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Feature-based newsvendor models use observable covariates to tailor inventory decisions, aiming to balance hold-
ing and shortage costs under demand uncertainty. However, high-dimensional feature sets often hinder inter-
pretability and inflate data collection and implementation costs. This paper studies variable selection for the
feature-based newsvendor problem under a hard cardinality constraint on the number of selected features. We
formulate the resulting ¢y-constrained empirical newsvendor problem with /;-regularization, establish its computa-
tional hardness, and develop a mixed-integer second-order cone programming reformulation that strengthens the
standard Big-M formulation. To enable scalability beyond exact optimization, we develop a randomized-rounding
algorithm with a bi-criteria guarantee and a greedy heuristic. Statistically, we provide theoretical analysis of the
resulting sparse policy estimator, including finite-sample estimation error, out-of-sample risk bounds, and support
recovery guarantees. Extensive experiments on both synthetic and real data illustrate the computational and sta-
tistical trade-offs among various baselines. Our results demonstrate that the proposed variable selection framework

achieves competitive out-of-sample operational costs while using substantially fewer covariates.

1. Introduction

The newsvendor problem is a classic inventory model that seeks to determine the optimal
order quantity by balancing the cost of overstocking and understocking in the face of random
demand. It is crucial to obtain an accurate estimate of customer demand, which is influenced
by a multitude of features, including weather, time, location, and economic conditions. In the
big data era, leveraging available data that pairs these influential features (covariates) with
corresponding demand observations enables us to make data-driven predictions of future
customer demand and more reliable decisions, while ignoring the presence of covariates can

lead to inconsistent decisions [3].

A natural paradigm for incorporating features into decision-making is contextual stochastic
optimization (CSO) [31]. Broadly speaking, CSO can be divided into three classes: decision-
rule optimization [27, 3], estimate-then-optimize [5], and integrated estimation and opti-
mization [14, 21, 30]. In this paper, we focus on the decision-rule optimization approach,
aiming to learn an end-to-end mapping from features to decisions. Linear decision rules are

attractive because of their simplicity and tractability [3], but they may not capture complex



feature-to-decision relationships. To improve out-of-sample performance , nonlinear decision

rules based on kernel methods [6, 28] and deep learning [29, 40, 20] have also been studied.

Despite this progress, the interpretability of learned decision rules has received compara-
tively less attention. In many applications, only a small subset of features is truly decision-
relevant. Identifying such features can improve interpretability, reduce data collection and
monitoring costs, simplify downstream implementation, and improve robustness when irrel-
evant features are noisy or unstable. This motivates us to consider variable selection for

feature-based newsvendor models.

Variable selection has been extensively studied in statistics and machine learning
through sparsity-inducing formulations, including Lasso [33], bridge-type penalties [19], the
smoothly clipped absolute deviation (SCAD) penalty [37, 16], and the minimax concave
penalty (MCP) [39]. These methods can be viewed as tractable surrogates for the ideal but
computationally challenging /,-constrained formulation. Convex penalties are typically easier
to optimize, whereas nonconvex penalties may achieve sharper statistical properties but are

harder to solve globally. In this paper, we study the following question:

How can we efficiently solve variable selection for feature-based newsvendor and

what statistical guarantees can be established?
Our contributions are summarized as follows.

(D Exact and approximation algorithms. For the variable selection problem, we add an
ly-norm regularization and reformulate it as a mixed-integer second-order cone pro-
gram (MISOCP). Compared with the standard Big-M approach for variable selection,
our MISOCP formulation yields a tighter continuous relaxation and enables a more effi-
cient algorithm design. Based on the reformulation, we further develop two efficient
approximation algorithms and show that the randomized-rounding method admits a
bi-criteria guarantee.

(IT) Statistical guarantees. Under the assumption that demand has sparse and linear
dependence on features, we establish the concentration error bound between our esti-
mated policy and the ground truth optimal policy, as well as the out-of-sample perfor-
mance and support recovery guarantees. These performance bounds break the curse
of dimensionality because they crucially depend on the sparsity level instead of the

data dimension.
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(III) Numerical validation. We compare the exact optimization methods, randomized-
rounding, greedy, and Lasso-based approaches using synthetic and retail data, illus-

trating their computational and statistical trade-offs.

1.1. Related Works

Data-Driven Newsvendor. The classical newsvendor model assumes that the demand dis-
tribution is known, whereas modern data-driven approaches learn ordering policies directly
from historical data. Early work along these lines includes operational-statistics-based
approaches [27] and feature-based linear policies for the big-data newsvendor [3]. Sub-
sequent work has developed richer data-driven models based on quantile regression and
machine learning [20], reproducing kernel Hilbert space (RKHS)-based policy classes [6, 5],
and deep neural networks [29, 40]. Serrano et al. [32] provided a variable selection frame-
work for the feature-based newsvendor problem. They select key features by adding the spar-
sity budget constraint to the objective and tune penalty parameters using bilevel optimiza-
tion. Our work contributes to this literature by studying hard-cardinality-constrained policy

learning and by providing both computational and statistical guarantees.

Quantile Regression. A fundamental observation in the newsvendor problem is that the
optimal order quantity is a conditional quantile of the demand distribution. This connection
links contextual newsvendor problems closely to quantile regression, beginning with the sem-
inal work of Koenker and Bassett [23]. Quantile-regression-based methods have been used
successfully in feature-based newsvendor models [20]. In high-dimensional settings, sparse
quantile regression has been studied under both /;-regularized and /¢,-type formulations
[4, 13]. The study in this paper can be interpreted as an fy-constrained and /¢,-regularized

empirical quantile regression problem.

Variable Selection. Variable selection is a central topic in statistics and machine learn-
ing. Classical approaches promote sparsity through penalized formulations [33], or through
greedy and local-search methods [24, 26, 38, 25, 10] that approximately solve ¢,-constrained
optimization problems. Although ¢-constrained formulations are generally NP-hard and com-
putationally challenging in the worst case, they often perform well in high-dimensional,
small-sample, and low-signal-to-noise settings [7, 1, 38]. This motivates the development of

scalable algorithms for directly solving the /y-constrained variable-selection problem for the
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newsvendor model, as well as theoretical analyses that quantify the optimality gap of approx-
imation algorithms. Compared with classical sparse ridge regression, our problem is further
complicated by an empirical loss that is piecewise linear and asymmetric. To address these
challenges, we combine perspective reformulations and support-selection algorithms with a

statistical analysis tailored to the quantile-regression structure of the newsvendor loss.

Notations. For real numbers a, b, we let a \V b = max{a, b}. Given a positive integer n, define
[n] = {1,...,n}. For a distribution function F(-), we denote F~'(p) = inf{z e R: F(x)>
p},p €[0,1]. Given an event F, define 15(x) =1 if x € E and otherwise 15 = 0. For a vector
s € R", we use sli] to denote its i-th component, and define its £o-norm ||s{lo = 3,1, Lsfil0-
Given an m x n matrix X and a set S C [n], let X¢ denote the submatrix of X with columns
from the set S. Given a set F, let Conv(F) denote its convex hull, i.e., the smallest convex

set containing F.

2. Problem Setup

The newsvendor problem seeks to solve the following stochastic optimization problem:
m>igl E[bmax{y — 2,0} + hmax{z —y,0}], @))

where the expectation is taken with respect to the random demand y, z denotes the order
quantity, and b, h represent the unit back-ordering and holding costs, respectively. A central

challenge in solving (1) is that the underlying demand distribution is typically unknown.

In the context of big data, auxiliary features can be used for accurate demand estimation.
Let z € RP denote a feature vector. For a given z, the optimal order quantity can be expressed

as a function f(x) with

f(x)= argfgin {me [bmax{y — 2,0} + hmax{z — y,0}] }

Rather than first estimating the conditional demand distribution and then solving the result-
ing newsvendor problem, one can directly learn an end-to-end policy function f that maps
features to decisions by solving the following contextual stochastic optimization (CSO) prob-

lem:

tmin B [pmax{y - f(2),0} + hmax{f(z) - y.0}] 2)



The choice of the function class F critically influences both computational tractability and

out-of-sample performance. In this paper, we focus on sparse linear decision rules of the form
F={f@)=wTz+c: weR ceR [l <d}.

