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Abstract

We study mixed-integer quadratic optimization (MIQO) problems with indicator variables.

We propose a uni�ed framework, based on decision diagrams, that serves both to solve the

associated optimization problems and to construct ideal conic quadratic extended formulations

of the closure of the convex hull of the underlying mixed-integer set. The construction applies

to arbitrary quadratics and to any combinatorial constraints admitting a tractable dynamic

programming representation. The resulting diagrams and the ensuing convex hull descriptions

are of polynomial size when the quadratic is low-rank, or when the support graph of the Hessian

or of its inverse is a tree, recovering and generalizing several results from the literature. For

structured sparse and inverse-sparse quadratics, we show that approximate decision diagrams

have size linear in the dimension while yielding solutions with arbitrarily low optimality gap.

Computational experiments demonstrate the e�ectiveness of the proposed approach.
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1 Introduction

Mixed-integer quadratic optimization (MIQO) problems with indicator variables are ubiquitous in

statistics, �nance, and control. Formally, given vectors c,d ∈ Rn and b ∈ Rq, a matrix F ∈ Rn×m

and a set Z ⊆ {0, 1}n, we consider MIQO problems of the form

min
x0,x,z

d⊤x+ c⊤z + x0 (1a)

s.t. Ax+Gz ≤ b (1b)

(x0,x, z) ∈ XF ,Z (1c)

where A, G and b are matrices and vectors of appropriate dimensions and

XF ,Z =
{
(x0,x, z) ∈ R× Rn × Z : ∥F⊤x∥22 ≤ x0, x ◦ (1− z) = 0

}
.

In words, set XF ,Z collects the epigraph variable x0 of the quadratic ∥F⊤x∥22, the indicator con-

straints linking each continuous variable xi to its indicator zi (so that xi = 0 whenever zi = 0), and

the combinatorial constraints z ∈ Z. Throughout the paper, 1 is a vector of ones of appropriate

dimension and �◦� represents the Hadamard (entrywise) product of vectors; if Z = {0, 1}n, we write

XF instead of XF ,Z for simplicity. The indicator constraints x ◦ (1− z) = 0 are usually linearized

as −Mz ≤ x ≤Mz, provided a valid value of M can be inferred from constraints (1b) or set XF ,Z .

Problems of the form (1) arise naturally in �nance, statistics, and control. In cardinality-

constrained portfolio optimization, factor models decompose covariance into diagonal speci�c risk

and a low-rank common-factor term (Bienstock 1996); in slowly varying regression and online mon-

itoring, local temporal interactions produce sparse block-banded quadratics (Bertsimas et al. 2024,

Gomez et al. 2024); and in hybrid model predictive control, eliminating the state variables typically

produces a dense quadratic with a sparse or block-banded inverse (Lee et al. 2024).

Solution approaches for mixed-integer optimization (MIO) problems often rely on e�ective con-
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vex relaxations. A natural convex relaxation of (1), obtained by replacing the indicator constraints

with big-M constraints and constraints z ∈ Z with z ∈ conv(Z), where �conv(Z)� denotes the

convex hull of Z, is typically weak. As a result, branch-and-bound algorithms based on this nat-

ural relaxation require substantial enumeration before being able to prove optimality. A stronger

relaxation, which is the main focus of this paper, is given by

min
x0,x,z

d⊤x+ c⊤z + x0 (2a)

s.t. Ax+Gz ≤ b (2b)

(x0,x, z) ∈ cl conv(XF ,Z) (2c)

where �cl� denotes the closure of a set. Relaxation (2) dominates the natural relaxation in terms

of strength, and results in an exact reformulation of the problem if constraints (1b) are removed.

Unfortunately, since optimization over setXF ,Z is NP-hard in general even if Z = {0, 1}n (Natarajan

1995), computing the convex hull of XF ,Z is a daunting task: explicit descriptions often require

complicated nonlinear functions de�ned by pieces, an exponential number of constraints, or an

exponential number of additional variables. Nonetheless, if additional assumptions are imposed on

set XF ,Z , then optimization over this set may become polynomial-time solvable, and compact conic

quadratic descriptions of cl conv(XF ,Z) are sometimes possible. Indeed, several such results exist

in the literature, each relying on di�erent convexi�cation techniques.

Convexi�cations of XF ,Z are available if either the dimension n or the rank of the quadratic

form�given by the number of columns m of F�is �xed. On the one hand, set XF ,Z can be

represented as a disjunction of |Z| ≤ 2n convex sets, each corresponding to a possible value of

the binary variables. Disjunctive programming techniques (Balas 1979, Ceria and Soares 1999)

can thus be used to produce representations of cl conv(XF ,Z) with O(|Z|) additional variables and

constraints. The widely used perspective reformulation (Frangioni and Gentile 2006, Aktürk et al.

2009, Günlük and Linderoth 2010) can be interpreted as a special case of disjunctive programming

convexi�cations with n = 1. Frangioni et al. (2020) computationally tested convexi�cations of low-

dimensional sub-blocks; the approach appears to be e�ective only for blocks of dimension at most

two, as the burden of handling the additional variables and constraints otherwise outweighs the

bene�ts of the stronger relaxations. Exact convex hulls for the case n = 2 have also been derived
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in lifted spaces containing the matrix variable X = xx⊤, often incorporating nonnegativity or

box constraints on x (Anstreicher and Burer 2021, Han et al. 2023, De Rosa and Khajavirad 2024);

related lifted inequalities for general MIQO are studied by Dong and Linderoth (2013). On the other

hand, descriptions of cl conv(XF ,Z) for m = 1 were �rst obtained by Atamturk and Gomez (2025);

Sha�ee and K�l�nç-Karzan (2024) and Wei et al. (2022) extended these results to more general

constraints. Moreover, Han and Gómez (2024) show that disjunctive programming techniques can

also be applied to settings with m ≥ 2, deriving compact formulations of cl conv(XF ,Z) of size

polynomial in n but exponential in m.

If both n andm are large, disjunctive programming techniques cannot be applied e�ectively, and

obtaining compact convexi�cations requires exploiting the structure of matrix F . Liu et al. (2023)

and Lee et al. (2024) consider the full-rank case, and derive compact extended formulations for

cl conv(XF ) when matrix FF⊤ is tridiagonal or its inverse is tridiagonal, respectively. Both papers

rely on dynamic programming to solve optimization problems over XF : the �rst then uses lifting

(Richard and Tawarmalani 2010) to derive the convex hull description, whereas the second exploits

an underlying polyhedrality of the set cl conv(XF ) (Wei et al. 2024). Moreover, Gomez et al.

(2024) use decision diagrams and the results of Wei et al. (2024) to either describe or approximate

cl conv(XF ) when matrix FF⊤ is full rank and banded. For other matrix classes, Atamtürk and

Gómez (2018), Liu et al. (2025) derive strong formulations for quadratics with Stieltjes matrices.

Contributions and outline We develop a uni�ed, structure-adaptive decision-diagram frame-

work for optimizing over XF ,Z and constructing ideal conic quadratic extended formulations of

cl conv(XF ,Z). Decision diagrams are compact graphical representations of discrete sets derived

from dynamic programs (Bergman et al. 2016a, Castro et al. 2022); our construction extends their

recent use for banded MIQO (Gomez et al. 2024) to arbitrary matrices F and combinatorial sets Z.

Its states are de�ned through Gram�Schmidt projections of the rows of F , and exploitable structure

emerges automatically through the merging of equivalent states. The framework yields polynomial-

size exact diagrams for low-dimensional, low-rank, tree, and inverse-tree structures, removes prior

full-rank requirements, incorporates structured constraints on z, and can exploit multiple structures

simultaneously. Moreover, for sparse or inverse-sparse matrices we construct ϵ-exact diagrams by

merging nearly identical states and prove that, under polynomial volume growth and uniformly
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bounded boundary size, they have size linear in n for �xed ϵ > 0.

The rest of the paper is organized as follows. In �2 we summarize the notation used in the paper.

In �3 we review preliminaries on decision diagrams for discrete optimization and on the Gram-

Schmidt process. In �4 we introduce the proposed decision diagrams for MIQO, in �5 we discuss

their construction and implementation, and in �6 we prove that they yield exact convexi�cations of

XF ,Z . In �7 we show that the resulting diagrams and convexi�cations are of polynomial size for low-

rank, tree and inverse tree structures, and in �8 we construct approximations resulting in arbitrarily

low errors for sparse and inverse-sparse structures. In �9 we illustrate how the approximation

theory can inform variable ordering, and in �10 we present computational results with real data.

All proofs of propositions, theorems, lemmas, and corollaries in �4 onwards are provided in the

online companion (�EC.5).

2 Notation

In this section, we collect the notation used throughout the paper. For ease of reference, the notation

is grouped according to the section in which it is �rst used.

General notation We denote by 0n and 1n the n-dimensional vectors of zeros and ones, and by

0n×m the n ×m matrix of zeros. When the dimensions are clear from the context, the subscripts

may be omitted. Let ei ∈ Rn denote the i-th elementary vector of Rn. For integers j ≥ i ≥ 0,

let [i : j] := {i, i + 1, . . . , j − 1, j}. In particular, if i = 1, we may simply write [j] := [1 : j].

Given a vector z ∈ Rn, Diag(z) ∈ Rn×n is the square matrix whose diagonal elements correspond

to z. For two matrices (or vectors) V and W of the same dimensions, the operation V ◦W

denotes their Hadamard (entrywise) product, that is, (V ◦W )ij = VijWij . Moreover, ∥V ∥2,∞

denotes the maximum of the row-wise two-norms of a matrix V . Given two sets L1, L2 ⊆ Rn, we

let L1 + L2
def
= {x1 + x2 : x1 ∈ L1, x2 ∈ L2} denote their Minkowski sum. Given a set L ⊆ Rn,

�conv(L)� denotes its convex hull and �cl(L)� its closure.

Submatrices We now de�ne the notation used for submatrices. Consider a matrix F ∈ Rn×m.

Given any subset S ⊆ [n], FS ∈ R|S|×m is the matrix obtained by deleting rows with indices not in

S; more generally, given subsets S ⊆ [n] and S′ ⊆ [m], FS,S′ ∈ R|S|×|S′| is the submatrix obtained
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by additionally deleting columns with indices not in S′. We let F↓
def
= F[2:n] denote the matrix

obtained by deleting the �rst row of F . Similarly, given a vector z ∈ {0, 1}n, we let Fz
def
= FS

where S = {i ∈ [n] : zi = 1} is the support of z. Given two vectors z1 ∈ {0, 1}k and z2 ∈ {0, 1}n−k

with 1 ≤ k < n, we let F(z1,z2)
def
= Fz where z⊤ = (z⊤

1 z⊤
2 ), that is, we treat vectors in the

subscript as row vectors for notational convenience. Moreover, given z ∈ {0, 1}k with 1 ≤ k < n,

we let Fz
def
= F(z,0n−k) (in words, if the dimension of the binary vector is less than the number of

rows of F , then the submatrix operation is applied to the �rst k rows and the rest are discarded).

Throughout the paper, the submatrix operation takes precedence over other operations; for example,

F⊤
z = (Fz)

⊤ and F−1
S,S = (FS,S)

−1. Moreover, when the matrix to be indexed is itself the result

of an operation or already carries a subscript, we enclose it in parentheses: for example,
(
Q−1

T,T

)
S

denotes the submatrix, with rows indexed by S, of the inverse of QT,T . We note that all these

operations extend naturally to vectors by treating them as matrices with a single column.

Example 1. Consider matrix F =


1 2

3 4

5 6

 and vectors z⊤
1 =

(
1 0

)
, z⊤

2 =

(
1

)
and z⊤ =

(
1 0 1

)
. Then

Fz = F(z1,z2) =

1 2

5 6

 , F[2] = F(z2,z1) =

1 2

3 4

 , F↓ = F[2:3] =

3 4

5 6

 , Fz1 = Fz2 = F{1} =
(
1 2

)
.■

A closely related object is Diag(z)F ∈ Rn×m, the matrix whose i-th row is F{i} if zi = 1 and 0⊤m

if zi = 0. In other words, Diag(z)F is related to Fz, with the rows outside the support of z padded

with zeros rather than removed. Matrix Diag(z)F is used extensively, in part to avoid dimension

mismatches. An important identity, used throughout the paper, is that if x ◦ (1 − z) = 0 holds,

then x = z ◦ x = Diag(z)x and

F⊤x = F⊤(z ◦ x) = F⊤Diag(z)x = (Diag(z)F )⊤ x.

Support graphs (�7) Given a symmetric matrix Q ∈ Rn×n, its support graph, denoted by

supp(Q), is de�ned as the simple unweighted graph with vertex set [n], where an edge (i, j) exists if

and only if Qij ̸= 0 for i ̸= j. For simplicity, and by a slight abuse of notation, we identify supp(Q)
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with the set of edges de�ning the graph, and thus write (i, j) ∈ supp(Q) to denote that (i, j) is an

edge of supp(Q). For any subset S ⊆ [n], de�ne ΓQ(S) as the set of neighbors of S in supp(Q),

i.e., ΓQ(S) := { j ∈ [n] \ S | ∃ i ∈ S with (i, j) ∈ supp(Q) }.

Spectral quantities and graph distances (�8) We denote by µmin(Q) and µmax(Q) the small-

est and largest eigenvalues of Q, by κ2
def
= µmax(Q)/µmin(Q) its condition number, and we de�ne

the decay rate σ
def
=

√
κ2−1√
κ2+1 ∈ [0, 1).

For any node u of a graph G with vertex set [n] and any integer η ≥ 1, let dG denote the

shortest-path distance in G and refer to {v ∈ [n] : dG(u, v) ≤ η} as the η-neighborhood of u. Let

∆G,u,η
def
= |{v ∈ [n] : dG(u, v) ≤ η}| and ∆G,η

def
= maxu∈[n]∆G,u,η; the latter denotes the maximum

size of an η-neighborhood in G. Since we exclusively work with the graphs G = supp(Q) or

G = supp(Q−1), we omit the subscript G whenever it is clear from the context.

3 Preliminaries

In this section, we review preliminary material for the paper. �3.1 reviews decision diagrams for

combinatorial problems, and �3.2 covers fundamental topics on linear algebra that will be used

throughout the paper.

3.1 Decision diagrams for discrete feasible spaces

Decision diagrams have primarily been used to solve purely combinatorial problems, that is, prob-

lems of the form

min
z∈{0,1}n

c⊤z s.t. z ∈ Z. (3)

Naturally, problem (1) is a generalization of (3). In this paper, we assume that there is a tractable

decision-diagram-based approach for the simpler problem (3), as we discuss next.

A binary decision diagram D = (N,A,ν) for (3) encodes the set of points Z ⊆ {0, 1}n as a

directed acyclic graph with node set N and arc set A ⊆ N × N . The set N is partitioned into

n + 1 layers N1, . . . , Nn+1, where N1 = {r} contains a root node r and Nn+1 contains a set of

terminal nodes. Arcs a ∈ A connect nodes in consecutive layers and represent value assignments
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for the components of z ∈ Z. Let ℓ(a) ∈ {1, . . . , n} be the layer from which arc a ∈ A emanates.

We denote the tail node of an arc by ta ∈ N ℓ(a), the head node by ha ∈ N ℓ(a)+1, and its value

assignment by νa ∈ {0, 1}.

A decision diagram D encodes Z through paths from the root r to a terminal node t ∈ Nn+1,

as follows. Each component of z ∈ Z corresponds to a layer in D. An arc-speci�ed r − t path

(a1, . . . , an), where hai = tai+1 for i = 1, . . . , n−1, encodes the vector z = (νa1 , . . . , νan)
⊤. Assigning

length cℓ(a)νa to each arc a ∈ A, a decision diagram is exact if every point z ∈ Z maps to exactly

one r�t path with length equal to c⊤z and vice versa.

Decision diagrams are commonly generated from the state-transition graph of a dynamic pro-

gramming representation of the space (Bergman et al. 2016a), consisting of a state space and a

transition function. A dynamic program sequentially sets values for the decision variables, storing

in each state the relevant information about the partial solution obtained after �xing a subset of

the variables. The transition function establishes how the system transitions between states. A

key consideration when representing discrete feasible spaces is whether a partial solution can be

extended to obtain a complete feasible solution and in how many ways this can be done.

De�nition 1 (Feasible completion set). Given any partial solution v ∈ {0, 1}ℓ−1, de�ne the

feasible completion set associated with v as

Zℓ(v)
def
=
{
w ∈ {0, 1}n+1−ℓ : (v,w) ∈ Z

}
.

By convention we let Z1 = Z. ■

A state ρℓ at decision stage ℓ, corresponding to a partial solution v ∈ {0, 1}ℓ−1, should ideally

characterize Zℓ(v), and partial solutions v1 and v2 for which Zℓ(v1) = Zℓ(v2) should ideally

correspond to the same state. Feasible completion sets can be e�ciently computed or approximated

for several combinatorial structures (e.g., knapsack constraints); however, characterizing them is

challenging in general as even determining if Zℓ(v) ̸= ∅ is NP-hard. For spaces de�ned by linear

constraints Gz ≤ b, a natural state representation for partial solution v ∈ {0, 1}ℓ−1 uses a vector

that stores the partial contributions to the left-hand side of the constraints at each decision stage,

that is ρℓ(v) = G[n],[ℓ−1]v. An illustrative knapsack construction, including its state-transition

graph and corresponding decision diagram, is provided in the online companion (�EC.1).
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We assume that there is a dynamic programming representation of Z of reasonable size with

states ρℓ, in which the state variable is a vector that records the state of the system after having

assigned values to ℓ − 1 variables. In particular, all partial solutions corresponding to the same

state must have the same completion set. The state space SZ includes an initial state ρ1 and an

infeasible state �inf�, the set of terminal states TZ includes the infeasible state and every state for

which all variables have been already decided, and transition function ϕZ : (SZ \TZ)×{0, 1} → SZ

is de�ned as ρℓ+1 = ϕZ(ρ
ℓ, z̄ℓ), where

ϕZ(ρ
ℓ, z̄ℓ) =


inf if Zℓ((v, z̄ℓ)) = ∅ for v corresponding to ρℓ

ψ(ρℓ, z̄ℓ) otherwise

(4)

and ψ is an update function that guarantees that all partial solutions corresponding to a state must

share the same completion set.

Decision diagrams have been used to model independent set, set covering and matching problems

(Bergman et al. 2016b), sequencing and routing constraints (Cire and Van Hoeve 2013, Castro

et al. 2020), scheduling applications (Cire et al. 2019), graph coloring (van Hoeve 2022), two-

stage stochastic and bilevel problems (Lozano and Smith 2022, Vásquez et al. 2025), and nonlinear

objectives over discrete feasible regions (Bergman and Cire 2018, Bergman and Lozano 2021, Castro

et al. 2021); see Castro et al. (2022) for a recent survey. Finally, we note that for the unconstrained

case where the feasible space is given by Z = {0, 1}n, we can de�ne the state space as a singleton

S{0,1}n = {0} by considering transition function ϕ(ρℓ, z̄ℓ) = 0, which results in a diagram with only

one node per layer.

3.2 Linear algebra review

In this section we review the fundamental concepts of linear algebra used throughout the paper,

chie�y the Gram-Schmidt process for constructing orthonormal bases of linear subspaces of Rm; we

refer the reader to Golub and Van Loan (2013) for a comprehensive treatment.

De�nition 2 (Span, column space and row space). • Given a set of m-dimensional vectors
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{v1, . . . ,vn}, the span is the set of all linear combinations,

span{v1, . . . ,vn}
def
=

{
y ∈ Rm : ∃x ∈ Rnsuch that y =

n∑
i=1

vixi

}
.

• Given a matrix F ∈ Rn×m, the column space is the span of all column vectors and the row space

is the span of all row vectors, that is,

Col(F )
def
= {y ∈ Rn : ∃x ∈ Rm s.t. y = Fx} , and

Row(F )
def
= Col(F⊤) =

{
y ∈ Rm : ∃x ∈ Rn s.t. y = F⊤x

}
.■

Observe that for any z ∈ {0, 1}n, Row(Fz) = Row (Diag(z)F ) because matrix Fz di�ers from

Diag(z)F only because of the presence of zero rows.

De�nition 3 (Orthonormal basis). An orthonormal basis of a subspace L ⊆ Rm is a set of or-

thonormal vectors that span L. We say that a matrix B ∈ Rdim(L)×m de�nes an orthonormal basis

of L if its row vectors are an orthonormal basis of L, that is, if L = Row(B) and BB⊤ = I. ■

De�nition 4 (Projection onto a subspace). Given a subspace L ⊆ Rm with orthonormal basis given

by V = {v1, . . . ,vq}, the orthogonal projection matrix onto L is G
def
=
∑q

i=1 viv
⊤
i . Equivalently, if

B de�nes an orthonormal basis of L, then the orthogonal projection matrix onto L is G = B⊤B.■

Observe that G indeed satis�es the two properties of orthogonal projection matrices, that is,

G⊤ = G and G2 = G. Given any v ∈ Rm, Gv is the closest point to v in L (using the usual

Euclidean distance). More importantly for this paper, (I − G)v is the projection of v onto the

orthogonal complement L⊥ of L, that is, L⊥ def
= {y ∈ Rm : y⊤x = 0, ∀x ∈ L} = {y ∈ Rm :

By = 0}. Note that if v ∈ span(L), then Gv = v and (I −G)v = 0. Finally, we point out that

although the basis of a subspace is not unique, orthogonal projection matrices are unique and do

not depend on the choice of basis. As Proposition 1 shows, an orthogonal projection matrix onto

Row(F ) admits an explicit closed form description if F has full row rank.

