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1 Introduction

Let G = (V, E) be a connected undirected graph on n agents. Agent ¢ holds a
private convex function f; : R* — R and a private closed convex set X; C R?,
and may exchange vectors only with its neighbours. The agents wish to solve

1 n n
;IEIIRI(Ii fz) = - ;fz(x) subject to reX = QXZ'. (P)

Problem (P) models multi-agent decision making under distributed feasibility
requirements: each agent contributes both a share of the cost and a share of
the constraints, and no agent ever sees the whole feasible set.

1.1 The obstruction

For unconstrained decentralized optimization (X; = R?) the complexity pic-
ture is complete: with p-strongly convex, L-smooth f;, Scaman et al. [29]
proved matching bounds of O(y/x log %) local computations and @(,/kx log %)
communication rounds, where k = L/u and x is the gossip condition number.

The constrained problem behaves differently. Writing r; = tx,, (P) is
a composite problem with agent-specific nonsmooth terms, and Alghunaim
et al. [1, Thm. 3, Cor. 1] show that for any method accessing the data
through J;, VJ;,r; and prox, there are v-strongly convex instances, in di-
mension M = O(KG/+/ve), on which O(G/+/ve) or more iterations are
needed; no such method is globally linearly convergent. Consistently, decen-
tralized algorithms handling genuinely heterogeneous X; converge sublinearly
[17, 22, 26, 31, 33, 34, 37], and the one work carrying a geometric regular-
ity constant through a complexity bound, Mai and Abed [20], places it in
the constants of an O(logt/\/t) rate. The exception is Pang [24], who ob-
tains asymptotic linear convergence for the decentralized feasibility problem
(no objective) with agent-private sets, under a local nondegeneracy constraint
qualification and with an unquantified contraction factor.

1.2 The constraint gap

Our starting point is

15 g:42

;o= inf Ziml dist (2, %) 0,1, (1.1)
TERNX dist”(z, X)

the constraint gap of {X1,...,X,}: the largest constant for which the aver-
aged error bound dist®(z, X) < =11 3" dist*(z, X;) holds. Positivity of o is
exactly linear regularity in the sense of Bauschke and Borwein [3], a classical
condition: automatic for polyhedra by Hoffman’s error bound, valid under a
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Slater-type interior condition, and equivalent to subtransversality of the col-
lection [15, 16].

For affine sets o has an exact spectral meaning. With X = X7 x --- x X,
and C the consensus subspace in Pierra’s product space [25],

o = 1-cp(Xp,C)? = 1—||P— Pxol|, P:%Z,ng, (1.2)

where cp is the Friedrichs angle cosine and X!, X denote direction subspaces,
cr being taken between the product set and the consensus subspace (Re-
mark 3.5 warns against a competing convention). This identification is not
ours: the operator-norm form || P — Pxo|| = ¢% is Reich and Zalas [27, Thm. 8,
Rem. 9] at k = 1, extended to arbitrary weights and countable families in Re-
ich and Zalas [28, Thms. 1.6, 3.3]; the passage to the distance form (1.2) is
one line, which we give in Remark 3.6. Meanwhile the qualitative transfer
of linear regularity between {X;} and (][, X;,C) for arbitrary sets is Dao et
al. [5, Prop. 3.11(a)]. We recall it in Section 3 because ¢ read as a spectral
gap is what makes the rest of the paper work. On the network side the gossip
matrix W is a Laplacian-like residual operator — (xz, Wz) measures disagree-
ment and vanishes exactly on the consensus subspace — so it is the mixing
operator I — W that drives iterates towards consensus, contracting by 1 — .
On the constraint side the residual operator is I — P, whose quadratic form is
the average squared infeasibility, and the corresponding averaging operator —
the simultaneous projection ) = %ZZ Px,, whose linear part is P — drives
iterates towards feasibility, contracting by 1 — o. The two mechanisms are for-
mally identical (Table 2), and the complexity of (P) depends on them in the
same way.

1.3 Contributions

We state at the outset that the complexity theory of Sections 5—6 assumes the
local sets are affine (Assumption 5.1); Sections 3 and 4 hold for general closed
convex sets.

1. Optimality and stability under o > 0 (Section 4). o > 0 implies the
strong conical hull intersection property — this implication is Bauschke
et al. [4, Thm. 3], not ours — so & solves (P) if and only if there ex-
ist v; € Nx,(z) with 3 (Vfi(Z) + v;) = 0: the optimality certificate
itself decomposes across agents. We bound the perturbation of the solu-
tion under simultaneous perturbation of the f; and the X;, with explicit
o-dependence.

2. Dual conditioning, with a matching extremal family (Section 5).
For affine local sets the dual formed by dualizing consensus alone has
condition number at most kx/o (Theorem 5.3), via a spectral lemma
for products ARA with A positive definite and R positive semidefinite
(Lemma 5.2). Theorem 5.5 exhibits, for every prescribed x > 1, x > 1 and
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o € (0, %], an explicit instance in R? attaining kqua = kx/0 exactly, so
none of the three factors can be removed or improved.

3. Algorithm and upper bound (Section 6). CANDA reaches accuracy &
with O(y/k /0 log 1) local oracle calls and O(y/kx /0 log 1) communication
rounds. Setting ¢ = 1 recovers the optimal unconstrained rates; setting
k = x = 1 recovers the optimal rate for convex feasibility. Because o
is a global quantity no agent can form, Section 6.4 shows the guarantee
degrades gracefully under an underestimate, discusses a heuristic power
iteration and what it does mot certify, and identifies structured cases in
which a valid lower bound on ¢ is available in closed form.

4. o is intrinsic, and it is unavoidable (companion paper [12]). Two re-
sults are established there and used here only as context. First, in the
quadratic—affine setting PG-EXTRA — a primal method built with no
reference to 0 — reduces exactly to a second-order recursion driven by
%PXOWPXO7 whose nonzero spectrum is that of the operator behind The-
orem 5.3, and no step size makes it faster than /(x — 1)x /o on the family
of Theorem 5.5. Second, in a decentralized projection black-box class ev-
ery method needs 9(0_1/2 log é) rounds, so the exponent % in o cannot
be improved; specialized to two subspaces this gives the first information-
based lower bound for convex feasibility expressed in the Friedrichs angle.
Neither is proved in the present paper.

1.4 What is and is not new

Table 1 places the result. We claim the first global linear rate with an ez-
plicit complexity bound for the decentralized optimization problem with agent-
private constraint sets, in the projection/constrained-solve oracle model. We
do not claim the first linear convergence for agent-private sets — Pang [24]
obtains an asymptotic linear rate for the feasibility problem, under a local
nondegeneracy constraint qualification that neither implies nor is implied by
linear regularity — nor the identity (1.2), which is due to Reich and Zalas [27].

The closest complexity results are Yarmoshik et al. [36] and Yarmoshik et
al. [35]. The first proves matching bounds ©(,/kraX) for separable objectives
under affine coupled constraints ), (A;x;—b;) = 0. The second is closer still: its
“shared variable” case is min, ), fi(x) subject to C;x = ¢; for every i, which is
exactly our problem with X; = {z : C;z = ¢;}, and it gives O(v/kkcT x log %)
communication rounds with a matching lower bound, where

max; Amax (C;' C;)
/\r—;in(% Zi CiTCi)
The shape is the same as ours. The difference is the oracle, and it is not
cosmetic. Their algorithm class may form C’i—r C;z but may not solve a linear

system in Cj; ours projects onto X;, which inverts each block exactly. The
consequence is a difference in the quantity that appears in the bound: Ko7 is

for (1.3)
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objective  private X;  gossip rate assumption
Nedic et al. [22] yes yes yes asymptotic interior point
Lee and Nedic [18] yes yes yes asymptotic reg. of own [; X H
Mai and Abed [20] yes yes yes O(log t/\/'t) lin. reg. (in constants)
Shahriari-Mehr and Panahi [31] yes yes yes O(1/VK) none beyond feasibility
Pang [24] no yes yes asympt. linear local nondegeneracy CQ
Necoara et al. [21] no n/a no linear lin. reg., unaccelerated
Alghunaim et al. [1] yes common R yes linear —
Scaman et al. [29] yes none yes VKX, optimal —
Yarmoshik et al. [36] yes affine coupled  yes VFREAX, optimal  affine, A;-oracle
Yarmoshik et al. [35] yes affine yes  \/kkoT X, optimal affine, C;-oracle
this paper yes yes (affine) yes KkXx/o lin. reg., projection oracle