The ¢y-constraint ensures that at most d covariates actively affect the decision, thereby facil-
itating interpretable and explainable policies. Under the linear decision-rule model, the sub-
problem associated with each fixed support is a convex optimization and therefore enables
us to develop mixed-integer convex program reformulations for our variable selection frame-

work. This framework can be extended to nonlinear decision rules through basis expansion.

REMARK 1 (LINEAR DEMAND MoDEL). Consider the linear demand model y = (w*)'x + ¢,
where € is a random variable independent of x with cumulative distribution function F..
Let 7 =b/(b+ h). The optimal feature-dependent newsvendor decision is the conditional 7-
quantile of y given z, namely f*(z) = (w*)"z+ F_'(7). Under this linear demand model, the
slope in the linear decision rule recovers the true coefficient w*, while the intercept estimates

the 7-quantile of the noise.

REMARK 2 (NONNEGATIVITY OF ORDER QUANTITIES). The optimal newsvendor decision has
the nonnegative constraint. For the linear decision rule approach, we clip the estimated opti-
mal order quantity to zero if it is negative. When demand is always non-negative, this pro-
cedure does not increase the newsvendor loss. In the main analysis, we focus on the uncon-

strained formulation in (2) for simplicity.

The objective in (2) involves the population expectation under the joint distribution of
(z,y). In practice, however, only independent and identically distributed (i.i.d.) samples
{(z;,y;)}, are available. We therefore replace the population expectation with the empirical
average and include an /5-regularization term to improve both computational tractability and
out-of-sample performance, which will be discussed in later sections. In summary, it leads to

the optimization problem

n

1 1

min Flw,c):=— [b-max 0,1, —w' x; —c}+h-max{0,w z; +c—y | + —|wl?,
wye: ||wllo<d (w,c) n ; 0.y } { Yi} 27” 12
(3)

Problem (3) is nonconvex because of the /y-constraint, and is therefore generally difficult

to solve. In fact, we show that it is NP-hard by a reduction from the exact cover by 3-sets

problem. Its proof is provided in Appendix EC.1.
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ProrosiTioN 1 (Computational Hardness). For fixed ~,b,h > 0, Problem (3) is NP-hard

whenever the sparsity level d is part of the input.

Problem (3) is also related to sparse quantile linear regression. Indeed, it is equivalent to

, b+h) - !
min {( )ZpT(yZ—(wT.Q?Z‘I‘C))+%HWH§}7
i=1

w,c: [|wllo<d n

b
b+h

the feature-based newsvendor is equivalent to estimating sparse coefficients that minimize

where 7 = and p,(u) = U(T — 1{u<0}). In other words, the goal of variable selection for

the /y-regularized empirical quantile regression loss.

The remainder of the paper is organized as follows. In Section 3, we present a mixed-
integer second-order cone reformulation of Problem (3), which can be solved exactly for
medium-sized instances. In Section 4, we develop two approximation algorithms with perfor-
mance guarantees. In Section 5, we establish statistical guarantees for the proposed approach,

including consistency, sample complexity, and support recovery.

3. Exact Computational Algorithms

In this section, we develop exact algorithms for solving Problem (3) to global optimality.
A standard approach is the Big-M reformulation proposed by Dai [13], which converts the

sparsity-constrained problem into a mixed-integer convex program.

Big-M Method. Recall that the constraint ||w||o < d requires that at most d entries of w be
nonzero. To model the support of w, we introduce a binary vector s € {0,1}”, where s[i] = 1
indicates that w[i] is allowed to be nonzero. Equivalently, we impose 1{w[i] # 0} < s[i],i €
[D]. Assume there exists a vector M € R? such that |w[i]| < M][i],i € [D], for some optimal
solution w. Then the logical constraint can be equivalently enforced by the linear inequality

|wli]| < M[i] s[i],i € [D]. This observation leads to the following reformulation of Problem (3).
ProprosITION 2 (Big-M reformulation [13]). Assume there exists a vector M € Rff such that
an optimal solution w* to Problem (3) satisfies |w*[i]| < M][i|, Vi € [D]. Then Problem (3) is
equivalent to

1 < 1
min - Z [bmaX{O, yi —w' x; —c}+hmax{0, w' z;+c—y}| + gHng

w,c,S —1
st. Y sli]<d, se{0,1}", (Big-M)
1€[D]

wli]| < M[i]sli],  Vie[D].
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Big-M method is standard but often computationally expensive for large-scale mixed-integer
problems. In practice, such formulations are typically solved by branch-and-bound, which
repeatedly solves convex relaxations. A major difficulty is that the Big-M formulation usually
yields a weak relaxation: the optimality gap between (Big-A/) and its continuous relaxation,

obtained by replacing s € {0, 1}? with s € [0, 1]”, can be substantial.

Some heuristics can help derive tight bounds of M and improve numerical performance.
For example, let (wy, o) be a near-optimal solution to Problem (3), which can be obtained
using some tractable algorithms outlined in Section 4. Any optimal solution to Problem (3)

satisfies that

||W*H% <F(w* C*) <F(w0 CO)-
27 — ) — )
Based on this relation, the vector M with M[i| = \/2vF(wo, o), € [D] is a valid choice

because |w*[i]| < ||w*||2 < M i]. However, solving the Big-M formulation remains challenging

for large-scale datasets.

Motivated by this limitation, we next introduce an alternative reformulation that is more
computationally tractable. We show that it has a tighter convex relaxation than the Big-M

approach and is therefore better suited for exact computation.

Perspective Reformulation. We introduce a stronger reformulation than the Big-M
approach, based on the perspective function. To this end, we first rewrite the quadratic reg-

. . . . TR . D.
ularization term by introducing auxiliary variables p € RY:

%HWHS — min {M;w[i]z < puli], Vie [D]}

Therefore, Problem (3) is equivalent to the following extended Big-M formulation:

SRS Irain
- b- 0,y —w'm; — h- 0,w'm;i+c—y; ;
Cu1rrc1lsnﬂ n;[ max{0,y; —w x; —c} +h -max{0,w x; +c y}} + o (4a)
st. Y slil<d, se{0,1}", (4b)
j€[D]
(wlg], sli], uli]) € S5, Vi e[D], (40)

where for each coordinate j € [D], define the set

8= {(wli], sl ulj]) € R x {0, 1} x Ry sl < ), el < M1 sls] }.
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Giinliik and Linderoth [18] have characterized the convex hull of S; as

Conv(8;) = { (@il slil, uli]) € R x 0,1] x Ry :wlj* < pulslj, wli]] < M) sl }-
By convexifying the constraint (4c), we can obtain the perspective reformulation of (3).

ProrosiTION 3 (Perspective Reformulation). Under the same condition as in Proposition 2,

Problem (3) is equivalent to

1 & 1
wr,rcl,isl}u E Z [b . maX{Ov Yi — WTxi - C} +h- maX{Oa wai +c— yl}] + a Z :u[j]v
i=1 JE[D]
s.t. Z s[j]<d, s€{0,1}7,
Je[D]
(wlj], sl4], ulj]) € Conv(S;), Vi€ [D].
(Perspective)

Since the constraint w(j]? < u[j] s[j] is representable by a rotated second-order cone when
s[j] > 0 and p[j] > 0, Problem (Perspective) is a mixed-integer second-order cone pro-
gram (MISOCP). The following theorem compares the Big-M and perspective formulations.

Its proof follows techniques in [38] and is provided in Appendix EC.2.

THEOREM 1 (Strength of Perspective Reformulation). (I) The mixed-integer formula-
tions (4) and (Perspective) are equivalent, and hence have the same optimal value;
(ID Let VrB &M and VPers denote the optimal values of the continuous relaxations of (Big-M)

el rel

and (Perspective), respectively. It always holds that V2™ < yPers,

rel rel

REMARK 3 (PERSPECTIVE REFORMULATION IS STRICTLY STRONGER). We provide an exam-
ple to show that the perspective reformulation is strictly stronger. Take D = 2,d =
1,b=h =1n=4,M = 2,7 = 1. Assume that one has access to four data samples:
{(e1,1),(—e1,—1),(e2,1),(—ez,—1)}, where e, e, denote the unit vectors in R?. In this case,

it is easy to verify VEEM — (.75 and Vs = 0.875. Hence, this problem instance ensures that

rel rel
Big-M Pers
V;el < ‘/rel .

