimal follower’s decision to the lower-level problem in (BP), given that the leader’s
decision is z7, i.e., g7 € R(z7).

Next, define 77 as the leader’s objective function value in (BP) corresponding to (z7, 97

), i.e.,
iF(x”,57) = ax” + 657, (2)
which provides a valid upper bound for (BP). That is:

Proposition 3. For any F C [n], let (27, y%,§%) be a leader’s optimal solution for (BP[F|) and §” €
R(z). Then, fr(x”,97) is a valid upper bound for n*, i.e., n* < fr(x”,§7).

Proof. Tt follows directly from the definitions of (z7, 97, where (7, §7) is clearly bilevel feasible for (BP)
by its construction outlined above. ]

Corollary 1. If ny = fr(x”,§7), then n* = Ny and x7 is a leader’s optimal solution for (BP).

It is important to point out that, for any F C [n], the value % is uniquely defined. However, the
same does not hold for the upper bound. Indeed, for a given F, a leader’s optimal solution for (BP[F]),
i.e., 27, is not necessarily unique. Similarly, given 7, the set of the follower’s optimal responses R (z7)
is not necessarily a singleton. Consequently, the value of the upper bound, 7z, is a function of both 27
and 7 € R(x”), which is reflected in (2). This observation also holds for the SLR-based upper bound in
the right-hand side of (1), which corresponds to F = (). Furthermore, in general, for F = [n], the value
of fx can be strictly larger than n*, since in (2) one is not required to pick 7 € R(z”) that is most
favorable to the leader. However, if R(z”) is a singleton, then 7z = n* for F = [n].

One implication of the preceding discussion is that, in contrast to the lower bound, the quality of the
upper bound does not necessarily improve as the cardinality of F increases. That is, a result similar in
spirit to Proposition 2 does not hold in general for 7. We illustrate this issue below.

Example 1. Given an instance of the knapsack interdiction problem:
n* = min y; + 2y2 + 2y3
x}y
st. z1+ 22 +23<2, € {0, 1}3,

yEargm;x{§1+2yg+3§3 et U3 <2,z +7 <1 Vie{l,2,3}, geRi},

we consider Fy C F; C Fa C F3, where Fy = 0, F1 = {3}, Fo = {2,3}, and F3 = {1,2,3}. That is, Fp
and F3 correspond to the single-level relaxation and the original bilevel problem respectively. Then:



e For Fy = (), the leader controls all follower’s variables, which are set to 0. Then, n°*R = nr, =0 and
270 = (0,0,0) " is one of the optimal leader’s decisions for (BP[F]). Thus, §7° = (0,1,1)" and iz, = 4.

e For F; = {3}, the leader controls y; and y2, which are set to 0. Hence, 71 = (0,0,1)" is one of the
leader’s optimal decisions, with 1% = 0. Then, 771 =(1,1,0)" and A7, = 3.

e For 7, = {2,3}, the leader controls only ;. However, observe that 22 = (0,0,1)T remains one of
the leader’s optimal decisions, with 1%, = 2. Then, §72 = (1,1,0)" and 7z, = 3.

e For F3 = {1,2,3}, the leader does not control any follower’s variable. Hence, 273 = (1,0,1)" is a
leader’s optimal solution, with 1%, = 2. Then, 773 =(0,1,0)" and fjx, = 2.

In this example, we have a monotonically non-decreasing sequence of lower bounds, i.e., 0 < 0 <2 < 2,
which is consistent with Proposition 2. Similarly, we have a monotonically non-increasing sequence of
upper bounds, i.e., 4 > 3 > 3 > 2. However, observe that for 1 = {3}, the leader has multiple optimal
solutions. That is, 77 = (1,0,1)T is also optimal. Then, 71 = (0,1,0)" and 77, = 2. Consequently,
the corresponding sequence of upper bounds is not monotonically non-increasing, i.e., 4 >2 %3 >2. 0O

To obtain a monotonically non-increasing sequence of upper bounds, one can slightly modify the
definition in (2). Formally, consider a non-decreasing sequence ) = Fy C F; C --- C F, = [n] such
that |Fi| = k for all k € {0} U [n]. Assume also that for each F € {Fo, Fi,...,Fn} we are given the
corresponding optimal solution, (z7,y} ,gﬁ), for (BP[F]) and §7 € R(z”). Then, we define:

i, = min {aa” + 57}, (3)
which allows us to provide the following hierarchy of upper bounds.

Proposition 4. For any nested sequence ) = Fy C F; C --- C F, = [n] such that |Fi| = k for all
k € {0} U [n], we have that:

N =i, > i > >, >
Proof. Follows directly from Proposition 3 and the definition given by (3). O

2.4 Additional observations

One may conjecture that, in order to obtain tighter relaxations, it is favorable to include into set L (i.e.,
by removing from F) the indices corresponding to the follower’s variables that take zero values in the
bilevel optimal solution. Intuitively, this approach allows the leader to control those follower’s variables
that are zero (and hence, in a sense, not “used” by the follower) in the optimal bilevel solution. However,
the following example illustrates that this strategy can be both advantageous and disadvantageous.

