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Abstract

In nonsmooth optimization, identifiable sets describe the local region eventually
reached by sequences converging to a prescribed critical point. When such a set
is a C? manifold on which the objective restricts to a C? function, it is called
an identifiable manifold. Their appeal lies in what they enable: many first-order
methods identify these manifolds in finitely many iterations, after which the iter-
ates enter a region in which the problem is effectively smooth. Consequently,
many powerful tools and guarantees from smooth optimization transplant natu-
rally to the nonsmooth setting. Owing to these properties, much existing work
has focused on characterizing conditions that guarantee their existence. In this
work, we study a complementary question: under what conditions is a criti-
cal point devoid of any identifiable manifold? We answer this by developing a
deterministic branching criterion for a broad class of finite-max composite opti-
mization problems, characterizing when a critical point admits no identifiable
manifold. This criterion is surprisingly mild in certain classes of problems: it
holds with high probability for overparameterized robust low-rank recovery and
almost surely at common interpolators of random minimax regression, suggest-
ing that the absence of identifiable manifolds may be the rule rather than the
exception in modern optimization.

Keywords: identifiable sets, active manifolds, nonsmooth optimization, strict saddle
points, overparameterized robust low-rank optimization



1 Introduction

A recurring theme in nonsmooth optimization is that apparent nonsmoothness often
conceals a smoother underlying structure. The idea is to identify a local set M near
a critical point T that captures all nearly critical behavior: whenever z, — T and
v, € df(x,) satisfies v, — 0, the points z, eventually lie in M. The most powerful
case is when M is a smooth manifold on which f restricts smoothly, so that the
local analysis reduces to smooth analysis on M. Moreover, once a first-order method
identifies M, its subsequent iterates evolve on the manifold and effectively optimize
the smooth restricted objective, enabling guarantees such as convergence to minimizers
and avoidance of strict saddle points [1, 2]. This perspective underlies a long line of
work on partial smoothness [3-5], active-set methods [6-8], sensitivity theory [9-11],
and, more recently, active-strict-saddle theory for weakly convex optimization [12, 13].

The interest in identifiable manifolds is driven by what they make possible at a criti-
cal point. Identifiable manifolds enable smooth local analysis at critical points. Because
the restriction f|a¢ is C2, conditions such as positive-definiteness of the restricted
Hessian can certify local minimality, and the restriction becomes the natural object
for sensitivity and tilt-stability analysis [3, 9, 14]. Proximal-based and dual averaging
methods can identify the manifold in finitely many iterations and subsequently inherit
smooth convergence rates [5, 15-17], while manifold-restricted Newton updates attain
fast local convergence [3, 15]. Identifiable manifolds also underlie the theory of active
strict saddles [12]: critical points lying on a C? identifiable manifold along which the
objective decreases smoothly and quadratically in some tangent direction. Such points
are provably avoided by several algorithms, including stochastic subgradient [13] and
proximal-type methods [12].

Owing to these benefits, the existing literature has focused almost entirely on suf-
ficient conditions for the existence of identifiable manifolds. The strongest such result
is a genericity theorem: for almost every linear perturbation of a weakly convex semi-
algebraic function, the perturbed function admits an identifiable manifold at each of
its critical points [18, Corollary 4.8]. A critical point with no identifiable manifold
thus appears to be a measure-zero event, removable by a generic perturbation, leading
most existing theory to exclude such points altogether. This view is mathematically
sound, but it may understate the practical cost of perturbing the objective: pertur-
bation does not merely alter the local geometry around a critical point but reshapes
the geometry globally. As the following example illustrates, even an arbitrarily small
linear perturbation can destroy useful global structure; a bounded problem with a
benign landscape can become unbounded below.

Example 1.1 Let r := /22 + y2 and consider
Wz, y) = x(r) (5+ (| + lyl)* - 22%)

where x is the C? cutoff

. w(t):=1-10t3 415t — 6t°.



(a) Global landscape (b) Local landscape

Fig. 1: Global and local landscape of the function h in Example 1.1. Left: the benign
landscape with the localized nonsmooth landscape at the origin; the red box marks
the region enlarged in the right panel. Right: the corresponding local landscape near
the origin, where the origin is an inactive strict saddle. The two black curves mark
the coordinate axes, the nonsmooth locus of the local term |zy].

The local minimizers of h are exactly the points satisfying z2 +y2 > 4, all of which attain the
global minimum value 0, while every other critical point, including the origin, is a strict saddle;
see Figure la. Specifically, near the origin, h(z,y) = 5 + > — 2 + 2|zy|, so h(t,0) = 5 — 2,
and hence the origin is a strict saddle. For every sequence (xg,yx) — (0,0), one can choose
subgradients vi, € Oh(zy, yi) with vy, — (0,0). Consequently, any identifiable set at the origin
must contain a full neighborhood of the origin. Since h is not C? on any such neighborhood,
the origin admits no C? identifiable manifold and is therefore an inactive strict saddle; see
Figure 1b. Any linear perturbation, no matter how small, makes the problem unbounded
below. To see this, for any a # 0, define hq(z) := h(z) — (a, z). Since h(ta) = 0 for all
sufficiently large ¢,
ha(ta) = —15Ha||2 — —00, ast— 4oo.

The above example is not an isolated case. Figure 2 shows that the same ten-
sion arises—more sharply on the algorithmic side—in an important class of problems:
robust low-rank matrix sensing with overparameterized rank, details of which we defer
to Section 5. There, the subgradient method converges to the true low-rank solution,
which we show is a critical point admitting no identifiable manifold, yet convergence
fails once the problem is subject to a small random perturbation.

This motivates the main question studied in this paper:
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Fig. 2: Behavior of the subgradient method on overparameterized low-rank matrix
sensing with ¢;-loss. The ground-truth factor U*, satisfying U*U*" = X*, is a crit-
ical point admitting no identifiable manifold. From local random initializations, the
unperturbed method converges sublinearly to X* and retains effective rank near
1.1, whereas a small random perturbation prevents convergence and consistently
increases the effective rank. The relative recovery error and factor effective rank are
o, — X*HF/||X*||F and HUtH%/HUtHip, respectively. Thin curves show the 50
paired trials, and thick curves show their coordinatewise medians. See Appendix C for
details.

Under what conditions does the original, unperturbed problem fail to admit a
C?-identifiable manifold at a critical point?

Beyond a few special cases, this question has not been studied systematically;
see Section 1.1. We address it for finite-max composite problems, a broad class
encompassing robust estimation with ¢;-loss [19, 20], ReLU and hinge losses, finite dis-
tributionally robust optimization [21], and exact-penalty reformulations of constrained
problems [22]. For this class, we provide deterministic geometric conditions, called the
branching criterion, which when satisfied at a critical point rule out the existence of
any identifiable manifold, and with it the algorithmic guarantees described above. We
summarize the contributions of this paper below.

1. A deterministic obstruction. For finite-max composite optimization, we provide
a branching criterion that, when satisfied at a given critical point, rules out the
existence of any C? identifiable manifold (Theorem 3.9). The key challenge is
that establishing the nonexistence of a C? identifiable manifold is a priori chal-
lenging, as one must rule out all possible manifolds simultaneously. We address
this via a contrapositive argument: if a C? identifiable manifold exists, then a
minimal one exists and must be locally unique. We explicitly characterize this
hypothetical minimal manifold and show that the branching criterion precisely
excludes it, thereby certifying nonexistence. This criterion admits a particularly



geometric interpretation for stratifiable functions: it requires that two strata of
the identifiable set, reachable along a common set of tangent directions, induce
different quadratic forms on those directions. The existence of such incompatible
directions precludes an identifiable manifold from existing.

2. Applications. We show that the branching criterion is far from being patholog-
ical: it is satisfied with high probability or almost surely for several important
statistical estimation problems, including overparameterized nonnegative sparse
regression (Theorem 5.1), symmetric matrix sensing (Theorem 5.2), asymmet-
ric matrix sensing (Theorem 5.3), and finite-scenario minimax optimization
(Theorem 4.1 and Corollary 4.2). These results point to a common structural
phenomenon across overparameterized learning tasks: critical points without
identifiable manifolds may be universal rather than exceptional.

1.1 Related Work

Identifiability and partial smoothness

The idea that nonsmooth optimization problems often carry a hidden smooth structure
goes back at least to the 1990s, with the identifiable surfaces introduced by Wright [6]
for constrained optimization and the active-set identification results of Burke and Moré
[7] and Burke [8], which showed that the optimal active set is correctly identified once
iterates are close enough to a solution. Lewis [3] unified these threads under the notion
of partial smoothness, isolating the geometric conditions—smoothness along a manifold
and sharpness normal to it—that make such identification possible; Hare and Lewis
[4, 5] then tied this geometry to concrete algorithms. Two parallel perspectives refine
the same picture: the Y~V decomposition of Lemaréchal et al. [23], which splits the
space into directions of smoothness and of nonsmoothness, and the cone-reducibility
theory of Bonnans and Shapiro [9], developed for sensitivity analysis. Drusvyatskiy
and Lewis [14, 24] recast the theory in terms of identifiable sets, which need not be
assumed manifolds at the outset. We adopt this point of view in our paper.

Active-set and active-manifold algorithms

The terms active manifold (from partial-smoothness theory) and identifiable manifold
(from the identifiable-set theory) refer to the same object at a critical pair: Drusvy-
atskiy and Lewis [24, Proposition 10.8] show that the active manifold of a partly
smooth function is identifiable, and conversely a C? identifiable manifold is active in
the partial-smoothness sense. A parallel line of work studies algorithms that identify
this manifold in finite time and then exploit its smooth structure. Classical results
include those of Burke and Moré [7] and Calamai and Moré [25] for projected gra-
dient methods on polyhedral constraints. In the nonsmooth setting, Hare and Lewis
[5] showed that the proximal point method identifies the active manifold of a partly
smooth function, and Lewis and Wright [15] extended this to proximal-gradient meth-
ods for composite problems. Liang et al. [16] established analogous identification
results for forward-backward and primal-dual splitting methods, and Lee et al. [17]
obtained identification guarantees for regularized dual averaging in stochastic online
learning. All of these results presuppose the existence of a smooth active manifold;



the present paper studies the obstruction to that presupposition. In the context of
constrained optimization, both the second-order methods of Wright [26] and Wright
[27] and the more recent first-order methods of Diaz et al. [28] guarantee convergence
to degenerate solutions where strict complementarity fails. Although such degenerate
solutions are often associated with the absence of an identifiable manifold, this con-
nection is not causal: degeneracy alone does not guarantee absence of an identifiable
manifold, as we discuss next.

Absence of identifiable manifolds for composite functions

For a composite function h = g o F', the absence of identifiable manifolds is often
associated with degeneracy of the critical points, namely when the Jacobian DF loses
rank at a critical point [29]. This degeneracy is closely related to overparameterization
in modern statistical models, especially factored low-rank optimization and rank-
overspecified robust recovery [19, 30—-34]. Local-search algorithms often converge to
such degenerate points [29, 32-37]. However, rank deficiency of DF alone does not pre-
clude the existence of an identifiable manifold for h: it only means that F' cannot serve
as a local defining map for such a manifold [38, Definition 3.1]. For instance, the z-axis
M = {(z,y) : y = 0} is a smooth manifold with valid local defining map hy(z,y) :=y
with a full-rank Jacobian, satisfying M = h7*(0). The map ha(z,y) := y? also satis-
fies M = hy 1(0) near the origin, but its Jacobian vanishes there, disqualifying it as
a local defining map. This shows that the rank deficiency of one representation of M
does not preclude the existence of a valid one.

Ruling out a C? identifiable manifold is therefore considerably more delicate: one
must exclude every valid local defining map, not merely show that the natural can-
didate F' fails. To the best of our knowledge, the only existing sufficient conditions
are first-order. Specifically, Drusvyatskiy and Lewis [24, Proposition 10.12] rule out
an identifiable manifold when zero does not lie in the relative interior of the Fréchet
subdifferential, while Drusvyatskiy et al. [18, Theorem 4.11] do so when the critical
cone is not a linear subspace. These conditions are equivalent [39, Proposition 2.1].
In our setting, however, both conditions are too restrictive to be applicable: Propo-
sition 5.15 shows that they fail with high probability in robust low-rank recovery.
Thus, first-order geometry alone does not detect inactivity in our setting. The obstruc-
tion instead appears at second order: distinct accessible branches induce incompatible
quadratic expansions that cannot arise from a single C? restriction. Capturing this
incompatibility is the purpose of our branching criterion.

1.2 Organization

Section 2 reviews the necessary background and introduces finite-max composite prob-
lems. Section 3 characterizes their locally minimal identifiable sets and establishes
the branching criterion (Theorem 3.9). Section 4 applies the branching criterion to
common interpolators of finite-scenario minimax problems. Section 5 specializes this
criterion to overparameterized robust low-rank recovery, reducing it to a geometric
cone-selection test (Theorem 5.11) and deriving model-specific guarantees for non-
negative sparse regression, symmetric matrix sensing, and asymmetric matrix sensing
(Theorems 5.1, 5.2, and 5.3). Concluding remarks are provided in Section 6.



2 Notation and Basic Constructions

All vector and matrix spaces are finite-dimensional Euclidean spaces over R, equipped
with their standard inner products and induced norms. On matrix spaces, these are
the Frobenius inner product and norm. We write ||A||op for the operator norm. The
space of n X n symmetric matrices is denoted by S™. For X € S™, the notation X = 0
and X > 0 means that X is positive definite and positive semidefinite, respectively.
We write I, for the n x n identity matrix and e; for the ith standard basis vector.

For a positive integer m, let [m] := {1,...,m}. For S C [m], we write S := [m]\ S
and use zg to denote the restriction of a vector x € R™ to the coordinates in S.
The sign function sign(xz) € {—1,0,4+1}™ is applied componentwise. The Hadamard
product is denoted by ®, while o denotes function composition.

For Euclidean spaces V and W and a linear map T : V — W, we write T, Im T,
ker T, and rank T for its adjoint, range, nullspace, and rank, respectively. For a linear
subspace U C V, we write U~ for its orthogonal complement and Py, for the orthogonal
projection onto U. For a matrix M, col M denotes its column space, and span S denotes
the linear span of aset S C V. For a set X C R™, we write cl X, relint X', and conv X for
its closure, relative interior, and convex hull, respectively. For a polytope P, Vert(P)
denotes its set of vertices. Given a finite index set Z, the probability simplex on Z is

AI:{/\GRi:Z)\il}, Ry :={teR:t>0}.

i€l

For A € RE, write supp A := {i € Z: \; # 0} and ||A||o := |supp \|. For a function
h:RY — RU {+00}, its domain, graph, and epigraph are

domh := {x € R?: h(z) < 400},
Gphh := {(x,h(x)) € RY x R : 2 € dom h},
epih:={(z,r) € R x R :r > h(z)}.

For a set-valued map ® : R? = R™, we define Gph ® := {(z,v) € R xR™ : v € ®(x)}.

We write N (u, ) for the multivariate normal distribution with mean p and covari-
ance 3, and GOE(n) for the Gaussian Orthogonal Ensemble of n x n symmetric
matrices with i.i.d. N(0,1/2) off-diagonal entries and i.i.d. N(0,1) diagonal entries.
Probability is denoted by P and expectation by [E.

2.1 Manifolds and Definable Sets

We recall basic facts from differential geometry. For smooth manifolds, we fol-
low Boumal [38] and Lee [40]; for o-minimal structures and stratifications, we
follow Van den Dries [41] and Coste [42].

For a C* map F : R? — R™, we denote its derivative at = by a linear map
DF(x) : RY — R™. When m = 1, we identify DF(x) with the gradient VF(z) € R?
and denote the Hessian by V2F(x). If F is C?, we write D?F(z)[v,w] for its second



derivative evaluated along v,w € R% and D?F(x)[v,v] for the associated quadratic
form along v.

A set M C R?is a C* embedded submanifold (or simply a manifold) of dimension
p around T € M if it is defined locally by a smooth nondegenerate equation: there
is a neighborhood U of Z and a C* map ® : Y — R?P with surjective derivative
such that M NU = ®~1(0). Its tangent and normal spaces at T are then simply
TeM := ker D®(%) and Nz M = (T=M)=*, both independent of the defining map @,
and Pr_a denotes the orthogonal projection onto the tangent space.

Let h be C! on M near Z. Its Riemannian gradient is V ph(Z) := PTTMV%(E),
where h is any C! extension of h; this definition is independent of the extension. Thus,
7 is critical for h|y when Voh(Z) = 0. If M is C2, the second-order term of a local
tangent-space parametrization captures its curvature, as formalized in the next lemma.

Lemma 2.1 (Second-order local parametrization, Chapter 5 of Boumal [38]) Let M be a
C? manifold around T. There is a C? map v from a meighborhood of 0 in TEM onto a
neighborhood of T in M, with v(0) = T, of the form

VW) =T+ o+ Zam() +o(lol®), v e TeM, (1)
where Zpq : TgM — NzM is a homogeneous quadratic map.

Many sets in optimization are not manifolds, but their singularities often admit
a structured decomposition into smooth manifolds, formalized by the notion of
stratification.

