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Abstract

We revisit the Sinkhorn-Knopp (SK) algorithm for the matrix scaling problem. Despite extensive liter-
ature on the global convergence of SK and its variants, its local linear convergence behavior remains less
understood. We address this gap by providing the first nonasymptotic local analysis of SK that matches the
rate obtained from existing asymptotic Jacobian-based arguments. We show that under certain connectivity
conditions, SK is a polynomial-time algorithm for doubly stochastic matrix scaling. With the developed tools,
we showcase the local suboptimality of SK and provide accelerated variants. Finally, for dense matrices, we

improve the complexity of existing first-order matrix scaling algorithms from (’)(:27%) to (’)(”\9//54 ).

1 Introduction

Given a nonnegative matrix A € R}"*" and two positive margin vectors p € R, ,q € R}, the matrix scaling
problem (A, p, q) seeks two positive diagonal scaling matrices Dy, D} such that the scaled matrix A* :== DYAD3
(approximately) satisfies the target margin condition A*1, = p and (4*)'1,, = ¢q. Matrix scaling arises in
a wide range of applications, including computational optimal transport [3, 4], numerical linear algebra [25],
choice modeling [35], neural architecture design [39)], and many others [19].

Among the algorithms for matrix scaling, Sinkhorn-Knopp (SK) [36] is arguably the simplest and most widely
used. It is also known in the literature as the RAS algorithm [4]. Algorithmically, SK alternates between the two
scaling matrices: it fixes one scaling matrix and updates the other so that the corresponding marginal condition
is satisfied. Theoretically, the global worst-case iteration complexity of SK is now well understood, following
a sequence of works [21], 24] [6, [3, 1T}, I8]. In terms of target accuracy e, and ignoring the dimension depen-
dence, worst-case (’)(%) complexity upper and lower bounds for SK have been established in the literature [1T}, [18].

Despite this conservative worst-case bound, SK often reaches medium-to-high accuracy in only a few iterations
in practice. In particular, it is frequently observed that SK exhibits local linear convergence [34]. On one hand,
a line of work has developed nonasymptotic global linear convergence guarantees for SK [I3] 5] [I8]. These rates
are easily computable directly from the problem data (A, p, ¢), but are generally not tight. On the other hand,
by viewing SK as a fixed-point iteration, the literature has obtained a much sharper local linear convergence
rate via Jacobian linearization [25]. In particular, the asymptotic convergence rate is
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1— 09 = Ap_1 (P7245Q71(AX) T P71/2), (1)

where P := diag(p), Q = diag(q), and \,,_1 denotes the second-largest eigenvalue. However, since this Jacobian-
based argument applies in the limit as the iterates approach the optimum, it only yields an asymptotic guarantee.
This gap motivates us to establish a nonasymptotic local linear convergence analysis whose rate matches the
sharp asymptotic rate in .

Contributions.

e We provide the first tight nonasymptotic local linear convergence analysis of SK, establishing an O(c +
U% log(%)) iteration complexity. In particular, by explicitly computing the problem-dependent constant ¢, we
show that SK is a polynomial-time algorithm for the doubly-stochastic matrix scaling problem when o5 is
treated as a fixed constant. Our analysis also provides a general template for proving nonasymptotic local
convergence rates of alternating minimization algorithms.

e Building on these tools, we derive accelerated variants of SK that achieve improved nonasymptotic global and
local complexity bounds for the matrix scaling problem.

1.1 Related literature

There is a vast literature on the matrix scaling problem. We focus on recent complexity-theoretic advances and
refer interested readers to [19] for a comprehensive review.

Matrix scaling and balancing. Matrix scaling is a widely studied problem in numerical linear algebra [25]
and optimization [I0]. Early works on the complexity of matrix scaling problem treat the problem as a struc-
tured convex problem and obtain polynomial-time algorithms that depend on log || A||oc,10g || Al - 0o, 10g ||p]|1
and log(1) [31 23]. [29] further removes the dependence on log || A -« and obtains a strongly polynomial-time
algorithm. Recent advances on the matrix scaling problem, including [2] [7], develop first- and second-order
methods for the matrix scaling problem. The matrix scaling problem is also closely related to matrix balancing
and equilibration. See |25, [I0] for a more detailed discussion between these problems.

Sublinear convergence of Sinkhorn-Knopp. The global sublinear convergence of SK was first established
in [22] 24] and later improved in a sequence of works [3, [T1} [6]. The current state-of-the-art complexity of SK is
(9(%), where D is an upper bound on the minimum-norm solution pair in log space. Recently, [I8] establishes
an Q(@) iteration complexity lower bound. Hence, the two bounds match in terms of the order of e.

Linear convergence of Sinkhorn-Knopp. This line of work aims to establish linear convergence of SK.
Some of the results provide global linear convergence rates: for example, [I3] establishes a linear convergence
v
convergence rate based on the second smallest eigenvalue of ( ARF (‘3) Another notable recent result is [I8],
where the authors define a density parameter based on the normalized version of the matrix and show linear
convergence when this parameter is fixed. However, the above results are often conservative upper bounds on
the behavior of SK, and some only apply to strictly positive matrices. In contrast, another line of research
obtains tight contraction factors based on local arguments [25] [34]. These arguments treat SK as a fixed-point
iteration and obtain the tight local linear convergence rate in by analyzing the spectrum of the Jacobian.
The local rate matches the true performance of SK, but such arguments are only asymptotic. This paper closes
this gap by providing a nonasymptotic local analysis for SK for nonnegative matrices.
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based on Hilbert’s projective metric, where k£ = max; ; 1., . Recently, [35] establishes a linear
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2 Sinkhorn-Knopp algorithm for matrix scaling

Notation. Throughout the paper, we use (-,-) to denote the Euclidean inner product and || - || to denote the
Euclidean norm. We denote [|Al1 == >, ; |ai;| and [|A]|—o = min,,; >0 |a;]- Given a vector d € R", we use



D(d) = diag(d) to denote a corresponding diagonal matrix with d on its diagonal. Notation 1,, denotes the all-
one vector of dimension n. We will frequently use the notation U = D(u) and V = D(v). Notation exp(-) = e(")
and log(-) will be applied element-wise to a vector or to the nonzeros of a matrix. i.e., exp(U) = D(exp(u)).
Given two vectors a, b of the same dimension, we use a/b = D(b)~a to denote the element-wise division. Given
a symmetric matrix A, Ag(A) denotes its k-th smallest eigenvalue. We often use (a,b) = () to denote the
concatenation of column vectors when the context is clear. We denote P = D(p),Q = D(q) and S = (7 ().

2.1 Matrix scaling and Sinkhorn-Knopp iteration

We formally define the matrix scaling problem: given a nonnegative matrix A € R"*" and two target margins
p € RP, ,q € R}, such that (1,,,p) = (1,,q), the matrix scaling problem looks for two diagonal scaling
matrices D, Dy such that two margin conditions D1 AD51,, = p, DoAT D11,, = q are approximately satisfied:

max{||D1AD1, — p|, [ D2AT D11y — glf} < e. (2)

Remark 1. In the recent literature for matrix scaling, the residual of the margin condition is often measured
in £1-norm when p, ¢ are probability margins. Since our focus is linear convergence, we will adopt ¢s-error, and
converting linear convergence to ¢; error loses a logn term.

A pair (Dq, Dy) satisfying is called an e-approximate scaling. Without loss of generality, we reparametrize
Dy, Dy by D; = eV and Dy = eV for real diagonal matrices U, V. SK alternates between the two scaling
matrices by fixing one and forcing the other to satisfy the margin condition:

Di*' =D(p/(AD;1,)) and D3*' =D(q/(AT Dy '1y)).

Under mild conditions [19], this iteration will converge to an optimal scaling pair (D7, D). Without loss of
generality, we assume that such a pair exists and is finite. i.e., the matrix A is scalable with respect to p,q.

A1: The nonnegative matrix A is scalable with respect to margin p, q.

Dual potential. A useful technique for analyzing the Sinkhorn iteration is through the potential function [19]

p(u,v) = (", Ae™") — (p,u) + (g, ), 3)
and SK can be written as performing alternating minimization (AM) on it:

k+1 k+1

Pl = argmin o(u,v®), ¥ =argmin p(u*ttv),
u v

This paper adopts the AM perspective and will stick to Algorithm

Algorithm 1: Sinkhorn-Knopp (AM on the potential function (3))

input (4,p, q), initial v* (or u')
for k=1,2,... do

ukt! = argmin, o(u,v*)
P+l = argmin, ¢(uFtl, )
end

3 Global and local convergence of Sinkhorn-Knopp

This section presents our main result on the convergence of the Sinkhorn algorithm.