Example 2. Consider an instance of the knapsack interdiction problem given by:
N = rényn Y1 +y2 + Mys

st. z1+ 20+ 23 <1, $€{0,1}3,
yEargm;x{gjl—FZgjg—i-ngg ety <l, z+y <1 Vie{l 23} geRi},

where we assume M is some constant parameter and M > 1. Naturally, the bilevel optimal solution
is setting 2* = (0,0,1)7, which results in * = 1. Note that y(z*) = (0,1,0)". Given the intuition
considered above, one can consider setting either £ = {1}, or £ = {3}.

First, if £ = {1}, i.e., F = {2,3}, then the leader sets 7 = (0,0,1)T. Indeed, the leader controls y;;
hence, the leader can set y{: =0 in (BP[F]). Consequently, n% = 1, and the corresponding 7 = 1, which
implies that the upper and lower bounds coincide, and 7 = (0,0,1) " is optimal for (BP).



On the other hand, consider £ = {3}, i.e., F = {1,2}. Then, the leader may set 7 = (0,1,0) ", which
results in % = 1. Consequently, 77 = M, which implies that the upper bound can be arbitrarily bad. [J

Next, we define:
©:={#cR™ : Jzre X such that § = d — Bz},

which is a set of all possible right-hand sides of the follower’s LP in (BP). Then, we say that set L C [n]
is a follower’s null set if for any 6 € O, there exists y° € argmax{yy : Cy <0, § € R” } such that:

(i) y? =0 for all i € L, and

(ii) for all y € argmax{yy : Cy <6, y € R"}, we have that Sy > 5y°.

The latter condition is trivially satisfied if the follower has a unique optimal solution for every 8 € ©.
Otherwise, this condition ensures that 3° is picked whenever the follower has multiple optimal solutions;
recall Assumption A2.

Proposition 5. Let £ := [n] \ F be a follower’s null set. Let (xf,yf,gjf) be the corresponding leader’s
optimal solution in (BP[F)). If yf =0, then Ny =n" and x” is a leader’s optimal solution for (BP).

Proof. First, we note that n% < n*; recall Proposition 1. By construction: n% = ar” + YoicF @-yif , Where
vector {y/ };cr forms an optimal (optimistic) solution for the follower’s LP in (BP[F)).

Next, consider the follower’s LP in (BP) for a given leader’s decision 2. Let 7 € R(z”) be an
optimal solution for the follower’s LP, which is also most favorable to the leader among those in R(z” ).
Since £ is a null set, it implies that g7 = 0 for all i € £. Then, vector y := ({0}icz, {y }ier) € R(27).
Furthermore, by construction, > ;. Biyf > Y_.c7 B9 . Consequently, n = fiz(z”, §7) and the result
follows from Corollary 1. O

A natural question is why verification of yf = 0 is required. The underlying intuition is that the leader
in (BP[F]) may choose y/ # 0 to induce a favorable reaction from the follower in the lower-level problem.

As a final remark, we note that finding an appropriate null set, in general, should be nontrivial.
Indeed, by its definition, it requires considering all possible right-hand sides in the follower’s problem. In
fact, such nontrivial sets may not even exist. Nevertheless, this analytical observation demonstrates that
the proposed bounds can exhibit strong theoretical performance in certain settings.

2.5 Single-level reformulation

A standard approach for solving bilevel problems with an LP at the lower level is to reformulate them
as single-level optimization problems using the LP complementary slackness (CS) conditions; see, e.g.,
[15] and the discussion therein. Such reformulations can then be tackled by standard off-the-shelf MIP
solvers. Similarly, problem (BP[F]) admits a single-level reformulation, which we provide next:

P n
nF = min D i+ B
i=1 i=1
st. € X :={Az >b, v € R xZ?},
Cryc + Cryr < d— Buz,
CEX > 7,
AT(d— Bz — Cryr — Cryr) =0,
yr(CFA = 77) =0,
Yr € Ri_fa Yr € R{rv A€ RT)

(BP[F]-CS)



where the dual variables for the follower’s LP problem in (BP[F]) are denoted by A. Note that, in contrast
to (BP[F]), the single-level model (BP[F]-CS) does not require the auxiliary variables g, as the feasibility
of the follower’s LP is directly enforced. Indeed, one can simply apply the standard CS-based reformulation
to (BP[F]) and observe that the resulting model can be simplified by setting g to be equal to yr.

The key insight is that (BP[F]-CS) contains O(f + m) complementarity pairs, which can either be
linearized using a big-M method or addressed directly via the solver’s capability to handle SOS1 con-
straints or bilinear terms. In either case, the model’s complexity (and potentially, the solver’s running
time) decreases as f := |F/[, i.e., the number of variables controlled by the follower in (BP[F]), decreases.
On the other hand, the quality of the corresponding upper and lower bounds improves as f increases;
recall Propositions 2 and 4. Naturally, there is a clear trade-off, which we explore numerically in Section 3.

In fact, one can also point to another theoretical argument supporting the outlined approach. Bilevel
linear programs (BLPs) with a fixed number of the follower’s variables are known to be polynomially
solvable [5, 7]. Hence, in view of (BP[F]), when py = 0, our approach provides polynomially computable
upper and lower bounds for BLPs whenever the cardinality of the set F, i.e., f, is fixed.

3 Proof-of-concept: preliminary computational observations

Next, we present the results of our preliminary computational experiments. Note that an extensive
computational study is beyond the scope of this short note. Instead, our goal is to highlight potential
benefits of the proposed bounding schemes and directions for future theoretical and computational work.