Definition 2.2 (C* stratification) A C* stratification (k > 1) of a set Q C R? is a partition
of Q into finitely many connected C* manifolds, called strata, such that the closure of any
stratum meets a second stratum only by containing it:

for all strata X,y C 9 : YNdX#g — YCdX.
The stratification is compatible with a family of sets if every stratum is either contained in
or disjoint from each member of the family.

We focus on C? stratifications, henceforth called simply stratifications. To ensure
their existence, we assume throughout that our objectives are definable in a fixed o-
manimal structure. Such structures are closed under Boolean operations, products, and
coordinate projections, while their definable subsets of R are precisely finite unions of
points and intervals, ruling out pathologies such as infinite oscillation. They include the
semialgebraic, globally subanalytic, and Rap exp structures [41, 42]. A set is definable
if it belongs to the chosen structure, and a map is definable if its graph is definable.
All examples considered in this paper are semialgebraic and hence definable.

Theorem 2.3 (Theorem 1.3 and Corollary 1.11 of Loi [43]) For every k > 1 and every finite
family {Q1,...,Qp} of definable subsets of R, the union Ué’:l Q; admits a C* stratification

compatible with the family', in the sense of Definition 2.2.

1Loi [43, Theorem 1.3] shows the existence of C* stratification for all of R? compatible with the family
{Q1,...,9p}, which implies the existence of such stratification for the union U§:1 Q;.
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We use the compatibility of this stratification in Section 3 to decompose an
identifiable set into finitely many strata on which the objective is smooth.

2.2 Normal Cones and Subdifferentials

We next recall the variational objects used throughout; see [10, 11] for background.
Two normal cones to a closed set Q € R% at T € Q underlie the subdifferentials
below. The Fréchet normal cone is defined as

No(z) := {v eR?: limsup Wz =7) < o}.

k)
T—T, T€EQ Hl‘ - f”

The limiting normal cone enlarges it by including the limits of nearby Fréchet normals:
No(T) = {v :3dz, 27T, v, 2 v, v, € Ng($y)} .

Indeed, NQ(E) C Ng(Z). Subgradients are defined through these cones via the epi-
graph. For lower semicontinuous h : R — RU {400} and Z € dom h, the Fréchet and
limiting subdifferentials are

OhE) :={v:(v,—-1) € ]\Afepih(f, h(Z))}, Oh(T) :={v: (v,—1) € Nepin (T, h(T))},

and the horizon subdifferential is 0°h(Z) := {v : (v,0) € Nepin(T, h(T))}; we write
Gph Oh for the graph of Oh. For convex h both subdifferentials reduce to the con-
vex subdifferential, and for C'' functions to the gradient. The horizon subdifferential
records recession directions of the subdifferential graph and vanishes whenever h is
locally Lipschitz around 7.

Example 2.4 (Subdifferential of the ¢;-norm) Let h(z) = ||z|1 = Y.~ || on R™. Since
the coordinates separate, the subdifferential is

Oh(z) = {y € [-1,1]™ : y; = sign(z;) for every i with z; # 0},
a face of the unit cube [—1, 1] whose dimension equals the number of free coordinates of z. In
particular, Oh(0) = [—1,1]™ is the full cube, while Oh(z) = {sign(z)} is a single vertex when
z has no zero entry. Since h is Lipschitz, 9°°h(z) = {0} for all z. This cube-face structure

reappears in Section 5, where the multipliers at a critical point form a slice of the cube by
an affine subspace.

A point T € dom h is a critical point of h if 0 € Oh(Z), and a Fréchet-critical point
if0 e gh(f); the function is subdifferentially reqular at T if 5h(f) = 0h(T). For locally
Lipschitz functions, this is the standard Clarke regularity condition; in that case the
Fréchet, limiting, and Clarke subdifferentials agree at . Regularity holds for every
function class in this paper. A critical point T is a strict saddle point of h if, for some
unit direction w, the standard second-order subderivative of h at T for the subgradient
0 satisfies d?h(Z | 0)(w) < 0 [10, 12, 13].



2.3 Identifiable Sets and Identifiable Manifolds

We adopt the definitions of Drusvyatskiy and Lewis [14, 24] for identifiable sets and
manifolds.

Definition 2.5 (Identifiable set) Let b : R? — R be locally Lipschitz, and let (Z,7) € Gph dh.
A set M C R? containing T is identifiable for h at x for v if, for every sequence x, — T and
every sequence v, — U with v, € Oh(z,), all sufficiently large indices satisfy x, € M.

Definition 2.6 (Locally minimal identifiable set) An identifiable set M for h at T for v
is locally minimal if, for every other identifiable set N for the same pair, there exists a
neighborhood O of Z such that

MNOCNNO.

Definition 2.7 (C? identifiable manifold) Let h : R — R be locally Lipschitz, and let
(z,7) € GphOh. A set M C RY containing 7 is a C2 identifiable manifold for h at Z for v if
it is identifiable for h at T for ¥ and, in a neighborhood of Z, the set M is a C? manifold of
R? on which h restricts to a C? function.

Proposition 2.8 (Local minimality and local uniqueness, Proposition 8.2 of Drusvyatskiy
and Lewis [14]) Let h : R? — R be lower-semicontinuous and subdifferentially regular at some
critical point T. If M is a CQ—identiﬁable manifold for h at T for 0, then M is automatically
a locally minimal identifiable set at T for 0.

This proposition is particularly useful in our analysis: any identifiable manifold,
upon existence, must be determined uniquely by the locally minimal identifiable set.

Definition 2.9 (Inactive critical point) Let 0 € Oh(Z). We say that T is inactive if no C?
identifiable manifold exists for h at = for 0.

We next present a useful property of inactive critical points, the proof of which is
presented in Appendix B.1.

Lemma 2.10 (Orthogonal invariance of criticality and identifiability) Let X be a finite-
dimensional Fuclidean space, let h : X — R be locally Lipschitz, and let T : X — X be
an orthogonal linear transformation satisfying ho T = h. Then, for every (x,v) € Gph0h,
Oh(Tz) = T (0h(z)). Moreover, a set M C X is identifiable for h at x for v if and only if TM
is identifiable for h at Tx for Tv. The same equivalence holds for c? identifiable manifolds.
Consequently, x is an inactive critical point if and only if Tx is an inactive critical point.

We now specialize to finite-max composite objectives, a broad class for which the
locally minimal identifiable set admits an explicit description.

10



2.4 Finite-Max Composite Functions

In this paper, we study finite-max composite objectives

fl@)=g(F(2)),  g(2) := maxgi(),
where 7 is a finite index set, F : R* — R" is C? and definable, and each ¢; : R — R
is C? and definable. We write f; := ¢g; o F and call each f; a smooth piece of f and
each g; a smooth piece of g. The nonsmoothness of f comes entirely from the outer
pointwise maximum. Fix a critical point Z of f and set Z := F(Z). For z near Z, the
active set is defined as
1(z) == {i € T: gi(z) = g(2)}.

Since g is a finite maximum of C? functions, it is locally Lipschitz and subdifferentially
regular, with

0g(Z) = conv{Vy;(z) : i € I(Z)} and 0%¢g(z) = {0}.

The two results below characterize the locally minimal identifiable set for two building
blocks of finite-max composite functions: finite-max of C'* functions (Proposition 2.11)
and composite functions (Proposition 2.13).

Proposition 2.11 (Identifiable set for a finite maximum, Theorem 7.3 of Lewis and Tian
[44]) Let g; : R™ — R be C' for each i € I, where T is a finite index set, and define
9(z) := max;cz gi(2). For Z € domg and v € dg(Z), define the set of multipliers

Az =S Ae€eAr:v= Z AiVgi(Z),supp A C I(Z)
i€I(Z)
Then
Mz = U {zeR" :suppA C I(2)}
AEAS
is the locally minimal identifiable set for g at Z for U.

Example 2.12 (Identifiable set of the ¢1-norm) Take g = || - |1 on R™. Its pieces are the
affine maps g5 (2) = (0, 2) over o € {+1}™ =: Z, with Vg, = 0. Moreover, o is an element
of the active set I(z) exactly when o; = sign(z;) on every coordinate with z; # 0. Fix a
subgradient v € dg(z). By Proposition 2.11, the locally minimal identifiable set for g at z for
U is

My = |J {z € R :suppA C I(2)},  Ag= {A EAr:T=Y, )\GJ}, (2)

ANEAT

a union, over the representations of ¥ as a convex combination of sign patterns, of the points
z at which every pattern in supp A is simultaneously active.” In Appendix A, we show that
this identifiable set reduces to:

SﬁIZ{ZGRm:ZiZOif|§i‘ <1, z>0ifv; =1, ZiSOif@izfl}, (3)

2The support condition supp A C I(Z) of Proposition 2.11 is automatic here: a sign pattern disagreeing
with ¥ on a coordinate where |[U;] = 1 cannot appear in any representation of ¥, while a coordinate where
|7;] < 1 satisfies Z; = 0 and therefore imposes no constraint on the support.

11



which we call the sign cone of v henceforth. Equivalently, Sz is the normal cone N[_l,l]m (V) to
the cube [—1,1]™ at ©. Call a coordinate 7 saturated for v when [7;| = 1 and free when [7;| < 1.
Then dim Sz is the number of saturated coordinates, complementary to the dimension of the
cube face containing v. For example, if v is a vertex of the cube, Sy is a full-dimensional
orthant; if T is the center, Sz = {0}. Figure 3 illustrates an example.

23

Sy i={z1 =22 =0,23 > 0}

22

Sp:={21 20,20 > 0,23 =0}

21

Fig. 3: The locally minimal identifiable set for g = || - || on R3. Left: two subgra-
dients 9,7 € [~1,1]*> = 9g(0), where ¥ lies on the front-right edge of the cube (two
saturated coordinates) and ¥’ lies on the top face (one saturated coordinate). Right:
the corresponding identifiable sets Sz and Sy, which are the normal cones to the
cube at ¥ and ?’, respectively. The edge point T (orange) gives the two-dimensional
cone {z € R3 : 2y > 0,2 > 0, 23 = 0}; the face point ¥ (purple) gives the ray
{z€R3: 2 =2, =0, 23 > 0}.

Proposition 2.13 (Chain rule, Proposition 5.1 of Drusvyatskiy and Lewis [24]) Consider a
function f = go F defined on an open neighborhood V C Rd, where F : R — R™ is C' and
g : R™ = R is lower-semicontinuous. Fiz a critical point T € dom f with z := F(T). Suppose
the following qualification condition holds at ©

ker DF(z)* N 8% g(F(Z)) = {0},
and hence the inclusion 8f(Z) C DF(T)*(0g(%)) holds. Define the set of multipliers
A:={v e dg(z): DF(T)"(v) =0} = 9g(z) Nker DF(T)".
Suppose
e g is Clarke regular at all points in dom g around F(T);
e for each v € A, there exists a locally minimal identifiable set My for g at Z for v;
e the collection {May}yen is finite.

Then, the set
M= F (M)
veEA
1s locally minimal identifiable for f at T for 0 € Of(T).

Example 2.14 (Identifiable set of an ¢;-composite) Take g = || - |1 and f = ||F(:)||1 for a
c? map F': RY — R™ with critical point Z and Z := F(Z). The chain rule of Proposition 2.13
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applies: the qualification condition holds because ¢g(z) = {0}, the norm is convex and
hence Clarke regular, and the identifiable set of g is the cone S, defined in (3), taking finitely
many values, one per sign pattern of v. Its relevant multipliers are

A =0g(z)Nker DF ()" = {v € [-1,1]™ : v; = sign(z;) for z; # 0, DF(z)"v = 0}.

Since the preimage commutes with unions, the locally minimal identifiable set is

M=JFUS)=F1¢), ¢&:=S cr™, (4)
vEA vEA

where Sy is the sign cone of v defined in Example 2.12. The set £ is a union of normal

cones Sy = N|_1,1jm (v) to the cube, taken over the multiplier slice A = dg(z) Nker DF(7)*.

Therefore, its geometry is determined by how the subspace ker DF(Z)* intersects the cube.

Figure 4 illustrates an example: depending on the orientation of the slice A, the geometry of

the set £ can differ drastically. Whether its pullback via F~1(€) is a C? smooth manifold is
precisely the question addressed by the branching criterion of Section 3.

1%
2 Su;
V1 !
I
I v Sy
- 3 Sus
I
I
I
I/G ST T T T T T,
,
y Svs
; Suva
7 l/4
2
s Sus

Fig. 4: The identifiable set &£ for a tilted slice, with m = 3 and dim A = 2. Left: the slice
A is a hexagon (gray), with six vertices v, ..., s (colored). Right: the corresponding
fan € = U, cven(a) Sv- The cone S, = N|_y 153 (v) for each vertex v is a two-dimensional
sector in the matching color, meeting along the rays where adjacent vertices share a
saturated coordinate. The set £ is a nonconvex and nonsmooth polyhedral fan.

Together, these two propositions give a clean expression for the locally minimal
identifiable set of the finite-max composite problem of Section 2.4. Proposition 2.11
considers the outer maximum: the identifiable set of g at a subgradient ¥ is the union,
over multipliers A\ representing v, of the regions where the pieces g; of g in supp A stay
active. Proposition 2.13 pulls this set back through the smooth map F', keeping only
the multipliers compatible with criticality at Z. The result is that the locally minimal
identifiable set of f is the F-preimage of a union of active-piece regions, which we
derive explicitly in Section 3.1 as the starting point for the branching criterion.
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3 Deterministic Branching Criterion

To derive the branching criterion for finite-max composite problems, we proceed as
follows. In Section 3.1, we combine Propositions 2.11 and 2.13 to obtain an explicit
description of the locally minimal identifiable set together with a compatible stratifi-
cation. In Section 3.2, we work under the hypothesis that this set is a C? identifiable
manifold and derive its second-order expansion. Section 3.3 proves the resulting
compatibility condition across accessible strata (Proposition 3.8) and obtains the
branching criterion by contraposition (Theorem 3.9).

3.1 Locally Minimal Identifiable Set for Finite-Max
Composite Functions

The following proposition combines Propositions 2.11 and 2.13 to express the locally
minimal identifiable set of the composite f = g o F' in closed form.

Proposition 3.1 (Locally minimal identifiable set for finite-max composites) Consider the
finite-max composite function f = go F of Section 2.4. Fizx a critical point T with Z := F(T)
and active set 1(Z). Define the critical multiplier set

Ao = {A € Ar: DF(@)" ( Yiere) )\ngi(E)) — 0,supp A C J(z)} , (5)

the family of active-support sets & := {supp X : X € Ag}, and for nonempty K C 1(Z), the

active locus
Ac={z:KCI(z)} = ({z:9(2) > g;(2)}.
i€EK jET
Then the set
M:=F1&), = A,
Kex
is the locally minimal identifiable set for f at T for 0 € If(T).

Proof To apply Proposition 2.13, we first need to verify its conditions. Since g is a
finite maximum of C? functions, it is locally Lipschitz near z, so 0>¢g(z) = {0}. Hence
ker DF(z)* N0 g(z) = {0} trivially, and the qualification condition holds. Moreover, g is the
finite maximum of C* functions, and hence Clarke regular, at every point near zZ. Moreover,
by Proposition 2.11, the locally minimal identifiable set My, for g at Z for v € 9g(%Z) is

My = ] {z:suppA C I(2)},
AEA,

Ay = {/\ EAr:v= Ziel(z) AiVygi(Z), supp A C I(E)}.

The set M, depends on v only through the collection of supports {suppA : A € Ay},
which is a family of subsets of the finite set I(Z). There are finitely many such families,
s0 {Moy}yen is finite. The conditions of Proposition 2.13 are thus satisfied, and the locally
minimal identifiable set of f at T is

M= F (M),  A=0g(z)Nker DF(T)".
vEA
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Since 9g(z) = conv{Vg;(Z) : ¢ € I(Z)}, every v € 9¢(z) admits a representation v =
Ez‘el(z) AiVgi(z) for some A € Az with supp A C I(z). The condition v € ker DF(Z)* then
reads DF(Z)* (3;¢ 1) AiVYi (z)) = 0. Hence the weights representing multipliers in A are
exactly the elements of Ag defined in (5). Finally, we focus on simplifying the description of
M. Pulling F ~! outside the union and substituting the expression for M, gives

M=JF ' M)=F [ UMo|=F"|J U {z:supprCI(2)}
vEA vEA vEA NEA,
As v ranges over A and A over Ay, the multiplier A ranges exactly over Ag. Writing K = supp A
and recalling Ax = {z: K C I(z)} and # = {suppX: X € Ag},

U U {z:suppA C I(2)} = U Asuppr = U A =E£.

vEANEA, A€Ag Kext

Therefore M = F~1(£), as claimed. O

The identity & = (Jxc » Ax expresses £ through the supports of the critical mul-
tipliers, each locus A collecting the points where the pieces g;, i € K, stay active. We
now refine it into a description of the stratification of £. Being definable, £ admits a C?
stratification globally. Near Z, the active set is a subset of I(Z): an inactive piece with
9i(Z) < g(Z) stays below g around z, so I(z) C I(Z) on a neighborhood of Z. On such a
neighborhood, the geometry of £ is governed by which subset of I(Z) stays active, and
the following proposition shows this subset to be locally constant: on a neighborhood
of Z, the strata of £ each carry a fixed active subset of I(Z). For g = || - |1, Exam-
ple 2.14 makes the decomposition concrete: £ = (J,c, Sy is a polyhedral fan whose
maximal cones are the top-dimensional strata, meeting along the lower-dimensional
cones where sign patterns coincide (Figure 4).