In summary, perspective reformulation is preferred to the Big-M method in two ways.
First, Theorem 1 together with Remark 3 explains that the perspective reformulation is more
computationally efficient. Since its continuous relaxation is tighter than that of the Big-M

formulation, a branch-and-bound solver typically explores fewer nodes and converges faster
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in practice. Second, it is difficult to derive valid and tight Big-M constants for solving both
formulations, and using overly conservative Big-M constants makes the formulations numer-
ically ill-conditioned to solve. Even if we drop the constraints |w[j]| < M[j]s[j],j € [D] in
Problem (Perspective), it is still a valid reformulation of Problem (3) and computationally
tractable, leading to the following Big-M-free reformulation:

1o 1
min — E [bmaX{O, y; —w' x;—ct+hmax{0, w' z; +c— yz}} + > E wlj]
wesu N4 v -

=1 J€[D]

sty slil<d, sef{0,1}”,
Jje[D]

Wlil? < ulilsfili€ D], peR?.
(Big- M -free-Perspective)

4. Scalable Approximation Algorithms

In this section, we study two scalable approximation algorithms to obtain near-optimal solu-

tions to Problem (3) and build their performance guarantees.

4.1. Continuous Relaxation with Randomized Rounding

Our first approach is motivated by the MISOCP (Big-M -free-Perspective). Its continuous
relaxation replacing the binary constraint s € {0,1}” with s € [0, 1]” becomes a convex pro-
gram, and can be efficiently solved using off-the-shelf solvers. Then, we estimate the support
of sparse regression coefficients using a randomized rounding scheme. See Algorithm 1 for

detailed implementation.

We provide performance guarantees for this computationally efficient algorithm below. Let
X=(x1,...,2,)" € R"™P be the data matrix. For k € [D], define

) := max Opax(XsX1),
k Tgl‘:fga(SS)

where o0,,,.«(+) denotes the maximum singular value. Due to the randomized rounding proce-
dure, the support size of the estimated regression coefficient may not satisfy the sparsity bud-
get. The following theorem provides the bi-criteria approximation guarantee of Algorithm 1.
It proves that with high probability, the selected support is only moderately larger than d,

while the objective value is within an additive tolerance of the optimal value.
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Algorithm 1 Continuous Relaxation with Randomized Rounding for Problem (3)
Input: Data {(z;,y;)}!,, sparsity budget d, regularization parameter -y

1: Solve the continuous relaxation of (Big-) -free-Perspective) and obtain an optimal solu-
tion (0, ¢, s, 1)

2: Initialize set S =)

3: fori=1,...,D do

4: Sample an uniform number U on [0, 1].

5: Update S =S U {i} if U <35[i].

6: end for

7: Obtain (@, ¢) as the optimal solution to arg min {F(w, c): wli]=0ifi¢ S }

w,c

8: return (w,¢) as the regression coefficient estimator

THEOREM 2 (Approximation Guarantee of Algorithm 1). Given § € (0,1) and ¢ > 0. Let
(@, ¢) be the output from Algorithm 1. Suppose the regularization coefficient

1. log(2n/8)(h V b)%6, N (hV b)?1/260,0,10g(2n/5) _

2y —
Then, with probability at least 1 — ¢, it holds that

&]]o < (1+ 210g6(12/5) + 1°g<§/ ‘5)> d, F(@,&) <optval(3) +e.

6ne 4ne

The proof of Theorem 2 is provided in Appendix EC.3. The proof step to bound the sparsity
level of & follows from the usage of concentration inequality discussed in [38, Theorem 5].
The reference therein implicitly assumed that log(2/6) < d/3. Our concentration result refines
the concentration result and does not impose this assumption. The support-size bound in
Theorem 2 depends on the target sparsity d, but not on the data dimension D. The objec-
tive performance guarantee requires that the regularization parameter % is not too small: its
lower bound is related to the dimension D through the maximum singular values 6; and 6,
from the design matrix. This assumption is not quite restrictive since adding ¢,-norm regu-

larization ensures the estimated solution is more robust than unregularized models [8].

4.2. Greedy Algorithm

Greedy algorithm is a common heuristic for many variable selection problems. To develop a

greedy algorithm for solving (3), we rewrite it as a combinatorial formulation. Indeed, by
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introducing a subset S C [D], Problem (3) is equivalent to

min { min F(w,c):w[i]:()ifigéS}. (5)

SC[D],|S|<d | weRP ceR
For a fixed support S, the inner subproblem of (5) is a convex program. Using strong duality
theory, this subproblem has an equivalent dual representation that depends on S only through

submatrix Xg.

THEOREM 3 (Minimax Reformulation of (5)). Problem (5) has the same optimal value as the

following minimax optimization problem:

. Y T 1 ¢
G(S) = —T<—XX> i . 6
s, { (9= 2 7 \gaXsXs )2 =2 ©

Based on Theorem 3, Greedy algorithm proceeds by iteratively finding a candidate index
such that the objective GG is minimized for current subset including the new index. See the

detailed procedure in Algorithm 2.

Algorithm 2 Greedy Algorithm for Problem (6)
Input: Data {(z;,y;)}!,, sparsity budget d, regularization parameter -y

1. Initialize S, = ()

2: fork=0,1,...,d—1do

3. Choose jj, € argmin;cpps, G(SrU{j})
4. Update Syy1 =Sy U{jx}

s: end for

[*))

: Obtain (w#",8") as the optimal solution to arg min {F(w, c): wli]=0ifi¢ Sd}.

w,c

N

return (0%, %)

By Theorem 3, it can be shown that the set function G(S) is non-increasing in S, and the
objective of iterates in Algorithm 2 is monotonically decreasing. It is an open question on the
approximation guarantees of the final iterate from the greedy algorithm, as the set function
G does not satisfy the submodular assumption commonly used in literature. Inspired by [38],
the greedy approach can also be integrated with Algorithm 1. Specifically, given threshold
d > 0 and w obtained from continuous relaxation, define C = {i: |&[i]| > ¢} as the effective
support obtained from continuous relaxation. We can apply the greedy algorithm based on C
instead of [D] and can reduce the number of candidate variables. This algorithm works well

especially when @ is sparse.
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5. Statistical Performance Guarantees

In this section, we investigate statistical performance guarantees for our proposed variable
selection framework. Assume the observed data samples {(z;,y;)}7_, are ii.d. copies of
(X,Y), where

Y = (w*)TX—l—c*+6. (7

Here, w* € R” is a fixed d-sparse vector with S* = supp(w*), and |S*| =d, and ¢* € R is a
fixed intercept parameter. The distribution of the noise ¢ is independent of X. We analyze
the estimator from the optimization problem

1 3
(Wn, Cy) = argmin {— Z [bmaX{O, y; —w' z; —ct+hmax{0,w' z; +c— yz}} + M} :

w,c: ||wllo<d n i—1 2771

where the regularization parameter +,, is allowed to vary with the sample size n. We impose

the following technical assumptions throughout our analysis.

AssuMPTION 1 (Structure of Data). () The distribution of ¢ satisfies F.(0) :=P(e <0) =
7, where T =b/(b+ h).
(II) The random variable ¢ satisfies E|e| < oo.
(IIT) The density of the noise exists and is denoted as f.(-). There exists ry such that for all
|u| <7, it holds that f.(u) > f > 0.
(IV) The augmented covariate X = (X 7,1)7 is bounded almost surely: || X||, < K.
(V) There exists k > 0 such that for each u € RP t € R, ||ul|o < 2d, it holds that

E[(u" X +1)°] > &(|jul3+1).