3.1 Experimental setup

Our test instances are available in a GitHub repository!. We consider two sets of test instances; see
Sections 3.3 and 3.4, respectively. In the first set, all upper-level variables = are integer-valued and upper
bounded by 10. In the second set, half of the upper-level variables are integer-valued and the other half are
continuous, with all upper-level variables bounded by 10. Recall also that all follower’s decision variables
are continuous in (BP). The remaining parameters are held the same for both test sets.

Specifically, the numbers of decision variables and constraints at each level are set equal, i.e., p1+ps = n
and ¢ = m. For the pure integer case (in the upper level), we consider n € {10, 60,110, 160, ...,410,460}
with m = 0.4n and m = 0.6n. The instances sourced from BOBILib [13] (originally from [14]) cover n €
{10, 60, ...,460} with m = 0.4n. For m = 0.6n, we follow the approach introduced in [14]. For the mixed-
integer case (in the upper level), we also consider larger instances, where n € {600,800,1000} with m €
{0.4n,0.6n}. These instances are generated following the approach similar to that used in [14]. Specifically,
all problem coefficients are integers generated randomly and independently from a discrete uniform dis-
tribution over specified intervals. The objective function coefficients, i.e., the elements of «, 3, and -, are
drawn from [—50, 50]. The coefficients of the constraint matrices A, B, and C are generated within [0, 10].
The right-hand sides at the upper and lower levels, i.e., b and d, are sampled from [30, 130] and [10, 110],
respectively. For each pair (n,m), we consider 10 instances and report average performance metrics.

For the performance metrics, we define §; and 0y as the relative percentage deviation of the lower
and upper bounds, (7%, 7F), from the true optimal objective function value n*, computed as:

x 100 and Oy = ‘”fm_*‘” | 100,

m*|

"https://github.com /mhmoud-ashraf/slr-generalization



respectively. Additionally, we define:
5. IiF =1
9|
which is the percentage optimality gap between n% and 7)r.

Finally, all computational experiments are performed using Gurobi 11.0.3. All experiments are coded
in Python 3.10 and executed on a Windows PC with 3.2GHz Intel Core i5 processor and 28GB of RAM.
We use Gurobi’s native support for SOS1 constraints to handle the complementary slackness constraints
in (BP[F]-CS). In our computational experiments below, all running times are reported in seconds.

x 100,

0.00 0.00 _0.00 0.00 0.00 0.00 0.00 _0.00 _0.00

Deviation from optimal value (%)

.13

0 20 40 60 80 100
Percentage of decision variables controlled by the follower, 7 (%)

(a) Random relaxation (Hg)

0.00

Deviation from optimal value (%)
Deviation from optimal value (%)

0 20 40 60 80 100 0 20 40 60 80 100

Percentage of decision variables controlled by the follower, ' (%) Percentage of decision variables controlled by the follower, 7 (%)
(b) Non-increasing 7-based relaxation (H) (c) Non-increasing S-based relaxation (Hg)

Figure 1: Deviation percentage of upper (green)/lower (blue) bounds from the optimal value of (BP),
Le., (ny —n*)/n* and (7x —n*)/n* , for different relaxation approaches, where n = 110 and m = 0.4n.
The runtimes (in seconds) for (BP[F]) and (BP) are shown in red and black, respectively.

3.2 Constructing F

In our study, we consider three simple approaches for constructing the set F, hereafter referred to
as Hgr, H,, and Hg. Each approach first generates an ordering of the follower’s variables. For a given
cardinality f = |F|, the set F is then defined as the first f variables in this ordering.

The first approach, Hg, uses the random.shuffle () method in Python to generate a random ordering
of the follower’s variables. The second approach, H., sorts the follower’s variables in the non-increasing
order of the 7 coefficients (i.e., the follower’s objective function). That is, the follower controls the
variables that are, in a sense, most important to the follower’s objective function. Finally, the third
approach, Hg, sorts the follower’s variables in the non-increasing order of the 3 coefficients. Thus, the



follower controls the variables that are least favorable to the leader’s minimization objective. In other
words, these variables are potentially most detrimental for the leader’s objective function.

3.3 Results for pure integer leader’s decisions

Figure 1 illustrates the quality of the upper and lower bounds for an instance with (n, m) = (110, 0.4n)
at different relaxation levels, i.e., the cardinality of F. The z-axis represents these relaxation levels in
the percentage of decision variables controlled by the follower, i.e., | F|/n x 100%. The y-axis shows the
deviation percentage of the lower and upper bounds (7%, 7’%) from the true optimal objective function
value n*, depicted in blue and green, respectively. The runtime to compute each bound is labeled in red,
while the black label represents the time required to solve (BP) to optimality.

Figures 1(a)-1(c) illustrate the progressive improvement in the obtained bounds as the follower con-
trols more decision variables. The monotonic increase in the lower bounds and decrease in the upper
bounds align with our theoretical observations in Propositions 2 and 4. Notably, the 5-based relaxation
Hpg seems to provide the tightest bounds. A possible explanation for this behavior is that the follower
controls the variables that are, in a sense, most impactful for the leader’s objective function.