Proposition 3.2 (Stratification compatible with constant active set) Let & = Uxe.p Ak
be as in Proposition 3.1. For each J C I(Z), define the active-set region

Ry :={z:1(z) =T}

In a neighborhood of Z, the set & admits a finite C? stratification % compatible with the family
{R7: T CI(Z)} in the sense of Definition 2.2. Equivalently, for every stratum Z € Z there
is an active set Lz C I(Z) such that

I(z) =TIz forall z € Z.

In particular, g agrees with each active piece g;, 1 € Tz, on Z, so g|z is the restriction of a
c? function.

Proof Choose a definable open neighborhood U of Z with I(z) C I(Z) for all z € U. We work
within U throughout, intersecting every set with / without further mention. At each point
of U the maximum defining g is attained, so the active set is a nonempty subset of I(z), and
the family {Ry : J C I(Z),J # @} partitions U. Each R is definable, being cut out by
the equalities g; = g for i € J together with the strict inequalities g; < g for i € I(Z) \ J.
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We first rewrite £ in terms of the regions R 7. By definition, Ax = {z : K C I(2)}, and
a point lies in Ay exactly when its active set is one of the subsets of I(Z) containing K.
Therefore

A = U Ry, and hence &= U Ak = U R,
KCITCI(z) Kex Jex T

where #T := {J C I(z) : K C J for some K € #} is the collection of active sets that
contain some member of JZ. Thus £ is a union of regions, and any region R 7 with J ¢ ¢ T
is disjoint from £. Now apply Theorem 2.3 to the finite family {R7 : J C I(%z),J # @},
whose union is U. The resulting C? stratification of U is compatible with this family, so
each stratum is contained in a single R 7. Since £ is a union of the sets R 7, every stratum
is either contained in or disjoint from &, and we let 2 be those contained in £. Recalling
that £ = Uje,}g/T R 7, the members of 2 are exactly the strata contained in some R s with
J € #7, and they partition &.

Fix a stratum Z € 2 and let J be the unique index with Z C R 7. The active set is then
constant on Z, equal to Zz := J, so that g; = g on Z for every i € Zz. It follows that g|z
coincides with the restriction of the C? function g; for any such 4, and is in particular c?. O

Each active locus is a union of the sets Rz, namely Ax = Jyxc, Ry, and each
‘R 7 is a union of strata of 2. Consequently £ is a union of strata, and on each stratum
a single active set, hence a single piece g;, agrees with g. Example 3.10 below, and the
robust low-rank recovery of Section 5, identify the strata explicitly and compare the
pieces g; across them.

Propositions 3.1 and 3.2 together concretize the question of whether a critical
point Z admits a C? identifiable manifold. Such a manifold, if it exists, must coin-
cide near T with M = F~1(£), on which f restricts to a C? function with a single
second-order expansion at Z. The stratification of £ turns this into a condition on the
individual strata: each contributes its own second-order behavior to f along the man-
ifold. The next subsection computes the second-order contribution of each stratum,
and Section 3.3 derives the compatibility that these contributions must satisfy. The
branching criterion is then obtained by contraposition.

3.2 Second-Order Expansion Under the Activity Hypothesis

We derive a necessary condition for activity under the following standing hypothesis.

Assumption 3.3 (Activity hypothesis) The locally minimal identifiable set M = F~1(€)
is a C? identifiable manifold for f at T for 0 € 8f(T).

This hypothesis entails no loss in deriving a necessary condition: if any C? identi-
fiable manifold exists, Proposition 2.8 and the local uniqueness of the locally minimal
identifiable set force it to agree with M near T. In particular, under the activity
hypothesis, M is a C? manifold near T and f|r is C?. All tangent spaces, local
charts, and chart-dependent quantities introduced below are understood under this
hypothesis until it is discharged in Theorem 3.9.

Each stratum of £ determines a quadratic form, the leading second-order term
contributed by that stratum. The activity hypothesis requires these forms to agree
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whenever the corresponding strata are reached along a common family of tangent
directions, because the C? restriction f|,¢ has a unique second-order expansion at Z.
We first compute the contribution of each active piece and then identify which strata
are accessible from M.

Writing T M for the tangent space, Lemma 2.1 expresses points of M near T as

V(W) =T + v+ Zpm) +o([[vl?), v eETeM, (6)
where Za : ToM — NoM is the homogeneous quadratic second-order term. Define
1m(v) = DF(@)[Zp(v)] + 3 D*F(T)[v, 0], (7)
and, for each active piece i € I(Z),
Gi(v) == (Vgi(2),nm(v)) + 3 (DF (@)[v], V2g;(2) DF (T)[v]). (8)

The next proposition shows that na((v) and ;(v) capture the second-order deviations
of v(v) when pushed forward through F' and g; o F', respectively.

Proposition 3.4 (Tangential first-order and second-order expansions) Let T be a critical
point of f, and define Z = F(T). Suppose the activity hypothesis (Assumption 5.3) holds.
Then:

1. for every active index i € I(Z),
PremV(gi o F) (@) =V f(T) = 0;
2. for all sufficiently small v € TgM,
F(y(v)) =2+ DF@)[v] + npa(v) + o([[0]*);
3. for all sufficiently small v € TgM,
FO(@)) = (=) + max Gi(v) +o(llel]®).

Proof Write f; := g; o I, so that f = max;c 1(z) f; on a neighborhood of T, where each f; is
C? with Vfi(z) = DF(T)*Vg;(2).

Proof of (i). Fix v € TgM and let t — ~(t) be a C* curve in M with v(0) = Z and
4(0) = v. Since each f; is differentiable and, on a neighborhood of Z, the active indices I(Z)
are the only ones attaining the maximum, the one-sided derivative of f along v at ¢t =0 is

IimM = max (Vf;(T),v).

10 t i€I(Z)
Since f|aq is differentiable at Z, the left-hand side equals (Vo f(T), v), so
(Vmf(@),v) = ng:%x(Vfi(E), v) for all v € Ty M. (9)
7 *
The left-hand side of (9) is linear in v. Noting that —v € THM and replacing v by —v gives

Z_renfg)Wfi(f),w =- ig}aé)Wfi(f), —v) = Z_g}i(g)Wfi(ﬂ v).
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Thus the maximum and minimum over i € I(Z) agree for every v € Tz M, so all (V f;(T), v)
coincide and, by (9), equal (Vqf(T),v). Equivalently, Pr_ sV fi(Z) = Vi f(T) for every
1 € I(Z). Since 0 € 9f(z) = conv{V f;(Z) : i € I(Z)}, projecting onto TM gives V o f(Z) = 0.
Proof of (ii). Using Taylor expansion of F' along the chart (6) and grouping by order gives
_ — — 2 = 2
F(y(v)) =z + DF(@)[v] + (DF(@)[Zpm(v)] + 5 D F()[v,]) + o||v]*)
_ — 2
=Z+ DF(@)[v] 4+ nr(v) +o([[o]),
where the second line uses the definition of naq(v) in (7).
Proof of (iii). Fix i € I(Z). Using Taylor expansion of g; o F' along the chart (6), and
using the conclusion (ii), we have

gi(F(y(v)))
= g;(2) + (Vgi(2), DF@)[V]) + (Vi (2), 1M (v)) + $(DF(T)[v], Vg;(Z) DF(T)[v]) +o(|[v]|*)
= gi(2) + (Vgi(z), DF@)[v]) + i(v) + o([|v]|*)

where the third line uses the definition of ¢; in (8). By conclusion (i) the linear term satisfies
(Vg;(z), DF(Z)[v]) = (V[i(Z),v) =0 for all v € Tz M, and ¢;(Z) = g(Z) since 7 is active, so

_ 2

9i(F(v(v))) = 9(2) + Gi(v) + o([[v]["). (10)
By continuity, each inactive piece stays strictly below g on a neighborhood of Z, and Z is
finite. Therefore, for small enough v, the active piece of f is attained on I(Z). This implies

F(y()) = max {gi(F(+(v)))} = g(2) + max ¢i(v) + o||v]*).
i€l(z) i€l(Z)
This completes the proof. O

Under the activity hypothesis, conclusion (i) says that every active piece of f has
the same first-order variation along Tz M, equal to that of f|u, and this common
value is zero. Crucially, this does not require DF(Z)[v] itself to vanish: the inner
displacement may be nonzero, provided it is orthogonal to every active outer gradient
Vgi(Z). Tangent directions are thus constrained only through the active gradients,
and first-order information alone cannot pin down the manifold. This is why the
second-order coefficients ¢; of conclusion (iii) are needed.

3.3 Accessible Strata and Branching Criterion

We now identify which strata contribute to the local expansion under the activity
hypothesis. For a comparison between two strata to be meaningful, the manifold must
reach both strata, and do so along an open set of tangent directions rather than a
single curve. We introduce the following definition to isolate this condition.

Definition 3.5 (Accessible stratum) Under the activity hypothesis (Assumption 3.3), let
W C TzM be a linear subspace. A stratum Z € £ is accessible from M at T along W if
there is a nonempty relatively open cone C C W\ {0} such that, for every unit vector v € C,
there is (v) > 0 with

F(y(tv)) € Z, 0<t<e(v).

Note that the open cone is essential in this definition. Reaching a stratum along
a single direction would describe f only along that one direction, whereas reaching it
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along an open cone describes it on a full solid angle of directions in W. Intuitively, Z
is accessible when the curve ¢t — F(y(tv)) enters Z for a non-zero measure of tangent
directions v in W.

Lemma 3.6 (Quadratic forms agreeing on an open cone) Let q1,q2 be quadratic forms on a
finite-dimensional vector space W. If g1 = q2 on a nonempty relatively open cone in W, then
q1 =gz on W.

Proof The difference g1 — g2 is a homogeneous polynomial of degree two. A polynomial that
vanishes on a nonempty open subset of its domain vanishes identically. O

On an accessible stratum, all active pieces share a single quadratic form, making
the following definition unambiguous.

Lemma 3.7 (Branch quadratic of a stratum) Under the activity hypothesis (Assump-
tion 3.3), let Z € & be accessible from M at T along a linear subspace W C T M. Then the
restrictions G|y, with ¢; as in (8), coincide for all i € Tz. We call this common quadratic
form the branch quadratic of Z along W and denote it (= yy.

Proof Let C C W \ {0} be an accessibility cone for Z, and take 4,9’ € Zz. For every unit
v € C and all sufficiently small ¢ > 0, the point F'(y(tv)) lies in Z, and since the active set is
constant on Z,
9i(F(y(tv))) = gir (F(y(tv)))-
By the per-branch expansion (10), we have g;(F(vy(tv))) = g(z) 4 t2¢;(v) + o(t?) for each
active 7, so
0= gi(F(y(t))) = gir (F(y(t0))) = £*(Gi(v) = G (v) + o(t?).

Dividing by #? and letting ¢ | 0 gives ¢i(v) = ¢y (v) for every unit v € C, and hence on all of
C by homogeneity. Lemma 3.6 then gives ;| = (y|w), so (z,yy is well-defined. O

The activity hypothesis imposes a single quadratic expansion across all accessible
strata. This is the key necessary condition behind the branching criterion.

Proposition 3.8 (Compatibility of accessible branch quadratics) Under the activity hypoth-
esis, let W C TEM be a linear subspace. If Z1, Zo € % are accessible from M at T along W,
then CZl,W = CZ2,W on W.

Proof By Proposition 3.4, V u f(Z) = 0. Since f| ¢ is C? under the activity hypothesis, there
is a unique quadratic form ¢ on THM such that

F(y() = £@) + a() + o([[v]|?)-
Fix j € {1,2} and let C; C W \ {0} be an accessibility cone for Z;. For v € C; and all
sufficiently small ¢ > 0, the point F'(y(tv)) lies in Z;. Hence, for any i € Zz;, the per-branch
expansion (10) and Lemma 3.7 give

FOr()) = 9(2) + 2z, w(v) + o(t?).
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Comparing the two expansions shows that ¢(v) = (z; y(v) on C;. Lemma 3.6 therefore yields
qlw = ¢z, w- Applying this identity for j = 1,2 proves the result. O

We now discharge the activity hypothesis. The following contrapositive is the main
result of this section.

Theorem 3.9 (Branching criterion) Let T be a critical point of the finite-maz composite
f = go F, with locally minimal identifiable set M = F71(€) from Proposition 3.1 and
compatible stratification 2 from Proposition 3.2. Suppose that the activity hypothesis implies
the existence of a linear subspace W C TeM and two strata Z1, 29 € & such that

(a) both Z1 and Z2 are accessible from M at T along W;

(b) their branch quadratics disagree: (z, yw # (z, W -
Then f admits no c? identifiable manifold at T for 0 € Of(T); that is, T is inactive.

Proof Suppose, toward a contradiction, that a C? identifiable manifold exists at T for 0 €
df(z). By Proposition 2.8 and the local uniqueness of the locally minimal identifiable set, this
manifold agrees near  with M = F1 (€). Thus the activity hypothesis holds. The premise of
the theorem then provides W, Z1, and Zs satisfying (a)—(b), whereas Proposition 3.8 forces
¢z, ,w = (z,,w, a contradiction. O

We now illustrate the branching criterion of Theorem 3.9 with an example from
[12], explicitly verifying each of its conditions.

Example 3.10 (A two-piece inactive critical point) Consider

fx1,29) = (|z1] + |22])? — 227

Davis and Drusvyatskiy [12, Figure 1la] visually illustrate that the origin is an inactive critical
point of f (in fact, a strict saddle). We now confirm this rigorously by directly applying our
branching criterion. This function can be rewritten as

flz1,22) = x% — a:% +2|z120| = max{x% — a:% + 2x1$2,1:% - 1’% —2z122}.

Therefore, f admits a finite-max composite form f = goF, where F : R2 — R? is the identity
map, g = max{gi1, g2}, and g1(z1,22) := z% - z% + 22129 and ga(z1,22) = z% - z% — 22129,
both C2. To apply the branching criterion, we first obtain the locally minimal identifiable
set M at the critical point Z = (0,0) via Proposition 3.1. Both pieces and their gradients
vanish at Z, so the active set I(Z) at Z = (0,0), the critical multiplier set Ag, and the family
of active support sets % reduce to

I1(z) = {1, 2}, Ao = Az, 2 = {{1},{2},{1,2}}.
Since g1(2) — g2(2) = 42122, the active loci are Ag1y = {2122 > 0}, A9y = {2122 < 0}, and
Ag1,2y = {#122 = 0}. Together they cover R?, 50 £ =R? and M = F~1(£) = R%
We now identify the stratification of Proposition 3.2. The regions on which the active set
is constant are

R{l} = {2122 > 0}, 7—\’,{2} = {21Z2 < 0}, 7—\’,{172} = {lez = 0},

on which the active piece is g1, g2, or both, respectively. Each is a union of strata: R{l} and
Ry split into their connected components, the open quadrants, while Ry1,2) is the union

20



of the two coordinate axes, which stratify into the four open half-axes and the origin. The
resulting strata are the four open quadrants

Z1={21>0,220>0},22 ={21 <0, 220 >0},2Z3 ={21 <0, 22 <0}, 24 ={z1 >0, 22 <0},

together with the four open half-axes, and the origin. The constant active sets are: {1} on
Z1 and Z3, {2} on Z3 and Z4, and {1, 2} on the open half axes and the origin. We compare
the two quadrants Z; and Z4, with Tz, = {1} and Tz, = {2}.

To verify the implication required by Theorem 3.9, suppose the activity hypothesis holds.
Since M = R?, the chart of Lemma 2.1 is y(v) = T 4 v, and we take W = R2. Both
quadrants are accessible from M at T along W: the cones C; = {v1 > 0, v2 > 0} and
Cq4 = {v1 > 0, v2 < 0} are nonempty and relatively open, and for every unit vector v € C;
(resp. v € C4) and sufficiently small ¢ > 0 one has F(y(tv)) = tv € Z1 (resp. Z4), which is
the accessibility condition of Definition 3.5. With v(v) = T + v, each piece is a homogeneous
quadratic, so ¢;(v) = g;(v), and Lemma 3.7 identifies the branch quadratics

Cz, w(v) = v — vf + 2v102, Czow(v) = v — vf — 2v10g,

which disagree on W. Thus the activity hypothesis implies the incompatible accessible
branches required by Theorem 3.9, and T is inactive.