It is noteworthy that Assumption 1(I) is not restrictive. Indeed, (7) can be reformulated as
Y = (w*) " X +¢&* +£&* for constant ¢* = ¢* + F.!(7) and random noise &* = ¢ — F._ (7). Such a
scalar transformation always ensures Assumption 1(I) holds. Assumption 1(II) is a sufficient

condition that ensures the optimal newsvendor risk
E(xy) [bmax(Y — (w*) "X —¢*,0) + hmax((w*) " X 4+ ¢* = Y,0)] = (b+ h)E-[p,(¢)]

is finite. Assumption 1(III) imposes local regularity of the noise density around the target

quantile. Assumption 1(IV) imposes the boundedness of the feature vector. Assumption 1(V)
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is a restricted eigenvalue condition, which ensures identifiability over sparse directions. These

assumptions are commonly used in sparse statistical analysis [35].

We first establish a finite-sample estimation-error bound regarding the estimator (w,,, ¢, )
in Theorem 4. It reveals that under proper scaling of the ridge parameter, the estimator con-
verges to the ground truth with a rate crucially dependent on the sparsity level instead of the

data dimension. The estimation error vanishes quickly as the sample size n increases.

THEOREM 4 (Estimation Error Bound). Let § € (0,1) and suppose Assumption 1 holds. Set
the ridge parameter # </ w, then with probability at least 1 — 0, it holds that

Wy, — w* _ 0 \/dlog(eD/d)—{—log(l/é)
¢, —c* , ’

n
where O(-) hides the constant depending only on b, h, 7o, f, K, K, ||w*||2.

The proof of Theorem 4 is provided in Appendix EC.4. Building on Theorem 4, we further
show the out-of-sample performance and support recovery guarantees of our obtained esti-

mator. Given regression coefficients (w, ¢), define its population newsvendor risk
R(w,c) =Exy)[bmax(Y —w'X —¢,0) + hmax(w' X +c—Y,0)]. (8)

Our out-of-sample performance guarantee in Corollary 1 quantifies the gap between the
population newsvendor risk of (&, ¢,) and the optimal risk, which vanishes in the order of

dlog(eD/d)/n.

CoroLLARY 1 (Out-of-Sample Performance Guarantee). Under the same setup as in Theo-

rem 4, with probability at least 1 — 6, it holds that

0< R(@n,én) — min  R(w,c) <O (dlog(eD/d) + log(1/5)) |

llwllo<d,c n

where O(-) hides the constant depending only on b, h,rq, f,k, K, ||w*||2.

The support recovery guarantee is provided in Corollary 2, whose proof is provided in
Appendix EC.6 and uses the fact that &,, converges to the true sparse vector w*, and so is its

support.
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COROLLARY 2 (Support Recovery Guarantee). Under the same setup as in Theorem 4, and

assume the sample size n is sufficiently large so that with probability at least 1 — 6, it holds that

‘:‘)\n_("fk . T -
< min fo [
¢, —c* jes”

2

Then, with probability at least 1 — 6,
Weli] 0, Wylj]=0, VieS*, j¢5".
6. Numerical Study

In this section, we evaluate the performance of the proposed methods. We generate synthetic
data from the linear model Y = (w*)" X + ¢, where e ~ N (5,0?). The feature vector X fol-
lows a multivariate Gaussian distribution with mean zero and covariance matrix Y., where
Yi, 7] = 0.5l i, j € [D]. Although our statistical analysis assumed that the feature vector
has bounded support, we use Gaussian-distributed feature vector with unbounded support for
numerical evaluation. We further perform scalar transformation to ensure Assumption 1(I)
holds. The first d entries of w* are nonzero and are specified as w*[i] = (—1)""! (1 - £1) ;i €

[d]. We set the unit shortage and holding costs to b =2 and h = 1, respectively.

For baseline comparison, our experiment includes the following methods: (I) the exact
algorithms based on the Big-M and perspective formulations in Section 3; (II) the continuous-
relaxation algorithm described in Algorithm 1; (IIT) the greedy algorithm described in Algo-
rithm 2; and (IV) an ¢;-based baseline obtained by replacing the ¢y-constraint in Problem (3)
with an /;-regularized formulation. For each algorithm, we impose a time limit of 1800
seconds. The mixed-integer optimization algorithms terminate once the relative optimality
gap falls below 1e-4. Unless otherwise specified, the ridge and Lasso tuning parameters are
selected by cross-validation. We measure the performance support recovery using false dis-

covery proportion (FDP) and non-discovery proportion (NDP), defined in [2]:

_[S\S

S\ S
FDP(S) == 5. _ 1S

NDP(8) = 5= 9

where S* denotes the true support and S denotes the support estimated by a given algorithm.

Smaller values of FDP and NDP indicate better support recovery performance.
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6.1. Comparison of exact algorithms

We first compare the two exact algorithms in Section 3 under different configurations of
(D,n,d). Throughout this subsection, we fix v =50, M = 100, and ¢* = 1. Performance is
evaluated in terms of the objective value, computational time, and FDP. Table 1 reports the
computational results for solving (Big-M) and (Perspective) via branch-and-bound. Overall,
the perspective formulation outperforms the Big-M formulation on most instances, and the
advantage becomes more pronounced as the ambient dimension D increases. This observation
is consistent with Theorem 1, which shows that (Perspective) provides a stronger continuous
relaxation. When D € {1000,2000}, both approaches often reach the prescribed time limit,
indicating that solving the sparse newsvendor problem to global optimality can be computa-
tionally demanding in large-scale settings. We also observe that the FDP generally decreases as
D increases in these experiments. A possible explanation is that the regularization parameter

~ is not optimally tuned such that the FDP values for different instances are not comparable.

Table 1  Computational results of exact algorithms. Here we fix cardinality d = 50. NA indicates the algorithm fails to

find any feasible solution within time limit.

D n Big-M Perspective
Objective Gap (%) Time (s) FDP (%) Objective Gap (%) Time (s) FDP (%)
500 10.71 3.77 1800.00 52.00 10.65 9.69e-3  11.33 42.00
100 1000 10.52 1.02 1800.00 48.00 10.45 9.94e-3  50.79 40.00
5000 11.06 0.38 1800.00 26.00 10.91 0.14 1800.00 24.00
500 12.38 100 1800.00 12.00 10.01 0.56 1800.00 9.70
500 1000 10.48 36.71 1800.00 11.00 10.11 1.37 1800.00 9.70
5000 10.77 6.85 1800.00 7.50 10.71 1.39 1800.00 5.20
500 9.55 100.00 1800.00 5.15 9.17 1.44 1800.00 4.85
1000 1000 11.54 100.00 1800.00 7.63 10.34 1.44 1800.00 4.15
5000 10.81 15.52 1800.00 4.26 10.74 3.17 1800.00 3.68
500 12.01 100 1800.00 6.41 9.90 1.99 1800.00 2.46
2000 1000 12.98 100 1800.00 5.51 9.56 4.34 1800.00 2.41
5000 NA NA 1800.00 NA 11.37 41.04 1800.00 2.46

6.2. Results on Support Recovery

Next, we compare the variable-selection performance of all methods. The noise variance o>

Var((w*) T X

is chosen so that Var(e) ) — 10, that is, the signal-to-noise ratio (SNR) is 10.

We first consider the case in which the sparsity budget matches the true support size and

is fixed at 10. In this setting, FDP and NDP coincide, so we report only FDP. Figures 1 and 2
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Figure 1  FDP with different choices of sample size n and each subplot represents choices of dimension D.
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Figure 2  FDP with different choices of dimension D and each subplot represents choices of sample size n.

show the FDP values under different combinations of (n, D). The exact algorithms achieve
the best support recovery performance, especially in the high-dimensional and small-sample
regime. Among the scalable baselines, the greedy algorithm generally outperforms both the

continuous-relaxation and Lasso baselines.

We next fix the true support size at 10 and vary the sparsity budget to compare
the methods in terms of both FDP and NDP. Figure 3 shows the results for (D,n) €
{(100, 500), (100,2000) }. The black dashed line represents the ground-truth optimum of these
metrics. As shown in the figure, exact algorithm remains close to the oracle benchmark across

a wide range of sparsity budgets.
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Figure 3 Comparison in terms of FDP and NDP for n € {500,2000} and D = 100.