Tables 1-3 summarize the average performance of each relaxation approach across the 10 instances for
each size pair (n,m). The columns m, n, Timepp, |F| = 0%, and BP are identical in all tables, as they
are independent of the relaxation approach. The columns m and n report the number of constraints and
decision variables at each level, respectively. The Timepp column reports the average runtime to solve
(BP) to optimality using the solver. For each relaxation level, we report dr, dy, and ¢ as well as the
runtime to compute these bounds (Time).

Table 1: The average performance of a random-based relaxation of the follower’s objective (Hg) for 10
instances of each size (n,m). Superscripts in the BPy and BPgy columns indicate the number of instances,
where finite bounds are found within the specified time limit.

. |F]=0% |F| = 50% |F| = 90% BPy BPg

m n Timepp
6L 5(," 6 Time 5L 6U d Time 6L 6(] 6 Time §L 6U 4 6L 6U J
10 0.01 33.10 17.90 761.47 0.01 19.03 15.12 727.12 0.01 1.67 3.71 6.97 0.01  29.02 10.46® 50.019 84810 46410 1576(10)
60 0.16 33.94 54.78 608.72 0.02 20.17 37.40 219.73 0.05 8.1526.98 75.36 0.10 272.65(70 27.47M 115.08() 6.59(10) 4.20010) 12.23(10)
110 1.14 22.10 51.56 276.52 0.04 14.24 38.98 1180.29 0.15 7.52 16.82 48.46 0.37 - - - 7.82000 9.97(6) 17.84(6)
160 2.70 23.65 48.77 209.20 0.09 20.50 36.05 112.72 0.31 10.87 20.51 58.32 0.76 - - - 12,5300 940 28.42(7
04n 210 6.74 25.75 56.94 1022.34 0.19 19.90 43.18 940.44 0.51 11.60 19.21 49.00 1.52 3466.96() - - 13.6510 12,700 34.75(7)

o

10.639)  26.43(%)
12.86(10) 34.58(10
10.65®)  30.73®

260 17.46 31.25 64.06 747.09 0.25 25.71 62.67 662.48 0.71 10.81 23.37 56.03 3.77 - - - 12.000
310 34.12 32.18 52.00 393.09 0.39 26.39 44.29 218.24 1.23 15.07 24.52 70.01 3.54 2734.892 40.80) 120.34(M) 16.471
360 125.31 28.87 72.93 697.36 0.63 24.16 56.65 566.76 2.17 14.12 32.28 108.72 7.37 2377.46®) 16.73)  60.19) 1575010

LLeeeseeesesee

410 285.95 33.62 65.39 431.89 0.66 27.52 53.82 234.83 2.49 16.71 29.07 86.47 11.51 2408.45() - - 19.1500 21.41(M  55.15(7
460 552.38 41.14 81.98 465.23 1.11 31.89 79.36 327.34 3.88 13.89 40.38 120.10 54.52 5082.84(7) 42.46(2) 7829.062 18.8110) 1508 48.36(
10 0.01 82.26 85.78 265.82 0.01 26.72 31.66 158.55 0.01 13.18 12.23 61.71 0.01  0.3809 4.71(10) 9,100 1213(10) 1.9100) 1621010
60 0.22 13.01 36.95 343.31 0.02 11.42 36.34 404.60 0.08 2.82 555 10.12 0.11  3.85010) 15.85(10) 46.23(10)  307(10) 08010 10.68(19)
110 0.99 22.77 37.48 156.25 0.06 17.31 32.67 120.47 0.20 7.20 14.99 31.27 0.43  14.02® 0.05@ 8514 10.3410 0310  7.97()
160 6.43 35.61 62.80 1431.79 0.13 26.52 57.42 290.02 0.46 12.21 33.98 298.03 1.31 24.3810) 36923 156.42) 14.0310) 1258 32.99(7
0.6n 210 10.65 31.08 63.48 763.92 0.24 23.9245.98 106.18 1.06 13.54 18.31 47.87 2.97 28.89(19 2940 164.04() 17.8319 25.10®) 101.80®)
260 22.04 35.37 85.97 987.29 0.42 28.83 78.99 976.72 1.40 15.84 30.29 260.09 4.59 554.20(10) - - 19.1709  8.78®) 27.00®
310 147.13 36.44 59.00 399.33 0.62 29.99 55.80 296.81 1.85 16.68 21.49 60.46 8.79 36.76(10 10.573)  45.373) 22.32(10) 336 28.11(6)
360 289.85 32.42 70.15 1002.31 0.66 26.64 59.77 734.48 3.80 15.42 56.80 200.90 17.89 897.05(19) 16.25(1) 62,931 17.4200 7,057 26.33(7
410 1020.45 43.72 87.86 583.86 1.05 33.64 51.60 379.97 4.83 21.93 25.12 78.95 25.15  44.63(10) - - 264410 6964 28544
460 6468.90 43.84 75.78 1415.02 1.29 38.61 84.55 1390.98 7.97 25.65 56.09 967.99 40.98  46.95(10) 53.72(1) 202.37() 25.8810) 17.65(10) 84.56(10)

The BPy and BPgyy columns report 0z, 67, and § when solving (BP), with the solver limited to run
for the same amount of time (using the TimeLimit parameter) needed to obtain the relaxation-based
bounds at |F| = 0% and |F| = 90%, respectively. We use the Gurobi attributes 0bjVal, ObjBound, and
MIPGap, which correspond to the incumbent objective function value, best lower bound, and the relative
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Table 2: The average performance of a y-based relaxation of the follower’s objective (H,
of each size (n,m). Superscripts in the BPy and BPgy columns indicate the number

finite bounds are found within the specified time limit.