The example above is deliberately simple: inactivity can be verified by inspection,
without invoking the branching criterion. The remainder of the paper demonstrates
the criterion in two practically important problem classes: finite-scenario min—max
optimization and robust low-rank recovery. The former models worst-case estimation
across finitely many scenarios and provides a transparent first application: at a com-
mon interpolator, all scenario gradients vanish, so disagreement among their quadratic
growth directly triggers the branching criterion. In the random overparameterized two-
group model, every common interpolator is consequently an inactive global minimizer
almost surely. Robust low-rank recovery, by contrast, seeks to recover a low-rank object
from corrupted measurements and requires a substantially more involved reduction to
a geometric cone-selection test and its probabilistic verification.

4 Inactive Global Minimizers in Finite-Scenario
Minimax Optimization

We consider the application of the branching criterion to finite-scenario minimax opti-
mization [45], a standard instance of group distributionally robust optimization [46].
Suppose the data are partitioned into S prespecified groups, and let R, : R® — R™:s
denote the residual map for group s, which we assume to be C? and definable. We
consider )
fapro(2) = max ly(z),  Ls(x) = || Ry(@)]. (11)
s€[S] 2
Equivalently, fapro () = maxpea Zle psls(x), matching the loss function of the
group distributionally robust problem, wherein an adversary may choose any mixture
of the empirical group distributions [46]. It has the finite-max composite form of
Section 2.4: take F'(z) = (Ri(x),...,Rs(x)) and, for z = (21, ..., z5), define g4(z) :=
%st”2 and g := MaXse[s] s-
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We call T a common interpolator if Rs(Z) = 0 for every s € [S]. Such a point
is a global minimizer of fapro, and every smooth piece has zero gradient there.
Nevertheless, the pieces may grow according to different quadratic forms around
Z. Such common interpolators arise naturally in modern overparameterized learn-
ing, where models often fit every training sample—and hence every prespecified
group—simultaneously; see [46-48].

The next result shows that whenever two different pieces dominate along different
sets of directions, the common interpolator admits no C? identifiable manifold. For
Js[v] := DR(T)[v], define the scenario quadratic

w@) = 5 10, v e (12)

and, for a linear subspace YW C R¢, the strict dominance cone

D,(W) :={v e W\ {0} : gs(v) > ¢;(v) for every j # s}.

Theorem 4.1 (Inactive minimax interpolators) Let T be a common interpolator of fGDRO-
Suppose there are a linear subspace W C R and distinct indices s1,82 € [S] such that both
Ds, (W) and Ds, (W) are nonempty. Then T is an inactive global minimizer of fGDRO-

Proof Since every loss is nonnegative and vanishes at Z, the point T is a global minimizer.
Moreover,

Vis(T) = Ja [Rs(T)] =0 for every s € [5].
Since fgpro is a finite maximum of C? functions, it is locally Lipschitz and subdifferen-
tially regular near Z, and the subdifferential formula of Section 2.4 gives dfapro(T) =
conv{V«s(Z) : s € [S]} = {0}; in particular, T is critical.

We next identify the locally minimal identifiable set. At Z = F(T) = 0, every outer piece
is active and Vgs(z) = 0, so the critical multiplier set (5) is the entire simplex: Ag = A[g).
In particular, every singleton {s} occurs as the support of a critical multiplier, and the
corresponding active loci .A{ s} already cover the image space, because every z has at least
one active piece. Proposition 3.1 therefore gives

S
e= U A =[I®™, M=F1E =R
s€[S] s=1
To invoke Theorem 3.9, we verify its accessibility and incompatibility conditions under the
activity hypothesis. For each s € [S], let Ry, := {z : I(2) = {s}} be the open region on which
gs is uniquely active. Choose the compatible stratification in Proposition 3.2 so that every
connected component of each nonempty 7?,{ s} 1s a stratum; this is possible by taking these
open components as the top-dimensional strata and stratifying their definable complement
compatibly with their closures.

Work under the activity hypothesis. Since M = R, we have TsM = R? and may take
the local chart to be y(v) = T + v. Fix s € {s1,s2} and choose a unit vector vs € Ds(W).
Because Ds(W) is relatively open, there is a connected relatively open neighborhood Vs of
vs in the unit sphere of W such that cl Vs C Ds(W). Uniformly for v € cl Vs,

9s(F(@ +t)) — gj(F(@ + tv)) = t*(qs(v) — ¢ (v)) + o(t?),  j#s.

22



The strict inequalities on the compact set cl Vs therefore imply that, for some €5 > 0,
F(Z +tv) € Rigy forallve Vs and 0 <t < es.
The image of the connected set Vs x (0,e5) under (v,t) — F(T + tv) is connected and hence
lies in a single connected component Zs of Ry 1. Therefore, Zs is accessible from M at T
along W, with accessibility cone Cs := {av: a >0, v € Vs}.
It remains to compare the branch quadratics. Since Vgs(0) = 0 and VZgs(0) is the
identity on the s-th group and zero on all other groups, definition (8) gives

1
Gz () = LI TP = as(v)  for every v e W.
The two accessible strata Zs, and Zs, have incompatible branch quadratics: any v € Ds, (W)
satisfies gs, (v) > gs,(v), and hence gs,|yy #Z ¢so|y. Thus, under the activity hypothesis,
conditions (a)—(b) of Theorem 3.9 hold. That theorem rules out any C? identifiable manifold
at x, proving that ¥ is inactive. O

For two scenarios, the condition above reduces to a familiar matrix test. Indeed,
D;(W) and D2(W) are both nonempty exactly when J;" 71 — J5'J2 is indefinite on
W. A useful sufficient condition is that the two kernels are incomparable: there exist
vy € ker Jo \ ker J1 and vy € ker J1 \ ker J2. Then ¢1(v1) > ¢g2(v1) and ga(v2) > g1(v2).

We next show that this kernel geometry is generic in overparameterized two-group
linear regression. Given A, € R™=*% and b, € R™:, consider

1
= — || Az — bs||%. 1
fac () max 2mSH sT — bs|| (13)

Corollary 4.2 (Gaussian two-group minimax regression) Let A1 € R™! *d gnd Ay € RM2X4
have i.i.d. standard normal entries, and suppose mi,ma > 1 and m1 +mo < d. Then, with
probability one, for every by € R™ and by € R™2, the common interpolators {T € R? :
AT = by, AoT = b} form a nonempty affine subspace of dimension d—mj —my and every
one of them is an inactive global minimizer of foc.

Proof The stacked matrix [A{ Ag]' has i.i.d. standard normal entries and m; 4 my rows.
Since m1 + mo < d, it has full row rank almost surely. Hence the two systems A1Z = b; and
AT = bg admit a common interpolator for every (b1,b2), and its solution set is an affine
subspace of dimension d —mj; —me. Full row rank also implies that neither ker A; nor ker Ao
contains the other: either inclusion would force the rows of one nonempty block to lie in the
row span of the other, contradicting full row rank of the stack. Consequently, there exist
vy € ker Ag \ ker Ay, vy € ker Ay \ ker Ag.

At any common interpolator, the scenario Jacobians in (12) are Js = As/+/ms. Thus g1 (v1) >
g2(v1) and g2(v2) > q1(v2), and Theorem 4.1 applies with W = RY, O

The mechanism here is particularly transparent. At a common interpolator, all sce-
nario gradients vanish, so the locally minimal identifiable set fills the ambient space.
Nevertheless, different scenarios dominate on different open cones and induce incom-
patible quadratic expansions, precluding a single C? local model. The inactive points
identified here are global minimizers of a natural finite-max problem. By contrast, the
next section turns to robust low-rank recovery, where the identified inactive critical
points can be strict saddles rather than global/local minimizers.
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5 Inactive Criticality in Robust Low-Rank Recovery

We next consider the class of robust low-rank recovery problems

Xmeign JAL(X))—yl;, st X =0, rank(X) <k, (14)

for which the branching criterion takes a particularly geometric form. Here, A : S™ —
R™ is the linear measurement operator defined by [A(Z)]; = (A;,Z) fori=1,...,m,
where {A;}/2, C S™ are known measurement matrices. The linear design operator
L :S™ — S™ is determined by the underlying generative model, such as matrix sensing
or nonnegative sparse regression. The observations satisfy y = A(L(X™*)) + ¢, where
X* > 0 is the unknown ground-truth matrix with rank(X*) =r <k, ande e R™ is a
sparse vector of outliers. The ¢; loss provides robustness against these outliers.

Instances of (14) arise in a wide range of robust statistical recovery applications,
including signal processing, recommendation systems, and control; see the surveys
by Chi et al. [30], Wright and Ma [49].

Problem (14) is often solved via the Burer—Monteiro factorization [50], which
replaces the constraint set {X : X = 0, rank(X) < k} with {UU" : U € R"*F},
reducing (14) to

min | 4 (£ (UUT)) ~ 9], (15

UERTLX)C
which is in the finite-max composite form considered in this paper. Despite its non-
convex and nonsmooth nature, local-search algorithms are known to converge to the
ground truth X* = U*U* " when applied directly to (15). For instance, the subgradient
method converges to X* for matrix sensing even when ¢ # 0 and the model is severely
overparameterized, i.e., the search rank dominates the true rank (k > r) [29, 33].
Analogous results hold for nonnegative sparse regression [29, 51].

Ma and Fattahi [52] showed that the (balanced) ground-truth solutions from {U* :
Ut = X *1 in matrix sensing emerge not as local or global minima, but as strict
saddles. The convergence of the subgradient method to these points (or equivalently,
its inability to escape them) therefore cannot be attributed to local optimality, leading
the authors to conjecture that these strict saddles are inactive. In this work, we confirm
this conjecture and prove a considerably stronger result:

Under appropriate randomness in the measurements and noise, and with overparameteriza-
tion, every (balanced) critical true solution in {U™ : Ut = X*} satisfies the branching
criterion (Theorem 3.9) with high probability. Consequently, these critical true solutions are
inactive, admitting no C? identifiable manifold; in regimes where they are strict saddles,
they become inactive strict saddles.

We formally present our results for two representative classes of robust low-rank
recovery: nonnegative sparse regression and matrix sensing.

Nonnegative sparse regression: The goal of nonnegative sparse regression is to
recover a nonnegative vector x* € R’} with at most s < n nonzero entries from
linear measurements y; = (a;,2*) 4+ &;, where ¢ € R™ is a sparse outlier vector. A
common approach is to introduce the parametrization x = u ®u, where ® denotes the
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elementwise product, and apply the subgradient method directly to

m

fop(w) := " @i, u © u) -yl (16)

i=1

Nonnegative sparse regression is a special case of (15): take k = 1, set A; = diag(a;),
where diag(a;) denotes the diagonal matrix with diagonal a;, and let £ be the pro-
jection onto the diagonal matrices. Applying our branching criterion under Gaussian
measurements yields the following high-probability guarantee.

Theorem 5.1 (Nonnegative sparse regression) Consider the nonnegative sparse regression
problem (16). Suppose that the measurement vectors ai,...,am have i.i.d. standard normal
entries, and that the outlier vector € is independent of the measurement vectors and satisfies
llello < pm, where 0 < p < 1/2. Let z* € RY} satisfy ||[z*|lo = s and n > s+ 2. Then there
exist constants c1,c2 > 0, depending only on p, such that, whenever m > c1s, with probability
at least

1— e 25 _ 2—(71—3—1)7

every ground-truth factor u* satisfying u* ® u* = z* is an inactive critical point of fsp.

Two features of the theorem are worth emphasizing. First, the assumption n—s > 2
ensures the existence of at least two coordinates outside the support of x*. These off-
support coordinates provide the directions used by the branching criterion to construct
incompatible branch quadratics with high probability. The presence of off-support
coordinates is not merely a technical requirement; it is, in fact, necessary. Indeed,
when n = s, an argument analogous to that of Aravkin et al. [53, Theorem V.2]
shows that fs, is locally sharp away from the singleton M = {u*}.* Together with the
weak convexity of fgp,, this sharpness implies that M is a locally minimal identifiable
set [14, Proposition 8.4]. Since a singleton is a C? manifold, u* is therefore an active
critical point when n = s. Second, the sample-size requirement m > ¢ s is information-
theoretically optimal up to constant factors. Thus, the order of measurements required
to make recovery information-theoretically possible is already sufficient to ensure that
the ground-truth factors are inactive critical points with high probability.

Matrix sensing: Matrix sensing is the matrix analogue of nonnegative sparse regres-
sion, with low rank playing the role of sparsity in the spectral domain. The goal is to
recover a rank-r matrix X* € R™1*"2 from linear measurements y; = (I';, X*) + ¢,
where I'; € R™*"2 have i.i.d. standard normal entries, and € € R™ is a sparse outlier
vector. A common approach is to introduce a low-rank factorization and apply the
subgradient method directly to one of the factorized objectives

m

fsym(U) :Z|<F13UUT> _yl|a UERnXka (17)

=1

3That is, there exist u > 0 and a neighborhood U of u* such that fo,(u) > fep(u*) + p dist(u, M) for
every u € U.
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m

fasyln(U17U2) = Z |<FZ,U1U2T> - yz| s (Ul,UQ) € R Xk ]RnQXk7 (18)

i=1

where k > r. The symmetric formulation applies when n; = no = n and X* is sym-
metric and positive semidefinite, whereas the asymmetric formulation accommodates
general, possibly rectangular, matrices. Both formulations are special cases of (15). In
the symmetric setting, it suffices to take A; = %(FZ +T) and let £ be the identity
map. For the asymmetric setting, set n := n; + ny and introduce the stacked factor
U:= U] U)]" € R"™*. Define

110 Iy 0 X2
A= , L(X):= ,
2 lr: o] “ lx ]

where X15 € R™*™2 denotes the upper-right off-diagonal block of X € S™. Since the
upper-right off-diagonal block of UU T is U; Uy, we have (A;, L(UU ")) = (T;, U1 U, ),
which establishes the claimed reduction. Applying our branching criterion to the sym-
metric and asymmetric formulations, again under Gaussian measurements, yields the
following high-probability guarantees.

Theorem 5.2 (Symmetric matrix sensing) Consider the symmetric matriz sensing prob-
lem (17). Suppose that the measurement matrices I'1,...,Tm have i.i.d. standard normal
entries, and that the outlier vector € is independent of the measurement matrices and satisfies
llello < pm for some 0 < p < 1/2. Let X* = 0 have rank r, and suppose that k > r + 1 and
n > r+ 2. Then there exist constants c1,ca > 0, depending only on p, such that, whenever
m > cinr, with probability at least

1 e—C2nr _ 2—(n—r—1)

every ground-truth factor U* satisfying U*U* ' = X* is an inactive critical point of Ssym.

Theorem 5.3 (Asymmetric matrix sensing) Consider the asymmetric matriz sensing prob-
lem (18). Suppose that the measurement matrices I'1,...,I'm have i.i.d. standard normal
entries, and that the outlier vector € is independent of the measurement matrices and satisfies
llello < pm for some 0 < p < 1/2. Let X* € R™*"2 have rank r, and suppose that k > r+1,
ny >r—+1, and ng > r+ 1. Then there exist constants c1,co > 0, depending only on p, such
that, whenever m > c1(n1 + na)r, with probability at least

—co(ni+n92)r
1—e 2(n1 2)7

every balanced ground-truth factor pair (UT,U3) satisfying UfUST = X* and UfTUf =
UQ*TU§ is an inactive critical point of fasym.

Several observations regarding Theorems 5.2 and 5.3 are in order. First, Ma and
Fattahi [52, Corollary 1] show that, with high probability, every ground-truth factor U*
satisfying U*U *T = X* is a strict saddle point of fsym, provided that ecnr < m < ¢'nk
for suitable constants ¢, ¢’ > 0. Theorem 5.2 complements this result by establishing
that these ground-truth factors are also inactive. Consequently, within this sample-size
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regime, they are inactive strict saddles with high probability. This identifies inactiv-
ity as the geometric mechanism underlying the failure of the subgradient method to
escape these strict saddles. An analogous conclusion for asymmetric matrix sensing
follows by combining Ma and Fattahi [52, Corollary 2] with Theorem 5.3. Second,
as in nonnegative sparse regression, overparameterization—that is, kK > r—is neces-
sary for the ground-truth factors to be inactive. Indeed, when k& = r, Charisopoulos
et al. [19, Propositions 4.6 and 4.7] establish that foym and fasym grow sharply away
from their respective ground-truth solution manifolds. Since these manifolds are C?
smooth, this sharpness implies that the corresponding ground-truth factors are active
critical points. Finally, the sample-size requirements in both theorems match the
corresponding information-theoretic limits up to constant factors.

Structure of the proof and geometric intuition: The crux of our analysis is
to show how the branching criterion manifests itself in robust low-rank recovery. In
Section 5.1, we reduce the criterion to a deterministic cone-selection test involving
the normal cones at the vertices of the clean multiplier polytope. Geometrically, each
tangent direction in a hypothetical identifiable manifold generates a projected second-
order residual, and the normal cone containing this residual determines the branch that
is accessed. If two relatively open sets of tangent directions select normal cones corre-
sponding to distinct vertices, then they access branches with incompatible quadratic
expansions, forcing the ground-truth factor to be inactive. In Section 5.2, we show that,
after an appropriate whitening, Gaussian measurements make the directions of these
projected residuals uniformly distributed on the relevant sphere. Since each pointed
normal cone occupies at most half of the sphere, the projected residuals are unlikely
to all select the same branch, yielding the desired high-probability guarantees.