6.3. Results on Parameter Estimation

We examine the performance of parameter estimation for various methods on problem
instances where D = 100,n € {k - 100,k € [10]}, and SNR € {0.1,1,10}. The ¢, or ¢, regu-
larization parameters are tuned using cross-validation. Figure 4 summarizes the numerical
results, with the sample size n on the z-axis and the logarithm of relative error on the y-
axis. The relative error is defined as |¢ — ¢*|/|c*| or [|@ — w*||2/||w*||2, where (@, ¢) denotes
the estimated parameters and (w*, ¢*) the ground truth. All box plots are generated using 5
independent trials. The results indicate that, for all methods, estimation accuracy improves
as the sample size n increases. In particular, the exact and greedy algorithms consistently
outperform the continuous relaxation and Lasso-based approaches in estimating the weight

vector w*, especially in the small-sample and low-SNR regimes.

6.4. Results on Out-of-Sample Performance

We examine the out-of-sample performance of various methods using the population
newsvendor risk defined in (8), which is accurately estimated via sample average approxi-
mation with 10° testing samples. The experimental setup follows that of the previous subsec-
tion, except that we also examine different choices of the sparsity level d. Recall the ground
truth weight parameter w* is fixed with support size |S*| = 10. For the Lasso method, the
¢, regularization parameter is fine-tuned to achieve the desired sparsity level in the esti-
mated parameter. Figure 5 summarizes the numerical results, with all error bars generated
from 5 independent trials. The left-hand-side subplots display the sample size n on the z-

axis. These results show that all methods improve with increasing n, while the exact and
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greedy algorithms consistently yield lower out-of-sample operational costs compared to the

continuous relaxation and Lasso-based approaches. The right-hand-side subplots present the

sparsity level d on the z-axis. When the true sparsity level |S*| is underestimated (d < |S*|),

the exact and greedy algorithms dominate the others in terms of performance. When it is

overestimated, the out-of-sample performance tends to stabilize. Together with the results in

Sections 6.2 and 6.3, our numerical findings demonstrate that the variable selection frame-

work delivers satisfactory parameter estimation and out-of-sample performance while using

substantially fewer covariates and yielding interpretable decisions.
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Figure 5  Comparison in terms of out-of-sample operational cost for different (n,d, SNR).

7. Real-world case study

In this section, we evaluate the performance of various approaches using retail sales data
from Kaggle[17]. The real-world dataset is provided by Corporacién Favorita, an Ecuadorian-
based grocery retailer that sells over 200,000 products. During preprocessing, we focus on
hardware products and define the response variable Y as the sum of weekly unit sales across
all four hardware product types. The covariate vector X is constructed using standard feature
transformations, including one-hot encoding and normalization. The data are restricted to
the time period from 2012-12-31 to 2013-12-30. The raw features in the dataset include:

store number, city index, week index, month index, weekly averaged oil price, weekly pro-
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motion intensity, weekly transaction volume, holiday indicator, weekly number of hardware
SKUs sold, and weekly number of active sales days. In addition, we incorporate the follow-
ing two-way interactions as suggested in Chang et al. [9]: (i) holiday indicator with weekly
promotion intensity; (ii) store number with weekly averaged oil price; (iii) month index with
city index; (iv) month index with store number; and (v) holiday indicator with store number.
After preprocessing, the final dataset consists of n = 2239 samples and D = 1157 dimensions.
We split the data into 70% training and 30% testing sets across 20 independent trials. The
training data are used to estimate the weight vector and intercept, while the testing data are

used for evaluating the (unit) out-of-sample performance.
Table 2  Out-of-sample operational cost and its standard deviation with different choices of penalty coefficient v and

sparisty level d (bold-faced values represent the lowest cost under the same ~)

method v=0.5 y=1 ) v=10
mean std mean std mean std mean std
Full model 4.5359 0.1709  4.0300 0.1468  3.7305 0.1436 3.7678 0.1769
Exact method (d = 50) 4.9280 0.1842 4.2086 0.1672 3.2440 0.1154 3.2073 0.1246
Exact method (d = 100) 4.7706 0.1840 4.0875 0.1639 3.3469 0.1289 3.3499 0.1540
Exact method (d = 200) 4.6522 0.1748 4.0460 0.1507 3.4718 0.1363 3.5306 0.1586
Exact method (d = 500) 4.5707 0.1723 4.0348 0.1479 3.6941 0.1462 3.7306 0.1793
Exact method (d = 800) 4.5374 0.1696 4.0281 0.1475 3.7296 0.1435 3.7670 0.1757

We report the out-of-sample performance of the different methods in Table 2. Baseline
approaches include the full model without variable selection, as well as our hard-cardinality-
constrained model (3) under various sparsity levels d. An ¢, regularization term with dif-
ferent coefficients « is added into all models to mitigate overfitting. The numerical results
indicate that as the sparsity budget d increases, the out-of-sample performance of our vari-
able selection framework approaches that of the full model. Moreover, with an appropriate
choice of the ¢, regularization parameter and sparsity budget, our framework not only yields
interpretable decisions but also attains the lowest out-of-sample operational costs among all

methods considered.

We report the top 20 selected features under different configurations of (v, d) in Tables 3
and 4. The features are ranked according to their averaged absolute weight values in 20 inde-
pendent trials. From these selected features, we draw the following operational insights: (I)
The number of days per week on which customers purchase hardware products (n_days) and
the weekly number of active SKUs (n_items) emerge as the most persistent features. A pos-

sible explanation is that customer demand is largely driven by weekend shopping habits and
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Top 20 features selected using the exact algorithm with d = 100 on the real-world data, where the entries with

x represent the interaction between two features

city_Cuenca
holiday x store 44

holiday x store 44
store_41 x oil

month 8 x store 9
city Cuenca_x oil

month 8 x store 44
store_48 x_oil

Rank ~+=0.5 y=1 v=>5 =10

1 n_days n_days n_days n_days

2 n_items n_items n_items n_items

3 transactions cluster 5 x oil cluster 5 x oil cluster 5

4  store 44 store 44 x oil store 44 x oil store_44

5 cluster 5 cluster 5 cluster 5 store 44 x oil

6 store 44 _x oil store_44 store_44 cluster 5 x_oil

7  cluster 5 x oil transactions transactions transactions

8 cluster 8 cluster 8 month 9 x store 9 city_Cuenca

9  cluster 8 x oil cluster 8 x oil store_8 x oil store_3

10 type C x oil store_3 store_8 store_8

11 type C store 8 store 3 store_9 x oil

12 store 3 store 8 x oil city Cuenca month 8 x store 9
13 store 3 x oil store_3 x oil store 9 month 9 x store 9
14  store 9 store 9 type C month 2 x store 44
15 store_8 type_C_x oil store_9 x oil type C

16 store 9 _x oil store_9 x oil type_C_x_oil store_8 x oil

17 store 8 x_oil type_C store_3_x oil city_Cuenca_x_oil
18

19
20

store_8 x_oil
city_Cuenca
city_Cuenca_x_oil

store_3 x oil
holiday x store 44
city_Cuenca

month 9_x_store 9
type_C_x_oil
cluster 8

store 9
month 8 x store 44
type_C_x_oil

city_Quito store_41 cluster 10 x oil  store 9
Table 4  Top 20 features selected using the exact algorithm with d = 50 on the real-world data
Rank ~+=0.5 y=1 vy=5 v=10

1 n_days n_days n_days n_days

2 n_items n_items n_items n_items

3  transactions cluster 5 x oil cluster 5 x oil store_44_x_oil

4  store_44 store_44_x_oil store_44_x_oil cluster 5 x_oil

5 cluster 5 store_44 cluster 5 cluster 5

6 store 44 x oil transactions store_44 store_44

7  cluster 5 x oil cluster 5 transactions transactions

8 type C x oil type C x oil store_8 city _Cuenca

9 type C type C store_8 x_oil store_3

10  cluster_8 cluster 8 city_Cuenca store_8

11  cluster 8 x oil cluster 8 x oil store_3 store_8 x oil

12 store 3 store 9 store_9 x oil month 9 x store 9
13  store 3 x oil store_9 x oil city Cuenca x oil month 8 x store 9
14  store 9 store 8 store 9 store 9 x oil

15 store 9 x oil store 8 x oil type C month 2 x store 44
16 store 8 store_3 store_3 x oil store_3 x oil

17

18

19
20

city_Quito

city_Cuenca_x_oil

store_48_x_oil

store_48_x_oil

the breadth of product assortment available in stores. (II) The historical weekly transaction

volume (transactions) consistently appears as a strong predictor, as it is highly correlated with
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future customer demand. (III) The location and type of the store (such as those represented
by the store 3, 8, 9, 44, C, city Cuenca) play a critical role in predicting hardware sales.
(IV) The interaction terms between store 9 and the months of August and September, as well
as between store 44 and February and August, suggest that the effects of store location and
time on operational outcomes are heterogeneous, with certain stores exhibiting pronounced

seasonal demand spikes.