Table 1 Position relative to prior work.

attached to the matrices and ¢ to the sets. Proposition 5.7 makes the relation
exact — 1/0 is the minimum of o7 over all matrix representations of the
same collection {X;}, attained when every C; has orthonormal rows, and the
two can differ by an arbitrarily large factor otherwise. Neither bound implies
the other: their lower bound does not apply to a projection oracle, and our
results say nothing about the matrix-multiplication count, which for us is not
a resource. We regard the multiplicative shape of the two upper bounds as mu-
tually corroborating, and say so where it bears on Open Open Problem, stated
in the companion paper [12]. Finally, o is defined for arbitrary closed convex
X;, where no matrix representation and no orthonormalization exist; both of
those papers are affine-equality only, and neither mentions linear regularity or
Friedrichs angles.

Our Theorem 6.2 does not contradict Alghunaim et al. [1]: linear regularity
is an extra assumption their construction is not required to satisfy, and their
hard instances live in dimension growing like e~'/2. We do not claim their
family has ¢ — 0, since their r; need not be indicator functions of a linearly
regular collection; what we claim is that adding linear regularity suffices to
escape their conclusion, and the lower bound of [12] quantifies the price one
pays as o degrades.

1.5 Notation

R? carries the Euclidean inner product and norm. For nonempty closed convex
C, P¢ is the projection, dist(z,C) = ||x — Pez||, No(x) the normal cone, (¢
the indicator. For symmetric positive semidefinite M, Apax (M) is the largest
and A\T. (M) the smallest nonzero eigenvalue, ran M the range. Ty is the
Chebyshev polynomial of the first kind. For closed subspaces U, V' of a finite-
dimensional space with M =U NV,

cr(U, V) = max {|(u,v)| ;v e UNM*, ve VN M*, |u| <1, [jo] <1}



6 Sarvagya Jha

2 Setting

Assumption 2.1 (Objective) Each f; : R? — R is differentiable, u-strongly
convex and L-smooth with 0 < 4y < L < o0; k:=L/pu > 1.

Assumption 2.2 (Constraints) Each X; C R? is nonempty, closed and
convex, and X = (", X; # 0.

We split the network hypothesis, because the two halves are used in differ-
ent places and the Chebyshev operator of Section 6 satisfies only the first.

Assumption 2.3 (Network: spectral) W € S? satisfies ker W = span{1,,}
and Amax (W) = 1. We set v := AT, (W) € (0,1] and x :=1/7.

Assumption 2.4 (Network: sparsity) W,; = 0 whenever ¢ # j and {7, j} ¢
E.

A communication round is one application of W. Assumptions 2.3-2.4 to-
gether are the standard gossip model; v is the eigengap of Scaman et al. [29],
ranging from O(1) for expanders to ©(n~2) for a path. Note that W is a dis-
agreement operator, not an averaging one: ker W = span{1} and (z, Wz) =0
precisely at consensus, so W plays the role of a normalized graph Laplacian,
and the associated mixing matrix is I — W. The extreme case v = 1 means
W = P; ., hence I — W is the consensus projector and a single round achieves
exact consensus; it is admissible and handled explicitly wherever it matters.

Product space. Let H := (R%)" with the averaged inner product (z,y) :=
% > {(xi, yi), which differs from the Euclidean inner product on R by a pos-
itive scalar, so orthogonal projections, orthogonal complements and principal
angles are unchanged. Put

Fz):==> filz:), X:=X1x-xXn, C:={(...,2):2zeR%

Then VF(z) = (Vfi(x;)); and F is p-strongly convex and L-smooth on H
with the same constants as the f;. The map J : R — C, J(2) = (z,...,2),
is an isometry onto C, and Pex = J(&) with # = 13" ;. Problem (P) is
equivalent to

Hgﬁ F(z) subjectto ze€XNC. (P)
Let W :H — H, (Wz); = >, Wijz;; it is self-adjoint and positive semidefi-
nite on H, ker W = C, Apax (W) = 1, AT (W) =~.

min
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3 The constraint gap

This section fixes the object the paper is about and records its spectral reading.
Propositions 3.4, 3.7 and 3.9(b) are, for affine sets, restatements of results of
Reich and Zalas [27]; we say so precisely at each point.

Definition 3.1 (Constraint gap and averaged modulus) For a collection
satisfying Assumption 2.2 put

% Dy dist?(z, X;)

o= inf S ::inf{ﬁ:dist(z,X)SG(%Zdjstz(x,Xi))lﬂvgg}.

2ERINX dist?(z, X)
For a bounded B meeting R?\ X, o5 is the same infimum over x € B\ X.

Remark 3.2 (The trivial case X = R%) If X = R? — equivalently X; = R¢ for
every 4, the unconstrained problem — both infima in Definition 3.1 are over
an empty set, and we adopt the conventions

o:=1, 0y :=1, )\max( . |{0}) =0, )\:;in( . \{0}) =1,

under which every identity below evaluates correctly. Fvery statement in this
section that involves 052, a restriction to (X°)*, or the characterization (3.2)
is to be read with X # R? unless these conventions are invoked; we flag the
two places where the reading matters. This is a genuinely degenerate case for
the geometry — (X°)* = {0}, so there is nothing to measure — but it is not
degenerate for the paper, since it is the unconstrained sanity check o = 1.

Assume X # R? for the remainder of this subsection. By construction
o =0, 2 exactly: 0, is the averaged ¢y linear regularity modulus, and o is
its reciprocal square. Since X C X; gives dist(z, X;) < dist(z, X), we have
o € [0,1], with o = 1 if and only if X; = X for every i.

Proposition 3.3 (Relation to the conventional modulus) ¢ > 0 if and
only if {X1,...,X,} is linearly reqular in the sense of Bauschke and Bor-
wein [3], i.e. dist(x, X) < O max; dist(x, X;) for all © and some 6 < co. The
optimal such 0 satisfies 0 < 0y < \/n 0, equivalently (n6?)~! <o < 072.

Proof With d; = dist(z,X;), d = dist(z,X): from 13, d? < max;d?
we get d < 6ymax;d;, so 8 < fy; from max; df < n- %Zldf we get
d < 0y/n(L3,d3)Y2, s0 05 < /nb. O

3.1 o as a spectral gap (affine case)

Proposition 3.4 (Identification; 27, Thm. 8, Rem. 9) Let X1,..., X,
be closed affine sets with X # ) and X # R? (see Remark 3.2), let X2, X°
be the direction subspaces, let P := L%, Pxo, and let Xy = XV xox X9
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and C be as in Section 2. Then P leaves X° and (X°)* invariant, acts as the
identity on XV, and

0 = 1= Amax(Plxoyr) = 1= ||P = Pxo|| = 1—cp(X,C)>

If moreover n > 2 and X? # X© for at least one i — equivalently o < 1, the
only case in which the supremum below is over a nonempty set — then also

o = 211 —cpz(XY,..., X)),

where cry, is the Friedrichs number of the collection in the sense of Reich and
Zalas [27, Def. 7].