) for 10 instances
of instances, where

) |F| = 0% |F| = 50% |F| = 90% BP, BPqg

m n Timegp
o ou § Time oL ou § Time o Ou § Time oL Sy 0 or ou 0
10 0.01 33.10 17.90 761.47 0.01 9.34 4.79 17.11 0.01 7.32 3.83 14.00 0.01  29.02 10.46( 50.01 23.1700) 24.86(10) 477.27(10)
60 0.16 33.94 54.78 608.72 0.02 21.17 46.21 407.71 0.02 8.20 22.20 196.45 0.10 272.65(7 27.47M 115.08M) 6.32010) 7.75010) 17 39(10)
110 1.14 22.10 51.56 276.52 0.04 13.89 36.75 1354.30 0.08 5.98 19.12 48.19 0.32 - - - 9.2900) 19.246)  41.490)
160 2.70 23.65 48.77 209.20 0.09 16.77 25.40 89.33 0.15 10.86 23.31 82.41 0.59 - - - 147709 11,65 35.03(0)
0.4n 210 6.74 25.75 56.94 1022.34 0.19 16.10 35.10 863.87 0.30 9.80 17.04 52.72 1.34 3466.96(2) - - 11.38(10) 948  24.89(7)
260 17.46 31.25 64.06 747.09 0.25 19.85 45.18 215.73 0.43 11.12 29.20 65.86 2.25 - - - 14.83(10) 11.95(10)  33,68(10)
310 34.12 32.18 52.00 393.09 0.39 20.88 50.42 234.84 0.59 13.51 20.00 53.40 3.13 2734.89® 40.80() 120.34) 18.0709 17.24  50.07®
360 125.31 28.87 72.93 697.36 0.63 21.58 57.00 295.79 0.92 12.60 38.55 146.26 6.03 2377.46®® 16.73()  60.19) 17.42010) 9,76  31.04()
410 285.95 33.62 65.39 431.89 0.66 25.08 37.63 172.16 1.06 17.23 29.42 70.60 9.56 2408.45() - - 20,7700 27,61 90.07®)
460 552.38 41.14 81.98 465.23 1.11 29.08 60.71 255.82 1.38 18.45 49.90 175.28 16.14 5082.84(" 42.46 7829.06(2) 23.74(19) 18.88)  60.91()
10 0.01 82.26 85.78 265.82 0.01 51.63 41.42 196.49 0.01 23.02 14.87 124.10 0.01  0.3809 47110 96110 21,15010) 4.45010) 42 78(10)
60 0.22 13.01 36.95 343.31 0.02 7.9522.88 67.17 0.03 3.58 11.78 23.74 0.10  3.85(19) 1585010 4623100 4700100 14,049 32,170
110 0.99 22.77 37.48 156.25 0.06 12.90 33.18 143.32 0.10 8.73 23.08 59.97 0.39  14.02® 0.05® 8514 12,7610 0.36(0)  9.79()
160  6.43 35.61 62.80 1431.79 0.13 18.40 24.51 62.60 0.26 11.09 18.65 46.33 1.11 24.38(19 36.923) 156.42) 14.9319) 18,68 65.98(%)
0.6n 210 10.65 31.08 63.48 763.92 0.24 23.25 58.90 198.27 0.37 15.27 15.92 39.17 2.06 28.890% 29.401) 164.04) 19.87(10) 20.77®)  88.46(®)
260  22.04 35.37 85.97 987.29 0.42 24.75 68.43 1038.95 0.55 15.49 25.87 120.31 3.86 554.20(10) - - 20.3910) 45106 19.49(6)
310 147.13 36.44 59.00 399.33 0.62 29.23 50.64 224.75 0.88 16.30 33.22 92.74 7.58 36.76(19 10.57()  45.37() 22640100 793"  31.42(")
360 289.85 32.42 70.15 1002.31 0.66 24.48 56.87 234.20 1.26 14.86 34.25 107.83 14.35 897.05(19 16.25()  62.931 16.86(10) 8157  27.67("
410 1020.45 43.72 87.86 583.86 1.05 31.07 60.65 400.94 1.59 20.58 42.63 211.81 19.04  44.63(10) - - 26.0710)  5576) 28520
460 6468.90 43.84 75.78 1415.02 1.29 33.25 75.78 1317.30 2.01 22.64 65.53 964.59 55.37  46.95(19) 53720 202.37(1) 25.54(10) 15 08(10) 73 78(10)

optimality gap, respectively. Superscripts in the BPy and BPgg columns

for which finite bounds were found within the specified time limit.

indicate the number of instances

Table 3: The average performance of a S-based relaxation of the follower’s objective (Hg) for 10 instances
of each size (n,m). Superscripts in the BPy and BPgy columns indicate the number of instances, where
finite bounds are found within the specified time limit.