8. Conclusion

In this paper, we studied variable selection for the feature-based newsvendor problem under
a hard cardinality constraint on the number of selected covariates. We establish both compu-
tational algorithms and statistical performance guarantees of this framework. The numerical
results illustrate the trade-off among computational effort, support-recovery accuracy, and

out-of-sample operating cost.

Several directions remain open for future research. First, it is promising to extend this
variable selection framework for nonlinear policy classes, such as the kernel-based decision
rules [36]. Second, it is an interesting direction to design more efficient algorithms and
hyperparameter selection procedures [12, 11]. Finally, extending the statistical analysis to
misspecified, heavy-tailed, dependent, or distributionally robust settings would broaden the

applicability of our framework.
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Appendix for “Variable Selection for Feature-Based Newsvendor”
EC.1. Proof of Proposition 1

We prove the NP-hardness result by making the reduction from Exact Cover by
3-Sets (X3C) to Problem (3). The formal description of (X3C) is as follows. Let () be a ground
set consisting of m := 3d elements, and C = {C',...,Cp} be the collection of subsets of @
such that |C;| = 3 for i € [D]. Problem (X3C) aims to determine whether there exists a subset

of C, denoted as C’ such that every element in () occurs exactly once in C'.

Denote by A € R™*? the incidence matrix of Problem (X3C) such that A[i, j] = 1 if the i-th
element of () belongs to the subset C; and otherwise A[i, j| =0, Vi, j. We define a scalar M,
such that My > 5 (b 7hy+ We construct a special instance of Problem (3) by taking n = 2m and
the i-th observation as

(MoAli,:]", My) if1<i<m,
(o) = (=MoAfi —m,:|T,—My) ifm+1<i<n.
For weight vector w € RP, define the error vector r = 1 — Aw € R™. For any scalar x, define
x4 = max{x,0} and z_ = max{—=z,0}. Define b A h = min(b, h). Thus, the fitting error part

can be bounded as

_Z[b max{0,y; —w ' z; —c} +h-max{0,w' z; +c—y;}

where the last inequality is based on the relation |u+ v| + |u — v| > 2]u|.

Let (w, ¢) be a feasible solution to Problem (3) with ||w||o < d. We first show that F'(w,c) >
d/(27).
* Assume that ||w||3 < d, then

wl=| Y whl|< [ DY 1] ) Wil <Vd|wl, (EC.1)

i wli]#0 i wli]#0 i: wli]#0




ec2

where the first inequality uses Cauchy-Schwarz inequality. It follows that

2 17w]? T T
d—||wl|lz<d-— =(d-1 w)-(1+1 w/d)
<2(d—1"w)
2 2
=317 < Zlrs,
3 3

where the first inequality is by (EC.1), the second inequality is because |1Tw| <

Vd||w|2 < d, and the last equality is because each column of A has exactly three ones

and
1'r=m—-1"TAw=m—(A"1)T'w=3d—-3(1"w). (EC.2)
then, the objective
(b A h) My 1 2 d
> i — — = > — .
F(,0) 2 ZE 2+ o (d= el ) 2 5 (EC.3)

where the last inequality is by the choice of M.

* Otherwise, for ||w]||3 > d, the objective value

1 d
F(w,c) > 2—||W||§ > 5
v v

We now show that Problem (X3C) can be reduced to Problem (3). Assume we solve Prob-
lem (3) with optimal value upper bounded by % and denote its optimal solution as (w, ¢).
This happens only if ||w||3 < d, and the inequalities in (EC.3) all hold with equalities. It implies
that 7 = 0 = 1— Aw. By (EC.2), it holds that 1" w = d. By (EC.1), it holds that ||w||3 = d. Then,
all inequalities in (EC.1) always hold with equalities, and therefore w has exactly d nonzero

entries. The exact cover of (X3C) is given by {C; : w[j] # 0}.

Conversely, suppose Problem (X3C) has an exact cover. Let w € R” be the associated weight
vector such that w[i] =1 if the i-th element of C is selected to form the cover and otherwise
w[i] = 0. Then the incidence matrix A satisfies that r := 1 — Aw = 0 and w satisfies ||w|/o =d

and ||w||3 = d. The objective value of the feasible solution (w,0) to Problem (3) equals

F(@,0) =53 [b+ (Morlil) + A (Marlil) - +b+ (= Marlil) + b (~Morld) ] + %
J— d 2_1
T2y

It justifies that the optimal value of Problem (3) is bounded by d/(27). The proof is completed.
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EC.2. Proof of Theorem 1

Both Big-M and perspective reformulation can be written as the following form of optimiza-

tion:

1 o 1
min  — E [bmax{O, yi —w' x; —c} +hmax{0, w' z; +c— 1y} | + —|lpl:
=1 27

SR NTEEN 0} —
s.t. (w,c,s,pm) € VBEM or YPers, (EC.4)
> slil <d,
Jj€lD]

where

Wlil? < pfil,i € (D]

VBEM = & (w, s, p1,¢) €RP x {0,1}P x RY xR
w(i]| < Mi] sli], i € [D]

wli” < pli]sfi],i € [D]

VP = ¢ (w, s, 1,¢) ERP x {0,1} x R x R:
wld]] < MTi] sil,i € [D]

These two problems are equivalent because VE#M = VP15 Indeed, when the binary variable
s[i] = 0, it holds that w[i] = 0 and the first constraints appeared in VM and VP are redun-

dant. Otherwise, the first constraints in VE#M and V' are equivalent.
q

For Part (II), if considering the continuous relaxation of these two problems, the binary
constraints s[i] € {0,1} in V®¥M and V' are replaced by s[i] € [0,1] for i € [D]. Denoted
the continuous relaxation of these two sets as VBig'M and Vpers. It holds that Vpers - VBig'M as
wli]? < pli]s[i] implies w[i]® < u[i]. Therefore, the optimal value of continuous relaxation of

perspective reformulation is larger than that of Big-M reformulation.

EC.3. Proof of Theorem 2

For Part (I), we bound the support size of solution in Algorithm 1. Let (&, ¢, s, i) be the
optimal solution to the continuous relaxation of (Perspective). Let (&, ¢,3) be the output
of Algorithm 1. The support size of @ is bounded by the sum of random variables N :=

> _je(p) 5lJ], where 5[j] ~ Bernoulli(s[j]). Its expected value
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For ¢ > 0, we compute the moment-generating function of V:

MN H E tS[J]
J€(D]
=] (+Glle —30D) < I] exp (5lile* —314])
jelD] Je[D]

=exp | (e —1) Z 5lj] | <exp(d(e’ —1)),

j€[D]
where the first inequality is based on the relation that 1 + = < e*,Vx, and the last inequality

is because (D] s[j] <d. For A > 0, applying the Markov inequality gives

My (t)
o1+ A)d

]P)(Nz (1+A)d> —P (etN > et(1+A)d) <
<exp(d(e' —1) —t(1+ A)d).

We choose ¢ such that the upper bound above is as sharp as possible, yielding the optimal
choice t =log(1 + A). Then, it holds that

P(N > (1+A)d) <exp(—d((14+ A)log(1+A) —A)).