Remark 3.5 (Two different “Friedrichs cosines”) The last equality is worth
isolating because the literature uses one name for two quantities. Throughout
this paper cp(Xp, C) is the Friedrichs cosine of the pair (Xy,C) in Pierra’s prod-
uct space, whereas crz (XY, ..., X9) is the Friedrichs number of the collection,
defined in Reich and Zalas [27, Def. 7] as

CRZ = sup {ﬁ% 1z € XZQ N (XO)J_7 21”21”2 =+ 0}.
(The constraint set is {0} exactly when X? = X for every 4, i.e. when o = 1;
that degenerate case is excluded in Proposition 3.4, where the first three ex-
pressions remain valid.) They are related by cp(Xo,C)? = “Legy + L [27,
Rem. 9], which is where the displayed fourth expression comes from. In par-
ticular 0 = 1 — ¢%, whereas 1 — crz exceeds o by the factor s form =2
that factor is 2, and cry reduces to the classical two-subspace Friedrichs co-
sine cosfp, giving 0 = (1 — cosfp) as in Proposition 3.9(b). Substituting
one cosine for the other is an easy error to make and changes every constant
in this paper by 5.

Proof Translating by a point of X we may take every X; to be a subspace.
For z € X we have Px,z = z for all i, so Pz = z; by self-adjointness X+ is
invariant. For any z,

% Z dist?(z, X;) = % > (z.(I = Px,)2) = (z,(I - P)2). (3.1)

K2

Decomposing z = zx + z; with zx € X C X; gives dist(z, X;) = dist(z,, X;)
and dist(z, X) = ||zL||, so the quotient in Definition 3.1 depends on z only
through 2z, and

(z,(I = P)z)

c= min —————~
ozzex+ |2

=1 — Amax(P|x1).

Since _P — Px is self-adjoint, positive semidefinite and vanishes on X,
Amax(P|x1) = ||P — Px||. The third equality is Reich and Zalas [27, Thm. 8]
at k =1 (see also 28, Thms. 1.6, 3.3, and 27, Cor. 15 for the affine case), which
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states ||P — Px|| = cr(Xo,C)?; a self-contained proof is obtained by applying
the characterization, valid for closed subspaces U,V with V € U,

lch(U,V)Q:min{% :vEV@(UﬂV),v;éO} (3.2)

with U = Xy, V = C — the hypothesis C Z X} is exactly X # R? (Remark 3.2)
— using that J is an isometry carrying X onto X,NC and that dist?(J(z), Xp) =
L3 dist?(z, X;). The fourth equality follows from the third and cp(Xo,C)? =
2=lepy 4+ 1 27, Rem. 9]. O

Remark 3.6 (What is quoted and what is not) Reich and Zalas and Reich and
Zalas [27, 28] prove the operator-norm identity ||P* — Pxo|| = cp(Xp,C)%*
(and its arbitrary-weight, countable-family version). The distance form o =
1—|| P — Pxo|| — that is, the statement that the best constant in the averaged
error bound equals the spectral gap — is the one-line consequence (3.1) above,
which we spell out only because we use it constantly. We do not claim either
as a contribution of this paper.

The next statement is the one that makes “spectral gap” operational, and
it is where affine sets must be handled with care: _nl > Px, is an affine map,
not a linear one, and it is that affine map — not P — that contracts towards
X.

Proposition 3.7 (Simultaneous projection) In the setting of Proposi-
tion 3.4 let Q(z) == 13" | Px,(2). Fizing any 2° € X one has Q(z) =

T n

20+ P(z — 2°), and for every z and every k € N
dist (Qk(z),X) < (1 —o0)" dist(z, X).

The factor 1 — o is the exact asymptotic rate whenever z — 20 has a nonzero
component along the top eigenspace of P|(X0)J..

Proof For 2° € X C X;, Px,(z) = 2° + Pxo(z — 20); averaging gives Q(z) =
20+ P(z — 29), so Q*(2) = 20 + P*(z — 2°). With u = z — 20,

diSt(Qk(Z),X) S dist(PkaO) = ||P(X0)i}5ku|| = ||PkP(XO)LUH
<(1- O')k”P(X(J)L’U/H = (1 — o)* dist(z, X),

using invariance of (X°)* and ||P|xo)+|| = 1 — o from Proposition 3.4. Ex-
actness of the rate is the standard power iteration statement. a
Remark 3.8 Taking z arbitrary and X; = --- = X,, = {p} shows why the

affine form is needed: there P = 0 and 0 = 1, and Q(z) = p for every z,
whereas the linear iteration z — Pz sends z to 0 ¢ X.



10 Sarvagya Jha

network gap ~ constraint gap o
residual operator W (disagreement) I — P (infeasibility)
averaging operator I — W (one gossip round) P = @ (one simultaneous projection)
kernel of the residual  consensus subspace C feasible set X = X©
gap Y= )\;;in(W) g = A;:in((l - P)‘XL) =1—Amax(P|x1)
one averaging step contracts by 1 — « towards C  contracts by 1 — o towards X
error bound dist?(z,C) < v~ {z, W) dist?(z, X) < 0_1% > diStQ(jl?, X;)
residual energy (z, Wz) % >, dist?(z, X;) = (x, (I — P)z)
degenerate case disconnected graph {Xi} not linearly regular

Table 2 The two gaps. In both columns the residual operator is the one whose kernel is the
target set and whose smallest nonzero eigenvalue is the gap; the corresponding averaging
operator is I minus it, and contracts towards the target at rate one minus the gap. Thus
‘W plays the role of a graph Laplacian (it measures disagreement, it does not average), and
its counterpart on the constraint side is I — P, not P. The right column is stated for linear
X;, i.e. after translating an arbitrary affine collection so that 0 € X; then X = X9 and the
simultaneous projection Q coincides with the linear map P. Without that normalization Q
is affine and Q(z) = x° + P(z — x°) for any 2% € X (Proposition 3.7); it is Q, not P, that
contracts towards X.

3.2 Computing and estimating o

Proposition 3.9

(a) (Hyperplanes.) If X; = {z : {a;,z) = b;} with ||a;]| =1 and X # 0, then
0 =M (5 2 @ia ).

(b) (Two sets.) If n =2, X1, X2 are affine with X1 N X5 # 0 and XY # X3,
and O is the Friedrichs angle between the direction subspaces, then o =
1(1 — cosOp) = sin®(0p/2), so 0~/2 = O(1/sinfp) as Op | 0. (This is
27, Rem. 11.)

(¢) (Polyhedra.) If every X; is polyhedral and X # 0 then o > 0, and the
reqularity is global rather than merely bounded.

(d) (Interior condition.) If X,, Nint(Xy N--- N X,—1) # O then o > 0 for
every bounded B.

Proof (a) Fix 2° € X. Then dist(z, X;) = |(a;, 2 —2°)|, so with w = z —2° and
G =13 a;a] weget 23 dist*(z, X;) = (v, G)w, while X = 2° + (ran G)*
gives dist?(z, X) = || Pean cw||?; take the infimum over w € ran G \ {0}.

(b) We may take X1, X2 to be subspaces. By the two-subspace (Halmos)
decomposition, (X; N X5)* splits orthogonally into two-dimensional blocks,
on which Px, + Px, has eigenvalues 1 & cost; with ¢; the principal angles,
together with the three exceptional summands X; N X5 and Xi- N X3, on
which Py, + Py, acts as the identity, and Xi- N X3, on which it vanishes.
Hence Apax(P|x1) € {%, 1,0} and equals the largest of those present.
Since X7 # X5, one of X7 © X, Xo & X is nonzero; a unit w in it satisfies
(u, Pu) = (1 + ||Px,ul|?) > 3, so the value 0 is not the maximum and

Amax(Plx1) = I'ZCF , where cp = 0 precisely when no generic block is present.