5.1 Branching Criterion and Cone Selection

Problem (15) takes the finite-max composite form of Section 2.4, fig = g o F, where
FU)=A(LUU"))-y=A(LUOU" —=X*)) —e,  g(2) = |lz]1.

Here F : R™* — R™ is C? and definable, and g(z) = max,c(41}m go(2) with each
piece g, (z) := (o, z) being linear. Let Q¢ := {i : &; = 0} and Qu := {i : &; # 0} denote
the index sets of clean and noisy measurements, with m¢ := |Q¢| and my = |Qp|.
We write A : S* — R™¢ and Fo : R™*F — R™¢ for the restrictions of A and F' to
the clean measurements, and Ay, Fy for the corresponding restrictions to the noisy
measurements. Analogously, we write ey € R™¥ to denote the restriction of € to the
noisy measurements. The clean and noisy Jacobians at a ground-truth factor U* are
defined as

Je(UM)[V]:= DFo(U)[V] = Ac (L (U*VT +VU*T)), (19)
IN(UN[V] = DFyxU*)[V] = Ay (L (U*VT +VU*T)). (20)
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When the base point U* is clear from context, we suppress it from the notation and
write Jo[V] and Jn[V] in place of Jo(U*)[V] and Jn (U*)[V], respectively. Likewise,
Jé&[v] and JF[v] denote the actions of the corresponding adjoint linear maps on v.

The following proposition gives the inclusion-minimal object that any C? identifi-
able manifold at a critical point U* would have to equal locally.

Proposition 5.4 (Clean reduction of the identifiable set) Fiz a critical point U* of fir
satisfying Ut = x* Define the clean multiplier polytope

Ac = {v e [-1,1]" : Jo[v] = TN sign(en)]} (21)
Then, letting Sy denote the sign cone (3) in R™C, the set
M=F;' (&), Ec:= |J SecR™ (22)
veEAC

is the locally minimal identifiable set for fir at U* for 0 € OfLr(U™).

The proof of Proposition 5.4 is presented in Appendix B.2. It shows that the
branching criterion can be studied on F,' (£¢), where £c is the identifiable set in the
clean coordinates before pullback by Fg; the corrupted coordinates contribute only
a smooth, sign-fixed term to the local expansion of the objective. Consequently, the
nonsmoothness of f sits entirely on the clean coordinates. To obtain a more tractable
description of £¢, we introduce

Re = Im Je, No = ker T = RE. (23)
in terms of which A¢ in (21) can be written as
Ac = (U+Ng)n[-1,1]m°,

where 7 € A¢ is arbitrary. Recall from Example 2.12 that a coordinate i of v €
[—1,1]™¢ is saturated when |v;| = 1 and free when |v;| < 1. Write Z(v) := {i : |v;] <
1} for the free coordinates of v. Next, we impose two geometric conditions on the
clean multiplier polytope Ag. Together they make A¢ a full-dimensional affine-cube
section whose vertices index the full-dimensional cones of Ec.

Assumption 5.5 (Affine-cube geometry of the multiplier polytope) The clean multiplier
polytope A¢ satisfies:
(I) (Interior condition) Ac meets the interior of the cube, i.e., Ac N (—1,1)"¢ # &;
(N) (Nondegeneracy condition) For every vertex v of Ac, the restriction Jo 7_(,) R™M*K
RIZ<W of Jc to the free coordinates of v has full rank, i.e., rank Jo 7_(,) = rank Jo.

In Section 5.2, we show that under appropriate randomness in the model, Assump-
tion 5.5 holds with high probability. Under these assumptions, our next proposition
shows that the set £ decomposes into the sign cones S, over the vertices of A,
which are equivalently the normal cones of [—1, 1]™¢ at the vertices of A¢, where each
normal cone has dimension dim N¢.

28



Proposition 5.6 (Structure of E¢) The set Eo of (22) is a polyhedral fan:

= U s, (24)
veVert(Ac)
with distinct vertices v yielding distinct sign cones Sy. Moreover:

e Under condition (I), Ac is a full-dimensional polytope of dimension dimNg, and
Nao (v) =Re + Sy for every v € Ac.

e Under conditions (I) and (N), every cone Sy for v € Vert(A¢) is full-dimensional with
dim S, = dim N, and the union (24) is irredundant: no Sy is contained in another.

Proof Recall the construction £c = |J,,¢ Ae Sv from Proposition 5.4, where Sy is the sign
cone of v, or equivalently the normal cone to the cube at v,

So:={2€R™C 2, =0if |vy| <1, 2, >0ifv; =1, 2 <0if v; = —1}.

For two vertices v, 7/, the intersection S, NS,/ is the set of z supported on the coordinates
{i:|vi] = |V}| = 1 and v; = v}}. This is a common face of the two cones, and every face of Sy,
arises in the same way. The cones S, together with their faces are therefore a polyhedral fan.
To establish (24), take v € A¢ and let v be a vertex of the smallest face of Ag containing
v. Passing from v to v only saturates further coordinates, so the saturated set of v lies in
that of v and S, C S,, which gives (24). To see distinct vertices give distinct cones, note
that if S, = S,v, v and v/ have the same saturated coordinates and signs. A vertex has no
nonzero direction of N along its free coordinates, since such a direction would place it inside
a segment of A, so its saturated coordinates determine it and v = v/’

Now assume condition (I), and fix ¥ € Ac N (—1,1)™¢. As v is interior to the cube and
Ac = W+ Ng) N [—1,1]¢, Ac contains a relative neighborhood of ¥ in ¥ + M. Hence,
it is full-dimensional there, of dimension dim N¢. For the normal cone formula, let v € Ag
be arbitrary. Since ¥ + NMg meets the interior of the cube, the normal-cone sum rule [54,
Corollary 23.8.1] applies at v: the normal cone to v+ N¢ is ./\/'é? = R and the normal cone
to the cube at v is the sign cone Sy, so Np (v) = Ngpa, (v) + Ni_p 1jme (v) = Re + So.

Now assume conditions (I) and (N), and let v be a vertex of Ag. By condition (N),
the restriction J¢ 7_(,) has rank equal to rank J¢, which requires |Z<(v)| > rank J¢. For
the reverse inequality, we claim v has at least mc — rank Jo saturated coordinates, i.e.,
|Z<(v)| < rank J¢. Indeed, if v had fewer than m¢e — rank J¢o saturated coordinates, there
would exist a nonzero direction h € N supported on the free coordinates of v, placing v in
the interior of a segment of A¢ and contradicting that v is a vertex. Hence |Z< (v)| = rank J¢,
and therefore

dimS, = m¢ — |Z<(v)| = mg — rank Jo = dim Ng.
Finally, if S, C S,/ for two vertices v, 1/, then Sy, is a face of S, of equal dimension, hence
equals it, giving v = v/. The union (24) is therefore irredundant. O

In light of Proposition 5.6, the set ¢ = UVeVert(Ac) S, forms a polyhedral fan and
admits a natural stratification: the top-dimensional strata are the relative interiors
relint S, of the maximal cones, one per vertex v of A¢g, and lower-dimensional strata
appear along their common faces. The branching criterion then compares the second-
order behavior across these top-dimensional strata. Figure 5 illustrates the geometry
of Ag, Sy, and &c for dimNg = 2 with mg = 3.

To apply the branching criterion (Theorem 3.9), we work under the activity hypoth-
esis and show that it forces two incompatible accessible branches. Specifically, we
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Fig. 5: The case m¢ = 3, dimNg = 2. Left: the clean multiplier polytope Ac is
a hexagon obtained by intersecting ¥ + Ng with [—1,1]3, satisfying Assumption 5.5.
Three of its six vertices are v1 (purple), vo (orange), and v3 (cyan). Right: by Proposi-
tion 5.6, Ec = |J,, S, over the six vertices; the cones of vy, 12, v3 are shown in matching
colors, each two-dimensional (dimS, = dimNg = 2). Adjacent cones share a lower-
dimensional face: for a point ¢ (green) on the open edge vovs, the cone S, = Sy, NS,
(green) is their common boundary ray.

must determine (a) which cones S, are accessible from M at U* along directions
in some subspace W C Ty« M, and (b) whether their branch quadratics are incom-
patible. Condition (b) turns out to be easy: any two distinct strata relintS,, and
relint S,, yield incompatible branch quadratics. Condition (a) is more delicate because
it requires characterizing how curves on M through U* behave after being pushed
forward through Fo. As we show below, accessibility reduces to a cone-selection test.
The following lemma characterizes Ty« M under the activity hypothesis.

Lemma 5.7 (Tangent space of the clean identifiable set) Fiz a critical point U* of fiLr
satisfying U*U* T = X*. Under Assumption 5.5, assume M = Fc_l(é'c) is a C? identifiable
manifold for fir at U* for 0. Then,

Ty« M = ker Je.

We defer the proof of this lemma to Appendix B.3 as it requires tools we shall
develop later.* Under the activity hypothesis, Section 3.2 locally represents M, along
each tangent direction V' € Ty« M, by a curve starting from U* with velocity V.
Consider such a curve

() =U* +tV +t*Z + o(t?) (25)

with some second-order correction Z (cf. Lemma 2.1). Defining the clean second-order
residual

Qc(V) i= 3 D*Fo(U)[V, V] = Ac (£ (VVT)) (26)

40One might expect this to follow directly from the standard characterization of the tangent space as the
kernel of a local defining map [40, Proposition 5.38]. However, we cannot assume J¢ to be a local defining
map for M, so this standard result does not apply directly.
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and passing the curve «yy () through F, we obtain

Fo(yw(t)) = Fo(U*) +tJclV] + 2 (Qc(V) + JclZ]) + o(t?)
=12 (Qc (V) + JclZ]) + o(t*) € Ec, (27)

where we use Fo(U*) = 0 and Je[V] = 0, the latter following from V' € ker Jo by
Lemma 5.7. Since Jo[Z] € Re, the leading coefficient of Fo(yy(t)) lies in the affine
subspace Q¢ (V) + Re and in Ex. The curvature of M along ~ enters only through
JclZ] € Re. The next proposition shows that this curvature term is immaterial: the
affine subspace Q¢(V) + R meets E¢ in a single point, determined by Qc(V') alone.

Proposition 5.8 (Second-order cone selection) Under Assumption 5.5, for every a € R™¢,
the affine slice (a + Rc) NEc is a single point, denoted S (a):

{Arc(@)} = (a+Re)NEc. (28)

The selection map Sa. (a) depends only on the projection Py a, so it descends to a map
Ne — Ec. This descended map is a two-sided inverse of the projection Py, restricted to
Ec, so Py restricts to a bijection Ec — Ng. Moreover #), is positively homogeneous:
Ihe (Aa) = X P (a) for all X > 0.

The proof of Proposition 5.8 is presented in Appendix B.4. It implies that
Ine(Qc(V)) depends only on the projection Py, Qc (V). Geometrically, this pro-
jection flattens the polyhedral fan £c along the first-order range R¢ = Im Jo. By
Proposition 5.8, Py, restricts to a bijection Ec — N¢ with inverse %, so no infor-
mation is lost under projection. Each cone S, maps to its image P, S,, one per vertex
v of Ac, and these images partition N¢, meeting only along their boundaries. Since
A lies in the affine subspace 7 + N¢, let Nf\vcc (v) C N¢ denote the normal cone of
Ac at v relative to © + Ng. The normal cone formula of Proposition 5.6 gives

PrneSy = N3 (v),

so flattening identifies each maximal cone of £ with a normal cone of Ag in
Ng, as illustrated in Figure 6. Consequently, determining which cone relintS,, con-
tains .75, (Qc(V)) is equivalent to identifying which normal cone N/’\\fcC (v) contains
Prn,Qc(V), as formally established in the next lemma.

Lemma 5.9 (Projected cone selection) Under Assumption 5.5, let v be a vertex of Ac and
a € R™C. Then

Zne(a) € relintS, — Pppa € reIinthj\vcc(u).

Proof By Proposition 5.6, Nj (v) = R +Sy. Therefore, Py, Sy = Np, (v)NNe = N/J\\[CC (v).
By the linearity of Pys,, we have

Ppr, span Sy = span Py, Sy = span N//\\/’CC (v),
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Fig. 6: Cone selection via flattening, continuing the hexagonal example of Figure 4.
Left: the polyhedral fan ¢ C R™¢ with maximal cones S,,,...,S,,, one per ver-
tex v; of Ag, colored as in Figure 4. Two tangent directions Vi, Vs € ker Jo generate
curves vyy,,7v, of the form (25); by Proposition 5.8, their images Fe(vy,) (blue)
and Fo(vyy,) (red) leave the origin along the rays spanned by the selected points
Ihe(Qc(Vh)) € relintS,, and A, (Qc(V2)) € relintS,,. Right: the image of Ec
under the projection Py, (arrow between the panels), inside N, with A¢ overlaid
(dark green, translated from v + Ng to N¢). Each cone S,, flattens to the nor-
mal cone Nf\vcc (v;) at the corresponding vertex, drawn in the matching color, and
these cover N¢. By Lemma 5.9, the cone selected along Vj is the one whose normal
cone contains the projected direction Py, Qc(V;): the blue and red arrows depict
PrnQc (V) € relint N/jx\[cc (v3) and Py, Qc(Va) € relint N/J\\[Cc (v6), respectively, reduc-
ing cone selection from R™¢ to the lower-dimensional space N¢.

implying that Py, is surjective. Additionally, note that Py, is injective on £c, and hence
on S C &g, due to Proposition 5.8. Since S, is a convex cone, spanSy, = Sy — Sy, If
h = 21 — 22 € span Sy satisfies Py h = 0, then Py, 21 = Py, 22, and the injectivity of Pxs,
on Sy gives z1 = 22, hence h = 0. So Py, is injective on span Sy, and therefore a linear
isomorphism onto span Nlj\\/cc (v). Thus, it maps the relative interior of S, onto the relative

interior of N/j\vcc(y). That is, for any z € £,

z€relintS, <= Py,z € relint N/j\vcc(l/).

Now take z = #;(a). Since Sy, (a) € a + R, Py, oao(a) = Ppr,a. Substituting this
identity into the preceding equivalence concludes the proof. O

Armed with these results, we now show that, under the activity hypothesis, the two
conditions in Theorem 3.9 follow from cone selection: accessibility of the strata (con-
dition (a)) and incompatibility of their branch quadratics (condition (b)). We begin
with condition (a). The following lemma shows that Ppr, Qc(V) € relint N/j&\[cc(y) for
V ranging over a relatively open cone in ker J¢ is sufficient to guarantee accessibility
of the stratum relintS, .
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Lemma 5.10 (Accessibility of a vertex cone) Fir a critical point U* of fLr satisfying
Ut = X*, and suppose that M = Fgl(é'c) is a C? identifiable manifold for figr at
U* for 0. Under Assumption 5.5, suppose there exists a vertex v of Ac, a linear subspace
W C ker Jo, and a nonempty relatively open cone C C W such that

PnQc(V) € relint NS (v), WV eC.
Then, relint Sy, is accessible from M at U* along W.

Proof Let v be the chart in (6), and fix a unit vector V' € C. By Lemma 5.7, V € Ty« M =
ker Jc. Hence, using the homogeneity of Z 4 and the definition (26),

Fo(y(tV)) = t*(Qc(V) + TelZpm(V)]) + oft?)
=:t*nc (V) + o(t?).
Here nc(V) == (Mm(V))ieqe is the clean block of the coefficient in (7). For ¢ > 0, set
Fo(y(tV)). Since y(tV) € M = Fgl(gc) and £¢ is a cone, we have z; € Ec.

Moreover, zz — nc(V) as t | 0. Proposition 5.6 expresses ¢ as a finite union of closed
polyhedral cones, so ¢ is closed and therefore na (V) € Ec. On the other hand,

nc(V) —Qc(V) =JclZm(V)] € Re.
Consequently,
nc(V) € (Qe(V)+Re) Néc.
Proposition 5.8 now yields
nc(V) = Sae(Qe(V)). (29)
By the cone-selection hypothesis and Lemma 5.9,

nc(V) € relint S,.

Because the maximal cones of £ form a finite polyhedral fan, every point of £ sufficiently
close to nc(V) also lies in relint S,. Indeed, the relative boundary of S, together with all
other maximal cones is a finite union of closed polyhedral sets that does not contain na (V).
Since z¢ € E¢ and z¢ — nc(V), it follows that z; € relint S, for all sufficiently small ¢ > 0.
Finally, relative interiors of cones are invariant under positive scaling, and hence

Fo(y(tV)) = 22 € relint S,

for all sufficiently small ¢t > 0. Since V' € C was arbitrary, Definition 3.5 applied to the reduced
representation shows that relint S, is accessible from M at U* along W. ]

Having established accessibility of the strata, it remains to verify that the branch
quadratics are incompatible on them. As we show next, this incompatibility is in fact
automatic: any two distinct strata necessarily carry incompatible branch quadratics.
To state the main result, define the boundary sign vector o(v) € {—1,0,1}™¢ by
o(v); = sign(y;) on the saturated coordinates (Jv;| = 1) and o(v); = 0 on the free
coordinates (|v;| < 1). Its support is the set of saturated coordinates and its zero set
is Zo(v). On the sign cone at v, it computes the ¢; norm,

llz]|1 = (o(v), 2) for z € relintS,. (30)
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Theorem 5.11 (Branching criterion via cone selection) Fiz a critical point U* of fir sat-
isfying U*U* T = X*. Under Assumption 5.5, suppose there exist two distinct vertices vy, v
of Ac, a linear subspace W C ker Jo, and two nonempty relatively open cones C1,Co C W
such that

PrnoQc(V) € relint N\C (), WV eC; j=1,2
Then fr,r admits no C? identifiable manifold at U* for 0 € 8f(U*); that is, U* is inactive.