Proposition 1. Given matrix F ∈ Rn×m, if FF⊤ is invertible, then the orthogonal projection

matrix onto Row(F ) is G = F⊤ (FF⊤)−1
F .
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The Gram-Schmidt process

Given a set of m-dimensional vectors {f1, . . . ,fn} ⊂ Rm, the Gram-Schmidt process recursively

constructs an orthonormal basis for span{f1, . . . ,fn}. Let F ∈ Rn×m be the matrix whose i-th

row corresponds to fi. The Gram-Schmidt process relies on the orthogonal decomposition theorem,

which states that given a vector v ∈ Rm and subspace L ⊆ Rm, this vector can be written uniquely

as a sum of a vector in L and a vector in the orthogonal complement L⊥. LettingG be the projection

matrix onto L, this theorem corresponds to the identity v = Gv + (I −G)v. It follows that since

Gv ∈ L, we have that L+ span{v} = L+ span{(I−G)v}. Proposition 2 states this property more

formally.

Proposition 2. Given any ℓ ∈ [2 : n + 1], let Gℓ be the orthogonal projection matrix onto

Row
(
F[ℓ−1]

)
. Moreover, let F ℓ

⊥
def
= F[ℓ:n]

(
I −Gℓ

)
be the matrix whose i-th row corresponds to

the projection of vector fℓ+i−1 onto the orthogonal complement of Row
(
F[ℓ−1]

)
. Then

Row(F ) = Row
(
F[ℓ−1]

)
+ Row

(
F ℓ
⊥

)
.

The Gram-Schmidt process sequential applies the following inductive property.

Proposition 3. Suppose that V = {v1, . . . ,vq} is an orthonormal basis for Row(F[ℓ−1]) (implying

Gℓ =
∑q

i=1 viv
⊤
i ), let matrix H = F[ℓ:n]

(
I −Gℓ

)
, and let v̄⊤ = H{1} be the �rst row of H.

Then:

1. If v̄ = 0, then V is an orthonormal basis for Row(F[ℓ]) and

H↓ = F[ℓ+1:n]

(
I −Gℓ+1

)
.

2. If v̄ ̸= 0, then V ∪ {v̄/∥v̄∥2} is an orthonormal basis for Row(F[ℓ]) and

H↓

(
I − v̄v̄⊤/∥v̄∥22

)
= F[ℓ+1:n]

(
I −Gℓ+1

)
.

The modi�ed Gram-Schmidt process is shown in Algorithm 1. The inductive steps in Proposi-

tion 3 are repeated in lines 4�9. The output of this algorithm is a set of vectors V that forms an

orthonormal basis for Row(F ).

11



Algorithm 1 Modi�ed Gram-Schmidt process

Require: Matrix F ∈ Rn×m.
Ensure: Set V containing the orthonormal vectors.
1: V = ∅ ▷ Set of orthonormal vectors, initially empty
2: H ← F ▷ Vectors to be processed
3: for ℓ = 1, . . . , n do
4: v⊤ ←H{1}, H ←H↓ ▷ Removes the �rst row v of H
5: if v ̸= 0 then ▷ v = 0 if and only if fℓ ∈ span(V )
6: v ← v/∥v∥2 ▷ Normalizes vector v
7: H ←H

(
I − vv⊤) ▷ Projects row vectors of H onto span{v}⊥

8: V ← V ∪ {v} ▷ Adds vector to set of orthonormal vectors
9: end if

10: end for

4 Decision diagrams for MIQO

In this section we consider optimization of a linear function over set XF ,Z :

min
x∈Rn,z∈{0,1}n
x◦(1−z)=0

d⊤x+ c⊤z +
∥∥∥F⊤x

∥∥∥2
2

(5)

Problem (5) corresponds to problem (1) without the linear constraints (1b) and with the epigraph

variable x0 projected out. We discuss identi�cation of whether (5) has an optimal solution or is

unbounded, and then develop the decision diagrams used to compute optimal solutions.

4.1 Detecting unboundedness

We �rst discuss unboundedness of problem (5). Note that if there exists z̄ ∈ Z and x̄ ∈ Rn such

that F⊤Diag(z̄)x̄ = 0 and d⊤Diag(z̄)x̄ = −1, then the problem is unbounded by letting z = z̄

and x = λ(x̄ ◦ z̄) with λ→∞. In fact, problem (5) is unbounded if and only if such a pair (z̄, x̄)

exists and, by Farkas' lemma, no such pair exists precisely when

∀z ∈ Z, ∃δz ∈ Rm such that Diag(z) (Fδz − d) = 0. (6)

Depending on the structure of set Z, detecting whether (5) is unbounded can be a di�-

cult task. Indeed, suppose that Z =
{
z ∈ {0, 1}n :

∑n−1
i=1 zi ≤ k, zn = 1

}
. Then the conditions

12



F⊤Diag(z̄)x̄ = 0 and d⊤Diag(z̄)x̄ = −1 amount to asking whether there exists a k-sparse vector

satisfying a system of linear equalities, which is precisely the decision variant of the �Minimum

relevant variables in linear system�, known to be NP-complete (Garey and Johnson 1979).

In most of the situations we are concerned with, unboundedness is not a concern because the

problem is known to be bounded a priori, or the constraints are such that unbounded situations

are easy to identify. In particular, if d ∈ Col(F ), then problem (5) is not unbounded: indeed,

d ∈ Col(F ) if and only if there exists δ ∈ Rm such that Fδ = d, and this single vector δ serves as

a certi�cate that all conditions (6) are satis�ed. Under Assumption 1 below, this condition would

also be necessary for problem (5) not to be unbounded.

Assumption 1. Matrix F and constraints Z are such that problem (5) is not unbounded if and

only if there exists δ ∈ Rm such that Fδ = d.

Assumption 1 is trivially satis�ed if 1 ∈ Z, since conditions (6) with z = 1 require the existence

of this vector. The condition is also satis�ed if F has full row rank and thus FF⊤ ≻ 0, since in

this case the problems are never unbounded and δ = F⊤ (FF⊤)−1
d satis�es Assumption 1.

4.2 Towards a dynamic program for optimization

Now suppose that Assumption 1 holds and problem (5) is not unbounded. In this case we �nd that

min
x∈Rn,z∈Z
x◦(1−z)=0

d⊤x+ c⊤z +
∥∥∥F⊤x

∥∥∥2
2

= min
x∈Rn,z∈Z
x◦(1−z)=0

δ⊤F⊤x+ c⊤z +
∥∥∥F⊤x

∥∥∥2
2

(∵ Assumption 1)

= min
y∈Rm,z∈Z

y∈Row(Diag(z)F )

δ⊤y + c⊤z + ∥y∥22 (∵ y = F⊤x = (Diag(z)F )⊤ x)

= min
y∈Rm,z∈Z
y∈Row(Fz)

δ⊤y + c⊤z + ∥y∥22 (7)

where the last equality holds since Fz and Diag(z)F have the same non-zero rows. To de�ne a

dynamic programming algorithm, suppose that the �rst ℓ − 1 coordinates of z are �xed, that is,

z[ℓ−1] = v for some v ∈ {0, 1}ℓ−1. In addition to the completion sets given in De�nition 1, we

provide two additional quantities related to the state of solving optimization problem (5).

13



De�nition 5 (Partial projection matrix onto complement). Given any partial solution

v ∈ {0, 1}ℓ−1, let Bℓ(v) ∈ Rq×m, with q = rank(Fv), de�ne an orthonormal basis of Row(Fv), and

de�ne the projection matrix associated with v as

Gℓ
⊥(v)

def
= Im×m −Bℓ(v)⊤Bℓ(v).

By convention we let G1
⊥ = I. ■

De�nition 6 (Partial cost).

Given any partial solution v ∈ {0, 1}ℓ−1, de�ne the objective cost associated with v as

gℓ(v)
def
= c⊤[ℓ−1]v + min

y∈Row(Fv)
δ⊤y + ∥y∥22 (8)

By convention we let g1 = 0. ■

Observe that function gℓ corresponds to the best cost that can be attained assuming that

z[ℓ:n] = 0 and constraints z ∈ Z are ignored. Note that problem (7) corresponds to minz∈Z gn+1(z).

As Lemma 1 shows, since gℓ corresponds to the minimization of a relatively simple convex function,

it can be computed in closed form.

Lemma 1. Letting Bℓ(v) be any orthonormal basis of Row(Fv), function g
ℓ(v) satis�es

gℓ(v) = c⊤[ℓ−1]v −
1

4
δ⊤Bℓ(v)⊤Bℓ(v)δ.

Function gℓ completely ignores constraints z ∈ Z and assumes the variables z[ℓ:n] are �xed.

Removing these restrictions, the best possible objective that can be achieved by changing the

remaining variables z[ℓ:n] and y while �xing z[ℓ−1] = v is

hℓ(v)
def
= c⊤[ℓ−1]v + min

w∈{0,1}n+1−ℓ

y∈Rm

c⊤[ℓ:n]w + δ⊤y + ∥y∥22

s.t. w ∈ Zℓ(v), y ∈ Row
(
F(v,w)

) (9)

where we use the convention that hℓ (v) = ∞ when constraints w ∈ Zℓ(v) cannot be satis�ed for

the �xed choice of v. We now show in Proposition 4 that function hℓ can be decomposed as the
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sum of two simpler functions, one corresponding to the direct value incurred by �xing z[ℓ−1] = v,

and the other corresponding to future value by optimally choosing variables z[ℓ:n].

Proposition 4. For ℓ ∈ [2 : n], function hℓ can be rewritten as

hℓ(v) = gℓ(v) + min
w∈{0,1}n+1−ℓ

y∈Rm

c⊤[ℓ:n]w + δ⊤y + ∥y∥22

s.t. w ∈ Zℓ(v), y ∈ Row
(
Diag(w)F[ℓ:n]G

ℓ
⊥(v)

)
,

(10)

where Gℓ
⊥(v) and gℓ(v) are de�ned in De�nition 5 and 6, respectively.

Intuitively, the second term in (10) is the best potential additional improvement over gℓ(v)

obtained by changing variables z[ℓ:n]. Obviously, this minimization problem in (10) is hard to

compute, due both to the presence of combinatorial constraints w ∈ Zℓ(v) and non-trivial linking

constraints y ∈ Row
(
Diag(w)F[ℓ:n]G

ℓ
⊥(v)

)
. However, the key property we exploit in dynamic

programming is that the inner minimization problem depends on v only through sets Zℓ(v) and

matrix F[ℓ:n]G
ℓ
⊥(v). Thus, if several di�erent partial solutions result in the same set and matrix,

the inner minimization in (10) needs to be computed only once, reducing the overall complexity.

4.3 Decision diagram

We are now ready to de�ne a decision diagram for tackling problem (5). The state variables at layer

ℓ will have two components: a component representing the completion set Zℓ(v), and a (n+1−ℓ)×m

matrix representing F[ℓ:n]G
ℓ
⊥(v) where v ∈ {0, 1}ℓ−1 is a vector denoting the partial assignment of

the indicator variables.

More formally, we assume the existence of a dynamic programming representation of Z of reason-

able size, involving a transition function ϕZ as de�ned in (4). We de�ne the initial state s1 = {ρ1,F }

and the transition functions as follows. Given any state sℓ = {ρℓ,Hℓ} where Hℓ ∈ R(n+1−ℓ)×m,

let u⊤ = Hℓ
{1} denote the �rst row of Hℓ, let sℓ+1 = ϕ(sℓ, z̄ℓ) where z̄ℓ is the value assigned to
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variable zℓ and

ϕ(sℓ, z̄ℓ) =


inf if ϕZ(ρ

ℓ, z̄ℓ) = inf

{ψ(ρℓ, z̄ℓ),Hℓ
↓} if z̄ℓ = 0, or z̄ℓ = 1 and u = 0

{ψ(ρℓ, z̄ℓ),Hℓ
↓
(
I − uu⊤/∥u∥22

)
} if z̄ℓ = 1 and u ̸= 0.

(11)

Observe that the �rst component of the transition function (11) is used to track the status of com-

pletion set Zℓ(v); the second component replicates the steps of the Gram�Schmidt process, lines 4-9

of Algorithm 1 when z̄ℓ = 1, and corresponds to the status of matrix F[ℓ:n]G
ℓ
⊥(v). According to

Proposition 4, these two components are su�cient to compute the inner minimization of function

hℓ(v). In the unconstrained case with Z = {0, 1}n, we can ignore the �rst component and write

more compactly

ϕ(sℓ, z̄ℓ) =


{Hℓ

↓} if z̄ℓ = 0, or z̄ℓ = 1 and u = 0

{Hℓ
↓
(
I − uu⊤/∥u∥22

)
} if z̄ℓ = 1 and u ̸= 0.

(12)

De�nition 7 (Exact decision diagram). Given F and Z, de�ne the state transition graph G =

(N,A) by applying the state transition function ϕ in (11) recursively, starting from the initial state

s1. De�ne the exact decision diagram D = (N,A,ν,u) forXF ,Z as the resulting graph in which each

node corresponds to a state, there is a directed arc (si, ϕ(si, z̄)) for z̄ ∈ {0, 1}, the value assignment

function ν : A → {0, 1} is such that ν(si,ϕ(si,z̄)) = z̄, and the transition vectors u : A → Rm are

such that ua = 0 if νa = 0 or u = 0, and ua = u/∥u∥2 otherwise, where u⊤ = Hℓ
{1} and Hℓ is

the matrix stored by the tail node ta. ■

zi = 0

zi = 1


1
2
3




(
2
3

) (
0
0

)

(
3
) (

0
)

1

1 0

z1

z2

1

Figure 1: Exact DD for the

rank-one instance.

Decision diagrams constructed according to De�nition 7 are in

general of exponential size even if Z = {0, 1}n. Nevertheless, we

now provide three examples where some reduction in the size of

the decision diagram occurs. In �7 we indeed formally show that

the examples illustrate settings where the decision diagrams can

be shown to be of polynomial size, as shown in �7.

Example 2 (Rank-one case). Consider the setting where Z =
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{0, 1}n and F =


1

2

3

, in which case matrix Q = FF⊤ =


1 2 3

2 4 6

3 6 9

 has rank one. Figure 1 shows the resulting exact decision diagram, where each node is

represented by its state and transition vectors are shown next to bold arcs (other arcs, corresponding

to decisions zi = 0 have zero transition vectors). Since F has m = 1 columns, the state matrices

are vectors and the transition vectors are scalars. In this setting, every arc with value assignment

νa = 1 leads to an absorbing state Hℓ = 0, resulting in a substantial reduction of the number of

states. ■

Example 3 (Tridiagonal case). Consider the setting where Z = {0, 1}n and F =


1 0 0

−1 1 0

0 −1 1

,

in which case matrix Q = FF⊤ =


1 −1 0

−1 2 −1

0 −1 1

 is tridiagonal.

zi = 0

zi = 1



1 0 0
−1 1 0
0 −1 1




(
−1 1 0
0 −1 1

) (
0 1 0
0 −1 1

)

(
−0.5 −0.5 1

) (
0 −1 1

) (
0 0 1

)



1
0
0






−
√
2/2√
2/2
0






0
1
0




z1

z2

1

Figure 2: Exact DD for the tridiagonal

instance.

Figure 2 illustrates this sparsity pattern: the support of

any row vector fi does not overlap with the support of

rows fj with j ≥ i + 2 (in this example with n = 3, the

supports of �rst and third rows do not overlap). These

vectors are thus orthogonal, and the Gram-Schmidt or-

thogonalization associated with setting zℓ = 1 a�ects only

the following row. As a consequence, any decision zℓ = 0

reverts to the base state Hℓ+1 = F[ℓ+1:n], regardless of

state Hℓ, resulting in a compression of the diagram. ■

Example 4 (Inverse tridiagonal case). Consider the setting where Z = {0, 1}n and F =
1 1/2 1/4

0 1 1/2

0 0 1

, in which case matrix Q = FF⊤ ≈


1.31 0.63 0.25

0.63 1.25 0.50

0.25 0.50 1

 is full rank (shown with
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two digits of precision), and Q−1 =


1 −1/2 0

−1/2 5/4 −1/2

0 −1/2 5/4

 is tridiagonal. Figure 3 depicts the

decision diagram for XF . The decision diagram in this setting is a mirror image of the tridiagonal

case discussed in Example 3, with a state reset associated with decisions zℓ = 1. ■

zi = 0

zi = 1


1 0.5 0.25
0 1 0.5
0 0 1




(
0 1 0.5
0 0 1

) (
−0.48 0.76 0.38
−0.19 −0.10 0.95

)

(
0 0 1

) (
0 −0.4 0.8

) (
−0.19 −0.1 0.95

)

z1

z2




0.87
0.44
0.22







0
0.85
0.45


 


−0.49
0.78
0.39




1

Figure 3: Decision diagram associated with Example 4 at depth ℓ = 3. For each node we show
the associated state Hℓ, and for each arc with value assignment νa = 1 we show the associated
transition vector ua; transition vectors of remaining arcs are 0. Numbers are depicted with two
decimal digits of precision.

We now introduce the two fundamental properties of exact decision diagrams. The �rst one

(Proposition 5) states that the matrix stored at each state indeed corresponds to F[ℓ:n]G
ℓ
⊥(v) for a

suitable vector v. The second one (Proposition 6) discusses how to solve optimization problem (5)

as a shortest path problem on the decision diagram.

Proposition 5. Given any arc-speci�ed path (a1, a2, . . . , aℓ−1) in G such that ta1 = s1 and haℓ−1
=

sℓ, let H̄ℓ be the matrix stored by state sℓ and v ∈ {0, 1}ℓ−1 be the partial solution represented by

the path, that is, vi = νai . Then,

1. the non-zero transition vectors in {ua1 , . . . ,uaℓ−1} de�ne an orthonormal basis of Row (Fv);

2. the identity H̄ℓ = F[ℓ:n]G
ℓ
⊥(v) holds.

Proposition 6. Assume that Assumption 1 holds. Given an exact decision diagram D, vectors

c,d ∈ Rn such that problem (5) is not unbounded, and vector δ ∈ Rm satisfying Fδ = d, de�ne
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the length of an arc a ∈ A as la = cℓ(a)νa − 1
4

(
δ⊤ua

)2
. Then the length of any arc-speci�ed path

(a1, a2, . . . , aℓ−1) in G is the partial cost gℓ(v) de�ned in De�nition 6, where v ∈ {0, 1}ℓ−1 is the

partial solution represented by the path, that is, the vector satisfying vi = νai . In particular, any

shortest path between the root and a terminal node corresponds to an optimal solution of (5).

Finally, we close this section by recording a closed-form expression for the state matrices of the

decision diagram, which holds whenever Q is invertible.

Lemma 2 (Closed form of the states). Suppose that Q = FF⊤ is invertible. For any ℓ ∈ [2 : n+1]

and v ∈ {0, 1}ℓ−1 with support T = {i ∈ [ℓ− 1] : vi = 1}, the state matrix of the node of the exact

decision diagram corresponding to v is

Hℓ(v) = F[ℓ:n] −Q[ℓ:n],T (QT,T )
−1 FT ,

with the convention that Hℓ(v) = F[ℓ:n] if T = ∅.

5 Pseudocode and implementation details

In this section, we provide pseudocode for the construction of the decision diagrams introduced in

�4.3, and discuss the associated implementation details. The algorithm builds the state transition

graph layer by layer: it applies the transition function (11) to every node of the current layer, and

then merges the nodes of the next layer that represent equivalent states. The pseudocode assumes

that standard �nite-precision libraries are used to carry out the matrix operations, and explicitly

encodes the operations whose outcome depends on a numerical tolerance ϵ ≥ 0. Nonetheless, as we

discuss at the end of the section, if F ∈ Qn×m, then the decision diagram can also be constructed

using exact rational arithmetic.

Data structures The algorithm maintains a set of nodes and a set of arcs. A node is a tuple

(i, ρ,H), where i ∈ Z+ is a unique identi�er of the node, ρ is a state of the dynamic programming

representation of Z (see �3.1), and H ∈ R(n+1−ℓ)×m is the state matrix of the node, with ℓ denoting

the layer of the node. An arc is a tuple (i, j, ℓ, z̄,u), where i and j are the identi�ers of the tail and

head nodes, ℓ ∈ [n] is the layer from which the arc emanates, z̄ ∈ {0, 1} is the value assigned to
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variable zℓ, and u ∈ Rm is the associated transition vector. In particular, the value assignments ν

and transition vectors u of De�nition 7 are encoded directly in the arcs. In the unconstrained case

Z = {0, 1}n, the component ρ is constant and can simply be omitted.

Elementary operation The pseudocode relies on the following elementary operation.

• merge(L,A, ϵ): given a list of nodes L and a list of arcs A, while two nodes (i1, ρ1,H1),

(i2, ρ2,H2) ∈ L are identi�ed to satisfy ρ1 = ρ2 and ∥H1 −H2∥2,∞ ≤ ϵ: remove node i2 from L,

and redirect every arc of A with head i2 to head i1.

The wording �are identi�ed to satisfy� in the routine merge is intentionally vague, as it depends

on the implementation. A �rst implementation, which we call maximal merging, compares all

pairs of nodes in the layer, requiring a quadratic number of state comparisons. In �8 we describe

a second implementation of merging called neighborhood merging, which is based on exploiting

sparsity of matrix FF⊤ or its inverse, and is useful for proving approximation guarantees. However

that implementation may too be impractical, as it requires a full a priori understanding of FF⊤

and its application may lead to unnecessarily large decision diagrams. In practice, we implement

merge using a single-pass hash-merging procedure described in the online companion (�EC.2.1,

Algorithm EC.1); we refer to it as hash merging.

Construction algorithm The complete procedure is summarized in Algorithm 2. It processes

the layers sequentially, maintaining the list L of nodes in the current layer and the list L′ of nodes in

the next layer. For each node of the current layer and each feasible decision z̄ ∈ {0, 1} for variable zℓ

(line 8), a new node and arc are created according to the transition function (11): the combinatorial

component of the state is updated through ϕZ , and the state matrix is updated by removing its

�rst row (if z̄ = 0, or if z̄ = 1 and u = 0) or by performing the Gram-Schmidt projection step of

Algorithm 1 (if z̄ = 1 and u ̸= 0, line 11). Once all nodes of the current layer have been processed,

equivalent nodes of the next layer are merged (line 22). After processing layer n, the state matrices

are empty and all remaining nodes are merged into a terminal node.
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Algorithm 2 Construction of the decision diagram for XF ,Z

Require: Matrix F ∈ Rn×m; initial state ρ1 and transition function ϕZ of a dynamic programming
representation of Z; tolerance ϵ ≥ 0.