For A >0, it is easy to verify that log(1 + A) > 12+AA’ and then

dA?
> < — .
P(N>(1+A)d) _exp( 2+A)
Taking A = % +1/28+ % with £ :=1log(2/6)/d yields
P(HJJHOZ(1+A)d)§IP’(N2(1+A)d)§g. (EC.5)

We replace this bound with a conservative one (A =1log(2/6)/d+ +/2log(2/0)/d) to simplify

the notation in the theorem statement.

For Part (II), we first reformulate the continuous relaxation of Problem (Perspective):
min —Z [bmax{o y; —w' z; —c} +hmax{0, w xz—i—c—yz}} +i||,u|\1
W,C,S, 4 2’}/

st (w,e,8,1) ERP xR x [0,1]” x R2,
> sljl<d,
J€[D]

wli]? < pli]sli],i € [D].

(EC.6)
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The variable p above can be eliminated by taking u[i] = %]f (by default, we take pu[i] =0 if

wli] = s[i] = 0), yielding the reformulation

n D .
1 2
angrsl - ; [b max{0, y; —w' x; — c} +hmax{0, w z; + ¢ — yl}} + 2 ;Y[;][Z]
s.t. (w,c,8) €RP xR x [0,1]7, (EC.7)
> sl <d.
JelD]

By fixing s and taking the duality of the remaining optimization problem, we obtain the

min-max reformulation of the continuous relaxation:

. _ T (i . T> _l T }
min s) = max z XDiag(s) X' |z z . (EC.8)
sefo,1)P, {g( z[i]€[—b,h]i€[n], 327 2[i]=0 2n? g() n Y
> jeipy slil<d

It is also clear that optval(3) = min {g(s): s € {0,1}7, > e 8li] < d}. By definition,
F(©,¢) —optval(3) < F(@,¢) — g(5) = g(s) — g(5), (EC.9)
where the first inequality is because s is the optimal solution obtained from continuous relax-

ation, and the second inequality is by strong duality.

Next, we provide the upper bound on ¢(5) — g(s). Define the inner objective of g(s) as

T (" . T L
9(s,2) :=—=z (2—anD1ag(s)X )z—ﬁz Y.

Let Z be the maximizer of the inner problem of ¢(5), then
9(5) —g9(5) <0(5,2) —a(5,2)
— 5T (XDiag(s —9)X ) 2

2
o o (EC.10)
< 2—nz||z||2xmax(XDlag(s—s)X )
bV h)? ~
S fy(2—)>\max <XD1ag(s - E)XT>7
n

where the first inequality is because Z is a feasible solution (but perhaps suboptimal) to
the inner problem of ¢(s), the second inequality is based on the Cauchy-Schwarz inequal-
ity, and the last one is because ||Z||3 < n(bV h)?. It suffices to build the concentration bound
On Ao (XDiag(§— §)XT> - Amax<zie[m RZ-> with R; = (3]i] — 3[i]) X.,X.\,. Following the

similar argument as in [38, Proof of Lemma 3], it can be shown that E[R;] = 0, Apax(R;) < 64
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and || 32, p E[R?][|2 < 01604. Applying the matrix concentration bound in [34, Theorem 1.4]

yields

t2
P XDiag(3—35) X" ) >t < — . EC.11
{Ama"< iag(s— 5) )—t}—”eXp( 2019d+2/391t> (BC.11)

Taking ¢ = 26, log(2n/8) 4+ \/20,0410g(2n/5) ensures the right-hand-side of (EC.11) being
bounded by /2. Combining the inequalities in (EC.9), (EC.10), and (EC.11) yields

P {F(d}, ¢) —optval(3) < fy(b+nh)2 : (;01 log(2n/68) + /26,64 10g(2n/5)) }

>P {)\max (XDiag(g— §)XT) < %91 log(2n/8) + /20,04 10g(2n/5)}

>1- 0
- 2

The choice of v in the main statement of Theorem 2 further ensures that
P{F(®,¢) —optval(3) <e}>1-—4/2. (EC.12)

Applying the union bound of the concentration results in (EC.5) and (EC.12) gives the desired

result.

EC.4. Proof of Theorem 4

Let us define the empirical cost

n

1
Rn(w,c) = - Z [b -max{0,y; —w' x; —c} +h-max{0,w' x; +c— yl}} :

i=1

and the population cost
R(w,c) =Exy) [b-max{0,Y —w' X —c} + h-max{0,w' X +c—Y}].

We rely on the following two technical lemmas that are helpful to show the proof of Theo-

rem 4.

LEMMA EC.1 (Global Risk Lower Bound). Under Assumption 1, forany A := (u',t)" € RP*!
with ||ullo < 2d, it holds that

b+h
R(w* +u,c"+1t) — R(w*, c*) > ( )J57o

A3
> 2o+ KA 12
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Proof. By definition,

R(w*+u,c"+1t) —R(w", c")
=0b+h)Exy) [p-(Y — (W +u)" X = (c"+1) = p (Y — (w) "X — )]
~(b+ W)E(.x) [pr(e = ATX) = pr(e)]
where the first equality is by the definition of quantile function p.(u) = u(7 — 1{4<0} ), and the

second one is based on the model assumption (7) and the expressions that X = (X", D) A=

(u',t)". Based on the Knight's identity [22], it holds that

IE(E,X) _p7(5 - AT}Z) - pT(g)]

ATX
=E(ex) |-ATX(T — 1gecoy) + /0 (1{e§s} - 1{e<0}) dS] (EC.13)

/ e (F(s) - F.(0) ds] ,

[ ATX
:E(e,x) / (l{ggs} — 1{€<0}> ds| =Ex
0
where the second and last equalities are due to the assumption that € and X are independent

together with the definition of the cumulative density function (cdf) F.(s) :=P(e <s).
We provide lower bound on fOATX (Fe(s) - FE(O)> ds as follows. When |ATX| < ro, by
Assumption 1(III),
ATX AT X| f(AT)Z')Q
/ (Fa(s)—FE(0)> dsZ/ fsds==————,
0 0 o 2
where the inequality is because F.(s) — fo fe(t)dt > fo fdt = fs for s > 0. When
ATX > 7> 0, it holds that

/OM (9 =R)as> [ (R - 0) as | N (£1(r0) ~ F.(0)) ds

To
frg

- ATX
>_— + (ATX - To)i’r‘g Z iTO—

2 )
where the first inequality is by separating the integral on [0, ATX ] into two parts and by the
monotonicity of the cdf, the second inequality is by Assumption 1(III), and the last one is

by the relation AT X > . It can be shown using the similar argument that fOATX <FE(5) -
Fg(0)> ds > —irOATf(/Q for ATX < —rg < 0. Combining these cases yields the global lower
bound

f TO(AT)N( )2
2(ro+|ATX])

ATX B ~
/0 <F€(s)_F€(O)> ds > f|ATX|/2- min{re, |ATX|} >
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Substituting this lower bound to (EC.13) yields

R(w* +u,c*+1t) — R(w", c")
(b+h) fro(ATX)? N
2ro+|ATX]) | —

ZILX

(b+h) fro(ATX)?] _ (b+h) frosl| A3
2(ro + [|Al]2K) 2(ro + |All2K)

where the second and last inequalities leverage Assumptions 1(IV) and 1(V), respectively. [J

LEMMA EC.2 (Uniform Concentration Bound on Risk). Under Assumption 1, there exists a
constant C depending on b, h, K such that, with probability at least 1 — 9, simultaneously for
every A= (u',t)" € RP*T with ||u||o < 2d, it holds that
‘ <Rn(w* +u, " +1t) — Rn(w*7c*)) — (R(w* +u, " +1t) — R(w", c*)) ‘
dlog(eD/d) +1+1log(2/4
< Collaly [ BoBEDID T TeTog/S)

n
Proof. The inequality for A = 0 holds trivially. We focus on the case where A # ( instead.
Define the function ¢(y, z) = bmax{0,y — z} + hmax{0, z — y}, and the function class

T * * o T, * *
2

It suffices to provide concentration bound on

n

sup [y [A(X, )] = % by

heM P

which can be shown based on the covering number argument.
Each element in the function class H can be indexed with two terms: r := ||A||; and v :=

| AAHQ. Hence, we reformulate

Uy, zT (W' +rv,) +c* +rv) — Uy, " w* +c*
Y (2,) > (3, ) o= L8 T ) . D) — 4 )

r>0,0=(v,,v)" €RPT|lulla=1,||vulo < 2d

Define the empirical Rademacher complexity

E Uz xzayz
n

where 0,7 € [n] are i.i.d. Rademacher random variables. We provide upper bound on f)Af‘tn(?-[)

5\%(7—[) = Eo, icin [sup
heH

’ (i,9:),1 € [n]] ,

using the following procedure.
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For fixed v € RP+1, denote the subset of H as

H, = {hm: r >0}.