3.1 Algorithm analysis

Global convergence. The local behavior of an algorithm typically follows a phase of global convergence.
Define the solution norm diameter constant

D = min I(w*, ™) || oo- (4)

(u*,v*)Earg min ¢

Under there exists a finite scaling pair (u*,v*), and the constant D < oo can be explicitly bounded under
additional assumptions:

Lemma 3.1 (28] 24, [2]). Suppose holds. Then

e Square doubly-stochastic. If p=q = -1, then D < = |10g(n“A|| )|+ nlog(nlm‘”jm ),

e Doubly-stochastic. If p= L1,,, q=11,, and that m < n, then D < §| log(mﬂ + n? log(n””f””jx ),

o Positive matriz. If A >0 and (1,,,p) = (1,,,q) =1, then D < log(W).

Given Lemma an explicit convergence rate for the suboptimality of ¢ is immediate.
Theorem 3.1. Suppose holds and let (u¥,v*) be generated by Algorithm then

2||p|l, D*

(UK+13 UK+1) - @(U*ﬂ ’U*) < K )

2
where the diameter D is defined in .

Local convergence. Given Theorem the function value gap will vanish and finally enter the local
convergence regime. Our local analysis hinges on a simple relation, given by Proposition below.

Proposition 3.1. Suppose[AT] holds. Then we have the following identity:

@(u,v):go( )+Zz 12 =1 Zj ( )7
where ¢(8) = e’ — & — 1, A* is the optimally scaled matriz, and Ay = (u; — ul) — (vj — vY).
Proposition suggests we could analyze the potential function ¢ through the scalar function

2 1
1—
¢(5):e5—5—1:6—+63/ It dt,
2 0 2

whose local behavior is dictated by % and high-order remainder terms. In particular, it is convenient to bound
the first and second-order information with zeroth-order information:

Lemma 3.2. Let ¢(0) =e® — 3§ — 1. Then ¢'(0) — 6 = ¢(8) and |¢'(0)| = |¢"(5) < V20(0) + (o

As a standard component of local analysis, we introduce the second-order expansion that governs the local
behavior. Define A(u,v) = @(u*,v*) + 3|(Au, Av)sz%(u* o+)- By definition, we have

Au,v) = p(u*,v*) + Zz g % A?ga VA(u,v) = V2SD(U*7 v*)(Au, Av), and VQ)\(u, v) = V2§0(U*a v*)
Since we will mostly focus on single-step progress, from now on, we will resort to the notation
(u,v) — (ut,v) — (u,0h)

to denote one iteration of SK (or AM). A useful fact is that AM on A(u,v) coincides with preconditioned gradient
descent with preconditioner P~ and Q !, whose contraction can be explicitly computed:



Lemma 3.3. Let (u,v), (ut,v) and (u™,v™) be consecutive iterations obtained by running AM on X. Then
Mu®, o) — o, v") < (1= o) [Mu™,v) — p(u*, v")] < (1 = 02)*[A(u,v) — p(u*,v")],
where oo = A\o(I — P7Y2A*Q~1(A*)TP~1/2) € (0,1) is the connectivity of the normalized Laplacian.

The quantity o5 already appeared in the SK literature [34] 25] B5], and it is obtained by treating SK as a fixed-
point iteration and linearizing its Jacobian. This quantity tightly characterizes the asymptotic behavior of the
algorithm and is therefore a desirable measure of local convergence. Given that ¢ behaves like A in the local
regime, and that AM applied to quadractic function A produces a contraction of 1 — o9, it remains to connect ¢
to A\. With the help of Lemma [3.2] Lemma below makes this connection explicit.

Lemma 3.4. Suppose[AT] holds and let € = p(u,v) — p(u*,v*) > 0. Then we have
1. |[Vo(u,v)|lg-1 <24/ + %5 and that ||Vo(u,v) — VA(u,v)||s-1 < %5, where s = ||(p, Q)| —oo;

2. |1S~1V2[V2p(u,v) — V2 (u,v)]S~1/2| < 4\/§—|— 25—5, and recall that S = (P Q);

2
3. if e < 5z, then |p(u,v) — A(u,v)| < %(%53/2 + 1e2).

Using Lemma we obtain a local recursion on the potential function gap.

80'2 -
Lemma 3.5. Suppose holds. If @(u,v) — p(u*,v*) < 158 with s = ||(p,q)|| -0, then

QD(U+, ’U) - CP(U*’ U*) < (1 - 0—2)[@(11'7 U) - QD(U*v ’U*)] + \3252 [90(7-% ’U) - CP(U*, U*)]3/2 + %[@(uv U) - @(U*v 'U*)]Q,
and the same result holds for o(u™,vT) — @(u*,v*) with respect to p(u*,v) — p(u*,v*).
We are ready to present the nonasymptotic complexity of Sinkhorn that only depends on (A, p, ¢) and os.

Theorem 3.2. Suppose[Ad] holds and € € (0,16||p||1]. Then SK finds an e-approzimate scaling in

RE 2 2 2
K, = [21LDE oy Ljog(128]| Al [lplh + Ip]31D) + 2 log(L)| = O (b h200r + L 1og(L)

min{oj,sc o2

iterations, where solution norm bound D is defined in (@), |Al, =, ; @i, and s = [|(p, q)||—oc-

3.2 Implications and extensions

Tightness. Since o5 has been shown to match the rate obtained by linearizing the Jacobian, it is easy to find
instances where our analysis matches the asymptotic behavior of the algorithm.

Proposition 3.2 (Informal). There ezists (a family of ) matriz scaling instances {(A,p,q)} such that o(u*, v*)—
o(u*,v*) > ¢ for k= 0(c+ (%2 log(2)), where ¢ > 0 does not depend on e.

Polynomiality of SK. For doubly stochastic matrix scaling, our analysis shows that SK is a polynomial-time
algorithm if o9 > 0 is considered a fixed constant.

Corollary 3.1. Let p =q = %ln (case 1 in Lemma and suppose oo > 0 is a fixed constant. Then SK
finds an e-approzimate scaling in O(n> + log(%)) iterations. If A >0 is positive (case 3 in Lemma , then
the complexity is further improved to O(n + log(Z)).

Remark 2. The result exhibits an undesired sharp complexity transition between O(n) for positive matrices and
O(n?) for general nonnegative matrices. This transition comes from the norm bound D in Lemma and is
likely an artifact of analysis. A smoothed measure of sparsity may overcome this weakness (e.g. [17, 18]).



Matrix balancing and equilibration. Given a real matrix A € R™*™ the matrix ¢, matrix equilibration
problem finds positive diagonal matrices Dy, Do such that

|D1AD2|w1m ~Dp and |D1ATD2‘w1n ~ q,

where |A| denotes element-wise absolute value and w € (0, 00). This problem [I2] [I0] can be reduced to matrix
scaling with data (|]A|“, p, q), and our analysis follows immediately.

Corollary 3 2 For w 6 (0,1), Algorithm applied to (|A|¥,p,q) finds an e-approximate £,,-equilibration of
A in O( 7t Llog(L)) iterations, where o3 = Ao(I — P7Y/2|A*[*Q71(|A*|) T P=1/2),

mm{U2 so

Finally, since SK can also be used for matrix balancing [25], our result are similarly applicable.

4 Nonasymptotic acceleration of matrix scaling

This section develops accelerated variants of SK. Given the tightness result Proposition acceleration is
generally unachievable without modifying the algorithm. Hence, we resort to the semi-dual formulation [§].

4.1 Semi-dual function

Since SK performs AM on ¢(u, v), it is natural to consider the partially minimized objective
C(U) = H%Uin QO('U/, U) = (p(uv - log(Q/ATeu)) = Z?:l q; 10g<a[:,j]a eu> - <p7 U> - Z?:l q; IOg q; + <17L7 Q>7

where af. ;) is the j-th column of A. Function ( is known as the semi-dual in the literature [§]. Its gradient can
be computed by a half SK iteration: define nonlinear map v(u) := —log(q/A"e%) and its Jacobian 7,. We have

V((U) = VU«@(/W U(U)) + vv(p(u?v(u»jv(u) = vu(p(ua v(u))7

since optimality condition implies V,¢(u,v(u)) = 0. Therefore, minimizing residual ||V (u,v)| reduces to
reducing the gradient norm ||V{(u)||. Lemma shows that ¢ has desirable properties.

Lemma 4.1. The semi-dual function { satisfies the following properties
1. It is convex, with L = %||p||1-Lipschitz gradient and H = 3||p||,-Lipschitz Hessian.
2. If C(u) — C(u*) < 35%, then C(u) — ((u*) > %|TM(u — u*)|} and

S IVC@) -1 = ¢(u) = ¢(u*) = FH V(W) [[p-r

3. If ¢(u) — ¢(u*) < min{ 52"926, 2Zﬁ;n1}7 then 2 < X\ (P7Y2V2¢(w)P~Y/2) and A\, (PY/2V2((u)P~1/2) < 2

where I1 = I — 25ppT is the orthogonal projection onto p*.

||PH

Remark 3. To our knowledge, the global and local smoothness (case 1 of Lemma|4.1)) of the semi-dual function
has been established and leveraged in the literature for optimal transport [8| [16] 40]. However, the explicit local
PL constants (case 2 and 3 of Lemma |4.1]) are not yet available.

Given that ¢ is a smooth, convex function with a finite-sum structure, there are several techniques from opti-
mization theory for making its gradient small.