Proposition 3.4 gives the claim; the asymptotics follow from sin?fp = (1 —
cosOp)(1 4 cosOp).
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(¢) Hoffman’s error bound [11] applied to the linear system defining X
yields a single constant valid on all of R?; combine with Proposition 3.3. (d)

is Bauschke and Borwein [3, Cor. 5.14]. O
Ezample 3.10 (Nearly redundant local constraints) Let |lagl] = 1 and let
U, ..., U, be unit vectors that span ad- and satisfy >, u; = 0 (take them

in + pairs, so n > 2(d — 1)). Put a; = (ag + eu;)/||ap + eu;|| and X; = {z :
(a;, ) = (a;,2°)}, so that 2° € X and X # (). Since u; L ag and |ju;]| = 1
we have [lag + eu;|| = V1+¢2 for every i, so with G. := =3 a;a; and
Y= %Zl uu;

1 € 1
GE = m (aoa(—)r + E(aozlu: + Z,L’U,Za(—]r) + 622) = m(aoag— =+ 622)7
the cross terms vanishing because ), u; = 0. This is block diagonal for Rag ®
ag, and X is positive definite on ag- because the u; span it, so for € small

52

1+4¢e?
by Proposition 3.9(a). Every individual constraint stays perfectly conditioned
while the collection degenerates: ¢ is invisible to any hypothesis stated one
set at a time. The centring Zi u; = 0 is not cosmetic — with uqy = --- = u,
every X; coincides and o = 1 for every ¢ — but it is the generic situation: a
first-order cross term shifts AT, (G.) by O(g?) as well, provided the (u;,v) are
not all equal.

o =M. (G.) = Amin(Zls) = 6(?)  (£10)

4 Optimality conditions and stability

Two consequences of o > 0, valid for general closed convex sets, which explain
why the problem is decentralizable at all.

Theorem 4.1 (Strong CHIP and separated optimality) Let Assump-
tions 2.1-2.2 hold with o > 0, and let x € X. Then

Nx(z) = Z Ny, (%), (4.1)

and T is the (unique) solution of (P) if and only if there exist v; € Nx,(Z),
i=1,...,n, with

% Z (Vfi(z) + vi) = 0. (4.2)

Proof o > 0 is linear regularity, hence bounded linear regularity, which implies
the strong CHIP [4, Thm. 3]; this is (4.1) (2 always holds). Given (4.1), first-
order optimality 0 € Vf(Z) + Nx(z) for the p-strongly convex f over the
convex set X is necessary and sufficient for Z to solve (P), and is equivalent
to the existence of w; € Nx, () with Vf(Z) + >, w; = 0; setting v; = nw;,
which again lies in the cone Nx, (Z), gives (4.2). Uniqueness follows from strong
convexity. a
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Condition (4.2) is a certificate no agent could verify alone but that every
agent can contribute to: agent ¢ supplies (V f;(Z), v;) from its own data, and the
agents need only agree that the average vanishes. Without the strong CHIP,
Nx can be strictly larger than ), Nx, and no such separation exists.

Theorem 4.2 (Perturbation bound) Let ﬁ satisfy Assumption 2.1 with
the same p, L, let X; satisfy Assumption 2.2, write f = L5, fi, X = N, X;,
and let x*,T* be the two solutions. Let B be a bounded conver set containing
&*, %% and the segments joining them to their projections onto X and X, and
suppose

sup ||V f(z) — Vf(x)|| <5, max sup | dist(z, X;) — dist(x7)~(i)| < dx,
zeB g zEB

with both collections having constraint gap at least o > 0 on B. Put I' :=
sup,¢ p max{[|Vf (@), [V f (@)}, which is finite. Then

[P G b e )L S
- /o Vo

Proof Since &* € X; we get dist(#*, X;) < 0x for all 4, so Definition 3.1 gives
dist(z*, X) < dx/+/0; symmetrically dist(z*, X) < dx/+/o. Put y = Px(&*)
and § = Pg(x*). Strong convexity and optimality of z* over X 3 y give
fy) = f@)+5lly—a*|* Also f(y) < f(3*)+Tdx/\/o, and with h:= f — f
(so |h(u) — h(v)| < df|lu — v|| on B), optimality of z* over X > g gives

F@) = J@) + @) < F(7) + h(@*) < f(2") + T + h(F") — h(z*).

Combining, £y — 2*||2 < 6|7 — a*|| + 2I'6x /\/o. Writing a = [|#* — z*|,
b= |ly —2*|| and using a < b+ dx/\/0 yields £b* — ;b < (2I" + 65)0x /\/;

solving the quadratic and using p+q < /p + /q gives b < % 4
V2L +65)0x /(1\/0), and a < b+ 6x /+/0. 0

The bound is Lipschitz in the objective perturbation with modulus 2/pu,
and exhibits a o1/ amplification in the Holder term together with a o—1/2
amplification in the feasibility term. We do not claim these exponents are
unimprovable; both are inherited from the error bound of Definition 3.1, and
establishing matching lower examples is left open.

5 Dual conditioning

Assumption 5.1 (Affine local sets) Each X; is a nonempty closed affine
subset of R? with direction subspace X?. We fix 2° € X and write X =
J(J?O) +XO with XO ZX? X X X,S
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Assumption 5.1 holds for the rest of this section and all of Section 6;
Section 6.5 discusses what is known and open without it. Under Assump-
tion 5.1 one has o > 0 automatically by Proposition 3.9(c), so the content of
what follows is entirely quantitative. Affine local constraints already cover lin-
ear measurement and consistency relations, conservation laws, and subspace
membership.

We dualize consensus only, leaving each local set in the primal so that no
agent ever needs another agent’s constraint. Let A := W'/2, so ker A = C and
z€eC <= Az =0, and set

G:=F+.y, U(y) := G*(—Ay), yeCt.

Minimizing ¥ over C* is the dual of (P); strong duality holds because the
coupling constraint is a linear equation with a feasible point and riX = X
under Assumption 5.1.

5.1 A spectral lemma

Lemma 5.2 Let Hy be a finite-dimensional Hilbert space, A self-adjoint pos-
itive definite on Hg, and R self-adjoint positive semidefinite, R # 0. Then
ker(ARA) = A~ (ker R), ran(ARA) = A ran(R), AL

min

(ARA) Z )\Inin(A)2 AI11H<R)

Proof Let P be the orthogonal projector onto ran R. Since A is injective,
ARAu =0 < RAu=0 < Au € kerR=kerP < APAu = 0; thus
ARA and APA have the same kernel and, being self-adjoint, the same range
V := Aran(R). The nonzero eigenvalues of APA = (AP)(PA) coincide with
those of (PA)(AP) = PA%P, and X[, (PA?P) = min{(u, A%u)/||ul? : 0 #
u € ran P} > Apin(A4)% Finally R = Af. (R)P gives ARA = \T. (R)APA,
and since V is invariant for both, AT. (ARA) > A1, (R)AL, (APA) >

)‘$in(R>)\min (A)2 o O

5.2 The main estimate

Theorem 5.3 (Dual conditioning) Let Assumptions 2.1, 2.2, 2.3 and 5.1
hold, and suppose Xy L C. Let E be a linear isometry onto Xy with E*E =1
and EE* = Py, (with respect to the averaged inner product), and set B :=
—E*Alei, Y :=C*t oker B. Then

(i) ¥ is convex and %-smooth on C*;

(ii) V¥ (y) € Y for every y € C*, and ¥|y is % -strongly conves;
smoothness of ¥|y < RX

iii) consequently =
(i) E Y fidual strong convezity of Uly — o

Moreover x(y) := argmin, ¢ y{F(x)+ (Ay,x)} depends ony only through Pyy
and is i—Lipschitz.
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Proof Reduction. Writing z = J(2°) + Eu and ¢(u) := F(J(z°) + Eu), the
function ¢ is p-strongly convex and L-smooth because E is an isometry, so ¢*
is 1-strongly convex and %—smooth. For any z € H, G*(z) = sup,cr{(2z,2) —

F(z)} = (2,J(2°)) + ¢*(E*2), so with ¢ := —AJ(z?),
U(y) = (c,y) +¢"(By), yeC*. (5.1)

(i). |A]]? = Anax(W) =1, 50 ||B|| <1 and ¥ is iHBH2 < l%—smooth.