Ensure: Node set N and arc set A encoding a decision diagram for XF ,Z .
1: N ← ∅, A← ∅, idx← 0 ▷ Sets of nodes and arcs, initially empty
2: L←

{
(idx, ρ1,F )

}
, idx← idx+ 1 ▷ Layer 1 consists of the root node

3: for ℓ = 1, . . . , n do
4: N ← N ∪ L, L′ ← ∅ ▷ L′ collects the nodes of layer ℓ+ 1
5: for each (i, ρ,H) ∈ L do

6: u←H{1}, R←H↓ ▷ Removes the �rst row u of H
7: for z̄ ∈ {0, 1} do ▷ Attempts both decisions for variable zℓ
8: if ϕZ(ρ, z̄) ̸= inf then ▷ Skips decisions that are infeasible for Z
9: if z̄ = 1 and ∥u∥2 > ϵ then

10: ua ← u/∥u∥2 ▷ Normalized transition vector
11: G← R

(
I − uau

⊤
a

)
▷ Gram-Schmidt step

12: else

13: G← R ▷ State matrix is unchanged
14: ua ← 0 ▷ Transition vector is 0
15: end if

16: L′ ← L′ ∪ {(idx, ϕZ(ρ, z̄),G)} ▷ Appends new node to L′

17: A← A ∪ {(i, idx, ℓ, z̄,ua)}
18: idx← idx+ 1
19: end if

20: end for

21: end for

22: merge(L′, A, ϵ) ▷ Merges equivalent nodes of layer ℓ+ 1
23: L← L′

24: end for

25: N ← N ∪ L ▷ Adds the terminal nodes

Exact and ϵ-exact decision diagrams If ϵ = 0 and merge is implemented via maximal merging

or the hash-merging procedure of �EC.2.1, then Algorithm 2 outputs precisely the exact decision

diagram of De�nition 7. As explained in EC.3, if the data F ∈ Qn×m is rational, then exact

decision diagrams can indeed be constructed using rational arithmetic and avoiding division by a

potentially irrational number in line 10 of Algorithm 2. Exact diagrams are interesting from a

theoretical perspective, and the theoretical results in �6 and �7 pertain to this case. In contrast,

ϵ-exact decision diagrams, de�ned next, are practical, and in �8 we study their size and solution

quality.

De�nition 8 (ϵ-exact decision diagram). An ϵ-exact decision diagram is a diagram obtained from
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the construction in Algorithm 2 with ϵ > 0. ■

We point out that ϵ-exact decision diagrams for a given problem are not unique, as they depend

on the implementation of the routine merge. Additional technical improvements to Algorithm 2 are

discussed in the online companion (�EC.2).

6 Convexi�cation

From Proposition 6, we see that under a technical assumption, we can use decision diagrams to

solve optimization problems over set XF ,Z . We repeat the de�nition of this set for convenience:

XF ,Z =
{
(x0,x, z) ∈ R× Rn × Z : ∥F⊤x∥22 ≤ x0, x ◦ (1− z) = 0

}
.

In this section, we show that we can also use decision diagrams to construct conic quadratic relax-

ations of cl conv(XF ,Z), and that the relaxations are ideal under the same technical assumption.

De�nition 9 (SOCP relaxation). Given F ∈ Rn×m, set Z ⊆ {0, 1}n and an exact decision diagram

D = (N,A,ν,u) for XF ,Z , let RF ,Z ⊆ R1+2n+2|A| be the set of points (x0,x, z,w, r) satisfying

x0 ≥
∑
a∈A

w2
a

ra
(13a)

F⊤x =
∑
a∈A

uawa (13b)

z =
∑

a∈A:νa=1

eℓ(a)ra (13c)

∑
a∈A:ha=v

ra =
∑

a∈A:ta=v

ra ∀v ∈ N : 2 ≤ ℓ(v) ≤ n (13d)

∑
a∈A:ℓ(a)=1

ra = 1;
∑

a∈A:ℓ(a)=n

ra = 1; r ≥ 0. (13e)

■

In (13a), each term w2
a/ra is interpreted via closures: w2

a/ra
def
= 0 if wa = ra = 0, and w2

a/ra
def
=

+∞ if ra = 0 and wa ̸= 0. Variables r and �ow conservation constraints (13d)-(13e) indicate a �ow

in the graph G de�ning the decision diagram. Constraints (13c) ensure that for any binary vector

z ∈ {0, 1}n, variables r are precisely the path associated with this solution. Moreover, variables
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w and constraints (13b) are used to encode that F⊤x ∈ Row(Fz). Since constraints (13b)-(13e)

are linear and (13a) is SOCP-representable as a sum of quadratic-over-linear functions (Lobo et al.

1998), set RF ,Z is also SOCP-representable and thus convex.

Proposition 7 (Validity). It holds that XF ,Z ⊆ proj(x0,x,z)RF ,Z .

Proposition 7 veri�es that set RF ,Z in De�nition 9 is indeed a valid extended relaxation of XF ,Z ,

regardless of whether Assumption 1 is satis�ed or not. The next result indicates that this relaxation

is ideal if the assumption is satis�ed.

Theorem 1. If Assumption 1 holds, then cl conv(XF ,Z) = proj(x0,x,z)RF ,Z .

Note that formulation (13) involves O(|A|) additional variables and constraints: the convexi�-

cation is thus compact precisely when the underlying decision diagram is small. Bounding the size

of the diagrams for structured classes of matrices is the subject of �7 and �8. Finally, we point out

that even if the data F is rational, vectors ua may be irrational. Nonetheless, as explained in EC.3,

if the decision diagram was constructed exactly over the rationals, then an extended formulation of

RF ,Z with rational coe�cients only can also be obtained.

7 Decision diagrams of polynomial size

The decision diagrams proposed in �4 can be prohibitively large in general, involving O(2n) nodes,

even if Z = {0, 1}n. As a result, the convexi�cations in �6 may require an exponential number of

variables and constraints. Nonetheless, Examples 2, 3, and 4 show situations where state merging

occurs, and the size of the decision diagram and resulting convexi�cations can be tractable. In

this section, we prove that for certain classes of matrices Q = FF⊤, namely, low-rank, tree, and

inverse-tree structures, the decision diagrams and convexi�cations are indeed of polynomial size.

In the process, we recover or generalize several results from the literature. We point out that all

results of this section pertain to exact decision diagrams.
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7.1 Low-rank structures

Han and Gómez (2024) study the set

Xθ =
{
(x0,x, z) ∈ R× Rn × {0, 1}n : θ

(
F⊤x

)
≤ x0, x ◦ (1− z) = 0

}
.

where F ∈ Rn×m and θ : Rm → R is a convex function. Using disjunctive programming arguments

(Ceria and Soares 1999), Han and Gómez (2024) propose extended formulations of Xθ with O(nm)

additional variables and constraints, which is polynomial if m is treated as a constant. Observe that

for θ(y) = ∥y∥22, set Xθ is the special case of XF ,Z where Z = {0, 1}n. In Example 2 we discussed

an example with m = 1. We now formally state that exact decision diagrams have at most O(nm)

nodes, matching the results of Han and Gómez (2024) for the quadratic case.

Proposition 8. The number of nodes in the exact decision diagram for XF is O(nm).

On the one hand, the results of Han and Gómez (2024) are more general in the sense that the

description of cl conv(Xθ) allows for more general nonlinear functions; moreover, Han and Gómez

(2024) also show that their results hold in the presence of constraints x ≥ 0. On the other hand,

the results of this paper are more general since the set XF ,Z allows for the inclusion of additional

constraints. Finally, we close this subsection by noting that, for the case with m = 1, Atamturk and

Gomez (2025) propose an extended SOCP formulation for cl conv(XF ) with one additional variable,

instead of O(n) as suggested by Proposition 8. This formulation could be derived relatively easily

from (13) by projecting out additional variables, but we refrain from doing so in the interest of

space. These results were later generalized to sets with additional constraints on z and x by Wei

et al. (2020) and Sha�ee and K�l�nç-Karzan (2024), where the size of the formulations depends on

the speci�c constraints.

7.2 Tree structures

In this section, we assume that matrix Q = FF⊤ is invertible and Z = {0, 1}n. For this subsection

and next, recall the de�nitions of support and neighbor sets from �2. We show that if supp(Q)

forms a rooted tree with k leaves, then the resulting decision diagram contains at most O(nk+1)

nodes. As a consequence, the extended formulation in De�nition 9 is an extended formulation
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for cl conv(XF ) of polynomial size if the number of leaves is treated as a constant. Note that in

Example 3, the matrix Q is tridiagonal, implying that supp(Q) forms a path, i.e., a tree with one

leaf (if the root is taken to be either node 1 or node n), corresponds to the special case k = 1.

In fact, extended formulations with O(n2) additional variables for Q tridiagonal were proposed by

Liu et al. (2023) (although the formulations were SDPs rather than SOCPs). In this subsection we

recover and generalize these results to arbitrary tree graphs.

Assume that supp(Q) is a rooted tree, which we may take to be connected without loss of

generality (as otherwise set XF can be decomposed). We assign labels to its nodes in a bottom-up

manner, so that every node receives a label smaller than the label of its parent and, in particular,

the root is assigned label n, see Figure 4(a) for an example. A useful consequence of this labeling is

that, for every ℓ ∈ [n], the set [ℓ : n] induces a connected subgraph of supp(Q) containing the root.

The nodes in the decision diagram are then processed according to this labeling, starting from the

leaves. To complete the construction, we introduce a source node s0 connected to the root and a

sink node s1 connected to all leaves. The resulting augmented graph is denoted by GQ = (VQ, EQ).

De�nition 10 (Minimal cut). A minimal cut of the augmented graph GQ is a subset S ⊆ VQ such

that s0 ∈ S, s1 ̸∈ S and both S and VQ \ S are connected on GQ. The cutset associated with cut S

is ES = {(i, j) ∈ EQ : i ∈ S and j ̸∈ S}. ■

Given the structure of the graph GQ, the number of distinct minimal cuts is polynomial in the

number of nodes but exponential in the number of leaves.

Lemma 3. If supp(Q) is a connected rooted tree with n nodes and k leaves, then the number of

distinct minimal cuts in GQ is at most
(
n−1
k + 2

)k
.

We now proceed to associate with each partial solution v ∈ {0, 1}ℓ−1 a minimal cut in the graph.

De�nition 11 (One-cut). Suppose that supp(Q) is a rooted tree with k leaves and consider the

augmented graph GQ. For any ℓ ∈ [2 : n] and v ∈ {0, 1}ℓ−1, let GQ(v; 1) be the subgraph of GQ

induced by nodes VQ(v; 1)
def
= {i ∈ [ℓ− 1] : vi = 1} ∪ [ℓ : n], let S̃1(v) be the connected component

of GQ(v; 1) containing node n, and de�ne the one-cut as Sℓ
1(v) = S̃1(v) ∩ [ℓ− 1]. ■
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Figure 4: Augmented tree (a) and one-cut S6
1(v) =

{3, 4} (b) for the instance in De�nition 11.

Figure 4 depicts the augmented graph

and illustrates the construction of a one-cut.

In panel (b), black, white, and gray nodes

are �xed to one, �xed to zero, and unde-

cided, respectively. The bold edges induce

the component S̃1(v) = {3, 4, 6, 7} (dashed

region), while the dotted region is the one-

cut S6
1(v) = {3, 4}; the strokes mark the

associated cutset. The main properties of

one-cuts are: • if i ∈ Sℓ
1(v) then vi = 1; and • if (i, j) ∈ supp(Q) with i ∈ [ℓ − 1] \ Sℓ

1(v) and

j ∈ Sℓ
1(v), then vi = 0. Moreover, it is easy to check that the set S̃1(v) ∪ {s0} in De�nition 11 is

a minimal cut, thus from Lemma 3 there are at most (n+ 1)k such sets. As a direct consequence,

there are also at most (n+ 1)k distinct sets Sℓ
1(v).

We now establish the following key result, which plays a central role in characterizing the size

of the decision diagram when supp(Q) is a connected tree. Speci�cally, we show that the state of

the decision diagram associated with decision v depends only on Sℓ
1(v).

Theorem 2. Suppose that supp(Q) is a connected tree. For any ℓ ∈ [2 : n] and v ∈ {0, 1}ℓ−1 let

S = Sℓ
1(v) be the associated one-cut. Then, in the decision diagram, the state matrix of the node

corresponding to assignment v is

Hℓ(v) = F[ℓ:n] −Q[ℓ:n],S (QS,S)
−1 FS .

An important implication of the above theorem is that if two sparsity patterns v1,v2 ∈ {0, 1}ℓ−1

share the same one-cut, then their corresponding states in the decision diagram are identical, i.e.,

Hℓ(v1) = Hℓ(v2). This observation, combined with the bound on the number of minimal cuts in

Lemma 3, leads to the following important corollary.

Corollary 1. Suppose that supp(Q) is a connected rooted tree with k leaves. In this case, the

number of nodes in the decision diagram constructed according to the variable order induced by the

labeling of supp(Q) is at most n
(
n−1
k + 2

)k
= O

(
nk+1

)
.
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Remark 1. Note that, unlike the argument given in Example 3, the result in Theorem 2 does not

rely on the sparsity pattern (or other properties) of F . In particular, decision diagrams applied to

tree-structured matrices Q produce graphs and extended formulations of size O(nk+1) independent

of the decomposition Q = FF⊤ used. ■

The above result, together with our construction of clconv(XF ) from the decision diagram,

implies the existence of an SOCP representation of clconv(XF ) of size O
(
nk+1

)
. Our result strictly

generalizes that of Liu et al. (2023), who provide an SDP characterization of clconv(X) for the

special case k = 1; in this case, our bound yields an SOCP representation of size O(n2), but also

applies to k ≥ 1. However, when the number of leaves scales linearly with n (e.g., star graphs with

k = n−1), the resulting representation becomes exponential in size. We point that polynomial-time

algorithms for tree structured problems exist regardless of the number of leaves (Bhathena et al.

2025).

7.3 Inverse tree structures

We now turn to the case where the support graph ofQ−1 is a tree. As in �7.2, we assume throughout

this section that Q = FF⊤ is invertible and Z = {0, 1}n. To streamline the presentation, we de�ne

A
def
= Q−1 and assume that supp(A) is a connected tree with k leaves.

We employ the same graph construction of �7.2, now applied to supp(A) instead of supp(Q):

we root the tree and label its nodes so that every node receives a label smaller than the label of its

parent (thus the root is assigned label n). We process the variables in the order given by the labels,

and let GA = (VA, EA) be the augmented graph obtained by adding a source node s0 adjacent to

the root and a sink node s1 adjacent to all leaves. As discussed in �7.2, this labeling guarantees

that, for every ℓ ∈ [n], the set [ℓ : n] induces a connected subgraph of supp(A) containing the root.

The key di�erence with �7.2 is the relevant notion of cut. For tree structures, the state asso-

ciated with a partial solution v is determined by the indices �xed to one that remain connected

to the undecided portion of the graph. For inverse tree structures, the roles of zeros and ones are

interchanged: the state is determined by the connected component of undecided indices and indices

�xed to zero that contains the undecided portion of the graph, together with its boundary of indices

�xed to one. This mirror-image behavior is already apparent in Example 4, where state resets are
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associated with decisions zℓ = 1 instead of zℓ = 0.

De�nition 12 (Zero-cut). Suppose that supp(A) is a rooted tree. For any ℓ ∈ [2 : n] and v ∈

{0, 1}ℓ−1, let GA(v; 0) be the subgraph of supp(A) induced by nodes VA(v; 0)
def
= {i ∈ [ℓ− 1] : vi =

0} ∪ [ℓ : n]. De�ne the zero-cut Sℓ
0(v) as the connected component of GA(v; 0) containing node n.■

s0

7

5 6

1 2 4

3

s1

S6
0(v)

ΓA

(
S6
0(v)

)

Figure 5: Zero-cut for the instance

in De�nition 12.

Figure 5 illustrates the construction of a zero-cut. Black,

white, and gray nodes are �xed to one, �xed to zero, and

undecided, respectively. The bold edges form the compo-

nent S6
0(v) = {3, 4, 6, 7} (dashed region), and the dotted halo

marks its neighbor set; thus the roles of zeros and ones are

interchanged relative to Figure 4(b). In contrast with De�ni-

tion 11, it is convenient here to include the undecided indices

[ℓ : n] in the zero-cut. The main properties of zero-cuts are:

• [ℓ : n] ⊆ Sℓ
0(v), since [ℓ : n] induces a connected subgraph

of GA(v; 0) containing node n; • if i ∈ Sℓ
0(v) ∩ [ℓ − 1], then vi = 0; • all neighbors of the zero-cut

correspond to indices already �xed to one, that is, ΓA

(
Sℓ
0(v)

)
⊆ {i ∈ [ℓ − 1] : vi = 1}; • the set

Sℓ
0(v) ∪ {s0} is a minimal cut of the augmented graph GA. As a consequence of this last point,

similar to the arguments in �7.2, Lemma 3 implies that at any given layer ℓ there are at most

(n+ 1)k distinct zero-cuts.

The key to obtain similar results as the tree case is a matrix identity allowing translations

between inverses of submatrices of Q and the corresponding inverses of submatrices of A.

Lemma 4. Let S, T and V be a partition of [n], with S, T ̸= ∅ and V possibly empty, such that no

edge of supp(A) connects S and V , that is, AS,V = 0. Then

QS,T (QT,T )
−1 = − (AS,S)

−1AS,T . (14)

We now state the analog of Theorem 2 for the case where supp(A) is a tree: the state of the

decision diagram associated with a partial solution v depends only on the zero-cut Sℓ
0(v).

Theorem 3. Suppose that supp(A) is a connected tree. For any ℓ ∈ [2 : n] and v ∈ {0, 1}ℓ−1, let

S = Sℓ
0(v) be the associated zero-cut and let Γ = ΓA(S) be the set of neighbors of S in supp(A).
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Then, in the decision diagram, the state matrix of the node corresponding to assignment v is

Hℓ(v) = F[ℓ:n] +
(
A−1

S,S

)
[ℓ:n]

AS,ΓFΓ,

where
(
A−1

S,S

)
[ℓ:n]

denotes the submatrix of A−1
S,S corresponding to rows with indices in [ℓ : n] ⊆ S,

and the second term is understood to be 0 if Γ = ∅.

An immediate consequence of Theorem 3 is that the state associated with a partial solution

depends on it only through its zero-cut: if v1,v2 ∈ {0, 1}ℓ−1 satisfy Sℓ
0(v1) = Sℓ

0(v2), thenHℓ(v1) =

Hℓ(v2) and the corresponding states are merged in the decision diagram. This observation yields

the following counterpart of Corollary 1.

Corollary 2. Suppose that supp(A) is a connected rooted tree with k leaves. Then the number of

nodes in the decision diagram constructed according to the node ordering induced by the labeling of

supp(A) is at most n
(
n−1
k + 2

)k
= O

(
nk+1

)
.

Corollary 2, together with Theorem 1, implies the existence of an ideal SOCP extended formu-

lation of clconv(XF ) of size O
(
nk+1

)
whenever supp(Q−1) is a tree with k leaves. The special

case k = 1 corresponds to matrices Q whose inverse is tridiagonal, illustrated in Example 4: in this

case, the decision diagram has O(n2) nodes, recovering the setting studied by Lee et al. (2024) and

generalizing it to arbitrary tree supports of Q−1.

8 Approximation

In the previous section, we showed that the constructed decision diagrams have polynomial size in

three settings. In this section, we consider more general sparsity patterns of Q and Q−1, for which

exact decision diagrams may be exponentially large, and construct decision diagrams of reduced

size by merging nodes whose state matrices are close but not necessarily identical, as discussed in

�5. Recall from �5 that ϵ-exact diagrams are the diagrams produced by Algorithm 2 with tolerance

ϵ > 0, and that their size depends on the implementation of the routine merge; the goal of this

section is to exhibit implementations for which the resulting diagrams are provably small while still

guaranteeing high-quality solutions. Throughout the section, we assume that Z = {0, 1}n and that
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Q = FF⊤ ≻ 0. Moreover, to reduce clutter, throughout this section we omit the comma in double

subscripts, writing for example QVW instead of QV,W .

Recall from �2 the de�nitions of η-neighborhoods, their size maximum ∆G,η, distances dG(i, j)as

well as the de�nition of the decay rate σ which is closely associated with the condition number.

The volume growth function characterizes the rate at which ∆G,η increases with η.

De�nition 13 (Polynomial volume growth). A graph G is said to have a polynomial volume growth

with parameters γ, δ > 0 if ∆G,η ≤ δ ηγ for all η ≥ 1. ■

Many well-studied graph families satisfy this property. For instance, banded graphs with band-

width k exhibit linear volume growth, i.e., ∆G,η ≤ 2kη+1. More generally, any d-dimensional grid

graph (and its subgraphs) satis�es ∆G,η = O(ηd). In contrast, trees with O(n) leaves may violate

this assumption. Notable examples include complete binary trees, for which ∆G,η = O(2η), and

star graphs, where ∆G,1 = n. Our next de�nition quanti�es how similar two partial solutions are,

as seen from a given node of the graph.

De�nition 14 (η-similarity). We say that v1,v2 ∈ {0, 1}ℓ−1 are η-similar in G with respect to a

node i ∈ [n] if (v1)j = (v2)j for every j ∈ [ℓ− 1] satisfying dG(i, j) ≤ η. ■

The results of this section state that partial solutions that are η-similar with respect to all

undecided nodes lead to nearly identical states. In this section we will consider decision diagrams

that merge nodes that are η-similar (a process we refer to as neighborhood merging) and establish

that if η is properly chosen, the decision diagrams are ϵ-exact. Moreover, the number of distinct

states of such ϵ-exact decision diagram is thus governed by the number of nodes near the boundary

between decided and undecided variables, which motivates the following de�nition.