4.2 Global acceleration

Finding an e-approximate scaling corresponds to making ||[V((u)|| < e. For an L-smooth convex function,

Nesterov’s regularization technique achieves this goal with an iteration complexity of (9( L”“ I log(LHu*H ))
[32], where the log factor can be removed using the recently developed performance estimation techmques [26].

Theorem 4.1. Under the same assumptions as Theorem 3.2, there exists an algorithm Ay that outputs an

e-approximate scaling in
* 1/4 1/2
K. — [8 Ipll1 [lu H-‘ < [Sn llpll; VD—‘

Ve Ve

iterations, where each iteration has the same cost as SK.

Following [2], assuming D = O(1), the arithmetic complexity of Theorem is 0(%\/9n1/4||p||1/2\/5),
which improves on the (’)(m“(A) |1/ D2/3) result from [2] in terms of .
Finally, given the finite-sum structure of (, applying stochastic gradient descent with variance reduction (e.g.,

Katyusha [1]) further reduces the complexity to @(%\/(;)nl/‘l\\pﬂéf\/ﬁ) in achieving E[||V((u)|]] < e.

Theorem 4.2. Under the same assumptions as Theorem [3.2, there exists an algorithm As that outputs 4
such that E[||V{(a)||] < e with arithmetic complexity O(nnZ(A) 1/4H10||1/2\/5) in expectation.

Remark 4. Forp=qg=1,, (’)(nnZ(A n'/4y/D) is better than (’)(nnZ(A n'/3D?/3) in expectation.

Remark 5. Specializing to entropically-regularized optimal transport with smoothing parameter n and target
accuracy &, we have [28] nnz(A4) = n?,D = O(%),n = O(¢) and [|p|l« = n~!. Taking SK accuracy
£ < n~1/2¢ ensures | V¢(0)]1 < v/n||V¢(@)| < é. Tt results in an

@<n2~n1/4 %) = @(@)

Veni/4 ¢ é
complexity for entropy-regularized optimal transport, with a better dependence on ||C||s than the previous
2
(’)(%) result [20) [5]. This improvement comes at the cost of randomness in the algorithm.
While global acceleration is interesting from a worst-case perspective, it is local behavior that determines how
quickly the algorithm reaches a high-accuracy solution. The rest of this section explores the local behavior
of SK and introduces two acceleration mechanisms based on the semi-dual formulation: one adopts Nesterov’s
acceleration and improves the complexity from (9(0—12 log(1)) to (9(\/%?2 log(2)); the other notices that locally,

SK corresponds to a suboptimal diagonal preconditioner. A better preconditioner also improves the local con-
traction.

4.3 Local suboptimality of Sinkhorn-Knopp

Consider a step of SK: (u,v) — (u™,v) with V,¢(u,v) = 0. By our previous analysis, locally, we have
ut =u— P 'V,p(u,v) =u— P7'V{(u). (5)

Therefore, the local convergence rate of SK can be reproduced by running preconditioned gradient descent on
¢ with preconditioner P~1 (or Q7! if v is kept in the semi-dual formulation). Since a preconditioner can be
viewed as a matrix stepsize, a natural question is whether this stepsize is optimal. To simplify the notation,
for now we assume p = ¢ = 1,, and P = I, and simplifies to vanilla gradient descent with stepsize 1.
With this simplification, the local linear rate of preconditioned gradient descent is dictated by the ratio between
smoothness and strong convexity over 1. the orthogonal complement of span{1,,}:

ool =g V(u*)=I—-RR" =< onl,



where < denotes the semidefinite order over lf,; and o, = A\ (I — RRT) < 1. The effective local condition

number is 2= < J%, and the (1 —03)? contraction of SK (two half-iterations) matches this bound. However, this

perspective also shows that SK is locally suboptimal: for an L-smooth p-strongly convex problem, the minimax
2

optimal stepsize [37] T > % produces a better contraction

()7 =0 <1-3)%

Plugging in L = 1 and p = o9, we see that the stepsize # provides a local contraction of (};gi )2 < (1—09)2.
If 05 — 1, this stepsize improves on the contraction of SK by nearly a factor of 4. Furthermore, we have been

using L = 1, an upper bound of ¢,,; in contrast, the true condition number ‘;—’: can be smaller than %2, making
this change even more impactful. Indeed, when R has full row rank, RR" is positive definite, and

Om =An(I —RR") < 1.

Together with the previous analysis, the stepsize —2— further improves the contraction to ("’”7_;"2)2 < (1—09)2.

oo+0om OmT02

Remark 6. Our analysis reveals an asymmetry between u and v blocks: to ensure R is full row rank, it is
necessary that m < n. In other words, o, < 1 happens only if one uses the semi-dual objective on the block
with a smaller dimension. We are not aware of this viewpoint being exploited in existing SK analyses.

As a summary, the local perspective reveals the intrinsic suboptimality of SK. This observation also carries over
to the local behavior of other two-block alternating minimization algorithms. Using a slightly larger stepsize
provably improves the local contraction. However, there is one challenge left: the above stepsizes rely on
unknown information such as o and o,,. It is computationally expensive to obtain accurate estimates of these
quantities. To use this strategy, we need an algorithm that automatically finds the locally best stepsize. This
goal is achieved by the online scaled gradient method (0SGM) [15].

4.4 Local online acceleration

Consider optimizing ¢ with gradient descent preconditioned (scaled) by a diagonal matrix D(w) (vector w)
ut =u —D(w)V{(u). (6)

The descent lemma in P-norm motivates the definition of relative progress of the preconditioner vector w with

respect to the scaled gradient norm [[V¢(u)||% 1t hy(w) = C(u_ﬁgg;ﬁlg@)_((u). The function h, inherits
-1

properties like convexity and smoothness from (.
Lemma 4.2. The function h, has the following properties

1. It is convezx and L = %||p||1-smooth in P~'-norm,

2. hy(P7'1,,) < =1 for all u such that {(u) — ((u*) < {'25956

Algorithm 2: Matrix scaling with online scaling (0SMS)

input (4,p,q) with L = L||p|l;, H = 2||p||1 (as defined in Lemma, initial 4! and w!
for k=1,2,... do

whtl = wk — L P7IVA . (wh)

uk+1/2 — uk _ D(wk+1)VC(uk)

Choose u**1! that yields smaller potential value ¢ between u*+1/2 and u*.
end

Online acceleration (Algorithm|[2)) alternates between 1) (hyper-)gradient descent on w (with gradient Vi, (w))
to learn @ and 2) preconditioned gradient update @ on u (with gradient V((u)). Given any preconditioner



vector w, define the learning potential
Qg (u, w) =log(¢(u) — ((u")) + 52 w™ — |3
The following result characterizes the local behavior of Algorithm
Lemma 4.3. Under the same assumptions as Theorem [3.2, for any fized scaling vector w € R™, we have

Qi (ut, wh) < Qg (u, w) + Z2hy () for all u such that ((u) — ((u*) < 182056,

Telescoping Lemma implies the relation Qg (uX 1w +1) < Qg (ul,w') + % S5 hyr (1) holds for any
w. Given the freedom to choose w, taking & = P~'1,, gives h,(P~'1,,) < —1 for all local u (by Lemma,
which gives Qg (w1 w5 T) < Q(u', w') — 2K and a final complexity of

K. =[085 lw! = P75 + 22 log(2)] = [2L[w" — P7'1 3 + 25 log(2)]-

o2 8
Alternatively, we can take w = w* that minimizes Zle hyr (). Define 05 = —% max, h,(w*). Then
Qe (BT wEH) < Qe (ul, wh) — 05 K implies a complexity of

K. = [§2|w' — w3 + 55 log(2)],

* *
83 3

which can be faster than (9(‘%2 log(1)) of SK if o2 < 03. Finally, the above local arguments are automatically

globalized since 0SGM has an O(%z) global convergence rate on smooth convex functions [I5].

Theorem 4.3 (Informal). Algorithm outputs an e-approzimate scaling in O(Z log(L)) iterations.
2

We see that while online acceleration can speed up matrix scaling, its effect is problem-dependent. On the other
hand, extrapolation-based schemes often yield a strict acceleration effect. The next section explores Nesterov’s
accelerated gradient method to accelerate matrix scaling locally.

4.5 Local Nesterov’s acceleration

A few attempts have been made in the literature to locally accelerate SK, mostly by interpreting it as fixed-point
iteration and employing overrelaxation [27] [38] 33]. However, existing arguments based on fixed-point iteration
are asymptotic. In this section, we instead make use of the preconditioned gradient descent perspective, whose
accelerated variant is preconditioned accelerated gradient descent (Algorithm (3| PAGD).