' |F| = 0% |F] = 50% |F| = 90% BP, BPy

m n Timepp
5/: 6U 4 Time 5L 6U d Time 5L (5[] 4 Time 5]‘ (5U ) 5]‘ 6[] d
10 0.0133.1017.90 761.47 0.01 6.55 4.01 1297 0.01 0.09 063 0.77 001 29.02% 10.46® 50.01® 4.3800 19000 67410
60 0.16 33.94 54.78 608.72 0.02 6.56 21.61 189.35 0.11 1.72 15.14 52.71  0.15 272.65(7 2747 11508 4,010 18710 623010
110 1.14 22.10 51.56 276.52 0.04 5.08 10.73 20.59 0.38 1.03 1.80 3.07  0.64 - - - 4.0400  1.536) 4,768
160 2.70 23.65 48.77 209.20 0.09 9.06 17.35 64.35 0.85 0.98 544 7.88  2.30 - - - 21700 (9510 3.33(10)
04n 210 6.74 25.75 56.94 1022.34 0.19 8512138 51.11 147 267 1.15 3.98  3.38 3466.96() - - 6.1309 4,039 99109
260  17.46 31.25 64.06 747.09 0.25 8.07 30.98 70.50 5.61 1.39 835 17.92 12.66 - - - 34700 2650100 6 .55(10)
310 34.12 32.18 52.00 393.09 0.39 10.17 11.06 25.32 6.48 2.89 8.88 13.72 1245 2734.89® 40.801) 120.34) 7.0700 17,0109 16,0210
360 125.31 28.87 72.93 697.36 0.63 7.32 23.14 84.48 19.46 1.34 2.39 4.06 43.49 2377.460) 16.73)  60.190  6.1110) 6.4310) 14,34(10)
410 285.95 33.62 65.39 431.89 0.66 11.14 22.62 46.16 41.43 3.09 1.65 5.65 157.05 2408.45() - - 6.06019  7.80(10) 15,61(10)
460 552.38 41.14 81.98 465.23 1.11 9.67 25.88 60.25 174.88 2.04 4.00 7.33 390.27 5082.84(7 42.46®2 7829.062  4.66(10 5.42(10) 11 24(10)
10 0.01 82.26 85.78 265.82 0.01 48.40 48.43 239.06 0.01 4.70 7.61 20.85  0.01  0.3809 47110 96109 10,6309 0.00) 0.00(9
60 0.22 13.01 36.95 343.31 0.02 2.99 11.16 22.23 0.14 1.96 7.1215.19  0.19  3.8510 15850100 4623000  .64(10) 30410 446010
110 0.99 22.77 37.48 156.25 0.06 6.61 20.88 68.98 0.50 1.63 0.31 1.96  0.72  14.02® 0.05®) 8514 3.64010 27010 70810
160 6.43 35.61 62.80 1431.79 0.13 9.75 11.99 29.78 1.71 3.15 8.3716.91  3.25 24.38010) 36.92) 156.420) 7.06(19) 2.98(10) 10.92(10)
0.6n 210 10.65 31.08 63.48 763.92 0.24 9.7812.05 27.78 4.19 201 6.11 9.67 631 2889010 29.40 164.04() 7.06(7) 15.4309 57.16(10)
260 22.04 35.37 85.97 987.29 0.42 12.42 18.02 258.19  6.73 2.58 4.77 821 12.05 554.20(10 - - 94009 5640) 13368
310 147.13 36.44 59.00 399.33 0.62 10.08 15.88 44.36 20.29 2.91 2.85 6.60 51.05 36.7609 10.573) 45373 9.1200 745 18.00(9
360 289.85 32.42 70.15 1002.31 0.66 7.66 16.65 59.32 70.05 2.20 0.01 2.21 137.31 897.05(19 16.25() 62.93() 37700 .41(10) 17 33(10)
410 1020.45 43.72 87.86 583.86 1.05 13.62 19.98 47.97 172.02 1.22 1.98 3.47 599.01 44.6310 - - 6.7540  6.37010) 14,65(10)
460 6468.90 43.84 75.78 1415.02 1.29 13.86 24.27 98.21 591.86 8.98 7.06 9.71 1018.29 46.95(10) 53.72(1) 202.37() 87710 7,67(10) 90 50(10)
The results in Tables 1-3 are consistent with the illustrative example in Figure 1. Our observations

can be summarized as follows.
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e The relaxed models are solved to optimality significantly faster than the original problem (BP). This
observation holds even for the least relaxed cases, |F| = 90%, although the effect is less pronounced.

e There is a consistent improvement in 07, and oy as the relaxation level decreases, or equivalently, |F|
increases as the follower gains control over more decision variables. This improvement is consistent
with our theoretical findings in Propositions 2-4.

e The f(-based relaxation (Hg) generally outperforms the other two relaxation methods in terms of
the quality of the obtained bounds. However, obtaining these tighter bounds comes at the cost of
significantly increased runtimes.

e By comparing the columns that correspond to |F| = 0% and BP, we observe that early termination
severely restricts the solver’s ability to achieve high-quality bounds. A similar observation holds,
albeit to a lesser extent, for BPgq.

e By comparing the columns that correspond to |F| = 90% and BPgg, we note that the solver-based
bounds still tend to perform worse than the relaxation-based bounds generated using Hg; see Table 3.
The solver is more competitive against Hr and H,; see Tables 1 and 2, respectively. However, Hp
and H, are typically faster than Hg, and thus, the solver often fails to provide a finite optimality
gap within the time limit.