De�nition 15 (η-boundary). Given a graph G with vertex set [n], a layer ℓ ∈ [2 : n] and an integer

η ≥ 1, de�ne the η-boundary at layer ℓ as

Λη
G,ℓ

def
= {j ∈ [ℓ− 1] : dG(i, j) ≤ η for some i ∈ [ℓ : n]} ,

and let ωG(η)
def
= maxℓ∈[2:n]

∣∣∣Λη
G,ℓ

∣∣∣ denote the maximum size of an η-boundary. ■

If G is banded with bandwidth k (with respect to the natural order), then Λη
G,ℓ ⊆ {ℓ−kη, . . . , ℓ−
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1} and thus ωG(η) ≤ kη. Figure 6 illustrates the η-boundary of a banded support graph, along with

the induced merging of nodes of the decision diagram.

v1 1 2 3 4 5 6 7 8 9 10 11 12

v2 1 2 3 4 5 6 7 8 9 10 11 12

̸= ̸= = ̸= = = = =

Λη
ℓ

decided, [ℓ− 1] undecided, [ℓ : n]

Figure 6: Illustration of De�nition 15 and Theorem 4 for a support graph supp(Q) with bandwidth
k = 2, with ℓ = 9 and η = 2. Nodes �xed to one are black, nodes �xed to zero are white, and
undecided nodes are gray. Partial solutions v1 and v2 coincide on the η-boundary Λη

ℓ = {5, 6, 7, 8}
but di�er elsewhere.

Equipped with these de�nitions, the main results of this section can be summarized as follows.

Theorem 4 (Summary of the main results of the section). Suppose that G = supp(Q) or G =

supp(Q−1) has polynomial volume growth with parameters γ, δ > 0, and that the associated η-

boundaries satisfy ωG(η) ≤ δ′ηγ
′
for all η ≥ 1, for some parameters γ′, δ′ > 0. Then, for every

ϵ > 0, there exists an ϵ-exact decision diagram for XF with the number of nodes bounded by

(n+ 1) · 2δ′η
γ′
ϵ ,

where ηϵ = O (log(1/ϵ)) with constants depending only on γ, δ and the extreme eigenvalues of Q.

In other words, for any �xed ϵ > 0, the size of the ϵ-exact decision diagrams is polynomial�in

fact, linear�in the dimension n, but grows exponentially with ηγ
′

ϵ , and thus doubly exponentially

with the boundary exponent γ′. In the special case γ′ = 1, the size is polynomial in 1/ϵ as well:

in particular, if Q or Q−1 is banded with bandwidth k, then γ = γ′ = 1 and δ′ ≤ k, and the

resulting diagrams have at most (n+1) · (1/ϵ)O(k/ log(1/σ)) nodes. A re�ned version of Theorem 4 is

stated in �8.1 for the sparse case. Guarantees for the inverse-sparse case can be obtained by relating

submatrices of Q and its inverse (similarly to Lemma 4) and using similar steps, and we defer its

discussion to EC.5.19.
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8.1 Sparse structures

We �rst state a lemma to control the in�uence of decisions taken far from the corresponding node,

which follows directly from Bhathena et al. (2026, Lemma 6).

Lemma 5. Fix any i ∈ [n] and v ∈ {0, 1}ℓ−1. Let V = {j ∈ [ℓ − 1] : vj = 1, d(i, j) ≤ η} and

W = {j ∈ [ℓ− 1] : vj = 1, d(i, j) > η}, where distances are computed in supp(Q). Then, we have

∥∥Q{i},V (QV V )
−1QVW

∥∥
2
≤ 2µ2max(Q)

µmin(Q)

√
∆i,1∆i,η σ

η.

The next theorem is the key result of this section: it shows that the rows of the state matrices

depend only weakly on the decisions taken far away (in supp(Q)) from the corresponding node.

Theorem 5. Fix any ℓ ∈ [2 : n] and i ∈ [ℓ : n], and consider v1,v2 ∈ {0, 1}ℓ−1 that are η-similar

in supp(Q) with respect to i. Then,

∥∥∥Hℓ(v1){i} −Hℓ(v2){i}
∥∥∥
2
≤
(
10µ3.5max(Q)

µ3min(Q)

)√
∆i,1∆i,η σ

η,

where Hℓ(v){i} is the row of the state matrix Hℓ(v) corresponding to index i.

Theorem 5 has a key implication for the merging procedure. Fix ℓ ∈ [2 : n], and suppose that

v1,v2 ∈ {0, 1}ℓ−1 coincide on the η-boundary Λη
ℓ of supp(Q), that is, (v1)j = (v2)j for all j ∈ Λη

ℓ .

Then, by De�nition 15, vectors v1 and v2 are η-similar with respect to every i ∈ [ℓ : n], and

Theorem 5 yields

∥∥∥Hℓ(v1)−Hℓ(v2)
∥∥∥
2,∞
≤ CQ

√
∆1∆η σ

η, where CQ
def
=

10µ3.5max(Q)

µ3min(Q)

and ∆η
def
= maxi∈[n]∆i,η. In other words, all partial solutions that coincide on the η-boundary can

be merged into a single node of an ϵ-exact decision diagram, provided that η is su�ciently large.

This observation leads to the following main result.

Corollary 3. Suppose supp(Q) has polynomial volume growth with parameters γ, δ > 0 (De�ni-

tion 13). Given any ϵ > 0, there exists an ϵ-exact decision diagram with at most (n + 1) · 2ωQ(η)
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nodes, where ωQ(η) is the maximum size of the η-boundaries of supp(Q) (De�nition 15) and

η =

⌈
max

{
2 log(CQδ/ϵ)

log(1/σ)
,

2γ

log(1/σ)
,

(
γ

log(1/σ)

)2
}⌉

. (15)

Since the value of η in (15) is independent of n and grows only logarithmically in 1/ϵ, Corollary 3

shows that the size of the ϵ-exact decision diagram scales linearly in n, multiplied by the factor

2ωQ(η) determined by the boundary widths. In particular, if Q is banded with bandwidth k, then

ωQ(η) ≤ kη and the size is at most (n + 1) · 2kη, which is polynomial in 1/ϵ (with exponent

proportional to k/ log(1/σ)). Recently, Gomez et al. (2024) established a similar result for banded

structures; our guarantee matches theirs in this case and extends it to general sparsity patterns.

8.2 Quality of the resulting solutions

We close the section by showing that the compression does not come at a signi�cant cost in terms

of solution quality.

Proposition 9. Suppose that Q ≻ 0, let δ ∈ Rm satisfy Fδ = d, and let Dϵ be an ϵ-exact decision

diagram obtained via neighborhood merging as in Corollary 3 or Corollary EC.1, with arc lengths

de�ned as in Proposition 6 using the states stored in the diagram. For z ∈ Z, let L(z) denote the

length of the unique root�terminal path of Dϵ encoding z and gn+1(z) is the actual objective value

associated with z. Then

∣∣L(z)− gn+1(z)
∣∣ ≤ ∥δ∥22√

µmin(Q)
nϵ ∀z ∈ Z.

Analogous guarantees were previously known only for banded matrices (Gomez et al. 2024). In

�9, we illustrate how the theory developed in this section can inform variable ordering through an

example arising from stochastic hybrid model predictive control.

9 Computational study on variable ordering

The size of the decision diagrams usually depends on the order in which variables are processed (an

exception being the low-rank setting in �7.1). The polynomial-time proofs in �7.2 and �7.3 for trees
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and inverse trees, respectively, assume that the variables are processed starting from the leaves of

the trees and �nishing at the root. However, in practice and when using ϵ-exact diagrams, this order

might not achieve the best performance. Indeed, as we illustrate computationally in this section,

better orders can be obtained by controlling the sizes of the η-boundaries throughout the tree.

9.1 Motivating setting

We consider a simple one-dimensional stochastic hybrid model predictive control problem. A scalar

state evolves according to linear dynamics driven by a continuous control input, and a binary

indicator determines whether that control is active; the objective combines quadratic state-tracking

error with �xed activation costs (Bemporad and Morari 1999, Borrelli et al. 2017). The �rst-period

control is selected before the subsequent dynamics, reference trajectories, and costs are revealed.

This uncertainty is represented by k scenarios, yielding the following two-stage formulation:

min
s1,x0,z0

{sj ,xj ,zj}kj=1

(s1 − s̄1)2 +
k∑

j=1

T∑
t=2

(sjt − s̄
j
t )

2 + c0z0 +

k∑
j=1

T−1∑
t=1

cjtz
j
t (16a)

s.t. s1 = x0 (16b)

sj2 = aj1s1 + xj1 ∀j ∈ [k] (16c)

sjt+1 = ajts
j
t + xjt ∀j ∈ [k], ∀t ∈ [2 : T − 1] (16d)

x0(1− z0) = 0 (16e)

xjt (1− z
j
t ) = 0 ∀j ∈ [k], ∀t ∈ [T − 1] (16f)

(s1, x0, z0) ∈ R× R× {0, 1} (16g)

(sj ,xj , zj) ∈ R[2:T ] × R[T−1] × {0, 1}[T−1] ∀j ∈ [k], (16h)

where (aj , sj , cj) are the dynamics, trajectories and costs under scenario j ∈ [k].

After projecting out variables s using dynamics (16b)-(16d), the resulting quadratic objective in

variables x involves a fully dense matrixQ. However, the inverseA = Q−1 is sparse, see Figure 7(a)

for an example. Speci�cally, supp(A) includes a (k+1)-dimensional clique associated with variables

x0 and x
j
1 for all j ∈ [k], but the only other arcs are (xjt , x

j
t+1) for j ∈ [k] and t ∈ [T − 1].
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9.2 Variable orders

We consider three potential orders π of the 1+(T −1)k variables x0 and {xjt}j,t to tackle (16). The

support graph of A and the three orders are depicted in Figure 7.

Natural order The natural order, depicted in Figure 7(b), in which variables are ordered �rst

according to their time component and ties are broken according to the scenario index, that is,

π = (x0, x
1
1, x

2
1, . . . , x

k
1, x

1
2, x

2
2, . . . , x

k
2, . . . , x

1
T−1, . . . , x

k−1
T−1, x

k
T−1).

Observe that using the natural order, the resulting matrix A has bandwidth k, and thus supp(A)

has linear volume growth and, using Theorem 4, we �nd that ϵ-exact decision diagrams have size

proportional to T (1/ϵ)k (where additional terms depending on the eigenvalues of A are omitted).

Reverse order The reverse of the natural order, depicted in Figure 7(c), which preserves the

bandwidth k. This order is also similar to the one used in �7.3 to prove polynomial sizes for the

inverse-tree setting. While the results in �7.3 are not directly applicable since supp(A) is not a tree,

the proof techniques can be reused to prove that, with the reverse order, exact decision diagrams

are still polynomial in T but exponential in k. Indeed, during the �rst (T − 2)k layers the decision

diagram behaves identically to a tree; since the number of nodes can at most double from one layer

to the next, the number of nodes in the last k + 1 grows by a factor of at most 2k+1. We leave a

formal proof of this result to the reader.

Leg order In this order, depicted in Figure 7(d), variables are ordered �rst according to their

scenario index, ties broken in reverse order of the time index, and variable x0 is last, that is,

π = (x1T−1, x
1
T−2, . . . , x

1
1, x

2
T−1, x

2
T−2, . . . , x

k
T−1, . . . , x

k
2, x

k
1, x0).

Note that, under this permutation, the matrix A is no longer banded. Nonetheless, the rationale

for using this order is that its η-boundaries are typically smaller than those of the natural and

reverse orders. Indeed, for the natural and reverse orders, the η-boundaries have size ηk after

the �rst k levels. In contrast, for the leg order, η-boundaries have size η while processing nodes
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associated with the �rst scenario, 2η while processing nodes associated with the second scenario and

so forth. While the size of the worst-case η-boundary is still kη after processing nodes associated

with the last scenario (resulting in the same worst-case bounds according to Theorem 4), smaller

sizes throughout most of the execution of the algorithm can yield additional merging and smaller

decision diagrams. Figure 8 illustrates the η-boundaries induced by the reverse and leg orders in

the example of Figure 7.
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(a) Support graph supp(A)
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(d) Leg order

Figure 7: Illustration of the support graph of A = Q−1 and of the three variable orders for the
stochastic hybrid MPC problem (16) with k = 3 scenarios and T = 5 time periods.

9.3 Experiments

We compare the three variable orders over instances of the stochastic hybrid model predictive control

problem across di�erent performance measures.

Data generation Each element is generated independently as ajt ∼ U(0, 1), resulting in di�erent

dynamics across time periods and scenarios. Costs for the indicator variables are also generated
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(a) Reverse order, ℓ = 9
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(b) Leg order, ℓ = 4
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(c) Leg order, ℓ = 9
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(d) Leg order, ℓ = 12

Figure 8: Illustration of the η-boundaries (De�nition 15) with η = 2 induced by the reverse and
leg orders on the instance of Figure 7 (k = 3, T = 5). In each panel, nodes are labeled by their
position in the corresponding order, decided nodes ([ℓ− 1]) are white, undecided nodes ([ℓ : n]) are
gray, and the nodes of the η-boundary Λη

ℓ are marked with dashed halos. (a) In the reverse order
the k legs are processed in parallel, and the boundary contains variables of every leg throughout
the construction: at ℓ = 9, the boundary already has the worst-case size ηk = 6. (b)�(d) In the
leg order the boundary is con�ned to the leg currently being processed, plus at most η variables
adjacent to the clique for each previously completed leg: the worst-case size ηk = 6 is attained only
while completing the last leg. In particular, at the same layer ℓ = 9, the boundary under the leg
order (of size 2η = 4, panel (c)) is smaller than under the reverse order (of size ηk = 6, panel (a)).

independently as cjt ∼ U(0, 1). Finally, instead of the linear expression −2s̄1s1 − 2
∑k

j=1

∑T
t=2 s̄

j
ts

j
t

induced by the objective (16a) (which can be transformed to an equivalent linear expression involving

variables x after projecting out s), we simply set an objective of the form d⊤x, where each coe�cient

of d is generated from U(0, 1). While this choice of objective is not the most realistic, we point

out that the choice of linear coe�cients does not a�ect the construction of the decision diagram

and thus does not signi�cantly impact the results presented next. We generate instances for the

numbers of scenarios k ∈ {3, 4, 5} and time periods T ∈ {10, 20, 50} and, for each combination of

parameters, we generate �ve instances.

37



Results Table 1 shows the results of these experiments, using Gurobi 12 with default settings, a

300-second time limit and a single thread. For each ordering, we report the CPU time needed to

construct the diagram and solve the shortest-path problems in seconds, the number of arcs in the

resulting diagrams, the number of instances solved within the time limit, and the error in objective

value, which we compute and report only for instances solved to optimality by both methods as

follows:

error =
|valDD − val∗|
|val∗|

,

where valDD is the value obtained by the shortest path problem over the diagram and val∗ is the

optimal value reported by Gurobi.

Table 1 illustrates that the variable ordering can indeed have a signi�cant e�ect on the per-

formance of the methods. The leg order results in considerably smaller diagrams across all values

of ϵ, reducing the average number of arcs by roughly half when compared to the natural order.

Consequently, more instances are solved within the time limit: the natural order solves 76, the

reverse order solves 88, and the leg order solves 112. For reference, Gurobi solves 90 instances

within the time limit. Interestingly, Gurobi cannot solve any instances with T = 50 whereas the

decision-diagram-based methods solve most of these instances when k = 3 and even for k = 5 the

leg order method is competitive.

Regarding the e�ect of ϵ, we note that the errors for the reverse and leg orders are consistently

below 0.05% across all values of ϵ, while the error for the natural order increases only marginally,

to at most 0.15% when ϵ = 10−2.
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Table 1: Comparing variable orderings over instances of model predictive control problems. Each row reports averages over �ve instances,
which are solved with a time limit of 300 seconds. For instances not solved within the time limit, we record a CPU time of 300 seconds.

Natural order Reverse order Leg order Gurobi
k ϵ T Time (s) Arcs # Sol Error Time (s) Arcs # Sol Error Time (s) Arcs # Sol Error Time (s) # Sol

10 1.09 55613 5 0.00% 0.39 21552 5 0.00% 0.24 15366 5 0.00% 0.19 5
10−5 20 15.55 203440 5 0.02% 7.72 123231 5 0.02% 2.16 61447 5 0.02% 0.27 5

50 275.02 360476 1 - 257.72 455294 3 - 29.38 179381 5 - 300.00 0
10 0.50 20362 5 0.00% 0.28 13604 5 0.00% 0.14 7502 5 0.00% 0.19 5

3 10−3 20 3.70 54240 5 0.03% 2.88 47279 5 0.03% 0.73 19888 5 0.03% 0.27 5
50 49.14 153455 5 - 46.98 148202 5 - 7.75 54342 5 - 300.00 0
10 0.24 10150 5 0.02% 0.20 8448 5 0.02% 0.08 3936 5 0.02% 0.31 5

10−2 20 1.49 22812 5 0.04% 1.20 21255 5 0.04% 0.36 8974 5 0.04% 0.36 5
50 17.59 64049 5 - 17.76 63350 5 - 3.50 23919 5 - 300.00 0
10 41.84 1649219 5 0.01% 5.23 255477 5 0.01% 2.45 171016 5 0.01% 0.31 5

10−5 20 300.00 278637 0 - 300.00 775666 0 - 27.41 755537 5 0.03% 1.29 5
50 300.00 130321 0 - 300.00 178879 0 - 300.00 351381 0 - 300.00 0
10 8.14 282816 5 0.01% 2.60 111420 5 0.01% 0.96 63288 5 0.01% 0.24 5

4 10−3 20 190.78 536476 4 0.03% 59.65 461543 5 0.02% 5.72 162783 5 0.02% 0.98 5
50 300.00 172725 0 - 300.00 205857 0 - 170.06 450648 5 - 300.00 0
10 2.01 65494 5 0.01% 1.19 49273 5 0.01% 0.33 19154 5 0.01% 0.39 5

10−2 20 15.60 159412 5 0.05% 13.20 146660 5 0.05% 1.76 46658 5 0.05% 1.32 5
50 300.00 238995 0 - 288.29 265780 1 - 26.03 125066 5 - 300.00 0
10 300.00 2890545 0 - 70.53 2807484 5 0.02% 30.16 1769758 5 0.02% 0.62 5

10−5 20 300.00 188146 0 - 300.00 214388 0 - 300.00 573269 0 - 13.16 5
50 300.00 83718 0 - 300.00 104579 0 - 300.00 210954 0 - 300.00 0
10 175.06 4672707 5 0.02% 28.32 1000803 5 0.02% 5.91 361514 5 0.02% 0.28 5

5 10−3 20 300.00 205703 0 - 300.00 271160 0 - 49.73 929330 5 0.03% 13.12 5
50 300.00 104746 0 - 300.00 155526 0 - 300.00 265620 0 - 300.00 0
10 21.03 574846 5 0.15% 8.87 308757 5 0.03% 1.38 82697 5 0.03% 0.67 5

10−2 20 266.28 297221 1 0.06% 242.83 803857 4 0.03% 7.50 175541 5 0.02% 13.28 5
50 300.00 122934 0 - 300.00 151934 0 - 258.73 390826 2 - 300.00 0

Total 151.30 503676 76 0.03% 127.99 339676 88 0.02% 67.87 269622 112 0.02% 101.75 90
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10 Computations with real data

In this section, we report computations with real data.

10.1 Portfolio index tracking

We consider the portfolio index tracking problem: given a benchmark portfolio x̄ ∈ Rn
+ with

1⊤x̄ = 1, the goal is to construct a portfolio holding at most k assets that tracks the benchmark as

closely as possible, where the tracking error is measured with respect to the estimated covariance of

the returns. Factor models are standard in portfolio risk estimation (Sharpe 1963); accordingly, we

estimate the covariance as Q+Diag(d), where Q = FF⊤ =
∑m

j=1 fjf
⊤
j is the low-rank covariance

induced by the factors F =

(
f1 · · · fm

)
∈ Rn×m, and d ∈ Rn

+ collects the speci�c variances

not explained by the factors. The resulting optimization problem is

min
x,z∈Rn

(x− x̄)⊤ (Q+Diag(d)) (x− x̄) (17a)

s.t. 1⊤x = 1, 1⊤z ≤ k, 0 ≤ x ≤ z, z ∈ {0, 1}n, (17b)

where k ∈ Z+ is the target sparsity. We denote by XPIT the feasible region of (17).

Problem (17) is closely related to cardinality-constrained mean�variance portfolio selection,

which trades expected return against variance under budget and support constraints (Markowitz

1952, Bienstock 1996, Gao and Li 2011), but its relaxation is much weaker. Indeed, the natural

convex relaxation of (17) always produces a trivial lower bound of 0 and a root gap of 100%, because

the solution z = x = x̄ is feasible for the relaxation.

Instance construction

We generate instances from real stock market data, following the methodology of Han et al.

(2023). We use the daily stock return data provided by Boris Marjanovic in Kaggle (kaggle.com/

borismarjanovic/price-volume-data-for-all-us-stocks-etfs), using all data since 1/1/1991

and retaining the stocks with available data in at least 99% of the trading days since that date

(returns corresponding to missing data are set to 0), resulting in n = 214 securities. From these

data, we compute the expected return µ̄ and the sample covariance matrix Σ̄ of the daily returns
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(%). We set the benchmark x̄ = µ̄/∥µ̄∥1 to ensure ∥x̄∥1 = 1 holds.

The factor model is then constructed as follows. Given a target rank m ∈ Z+ and a target

factor sparsity κ ∈ Z+ ∪ {∞}, we compute a sparse eigendecomposition Σ̄ ≈
∑m

j=1 fjf
⊤
j using the

truncated power method (Yuan and Zhang 2013), in which the factors are ordered by decreasing

explained variance and the leading m factors satisfy ∥fj∥0 ≤ κ. We then set

Q =
m∑
j=1

fjf
⊤
j and d = diag

(
Σ̄−Q

)
,

that is, the leading m (sparse) factors are retained exactly, while the variance explained by the

remaining factors is approximated by its diagonal. The case κ = ∞ imposes no sparsity and

corresponds to the usual truncated eigendecomposition. Larger values of m and κ thus yield more

faithful approximations of Σ̄, but result in denser and higher-rank matrices Q. Detailed results on

the quality of the factor approximation are provided in the online companion (�EC.4.1.1).