Algorithm 3: Matrix scaling with accelerated preconditioned gradient descent (PAGD)
1

input (4, p, q), initial point u! = w
for k=1,2,... do
Yk =uk + \/‘J/—iQ(wk —uk)
W2 =y Py 4
Wt = (1 = §/a)w + §/aa(y* — ZP7'VC(y")
Let uFt1 be the better between w*T/2 and u*.
end

Our analysis adopts the following potential function [9]
flu,w) = C(u) + F [ M(w — u*)| 5,

where recall that IT = I — pr? By Lemma , ¢ is 2-smooth and %?-strongly convex over 1 in P-norm.
Then, a standard potential function-based analysis [9] establishes the desired accelerated rate.



Lemma 4.4. Let (u,w),(u,w™) be consecutive iterates generated by Algorithm @ If C(ut) — ¢(w*) <
0_2 0_3 2 . _
min{ 555 sator ) - min{4llpll 1}, then fut,w®) = ¢(u*) < (1= 5y/@2)[f(u,w) — C(u*)].

Theorem 4.4. Suppose u' = w' satisfies the condition from Lemma [{.4 then Algorithm [3 outputs an

e-approximate scaling in (9(\/%72 log(2)) iterations.

5 Numerical experiments

This section conducts numerical experiments to validate our findings.

Experiment setup. We compare SK, gradient descent (GD) on ¢, 0SMS (Algorithm, and PAGD (Algorithm‘
Both 0SMS and PAGD warm-start with SK until [e¥ Ae™ — p|| < 1073; 0SMS initializes its preconditioner at
P, = P~ (so its first step is a SK step).

Dataset. We use entropy-regularized optimal transport instances with Gibbs kernel A = e~/7 5 =2 x 1073,
where C is obtained by 1). random: support points uniform in [0,1]%?, C' the squared Euclidean cost, and
p,q ~ U[0,1] 2). MNIST: p, q are normalized digit images with m = n = 784.

5.1 Local suboptimality of Sinkhorn-Knopp

This section validates our finding that SK is locally suboptimal (using fixed stepsize 1.0). In Figure we

compare the performance of SK to GD with two fixed stepsizes ﬁ and 02+20, from Section

Rand 1 (02 = 0.81, 0, = 0.89) Rand 2 (03 = 0.85, 0, = 0.88) Rand 3 (02 = 0.83, 0, = 0.87) Rand 4 (05 = 0.83, 0, = 0.89)
100+ 10° 10° 10°

107° 10°° N 107° 107°

1010 10-10 > 10710 1010

——Sinkhorn (a =1)
= -GD (a =2/(1+03))

GD (a=2/(02+0))| > .
10 15 0 5 10 15

iteration (= one Sinkhorn step)

Matrix scaling residual

0 5 10 15 0

)

Figure 1: Local suboptimality of SK (m = 3, n = 300): the larger minimax (o = 2/(1 + 02)) and optimal
(o =2/(02 + 04,)) stepsizes contract faster than SK (o =1)

As our theory predicts, using a larger step size yields better local contraction than SK.

5.2 Accelerated variants of Sinkhorn-Knopp

Figures|2| and |3| compare the accelerated variants on eight random and eight MNIST instances. Both PAGD and
0SMS beat SK by several orders of magnitude within the budget.

6 Conclusion
This paper investigates the nonasymptotic local convergence of SK and provides new insights into its behavior.
We also develop nonasymptotic accelerated variants through the semi-dual formulation. Our techniques extend

to related problems, such as unbalanced optimal transport [16], and our analysis template applies to general
two-block alternating minimization algorithms.
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Matrix scaling residual

Matrix scaling residual

Rand 1 (03 = 0.014) Rand 2 (05 = 0.013) Rand 3 (03 = 0.014) Rand 4 (o2 = 0.016)

10° 10° 10° 10°
N "‘\ N S . -
N N A Y ARY
A\l - X -
10°° kN 107° N 10°° % 105 %
\ \ IN Y
Y > %
Y N LY
AN N v
s erov (PAGD) . S S
10-10 Sinkhorn + online (OSMS) 1010 v 1010 S 10-10 M
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
Rand 5 (03 = 0.018) Rand 6 (05 = 0.017) Rand 7 (03 = 0.016) Rand 8 (o2 = 0.016)
10° 10° 10° 10°
, N A %%
\ b \ \ N N
107 s 107 > T AN 10°° S
\ A N S
- v . N
5 & ‘\ .
- \ N N
. N N N
10-10 % 10-10 . 0-10 > 10-10 A
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500

Number of mat-vec products

Figure 2: Accelerated variants of SK on eight random entropic optimal transport instances (m = n = 200):
residual versus number of matrix-vector products.
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A Proof of results in Section [3

A.1 Auxiliary result
Lemma A.1. Suppose holds and that p = +1,,, ¢ = %ln. Then there exists a solution (u*,v*) such that

m

* * 3y == 3 o0 A
1w, v*) oo < 3Tog(LE=)] + lem(m, n) log (Ll AlL),

where lem(a, b) denotes the least common multiple of m and n.
Proof. According to Theorem 5.1 of [24], there exist (u*,v*) such that

up = 3 log( H”(i’ﬁzllj) +t and v} = 3 log( HH(Z\(IIE‘LZO) —t

where LA Il I(p.@) loo LAl
1 Plloo\| — _1 P9 |00 | A
1l < 5 [ = Pl log () — el log (G3=) | = 5 lpll log (it
and 6., = m, where lem(m,n) denotes the least common multiple between m and n. Therefore, with

lplls = 1, we have

oo @)oo | Al
7] < 4] log(UBLL=)| 1 1em(m, n) log( Lzl Al

‘ Hfoo —oo

and the same result holds for v*. O

Lemma A.2. Suppose[AT] holds and that m = n, A > 0 and ||p||; = 1. Then there exists a solution (u*,v*)
such that ||(u*,v*)]|eo < IOg(—HAH_ooHT(Lp,q)IEm)'

Proof. The proof is immediate by taking C;; = e~ %4 and adopting v <— —v in [2§]. O

A.2 Proof of Lemma [3.7]

The first two bullet points follow from Lemma with lem(m,n) < mn and that lem(n,n) = n. The last
bullet point follows from Lemma

A.3 Proof of Theorem [3.1]

We start by showing that the Sinkhorn iterates satisfy ||u
[35], consider any i € [m] and ~, n such that

FH — 4|0 < [Ju! — u*||co. According to Lemma 2 of

* k *
fyeui S eli S neui ,

_ul

* k+1 * . * * . .
we always have ye": <e% < npe% . Taking v =e% "% and n = QUi ] , we have, inductively, that

k * *
i < e“zl_“i, eui7

hich i li u’.‘fu1< ul?fu’.*< ul —ur d th kx| < gl — o* P k _ % < 1_ % Th
which implies e*i 7 < e%i "% < e ™% and that |uf —uj| < |u; —uj|, giving [[u” — u*[|eo < [lut — u*||o. The
same argument holds for v*. Next, we deduce that

o, 0%) — p(u*,v*) < (Vp(ub, "), (WP —u*, 0% — o)) (7)
< Ve (u®, oMl (u* = w*, 0" = v*) ]l (®)

< Ve @®, oM ll(u’ = u*, 0! =0l 9)

(W®, vl (™, 0% lloo (10)
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where uses convexity of ¢; uses Holder’s inequality (a,b) < ||al[1][b]lo; (9) uses the previously derived
relation |[u* — u*]|0e < |Ju' — u*|loo and [|v* — v*[|e < |J0! — v*||oo; the relation uses the initialization
(u',v') = (0,,,0,). Finally, the proof of sublinear convergence is similar to that in [I1]. Denote & :=
o(u¥, vF) — p(u*,v*). According to the Theorem 1 of [I1], given p(u®,v*) — p(u*,v*) < D||Vp(u*,v¥)||1, we

have 2

[
5k+1 S 5k - 2Hp|\k1D2’

PRI g L L Skdki1 1 Sk > 1 : <
which implies 5ot T 5 T Snr 2 APNDE 5y = aTpipe Since AM enforces 641 < 6. Hence
1 _ 1 1 K
e(ulFTToEF) —p(u*v*) T k41 Za Tt 2|lpllL D?
. 2 D? .
and we arrive at p(ufT1 oK) — p(ur, v*) < Hpﬂ{l . This completes the proof.

A.4 Proof of Proposition (3.1

This equation can be directly verified. Let Au = u — uv* and Av := v — v* and consider

plu,0) = p(u”,v*) = (", Ae™) = (pu) + (g, v) = (", Ae™"") — (p,u") + (g, "))
= (", Ae™) — (e"", Ae™") — (p,u — u*) + (g, v — v*)
Using (e%, Ae™?) = (e* o e" %" Ae” "Voe ") = (e* % eV de™V e?" "), we deduce that
<eu’Ae—v> _ <eu*’Ae—v*> — <eu—u*’eU*Ae—V*ev*—v> _ <eu*’Ae—v*>

*

ol =V JAu;—Av; AU —vt
= 30, aijeti Vet T A — 37 g et T
_ LUl —vl LA —Av;
= gm-a”ez i [efwim v — 1],

. — -
Since p; = Zj a;je"i 7% and q; = >, a;je" "%, we have

* * ury—v’ uy —vy
—(pyu—u") + (v —v") ==, ae" T Auy + 30, s aieti T Ay
ut —v*
:_Zi,j aije K J(Aui—A’Uj).
Plugging in a;;e“ ~% = a*. gives
gging in a;; 5e

o(u,v) — p(u*,v*) = Z” aijeuziv; [edwimAv —1] — Zi,j aijeuziv; (Au; — Avy)

*_U; [eAui—AUj —1—= (Auz _ AUJ)]

= Zi,j aije'
= D@ T (e — 1= Ay)
= Z” aj;¢(Aij),

and this completes the proof.