Define the empirical L, pseudo-metric as

n ) 1/2
d.(f,9)= {%Z (f(l’uyz‘) —g(iﬂi,yz')) } .

=1
Let rq,...,ry with 0 <7y < --- <r), index an §-packing of H, under the metric d,(-).

Therefore,
n M-—

1

2

< Z d rj vy rj+1 1) Z ( %73/2 - h¢j+1,v<xiayi)) .
1

=1 j=
According to the formulatlon of h,, and by the convexity of /(y, -), it is easy to show that

hr»(z,y) is non-decreasing in r, and therefore
n M-1

Z > (hrj o, y1) —hrjw,(gci,yi))2

21]1

1 n M-1 2
< E Z [ (hrj+1,v(xivyi) - hrj,v(xby’i))]

j=1

1 < 2
:EZ (hrM,v(mzayz)_hm,v(xzayz)) §4(b\/h)2K27
i=1

where the last inequality uses the fact that for any (x,y) and r > 0,

|2 (1vy) + 704

(2, 9)[ < (OV R) - <@VH)" 1) 2ol < (0VR)K.

The packing number M < 1+ 4(bV h)*K?/§%. Therefore, the covering number of H,
under d,,(-) is bounded:

N(é, ’Hv,dn> <14+4(bVh)>2K2/5°.
Next, we study the covering number of the set

u ?

V={o=(0],u)T R [lolly =1, ]juuflo < 2d}.

For fixed support S C [D] with | S| < 2d, the §-covering number of V; = {v = (v, ,v)" €
RP*: vl = 1,supp(v,) = J} under || - ||5 is at most (1 +2/6)??*L. By taking the union

of all sparse supports, the covering number

min{2d,D}

NGV, - 2) < Z G:) (1+42/5)%+1,

k=0
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* For fixed r > 0 and any two unit vectors v = (v,,v;),v" = (v,,,v;), it holds that

|z " (rv, — 10 + rvg — o))

hr,v(m7y) - hr,v’(':nay)‘ < (b\/h) : < (b\/h)KH’U _UIHQ'

,
For any h,, € H, we select v’ in the J-cover of V and h, s in the §-cover of H,,. It follows

that

n

1/2
dn(hr,m hr’,v’) = [l Z (hr,v(mh yz) - hr’,v’ (-rh yz)) 2]

n <
=1

) , g 112
< [E Z (hr,v(xz',yi) — hr,v’(%&i)) + - 22:1: <hr’,v’ (T4,Yi) — P (%’;%‘)) ]

=1

3

<[2(bV h)*K?6* 42677 = (24 2(bV h)?K?)V/%.
Therefore,
N<(2+2(b\/h)2K2)1/25,7-L,dn> SN(&, Hvadn> NGV, |- |).

It further implies that

279 279 min{2d,D}
10g/\/<5,7—[,dn> <log [1+8(b\/h) KA+ (VAR )] +log ( Z (D))

02 k
k=0

+(2d+1)log

<Ci- [dlog (%) +1+dlog <%)] ,

where (] is a constant depending on b, h, K. As each element in # is uniformly bounded

1+

2v2(1+ (bV h)2K2)1/2]
)

by (bV h)K, by Dudley’s entropy integral bound [15], the Rademacher complexity
Cy [OVIE \/
R, <— 1 0,H,d,, ) do
(H) < NG /0 ogN ( H )

c o[+

where Cy, C5 are some constants depending on b, h, K.

Based on the symmetrization and McDiarmid’s inequalities, it holds with probability at least

1—¢ that
dlog () +1 2log(2/0)
sup thz,yz —E[h(X,Y)]| <Cy|| ——L—+ (bVRh) K| —"~
heH |T n n

Y

\/dlog eD/d +1+1log(2/0)
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where Cj, C, are some constants depending on b, h, K. Re-arranging the inequality above

yields the desired result. OJ

Finally, we provide the bound on the residual error

Wy — w*
a, =
Cp —C*
2

Proof of Theorem 4. As ||, —w*||o < 2d, by Lemma EC.1, we obtain the lower bound

b+h
R(@ ) - Rl ) 2 0T

— = . aZ’. EC.14
~ 2(ro+ Kay,) n ( )

Next, we derive its upper bound. By the definition of (&, ¢, ), it holds that

1 1

Leveraging this relation and re-arranging the terms yields

R(&n, Cn) — R(w*, ")
— [Rn(an,an) — Rn(w*,c*)} — [(Rn(an,en) —Rn(w*,c*)> — (R(@n,ﬁn) — R(w*,c*))}

<o 11 120E] ~ [ (Ra@ )~ Rute, ) — (R~ R )|

The first term above can be further bounded as follows:

1 N w*, w* —w w*|[2a
o [l ) < 5 =) e,

By Lemma EC.2, with probability at least 1 — §, the second term above can be bounded as

Coa \/ dlog(eD/d) :; 1+1og(2/6)

Combining these two relations implies the following relation holds with probability at least
1—-¢:

Ry E) — R(W*, ") < ay - <M T CD\/dlog(eD/d) i+ 10g(2/5)> . (EC.15)

Tn n

Comparing this with (EC.14) yields

(b-+h) frro l[w* |2 \/dlog(eD/d) +1+log(2/9)
ﬂﬁzmgﬂkwf< +Co . -

n
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Specify 2%” </ w, then there exists constant C; depending on Cy, b, h, K, ||w*||2 such
that

(b+h)frr dlog(eD/d) +1+log(2/6
e, <, [T H1TIs0]5) EC16)
0 n
Assume n is sufficiently large such that
\/dlog(eD/d) +1+41log(2/6) _(b+h)frrg
C < )
n 41K
then re-arranging (EC.16) yields
[01 \/dlog(eD/d):1+log(2/6):| ro
Ap >
(b+h;imo B |:Cl\/dlog(eD/d):l-Hog(?/é)} K
dlog(eD/d)+1+log(2/6)
_ [Cl\/ n ] o 4Gy .\/dlog(eD/d) +1+log(2/6)
- % ~ (b+h)fr n
holds with probability at least 1 — 4. O

EC.5. Proof of Corollary 1

By definition,

min  R(w,c)= min {(b+h)Exy) [p-(Y —(w' X +¢))]}.

llwllo<d,c llwllo<d,c

By the likelihood model, for each z, (w*) "z + ¢* is the T-quantile of Y | X = z, and therefore
the optimization problem above takes the optimal solution (w*,¢*). Recall from the proof of
Theorem 4 that for sufficiently large n, with probability at least 1 — ¢, the following two

relations hold:

| D 1+ log(2
R(C/Jn;/c\n) - R(W*yc*) < ancl : \/d Og(e /d) :; * Og( /5)7

40, \/ dlog(eD/d) + 1+ log(2/9)
(b+h)fk n

an <

Combining these two relations yields

4C% dlog(eD/d) +1+1log(2/6)

R (&, Cn) — R(w*,c") < b+ h)fr -
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EC.6. Proof of Corollary 2

Under the event described in Corollary 2, for each j € S*, it holds that

a5 > ]| = @[] — w5]| > o] — (‘”" “’*) >0.

Therefore, S* C supp(&,). On the other hand, by the feasibility of &,, it holds that
|supp (&, )| < d =|S*|. This fact, together with S* C supp(w,,) implies that S* = supp(w,,).
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