3.4 Results for mixed-integer leader’s decision

Next, we relax the integrality constraints for the second half of the leader’s decision variables, allowing
them to take fractional values, while keeping the constraints that all upper-level variables are bounded
above by 10. We note that this modification significantly reduces the computational difficulty of the prob-
lem. As shown in the Timepp columns of Tables 4-6, the runtime required to solve (BP) to optimality
is drastically reduced compared to the pure integer setting. Consequently, for this test set we consider
significantly larger instances, with n ranging from 360 up to 1000.

We assess the quality of the bounds obtained under Hg, H.,, and Hg using the same metrics defined
previously. The results are summarized in Tables 4-6. While the results are relatively consistent with
those from Section 3.3, two additional observations are worth noting. First, for larger instances, computing
bounds under Hg for |F| = 90% may require more time than actually solving the model exactly; see the
rows with n = 1000 in Table 6. On the other hand, the performance of the solver-based bounds computed
by BPgg is not as good as in the instances from Section 3.3.

Table 4: The average performance of a random-based relaxation of the follower’s objective (Hg) for 10
instances of each size (n, m). Superscripts in the BPy and BPgy columns indicate the number of instances,
where finite bounds are found within the specified time limit.

) |F| = 0% |F| = 50% |F| = 90% BP BPyg
m n Timegp
L Su 4§ Time L Su 4  Time L Su 4  Time L ou 4§ L Su )
360 3.94 866 56.93 22579 047 593 46.80 120.18 159  3.04 16.89 2580  3.12 5731.930) - - 32600 4™ 770
410 6.16 7.74 56.61 239.25 0.53 512 39.67 22149 252  0.80 1658 2275  5.00 5906.39(1) - - 154000 2269 36109
Odn 460 9.52 1046 67.08 454.62  0.61 6.41 49.38 136.54  3.57 1.16 23.66 3634  6.51 - - - 4,090 12.47010)  20,19(10)
600 16.34 832 59.58 914.11 118  6.81 53.50 37652 505 213 30.13 7135  9.12 6894.900) - - 36209 37.97  66.004)
800 4246 9.45 64.88 37045 1.94  7.03 4579 121.35 10.31 1.79 2546 4122 19.20 7637.140) - - 23600 372500 58.760)
1000 12522 7.31 64.06 368.78 3.3 592 5555 91212 1813  1.09 28.05 46.67 59.54  15609.10() - - 35800 42,650)  100.730)
360 9.93 7.38 56.56 304.34  0.57 4.58 45.60 11047  3.30 0.96 18.25  26.51 6.73 - - - 0.71010) 1.60%) 2.07(%)
410 11.96 858 50.90 16476  0.83  3.82 43.09 11345 4.38 1.38 2144 3647  8.11 6764.33() - - 1.0709 30300 4.4400)
06n 460 24.05 9.85 64.15 1077.02 1.01 7.93 5528 519.97  6.17 3.03 3947 11344  13.96 7885.77(0) - - 2,010 .78(10)  11.73010)
600 3246 807 7294 1540.22 1.65 5.25 55.07 223.43  9.96 1.90 2430 4553 18.78 9468.92(4) - - 57200 37312 52,532
800 93.28 722 59.92 240.19 3.25 3.50 48.47 337.50 29.48 0.92 2518 40.14  61.92 431130 79.28()  410.54() 46709 46410 88.09()
1000 22235 743 71.22  621.61  4.89 4.99 56,50 231.42 41.39 1.74 33.63 6251 153.21 9122.93(M 7844 407.200) 2.60010 5674 148.80(7)
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Table 5: The average performance of a vy-based relaxation of the follower’s objective (H,) for 10 instances
of each size (n,m). Superscripts in the BPy and BPgy columns indicate the number of instances, where
finite bounds are found within the specified time limit.

. |Fl = 0% |F| = 50% |F| = 90% BP BPy
m n Timepp
oL Su § Time oL Sy d Time L Su §  Time oL o ) L Su )
360 3.94 866 56.93 22579 047 459 4452 11115  0.71 2.33 25.20 43.89  2.64 5731.93() - - 3.9100 66700 12,78010)
410 6.16 7.74 56.61 239.25 0.53  3.35 20.83 6574 086 125 1514 2055  3.81 5906.39(1) - - 22100 13818 27.280)
Odn 460 9.52 1046 67.08 454.62  0.61 5.24 46.74 121.80  1.00 1.56 31.95 56.94  5.78 - - - 46809 1088 1867
600 16.34 832 59.58 91411 118 597 49.71 838.52 198 143 2954 5579 895 6894.90%) - - 27700 3822 71780
800 4246 945 6488 37045 194 276 40.62 101.74 3.00  1.02 19.04 32.03  22.66 7637.140) - - 321000 341200 51.250)
1000 125.22  7.31 64.06 368.78  3.13 3.40 43.07 9583  4.49 1.10 2887  60.89  69.11 15609.10(7 - - 3.72010  41.570)  91.83(0)
360 9.93 7.38 56.56 304.34  0.57 3.04 3237 6043  0.96 1.35 20.66 3434 533 - - 0.86110 1,78 2.34(8)
410 11.96  8.58 50.90 164.76  0.83 313 39.35 89.86  1.40 119 2115 3401 839 6764.33(2 - - 1.8010 465 6.81)
O6n 460 24.05 9.85 64.15 1077.02  1.01 4.81 47.61 219.74 1.67 264 34.56 110.37 11.23 7885.77(6 - - 2.0610  7.43010  11,77010)