Proof By Theorem 3.9, it suffices to show that the activity hypothesis implies accessibility
of two strata and incompatibility of their branch quadratics. We therefore work under the
activity hypothesis throughout the remainder of the proof.

Since P, Q¢ (V) € relint N//\\/CC (v;) for V € Cj, Lemma 5.10 shows that the strata Z; :=
relintS,;, j = 1,2, are accessible. It remains to prove the incompatibility of the branch
quadratics on Z1 and Zp. Fix a piece 7; active on Zj, i.e. 7; € Iz, and let (z, w = (ry lw
denote the corresponding branch quadratic, as in Lemma 3.7, with (r; defined in (8). Since
fur = g o F with g a finite maximum of linear functions, the Hessian term for gr; in (8)
vanishes, so

G (V) = (77 maa(V)) = {100 (V) + (= sign(en) v (V)
=qn (V)
where 7; ¢ 1= (Tj)icqe and nc = (Mm)icqo are the restrictions of 7; and naq to the
clean indices, and Ny = (am)icq, is the restriction to the noisy indices. Note that gp is
independent of the choice of active piece 7;. By (27) and Proposition 5.8,
nc(V) = Qc (V) + Jc(Z] = Zpo(Qe(V)),

The assumption Py, Qc (V) € relint N['/XVCC (v;) for V € Cj combined with Lemma, 5.9 implies
Zae(Qc(V)) € relintSy; for V € C;, and hence n¢ (V) € relint Sy, for V' € C;. In particular
nc (V') vanishes on the free coordinates of v;, while 7; ¢ agrees with o(v;) on the saturated
ones. Consequently,

(rj,conc(V)) = {e(wj)inc(V)) = ¢u; (V),  VVEC), j=1.2,

and therefore
CTJ(V):qN(V)+¢VJ(V)7 VVEC]7 ]:172

Since (z; ) and (r; are both quadratic forms on W agreeing on the nonempty relatively
open cone Cj, Lemma 3.6 shows they agree on all of W:

CZJ,W(V) ZQN(V)+wVJ(V)7 VVEW, .]:172
Hence (z, w —(z,,w = ¥v, —%v, on W, and it suffices to show ¢, # v, on W. For V € Cq,
since (V) € relintS,,, its support equals the saturated coordinates of v; with matching
sign, so

Y (V) = (o(1),nc(V)) = llnc(V)lli,  VV €l
Since o(v2) € {—1,0,+1}"¢, by Holder’s inequality,

VY, (V) = (o(v2),nc(V)) < lnc(V)ll1,  VV el
with equality only if o(v2); = sign(nc(V);) for every i € supp(nc(V)), that is, only if every
coordinate saturated by v; is also saturated by ve with the same sign, forcing no (V) € Su,.
But Sy, and Sy, are distinct maximal cones of the polyhedral fan due to Proposition 5.6,
so they meet only along a common proper face, and relintS,, is disjoint from S,,. Since
nc(V) € relintS,, for V€ Ci, we conclude ng(V) ¢ Su,, and thus ¢u, (V) < ¢, (V)
strictly for all V' € C;. As C; C W is nonempty, this shows ¢, # ¥, on W. Thus the
activity hypothesis implies the two incompatible accessible branches required by Theorem 3.9,
completing the proof. O
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Theorem 5.11 reduces the branching criterion to a cone-selection test in A. The
next subsection verifies that this test succeeds with high probability under appropriate
random models.

5.2 Probabilistic Analysis

In this subsection, we show that the cone-selection test—and hence the branching cri-
terion—succeeds with high probability for robust low-rank recovery under the random
models considered here. Before turning to the formal analysis, we develop geomet-
ric intuition for why this should occur. This intuition applies directly to nonnegative
sparse regression and symmetric matrix sensing. Asymmetric matrix sensing requires
an analogous but slightly sharper argument, which we present in Appendix B.10.

Suppose for now that the true solution U* is a critical point of fir and that
Assumption 5.5 (the interior and nondegeneracy conditions) holds. Suppose further,
purely for the sake of intuition, that there exist ¢ > 2 distinct directions Vi,...,V, €
ker Jo whose projected second-order residuals Py, Qc(V4), . . ., Py Qc(V,) are spher-
ically symmetric on Mg, i.e., their normalized directions are uniformly distributed on
the unit sphere. Under this idealized randomness assumption, the cone-selection test
succeeds unless all of these projected residuals lie in the relative interior of a single
normal cone N/j\\gc (v) for some vertex v of Ag.”

To estimate the probability of this event, first recall from Proposition 5.6 that the
clean multiplier polytope A¢ is full-dimensional in N¢. Hence its vertex normal cones
Nf\\[cc(y), v € Vert(A¢) are pointed [55, Theorem 2.3.2]. A pointed cone is always
contained in some half-space. Consequently, for any two indices 1 < ¢ < j < ¢, the
probability that both Pp, Qc(V;) and Py, Qc(V;) fall into the same normal cone
N/j\vcc(z/) is at most 1/2. Consequently, the probability that all ¢ projected residuals
land in the same cone is at most 2~ (=1 and the cone selection test succeeds whenever
this does not happen, giving

P(cone-selection test succeeds) > 1 — 2@~ 1),

This intuition is formalized in the following proposition.

Proposition 5.12 (Spherically symmetric projected residuals imply successful cone selec-
tion) Fiz a critical point U* of fiLr satisfying Ut = x*. Suppose that Assumption 5.5
holds and that dimNg > 1. Let ¢ > 2, and suppose there exist distinct nonzero direc-
tions Vi,...,Vq € kerJo such that, conditional on Jo and Ac, the projected residuals
Prn.Qc(V1),..., Py, Qc(Vy) are independent and have continuous, spherically symmetric
distributions on Ng. Then, conditional on Jo and Ao, with probability at least 1 — 27(q71),
the cone-selection test in Theorem 5.11 succeeds. Specifically, there exist two distinct ver-
tices v1,v2 of Ao, a linear subspace W C ker T, and two nonempty relatively open cones
C1,Co C W such that
Ppr. Qc (V) € relint N[/\vcc(l/j) for every V€ C;, j=1,2.

5By Theorem 5.11, the cone-selection test in fact requires Prn Qc (V) € relint Nifg(u) not just for a

single V, but for all V' in some relatively open cone C. We suppress this distinction here for the sake of
intuition.
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The proof is presented in Appendix B.5. For this result to materialize, three condi-
tions must hold: (1) the true solution U* is a critical point of fir; (2) Assumption 5.5
(nonempty relative interior and nondegeneracy of A¢) holds; and (3) the projected
residuals Pn, Qc(V1),. .., Pnv. Qo (V) are independent and spherically symmetric.

Condition (1) has already been established in the literature for all three models
considered here. We now show that condition (2) can be verified through a whitening
procedure. Define the linearized design map at U* by

TW*) Rk 58", TU9V] =L (U*VT + VU*T> .

When the base point U* is clear from context, we suppress it and simply write 7. The
definitions of the clean and noisy Jacobians then give Jo = AcoT and Jy = AnoT,
and hence, J& = T" o AL and Jy = T* o Ay. In particular, both adjoint Jacobians
take values in Im 7*. We write

dmIm7* =dimIm7T =:d,.

Assumption 5.13 (Whitening operator) There exists a linear isomorphism H : Im 7" —
R% | called the whitening operator, such that the whitened adjoint Jacobians j(fw =HoJs
and T3 = H o Jj satisfy

Jéle) ~ N(0,14,) iid. forie Qce,  JTnlej] ~N(0,1,) iid. for j € Qp,

where e; denotes the i-th standard basis vector of R™¢ or R™¥ | as appropriate.

Our next lemma shows that this whitening operator exists for Gaussian measure-
ment operators A, which underlie symmetric and asymmetric matrix sensing as well
as nonnegative sparse regression.

Lemma 5.14 (Existence of a whitening operator) Fiz a ground-truth factor U* and let T be

its associated linearized design map. Suppose that A1, ..., Am are independent of the outlier
vector €. Suppose further that there exist a linear isometry
L*:ImT—>Rd*, « :=dimIm T,

and a positive-definite matriz ¥ > 0 such that
i.i.d.
te(Pim 7 AL -+ 1 (Fim 7Am) "= N(0,%).
Then Assumption 5.13 holds. In particular, a valid whitening operator is
H=x""26.,0 (T*‘ImT)_l Sm T — R%
Moreover, the hypothesis above holds for the Gaussian measurement ensembles underlying
nonnegative sparse regression, symmetric matriz sensing, and asymmetric matrix sensing.

Its proof is presented in Appendix B.6. To see the utility of the whitening proce-
dure, note that since H is an isomorphism from Im 7* onto R% and both Im J¢& and
Im J3%; belong to Im 7™, applying H preserves the solution set defining Ac:

Ao ={v e [-1,1]" : Felv] = Tx[sign(en)]}
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— (v e [=1,1]C : Ho T[] = Ho Tk [sign(en)]}
= {ve L1 Felv] = Tilsign(en)]} -

The latter characterization makes it considerably easier to establish the nonempty
relative interior and nondegeneracy of A¢, owing to the isotropic Gaussian structure
of J& and Jp, as we show next.

Proposition 5.15 (Interior and nondegeneracy under whitening) Suppose Assumption 5.13
holds, m > c1dy for some constant ¢1 > 2, and mgc > m/2. Then, with probability at least
1 — exp(—cady) for some constant cag > 0, Assumption 5.5 holds:

(1) Ac meets the interior of the cube, i.e., Ac N (—1,1)"C # &;

(N) for every vertex v of Ac, the restriction Jo,z-(v) of Jo to the free coordinates of v has
Jull rank, i.e., rank Jo 7_(,) = rank Jc.

The proof is given in Appendix B.7. With Proposition 5.15 in hand, the proofs
of Theorems 5.1, 5.2, and 5.3 separate into common and model-specific steps. For a
fixed ground-truth factor U*, criticality follows from Ma and Fattahi [52, Corollaries 1
and 2] and the corresponding diagonal specialization for nonnegative sparse regression.
Lemma 5.14 and Proposition 5.15 then verify Assumption 5.5 with high probability.

For nonnegative sparse regression and symmetric matrix sensing, Proposi-
tion 5.12 reduces the remaining work to constructing distinct nonzero directions
Vi,...,Vy € ker Jc such that, conditional on Jc and Ac, the projected residuals
Pn,Qc(Vh), ..., Py, Qc(Vy) are independent and spherically symmetric on N¢. The
asymmetric model uses the same common steps, but its final cone-selection argument
relies on a pair of complementary directions. Table 1 summarizes these model-specific
constructions. Each displayed direction lies in ker J& because it acts either on an off-
support coordinate or along a null direction of the ground-truth factor. Once inactivity
is established for a fixed factor, Lemma 2.10 extends it to all (balanced) ground-truth
factors. The full model-specific proofs are given in Appendices B.8, B.9, and B.10.

Model dx Kernel directions used for cone selection
Nonnegative sparse s Let S = supp(u*) and enumerate S = {ig},_7.
regression Set Vo = e, .
Symmetric matrix nr — @ Choose a unit vector w € ker U* and an
sensing orthonormal basis {u;}7] of col(U*)*L. Set

V; = uij.
Asymmetric r(n1 +ng —7r)  Choose unit vectors w € ker U7 = ker U3,
matrix sensing u € col(UT)™*, and v € col(U3)™L. Set

Vi=(uw',0) and Vo = (0,vw ).

Table 1: Model-specific dimensions and directions used in the cone-selection argu-
ment. In each row, the displayed directions belong to ker J¢.
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6 Conclusion

We studied when critical points of finite-max composite problems fail to admit a
C? identifiable manifold. After characterizing the locally minimal identifiable set,
we derived a branching criterion based on a second-order incompatibility: if two
strata accessible along a common family of tangent directions induce different branch
quadratics, then no identifiable manifold can exist. This criterion detects inactivity in
settings where first-order conditions are inconclusive.

Our applications show that inactivity is not merely pathological. It arises almost
surely at common interpolators of random finite-scenario minimax problems and with
high probability in overparameterized robust low-rank recovery, encompassing both
global minimizers and strict saddles. These results suggest that finite identification and
the resulting smooth local dynamics cannot be taken for granted in modern nonsmooth
problems. Developing algorithmic guarantees that do not rely on identifiable manifolds,
and identifying weaker geometric structures that remain available at inactive points,
are natural directions for future work.
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A Derivation of the Identifiable Set in Example 2.12

Our goal is to show that the minimal identifiable set

M= |J {zeR" :suppAC I(2)},  Ay:= {)\ EArT=Y, )\UU}
AEAS

coincides with
Sy = {ZERm:Zi =0if |51| <1, z>0ify;,=1, 2z, <0ify; = —1}.

Fix a coordinate i. Since A € Az is a probability distribution over Z = {£1}™,
the constraint v; = ZU As0; expresses U; as a weighted average of o; € {—1,+1}.
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Setting o := dez:r Ao, Q= ZUEII Ao, and ZF := {0 € T : 0; = 1}, we have
+

of +a =landv; =a —a;,so
[7;] =1 < suppA C I;'ig"ii, [v;| <1 <= suppANZ; # @ and supp ANZ; # 2.
(31)

Proof of Mz C Sg. Suppose z € Mz and pick A € Ay with supp A C I(z). For
coordinate i, if z; > 0 then every active sign pattern has o; = +1, so supp A C IZ-"’,
which by (31) forces ¥; = 1. Likewise, z; < 0 forces 7; = —1. Finally, if |7;| < 1 then
by (31) the support of A must intersect both Z;" and Z;”, which requires both signs to
be active at z;, hence z; = 0. Thus z € S;.

Proof of S C My. Suppose z € Sy. Since T € [—1,1]™ = conv{£1}", there
exists A € Ag; we claim supp A C I(z) for any such A. Indeed, fix a sign pattern
o € supp A and a coordinate i. If z; # 0, then T; = sign(z;) by definition of Sz, so (31)
gives 0; = sign(z;), meaning o is active at z;. If z; = 0, both signs are active at z;

regardless of ;. Hence o € I(z), so suppA C I(z) and z € Ms.

B Omitted Proofs
B.1 Proof of Lemma 2.10

Define the lifted transformation

T:XxR— X xR, T(x,a):= (Tz, ).

Since T is orthogonal and ho7” = h, the map T is orthogonal and leaves the epigraph of
h invariant: T (epi h) = epi h. The limiting normal cone is equivariant under orthogonal
transformations. Hence

Nepi h (T:C, h(Tl‘)) = %Nepi h (JJ, h(:C))
Since %(v, —1) = (T, —1), the definition of the limiting subdifferential gives

v € Oh(z) < (v,—1) € Nepin(z, h(z))
< (Tv,—1) € Nepin (T, h(Tx))
<~ Tv € oh(Tx).

Therefore, Oh(Tz) = T (0h(z)). In particular, since 70 = 0,
0 € Oh(z) < 0¢€ Oh(Tx),
which proves the invariance of criticality.
We next prove the invariance of identifiable sets. Suppose that M is identifiable
for h at x for v, and consider sequences y, — Tz and w, — Tv with w, € Oh(y,).

Set z, := T 'y, and v, := T 'w,. By continuity of 7', we have z, — = and
v, — v. The subdifferential equivariance established above also gives v, € dh(z,).
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Identifiability of M therefore implies z, € M for all sufficiently large v, and hence
y, = Tx, € TM for all sufficiently large v. Thus, T M is identifiable for h at Tz for
To. Applying the same argument to 7 ! proves the converse.

It remains to verify that the manifold and restricted-smoothness properties are
also preserved. Suppose that M is a C? manifold around z. Locally, it can be written
as M = ®1(0) for some C? map ® whose derivative is surjective. Around Tz, we
then have

TM= (20T 1)7'(0).
Because 7! is a linear isomorphism, the derivative of ® o 7! remains surjective.
Hence TM is a C? embedded manifold. Moreover, Ty : M — TM is a O
diffeomorphism, and the invariance of h yields

hlrae = () o (TIaa) ™

Thus, hlr is C? if and only if |7 is C?. It follows that M is a C? identifiable
manifold at x for v if and only if T M is a C? identifiable manifold at Tz for Tv. The
invariance of inactivity follows immediately. ]

B.2 Proof of Proposition 5.4

Let A := {v € 9||F(U*)||y : DF(U*)*[v] = 0} be the full multiplier set at U* and let
S, € R™ be the sign cone (3). By Proposition 3.1 applied to g = || - ||, the set

M= FY(S,)
vGK

is locally minimal identifiable for frr at U* for 0 € 9 fLr(U*). For corrupted indices
i € Qp, F;(U*) = —¢; # 0. Hence, after shrinking to a neighborhood O of U*, the
corrupted signs remain fixed:

sign(Fny(U)) = —sign(en) forall U € O.