A.5 Proof of Lemma [3.2]
Given ¢(8) = e’ —§ — 1. We have ¢/(0) = ¢° — 1 and ¢"(§) = e°. Hence ¢'(§) — § = ¢(J) and

16/(8)] = [¢"(6) — 1] = |e* — 1]
I£6>0,by ¢ —§ —1> 2 we have |§] < /24() and that

o — 1] < e — 6 — 1] +13] < 6(5) + /26(0).

17



If § < 0, we deduce that

0 — 1| =1—¢® <1/2(ef — & — 1) = \/2¢(8) < $(5) + /26(5),

where the first inequality follows from defining
h(8)=(1—-e)?—2(® —6—1)=e? —4e® +20+3
and noticing that h(0) = 0 and that h/(0) = 22 — 4e? +2 = 2(e’ — 1)2 > 0, giving h(§) < 0 for § < 0.

Combining these two cases completes the proof.

A.6 Proof of Lemma [3.3

For brevity, in the proof we will denote R :== A* and hence

V2p(u*, v*) = (727 _QR).
Since (u,v) is generated by AM, assuming V,A(u,v) = 0, we have

v—v"=Q 'R (u—u*) (11)
and consider the preconditioned update ut = u — P~V \, (u,v). It gives

ut —u* =u— PV, (u,v) — u*
=u—u* — P Y P(u—u*)— Rv—v*))
=P 'R(v—v"¥) (12)

and it is easy to see that V,A(u™,v) = P(ut —u*) — R(v —v*) = 0. Hence AM applied to \ yields the same u™T.
Next, we consider the contraction, and we successively deduce that

Au,v) = p(u*,v*) = 3llu —u* || — (u —u*, Rlv —v*)) + 3llv —0*[|
= %||U_“*H§LRQ—1RT» (13)
where applies (1I). Furthermore, plugging into gives ut —u* = PT'RQ'RT (u — u*) and
N 0) = plat, o) = Bt — [ — (u* = ut, B — %) + Sl — v* I
= %Hu - u*H?{Q*RT—RQ*RTP*RQ*RT'

Now it suffices to show, for any z, that
||z||%’,Q*1RT—RQ*lRTPflRQflRT <(1- U2)HZ||?“—’—RQ*1RT'

Denote the eigen-decomposition M := P~1/2RQ-'RTP~'/2 = USU" and suppose the eigenvalues of ¥ are
non-increasing (left top is the largest). We may check that P1/21,, is an eigenvector with eigenvalue 1:

MP1/21m — P*l/QRQflRTpfl/Q(Pl/Ql) — P1/217n7

-R

and therefore PY/21,, € Nul(I — M). Besides, note that 0 < ¥ < T since (_I;T 0

complement P — RQ~'RT > 0 is positive semidefinite, which further implies

) = 0 implies that its Schur

=P '?RQT'RTP? =0
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Now we deduce that

2l kq-1r7—rg-1RT P-1RQ-1RT = (2, (RQT'RT — RQT'RTPT'RQ™'R")z)
_ <Z, (PI/QMPI/Q _ Pl/QMTMP1/2)2>
= ”Pl/QZH?\l—MTM

and |[2[|}_po-157 = (% (P—PY2MPY?)z) = ||PY?2||2_,,. Since Nul(I — M) C Nul(M — M " M), we assume
P2z 1 Nul(I — M) and deduce that

1/2 2
max 2 / Z”Z\/I—J\ITM — max (fv(M—MTM)@
P/2ziNa(-n) NP2 n elNul(I—p) (&U=M)z)

_ (z,(5—%°)z)
T Ny @0-D)

= max (z,(Z-%%)z)
21=0,z L Nul(I-X) (z,(I—%)x)

< A2(X)
:17)\2(172):1702.

Using ||z\|%‘,{(ﬁ?_1RT_RQ_lRTP_lRQ_1RT <(1- 02)||z||fD_RQ_1RT, we have

A", v) = p(u*,v*) < (1= 02)[Mu,v) — p(u*, v*)],
and this completes the proof. Repeating the argument by switching the role of u, v and noticing that

)\Q(Im _ P_1/2RQ_1RTP_1/2) _ )\Q(Im _ P—l/QRQ—l/Q(P—l/QRQ—1/2>T)
— )\Q(In . (P71/2RQ71/2)TP71/2RQ71/2)
_ )\Z(In _ Q_l/QRTP_lRQ_1/2),

we have A\(ut,vt) — o(u*,v*) < (1 — 02)?[A(u,v) — ¢(u*,v*)]. This completes the proof.

A.7 Proof of Lemma [3.4]

Recall the notation A;; :== Au; — Av; and define g(t) = p(u+td*,v+td") and h(t) = Mu +td", v+ td") with
d = (d*,d") € R™*™". We have g(0) = p(u,v), h(0) = A(u,v), and that

g'(t) = G35 ; alo(D + t(dy — df))]
= 25 0559 (Aij + H(dif = df))(d}f — dj)

ij

g//(t) = Z’L] :g ”(Alj + t(du d;]))(d;t B d;))z

hl(t) = Zz N zj (Alj + t(du d;))(d;t - d;)
h'(t) = 32, 5 a(dy — df)?

Taking t = 0, we have

g'(0) = <Vs0( v),d) =3, ; a;0'(Ai;) (dif — df)
g"(0) = (d, V?p(u,v)d) = ZZ J afj "(Aij)(d — df)?
W(0) = (VA(u,0),d) = 32, ; aj; A (df — df)
h'(0) = (d, V2A(u*, 0*)d) = 37, ; aj;(dif — df)*.
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Proof of relation 1. We invoke Lemma [3.2] and deduce that

[(Vep(u,v) = VA(u, 0), ) = | 32, ; alz¢' (Aig) (dff — d) =32, ; ajiAis(dif — d)|
=12 ,J[fb’(Au) Agjl(dif — dj)
=22 5 aijo(Aig)(dff — dj)| (14)
<235 ;i (Aij)]lldlloo
= 2¢||d]| oo, (15)

where uses ¢(8) = ¢’'(8) — & from Lemma! uses Proposition Taking d = Hgiég:zg:gf\‘&zg”

gives [|[Vo(u,v) — VA(u,v)| < 25”@‘? < 2¢ and that

IVo(u,v) — VA(u,v)||g-1 = ||571/2[V80(Ua'0) — VA(u,v)]]] < W'

Next, consider

(Veplu, v), S712d)| = | 52, a0/ (Big) (= — 7))

< Ez] a?j|¢'(Aij)||j;—i \/E‘
o d
< 22y 95(V20(845) + (Al 75 — | (16)

* dif 4
Zi,jaij\/%(Aijﬂﬁ f|+2,] ij (Aij)|ﬁ \/E|’
where (| invokes ¢'(0) < \/2¢(d) + #(5) from Lemma Now we bound these two terms respectively by

* dy a; * aj;dif ]
Zi,j Qij 2¢(AU)|\/? - E' - ZiJ 2aij¢(Aij) &/Z: ajy, ; \/;GZJ'
. Vgl and) )2
m\/Z'LJ \/Zk aly \/Zk am) (17)
— ” 1 \/TJ J
f\/ZIJ \/Zk G \/Ek akﬂ)
<\/>\/ ZE ” ak +Z E Zk“kj:| (18)
= 2VE\ S d)? + X, (d5)? = 2VEd].

where uses Cauchy-Schwarz }, ; a;;bi; < \/Z” @ij \/Z” bij; uses (a — b)? < 2a? + 2b%. Moreover,

@@ 2 |l oe 2 Vp(un)
we have }, s af;¢(A ”)|— - —| < e max;; |\/p7 - \T’TJ| < Toar = Taking d = m gives

IVe(u,v)lls-1 = [(Vip(u,v), S/2d)| < 2VE + 2o

Before concluding, we also prove a bound on ||[V¢(u,v)||. Consider
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(Ve(uv),d)| = X2, ; aiy! (M) (df = d)]
< Y ale (Ag)lldy - dj)
<2zij atj[V20(B5) + 6(As) |de (19)
DRTVEIE SR ST ICN)| L
f 251 VG a0 (B) + X, 5 iy o) ]
2230 a3/ Xy a6 (Dig) + T atyd (D)oo (20)
= 4\/W+25 Ndlloo-s (21)

where uses Lemma uses Cauchy-Schwarz; uses ||A*]|1 = ||p||1. Taking d = % gives
IV (u, )| < 4v/Ipllre + 2.