(i3). V¥ (y) = c+ B*V*(By) and ran B* = (ker B)t NC+ = ). Moreover
c = —AJ(z%) = 0, because J(2°) € C = ker A; hence V¥(y) € Y. (More
generally, for any coupling for which ¢ # 0 one notes that ¥(y + tu) = ¥(y) +
t{c,u) for u € ker B N C*, so boundedness below — guaranteed by strong
duality — forces (¢, u) = 0 and again ¢ € Y.)

For strong convexity it suffices, by %—strong convexity of ¢*, to show
|Bw|? > ov||w|? for w € Y. Now ||Bwl||?> = (w, APx,Aw), and since A
maps C* into itself this operator equals ARA on C*+ with A := A|s1 (positive
definite, Apin(A4)? = ) and R := Pp1 Py, Pe1|e1, which is nonzero because
Xy Z C. Lemma 5.2 gives Y = ran(ARA) and A}, (ARA) > vAt. (R).

It remains to identify A1, (R). We have ker R = Ct N X;t and, for
u € Ct S kerR, (u,R)u = ||Px,ull> = dist*(u, X3"), so (3.2) applied to
the pair (Xg,Ct) gives A1, (R) = 1 — cp(Xs,CH)% By the classical iden-
tity cp(U,V) = cp(U+, V1) [6, Thm. 16], see also [7, Lem. 9.5, this equals
1 — cr(Xy,C)% = o by Proposition 3.4. Hence AT, (ARA) > o7.

(iii) follows, and the final claim holds because z(y) = J(2°) + EV*(By)
depends on y only through By, with V* being %—Lipschitz and |B|| <1. O
Remark 5.4 The excluded case Xy C C means every X? = {0}, i.e. each X; is

a singleton and (P) has no optimization content.

5.3 The bound is attained

The following replaces what was, in an earlier draft of this work, a numerical
observation. It shows that no factor in k) /o can be removed or improved, and
it supplies the hard family used in the lower bounds of [12].

Theorem 5.5 (Extremal family) Letx > 1, x > 1,0 € (0, 3] and letn > 4
be even. Put v = 1/, let 1 € (0,7/4] satisfy sin? ¢ = o, and set e; = +1 for
1< n/2 and g; = —1 otherwise. Let

vi= ﬁ(sl, e

b

let W be any matriz satisfying Assumption 2.3 with Wv = yv and remaining
eigenvalues in [y, 1] (admissible on the complete graph), and in R3 put

a; 1= (07 COSl/’a & Sin¢)T7 X’i = {ZE € R3 : <ai7$> = 0}7 fl(x) = %<13,H.’L’>—<g“1'>
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with H = diag(p, L, L), L/ = k, and arbitrary g;. Then this instance has
gossip condition number x, condition number k, constraint gap o, and

1 oy KX
>\max M = )\Jr M = 7 ual = —
(M) . min(M) = — Rdual = —

where M is the operator AE(E*HE)"'E*A of Theorem 5.3 restricted to C*.

Proof Parameters. G := %Zl aia;r = diag(0, cos? 1), sin? 1) because
L% ,ei = 0. Hence X = (1, X; = span{e;} and, by Proposition 3.9(a),
o= /\I‘;m(G) = min{cos? 9, sin® 1} = sin® ¢ since ¥ < 7/4.

Block structure. X = span{ey,b;} with b; = (0, —¢; sint),cost) ", and H
preserves X! with He; = pey, Hb; = Lb;. Consequently

E(E*HE) 'E* acts blockwise as iele]— + %bib;-r on agent 1. (5.2)

Amax(M) = 1/p. Let S == {x € H : x; € span{e1}} NCL. Since e; €
X9 for all 4, (5.2) shows E(E*HE) 'E* = il on &1, and A preserves S;
hence M|s, = W|s, /1, whose largest eigenvalue is Apax(W)/p = 1/p. With
Theorem 5.3(i) this gives equality.

A (M) < oy/L. Take u := v ® ey € C* (indeed v L 1). Then Au =

min

VYU ® ez, and by (5.2), using (e1,e2) = 0 and (b, e2) = —&; sin 4,

n

1 , sin® ¢ 1 o
(u, Mu) = Ez<ﬁvi(32’ L /yvi(—¢; sinp) bi> =1 i wnzl:vf = % [l

u 1 ker M. By Lemma 5.2, ker M N C+t = A~Y(X NnCL), and A =
[1, span{a;}, so an element of Xz~ N C+ has the form (c;a;); with 3°, ¢;a; = 0,
ie. cosyd,¢; = 0 and siny ), ;¢; = 0, ie. Zignm ¢ = Zi>n/2 c; = 0.
Since A is self-adjoint and invertible on C+, v L A~1(c;a;); is equivalent to
(A=, (cia;)i) = 0, and A~ u = v 120 ® ey gives

<U®€2,(CZCLZ i) = CObe ViCy = Cosw( Z C; — Z Cz) =

i<n/2 i>n/2

Hence u € ran M and A}, (M) < (u, Mu)/||u||?> = oy/L; with Theorem 5.3(ii)
this is an equality. Dividing gives kqual = (1/1)/(07y/L) = kx/0o. O

Remark 5.6 (Numerical confirmation) Theorem 5.5 was checked on 81 in-
stances spanning n € {4,6,10}, k € {1,7,60}, x € {1,4,25} and three values
of 9; the largest observed value of |kquaio/(kX) — 1| was 1.4 x 10712 (Sec-
tion 7). On random instances the bound is far from tight: over 27 instances
with n € {6,10,14} the ratio Kquaio/(xx) lay in [0.12,0.30], and it falls to
0.018 on the larger instance used in Section 7.
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5.4 o is the representation-free core of the matrix condition number

The affine case of (P) is also treated by Yarmoshik et al. [35] in a matrix-
multiplication oracle model, where the constant is ot of (1.3). The two con-
stants are related exactly, and the relation explains what the projection oracle
buys.

Proposition 5.7 (Minimum over representations) Let X; = {z € R?:
Ciz = ¢;} with X =, X; # 0 and every C; # 0, and let o be the constraint
gap of {X;}. Write $; max and st for the largest and smallest positive sin-

i,min

gular values of C;, and put S := max; s7 .., 5 1= min; (s; ;)% Then
1 N S 1
Z < kot < 202,
o s o

with equality on the left whenever every C; has orthonormal rows. Consequently

1
— = min {/%CT . C; any matriz with {z : Cix = ¢;} = X; for all i},

o

and the ratio oker is unbounded above: for X1 = {z € R? : 21 = 0}, Xp =
{x : x5 = 0}, the representation Oy =te], Cy = eg has o = % for every t #0
while ko = 2max{t?,t72} — 0o ast — 0.

Proof Let P; be the orthogonal projector onto ranC;' = (X?)+. Then sP; <
C C; 2 SP; and ker(C;' C;) =ker P; = X?, 50 3. C'Ciand R:= - >, P,
have the same kernel (), XY = X% and hence the same range R := (X%)L.
For u € R, s(u, Ru) < (u, 2 3. CTCiu) < S{u, Ru). Minimising over the unit
sphere of R and using A\ . (R) = o (Proposition 3.4, since R = I — P on R)
gives so < )\:ﬁn(% Do CZ-TC’Z-) < So. Dividing max; )\max(CZ-TCZ—) = S by these
two bounds gives the displayed chain. If every C; has orthonormal rows then
C;'C; = Pi,s0 S = s = 1 and both inequalities are equalities. Every collection
admits such a representation (replace C; by the matrix whose rows are an
orthonormal basis of ran C;", and ¢; accordingly), which gives the minimum.
The example is a direct computation: (C Cy + Cy Co) = 1 diag(t?,1) and
max; Amax(C; C;) = max{t? 1}, while 5(PL+P) = %I. O

Remark 5.8 So ¢ is what remains of kot after every representation-dependent
factor is removed, and the projection oracle attains the minimum automat-
ically: in the projection-oracle model the representation-dependent row con-
ditioning of the C; is factored out by the oracle itself, and never appears in
the complexity. In the affine case the gap between the two models is, admit-
tedly, one local orthonormalization per agent, computed once offline; the lower
bound of Yarmoshik et al. [35] formally excludes that step, so neither result
implies the other, but we do not rest the contribution of this paper on the
affine case alone. The point of ¢ is that it is defined, and finite, for arbitrary
closed convex X;, where no matrix, no singular value and no orthonormaliza-
tion is available — see Section 3 and Open Problem 6.7. Proposition 5.7 was
verified numerically on 200 random collections (Section 7).
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6 The algorithm and its complexity
6.1 Local oracle

Agent i evaluates the constrained conjugate gradient

0i(z) = argmin {fi(2) + (z.2)} = V(i +0x.)"(=2). (61)
x i

This is the constrained analogue of the oracle V f} used by Scaman et al. [29];
for affine X; and quadratic f; it is one linear solve of size dim X?. It is a
strong oracle, and we therefore report three complexities separately — com-
munication rounds, calls to O;, and (in Remark 6.6) the cost of solving (6.1)
numerically from Vf; and Px, — so that no computational cost is hidden.
The lower bounds of the companion paper [12] are proved in an oracle class
containing (6.1), so the comparison there is not in our favour by construction.