Therefore the corrupted block of every multiplier v € A is fixed at sign(Fy(U)) =
—sign(en). Writing v = (7, —sign(en)) with o € R™¢, the criticality equation becomes

Je] = Iy lsign(en)] = 0,

so the clean block T lies in A as defined in (21). Since the corrupted signs are already
pinned to —sign(ey) on O, membership F(U) € S, depends only on the clean indices;
as a result, F'(U) € S, if and only if Fx(U) € Sy. Consequently,

MnO =F;! ( U SU> NO=F;'(Ec)NO,

vEAC

which is the claimed locally minimal identifiable set. (]
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B.3 Proof of Lemma 5.7

Proof We prove each inclusion separately.

Establishing Ty~ M C ker Jo. Let V € Ty~ M and, for an open interval I containing 0,
let vy : I — M be a C' curve with yv(0) = U* and 4y (0) = V. Since M = Fc_l(é‘c)7 we
have Fo(yy(t)) € Ec for all t € I. Since E¢ is a closed cone, dividing by ¢ > 0 preserves
membership, so %FC(’YV (t)) € E¢. Letting t | 0 and using Fo(U*) = 0 gives

V] = tim Fev () = FoOw(0) _ - Felw(®) = FoU") _ . Folw (1)
t10 t t10 t t10 t

On the other hand, Jo[V] € ImJo = R¢ by definition. By Proposition 5.8 applied with
a = 0, the intersection Eo N R = {0}. Hence Jo[V] =0, so V € ker Jo.

Establishing ker 7o C Ty« M. Let V' € ker Jo. We must find a C' curve v il - M
with 1/ (0) = U* and 4y (0) = V, which by definition of M requires Fe(yy (t)) € E¢ for all
t € 1. Consider the straight-line curve t — U* + tV. Since Fo(U*) = 0 and Jo[V] = 0, we
have

/o]

c&o.

ay () = Fo(U" +tV) = 2Qc(V),
where Q¢ (V) is defined as (26). This need not lie in £, so we correct it. By Proposition 5.8,
for any a € R there is a unique point S5 (a) € E¢ with #5 (a) —a € R¢. Define the

residual correction
I'(a) := Sn.(a) —a € Re.
We seek a correction A(t) = O(t2) such that vy (£) := U*+tV+A(t) satisfies Fo (yy () € Ec.
Specifically, we write
Folw (@) = av(t) + Te[A@D)] + pv,a (D),
where py A (t) := Fo(U* +tV + A(t)) — ay (t) — Jo[A(¢)] is the remainder. Moreover, due
to the C?-smoothness of F, we obtain lov,a@Il = Ot A@®)| + IA()]?)
For Feo(yy (t)) to lie in Ex, we need
JolA®)] =T (av (t) + pv,a(t)).

Since I" takes values in R¢ = Im J¢, and J¢ restricted to £ := (ker jC)J‘ is a bijection onto
Rc, every right-hand side can be realized by a unique A(t) € L. This gives the fixed-point
equation

A) = (Jele) ™ (D(av®) + pva®) ) -
=:Te(A(t))

We show T¢ has a fixed point in the ball B; := {A € £ : |A]| < Mt2} for sufficiently large
M > 0. By Proposition 5.8 and Lemma 5.9, ./, is piecewise linear, hence Lipschitz with
I'(0) = 0. For A(t) € B¢, the remainder satisfies py, A (t) = O(t3), so ay (1) +ovalt) = O(t?),
and Lipschitzness of I' gives T'(ay (t) + py,a(t)) = O(t?). Choosing M large enough and
taking |¢| small enough, we have T;(B¢) C By, that is, 7; maps B; to itself. To see that Tz is
a contraction on By, for Aq(t), A2(t) € By, the definition of T¢, the Lipschitzness of I', and
C2-smoothness of Fo give

I7e(A1(8) = Te(Ba @)l = O(llov,a, 1) = pv.a0)])
O((1t+ 1A (I + A2 (D)) 1A1(1) — A2 (2)]))
O(|t] + M) A1 (1) — Ag(1)]].
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which is strictly less than ||A1(t) — Aa(t)|| for small |t|. By the Banach fixed-point theorem,
there exists A(t) € By with A(t) = Ti(A(t)) and ||A(t)|| < Mt? = O(t?), so Fo(U* +tV +
A(t)) € Ec by construction.

We have constructed points U* 4 tV + A(t) € M with A(t) = O(t?), but we have not
shown A(t) is smooth. Instead, we use the local defining map of M. Let & be a local C?
defining map for M near U*, so M = ®~1(0) locally. Since U* + tV + A(t) € M, we have
®(U* +tV + A(t)) = 0. Taylor expanding and using ||A(t)]| = O(t?) gives

0=t DO(U)[V] + DB(U*)[A®)] + O(t%) = t DO(U*)[V] + O(t?).

Dividing by t and letting ¢ | 0 yields D®(U*)[V] = 0, which means V € Ty«M. Since
V' € ker Jo was arbitrary, ker Jo C Ty« M. Combining both steps, Ty« M = ker J¢. O

B.4 Proof of Proposition 5.8

We first prove that the intersection (a+R¢)NE¢ is non-empty. Due to Proposition 5.6,
Ac is a full-dimensional polytope in, and contained in, the affine subspace v + N¢.
Therefore, the union of the normal cones of A¢ at its vertices covers Ng, that is,
Ne C UueVert(Ac) Na(v) [55, Proposition 2.3.6]. Hence Py a lies in No N Ny, (v)
for at least one vertex v. By Proposition 5.6, Nj.(v) = R¢ + S, so there are r € R¢
and s € S, with Py a = r + s. Since a — Py_a € R¢, we have s —a € R, and
therefore s € (a + R¢) N Ec, establishing its nonemptiness.
Next, we show that (a + R¢) N E¢ is a unique point.

o Uniqueness within a vertex cone. For a vertex v, we write Z,, := Z.(v) for its free
coordinates and Pr, as the projection onto those coordinates. Suppose z,z’ €
(a+Rec)NS,, then z — 2/ € Re. Moreover, since Jo 7, = Pz, o Jo has rank
equal to dim R¢, the restricted projection Pz, |r. : Rc — RZv is injective. Since
z—2 € Re and Pr, (z —2') =0, we have z = 2.

® Uniqueness across vertexr cones. Take

z1 € (a+Re)NS,,, Zzp € (a+Rc)NS,,.
Then z; — 23 € R¢, while v; — vy € Ng, so

0= <Zl — Z9,V1 — l/2> = ((Zl,U1> — <Z1,l/2>) =+ (<ZQ,Z/2> — <2’2,I/1>).

Note that z; € S,,; hence, due to the definition of .7, in (3), (z1,v1) — (21, v2) >
0. Similarly, (za,v2) — (22,1) > 0. Combined with the above equality, (z1,v1) =
(z1,v2) and (z9,v9) = (2g,11). Therefore, 21,29 € S,, N'S,,, and in particular
21,22 € (a+Re)NS,, . From the uniqueness within a vertex cone, we have z; = 2.
Finally a — o' € R¢ gives a+ Re = d’ + R, so LA, depends only on Py a.

It remains to show that .. is a two-sided inverse of Py |e. : E& — N, and
that it is positively homogeneous. We first verify both compositions .#s, o Py |ec
and Pu |e. 0 ZA,, are identity. Let z € E¢. Since z € (z+R¢) NEc, uniqueness gives
Sne (2) = z. Hence Sy (Pnoz2) = PA.(2) = z, since, as established earlier, .#x ., (2)
depends only on Pprz. Therefore, .75, o Pn,|e, is identity. Next, let w € N¢. By
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definition, .Zp. (w) € (w+ Re)NEc, 50 Fp, (w) —w € Re. Projecting onto N and
using Re L N gives Py, P a. (w) = w. Therefore, Py, |, 0 La. is identity.

To establish positive homogeneity, note that both £&¢ and R are cones, hence
invariant under scaling by A > 0. Thus A% (a) € (Aa + R¢) N Ec, and uniqueness
gives . (Aa) = AS . (a). At X =0, we have % (0) = 0 since 0 € R¢ N Ec. This
completes the proof. O

B.5 Proof of Proposition 5.12

Let O, be the event that there are distinct indices ¢1,f2 € [g] and distinct vertices
v1,v9 € Vert(A¢) such that

Pn.Qc(Vi;) € reIinthj\\/CC(uj), j=1,2.
We first show that the following bound holds almost surely
IP>(Oq ‘ jcaAC) >1 -2 (e=1), (32)

By Proposition 5.6, A¢ is full-dimensional in its affine space. Hence its vertex normal
cones N//\\/CC(I/), v € Vert(A¢), are full-dimensional and pointed, cover N, and have
pairwise disjoint relative interiors [55, Theorem 2.3.2 and Proposition 2.3.6]. Their
boundaries therefore have spherical measure zero. For each v € Vert(A¢), set

a, =P {PNC Qo(Vi) € relint N3 (v) ‘ jC,AC} :

Spherical symmetry and continuity identify «,, with the normalized spherical measure
of N[j\vcc(l/)7 SO
Z a, =1, 0<a, < %
veVert(Ac)
Indeed, 0 < «,, follows from the full-dimensionality of each normal cone, while ¢, < %

follows from pointedness: the spherical section of N/j\\gc (v) is disjoint from its antipodal
image, and the two sets have the same spherical measure.
Up to the boundary-null event, Oy is the event that all ¢ residuals lie within the

same relint N //&\/CC (v) for some v € Vert(A¢). Conditional independence therefore gives
q—1
P(O¢ ,Ao) = al < max « a, <27 (a1,
©O1enc) = S s ( g o) X ws
vEVert(Ac) veVert(Ac)
Taking the complementary event proves (32).
It remains to verify that this event implies the success of the cone-selection test

of Theorem 5.11. Choose the distinct indices 41, ¢y € [g] and distinct vertices vy, vo
supplied by the event Oy, so that

PrneQc(Ve,) € relint NY© (1), j=1,2,
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and set W := span{V;,,V,}. For j = 1,2, define
C; = {V e WA\ {0} : Py, Qc(V) € reIintle\\/cC(z/j)}.

Each C; is nonempty because it contains V,. It is relatively open in W\ {0} because
V = Pn.Qc(V) is continuous and relint N/jtfcc(yj) is open in NMg. It is also a cone
because this map is homogeneous of degree two. Thus W,Cy,Co, 11, s satisfy the
conditions of Theorem 5.11, thereby completing the proof. O

B.6 Proof of Lemma 5.14

Since ker 7* = (Im 7))+, we have
ker(T*[,n) = Im7 N (ImT)*+ = {0}.
Thus 7|, 7 is injective. Moreover,
dimIm7 =rank7 =rank 7" =dimIm 7%,

S0 T*|,mT :ImT — ImT™* is a linear isomorphism. Since ¢, and »=1/2 are also
linear isomorphisms, so is H. For every A € S", the orthogonal decomposition A =
Pm7A + Pim7)r A and the identity (ImT)* = ker T* give T*[A] = T*[Pm7A].
Consequently,

(T* 7))~ T*[A] = P 7 A

In particular, for every measurement index ¢,
H(T[A)) = 5720 (T )™ TH[A] = 2720 (P T A)) -

The hypothesis therefore yields

H(T[AL]), ... H(T*[Am]) "5 N(O, 1a,).
Recall that J&[e;] = T*[A,] for i € Q¢ and Jf[e;] = T*[A,] for j € Qn. Conditional
on g, the index sets Q¢ and Q are fixed. Since ¢ is independent of the measurement
matrices, conditioning on € does not alter their joint distribution. Hence

{HoTlei]:i€Qc} and {HoTyle]:j€Qn}
are independent standard Gaussian vectors in R% . This proves Assumption 5.13.

It remains to verify the final assertion. In each of the three models, the measure-
ment matrices are isotropic Gaussian random elements, up to a deterministic scaling,
on a linear subspace G containing Im 7

e for nonnegative sparse regression, G is the subspace of diagonal matrices and

A; = diag(a;) is standard Gaussian on G;
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o for symmetric matrix sensing, G = S™ and A; ~ GOE(n) is standard Gaussian
on S™ under the Frobenius inner product;
e for asymmetric matrix sensing, G is the subspace of symmetric matrices with zero

diagonal blocks, and
0Ty
ol
2irf o

is Gaussian on G with covariance %Ig.

Since Im T C G, orthogonal projection onto Im 7 shows that
i.i.d.
L*(-le 'TAZ) ~ N(Ov CId*)v

where ¢ = 1 for nonnegative sparse regression and symmetric matrix sensing, and
c= % for asymmetric matrix sensing. Thus the hypothesis holds with ¥ = cl;, in all
three cases. (]

B.7 Proof of Proposition 5.15

Proof of Condition (I). Write h := J[sign(en)] and Z¢ := {Jg[v] : v € [-1,1]™¢}.
Since A = {v € [-1,1]™¢ : J&[v] = h}, showing Ac N (=1,1)™C # & reduces to
showing & lies in the interior of Zc. It suffices to exhibit 7 > 0 such that the ball
B(1) :={z:||z|l2 < 7} satisfies B(7) C Z¢ and h € B(7). Define

T:= inf Hjc[u]Hl

flull2=1

Suppose, for contradiction, that some z € B(r) satisfies z ¢ Z¢. Since Z¢ is closed
and convex, the separating hyperplane theorem gives a unit vector u with

(u, z) > sup (u,w).
weZc

But

(w2) < lllls < 7 < | Felul] | = sup_ (Foldv) = sup (u,w),
Ylloo > w e}

where the middle equality writes the £; norm as a supremum over the dual ball and the
last equality uses Z¢ = Jg5([—1,1]™¢). This contradicts the strict inequality above,
so B(t) C Z¢.

Next, we show ||h|| < 7. Note for my = 0, we have h = 0, and since 7 > 0
by the above construction, this inequality holds trivially. Let p := E|Z] = /2/7

for Z ~ N(0,1). Since Jg is an m¢ x d, standard Gaussian matrix, Vershynin [56,

Theorem 9.6.3] gives
ET > pumc — cy/med,

for a universal constant ¢ > 0. Under the assumption m¢c > cod, with co := 4c? / u2,
this simplifies to E7 > (u/2)mc. The map X + infy,,—1 [| Xul[y is \/mc-Lipschitz
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with respect to the Frobenius norm, so by concentration for Lipschitz functions of
Gaussian matrices [56, Theorem 5.2.2],

2
P{TZ]ET—t}Zl—exp(—Qm )
C

Setting t = (u/4)me and using E7 > (u/2)mce gives

]P’{T > %mc} >1—exp (—%)

Since jj{, is an d, x my standard Gaussian matrix and h = jj{, [sign(en)] , we have

h ~ N(0,mnIg,). As x — |z||2 is 1-Lipschitz, the same concentration argument
(applied to the Gaussian vector h//my ~ N(0,1,,)) yields

P{|Ihll> < 2v/myds } > 1 - exp (-C;) .

If mg > c3d, with c3 := 64/p?, then (u/4)mc > 2v/myd, (using my < mg, since
me > m/2). A union bound gives

m dy
P(Hh”g < T) >1- exp (—3720) — exp (_2) ,

provided me > max{ca, ¢3}dy. On this event, h € B(7) C Z¢, s0 AcN(=1,1)"C # &,
completing the proof of Condition (I).

Proof of Condition (N). Since mg > m/2 and m > c1d, with ¢; > 2, we have
m¢g > d,. Hence the Gaussian matrix J& has rank d, almost surely. Because the
whitening operator H is an isomorphism and J& = H o J7,

rank Jo = rank J& = rank jé =d, almost surely.
We first establish that, almost surely,
IZ<(v)| > dx for every v € Ac. (33)

Fix D C [m¢] with |D| < d,. Let jc,p denote the restriction of J¢ to the coordinates
in D, and write D¢ := [m¢] \ D. Define

Bp,r = { there exists v € A¢ such that Z.(v) = D and vpe = 7 } )

The event on which (33) fails is exactly

{there exists v € Ac with |T.(v)| < d.} = U U Bp r. (34)
DC[m¢] Te{+1}P°
|D|<dx
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This is a finite union, so it suffices to prove P(Bp ;) = 0 for every fixed choice of D

and 7. Fix such a pair (D, 7). Recall h = J3[sign(ex)]. On the event Bp ., the free
coordinates vp of the corresponding point v € A satisfy

Jplon] = h = T pe[r]. (35)

Let e1,...,em. be the standard basis of R™¢. Since |D| < d, < m¢, the complement
D¢ is nonempty; fix j € D°. Equation (35) can hold only if

jé[Ej] S Tj h — Z leé[el] +Im jC*',D =: fD,T,j‘
i€D\{j}

Let .#; := o(h, jcf [ei] - i € [me]\ {j}) be the o-algebra generated by the random
variables h and all columns of 72 except the jth. Since j ¢ D, conditional on %;,
the set £p - ; is a fixed affine subspace of R? of dimension at most |D| < d,. Due to

Assumption 5.13, JA[e;] ~ N(0,14,) and is independent of .%;. Therefore,

P(Bp,- | #;) < P{jé[ej] € Lp.;| Fi}=0 almost surely.
Taking expectations gives P(Bp ) = 0. Since this holds for every term in the finite
union (34), the union has probability zero, proving (33).