Proof of relation 2. We deduce that

(d, STV p(u,0) — V2N (u,0)]S™2, d)| = [(S71/%d, [V (u,v) — VZA(u,0)], S7/2d)|
« d¥ d}’ 2
= |Z” aij[¢/,(Aij) - 1](\/,;7 - \/@) |
dv dy \2
< Yaganle’(Big) = 1(5 - &)
* dy ay dy |2
< Zi,jaij\/2¢(Aij)|ﬁ \/*| +Zzg ij Alj)|ﬁ_ﬁ| ’
where the last inequality uses ¢ () — 1 = ¢'(8) and Lemma [3.2] Hence, we can similarly bound
quality ¢ ¢ ; y
d¥ d;
>ois @iV 20(A)| = — =1
* dit i
250/ 20550(Ai5) s afj|\/pj. - \/qu
* » afj(d;?)? 1 a:j(d;‘))z L
<25 2ag0(y) [Vt S o L (23)

,/a.*,(d;f 4/ (d“
< ——2___ 5" 2aF (A Y Y 24
= VIedl-= 2\ 20559 ])[\/Zk az, \/Zkam} (24)

_2v2 ”

S Mol = V 2 ¢ (8i) \/Z 2 252 zkam (25)

—__2v2 g (dw)4 4dv4:%d2<%d2 9%
1P ) —oo \/Zw @08 \/Zl ’ +Z]( ) 1(p.0)]l - Il < (P 0)ll - Il (26)

where (23) uses (a + b)? < 2a* + 2b%; (24) uses pl,qj > [|(p, q)||—o0; ([25) applies Cauchy-Schwarz and (26]) uses
|lz||% < ||x]|?; We also have > a (A ZJ)'f r|2 < m”d”OO Hence for any d # 0, we have

(d, 5_1/2[V2g0(u,v) — V2\(u,v)]8 e d)] < 24/ To T —eo q)H - l1d]|* + T T—eo pq ” - 4113

and [|$712[V2p(u, v) = V2w, 0)] STV <24 e + o=

Proof of relation 3. Finally, we consider the zeroth-order relation. The proof uses the fact that Vo ~ 0 to
2

1296 < s, we have \}ga < /€ and that

/£ > £. By Taylor theorem, for any optimal z* = (u*,v*), we define z, == (u* +t(u — u*),v* + t(v — v*)) and

(22)

restrict (u,v) and deduce a bound that only depends on o3. Since € <
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deduce

plu,v) = Mu,v) = f3 (1= )z = 2%, [V3p(20) — V2p(2")] (2 — 2*))dt

= Jy (L= 1)(SY2(z = 2%), S~V2(V2p(z) — V2 (*)|SV2SV/2 (5 — 2%)) dt

> — @2+ D)z - 213 > -3\ [2ls - 2

Next, using ||V (z) — VA(2)]|g-: < %5 and relation (1) from Lemma , we have

IVAG)lls-1 < IVe(2)lls-1 + [VA(2) = Veo(2)|s-1 < 2vE + Fze+ Fze < 6VE.

Given that Plu—t®)— R{y—")
U—u — v—v
VAG) = (g,

without loss of generality, we let (dy,d,) = VA(2) and

Plu—u*)=Rw—v*)+d,
Qw—v*)=R"(u—u*)+ 4,

and that ||04]p-1 < ||(8u, 0u)|ls—1 = [VA(2)|ls-1 < 64/€. Next, we lower bound A(z) — A(z*) and deduce that

Mu,v) = Mu*, ") = gllu—u*|[p — (u—w*, R(v —v")) + 5llv —v*[[3
= 5l10ullp-s + 3llv = 0* g = 3llv = v* %7 p-1r

= 3ll8ullp- + 5llv = v* G- gr iR

(28)
(29)

where plugs in u —u* = P~Y(R(v—v*)+d,). Since for any optimal solution (u*,v*), (u* +al,,v* +al,)
is also optimal, we can pick (u*,v*) such that v — v* L ¢ & Q2 (v—o*) L Q'/21,,. With this choice, we have

%”'U - U*||2Q7RTP*1R = %Hle(v - U*)”?_Qfl/zRTpflRQfl/Z

. 1 (w,(I—Q™Y2RT P 1RQ™Y?)w) )
> min e v — ™%

wlQY21,,w#0

N

= Zlo -l
Next, we deduce that

€ Z @(u7’u) - @(u*?v*)

cp(u7 ’U) - )‘(u7 ’U) + )‘(u7 ’U) - @(U*v ’U*)

= 3y/llz = 2 F + H6ulbs + o — "3 g g
= 3y/llz = 2N E + 6ulBs + o — v,

where plugs in and ; applies . Using P(u — u*) = R(v — v*) + d,, we have
lu —u*||B = [P~ R(v —v*) + P78, %
=(P7'R(v—v*) + P75, R(v — v*) + 6,)
= |lo = v* (7 p-1g + 2P R(0 = v*), PTY26,) + [[dullp-1
< @A+0)]o— 0" %7 porg + (14 §)lI0ullp-s

Y

v
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for any 6 > 0. Hence

Iz = 2" (1% = llu— w*b + o —v*[3
<A+ 0| = v G posg + Il = v + 1+ ) 16ull B
= (14 0)1QY* (v = v")§ 1257 p-1rg-172 + (1L + H)Sull s
< 2+0)o =0 IG + 1+ )I0ulp-s-

since I = QY/2RT P~'RQ~Y/2. Plugging the relation back into (32), we have

e> =3/l — 213+ Blulles + Flo - o1
> = 3\/2[@+O)llv — 0" 3 + @+ DIFuE] + 38l + Rl -1

= [% = (6+30)/=]llo v 3 + [1 = 3/2(1+ H)]10ul3-

2
Taking 6 = 1 and using € < T%, we have

giving & > % [[v — v*||3) and that [jv — v*[|3, < 2. Finally,
Iz — 2% I3 < 3llv — v* |5 + 2/|6u |71 < 2 5—|— 72 = 12(+ - +6)e < <8

and that
[p(u,0) = M, v)| < (/2 + 9z — 273 < BB(Le¥2 1 Le2),
This completes the proof.

Remark 7. Symmetrically, we can also show that ||u —u*||% < 3—2 by picking u* such that « —u* L p. But note

that we may not simultaneously enforce both v — u* L p and v — v* L ¢ with the same z*.

A.8 Proof of Lemma [3.5

Let € = o(u,v) — @(u*,v*). Fix v and define a(-) = ¢(-,v) and £(-) :== A\(-,v). We have VZa(u) = V2, ¢(u,v).
By Lemma [3.3] we have

U(u—P7'VL(w)) = p(u*,v*) < (1= 09)[l(u) — p(u*,v")].
By Lemma [3.4] we have
IVa(u) = VE(u)|ls-1 = [Vup(u,v) = Vud(u, v)|s-1

< | Vip(u,v) — VA, v)lls1 < Ze.
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Then we deduce that

— P 'Va(u)) — l(u— P~ 'Va(u)) + (u — P~ *Va(u)) — p(u*,v*)
= a(u — P"'Va(u)) — l(u — P"'Va(u)) +(u — P"'Va(u)) — £(u — P7'Vi(u))

Aq Ao

Now we bound Ay, Ay, and Aj respectively. For Ay, if a(u — P™'Va(u)) < a(u), then p(u — P~ Va(u),v) <
¢(u,v), and we have

A < %(ﬁegm + 12
To show a(u — P™1Va(u)) < a(u), we first note that VZa(u) = V2, ¢(u,v) and with ¢ <
—2,/% + 2¢ < 1, which implies

%7 we have
P7Y2V20(u) P2 = PY2[V20(u) + V2a(u) — V()| P~1/2

< I+ || P72 V2a(u) — V20(u)|P~YV2||I

=T+ ||STV2 V2 p(u,v) — V2N (u, v)] S ™21
I

IA
[SJ[e]

and V2a(u) < 3P. Next, consider y(f) := a(u — 0P7'Va(u)) and let Oyax = supg{6 > 0 : v(6) = a(u)}.
Ormax is well-defined since P~! = 0 and P_1Va(u) is a descent direction of « at u. By convexity, we have
a(u— 0P~ Va(u)) < a(u) for all @ < yay. Then we deduce that

a(u) = 7(0max)
= a(u) — Omax(Va(u), P~ Va(u))
+ 02 f01<Voz(u), P7IV2a(u — t0max P~ ' Va(u)) P71 Va(u)) (1 — t)dt
< (1) = Opmax (Va(u), P~ Va(u)) + 02, [0 (Va(u), P~HEP)P1Va(u))(1 - t)dt,
= a(u) = Omax| [ Va(w) |51 + F05. I Va(w) 51,

where the inequality holds since a(u — t0max P~ Va(u)) < a(u). Given
Omaxl [ Va(@)[[p-1 > O Var(u) -1, (33)
we have 0., > %. Therefore, a(u — P~ Va(u)) = (1) < Y(0max) = a(u), and it implies

3/2

A < Uifﬁ;[g@(u,v} — p(u*,v*)]

For A, since £(u) is a quadratic function minimized at u — P~'V{(u), we have

Ay =Ll(u— P_IVa(u)) — l(u— P_1Vf(u))
= 3IVa(u) — Ve(w)|3-
< IV (u,0) = VA, 0) 3 < 26

24



For Aj, we have

U(u— PTIVE()) = p(u*,0*) < (1= 02)[0(u) — p(u*,v")]
= (1 = 02)[t(u) — a(u) + a(u) — p(u”, v")]
< (1= a2)[au) — p(u”,v")] + [6(u) — a(u)]
< (1= o)) = p(u,0*)] + L2 4 1e?)
Putting the relations together, we have
p(ut,v) = p(u*,v*)
< (1= oa)lp(u,v) = p(u*, )] + o [p(u,v) — p(u*, 0*)P2 4+ 2o (u,v) — p(u*, 0",

This completes the whole proof.