Formulations

Expanding the objective of (17), the tracking error decomposes as

(x− x̄)⊤ (Q+Diag(d)) (x− x̄) = L(x) +

m∑
j=1

(
f⊤
j x
)2

+

n∑
i=1

dix
2
i ,

where L(x)
def
= x̄⊤ (Q+Diag(d)) x̄ − 2x̄⊤ (Q+Diag(d))x collects the constant and the linear

terms. The formulations we compare share the term L(x), and di�er only in the strengthening

applied to the quadratic terms. We consider two families of formulations.

• The perspective formulation (PER), in which the separable part is strengthened using the

perspective reformulation and the factor terms are left as plain quadratics:

min
x,z, τ

L(x) +

m∑
j=1

τ2j +

n∑
i=1

di
x2i
zi

s.t. (x, z) ∈ XPIT, τj = f⊤
j x j ∈ [m].

• The decision diagram formulations (DD1 and DD2), in which, in addition to the perspective

strengthening of the separable part, the quadratic associated with the leading m′ ∈ Z+ factors

(m′ ≤ m) is convexi�ed using the results of �6. Speci�cally, letting F ′ =

(
f1 · · · fm′

)
, we
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construct a decision diagram for XF ′,Z with Z = {0, 1}n and replace the term
∑m′

j=1(f
⊤
j x)2 with

an epigraph variable x0 constrained through the extended formulation (13):

min
x,z, τ , x0,w, r

L(x) + x0 +
m∑

j=m′+1

τ2j +
n∑

i=1

di
x2i
zi

s.t. τj = f⊤
j x ∀j ∈ [m′ + 1 : m], (x, z) ∈ XPIT, (x0,x, z,w, r) ∈ RF ′,Z .

Formulations DD1 and DD2 correspond to m′ = 1 and m′ = 2, respectively. Note that the cardinality

constraint is not encoded in the diagram, but kept explicitly in the formulation. In our computations

we use ϵ-exact diagrams constructed with Algorithm 2 and the hash-merging procedure of �EC.2.1,

with precision ϵ = 10−5 to identify zero rows in line 9 of Algorithm 2, and precision ϵ′ = 10−3
√
m′

for the call to merge in line 22. Recall that, by the results of �7.1, the size of the diagrams is

guaranteed to be O(nm′
), and can be smaller if sparsity of F ′ can be exploited.

Results

All formulations are solved with Gurobi 13 with default settings and a time limit of 600 seconds.

Table 2 reports, for each combination of factor sparsity κ ∈ {5, 10, 25, 50,∞}, rankm ∈ {1, 5, 10, 25}

and cardinality k ∈ {10, 20, 40}, either the time (in seconds) required to solve the instance to

optimality or, if the time limit is reached, the end gap reported by the solver. For methods DD1

and DD2, the time reported includes the total time to construct the decision diagram and solve the

ensuing associated MIQO. For each instance, the best performance among the formulations tested

is indicated in bold.

Several patterns emerge from Table 2. First, consider the rank-one setting m = 1, in which

formulation DD1 convexi�es the complete coupling term: DD1 solves twice as many instances to

optimality as PER (10 versus 5 of the 15 instances with m = 1), often dramatically faster: for

example, with dense factors (κ = ∞), DD1 solves all three instances within 130 seconds, while PER

fails to close the gap for k = 10. Second, when the factors are sparse and the rank is moderate

(κ = 25 and m ≥ 5), formulation DD2 is the only method able to solve the instances to optimality,

doing so in under 150 seconds, while both PER and DD1 terminate with gaps of up to 46%: in this

regime, convexifying two factors jointly captures a substantial portion of the risk while the sparsity

42



Table 2: Each cell contains the time in seconds (if solved) or the end gap (if not) after running
branch-and-bound for 600 seconds for instances with n = 214 and cardinality k = 10/20/40. Each
row corresponds to the sparsity κ of the factor model, and each column to its rank m. The best
performance for each instance is shown in bold.

m = 1 m = 5 m = 10 m = 25

κ = 5
PER 103/307/1% 4%/13%/4% 6/22%/9% 25/108/11%
DD1 3/462/516 393/415/4% 2%/4%/5% 29/40%/25%
DD2 35%/15%/6% 5%/21%/11% 52%/45%/25%

κ = 10
PER 1%/4%/1% 557/12%/4% 37%/22%/10% 97/27%/11%
DD1 247/371/548 351/466/6% 17%/10%/11% 128/23%/18%
DD2 555/12%/5% 42%/24%/11% 61%/33%/18%

κ = 25
PER 1%/4%/0% 19%/11%/1% 31%/13%/3% 42%/19%/6%
DD1 1%/4%/0% 14%/11%/1% 22%/13%/3% 46%/22%/11%
DD2 27/40/140 50/71/95 103/210/238

κ = 50
PER 269/4%/0% 11%/5%/2% 31%/16%/3% 4/14%/2%
DD1 2%/4%/536 21%/4%/1% 38%/16%/4% 27%/13%/1%
DD2 23%/10%/3% 39%/18%/6% 39%/17%/5%

κ = ∞
PER 1%/3/3 3%/12%/7% 10/287/13% 87/8/428
DD1 42/127/80 77/144/105 414/24%/2% 9%/42%/24%
DD2 28%/77%/98% 84%/90%/99% 96%/98%/99%

of the factors keeps the associated formulations small. This advantage does not extend to κ = 50,

where most formulations fail to solve the instances with m ≥ 5. Third, with fully dense factors

(κ = ∞) and m ≥ 5, formulation DD2 is no longer viable: the rank-two diagrams associated with

dense factors are too large, and the overhead of the resulting extended formulations outweighs the

strengthening; DD1, in contrast, remains competitive, attaining the best performance in 5 of the 9

instances with κ =∞ and m ≤ 10. Finally, as the rank m grows, the fraction of the risk convexi�ed

by DD1 and DD2 shrinks and their advantage narrows: for m = 25, the perspective formulation

attains the best performance in most of the instances.

Additional information on parameter tuning is provided in the online companion (�EC.4.1).

10.2 Sparse exponential smoothing with trend

We now consider a sparse version of Holt's double exponential smoothing.

10.2.1 Description

Let {yt}Tt=1 be a univariate time series. Let α, β ∈ (0, 1) be �xed smoothing parameters, let sℓt

denote the �ltered level after observing yt, and let sbt denote the corresponding trend. The model
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reads

min
s,x,z

T−1∑
t=1

(
yt+1 − sℓt − sbt

)2
+ λ0

T−2∑
t=1

(
zℓt + zbt

)
(18a)

s.t. sℓt+1 = αyt+1 + (1− α)(sℓt + sbt) + xℓt ∀t ∈ [T − 2] (18b)

sbt+1 = β(sℓt+1 − sℓt) + (1− β)sbt + xbt ∀t ∈ [T − 2] (18c)

T−2∑
t=1

(
zℓt + zbt

)
≤ k (18d)

xℓt(1− zℓt ) = 0 xbt(1− zbt ) = 0 ∀t ∈ [T − 2] (18e)

{st ∈ R2}T−1
t=1 , {xt ∈ R2}T−2

t=1 , {zt ∈ {0, 1}2}T−2
t=1 , (18f)

where st = (sℓt, s
b
t)

⊤, xt = (xℓt, x
b
t)

⊤ and zt = (zℓt , z
b
t )

⊤. If x = 0, then the dynamics (18b)-(18c)

are exactly those for Holt's forecasting method: the level sℓt+1 is a convex combination of the most

recent observation yt+1 and level sℓt + sbt ; the trend s
b
t+1 is a convex combination of the most recent

observed change sℓt+1 − sℓt and the previous estimated trend sbt . However, the presence of variables

xℓt and xbt allows for abrupt changes in the estimated levels and trends, while constraints (18d)-

(18e) and penalty λ0
∑T−2

t=1 (z
ℓ
t + zbt ) ensure that these changes occur sparingly. The objective term∑T−1

t=1

(
yt+1 − sℓt − sbt

)2
seeks the choices that result in the best predictions overall.

Projection Substituting sℓt+1 = αyt+1 + (1 − α)(sℓt + sbt) + xℓt in (18c), we �nd that dynamics

(18b)-(18c) are equivalent to

sℓt+1

sbt+1

 =

1− α 1− α

−αβ 1− αβ


︸ ︷︷ ︸

A

sℓt
sbt

+

1 0

β 1


︸ ︷︷ ︸

G

xℓt
xbt

+

 α

αβ


︸ ︷︷ ︸

c

yt+1 ∀t ∈ [T − 2]. (19)

Letting x0 = s1 and applying (19) recursively, we �nd that st+1 = Atx0 +
∑t

i=1A
t−iGxi +∑t

i=1A
t−icyi+1, and thus all variables s can be projected out, resulting in an MIQO with indicators

of the form (5). Although variables x0 are not controlled by indicators, they can be incorporated

easily by introducing associated variables z0 ∈ {0, 1}2 and constraints z0 = 1.

Connections with theory and previous work Problem (18) can be interpreted as a partially

observed hybrid model predictive control model: the state st follows linear dynamics, the sparse
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corrections xt act as control inputs subject to on/o� decisions zt, and the objective penalizes one-

step prediction errors and activation costs (Bemporad and Morari 1999, Borrelli et al. 2017). It

di�ers from the inverse-sparse setting studied by Lee et al. (2024) in two crucial respects, each

of which renders those methods inapplicable. First, the quadratic term is rank-de�cient and not

invertible: it has rank T − 1 while there are 2(T − 1) continuous variables x. Second, the block-

tridiagonal inverse structure studied by Lee et al. (2024) would arise here only after two modeling

changes: replacing the prediction-error objective by a separable state-tracking objective
∑T−1

t=1 ∥st−

s̄t∥22, and using a single indicator zt per period to control both xℓt and x
b
t . After projecting out the

state variables under those assumptions, the resulting quadratic matrix Q has a block-tridiagonal

inverse and the problem is polynomial-time solvable by dynamic programming. In contrast, model

(18) retains the prediction-error objective and uses two indicators per time period.

10.2.2 Experiments

We now report experiments with real data.

Data description We use the seasonally adjusted U.S. Initial Claims series identi�ed by ICSA

in the Federal Reserve Bank of St. Louis FRED database. The series measures the number of

new claims for unemployment insurance and is reported weekly. The series page can be found at

https://fred.stlouisfed.org/series/ICSA, and CSV can be directly downloaded from https:

//eco3min.fr/dataset/us-initial-claims.csv. The raw �le contains 3,109 observations, from

January 13, 1967 through August 7, 2026. Each row contains an ISO date and the number of initial

claims expressed in thousands. We aggregate data either annually or quarterly by averaging the

number of claims across each year/quarter, resulting in two datasets {ỹt}Tt=1 consisting of either

T = 60 years or T = 239 quarters. Finally, we scale the data as y = ỹ/∥ỹ∥2.

Methods and parameters We set λ0 = 0, k ∈ {5, 10, 15}, and α = β = ᾱ with ᾱ ∈

{0.5, 0.7, 0.9}. We use M = 10 for all big-M constraints in these experiments. We test the fol-

lowing methods:

• The natural formulation (NAT) solved by Gurobi, given by (18) but encoding indicator variables

via big-M constraints −Mzt ≤ xt ≤Mzt for t ∈ [T − 2].
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• The full decision diagram formulations (DD:full), obtained by projecting out the state

variables s, and using the hash-merging procedure with parameter 10−3 in line 22 of Algorithm 2,

while using precision ϵ = 10−5 to identify zero rows in line 9. The cardinality constraint is included

in the construction of the diagram: the left-hand side of (18d) is the state associated with Z.

• The partial decision diagram relaxation (DD:τ), obtained from a partial convexi�cation of

the problem. This method partitions the time horizon into h =
⌈
T−1
τ

⌉
disjoint blocks of size τ as

[T −1] = I1 ∪̇ · · · ∪̇Ih where Iκ = [1+(κ−1)τ : κτ ] for κ ∈ [h−1], and the last block Ih potentially

contains fewer than τ time periods. Let Rκ with κ ∈ [h−1] denote the convex hull of the set de�ned

by variables {st ∈ R2}κτt=(κ−1)τ , {xt ∈ R2}κτ−1
t=(κ−1)τ , {zt ∈ {0, 1}

2}κτ−1
t=(κ−1)τ , wκ ∈ R, and constraints

wκ ≥
∑
t∈Iκ

(yt+1 − sℓt − sbt)2

sℓt+1 = αyt+1 + (1− α)(sℓt + sbt) + xℓt ∀t ∈ [(κ− 1)τ : κτ − 1]

sbt+1 = β(sℓt+1 − sℓt) + (1− β)sbt + xbt ∀t ∈ [(κ− 1)τ : κτ − 1]

xℓt(1− zℓt ) = 0, xbt(1− zbt ) = 0 ∀t ∈ [(κ− 1)τ : κτ − 1]

and let Rh be de�ned analogously (but potentially involving fewer time periods); observe that

there are no constraints involving variables z. Then the relaxation of the partial decision diagram

formulation DD:τ is

min
s,x,z,w∑T−2

t=1 (z
ℓ
t+zb

t)≤k

h∑
κ=1

wκ (20a)

s.t.
(
s[(κ−1)τ :κτ ],x[(κ−1)τ :κτ−1], z[(κ−1)τ :κτ−1], wκ

)
∈ Rκ ∀κ ∈ [h], (20b)

where every constraint (20b) is implemented via the extended SOCP formulation obtained from

a decision diagram using precision 10−3 for the hash-merging procedure and 10−5 to identify zero

rows. Problem (20) is a convex relaxation of (18) used to compute lower bounds.

Results All MIO and SOCP formulations are solved with Gurobi 12 with default settings and a

time limit of 600 seconds. Figure 9 compares the quality and computational cost of the lower bounds

over the 18 real-data instances using empirical distribution pro�les; detailed results are reported

in the online companion (�EC.4.2). The decision diagrams from DD:20 can be too large in certain

instances with low ᾱ, resulting in several memory and time limits. Nonetheless, DD:10 achieves the
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Figure 9: Empirical distribution pro�les for lower-bound quality and computation time over the real-
data instances. Higher and farther left is better. Colors and line styles identify the four methods.

best performance overall according to Figure 9: while not as e�ective as NAT or DD:full at proving

gaps below 20%, it dominates the other methods for other thresholds and is substantially faster.
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Online Companion to �Convexi�cation of Mixed-Integer Quadratic

Optimization via Decision Diagrams�

EC.1 A knapsack decision-diagram example

This section illustrates the state-transition construction reviewed in �3.1 for a feasible space de�ned

by a knapsack constraint.

Example EC.1 (Knapsack case). Consider Z = {z ∈ {0, 1}n : a⊤z ≤ b} for some a ∈ Zn
+ and

b ∈ Z+. De�ne states ρ
ℓ in which the state variable records the contribution to the left-hand side

at decision stage ℓ. As a result, the state space can be de�ned as SZ = [0 : b] ∪ {inf} where �inf�

denotes an infeasible state. The initial state is ρ1 = 0. The set of terminal states TZ includes

the infeasible state and every state for which all variables have already been decided. The system

transitions between states according to the transition function ϕZ : (SZ \TZ)×{0, 1} → SZ de�ned

as ρℓ+1 = ϕZ(ρ
ℓ, z̄ℓ), where z̄ℓ is the value assigned to variable zℓ, and

ϕZ(ρ
ℓ, z̄ℓ) =


inf if ρℓ + aℓz̄ℓ > b

ρℓ + aℓz̄ℓ otherwise.

Figure EC.1(a) presents the state transition graph for a knapsack constraint with

a⊤ =

(
3 3 2

)
and b = 5. The corresponding decision diagram in Figure EC.1(b) is ob-

tained in this example by removing the infeasible states and merging all equivalent nodes, i.e.,

nodes that share the same feasible completion set. Note that all points in Z correspond to exactly

one r�4 path in the diagram and vice versa. Moreover, all partial solutions that share the same

feasible completion set correspond to a partial path ending at the same node, e.g.,

(
0 0

)
,(

0 1

)
, and

(
1 0

)
all share the same completion set {0, 1} and correspond to partial paths

ending at node 3. ■
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Figure EC.1: State transition graph and corresponding decision diagram for a feasible space de�ned
by knapsack constraint 3z1 + 3z2 + 2z3 ≤ 5.

EC.2 Additional Technical Improvements

EC.2.1 Hash Merging

Algorithm EC.1 describes a third implementation based on hash maps, which we call hash merging;

it requires a single pass over the nodes and is suitable for practical use. Hash merging works as

follows: each node is assigned the key K = (ρ, ⌊H⌉ϵ̄), where ϵ̄
def
= ϵ/

√
m, ⌊H⌉ϵ̄

def
= H if ϵ = 0, and

⌊H⌉ϵ̄ is the entrywise rounding of H/ϵ̄ to the nearest integer if ϵ > 0. The �rst node encountered

with a given key is designated as the representative of that key; every subsequent node with the

same key is deleted, and the arcs pointing to it are redirected to the representative.

Algorithm EC.1 Implementation of merge(L,A, ϵ) using hash maps

Require: List of nodes L of a layer, list of arcs A, tolerance ϵ ≥ 0.
Ensure: Merged list of nodes L, with the arcs of A redirected accordingly.
1: M ← ∅ ▷ Hash map from keys to representative nodes, initially empty
2: r ← ∅ ▷ Hash map from deleted nodes to representatives, initially empty
3: for each (i, ρ,H) ∈ L do

4: K ← (ρ, ⌊H⌉ϵ̄) ▷ Key associated with the node, with ϵ̄ = ϵ/
√
m

5: if M contains key K then

6: r[i]←M [K], L← L \ {(i, ρ,H)} ▷ Merges node i into M [K]
7: else

8: M [K]← i ▷ Node i is the representative of key K
9: end if

10: end for

11: for each (i, j, ℓ, z̄,u) ∈ A such that r[j] is de�ned do
12: Replace arc with (i, r[j], ℓ, z̄,u) ▷ Redirects arc to r[j]
13: end for

53



Algorithm EC.1 should be interpreted as a conservative approximation of maximal merging: it

performs a subset of the merges allowed by the speci�cation, but never an inadmissible one. Indeed,

two nodes assigned the same key satisfy ρ1 = ρ2 and maxi,j |(H1)ij − (H2)ij | < ϵ̄ (or H1 = H2

if ϵ = 0); since each row has m entries, this implies ∥H1 −H2∥2,∞ <
√
m ϵ̄ = ϵ, thus all merges

performed by Algorithm EC.1 are admissible. The approximation is due to two distinct e�ects, both

of which may only prevent admissible merges. First, the quantization operates entrywise: two states

satisfying ∥H1 −H2∥2,∞ ≤ ϵ may di�er by more than ϵ̄ in some entry, and thus receive di�erent

keys. Second, even states that are entrywise within ϵ̄ of each other may fall in adjacent cells of the

quantization grid and receive di�erent keys. In both cases the nodes simply remain unmerged: the

hash-based implementation thus trades some merging opportunities for speed, potentially increasing

the size of the resulting diagram but never compromising its validity; if ϵ = 0, no approximation is

incurred and exactly the nodes with identical states are merged. Since computing and hashing a key

requiresO ((n− ℓ)m) operations and hash map queries take constant expected time, Algorithm EC.1

runs in expected time linear in the number of nodes and arcs of the layer.

EC.2.2 Further Implementation Improvements

We discuss three additional improvements to Algorithm 2 that can enhance its practical perfor-

mance.

Full row rank. If F has full row rank�equivalently, if Q = FF⊤ ≻ 0�then no �rst row u ever

vanishes. In this case, the condition ∥u∥2 > ϵ in line 9 can be replaced with the condition z̄ = 1

alone. Doing so removes the risk of falsely detecting linear dependence, that is, of incorrectly

treating a nearly dependent row as the zero row when F is ill-conditioned.

Re-normalization. Instead of using directly the state matrix, a canonical representative of each state

obtained by normalizing each row can be used instead. This canonical representation potentially

increases the number of nodes that can be merged and improves the numerical behavior of the

method. Indeed, rescaling a row of a state matrix by a nonzero constant a�ects neither the transition

vectors nor the arcs generated: the projection I −uu⊤/∥u∥22 in (11) and the normalized transition

vectors of De�nition 7 are invariant to rescalings of u, and each row of the state matrix evolves

independently of the scale of the other rows. Nodes whose state matrices coincide after normalization

54



thus generate identical sub-diagrams and identical arc information, and merging them is valid even

when their unnormalized states di�er. Moreover, since row norms shrink after each projection,

renormalizing at every iteration prevents the loss of precision associated with rows of vanishing

norm.

To implement this change, it su�ces to normalize every row of F at the start of the algorithm,

renormalize rows of G after operation G← R(I − uau
⊤
a ) in line 11 (after checking for zero rows),

and delete the normalization step in line 10. The drawback of this operation, however, is that

additional normalizations are performed, increasing the cost of each operation in line 11.

Exploiting sparsity. Consider for example a tridiagonal matrix FF⊤ as discussed in Example 3,

where F preserves the tridiagonal structure. It is easy to show that, since the support of rows F{i}

and F{i+j} do not overlap for j ≥ 2, the Gram-Schmidt operation in line 11 only a�ects row ℓ+1 of

the state matrix. As a consequence, at level ℓ there is no need to store rows ℓ+ j for j ≥ 2. The net

e�ect of this change is to reduce memory requirements, reduce the cost of matrix multiplications

in line 11, and decrease the cost of computing and comparing keys in Algorithm EC.1. The same

arguments can be used for the case when FF⊤ is banded (discarding rows corresponding to ℓ + j

where j is greater than the bandwidth) and, as we show in �7.2, similar arguments apply in even more

general cases. Additionally, if matrix F is sparse and structured (e.g., banded), each state matrix

will also be sparse. In this case, using libraries for sparse matrix multiplications can signi�cantly

reduce the number of operations needed.