6.2 Accelerated gossip

Lemma 6.1 (Chebyshev gossip) Let W satisfy Assumption 2.8 with vy < 1,
put ¢, := =2 and for K € N define

TK( 2t7(1+v)) N
qx(t) == ﬁ Pr(t):i=1—qi(t), W := Pg(W).

Then W is self-adjoint, positive semidefinite, satisfies ker W = C, its spectrum
on Ct lies in [1 — 0k, 1+ 0k| with 6k = 1/Tk(c,), and one application costs
exvactly K communication rounds. For K = [y~/2] one has 6x < 1/cosh2 <
0.266 and

7= Amax (W) < 140k
)\Jr

min

— 1.73.
(W)_1*5K< 73

Ify=1weset K=1, W=W, =0,y =1.

Proof qx(0) = 1 gives P (0) = 0, hence ker W = ker W = C. For ¢ € [y, 1] the
argument w lies in [—1,1] where |Tk| < 1, and |Tk(—cy)| = Tk (cy),
so |gx(t)| < 0k and Pk (t) € [1 — dk,1 + Ok]; since dx < 1 this is pos-
itive, so w = 0. As Pxg has degree K with Px(0) = 0, the three-term
Chebyshev recursion evaluates P (W)ax with K multiplications by W. Fi-
nally arccosh(c,) = log if‘\/@ > 2,/7,50 T (cy) = cosh(K arccoshc,) > cosh 2
when K > ~~1/2, O

The construction is Chebyshev acceleration of a stationary iteration [2],
introduced into decentralized optimization by Scaman et al. [29, §4.2]; we re-
state it in the normalization used below. Note that W satisfies Assumption 2.3
after rescaling but not Assumption 2.4: it is a degree-K polynomial in W and
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Algorithm 1 CANDA

Require: gossip matrix W with gap ~; constants u, L; an estimate & € (0, o]

10 K« [y V2], 6« 1/Tk (}*3) bK<+ 1, 6§~ 0ify=1
2:/1<—(1+6)/,u7 v+ (1=906)6/L; q<+ \Jv/4; BelJrq

3: 290, uwl«0

4: for k=0,1,2,... do

5 5% — Wuk > K communication rounds (Chebyshev recursion)
6: zk « O;(s¥) for each i > one local oracle call
7 2Rl kAR

8 ,wk+1 — Zk+1 + ,3 (Zk+1 _ Zk)

9: end for

Ensure: agent i returns :t:f

so has the sparsity of the K-th graph power. Only Assumption 2.3 is used in
Section 5; Assumption 2.4 is used only to price one application of W at one
round.

6.3 CANDA

Applying Nesterov’s accelerated gradient method to ¥ built from W and
substituting y = Az with A = W1/2 g0 that only W is ever applied, gives Al-
gorithm 1 (CANDA: Constraint-Aware Networked Dual Acceleration). Every

operation is local except the single call to W.

Theorem 6.2 (Complexity of CANDA) Let Assumptions 2.1, 2.2, 2.3,
2.4 and 5.1 hold, Xy  C, and let & € (0,0]. Then x¥ € X; for all i, k, and

IS 2 s \"
- E a7 — 2" < C(l— V m)
i=1
where, with A = (1+6)/u and v = (1 — )6 /L the parameters of Algorithm 1,

Co (/1 A 1.73k
12

¢ = <

+1) Iy’ = 2, —, (6.2)

v
and ¢y < (1—}—26) < 9 an absolute constant. Consequently, to reach = >, [|z¥ —
x*||? < €2 the algorithm uses

O(\/g log @) calls to O; per agent, O( %X log @) communication rounds.

Remark 6.3 (On the constant, and the shorthand logl) By (6.2), C is not
purely an initialization constant: it carries the factor A/v = O(k/&) that every
estimate-sequence bound carries, so log v/C = log é—independent but grows like
1 log £. The oracle-call count is therefore O(y/k/6 log £ ), i.e. O(y/k/6log 1)
plus an additive O(y/k/6log £). We write O(y/k/6log 1) elsewhere in this
paper, suppressing that additive term; this is the same convention under which
the optimal unconstrained rate is quoted as O(y/rxlog 1) [29, Thm. 1], and
the term is dominated as soon as ¢ < &/k.



Title Suppressed Due to Excessive Length 19

Proof Feasibility x¥ € X; is immediate from (6.1). Replace W by W through-
out Section 5. By Lemma 6.1, W /A ,.x (W) satisfies Assumption 2.3 with gos-

sip condition number Y < 1.73, and ker W = C so the constraint encoded is

unchanged. Applying Theorem 5.3 with Apax (W) < 1+5and A, (W) > 1—-4

min
13 _smooth and @—s’crongly convex on ); the values A

gives that ¥ is T

and v of Algorithm 1 are exactly these two constants with o replaced by
the underestimate &, which only decreases the assumed strong convexity, so
Kdual < AJv < 1.73k/6.

By Theorem 5.3(ii) the gradient of ¥ lies in ), so a trajectory started
at y° = 0 remains in Y; there Nesterov’s constant-step scheme for smooth
strongly convex functions [23, Thm. 2.2.3] gives ¥(y*) — ¥* < (1 —
VTN @(0) = + %]y — y*|?) and hence [l* — y*[[2 < 2@(yF) — 0)
decays at the same rate, where y* € ) may be chosen because ¥ is con-
stant along ker B. Since V¥ (y*) = 0 forces z(y*) € X Nker A = X NC and
(Ay*,z) = 0 there, z(y*) minimizes F over X NC, i.e. z(y*) = J(z*). Two
book-keeping points complete the estimate. First, Algorithm 1 evaluates the
oracle at the extrapolated point v¥, not at y*; since v* = y* + B(y*F — y*~1)
with 8 € [0,1), we have [[v* — y*| < (1+ 28) max{lly* — y*Il, [s*"* - y*II}.
which costs the absolute factor co = (1+28)? < 9 in (6.2) and nothing in the
rate. Second, after replacing W by W the last claim of Theorem 5.3 reads
() — 2l < Ly — /|| with B < Amax(W)/2 < VI+3 < 1.09,
which we absorb into ¢y. Combining with [|y* — y*[|* < 2(¥(y*) — ¥*) and
W (y°) —w* < 2|y° —y*||? gives (6.2) and the displayed bound in the averaged
norm. N N

Finally the substitution y = Az, v = Aw turns y**! = v* — A7V (v*)
with V¥(v) = —Az(v) and z(Aw) = argmin ¢ »{F(z) + <Ww,:c>} into
281 = wk + A~ 12*, the extrapolation transferring verbatim; and F, X are
separable, so the argmin decomposes into the n local problems (6.1). Each

iteration costs one oracle call and K < 7_1/ 2 + 1 rounds. O
Remark 6.4 (Per-agent constants) Because ||| is the averaged norm, the per-
agent statement carries a factor n: ||zF — z*||2 < nC(1 — \/6/(1.73k))*. The

iterates satisfy x¥ € X; but are neither consensual nor in X; combining Def-
inition 3.1 with dist(z¥, X;) = 0 gives dist®(z*, X) < o711 3 |laF — 2%||2, s0
the feasibility residual of the average decays at the same linear rate.