A.9 Proof of Theorem [3.2]
For e < %, we have
032%?5 [90(7-% ’U) - 90(“*, U*)]3/2 S %[@(uv 1)) - QD(U*v 'U*)}.

2
For ¢ < %, we have

P lplu,v) = p(u, v")]* < Z[o(u,v) = p(u*,v")].
Hence ¢(u™,v) — o(u*,v*) < (1 - %)[p(u,v) — @(u*,v*)], and it remains to bound
p(ut,v') — p(u*,v*) = (0, 0,) — p(u”, v*)
< Ve (Om, 0n) 1]l (", v") [l

< [I|ALn = pli + AT 1, — ql1]D
< 2[[|Allx + l[pll1]D-

It a total complexity of

2 D? 2[)| A D
K. < lelé Jr%log( 1] Hljlp\h] )

13442

= 2D 4 2 1og (2| All + lplh]D) + 2 log(})

To ensure ||V(u,v)|| < &', it suffices to have ||V (u, v)|| < 4+4/||p|l1e + 2¢ < €', and it suffices to take

(e)?

. ’
e < mln{w, <k

Since each step we analyze is a half-iteration, dividing the complexity by 2 completes the proof.

A.10 Proof of Theorem [3.2]

Fix parameters 6 € (0,1) and p1, p2, ¢1,c2 > 0. Consider the matrix scaling problem with

1 [’]
A= (”la“ ”1102>7 p=q=(15),

p2c1 p2c2
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so that the solution is given by

A" =DiAD; = (39) with Df=(%2°), D5=(%2).

0 p2

Let M = P~Y2A4*Q Y (A*)TP~Y2and L=1 — M. Since P =Q = (1 +0)I,

A (AT 1 1+6% 26
M = 755 (1+9>2( 26 1+92>~

Its top eigenvector is 1o with eigenvalue 1, and its second largest eigenvalue is

0%)—(146)> _
ﬂ2:tr(M)—1:%:(%)2.

Therefore,
o2(0) = Xo(L) =1 — o = ﬁ-

By the additive shift invariance of the dual potential, we can parametrize the deviation from the optimum by
a single scalar s, taking u(s) = u* + (s, —s) and letting v(s) be the exact minimizer v(s) = arg min, ¢(u(s), v)
(a half Sinkhorn step). Next, starting at A and (u,v) is equivalent to starting at A* and (u — u*,v — v*), with
identical dual potential gaps and imbalance sequences. We adopt this change of variables, and substituting v(s)
into the dual potential gap G(s) := ¢(u(s),v(s)) — ¢(u*,v*) gives the closed form

0 2
G16) = 1+ 0 s = 1t + 016

In particular, G is locally a positive—deﬁnite quadratic in the imbalance s. Now we proceed to updating u from
v(s) by ut =logp — log(A*e~(*)) and compute st := %log(e“Ir /e“;). A direct differentiation of the mapping
s — st at s = 0 gives, for a single half-step,

st = (ﬁ) 5+ 0(s?) = —(1 — 03)s + O(s?),
and substituting into G(s), the dual potential gap Gj+1 = G(sT) after one full Sinkhorn iteration is given by
Gi41 = (1 - Ug)sz(l + 0(1)).

This matches Lemma with equality, confirming that the local factor (1 — 09)? per iteration is attained
on this family and cannot be improved. In conclusion, after a finite, e-independent burn-in ¢(6) (controlled by
Theorem and the threshold of Lemma the iterates enter the local regime, where log(1/G}) grows
by at most —2log(1 — o2) + o(1) = 202 + 0(02) per cycle. Hence reaching Gy < € requires

k> o) + =i = o(0) + 5oty log(2)(1+ o(1)),

2log(l1—o2

matching the upper bound (’)(c + = log( )) of Theorem up to the additive constant.

B Proof of results in Section 4

B.1 Auxiliary results

Lemma B.1. Suppose f is L-smooth and convex. Then there exists an algorithm that outputs x™* such that
2 1 * (12
IVF(E)|? <ein K. = [(M)l/ﬂ iterations, where x* is an optimal solution.

Proof. The algorithm is FISTA + FISTA-G. Invoking Corollary 1 from [26] completes the proof. O
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Lemma B.2. Suppose f(x) = %Z?:l fj(z) with each f; is Lmax-smooth and o-strongly convex. Then there

ezists an algorithm that outputs x such that E[f(z5)] — f(2*) < & in K. = O((n+ y/ 2hwmax) log(f(rl);f(m*) ))
stochastic gradient oracle calls.

Proof. The algorithm is Katyusha [I]. Invoking Theorem 2.1 of [I] completes the proof. O

B.2 Proof of Lemma [4.1]

Let ay. ;) denote the j-th column of A. Through direct calculation, we have

.

C(u) = p(u, —log(q/ATe))
= Y0 gjloglag ;1,e*) — (p,u) — X0 gjlogg; + (1, q)

and that

— n ] U _
V((u) = Zj:l @ e Agl — P
eUa[ eUa[. j](LEr eU

2 n HJ n 55145
VEC(w) = DXt 93 ar, o)~ 2=t 4 Tap ey

U T U
€ al.49,5°

o n eUa[:, il n
=D(X o1 <1m,eUaJ[:J]>) =21 TmreVag )2
. T
=301 4j[D(oj) — 00 ],
U .
where we define o; := #U[a’[]]) and 0,, < 0; < 1,, by nonnegativity of A and eV, and the fact that A must

have at least nonzero per row. To establish smoothness, we have

IV2¢ ()| < 30, il P(oy) — oj0;] || < lalb = Lol

where we use Lipschitzness of softmax functions [30]: |D(z) — 2 "|| < § for z € {# > 0,, : (1,,,,2) =1} . To
establish Lipschitz Hessian, we similarly deduce, for any x,y, that
IV%¢(@) = V)l = | 5=y 44[D(0) — o501 = 3751 ¢;[D(e}) — o(e5) |
< Y aillos = oillee + Xy gillojo — o) Tl
= 2105l = ojllee + iy gillojo] —oi(0f)T +0(0)T = oj(a)) "

< Y1 6llos = afllee + 22521 gslllosll + lojllTllo; — ol

<330 ajlloy — ajll, (34)
b'e . Y .
where 0; = Wﬁ and o = (1;:% are both outcomes of weighted softmax; uses the fact that

lloj|l <1, and Lipschitzness of softmax implies
lloj = ol < 3l —yll.

Plugging back, we have [|[V>¢(z) = VZ((y)| < 5 X7, gjllz —yll = 3[Ipl [z — y||. Finally, the quadratic growth
Z || (u—u*)||3 < ¢(u)—¢(u*) follows from the symmetric argument in Remark |7l To show the PL inequality,
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we deduce that, taking u* such that II(u — v*) = u — u*, that,

Clu) — ¢(u*) < (V¢(u),u —u*) (35)
= (P7Y2V((u), P2 (u — u*))
< | V¢(@) || p-1 [IT(u — u*) || p (36)
< V¢l =14/ 2[¢(w) = ¢(ur)), (37)

where (35)) uses convexity of (; uses Cauchy-Schwarz and uses quadratic growth. Squaring and dividing
both sides by ((u) — {(u*) gives the desired relation. Finally, with Lemma we have

IVC)lB-1 = [V (u, v(w))[|3-1 < de + S + 2

and with € < s, we have %53/2 < 8¢ and 2¢? < 4e, giving ||V((u)||%-, < 16e = 16[¢(u) — ((u*)]. To establish

lower and upper bounds on the spectrum, using |[|TI(u — u*)||p < ’/% and by Weyl’s inequality,

)\Q(P_l/2v2C(U)P_1/2) > )\2(P—1/2V2C(u*)P—1/2) _ %HH(U - U*)HP > 0q — 4H?%¢

5205 "

)\m(P_l/QVQC(u)P_l/Q) < )\m(P_l/QVQC(u*)P_l/Q)-F %HH(’U/—U*)”P <1+ 4H?e

5209
o5s? 4H?c < o3 :
Hence for ¢ < e 02 —\/ 3o, > % and this completes the proof.