800 93.28 722 59.92  240.19 3.25 279 50.61 391.75 7.17  0.85 20.86 47.96 81.76 4311.30  79.28()  410.54(1) 5540100 42110)  74.840)

@)
©)
600 3246 807 7294 154022 165  3.29 3829 108.06 242 093 22.03 37.27 19.66 9468.92(9) - 43200 4712 83552
)
1000 22235 743 7122 621.61  4.89 3.15 4991 12522 10.03  0.72 2411 36.98 166.28 9122930 78.44(0)  407.20() 2.66(19  57.890)  155.79()

Table 6: The average performance of a S-based relaxation of the follower’s objective (Hg) for 10 instances
of each size (n,m). Superscripts in the BPy and BPgy columns indicate the number of instances, where
finite bounds are found within the specified time limit.

) |F| = 0% |F| = 50% |F| = 90% BP, BPygg
m n Timepp
oL Su §  Time oL Su §  Time oL ou 6  Time oL o ) oL S )
360 3.94 866 56.93 22579 047  0.69 1445 19.55  4.02  0.04 401 510  3.82 5731.930) - - 156010 2970100 5 1g(10)
410 6.16 7.74 56.61 23925 0.53 079 11.32 1458 575  0.03 3.51 443  6.26 5906.39(1) - - 1.28019 2,00 3,08
0dn 460 9.52 1046 67.08 454.62  0.61 0.52 1687 2539  9.02 024 441 715 841 - - - 3.58(10) 818110 13.81(10)
600 16.34 832 59.58 914.11 1.18 0.19 1291 22.02 12.34 0.04 244 277 1046 6894.90(%) - - 464000 36.88(°)  62.910)
800 4246 945 64.88 37045 1.94 034 897 10.77 2553  0.03 112 1.24 2423 7637.146) - - 45100 33826 43.85()
1000 12522  7.31 64.06 36878 3.13 030 21.00 33.59 127.54  0.04 7.43 16.22 14448  15609.10(D - - 55600 39450 83.68(6)
360 993 7.38 56.56 30434 057 050 14.78 2324  6.71 024 510 7.67 874 - - - 0.5510)  2.43(9) 3.2109
410 11.96 858 50.90 164.76  0.83 0.81 19.18 30.81 835 0.00 0.00 0.00 11.57 6764.332) - - 1.06(19 259010 4,14010)
0.6n 160 24.05 9.85 64.15 1077.02 101  0.84 1874 27.30 3930  0.00 071 077 2105 7885.77(6) - - 03900 1.72““’) 2.26“9)
600 3246 807 72.94 1540.22 1.65  0.53 1692 27.82 2158  0.18 867 13.66 26.36 9468.92(4) - - 68010 32,6330 42.210)
800 9328 7.22 59.92 240.19 3.25  0.25 1426 26.13  70.61 0.07 1.99 228 8243 4311.30  79.28()  410.54() 6.2309) 46414 87.034
1000 222.35 743 71.22 62161  4.89 0.17 12.21 15.85 203.31 0.01 143 1.67 25865 9122930 7844 407.20) 3.2400 53700 136.50(7

4 Concluding remarks

A classical approach in bilevel optimization for constructing lower and upper bounds is based on
the concept of a single-level relaxation. In this note, we propose a generalization of this concept by
allowing the leader to control only a subset of the follower’s variables. This simple generalization yields
a hierarchy of lower and upper bounds, with an underlying trade-off between the quality of the bounds
and the computational difficulty of obtaining them. Our preliminary computational experiments clearly
demonstrate this trade-off.

In conclusion, the following three points are worth noting:

e First, our bounds, as well as the hierarchy of the lower and upper bounds (i.e., the results in
Sections 2.2 and 2.3), also apply to bilevel programs with integrality restrictions at the lower level.
We focus on the case with an LP lower level because these bounds are simpler to compute for this
class of bilevel problems; recall Section 2.5. Indeed, when integer variables remain at the lower level,
the resulting bilevel problem remains relatively difficult, although it becomes easier as the number
of lower-level variables is reduced. Thus, extending our bounds in this direction is a natural avenue
for future research.

e Second, we consider bilevel problems without coupling constraints. That is, the follower’s opti-
mal decisions do not appear in the leader’s constraints. We expect that the results in Section 2.2
should hold for these problems as well. However, generalizing the upper bounds is likely to be less
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straightforward.

e Finally, our experiments show that the structure of F (i.e., the subset of variables that remain

under the follower’s control) affects both the running time and the quality of the resulting bounds.
Hence, it may be of interest to derive more sophisticated methods for constructing this set, possibly
tailored to different types of lower-level problems.

We believe that these directions provide promising starting points for further developing the proposed

bounding framework.

Declaration of generative AI use. During the preparation of this work, the authors used Al for

language refinement and clarity. After using this tool, the authors reviewed and edited the content as
needed and take full responsibility for the content of the published article.
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