EC.3 Decision diagrams with exact arithmetic

If F ∈ Qn×m, then the decision diagram in Algorithm 2 can be constructed exactly over the rationals.

To do so, the normalization of the transition vectors, which may introduce irrational numbers, is

avoided: the arcs store the unnormalized vectors ua ← u, the Gram-Schmidt step is carried out as

G ← R
(
I − uu⊤/∥u∥22

)
, which involves rational operations only, and the condition ∥u∥2 > ϵ is

replaced with u ̸= 0. All states are then rational, and merge with ϵ = 0 reduces to testing equality

of rational matrices. The normalized transition vectors of De�nition 7 never need to be formed

explicitly: it su�ces to replace the arc lengths of Proposition 6 with la = cℓ(a)νa− 1
4

(
δ⊤ua

)2
/∥ua∥22,

which are rational as well.
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Moreover, the SOCP relaxations involving in �6 can also be adapted to involve rational coe�-

cients only. Indeed, if F ∈ Qn×m and that the decision diagram is constructed using exact rational

arithmetic, the arcs then store rational, unnormalized transition vectors ua, whereas the vectors ap-

pearing in De�nition 9 are the possibly irrational unit vectors ua/∥ua∥2. A representation of RF ,Z

involving rational data only can nonetheless be recovered from (13). First, �x wa = 0 for every arc

with ua = 0. Then, for the remaining arcs, perform the change of variables w̃a ← wa/∥ua∥2: con-

straint (13b) becomes F⊤x =
∑

a∈A uaw̃a and constraint (13a) becomes x0 ≥
∑

a∈A ∥ua∥22 w̃2
a/ra,

where ua ∈ Qm and ∥ua∥22 ∈ Q, and the remaining constraints (13c)-(13e) have 0/1 coe�cients.

Therefore, all coe�cients of the resulting ideal extended formulation are rational.

EC.4 Detailed Computational Results

This section supplements the computational study in �10 with detailed results and parameter-tuning

information.

EC.4.1 Portfolio Index Tracking

EC.4.1.1 Quality of the Factor Approximation

Table EC.1 reports the quality of the approximation Σ̄ ≈ Q + Diag(d) as a function of m and

κ. With dense factors (κ = ∞), a handful of factors su�ce to approximate the sample covariance

almost exactly, with errors below 0.5% form ≥ 5. Under sparsity constraints the errors are naturally

larger, decreasing from approximately 9% to 6% as m and κ increase; in all cases, the share of the

total variance attributed to the speci�c terms d is below 1%, indicating that the low-rank part

carries the bulk of the risk.

EC.4.1.2 Parameter Tuning

Most of the parameters used in �10.1 (choices of k, κ, m, m′, ϵ, ϵ′, and time limits) were decided

before carrying out the computations and not revisited afterward, with the following exceptions.

• We also tested target sparsity of the portfolio k = 5, but the resulting instances were too easy so

we do not report this setting. Indeed, note that the
(
214
5

)
≈ 3.5 · 109 potential portfolios are almost

within the reach of pure enumeration methods.
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Table EC.1: Quality of the approximation Σ̄ ≈ Q + Diag(d), where Q has rank m and factor

sparsity κ. Errors are computed as error =
∥Σ̄−Q−Diag(d)∥22

∥Σ̄∥22
, and the diagonal dominance of the

resulting matrix is diag =
∑

i∈[n] d
2
i∑

i∈[n](Qii+di)2
.

m = 1 m = 5 m = 10 m = 25

κ = 5 error=9.36% error=9.46% error=9.17% error=8.89%
diag=0.69% diag=0.29% diag=0.25% diag=0.22%

κ = 10 error=9.36% error=9.48% error=8.84% error=8.41%
diag=0.69% diag=0.29% diag=0.25% diag=0.22%

κ = 25 error=9.35% error=9.50% error=7.81% error=7.54%
diag=0.69% diag=0.29% diag=0.24% diag=0.22%

κ = 50 error=9.35% error=8.63% error=6.67% error=5.94%
diag=0.69% diag=0.29% diag=0.24% diag=0.17%

κ = ∞ error=9.34% error=0.47% error=0.12% error=0.04%
diag=0.69% diag=0.21% diag=0.18% diag=0.15%

• We considered using DD3 (that is, decision diagram convexi�cation with m′ = 3), but quickly

realized that the resulting decision diagrams were too large for e�ective use within Gurobi's branch-

and-bound framework. After initial experimentation, we decided against testing this setting for all

parameter combinations.

• Prior to testing the methods on the index-tracking problems (17), we also applied them to the

standard long-only cardinality-constrained mean�variance portfolio model, which trades expected

return against portfolio variance under budget and support constraints (Markowitz 1952, Bienstock

1996, Gao and Li 2011). Using the same dataset, the root gaps of the perspective formulation

are already very small (typically less than 5%), and method PER solves all instances within a few

seconds. In such �easy� instances, the more sophisticated DD1 and DD2 are unnecessarily complex

and do not result in any practical bene�ts.

EC.4.2 Sparse Exponential Smoothing with Trend

EC.4.2.1 Run-Level Results

All MIO and SOCP formulations are solved with Gurobi 12 with default settings and a time limit

of 600 seconds. Figure 9 compares the quality and computational cost of the lower bounds over the

18 real-data instances using empirical distribution pro�les, while Table EC.2 provides detailed in-

formation for each run. It reports, for each combination of smoothing ᾱ ∈ {0.5, 0.7, 0.9}, cardinality

k ∈ {5, 10, 15}, and choice of block size τ ∈ {10, 20} (for method DD:τ):

• the time (in seconds) required to run the method, corresponding to the branch-and-bound time
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for NAT, the time to construct the decision diagram for DD:full, and the time to solve the SOCP

continuous relaxation for DD:τ .

• the lower bound expressed as a gap with respect to the best known upper bound UB for a given

instance, computed as gap = (UB− LBmethod)/UB. The upper bound corresponds to the objective

value found by either NAT or DD:full if either method solves to optimality, and to the best solution

found by NAT otherwise. The lower bound LBNAT is the �nal bound after branch-and-bound, and

LBDD:τ is the objective value for the SOCP relaxation; for method DD:full, the gap is either 0% if

the method terminates or 100% otherwise.

• the best objective value found by a given method; for DD:full, the value is obtained by manually

evaluating the solution obtained from the decision diagram (it di�ers by at most 0.04% from the

value obtained by directly computing the shortest path from the decision diagram). We point out

that no numerical issues were detected in any instance involving a decision diagram, that is, the

objective values of the solutions obtained are at least as good as those of the best solutions obtained

from NAT, and in some cases better.

• the number of branch-and-bound nodes used by NAT.

• the number of arcs from the decision diagrams; for DD:τ , this value is the sum of arcs of all decision

diagrams obtained from each block.

We observe that NAT is e�ective for instances with k = 5; despite root relaxations of 100% in

all cases, it is able to reduce or close the gap e�ectively during branch-and-bound. However, it

fails dramatically in instances with k ∈ {10, 15}, resulting in all cases in trivial lower bounds of 0

and gaps of 100%. As a consequence, it appears in the performance pro�le in Figure 9 (left) as

an almost �at line. Decision diagram methods are highly sensitive to the parameter ᾱ, performing

much better for larger values of this parameter. Method DD:full can solve several instances where

α = 0.9, as well as the setting (α, k) = (0.7, 5), but fails to construct the full decision diagram in

other settings. It has a similar pro�le in Figure 9 (left) as NAT, although the speci�c instances solved

by each method are di�erent.
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Table EC.2: Detailed results with real data.

ᾱ k method Annual (T = 60) Quarterly (T = 239)
time gap val bb_nodes dd_arcs time gap val bb_nodes dd_arcs

0.5

5

NAT 68 0% 1.00 102,206 - 600 45% 1.00 107,346 -
DD:full memory limit memory limit
DD:10 2 30% - - 29,134 16 51% - - 124,638
DD:20 memory limit memory limit

10

NAT 600 100% 1.00 608,356 - 600 100% 1.00 238,463 -
DD:full memory limit memory limit
DD:10 3 41% - - 29,134 29 38% - - 124,638
DD:20 memory limit memory limit

15

NAT 600 100% 1.00 166,493 - 600 100% 1.00 242,768 -
DD:full memory limit memory limit
DD:10 5 50% - - 29,134 29 45% - - 124,638
DD:20 memory limit memory limit

0.7

5

NAT 63 0% 1.00 39,892 - 600 7% 1.00 252,224 -
DD:full 99 0% 1.00 - 1,850,663 memory limit
DD:10 7 25% - - 30,536 38 26% - - 130,582
DD:20 time limit solving SOCP time limit solving SOCP

10

NAT 600 100% 1.00 330,205 - 600 100% 1.00 245,125 -
DD:full memory limit memory limit
DD:10 9 30% - - 30,353 41 30% - - 130,582
DD:20 time limit solving SOCP time limit solving SOCP

15

NAT 600 100% 1.00 489,837 - 600 100% 1.00 312,328 -
DD:full memory limit memory limit
DD:10 7 44% - - 30,536 36 28% - - 130,582
DD:20 time limit solving SOCP time limit solving SOCP

0.9

5

NAT 23 0% 1.00 17,892 - 330 0% 1.00 104,633 -
DD:full 8 0% 1.00 - 160,982 304 0% 1.00 - 722,587
DD:10 4 12% - - 21,926 30 18% - - 91,876
DD:20 50 8% - - 78,200 160 3% - - 317,334

10

NAT 600 100% 1.00 433,019 - 600 100% 1.00 296,202 -
DD:full 44 0% 1.00 - 687,930 time limit constructing DD
DD:10 6 29% - - 21,926 28 22% - - 91,876
DD:20 48 20% - - 78,200 224 6% - - 317,334

15

NAT 600 100% 1.06 601,433 - 600 100% 1.00 242,861 -
DD:full 69 0% 1.00 - 1,226,189 memory limit
DD:10 3 42% - - 21,926 32 22% - - 91,876
DD:20 47 26% - - 78,200 261 10% - - 317,334
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EC.4.2.2 Parameter Tuning

We also tested smoothing parameters ᾱ ∈ {0.8, 0.95}, and the results are as expected: the per-

formance of decision diagram methods for ᾱ = 0.8 lies between the performance reported for

ᾱ ∈ {0.7, 0.9}, and the setting ᾱ = 0.95 performed even better than the settings reported here.

We did not include these results to avoid biasing the results towards instances in which decision

diagram methods are better than NAT, in order to have a more balanced discussion.

We tested the setting DD : τ with τ ∈ {2, 3, 5}. The gaps in these cases were equal or close

to 100%, so we do not report these results. We also experimented with decision diagrams using

the hash-merging procedure of �EC.2.1 and precision ϵ = 10−2 (instead of 10−3 as reported in the

paper). The resulting diagrams are substantially more compact (involving roughly one-tenth as

many arcs), but in some instances the solutions obtained from the diagrams were suboptimal due

to the coarser aggregation.

Finally, we experimented with solving formulations DD : τ with branch-and-bound, but the

results were not promising. Just processing the root node of the branch-and-bound tree takes, on

average, three times as long as solving the SOCP relaxation (the times reported in Table EC.2), due

to presolve and other features speci�c to solving MIOs. Just solving the root node already consumes

a signi�cant portion of the 600-second budget, and only a few hundred, or even only a few dozen,

branch-and-bound nodes are then explored, which is insu�cient to further close the relaxation gap

or �nd good feasible solutions.

EC.5 Proofs of Formal Results

This section restates each proposition, theorem, lemma, and corollary immediately before its proof.

The restatements retain the numbering used in the main manuscript and introduce no duplicate

labels or theorem counters.

EC.5.1 Lemma 1

Lemma 1. Letting Bℓ(v) be any orthonormal basis of Row(Fv), function g
ℓ(v) satis�es

gℓ(v) = c⊤[ℓ−1]v −
1

4
δ⊤Bℓ(v)⊤Bℓ(v)δ.
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Proof. Clearly Row(Fv) = Row
(
Bℓ(v)

)
, thus we �nd from (8) that

gℓ(v) =c⊤[ℓ−1]v + min
y∈Row(Bℓ(v))

δ⊤y + ∥y∥22

=c⊤[ℓ−1]v + min
y∈Rm,α∈Rq

δ⊤y + ∥y∥22 s.t. y = Bℓ(v)⊤α

=c⊤[ℓ−1]v + min
α∈Rq

δ⊤Bℓ(v)⊤α+
∥∥∥Bℓ(v)⊤α

∥∥∥2
2

=c⊤[ℓ−1]v + min
α∈Rq

δ⊤Bℓ(v)⊤α+ ∥α∥22 . (∵ Bℓ(v)Bℓ(v)⊤ = I)

To solve the optimization problem minα∈Rq

{
δ⊤Bℓ(v)⊤α+ ∥α∥22

}
, it su�ces to set the gradient

of the objective function to 0 and solve for α. In particular, we �nd that

Bℓ(v)δ + 2α = 0⇔ α = −1

2
Bℓ(v)δ.

Substituting α with its optimal value, we �nd the result.

EC.5.2 Proposition 4

Proposition 4. For ℓ ∈ [2 : n], function hℓ can be rewritten as

hℓ(v) = gℓ(v) + min
w∈{0,1}n+1−ℓ

y∈Rm

c⊤[ℓ:n]w + δ⊤y + ∥y∥22

s.t. w ∈ Zℓ(v), y ∈ Row
(
Diag(w)F[ℓ:n]G

ℓ
⊥(v)

)
,

where Gℓ
⊥(v) and gℓ(v) are de�ned in De�nition 5 and 6, respectively.

Proof. We focus on the set associated with the continuous variables y in (9),

Y ℓ(v,w)
def
= {y ∈ Rm : y ∈ Row(F(v,w))}.

We �nd from Proposition 2 that y ∈ Y ℓ(v,w) if and only if y = y1 + y2 with y1 ∈ Row (Fv) and

y2 ∈ Row
(
F(0,w)G

ℓ
⊥(v)

)
= Row

(
Diag(w)F[ℓ:n]G

ℓ
⊥(v)

)
. Moreover, since every row of F[ℓ:n]G

ℓ
⊥ is

orthogonal to Row (Fv), we �nd that ∥y∥22 = ∥y1 + y2∥22 = ∥y1∥22 + ∥y2∥22 and problem (9) reduces
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to

hℓ(v) = c⊤[ℓ−1]v + min
w∈{0,1}n+1−ℓ

y1,y2∈Rm

c⊤[ℓ:n]w + δ⊤y1 + δ⊤y2 + ∥y1∥22 + ∥y2∥22

s.t. y1 ∈ Row (Fv)

w ∈ Zℓ(v), y2 ∈ Row
(
Diag(w)F[ℓ:n]G

ℓ
⊥(v)

)
.

Noting that the problem decomposes in variables y1 and (w,y2), and that the problem associated

with y1 is precisely (8), we obtain the desired result.

EC.5.3 Proposition 5

Proposition 5. Given any arc-speci�ed path (a1, a2, . . . , aℓ−1) in G such that ta1 = s1 and haℓ−1
=

sℓ, let H̄ℓ be the matrix stored by state sℓ and v ∈ {0, 1}ℓ−1 be the partial solution represented by

the path, that is, vi = νai . Then,

1. the non-zero transition vectors in {ua1 , . . . ,uaℓ−1} de�ne an orthonormal basis of Row (Fv);

2. the identity H̄ℓ = F[ℓ:n]G
ℓ
⊥(v) holds.

Proof. We prove the result by induction on the layer ℓ.

Base case If ℓ = 1, then there are no arcs in the path and Row (Fv) = 0 = span ∅, verifying

point 1. Since H̄1 = F , G1
⊥ = I and by convention, and F[1:n] = F , point 2 is also satis�ed.

Inductive step Assume that the result holds for path (a1, a2, . . . , aℓ−1):

• The matrix Ū ℓ with rows corresponding to non-zero vectors of {uai}
ℓ−1
i=1 de�nes an orthonormal ba-

sis of Row(Fv); thus, by de�nition ofG
ℓ
⊥(v), the identityGℓ(v) = I−(Ū ℓ)⊤Ū ℓ = I−

∑ℓ−1
i=1 uaiu

⊤
ai

holds.

• The matrix stored by state haℓ−1
satis�es H̄ℓ = F[ℓ:n]G

ℓ
⊥(v).

We now prove the result for path (a1, a2, . . . , aℓ−1, aℓ) with associated vector

 v

νaℓ

, depending
on the value of νaℓ .
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Case νaℓ = 0 In this case uaℓ = 0. Since Row (Fv) = Row
(
F(v,0)

)
and the non-zero vectors in

the path are unchanged, point 1 of the proposition is veri�ed. Moreover

H̄ℓ+1 =H̄ℓ
↓

=
(
F[ℓ:n]G

ℓ
⊥(v)

)
↓

(∵ induction hypothesis)

=F[ℓ+1:n]G
ℓ
⊥(v)

=F[ℓ+1:n]G
ℓ+1
⊥

v

0

 ,

where the last equality holds since Row(Fv) = Row(F(v,0)) (thus the projection matrix onto the

orthogonal complement is unchanged).

Case νaℓ = 1 The results hold since execution of the transition function and adding uaℓ to the

basis (if non-zero) corresponds exactly to an iteration of the Gram-Schmidt process (lines 4-8 of

Algorithm 1), and the result follows directly from Proposition 3.

EC.5.4 Proposition 6

Proposition 6. Assume that Assumption 1 holds. Given an exact decision diagram D, vectors

c,d ∈ Rn such that problem (5) is not unbounded, and vector δ ∈ Rm satisfying Fδ = d, de�ne

the length of an arc a ∈ A as la = cℓ(a)νa − 1
4

(
δ⊤ua

)2
. Then the length of any arc-speci�ed path

(a1, a2, . . . , aℓ−1) in G is the partial cost gℓ(v) de�ned in De�nition 6, where v ∈ {0, 1}ℓ−1 is the

partial solution represented by the path, that is, the vector satisfying vi = νai . In particular, any

shortest path between the root and a terminal node corresponds to an optimal solution of (5).
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Proof. The length of path (a1, a2, . . . , aℓ−1) is

∑
i∈[ℓ−1]

cℓ(ai)νai −
1

4

∑
i∈[ℓ−1]

(
δ⊤uai

)2

=
∑

i∈[ℓ−1]

civi −
1

4
δ⊤

 ∑
i∈[ℓ−1]

uaiu
⊤
ai

 δ

=
∑

i∈[ℓ−1]

civi −
1

4
δ⊤Bℓ(v)⊤Bℓ(v)δ, (EC.1)

where Bℓ(v) is the matrix whose rows correspond to non-zero vectors {uai}
ℓ−1
i=1 , which by Propo-

sition 5 de�nes an orthonormal basis of Row(Fv). Expression (EC.1) is precisely the closed form

expression of gℓ(v) given in Lemma 1.

The last sentence of the proposition then follows since any feasible solution z ∈ Z is represented

by a root-terminal path, and (as just proven) the length of any such path is gn+1(z); thus by taking

the shortest among these paths, we recover an optimal solution of (7).

EC.5.5 Lemma 2

Lemma 2 (Closed form of the states). Suppose that Q = FF⊤ is invertible. For any ℓ ∈ [2 :

n+ 1] and v ∈ {0, 1}ℓ−1 with support T = {i ∈ [ℓ− 1] : vi = 1}, the state matrix of the node of the

exact decision diagram corresponding to v is

Hℓ(v) = F[ℓ:n] −Q[ℓ:n],T (QT,T )
−1 FT ,

with the convention that Hℓ(v) = F[ℓ:n] if T = ∅.

Proof. If T = ∅, then Row(Fv) = {0}, thus Gℓ
⊥(v) = I and Proposition 5 gives Hℓ(v) = F[ℓ:n].

Otherwise, since Q ≻ 0, the rows of F are linearly independent; in particular, Fv has full row rank

and FvF
⊤
v = QT,T is invertible. Combining Propositions 5 and 1, we �nd that

Hℓ(v) = F[ℓ:n]G
ℓ
⊥(v) = F[ℓ:n]

(
I − F⊤

v

(
FvF

⊤
v

)−1
Fv

)
= F[ℓ:n] −Q[ℓ:n],T (QT,T )

−1 FT ,
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where the last equality uses F[ℓ:n]F
⊤
v = Q[ℓ:n],T and Fv = FT .

EC.5.6 Proposition 7

Proposition 7 (Validity). It holds that XF ,Z ⊆ proj(x0,x,z)RF ,Z .

Proof. Consider any (x0,x, z) ∈ XF ,Z . We show how to �nd (w, r) such that (x0,x, z,w, r) ∈

RF ,Z . First, since z is binary and feasible, there exists a unique arc-speci�ed path (a1, . . . , an) in

the diagram representing this solution where ℓ(a1) = 1 and ℓ(an) = n; letting r ∈ {0, 1}A such that

rai = 1 for arcs in the path and ra = 0 otherwise, we �nd that constraints (13c)-(13e) are satis�ed.

Since F⊤x = F⊤(z ◦ x) = (Diag(z)F )⊤ x, it follows that F⊤x ∈ Row(Diag(z)F ) = Row(Fz).

By point 1 of Proposition 5, the non-zero transition vectors in path (a1, . . . , an) are an orthonormal

basis of Row(Fz), thus

F⊤x =
∑

i∈[n]:uai
̸=0

uaiyi

for some suitable weights y ∈ Rn. Letting w ∈ RA be the vector such that wai = yi for arcs in the

path with non-zero transition vectors, and wa = 0 for all other arcs, we �nd that constraint (13b)

is satis�ed. Finally, note that

∥F⊤x∥22 =

∥∥∥∥∥∥
∑

i∈[n]:uai
̸=0

uaiwai

∥∥∥∥∥∥
2

2

=
∑

i∈[n]:uai
̸=0

∥uaiwai∥22 (∵ vectors uai are orthogonal)

=
∑

i∈[n]:uai
̸=0

w2
ai (∵ vectors uai have unit norm)

=
∑

i∈[n]:uai
̸=0

w2
ai

rai
(∵ rai = 1 for vectors in the path)

=
∑
a∈A

w2
a

ra
, (∵ wa = 0 =⇒ w2

a/ra = 0 for other vectors)

thus we have veri�ed that x0 ≥ ∥F⊤x∥22 implies constraint (13a), thus all constraints in (13) are

satis�ed.
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EC.5.7 Theorem 1

Theorem 1. If Assumption 1 holds, then cl conv(XF ,Z) = proj(x0,x,z)RF ,Z .