B.3 Proof of Theorem [4.1]

Given that ¢ is L-smooth convex with L = ||p|l1, invoking Lemma with L = %Hp”l completes the
proof. The inequality uses ||u*|| < v/n||u*|lco. Computing V{(u) involves finding v = p/A ' u, whose arithmetic
complexity is the same as half of a SK iteration.

B.4 Proof of Theorem [4.2]
It suffices to adopt Nesterov’s regularization technique for making gradient small [32]. Define
Co(u) = C(u) + §lull*.

Since ( is L-smooth and convex, (, is (L 4+ o)-smooth and o-strongly convex. Denote u} = argmin,, (,(u). By
the optimality condition, V{,(us) = V{(u}) + ocu} = 0 and with quadratic growth,

Go(u™) = Co(uz) = Gllug —u*|*.
By definition, the above relation implies
Sllug —wl* < Go(u") = Colug) = C(w*) + Gllul* = C(us) — Glluzl* < §llul* — §llugll?

since ((u*) < ((u}). Rearranging, we have [luf||* < |luy — u*|? + [luz|* < [[u*[* and [V((up)]| = ofluz| <
ol|lu*||. Now suppose we run Katyusha on (,, which, by Lemma outputs 4 such that

El¢o ()] = Co(uy) < €
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in O((n+ y/2hmex) log(c"(ul)gc"(u;))) stochastic gradient calls, where Lyax = 5||p|loo. Now we deduce that

E[Ve@)] = E[[VE(a) = V((uz) + VE(ug)]]
< [VCu)ll + E[VE(@) = VE(ug)]] (38)
< ofu*|| + LE[||a — ug||] (39)
(40)
(41)

< ou*| + LVE[|d — ut?]
< | + Ly 2E[Go (@) = G ()]

= oflu*[| + L

=~
(=)

where uses triangle inequality; (39) uses the previous relation [|[V{(u})|| < 0||u*|| and L-smoothness;
uses Jensen’s inequality E[|X|] < /E[X?]; uses quadratic growth. Taking o = 55+ and é = £

2[fu] 8LZ —
EIIVC@)) < grmylutll+ Ly/ 252 = § + 5 =

which gives a total complexity of

O((n+ /nL,,,ax)log(ca(u1>gco<u;>)) O((n + /2l 15 (10220107 1o () =G (2] )

16L2HU* l¢o (uh)—¢o (ug)] ))

e
e e have

3/4 maxHu |

n+n

|°° log

_ n+n3/4 /2 maxHu Hoo)7

where we hide the terms in log since with u' = 0, we have

Co(u') = Go (1) = C(0m) = Co(uz) < €(0m) = C(uz) < C(0m) = C(u”) < [[u* ol VE(O0m) 11 < [u oo (lIpll +[1AllL)

Plugging in Liyax = 5pllec gives O(n +nd/*y/ M) complexity of stochastic gradients. Given that the

nnz(A))

amortized complexity of each iteration is O( , we have the expected total arithmetic complexity given by

@(nnZ(A) + nnz(A) - n1/4\/@)_

Noticing that |Ju*|| < D, this completes the proof.

B.5 Proof of Lemma [4.2]

Convexity of h,, follows from the composition rule of convex functions. To show smoothness, it suffices to show
that P~1/2V2h,, (w)P~/? < L - I, which holds since

V{(u V{(u
V2 hu(w) = D(pparssr) V(= D(w) V() D (p=rretar)
and for some w, we have

—1/2w2 —1/2 L2 (u) 2 P~1/2v¢(u)
P22y (w) P2 = D(p=mgan) V@)D (rp=rmmiy) S L1

Given ((u) — ¢(u*) < 13, by Lemma (3.4} [|[V{(u)| p-1 = [|[Vo(u,v(u))| s < 2\f+ —=¢ and
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P2V2¢(w)P~Y2 < P7Y2(D(VC(u) + p)) P12
< D(P'V((u) + 1

HIVElp- T +1

(FvE+ i+ DI

A

A

Denote u; := u—tP~'V((u). With the same reasoning as (33), we can show that ((u—P~'V((u)) < ((u) and
C(ue) — ¢(u*) < € for all t, giving V2((u¢) < 2P. Then we deduce that

IVC@) -1 hu(P™ 1) = ¢(u— PTIV((w) = ¢(u)
— (V¢(u), PTIVC(w) + [y (1= (P (u), V2¢(u) P71 VC ()t
~IVC@5s + Jy (1= (P71 (w), (§P)PV((u))dt
= IVC) B2 + FIVE() s = =3IV B

IN

Dividing both sides by [[V{(u)||%-. completes the proof.

B.6 Proof of Lemma 4.3

A good scaling vector w makes h, (w) small. Since h,, is convex, its negative gradient aligns with any direction
that points some scaling matrix better than w being used, say w:

ha() > hy(w) + (Vhy(w), —w) = (=P72Vhy(w), PY? (i — w)) > hy(w) — hy () > 0
Hence, preconditioned gradient descent on w reduces §|lw — @[|%: define w™ = w — + P™*Vh,(w). We have

Nt — @)% < LHw — @)% — Lha(w) = hy(@)] + 522 | Vg (w)]| 51
1
L —h
L

[P (w™) = P ()], (42)
Ah

IN A

sl — % -

where hy (wT) < hy(w) = 577 | Vhe (w)]|%-, by L-smoothness in Lemma Next, we have, by definition, that

ut)—¢(u*
log(¢(u™) — ¢(u*)) — log(¢(u) — ¢(u*)) = log(*H=)

_ CuM)—¢(w)+¢(u)—¢(u*)
= log(* =y~ )
Cut)—¢(w)

log(1 + Zry—c(ury)

Cut)—¢(w) IVE@I3 -y
og(1+ o, cw-—cun )

< log(1 + 22 min{h,(w™),0}) (43)
< log(1 + %hy(w)) (1)
< Zhy(w"), (45)

where uses the PL inequality from Lemma and the fact that ((u™) < min{¢(u), ((u—D(w*)V((uw))};
uses monotonicity of log and uses log(1 + z) < z. Together with 222||w* — @||% — L2 |lw — @[3 <
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—22 (R, (wF) — hy(@)] from ([42)), we have

Qo (u™, wh) = log(C(u®) — ((u) + g2 |w™ — bl
< log(¢(u) = C(u) + £ |w — ][ b — F [hu(w™) = hu(@)] + Fha(w™)
= log(¢(w) — ¢(u")) + 52w — @|p + 2 hu ()
Qi (u, w) + Zhy (W),

and this completes the proof.

B.7 Proof of Lemma [4.4]

For brevity, we drop the iteration index and use u,u'/2, w,y,u™, w" to denote u¥, u*+t1/2 wk, y*¥ uF+1 w

. * . so2  o5s? NG NG
Given that max{((u), {(w)} — ¢(v*) < min{5g, 572 -} =1 7, the point y = u+ 5¥ 2= (w—u) = 5¥ Zw+(1-
\/7

2+F)u is the convex combination between v and w, and by convexity, ((y) < 2+\/E<( w)+(1— Z%)C(u) <
¢(u*) + 7. By Lemma [4.1] for all t € [0,1], \o(P~Y/2V2((y + t(u* —y))P~1/?) > 22, and

C(u*) = ¢ly) = (VC(y), u* —y)
= [y (1= t)(u —y, V((y + t(u* —y))(u* —y))dt
= [y = t)(PY2I(u* —y), P~Y2V2(y + Hu* — y)) P~ Y2 PY2II(u* — y))dt
> [y (1= ) |T(u* —y)|3dt = 2| (u* - y)[3.

Next, by ((y) < ¢(u*) 4+ 7, we have ((u'/?) < ((y) < ((u*) + 7. Hence P~Y/2V2¢(y + t(ut —y))P~1/2 < 2 for
all t € [0, 1], giving

1/2 k k41, k+1

((u 1/2) - <;< ) — (V¢(y),u? —y)
= [1(1— )2 —y, V(y + t(ul? — ) (@/? — y))dt < |[T(u/? — y)||3.

Finally, by convexity, we have {(u) > ((y) + (V{(y),u — y). By [9, Lemma 4.14], adding the three inequalities

C(u") = Cy) = (VC(y), u" —y) = FT ( -)l%
Cu!?) = (y) = (V¢(y),u'/? —y) < [H(u? — )3
C(u) = ¢(y) + (VC(y),u—y)

with weights 3¥72 1, =2 gives f(u!/2, wt) — ((u*) < (1~ 1/aa)[f(u,w) — ((u)]. Using ¢(ut) < ((ul/?)
shows f(u, wt) — ((u*) < (1~ §/as) [ (u,w) — C(u*)).

Finally we show that w™ satisfy ((w™) — ((u*) < 7. Given that f(u,w) — ¢(u*) < min{4||p|;*, 1}, we have
then 2 [[(w* — w3 < Fluw) — C(u*) < min{dp|; ", 1} and

o
T (w* — u*)|| < Zzminfilel W1
By L-smoothness, we have

Cwh) = C(w) < LM(w* — w3 < 2k < 1l min{q)p|| 7 137 < 7

and this completes the proof.
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