Now fix a vertex v of A¢c and set D := Z.(v). We claim that jg’p is injective.

Otherwise, there exists a nonzero vector up € ker jc’i’p. Extend it to u € R™¢ by
setting upe = 0. Since |v;| < 1 for every i € D, there exists € > 0 such that

v+ eu, v—eue€ 1,1,
Moreover, Jg[u] = jap[uD] = 0. It follows that J3[v + eu] = Jg[v] = h. Thus,
v+ eu and v — eu are two distinct points of Ac whose midpoint is v, contradicting the
assumption that v is a vertex. Therefore, J¢ p is injective, which implies [D| < d,.
Combining this with (33) gives |D| = d,. Consequently,

rank j&p = rank jc,p =d,.
Since H is an isomorphism on the image of J¢ p, we conclude that
rank Jo,p = rankJaD = rankjap =d, =rank Jc.
Since this argument applies to every vertex v, Condition (N) holds almost surely.

Finally, combining the high-probability event for Condition (1) with the almost-
sure event for Condition (N), and adjusting the universal constants, gives

P {Conditions (I) and (N) hold} > 1 — exp(—cady).
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This completes the proof. O

B.8 Proof of Theorem 5.1

Fix a ground-truth factor u*, and set S := supp(u*) = supp(z*) and ¢ :=n — s > 2.

Criticality and affine-cube geometry. Using the argument of Ma and Fattahi [52,
Corollary 1], specialized to diagonal Gaussian measurement matrices, u* is a critical
point of fi, with probability at least 1—e™“ whenever m > c;s, where ¢, ¢; > 0 depend
only on p. For nonnegative sparse regression, the linearized design map is 7 : R® — S"
with T[V] = 2diag(u* ® V). Its image is the space of diagonal matrices supported on
S, and therefore d, = dimIm 7T = s. Lemma 5.14 and Proposition 5.15 then imply that
Assumption 5.5 holds with probability at least 1—6_0/8, after increasing c; if necessary.
A union bound, followed by an adjustment of constants, shows that with probability
at least 1 — e~ 2%, the factor u* is critical and Assumption 5.5 holds simultaneously.

Isotropic kernel directions. Enumerate S¢ = [n]\S as {i1,...,i,} and, for each
a € [q], set Vg := e;,. Since uj, =0,

T[Va] = 2diag(u* @ V) =0,
and hence V, € ker Jo. Moreover,
Qc(Va) = Ac(V,V,) = (ai.) e

Thus Qc(V4), ..., Qc(V,) are independent standard Gaussian vectors in R™¢. More
importantly, this remains true after conditioning on Jo and A¢. To see this, note
that Jc depends only on the on-support coordinates {ass : £ € Q¢}, while A¢ is
determined by these coordinates, their noisy counterparts {a, s : £ € Qn}, and . In
contrast, Qc(V,) depends only on the off-support coordinates {as;, : £ € Q¢ }. Inde-
pendence of the Gaussian coordinates and independence of € from the measurements
therefore give the claimed conditional independence.
Since N¢ is determined by Jc, it follows that, conditional on Jc and Ac,

PNCQC(Vl)"'wPNcQC(‘/q)

are independent standard Gaussian vectors on N¢; in particular, their distributions
are continuous and spherically symmetric. Moreover, m¢e > m/2 > s after increasing
c1 if necessary, and rank Jo = s almost surely, so dim No = mg—s > 1. All hypotheses
of Proposition 5.12 are therefore satisfied, implying that, conditional on J- and A¢,
the cone-selection test succeeds with probability at least 1 — 27(¢=1)_ Theorem 5.11
then implies that u* is inactive.

Probability bound and uniformity. Combining the preceding high-probability events
and recalling that ¢ = n — s gives

P{u* is an inactive critical point} > 1 — e~ * — 2= (»=s=1)
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Finally, any other ground-truth factor u* satisfying u* ® ©* = x* has the form u* =
Du* for a diagonal sign matrix D. The map u — Du is orthogonal and leaves fg,
invariant. Lemma 2.10 therefore shows that, on the same event, every ground-truth
factor is an inactive critical point. No union bound over the ground-truth factors is
needed. This proves the theorem. ([l

B.9 Proof of Theorem 5.2

The proof follows the same structure as that of Theorem 5.1. Fix a ground-truth factor
U* satisfying U*U* " = X*, and set ¢ :=n —r > 2.

Criticality and affine-cube geometry. By Ma and Fattahi [52, Corollary 1], U* is a
critical point of fsym with probability at least 1 — e™“"" whenever m > cynr, where
¢,c1 > 0 depend only on p. In the symmetric model, L is the identity and the linearized
design map is T[V] =U*V T + VU*". To compute the dimension of its image, choose
an orthogonal matrix Q € R*** such that U*Q = (U, 0) for some full-rank U € R™*".
Then

ImT = {U*QQVT +VQQ'U*" :V e R™*} = (THT + HU :H cR""},
The kernel of  — UHT"‘HUT is {UK : KT = —K}. The rank-nullity theorem gives

T(’I"—l).

dy =dimImT =nr — 5

Lemma 5.14 and Proposition 5.15 now imply that Assumption 5.5 holds with prob-
ability at least 1 — e~ after increasing c; if necessary. Since d, > nr/2, a union
bound and an adjustment of constants show that, with probability at least 1 —e™<2"",
the factor U* is critical and Assumption 5.5 holds simultaneously.

Isotropic kernel directions. Choose a unit vector w € ker U*, which exists because
k> r+1, and let uy,...,u, be an orthonormal basis of col(U*)*. For each j € [q],
set Vj := uij. Since U*w = 0,

TV} = UV + VU =0,
and hence V; € ker Jc. Moreover, because |w| =1,
Qc(Vj) = Ac(V;V,") = Ac(uju]) = ((Te,uuj)) g

The matrices ujujT, j € [g], form an orthonormal family in (Im 7)*. Gaussian isotropy
therefore shows that Qc(V1),..., Qc(V,) are independent standard Gaussian vectors
in R™¢. This conclusion remains valid after conditioning on Jc and A¢: the pair
(Jc, A¢) is determined by the clean and corrupted measurements restricted to Im T,
together with e, whereas the vectors Q¢(V;) depend on mutually orthogonal measure-
ment components in (Im7)*. Independence of orthogonal Gaussian components and
independence of € from the measurements give the claim.
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Since N¢ is determined by Jc, it follows that, conditional on Jc and Ac,

PNcQC(%)?"'7PNCQC(‘/:])

are independent standard Gaussian vectors on N¢; in particular, their distributions are
continuous and spherically symmetric. Furthermore, m¢e > (1 — p)m. After increasing
c1 if necessary, Gaussian injectivity on the fixed space Im T gives rank Jo = d, almost
surely and
dimNg =mg —d, > 1.

All hypotheses of Proposition 5.12 are therefore satisfied. Conditional on J¢ and A,
with probability at least 1 —2~(¢=1) the cone-selection test in Theorem 5.11 succeeds.
That theorem then implies that U* is inactive.

Probability bound and uniformity. Combining the preceding high-probability events
and recalling that ¢ = n — r gives

P{U* is an inactive critical point} > 1 — e~¢2"" — 2=(n=r=1),

Finally, every other ground-truth factor U~ satisfying U *((7 *)T = X* has the form
U* = U*Q for some orthogonal Q € R¥*¥. The map U — UQ is orthogonal and leaves
fsym invariant. Lemma 2.10 therefore shows that, on the same event, every ground-
truth factor is an inactive critical point. No union bound over the ground-truth factors
is needed. This proves the theorem. [l

B.10 Proof of Theorem 5.3

Rather than constructing ¢ > 2 distinct directions Vi,...,V, € ker Jo with spheri-
cally symmetric projected second-order residuals and invoking the resulting success
probability 1 — 271 we use a sharper argument. We construct two directions
V1, Vo € ker Jo whose projected second-order residuals take the form g and —g, where
g # 0 almost surely. Since the boundaries of the vertex normal cones have measure
zero and each such cone is pointed, g and —g lie in the relative interiors of two dis-
tinct vertex normal cones almost surely. Consequently, the cone-selection test succeeds
almost surely, improving the probability 1 — 27(2=1 to one.

Proposition B.1 (Two-sector branching implies successful cone selection) Fiz a critical
point U* of fur satisfying U*U* ' = X*. Suppose that Assumption 5.5 holds and that
dimNg > 1. Suppose further that there ewist linearly independent directions Vi, Vo € ker Jo
and a random vector g € N¢ such that, conditional on Jo and A, the law of g is absolutely
continuous with respect to Lebesgue measure on N and, almost surely,

Ppn,Qc(aVi +bVa) = abg for all a,b € R. (36)

Then, conditional on Jo and Ao, the cone-selection test in Theorem 5.11 succeeds almost
surely. Specifically, there exist two distinct vertices vi,v2 of Ao, a linear subspace W C
ker 7o, and two nonempty relatively open cones C1,Co C W such that

PnoQc(V) €relint N\C (vj)  forallVecC;, j=1.2.
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Proof By Proposition 5.6, A¢ is full-dimensional in its affine space. Hence its vertex normal
cones N /J\VCC (v), v € Vert(A¢), are full-dimensional and pointed, cover N, and have pairwise
disjoint relative interiors [55, Theorem 2.3.2 and Proposition 2.3.6]. The union of their bound-
aries therefore has Lebesgue measure zero in N¢. By the absolute continuity of the conditional
law of g, almost surely both g and —g are nonzero and avoid these boundaries. Hence there
are unique vertices vy, vy € Vert(A¢) such that g € relint ij\vcc (v1) and —g € relint N//\\;C (v2).

The vertices are distinct; otherwise the pointed cone NIJ\VCC (v1) would contain both g and —g,
and hence the nonzero line span g, which is impossible. Set W := span{V, Vo } and define

C1:={aVi +bVy : ab > 0}, Co :={aVi +bVa : ab < 0}.
Because V7 and V5 are linearly independent, C; and Co are nonempty relatively open cones
in W. For every V = aVj + bV; € Cq, equation (36) yields
PnQo(V) = abg € relint NA'° (1),
because ab > 0. Similarly, for every V = aV; + bVa € Ca, we have ab < 0 and therefore
P Qc(V) = |ab|(—g) € relint NA'C (uy).
Thus W, Cy, C2, v1, and vo satisfy the cone-selection conditions in Theorem 5.11. This
completes the proof. |
Using Proposition B.1 in lieu of Proposition 5.12, we prove Theorem 5.3.
Proof of Theorem 5.3 The proof follows the same structure as those of Theorems 5.1 and 5.2.
Fix a balanced ground-truth factor pair (U},U$) satisfying UrUZ ' = X* and U} ' UF =
U " U3, and introduce the stacked factor
Ui

c R(nlJr’ﬂQ) Xk.
U3

U* =

The objective fasym(U1,Us) is precisely the robust low-rank objective (15) evaluated at the
stacked factor U = [U} Uy ]T.

Criticality and affine-cube geometry. By Ma and Fattahi [52, Corollary 2], the stacked
factor U*, equivalently the pair (U7, UJ), is a critical point with probability at least 1 —

e~ c(m+n2)” whenever m > c1(n1+n2)r, where ¢, c; > 0 depend only on p. For a perturbation

H= H € R(”1+"2)Xk,
Ho
the linearized design map defined in Section 5 is
0 UfHy + H1U3 '
T[H]:ﬂ(U*HTJrHU*T): . . 142 1V2
UsH{ + HoUT 0

Write T12[H] := UF Hy +H U3 T for its upper-right block. Since T [H] is uniquely determined
by Ti2[H], we have dimIm7 = dimIm 712. Because the factor pair is balanced and X™* has

rank 7, the common Gram matrix UfTUl* = U;TUf has rank 7. Choose an orthogonal
matrix Q € R¥*F such that UFQ = (U1,0) and U3Q = (Us,0), where U; € R™*" and
Uy € R™*" have full column rank. Since right multiplication by @ is a linear isomorphism
on the perturbation space,

Im Ty = {UleT + H\Ug : Hy € R™*T, Hy € R"?”}.
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The kernel of the map (Hy, Ha) — UlH;— + H1U2T is {(UlK, —UQKT) K e RTXT}. The
rank-nullity theorem therefore gives
dx =dimIm7T =dimIm 712 = r(ny + n2) — r? = r(ny +mng —r).

Lemma 5.14 and Proposition 5.15 now imply that Assumption 5.5 holds with probability at
least 1 — efcld*, after increasing c¢; if necessary. Since r < min{ny,na}, we have dx > %(nl +
n2)r. A union bound and an adjustment of constants thus show that, with probability at least
1 —e—c2(m+n2)7 1o stacked factor U* is critical and Assumption 5.5 holds simultaneously.

Two-sector k:ernel directions. The balancing identity gives ker U* = ker U7 = kerUJ.
Choose unit vectors w € kerU*, u € col(UF)L, and v € col(U3)L, which exist because

k>r+1,n1 >r+1, and ny > r + 1. Define the stacked directions

T
uw 0n1 xk
'U'u)T

= e R(M+n2)xk Vo = e R(miAn2)xk

0?12 xk
The directions V7 and V5 are linearly independent. Moreover,

Ti2[Vi] =u(Usw) " =0,  Tia[Va] = (Ufw)v =0.
Hence Vi,V € ker T C ker Jo. For a,b € R, the two blocks of aV] +bV3 are auw ' and bow |
and therefore
0 wv!

T 0

c ((aVl V) (aVi + ng)T> = ab {

It follows that the clean second-order residual satisfies
QC(aV1 +bv2) ICLbZC7 20 = «FLU’UT))ZEQc'

Furthermore, uv! € (ImTi2)", because U ' = 0 and U ' v = 0. Consequently, Gaussian
isotropy shows that z¢ is a standard Gaussian vector in R”*¢ independent of the measurement
components that determine J- and Jp . Since ¢ is independent of the measurements, z¢ is
independent of (J¢, Jn,€) and therefore of (Jo, Ac). Since me > (1 —p)m, after increasing
c1 if necessary we have mo > di. Gaussian injectivity on the fixed space Im7T then gives
rank Jo = dx almost surely, and hence
dimNg =me —dyx > 1.
Because N is determined by J¢, it follows that, conditional on Jo and Ac, g := Py, zc
is a standard Gaussian vector on Ng and therefore has a density there. Projecting the
second-order identity onto N yields
PpnQc(aVi +bVa) = abg for all a,b € R.
Thus all hypotheses of Proposition B.1 are satisfied. That proposition shows that the cone-
selection conditions in Theorem 5.11 hold almost surely, and the theorem implies that U™,
equivalently (Uy,Uy), is inactive.
Probability bound and uniformity. Combining the preceding events gives

P {U* is an inactive critical point} > 1 — ¢~ ¢2(m1Fm2)r,

Finally, let

Ut
U3
be any other balanced ground-truth factor. Any two balanced factorizations of X* differ
by a common right-orthogonal transformation, so U* = U*Q for some orthogonal matrix
Q € RF** The map U — UQ is orthogonal and leaves the stacked objective, and hence
fasym, invariant. Lemma 2.10 therefore shows that, on the same event, every balanced ground-
truth factor is an inactive critical point. No union bound over the balanced factorizations is
needed. This proves the theorem. O

*._
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C Details of the Low-Rank Matrix-Sensing
Experiment

Figure 2 uses the symmetric matrix-sensing formulation (17) with exact measurements.
We set n = k = 100, » = 2, and m = 200. In each of 50 independent trials, we generate
an orthogonal matrix @ from a standard Gaussian matrix, let (), contain its first two
columns, and define
X* = Q, diag(10,1)Q, .
Thus, any ground-truth factor U* with U*U*" = X* yields ||U*[|3./||U*|)2, = 1.1.
The sensing matrices I'; have i.i.d. standard normal entries, and y; = (I';, X*). We
compare the #1-loss
1 & )
po(U) = %; (T3, 00T — X))
1=
with ¢x(U) = ¢o(U) + MG, U), where A = 0.20 and G = G/||G|| for a standard
normal matrix G. The paired trajectories start from the same initialization Uy =
U* + E, where the entries of F are independently drawn from N (0, (5-107°)2). For
B € {0, A}, we perform 5000 iterations

0.01
vy = v - Do

1 & T
g = =" sign <<r ulu” — X*> ) (i + 1)U + 8G,
mi4 F

Within each trial, the two trajectories share the ground truth, measurements, and
initialization and differ only by the linear perturbation. We record the relative recovery
error and effective rank every ten iterations and report all trajectories together with
their coordinate-wise medians in Figure 2. All simulations use NumPy’s default_rng,
with seed 2 + 10095 for trial j = 0,...,49.
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