Proof. Consider an arbitrary optimization problem overXF ,Z , described in (5), and the optimization

of the same linear function over RF ,Z :

min
x,z,w,r

d⊤x+ c⊤z +
∑
a∈A

w2
a

ra
(EC.2a)

s.t. (13b)− (13e). (EC.2b)

We show that, under Assumption 1, both problems are equivalent: either both of them are un-

bounded, or there is an optimal solution of (EC.2) whose projection onto (x0,x, z) is also optimal

for (5) with the same objective value.

• If there does not exist δ ∈ Rm such that Fδ = d, then by Assumption 1 problem (5) is unbounded.

Since RF ,Z is a relaxation of XF ,Z by Proposition 7, problem (EC.2) is also unbounded.

• If there exists δ ∈ Rm such that Fδ = d, then by Assumption 1 problem (5) is not unbounded.

In this case we can rewrite (EC.2) as

min
x,z,w,r

δ⊤F⊤x+ c⊤z +
∑
a∈A

w2
a

ra
; s.t. (13b)− (13e)

=min
w,r

δ⊤

(∑
a∈A

uawa

)
+ c⊤

∑
a∈A
νa=1

eℓ(a)ra

+
∑
a∈A

w2
a

ra
s.t. (13d)− (13e)

by projecting out the original variables (x, z) using constraints (13b)-(13c). Observe that since

variables w no longer appear in any constraint, we �nd by taking derivatives with respect to wa

and setting to zero that w∗
a = − ra

2 δ
⊤ua is optimal for wa. Replacing w with their optimal values,

we �nd that problem (EC.2) reduces to

=min
r
−1

2

∑
a∈A

(
δ⊤ua

)2
ra +

∑
a∈A
νa=1

cℓ(a)ra +
1

4

∑
a∈A

(
δ⊤ua

)2
ra s.t. (13d)− (13e)

=min
r

∑
a∈A

(
cℓ(a)νa −

1

4

(
δ⊤ua

)2)
ra s.t. (13d)− (13e). (EC.3)
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Since constraints (13d)-(13e) are the constraints associated with the (unimodular) path polytope

and the objective function is linear in r, there exists an optimal solution that is integral in r and

represents a path in the graph G. Since the arc costs are precisely the arc lengths described in

Proposition 6, we �nd from this proposition that the optimal solution to this shortest path problem

corresponds to the optimal solution z̄ ∈ {0, 1}n of optimization problem (5), and that the two

problems have the same objective value. By repeating the same arguments of Proposition 7, we

�nd that ∑
a∈A

uawa ∈ Row (Diag(z̄)F )⇔
∑
a∈A

uawa = F⊤Diag(z̄)y

for some y ∈ Rm, and letting x̄ = Diag(z̄)y we obtain a solution for the continuous variables that

satis�es all constraints in XF ,Z .

EC.5.8 Proposition 8

Proposition 8. The number of nodes in the exact decision diagram for XF is O(nm).

Proof. From Proposition 5 (point 1), the non-zero transition vectors of any given path describe

an orthonormal basis of a subspace of Rm; thus, there can be at most m non-zero vectors on any

path. Moreover, matrix Gℓ
⊥(v) in point 2 of the proposition, and the overall state matrix H̄ℓ, is

determined by these non-zero vectors. Finally, note that any m non-zero vectors result in the same

space Rm with associated projection matrix Gℓ
⊥(v) = 0. It follows that at any given layer ℓ ≥ m

the maximum number of distinct states is 1 +
∑m−1

i=0

(
ℓ−1
i

)
= O(ℓm−1): one absorbing state, plus

one state for each choice of at most m − 1 non-zero rows of F[ℓ−1] (including the empty choice,

corresponding to the state F[ℓ:n]). Summing this bound over all n + 1 layers yields the desired

result.

EC.5.9 Lemma 3

Lemma 3. If supp(Q) is a connected rooted tree with n nodes and k leaves, then the number of

distinct minimal cuts in GQ is at most
(
n−1
k + 2

)k
.

Proof. We prove the claim by induction on the number of nodes. Let T = supp(Q), and let M(T )

denote the number of minimal cuts in its augmented graph.
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Base case If T consists of a single node, then n = k = 1. Its augmented graph is the path

s0�r�s1, where r is the root, and hence M(T ) = 2 = ((1− 1)/1 + 2)1.

Induction step Now suppose that the root r has d ≥ 1 children, and let T1, . . . , Td be the rooted

subtrees induced by those children. For each j ∈ [d], let nj and kj denote the numbers of nodes and

leaves of Tj , respectively. Thus,
∑d

j=1 nj = n− 1 and
∑d

j=1 kj = k.

We �rst claim that M(T ) = 1 +
∏d

j=1M(Tj). Let S be a minimal cut in the augmented graph

of T . If r /∈ S, then the connectivity of S, together with the fact that s0 is adjacent only to r,

implies that S = {s0}. Thus, there is exactly one minimal cut that does not contain the root.

Now suppose that r ∈ S. For each j ∈ [d], let Uj = S ∩ V (Tj) with V (Tj) denoting the node

set of Tj , and augment Tj by connecting a local source to its root and a local sink to all its leaves.

Then the local source together with Uj forms a minimal cut in this augmented graph. Its source

side is connected because S is connected and does not contain s1: for every node of Uj , the path

in S to r must pass through the root of Tj . Its sink side is also connected. Indeed, every node of

V (Tj) \Uj has a path to s1 in the complement of S. Since r ∈ S, this path cannot leave Tj through

its edge to r and must instead reach s1 through a leaf of Tj . It therefore induces a path to the local

sink in the augmented graph of Tj .

Conversely, choose independently a minimal cut in the augmented graph of each Tj , and let Uj

be the tree vertices on its source side. Then S = {s0, r}∪
⋃d

j=1 Uj is a minimal cut in the augmented

graph of T . Its source side is connected through r, and its sink side is connected because the sink

sides of the selected cuts become connected when their local sinks are identi�ed with s1. This proves

the claimed recursion.

By the induction hypothesis, M(Tj) ≤
(
nj−1
kj

+ 2
)kj

for every j ∈ [d]. The weighted arithmetic-

geometric mean inequality, with weights kj/k, therefore gives

d∏
j=1

M(Tj) ≤
d∏

j=1

(
nj − 1

kj
+ 2

)kj

≤

 d∑
j=1

kj
k

(
nj − 1

kj
+ 2

)k

=

(
2 +

n− 1− d
k

)k

.

Set x = 2 + n−1−d
k . Since n − 1 =

∑d
j=1 nj ≥ d, we have x ≥ 2. Moreover, the binomial theorem
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implies (
x+

d

k

)k

− xk ≥ kxk−1

(
d

k

)
= dxk−1 ≥ 1.

Hence,

M(T ) = 1 +

d∏
j=1

M(Tj) ≤ 1 + xk ≤
(
x+

d

k

)k

=

(
n− 1

k
+ 2

)k

,

which completes the induction.

EC.5.10 Theorem 2

Theorem 2. Suppose that supp(Q) is a connected tree. For any ℓ ∈ [2 : n] and v ∈ {0, 1}ℓ−1 let

S = Sℓ
1(v) be the associated one-cut. Then, in the decision diagram, the state matrix of the node

corresponding to assignment v is

Hℓ(v) = F[ℓ:n] −Q[ℓ:n],S (QS,S)
−1 FS .

Proof. Let S̄ = {i ∈ [ℓ− 1] : vi = 1} and let T = S̄ \S. We have S̄ = T ∪S. From De�nition 11 and

the discussion immediately following it, there is no edge in supp(Q) between S and T . Applying

Lemma 2 to v, whose support is S̄, we �nd that

Hℓ(v) = F[ℓ:n] −Q[ℓ:n],S̄

(
QS̄,S̄

)−1
FS̄

= F[ℓ:n] −Q[ℓ:n],S∪T (QS∪T,S∪T )
−1 FS∪T

(a)
= F[ℓ:n] −

[
Q[ℓ:n],S Q[ℓ:n],T

](QS,S)
−1 0

0 (QT,T )
−1


FS

FT


(b)
= F[ℓ:n] −Q[ℓ:n],S (QS,S)

−1 FS ,

where, in (a), we use the fact that QS,T = 0 to compute the inverse; moreover, in (b), we use the

fact that [ℓ : n] ⊂ S̃1(v) (see De�nition 11), and hence, Q[ℓ:n],T = 0. This completes the proof.
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EC.5.11 Corollary 1

Corollary 1. Suppose that supp(Q) is a connected rooted tree with k leaves. In this case, the

number of nodes in the decision diagram constructed according to the variable order induced by the

labeling of supp(Q) is at most n
(
n−1
k + 2

)k
= O

(
nk+1

)
.

Proof. By Theorem 2, the number of distinct states at any layer of the decision diagram is at

most the number of distinct one-cuts in GQ. Lemma 3 shows that the number of such cuts is

at most
(
n−1
k + 2

)k
. Therefore, each layer ℓ ∈ [2 : n] of the decision diagram contains at most(

n−1
k + 2

)k
distinct states, while layers 1 and n + 1 contain a single node each (the root and the

terminal node, respectively). The total number of nodes after merging identical states is thus at

most (n− 1)
(
n−1
k + 2

)k
+ 2 ≤ n

(
n−1
k + 2

)k
.

EC.5.12 Lemma 4

Lemma 4. Let S, T and V be a partition of [n], with S, T ̸= ∅ and V possibly empty, such that no

edge of supp(A) connects S and V , that is, AS,V = 0. Then

QS,T (QT,T )
−1 = − (AS,S)

−1AS,T .

Proof. Let T c = [n] \ T = S ∪ V , and let IS,T c denote the submatrix of the n× n identity matrix

with rows indexed by S and columns indexed by T c. Since A ≻ 0, the block AT c,T c is invertible,

and the Schur-complement identity for the inverse of a partitioned matrix, applied to Q = A−1,

yields

(QT,T )
−1 = AT,T −AT,T c (AT c,T c)−1AT c,T .

Moreover, consider the matrix-inverse identity

QA = I ⇔


QS,S QS,T QS,V

QT,S QT,T QT,V

QV,S QV,T QV,V



AS,S AS,T 0S,V

AT,S AT,T AT,V

0V,S AV,T AV,V

 =


IS,S 0S,T 0S,V

0T,S IT,T 0T,V

0V,S 0V,T IV,V


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The blocks of the matrix-inverse identity with rows indexed by S and columns indexed by T read

0S,T = QS,SAS,T +QS,TATT +QS,V AV,T = QS,TATT +QS,T cAT c,T

=⇒ QS,TATT = −QS,T cAT c,T .

Similarly, the blocks with rows indexed by S and columns indexed by T c read

(
IS,S 0S,V

)
=

(
QS,SAS,S +QS,TAT,S QS,TAT,V +QS,V AV,V

)
⇔
(
IS,S −QS,SAS,S 0S,V −QS,V AV,V

)
=

(
QS,TAT,S QS,TAT,V

)
⇔ IS,T c −QS,T cAT c,T c = QS,TAT,T c .

Combining these derived Schur complement and matrix inverse identities, we �nd that

QS,T (QT,T )
−1 = QS,TAT,T −QS,TAT,T c (AT c,T c)−1AT c,T

= −QS,T cAT c,T − (IS,T c −QS,T cAT c,T c) (AT c,T c)−1AT c,T

= −IS,T c (AT c,T c)−1AT c,T .

Finally, since AS,V = 0 and AV,S = 0, we may write AT c,T c =

AS,S 0

0 AV,V

, and thus

IS,T c (AT c,T c)−1 =

(
(AS,S)

−1 0

)
, leading to

−IS,T c (AT c,T c)−1AT c,T = −
(
(AS,S)

−1 0

)AS,T

AV,T

 = − (AS,S)
−1AS,T ,

thereby completing the proof; if V = ∅, the last step holds trivially with AT c,T c = AS,S .

EC.5.13 Theorem 3

Theorem 3. Suppose that supp(A) is a connected tree. For any ℓ ∈ [2 : n] and v ∈ {0, 1}ℓ−1, let

S = Sℓ
0(v) be the associated zero-cut and let Γ = ΓA(S) be the set of neighbors of S in supp(A).
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Then, in the decision diagram, the state matrix of the node corresponding to assignment v is

Hℓ(v) = F[ℓ:n] +
(
A−1

S,S

)
[ℓ:n]

AS,ΓFΓ,

where
(
A−1

S,S

)
[ℓ:n]

denotes the submatrix of A−1
S,S corresponding to rows with indices in [ℓ : n] ⊆ S,

and the second term is understood to be 0 if Γ = ∅.

Proof. Let T = {i ∈ [ℓ− 1] : vi = 1} and V = [n] \ (S ∪T ). By the properties of zero-cuts discussed

after De�nition 12, sets S, T and V indeed partition [n], and Γ ⊆ T (in turn implying that Γ∩V = ∅

and in particular there are no edges in supp(A) between S and V ).

First suppose that T = ∅, that is, v = 0ℓ−1. Then S = [n], Γ = ∅, and Lemma 2 gives

Hℓ(v) = F[ℓ:n], matching the claimed identity. In the remainder of the proof we assume T ̸= ∅.

By Lemma 2, we have

Hℓ(v) = F[ℓ:n] −Q[ℓ:n],T (QT,T )
−1 FT . (EC.4)

Since no edge in supp(A) connects S and V , Lemma 4 applies to the partition (S, T, V ). Restricting

the resulting identity to the rows indexed by [ℓ : n] ⊆ S, we �nd that

Q[ℓ:n],T (QT,T )
−1 = −

(
A−1

S,S

)
[ℓ:n]

AS,T .

Finally, since Γ ⊆ T and AS,{j} = 0 for every j ∈ T \Γ, we have AS,TFT = AS,ΓFΓ. Substituting

the last two identities into (EC.4) completes the proof.

EC.5.14 Corollary 2

Corollary 2. Suppose that supp(A) is a connected rooted tree with k leaves. Then the number of

nodes in the decision diagram constructed according to the node ordering induced by the labeling of

supp(A) is at most n
(
n−1
k + 2

)k
= O

(
nk+1

)
.

Proof. By Theorem 3, the number of distinct states at any layer ℓ of the decision diagram is at

most the number of distinct zero-cuts Sℓ
0(v). As discussed after De�nition 12, the map Sℓ

0(v) 7→
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Sℓ
0(v) ∪ {s0} assigns to each zero-cut a distinct minimal cut of GA, and by Lemma 3 there are at

most
(
n−1
k + 2

)k
such cuts. The result follows by summing over the layers of the diagram.

EC.5.15 Theorem 4

Theorem 4 (Summary of the main results of the section). Suppose that G = supp(Q)

or G = supp(Q−1) has polynomial volume growth with parameters γ, δ > 0, and that the associated

η-boundaries satisfy ωG(η) ≤ δ′ηγ
′
for all η ≥ 1, for some parameters γ′, δ′ > 0. Then, for every

ϵ > 0, there exists an ϵ-exact decision diagram for XF with the number of nodes bounded by

(n+ 1) · 2δ′η
γ′
ϵ ,

where ηϵ = O (log(1/ϵ)) with constants depending only on γ, δ and the extreme eigenvalues of Q.

Proof. The result follows by combining Corollary 3 (if G = supp(Q)) or Corollary EC.1 (if G =

supp(Q−1)) with the assumed bound on ωG(η), and by observing that the values of η prescribed in

(15) and (EC.8) satisfy η = O (log(1/ϵ)).

EC.5.16 Auxiliary lemmas and notation for Theorem 5 and Theorem EC.1

We record some useful structural properties of positive de�nite matrices. Let I ⊆ [n], and let V

and W be a partition of I, i.e., I = V ∪ W and V ∩ W = ∅. Denoting by S
def
= QII/QV V =

QWW −QWV Q
−1
V V QVW the Schur complement of QV V in QII , we have

QII =

QV V QVW

QWV QWW

 , (QII)
−1 =

Q−1
V V +Q−1

V V QVWS−1QWV Q
−1
V V −Q−1

V V QVWS−1

−S−1QWV Q
−1
V V S−1

 .

(EC.5)

The following lemma is borrowed from Bhathena et al. (2026) and characterizes the decaying struc-

ture of (QII)
−1.

Lemma EC.1 (Lemma 5 in Bhathena et al. 2026). Let Q ∈ Rn×n be a symmetric positive de�nite

matrix, and I ⊆ [n] any subset of its rows/columns. Let π : I → {1, . . . , |I|} be the canonical
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indexing map that assigns to each i ∈ I its corresponding row/column position within the submatrix

QII . For any i, j ∈ I, we have

∣∣∣∣((QII)
−1
)
π(i),π(j)

∣∣∣∣ ≤ C1σ
dsupp(Q)(i,j), (EC.6)

where C1
def
= 1

µmin(Q) max
{
1,

(1+
√
κ2)2

2κ2

}
.

Zero-padding convention A hat over a matrix indicates that a vector or matrix whose rows

and columns are indexed by subsets of [n] is zero-padded in the remaining coordinates, so that

sums and di�erences of quantities indexed by di�erent subsets are well de�ned. For instance, given

T ⊆ [n] and F ∈ Rn×m, the matrix F̂T ∈ Rn×m coincides with FT in the rows indexed by T and

is zero elsewhere; in particular, F̂T = Diag(z)F , where z ∈ {0, 1}n is the indicator vector of T .

Similarly, given S, T ⊆ [n] and M ∈ Rn×n, the matrix M̂S,T ∈ Rn×n coincides with MS,T in the

entries indexed by S × T and is zero elsewhere. Inverses are always taken before zero-padding:

for example, (M̂T,T )
−1 denotes the zero-padding of (MT,T )

−1, because the padded matrix itself is

singular whenever T ̸= [n].

EC.5.17 Theorem 5

Theorem 5. Fix any ℓ ∈ [2 : n] and i ∈ [ℓ : n], and consider v1,v2 ∈ {0, 1}ℓ−1 that are η-similar

in supp(Q) with respect to i. Then,

∥∥∥Hℓ(v1){i} −Hℓ(v2){i}
∥∥∥
2
≤
(
10µ3.5max(Q)

µ3min(Q)

)√
∆i,1∆i,η σ

η,

where Hℓ(v){i} is the row of the state matrix Hℓ(v) corresponding to index i.

Proof. We use in this proof the additional lemmas and notation introduced in EC.5.16. For s ∈

{1, 2}, let T (s) = {j ∈ [ℓ − 1] : (vs)j = 1} denote the support of vs; if T (s) = ∅, the corresponding

terms below are understood to vanish. Recall from Lemma 2 that

Hℓ(vs) = F[ℓ:n] −Q[ℓ:n],T (s) (QT (s)T (s))
−1 FT (s) .
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Therefore, using the zero-padding convention above, we have

Hℓ(v1){i} −Hℓ(v2){i} = Q̂{i},T (2)

(
Q̂T (2)T (2)

)−1

F̂T (2) − Q̂{i},T (1)

(
Q̂T (1)T (1)

)−1

F̂T (1)

=
(
Q̂{i},T (2) − Q̂{i},T (1)

)(
Q̂T (2)T (2)

)−1

F̂T (2)︸ ︷︷ ︸
:=A1

+ Q̂{i},T (1)

((
Q̂T (2)T (2)

)−1

−
(
Q̂T (1)T (1)

)−1
)
F̂T (2)︸ ︷︷ ︸

:=A2

+ Q̂{i},T (1)

(
Q̂T (1)T (1)

)−1 (
F̂T (2) − F̂T (1)

)
︸ ︷︷ ︸

:=A3

.

We bound each term in the above equation separately. First, we argue Q̂{i},T (2) = Q̂{i},T (1) , which in

turn implies A1 = 0. On the one hand, if j ∈ [n] satis�esQij = 0, then (Q̂{i},T (2))j = (Q̂{i},T (1))j = 0

and the equality for that entry j holds. On the other hand, if Qij ̸= 0 then d(i, j) ≤ 1 ≤ η, and

η-similarity of v1 and v2 ensures that j ∈ T (1) ∩ T (2), implying (Q̂{i},T (2))j = (Q̂{i},T (1))j = Qij .

Second, to bound A2, let V = {j ∈ [ℓ − 1] : (v1)j = (v2)j = 1, d(i, j) ≤ η} and W (s) = {j ∈

[ℓ − 1] : (vs)j = 1, d(i, j) > η} for s ∈ {1, 2}; By η-similarity, T (s) = V ∪W (s). Note also that

Q̂{i},T (1) is supported on V , since d(i, j) > η ≥ 1 implies Qij = 0 for j ∈ W (1). Denoting by

S(s) def
= QT (s)T (s)/QV V the corresponding Schur complements, invoking (EC.5) with the partition

T (s) = V ∪W (s), and observing that the terms involvingQ−1
V V alone cancel, straightforward algebraic

manipulation yields

∥A2∥2 ≤
∑

s∈{1,2}

(∥∥∥∥Q{i},V Q
−1
V V QVW (s)

(
S(s)

)−1

QW (s)V Q
−1
V V

∥∥∥∥
2

+

∥∥∥∥Q{i},V Q
−1
V V QVW (s)

(
S(s)

)−1
∥∥∥∥
2

)
∥FT (2)∥2

≤
∑

s∈{1,2}

(
1 + ∥QW (s)V ∥2

∥∥Q−1
V V

∥∥
2

) ∥∥Q{i},V Q
−1
V V QVW (s)

∥∥
2

∥∥∥∥(S(s)
)−1

∥∥∥∥
2

∥FT (2)∥2 .

Invoking Lemma 5, we have

max
{∥∥Q{i},V Q

−1
V V QVW (1)

∥∥
2
,
∥∥Q{i},V Q

−1
V V QVW (2)

∥∥
2

}
≤ 2µ2

max(Q)

µmin(Q)

√
∆i,1∆i,η σ

η.