Remark 6.5 (Consistency checks) With o = 1 (all X; = R?%) Theorem 6.2
gives O(y/k log é) oracle calls and O(,/kX log %) communications, optimal by
Scaman et al. [29]. With k = y = 1 it gives O(c~/?log 1), which by Propo-
sition 3.9(b) is O(sin~* fF log 1) for two sets — the rate of optimally tuned
generalized alternating projections [9], and order-optimal by the two-set corol-
lary of [12].

Remark 6.6 (Primal oracle) If agent ¢ can only evaluate V f; and Px,, the sub-
problem (6.1) can be solved by accelerated projected gradient in O(+/k log %})
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steps. Turning this into a complete complexity statement requires an inexact-
ness model for accelerated methods — the (6, L)-oracle of Devolder et al. [§]
shows that error does not in general vanish under acceleration, so a summa-
bility schedule 7, | 0 in the sense of Schmidt et al. [30] is needed. We do
not carry this out and do not claim the resulting bound; establishing whether
O(y/k/o) projections suffice is the projection-oracle analogue of the gradi-
ent/communication separation studied for affine coupling by Yarmoshik et
al. [36].

6.4 Obtaining o

Algorithm 1 needs &, and o encodes the joint geometry of all the private sets
— exactly the global object the decentralized setting forbids any agent from
forming. Three points make this workable.

First, the guarantee is monotone: Theorem 6.2 holds for every & € (0, o],
at the price of a factor \/o /6 in the iteration count. Underestimating is safe;
overestimating is not covered.

Second, o can be approached by a power iteration on the simultaneous
projection Q of Proposition 3.7: the ratio |25+ —2*|| /|| 2% — 2*~!|| converges to
Amax(P|(x0y+) = 1 — 0. This is a heuristic, not a certified procedure, for three
reasons, and we state them plainly. (i) The ratio dist(Q(z), X)/dist(z, X)
must not be used instead: dist(-, X) involves the global feasible set, which
is precisely what no agent can form. (i) Applying @ even once is not a local
operation: Q(z) = 1 3", Px, (2) averages over all agents, so on a sparse network
each power iteration requires an inner average-consensus procedure, not one
projection step per agent. The same is true of the ratio itself, which involves the
global norm | z[|? = 1 37, |z;|%; a single sparse gossip round evaluates neither,
and any decentralized average-consensus subroutine returns them only up to
an error that decays geometrically in its own inner iterations. The procedure
is therefore an offline preprocessing idea, not a subroutine of Algorithm 1.
(#ii) Even with exact norms the estimate is one-sided the wrong way: Rayleigh
quotients approach Ay« from below, so 1 minus the observed ratio approaches
o from above, and every finite-k value is an overestimate — the direction
Theorem 6.2 does not cover. A deflation factor must therefore be applied,
and we have no finite-k guarantee for how large it must be. We regard this
as a genuine gap rather than a detail; o, like v, is a global parameter of the
instance, and neither is computed by the algorithm.

Third, in the polyhedral case a valid ¢ is often available in closed form:
Proposition 3.9(a) gives o = Al (L3 a;a]) for hyperplanes, so any lower
bound on that smallest positive eigenvalue is admissible. Note that a Gersh-
gorin estimate does not serve here: it bounds Apin, which is 0 whenever X is
not a single point. In practice & should come from the structure of the appli-
cation, and we regard supplying it as part of the modelling rather than of the
algorithm.
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6.5 Beyond affine local sets

Assumption 5.1 enters only through the affine structure of X', but it does so in
more than one step of the proof of Theorem 5.3: the conjugate identity G*(z) =
(z,J(2°)) + ¢*(E*z), which requires X to be a translate of a subspace; the
reduction A\, (R) = 1—cp(X3,C1)? = o, which goes through Proposition 3.4
and so presupposes that the direction spaces X! exist at all; and the strong-
duality step riX = X. The companion paper [12] uses it once more, in the
form that Py is affine with linear part Py,. Section 4 does not use it, and
Section 3 uses it only where marked.

For general closed convex X; the conjugate G* need not be differentiable
and the argument breaks down. Two routes are natural and we leave both
open. For polyhedral X; and quadratic f;, G* is piecewise quadratic and one
expects a global linear rate through a Luo—Tseng-type error bound, with
o replaced by the gap of the affine hulls of the active faces at the solu-
tion. For general u-strongly convex, L-smooth f; this is false — restricting
a smooth strongly convex function to a polyhedron does not make its con-
jugate piecewise quadratic — and the analogous argument would instead
require a metric-subregularity or error-bound property of the dual gradi-
ent mapping, which we do not establish. For general convex X; one ex-
pects a local result under partial smoothness [19]: the relevant nondegeneracy
condition is on the shifted subproblem actually solved by CANDA, namely
—(Vfi(z*) 4+ (Ay*);) € ri Nx,(x*), and identification of the active manifolds
would follow from Hare and Lewis [10, Thm. 5.3]. We emphasise that identi-
fication alone is not sufficient: after identification the problem is posed on a
curved manifold M;, and replacing M, by its tangent affine space is a first-
order approximation whose curvature contribution must be controlled. We do
not have that argument, and state the matter as an open problem rather than
a theorem.

Open Problem 6.7 Establish a global linear rate for (P) with polyhedral
X, and a local one for general closed convex X;, with the constant expressed
through the constraint gap of the corresponding tangent structures.

7 Numerical illustration

The role of this section is to test the theory, not to argue practical superiority.
All code, seeds and scripts are in the repository accompanying this paper;
every number below is reproduced by a single script.

Instances. n agents, x € R?, fi(z) = 3(z, Hiz) — (g;,z) with spec(H;) C
[, L], o = 1, and X; = {x : (a;,z) = b;} a private hyperplane. Normals
are a; < ag + €u; as in Example 3.10, so ¢ = A%, (23 a;a]) is tuned by

¢ while each individual constraint stays perfectly conditioned; the normals
lie in a fixed coordinate subspace of the shared eigenbasis of the H;, so the
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(@) k, x fixed (b) o, x fixed (c) k, o fixed

—— random: slope 0.58
-~ extremal family: slope 1.00

—— random: slope 0.94
-~ extremal family: slope 1.00

—— random: slope 0.81 A

-~ extremal family: slope 1.00

10! 102 10° 10! 102 10° 10

Fig. 1 Dual condition number against each parameter with the other two fixed, for random
instances (circles) and for the extremal family of Theorem 5.5 (squares). The bound kgqual <
kx/o predicts slope at most 1, with equality on the extremal family.

problem restricted to X has condition number exactly k. The gossip matrix is
the combinatorial graph Laplacian normalized by its largest eigenvalue. Unless
stated otherwise n = 16, d = 24, dim X = 18, x = 50, ring graph (y = 26.3),
seed 4.

Proposition 3.4. Computing o from Definition 3.1 via )\Ln(% Y a;a; ) and in-
dependently as 1 — cp(Xp,C)? by a principal-angle computation in R"¢ agrees
to machine precision (4.2 x 107!7 absolute on the reported instance). The
fourth identity of Proposition 3.4, o = ”;1 (1 — ¢cryz), was checked on 40 ran-
dom collections of subspaces with n € {2,...,5} in R7; the largest absolute
discrepancy was 1.1 x 10715, This validates the implementation, not the propo-

sitions.