Moreover, we have ∥FT (2)∥2 ≤ ∥F ∥2 ≤
√
µmax(Q), max{∥QVW (1)∥2 , ∥QVW (2)∥2} ≤ µmax(Q), and∥∥Q−1

V V

∥∥
2
≤ 1/µmin(Q). Furthermore, by properties of the Schur complement, we have µmin

(
S(s)

)
≥

µmin(QT (s)T (s)) ≥ µmin(Q), implying
∥∥(S(s))−1

∥∥
2
≤ 1/µmin(Q). Combining these bounds, we

obtain

∥A2∥2 ≤
8µ3.5max(Q)

µ3min(Q)

√
∆i,1∆i,η σ

η.
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Third, we bound A3. Since F̂T (2) − F̂T (1) is supported on W (1) ∪W (2) and Q̂{i},T (1) is supported on

V , using (EC.5) and straightforward algebra, we obtain

∥A3∥2 ≤
∥∥∥∥Q{i},V Q

−1
V V QVW (1)

(
S(1)

)−1
∥∥∥∥
2

∥∥∥F̂T (2) − F̂T (1)

∥∥∥
2

≤
∥∥Q{i},V Q

−1
V V QVW (1)

∥∥
2

∥∥∥∥(S(1)
)−1

∥∥∥∥
2

· 2 ∥F ∥2

≤ 2µ2.5max(Q)

µ2min(Q)

√
∆i,1∆i,η σ

η.

Combining the above bounds and noting that µ2.5
max(Q)

µ2
min(Q)

≤ µ3.5
max(Q)

µ3
min(Q)

completes the proof.

EC.5.18 Corollary 3

Corollary 3. Suppose supp(Q) has polynomial volume growth with parameters γ, δ > 0 (De�ni-

tion 13). Given any ϵ > 0, there exists an ϵ-exact decision diagram with at most (n + 1) · 2ωQ(η)

nodes, where ωQ(η) is the maximum size of the η-boundaries of supp(Q) (De�nition 15) and

η =

⌈
max

{
2 log(CQδ/ϵ)

log(1/σ)
,

2γ

log(1/σ)
,

(
γ

log(1/σ)

)2
}⌉

.

Proof. Consider the decision diagram obtained by merging, at every layer ℓ ∈ [2 : n + 1], all

nodes whose associated partial solutions coincide on the η-boundary Λη
ℓ ; this is precisely the

neighborhood merging implementation of merge announced in �5. The number of distinct nodes at

layer ℓ is then at most 2|Λ
η
ℓ | ≤ 2ωQ(η) and, since the diagram has n + 1 layers, its total size is at

most (n+ 1) · 2ωQ(η).

It remains to verify that the resulting diagram is ϵ-exact. By the discussion preceding the
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corollary, it su�ces to ensure that

CQ

√
∆1∆η σ

η ≤ ϵ⇐= CQδη
γ/2ση ≤ ϵ

⇐⇒ log
(
ηγ/2ση

)
≤ log

(
ϵ

CQδ

)

⇐⇒ 2 log(1/σ)

γ
· η − log(η) ≥

2 log
(
CQδ
ϵ

)
γ

(a)⇐= log(1/σ)

γ
· η ≥

2 log
(
CQδ
ϵ

)
γ

⇐⇒ η ≥
2 log

(
CQδ
ϵ

)
log(1/σ)

,

where in (a) we use Bhathena et al. (2026, Claim 1), which implies log(1/σ)
γ η ≥ log(η) for every

η ≥ max

{
1, 2γ

log(1/σ) ,
(

γ
log(1/σ)

)2}
. Therefore, if η is chosen according to (15), then all merged

nodes have state matrices within ∥·∥2,∞-distance ϵ of each other, completing the proof.

EC.5.19 Inverse-sparse structures

Next, we extend the results of �8.1 to the case where supp(Q−1) is sparse. As in �7.3, to streamline

the presentation, we de�ne A
def
= Q−1 throughout this section; all graph-related quantities (dis-

tances, neighborhoods, similarity and boundaries) are now computed with respect to G = supp(A).

Before proceeding, we present a slight generalization of Lemma 4, which does not require any

sparsity assumption.

Lemma EC.2. Let W and V be disjoint subsets of [n] with V ̸= ∅, and let V c = [n] \ V . Then,

QWV

(
QV V

)−1
= − IW,V c

(
AV cV c

)−1
AV cV , (EC.7)

where IW,V c denotes the submatrix of the n×n identity matrix with rows indexed by W and columns

indexed by V c.

Proof. The proof follows directly from the arguments provided in the proof of Lemma 4 in EC.5.12,

before the sparsity of A is invoked.

Next, we establish the analog of Theorem 5 for the case where supp(A) is sparse. Note that, in
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contrast with Theorem 5, the right-hand side of the bound involves the sizes of all neighborhoods of

radius at least η: since Q is in general dense in this setting, every row of the state matrix depends

on all decisions, and the in�uence of far-away decisions is controlled through the decay properties

of A.

Theorem EC.1. Fix any ℓ ∈ [2 : n] and i ∈ [ℓ : n], and consider v1,v2 ∈ {0, 1}ℓ−1 that are

η-similar in supp(A) with respect to i. Then,

∥∥∥Hℓ(v1){i} −Hℓ(v2){i}
∥∥∥
2
≤ 8µ2.5max(Q)

µ3min(Q)
C1

(
n∑

t=η

√
∆t σ

t

)
,

where C1
def
= 1

µmin(Q) max
{
1,

(1+
√
κ2)2

2κ2

}
.

Proof. This proof uses the auxiliary notation introduced in EC.5.16.

For s ∈ {1, 2}, let T (s) = {j ∈ [ℓ− 1] : (vs)j = 1} and T (s)
c = [n] \ T (s); note that [ℓ : n] ⊆ T (s)

c ,

and in particular i ∈ T (s)
c . Moreover, de�ne V = {j ∈ [ℓ− 1] : (v1)j = (v2)j = 1, d(i, j) ≤ η} and

W (s) = {j ∈ [ℓ− 1] : (vs)j = 1, d(i, j) > η} for s ∈ {1, 2}, so that T (s) = V ∪W (s) by η-similarity.

We begin with the following identity:

Hℓ(v1){i} −Hℓ(v2){i} =Q̂{i},T (2)

(
Q̂T (2)T (2)

)−1
F̂T (2) − Q̂{i},T (1)

(
Q̂T (1)T (1)

)−1
F̂T (1)

=I{i}

(
Â

T
(1)
c T

(1)
c

)−1
Â

T
(1)
c T (1)F̂T (1) − I{i}

(
Â

T
(2)
c T

(2)
c

)−1
Â

T
(2)
c T (2)F̂T (2) ,

where the �rst equality follows from Lemma 2, and the second equality follows from Lemma EC.2,

with I{i} denoting the i-th row of the n × n identity matrix. This identity leads naturally to a

decomposition similar to that used in the proof of Theorem 5:

Hℓ(v1){i} −Hℓ(v2){i} = I{i}

(
Â

T
(1)
c T

(1)
c

)−1 (
Â

T
(1)
c T (1) − Â

T
(2)
c T (2)

)
F̂T (1)︸ ︷︷ ︸

:=A1

+ I{i}

((
Â

T
(1)
c T

(1)
c

)−1

−
(
Â

T
(2)
c T

(2)
c

)−1
)
Â

T
(2)
c T (2)F̂T (1)︸ ︷︷ ︸

:=A2

+ I{i}

(
Â

T
(2)
c T

(2)
c

)−1

Â
T

(2)
c T (2)

(
F̂T (1) − F̂T (2)

)
︸ ︷︷ ︸

:=A3

.

We control each term separately, starting with A3. Observe that for every j ∈ V , we have
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(
F̂T (1)

)
j
=
(
F̂T (2)

)
j
, and therefore Â

T
(2)
c T (2)

(
F̂T (1) − F̂T (2)

)
= Â

T
(2)
c W (2)

(
F̂T (1) − F̂T (2)

)
W (2)

. Let

Γ(2) def
= ΓA

(
W (2)

)
∩ T (2)

c denote the set of nodes of T
(2)
c that are adjacent to W (2) in supp(A). For

every j ∈ T (2)
c \ Γ(2), we have

(
Â

T
(2)
c W (2)

)
j
= 0. Consequently,

∥A3∥2 ≤

∥∥∥∥∥
((

Â
T

(2)
c T

(2)
c

)−1
)

{i},Γ(2)

∥∥∥∥∥
2

∥∥∥ÂΓ(2)W (2)

∥∥∥
2

∥∥∥F̂T (1) − F̂T (2)

∥∥∥
2
.

Note that
∥∥∥F̂T (1) − F̂T (2)

∥∥∥
2
≤ 2 ∥F ∥2 ≤ 2

√
µmax(Q). and

∥∥∥ÂΓ(2)W (2)

∥∥∥
2
≤ ∥A∥2 = µmax(A) =

1/µmin(Q). Next, we control
∥∥∥((Â

T
(2)
c T

(2)
c

)−1){i},Γ(2)

∥∥∥
2
. Since every j ∈ Γ(2) is adjacent to a node

at distance greater than η from i, we have d(i, j) ≥ η for every j ∈ Γ(2). Let Mt be the set of nodes

at distance exactly t from i. Then, we have

∥∥∥∥∥
((

Â
T

(2)
c T

(2)
c

)−1
)

{i},Γ(2)

∥∥∥∥∥
2

≤
n∑

t=η

√
|Mt|C1σ

t ≤ C1

(
n∑

t=η

√
∆t σ

t

)
,

where the �rst inequality follows by grouping the columns of Γ(2) according to their distance from

i and applying Lemma EC.1 to the positive de�nite matrix A
T

(2)
c T

(2)
c
. Combining these bounds, we

obtain

∥A3∥2 ≤
2
√
µmax(Q)

µmin(Q)
C1

(
n∑

t=η

√
∆t σ

t

)
.

We now turn to controlling A1. Let M≤η denote the set of nodes of supp(A) whose distance

from i is at most η, and letM>η
def
= [n]\M≤η. By the η-similarity assumption, we have T (1)∩M≤η =

T (2)∩M≤η, which implies T
(1)
c ∩M≤η = T

(2)
c ∩M≤η. Consequently, for every j such that d(i, j) ≤ η−1

(so that j and all of its neighbors belong to M≤η), the rows
(
Â

T
(1)
c T (1)

)
j
and

(
Â

T
(2)
c T (2)

)
j
coincide.

Using this observation, and letting M≥η
def
= {j ∈ [n] : d(i, j) ≥ η}, we can write

∥A1∥2 ≤

∥∥∥∥∥
((

Â
T

(1)
c T

(1)
c

)−1
)

{i},M≥η

∥∥∥∥∥
2

(∥∥∥ÂM≥ηT (1)

∥∥∥
2
+
∥∥∥ÂM≥ηT (2)

∥∥∥
2

)∥∥∥F̂T (1)

∥∥∥
2

≤
2
√
µmax(Q)

µmin(Q)

n∑
t=η

∥∥∥∥∥
((

Â
T

(1)
c T

(1)
c

)−1
)

{i},Mt

∥∥∥∥∥
2

≤
2
√
µmax(Q)

µmin(Q)
C1

(
n∑

t=η

√
∆t σ

t

)
,
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where the last inequality again follows from Lemma EC.1.

Finally, we control A2. Let Vc = {j ∈ [ℓ − 1] : d(i, j) ≤ η, j /∈ V } denote the decided nodes

near i that are �xed to zero, for s ∈ {1, 2} let W (s)
c = {j ∈ [ℓ − 1] : d(i, j) > η, j /∈ W (s)} denote

the decided nodes far from i that are �xed to zero in vs, and de�ne Ṽ
def
= [ℓ : n] ∪ Vc. With these

de�nitions, T
(s)
c = Ṽ ∪W (s)

c and we can express

A
T

(1)
c T

(1)
c

=

 AṼ Ṽ A
Ṽ W

(1)
c

A
W

(1)
c Ṽ

A
W

(1)
c W

(1)
c

 , A
T

(2)
c T

(2)
c

=

 AṼ Ṽ A
Ṽ W

(2)
c

A
W

(2)
c Ṽ

A
W

(2)
c W

(2)
c

 ,

where the two matrices share the block AṼ Ṽ and i ∈ Ṽ . We may therefore apply (EC.5) to both

inverses; since the terms involving (AṼ Ṽ )
−1 alone cancel, and denoting by P (s) def

= A
T

(s)
c T

(s)
c
/AṼ Ṽ

the corresponding Schur complements, proceeding analogously to the proof of Theorem 5, we obtain

∥A2∥2 ≤

∥∥∥∥∥
((

Â
T

(1)
c T

(1)
c

)−1

−
(
Â

T
(2)
c T

(2)
c

)−1
)

{i}

∥∥∥∥∥
2

∥∥∥Â
T

(2)
c T (2)

∥∥∥
2

∥∥∥F̂T (1)

∥∥∥
2

≤
√

µmax(Q)

µmin(Q)

2∑
s=1

(∥∥∥∥((AṼ Ṽ )−1)
{i}AṼ W

(s)
c

(
P (s)

)−1

A
W

(s)
c Ṽ

(AṼ Ṽ )−1

∥∥∥∥
2

+

∥∥∥∥((AṼ Ṽ )−1)
{i} AṼ W

(s)
c

(
P (s)

)−1
∥∥∥∥
2

)
.

Upon de�ning Γ
(s)
c as the set of nodes of Ṽ that are adjacent to W

(s)
c in supp(A), we note that(

A
Ṽ W

(s)
c

)
j
= 0 unless j ∈ Γ

(s)
c , and that every j ∈ Γ

(s)
c satis�es d(i, j) ≥ η. Hence, by the same

argument used to bound A3,

∥∥∥∥((AṼ Ṽ

)−1
)
{i}

A
Ṽ W

(s)
c

∥∥∥∥
2

≤
∥∥∥∥((AṼ Ṽ

)−1
)
{i},Γ(s)

c

∥∥∥∥
2

∥∥∥A
Γ
(s)
c W

(s)
c

∥∥∥
2
≤ 1

µmin(Q)
C1

(
n∑

t=η

√
∆t σ

t

)

for s ∈ {1, 2}. Combining this bound with our expression for A2, and using

∥∥∥∥(P (s)
)−1

∥∥∥∥
2

≤ 1

µmin(A)
= µmax(Q) and

∥∥∥A
W

(s)
c Ṽ

(
AṼ Ṽ

)−1
∥∥∥
2
≤ µmax(A)

µmin(A)
=
µmax(Q)

µmin(Q)
,

we conclude that

∥A2∥2 ≤
4µ2.5max(Q)

µ3min(Q)
C1

(
n∑

t=η

√
∆t σ

t

)
.

Finally, since κ2 ≥ 1, √
µmax(Q)

µmin(Q)
≤ µ2.5max(Q)

µ3min(Q)
.
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Combining this inequality with the bounds on A1, A2, and A3 completes the proof.

As in the case where supp(Q) is sparse, Theorem EC.1 implies that all partial solutions that

coincide on the η-boundary Λη
ℓ of supp(A) are η-similar with respect to every i ∈ [ℓ : n], and thus

satisfy

∥∥∥Hℓ(v1)−Hℓ(v2)
∥∥∥
2,∞
≤ C ′

Q

(
n∑

t=η

√
∆t σ

t

)
, where C ′

Q
def
=

8µ2.5max(Q)

µ3min(Q)
C1.

This leads to the following counterpart of Corollary 3.

Corollary EC.1. Suppose supp(A) has polynomial volume growth with parameters γ, δ > 0 (De�-

nition 13). Given any ϵ > 0, there exists an ϵ-exact decision diagram with at most (n+ 1) · 2ωA(η)

nodes, where ωA(η) is the maximum size of the η-boundaries of supp(A) and

η =

max

2 log
(
C ′

Q

√
δ/ϵ
)
+ 2 log (1/(1−

√
σ))

log(1/σ)
,

2γ

log(1/σ)
,

(
γ

log(1/σ)

)2

 . (EC.8)

Proof. As in the proof of Corollary 3, consider the diagram obtained by merging, at every layer ℓ,

all nodes whose partial solutions coincide on the η-boundary Λη
ℓ of supp(A) (again, neighborhood

merging); its size is at most (n + 1) · 2ωA(η), and it su�ces to verify that the merged states are

within ∥·∥2,∞-distance ϵ. We have

C ′
Q

(
n∑

t=η

√
∆t σ

t

)
≤ ϵ⇐= C ′

Q

√
δ

(
n∑

t=η

tγ/2σt

)
≤ ϵ

(a)⇐= C ′
Q

√
δ

(
n∑

t=η

σt/2

)
≤ ϵ

⇐= C ′
Q

√
δ ση/2

( ∞∑
t=0

(
√
σ)t

)
≤ ϵ

⇐⇒

(
C ′
Q

√
δ

1−
√
σ

)
ση/2 ≤ ϵ

⇐= η ≥
2 log

(
C ′
Q

√
δ/ϵ
)
+ 2 log (1/(1−

√
σ))

log(1/σ)
,

where in (a), we again use Bhathena et al. (2026, Claim 1), which implies tγ/2 ≤ σ−t/2 for every

t ≥ η, provided that η ≥ max

{
1, 2γ

log(1/σ) ,
(

γ
log(1/σ)

)2}
. Therefore, if η is chosen according to
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(EC.8), all merged nodes have state matrices within ∥·∥2,∞-distance ϵ of each other, completing the

proof.

As in the sparse case, the value of η in (EC.8) is independent of n and grows only logarithmically

in 1/ϵ; thus, the size of the ϵ-exact decision diagram scales linearly in n, multiplied by the boundary

factor 2ωA(η). In particular, if A = Q−1 is banded with bandwidth k, then ωA(η) ≤ kη and the size

is polynomial in 1/ϵ. We emphasize that, in contrast with the case of supp(Q), this constitutes a

new result even in the banded case.

EC.5.20 Proposition 9

Proposition 9. Suppose that Q ≻ 0, let δ ∈ Rm satisfy Fδ = d, and let Dϵ be an ϵ-exact decision

diagram obtained via neighborhood merging as in Corollary 3 or Corollary EC.1, with arc lengths

de�ned as in Proposition 6 using the states stored in the diagram. For z ∈ Z, let L(z) denote the

length of the unique root�terminal path of Dϵ encoding z and gn+1(z) is the actual objective value

associated with z. Then

∣∣L(z)− gn+1(z)
∣∣ ≤ ∥δ∥22√

µmin(Q)
nϵ ∀z ∈ Z.

Proof. First, we claim that every node of Dϵ stores the exact state of some partial solution belonging

to its merging class. Indeed, the root stores F , and if a node of layer ℓ stores Hℓ(w̄) for a member

w̄ of its class, then its children store the exact states Hℓ+1((w̄, z̄)) for z̄ ∈ {0, 1}. Moreover, (w̄, z̄)

belongs to the class of the corresponding child: every j ≤ ℓ − 1 in Λη
ℓ+1 belongs to Λη

ℓ as any

i ∈ [ℓ + 1 : n] with d(i, j) ≤ η also belongs to [ℓ : n], and on these coordinates all members of the

parent class agree, while coordinate ℓ equals z̄ for all partial solutions reaching the child.

Now �x z ∈ Z and a layer ℓ with zℓ = 1, let v = z[ℓ−1], and let v̄ be the class member whose

exact state is stored at the node of layer ℓ visited by the path encoding z. Since v and v̄ coincide

on Λη
ℓ , they are η-similar with respect to every i ∈ [ℓ : n] and, by the choice of η in (15) or (EC.8),

the �rst rows h and h̄ of Hℓ(v) and Hℓ(v̄) satisfy ∥h − h̄∥2 ≤ ϵ. We next argue that ∥h∥22 and

∥h̄∥22 are bounded below by µmin(Q). Indeed, since h⊤ is the �rst row of Hℓ(v) = F[ℓ:n]G
ℓ
⊥(v)

(Proposition 5), we have h⊤ = f⊤
ℓ (I−G), where fℓ is the ℓ-th row of F and G = I−Gℓ

⊥(v) is the
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orthogonal projection matrix onto Row(Fv); since I −G is symmetric and idempotent, it follows

that ∥h∥22 = f⊤
ℓ (I−G)fℓ. Letting T = {j ∈ [ℓ−1] : vj = 1} and expressing G = F⊤

T (FTF
⊤
T )−1FT

(Proposition 1), the identities FTF
⊤
T = QTT and FTfℓ = QT,{ℓ} yield

∥h∥22 = f⊤
ℓ (I − F⊤

T (FTF
⊤
T )−1FT )fℓ = Qℓℓ −Q{ℓ},T (QTT )

−1QT,{ℓ},

which is precisely the diagonal entry corresponding to index ℓ of the Schur complement QII/QTT

with I = [n]. Moreover, by (EC.5) applied with V = T and W = [n] \ T , the inverse of this Schur

complement is a principal submatrix of Q−1: its largest eigenvalue is thus at most µmax(Q
−1) =

1/µmin(Q), and every diagonal entry of the Schur complement is at least µmin(Q). The same

argument applies to h̄, with v̄ in place of v. A direct computation then shows that the normalized

vectors satisfy
∥∥∥ h
∥h∥2 −

h̄
∥h̄∥2

∥∥∥
2
≤ 2ϵ√

µmin(Q)
. Therefore, the lengths of the corresponding arcs of Dϵ

and of the exact decision diagram di�er by at most

1

4

∣∣∣∣(δ⊤ h̄
∥h̄∥2

)2
−
(
δ⊤ h

∥h∥2

)2∣∣∣∣ ≤ 1

2
∥δ∥22

∥∥∥ h̄
∥h̄∥2 −

h
∥h∥2

∥∥∥
2
≤ ∥δ∥22√

µmin(Q)
ϵ.

Arcs with z̄ = 0 have identical lengths in both diagrams, and each root�terminal path contains at

most n arcs with z̄ = 1; since, by Proposition 6, the length of the path encoding z in the exact

diagram is gn+1(z), summing the per-arc errors yields the claim.
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