Proposition 5.7. On 200 random affine collections (n € {2,...,5}, d = 8,
1-3 rows per agent, half of them row-orthonormalized and a third randomly
rescaled per agent) the chain 1/0 < kot < (S/s)/o held in every instance.
On 200 row-orthonormal representations the maximum relative deviation of
kot from 1/0 was 6.8 x 1071, On the two-agent example of Proposition 5.7,
o stays at % while #oT runs from 2 to 2 x 10% as ¢ falls from 1 to 1073,

Theorems 5.3 and 5.5. On 27 random instances spanning three graph fam-
ilies, n € {6,10,14} and & € {5,50,500}, the bound Kqua < kx/o held in
every case, with ratio in [0.124,0.291] (and 0.018 on the larger instance of
the next paragraph); the bound is therefore conservative on random data.
On the extremal family of Theorem 5.5, 81 instances spanning n € {4,6, 10},
k€ {1,7,60}, x € {1,4,25} and three angles reproduce kgua1 = kX/0 to within
1.4 x 107!2 relative. Figure 1 shows the two behaviours side by side: the fitted
log-log slopes of Kqual are 0.58,0.94,0.81 in o', k, x on random instances —
all strictly below the theoretical exponent 1, as the inequality permits — and
1.00,1.00, 1.00 on the extremal family, where Theorem 5.5 predicts equality.
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(a) Algorithm 1 and ablations (b) comparison
10-1 4 1071 N
b

= 1074 = 1073 4
x x
= = — Algorithm 1
= 107° = 1075 — - PG-EXTRA (tuned step)
x x )
\ YN e projected consensus
% 1077 % 1077

107° 107°

1071 v + y ’ ——— 1071 v T y i

0 5000 10000 15000 20000 25000 30000 0 5000 10000 15000 20000 25000 30000
communication rounds communication rounds

Fig. 2 (a) Algorithm 1 with theoretical parameters, its guaranteed rate, an oracle-tuned
reference, and two ablations. (b) Comparison with PG-EXTRA and projected consensus.

Theorem 6.2. Figure 2(a) runs Algorithm 1 ezxactly as printed, with A and m
computed from (u, L,y,5 = o) — global parameters of the instance, but no in-
formation whatever about the spectrum of the dual Hessian — against the rate
it is guaranteed. On the reported instance (k = 50, x = 26.3, 0 = 1.35 x 1072,
K = 6, 6k = 0.185) it reaches relative error 10~% in 6702 communication
rounds. The reference curve in Figure 2(a) plots the exponent guaranteed by
Theorem 6.2, p*/? with p = 1 — /v/A — the square root because the the-
orem bounds the squared averaged error — anchored at the observed initial
error rather than at v/C; so it is optimistic in the constant and honest in
the rate. Even so it reaches 10~% only at 16 365 rounds, against the measured
6702. For reference we also plot an oracle-tuned variant, which uses the ex-
act extreme eigenvalues of the dual Hessian (a centralized computation, not
an implementable algorithm) and needs 2892 rounds; the gap is the price of
the conservative constants in Theorem 5.3: the operator Algorithm 1 actually
runs on is the Chebyshev-preconditioned dual, whose exact condition num-
ber is Kqual(W) = 6.96 x 10%, against the bound 1.73x/0 = 6.4 x 103> — an
overestimate by a factor 9.2. (For the raw gossip operator the corresponding
figures are Kqua(W) = 1.7 x 10 against kx/o = 9.8 x 10%.) Across five seeds
Algorithm 1 needs 56226702 rounds.

Two ablations. Removing the momentum (8 = 0) prevents convergence to
10~® within a budget of 3 x 10* rounds, confirming that acceleration is doing
the work. Removing the Chebyshev step (K = 1) improves communication, to
4078 rounds. This is not a contradiction: as Figure 3 shows, Chebyshev gossip
does not reduce communication — Theorem 6.2 gives both variants the same
O(y/kx/o) round bound and the polynomial pays a constant on top — but it
removes the network entirely from the computational cost. The measured log—
log slope of local oracle calls against x is 0.02 with Chebyshev gossip and 0.48
without. Theorem 6.2 predicts upper bounds with slopes 0 and % respectively
(for K = 1 the same proof gives v = 6-y/L), so the measurements are consistent
with it; we do not have a matching lower bound for either variant, so this is
corroboration rather than confirmation.
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(a) communication (b) local computation
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® —@— Chebyshev gossip —8— Chebyshev gossip /.
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Fig. 3 Chebyshev gossip does not reduce communication rounds (a) — plain gossip is a
constant factor better across the whole range tested — but it makes the number of local

oracle calls independent of the network (b): the fitted log—log slopes in x of the oracle-call
counts are 0.02 with Chebyshev gossip and 0.48 without, consistent with the upper bounds
of Theorem 6.2, whose exponents are 0 and %

Sensitivity to 6. Theorem 6.2 allows any 6 < o at a cost \/o /6. Measured:
6 =0/2,0/5,0/20 give 8946, 12852, 18756 rounds against 6702 at 6 = o, i.e.
factors 1.33,1.92,2.80 where the theory permits 1.41,2.24,4.47. Mild overesti-
mation was benign on these instances (6 = 20 and 50 converged, in 5058 and
3300 rounds) but is not covered by the theorem.

Comparison. Figure 2(b) compares with PG-EXTRA [32] using r; = tx, and a
step size selected by offline grid search, and with projected consensus [22]. Pro-
jected consensus is visibly sublinear and does not reach 10~8 within the budget.
Tuned PG-EXTRA reaches it in 1390 rounds, faster than Algorithm 1, and
we report this plainly. The companion paper [12] explains why: PG-EXTRA
is itself a second-order recursion driven by the same operator, and empirically
attains the y/kx/o scaling, so the difference is a constant and not an expo-
nent. Two further remarks. PG-EXTRA carries no linear-rate guarantee for
heterogeneous r; — by Alghunaim et al. [1, Thm. 3], without an additional reg-
ularity assumption no method in that oracle class admits a worst-case global
linear guarantee — so its behaviour here is a property of this instance family,
whereas Theorem 6.2 certifies Algorithm 1 on every affine instance with o > 0.
And PG-EXTRA’s step size was chosen with knowledge of the solution, while
Algorithm 1 used only (u, L,v,5). We regard closing the constant-factor gap
— most plausibly by an adaptive restart that estimates kqua1 online rather
than bounding it — as the main practical question left open.

8 Concluding remarks

Decentralized optimization over an intersection of private convex sets is gov-
erned by two spectral gaps of the same kind. One, -y, belongs to the commu-
nication graph and measures how quickly local averaging enforces agreement.
The other, o, belongs to the constraint geometry and measures how quickly
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local projections enforce feasibility; for affine sets it is the spectral gap of
the simultaneous projection operator, a reading we take from Reich and Za-
las [27]. Once o is in place the qualitative obstruction to linear convergence
disappears: optimality certificates separate across agents (Theorem 4.1), the
solution map is stable (Theorem 4.2), the dual conditioning is at most kx /o
and no better (Theorems 5.3 and 5.5), and an accelerated dual method attains
O(y/kx/olog1) communication rounds and O(y/k/c log 1) local oracle calls
(Theorem 6.2). The exponent % in o cannot be improved, and the two-set
corollary settles the order-optimality of generalized alternating projections;
both are proved in the companion paper [12].

That o belongs to the problem and not to our method is, we think, the
point worth keeping, and it is the subject of the companion paper [12]: the
operator behind Theorem 5.3 is the same one behind PG-EXTRA, a primal
method designed without any reference to constraint regularity, and no step
size makes PG-EXTRA faster than 1/(x — 1)x/o on the extremal family. What
an analysis buys is therefore not speed but certainty: Algorithm 1 attains
O(\/kx/olog 1) from p, L, v and any underestimate of o, on every affine
instance with o > 0.

Three questions remain, stated above as Open Problem 6.7, in Remark 6.6,
and in [12]: a global rate beyond affine local sets, the multiplicative lower
bound in the full oracle class, and a complexity statement for the weaker
(Vfi, Px,) oracle. It would also be natural to ask how o behaves under time-
varying or stochastic constraints and on directed graphs, where the analogue
of Chebyshev acceleration is known to fail [14].
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