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Abstract. Dynamic Discretisation Discovery (DDD) is a framework for solving a problem
by iteratively solving and refining a relaxed version of the problem. DDD is the basis for
state-of-the-art algorithms for various problems, including the continuous-time service
network design problem (CTSNDP), which we study here. In the refinement step, such
algorithms must identify conflicts in the relaxation solution that make it infeasible for the
original problem and then apply fixes to the relaxation to prevent them from recurring.
We study the optimal refinement problem of selecting from a set of fixes a subset that
fixes all conflicts and yields a relaxation of minimum size, with the aim of making it
easier to solve.

We demonstrate that while the number of conflicts may be exponential in the instance
parameters, we can represent them more compactly, using only pseudo-polynomial space
and time. Based on our more compact representation, we develop exact methods for
solving the refinement problem. The best method allows us to find small relaxations in
negligible amounts of time, more than 100 times faster than a natural integer programming
formulation for some instance classes. Using this refinement approach in a DDD algorithm
for the CTSNDP, we observe reductions in model sizes and running times of about 10 %
to 20 % compared to existing approaches.

1. INTRODUCTION

Service network design problems arise in the planning of transport systems, especially
for consolidation-based carriers [CGG21]. These carriers transport shipments that are
usually much smaller than the capacity of the vehicles used, so economical operations rely
on consolidating shipments. Therefore, the routing of commodities and the dispatches
of vehicles transporting them must be determined jointly. We study the continuous-
time service network design problem [Bol+17], in which dispatch times must also be
determined, while ensuring that all commodities arrive by their respective deadlines.

Current state-of-the-art approaches [Hel26, Mar+21, SXB25] for this problem are all based
on the dynamic discretisation discovery (DDD) framework first introduced by Boland
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Figure 1: Overview of the dynamic discretisation discovery approach.

et al. [Bol+17]. So far, DDD has been mostly applied to problems that can be modelled
on time-expanded networks. We note that the DDD concept is more general and can
be applied to other expanded graphs. For example, Riedler, Ruthmair, and Raidl
[RRR19] describe its application to the rooted distance-constrained minimum spanning
tree problem. In the remainder of the introduction, we will focus on time-based problems,
but the general ideas are relevant for any problem amenable to DDD.

The DDD framework is based upon the idea of constructing a relaxed version of the
problem to be solved, also called a relazation. This relaxed problem is formulated on a
time-expanded network based on a given discretisation of time (for the nodes/arcs of the
network that is being expanded). If the discretisation is sufficiently sparse, the relaxed
problem may be solved much faster than the original problem, yet its optimal solutions
provide good dual bounds on the value of the original problem.

We say a solution that is feasible for the relaxed problem is representable with respect
to the chosen discretisation [Mar+21] and call feasible solutions to the original problem
implementable. In the framework, an optimal solution to the relaxation is computed and,
if it is implementable (or can be converted into an implementable solution of the same
value), we can terminate with a provably optimal solution. Otherwise, we refine the
discretisation (and thus the relaxation) in such a way that the non-implementable solution
also becomes non-representable and cannot recur, guaranteeing eventual convergence.
This process is also outlined in Figure 1.

In this work, we mostly concern ourselves with the refinement step, thus it is interesting
to reflect on existing approaches. When designing a DDD algorithm, we require some
concept of conflicts that prevent a representable solution from being implementable [BS19,
Mar+21]. Then, we would like to have one or more fizes available for each conflict; if a
fix is applied to the discretisation, the solution becomes non-representable. A fix usually
consists of adding one or more time points to the discretisation. It may be possible to
describe multiple types of conflicts, and for each conflict type multiple types of fixes.

While it suffices to fix a single conflict in each iteration to guarantee convergence, it has
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been observed that fixing many conflicts at once can decrease the number of iterations
required. But, a fix may increase the size of the relaxed problem, making it harder
to solve. So to design an efficient DDD algorithm, one has to decide which (types
of) conflicts to resolve and with which fixes, balancing relaxation difficulty against the
number of iterations. This trade-off has been observed in many studies where different
refinement strategies are compared [BS19, He++22a, He+22b, Mar+21, RRR19, Sch+20].
It is also possible to fix some conflicts by adding valid inequalities to the relaxed problem
instead of changing the discretisation [BS19, Hew19], but this leads to essentially the
same trade-off.

For various problem classes, Marshall et al. [Mar+21] and Riedler, Ruthmair, and Raidl
[RRR19] find that it generally pays off to fix (almost all) observed problems, but using
fixes that increase discretisation size as little as possible. To this end, Marshall et al.
[Mar-+21] also identify conflicts that lie ‘upstream’ of other conflicts and prefer to fix
these first, in the hope that this also fixes the downstream conflicts.

The hope that an observed conflict may not recur if other conflicts are fixed is also
reflected in the idea of removing time points from the discretisation [Hew19, RRR19,
Sch-+20]. We also observed in preliminary experiments that, once DDD converges, quite
a substantial number (often more than 30 %) of time points can be removed from the
discretisation before the bound quality changes. Yet it is unclear which time points are
safe to remove; the removal of a necessary time point may cause another iteration of the
algorithm. In fact, Van Dyk [Van24] proves that a naive strategy that simply removes
time points that are not in the support of the solution can lead to cycling, preventing
the algorithm from converging.

To summarise, we have observed the following: there is substantial freedom in which
conflicts to fix (and how), the chosen fixes influence the difficulty of solving the relaxed
problem and the number of DDD iterations, many added time points may not be required
in later iterations, but removing time points naively can prevent algorithm convergence.
These observations motivate us to ask the following question:

Can we find a minimum discretisation that fixes all observed conflicts?

Finding such a discretisation in each iteration would directly address the last concern:
the new discretisation would not necessarily contain the time points of the previous one,
effectively allowing us to remove time points. But since all previously observed conflicts
remain fixed, no cycling can occur. Since the discretisation is small (with respect to some
so far undefined size measure), we may hope for relaxations that are easier to solve.

This approach would also make full use of situations where many different fixes are
available for each conflict, selecting a convenient subset of them. Note that for the scope
of this study, we set aside the question of which conflicts to fix and commit to fixing all
of them. We leave the selection of a good subset of conflicts to fix (and keep fixed) to
future work.
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To the best of our knowledge, the literature that explicitly optimises the set of fixes to
be applied is limited to the following works.

Lieshout and Schaft [[.526] solve a vehicle scheduling problem with trip shifting using DDD.
In their approach, a (representable) solution consists of a flow over a time-expanded
network that is then decomposed into duties for each vehicle. If a duty cannot be
implemented, the relaxation is refined to ensure that it cannot occur again. Since they
know how many time points each duty would add to the discretisation, they pose an
auxiliary problem that selects a duty decomposition leading to the fewest added time
points. We note that the additional time points they add to prohibit a single non-
implementable duty are sufficient, but not necessary to achieve this goal. In other words,
there may be more fixes available than the ones they utilise. They also do not account
for double-counting of time points that might be added by multiple duties. In their
computational experiments, they observe little change in running time from finding such
smaller discretisations. The approach is outperformed by a method that simply refines
all non-implementable duties possible in the relaxation solution, leading to marginally
larger networks but fewer iterations and shorter running times.

For the service network design problem studied in this work, Shu, Xu, and Baldacci
[SXB25] proposed a conflict concept that subsumes the concepts introduced by Marshall
et al. [Mar+21]. Notably, they introduce a sufficient characterisation of a discretisation
that prevents a conflict from recurring. This characterisation implies that one conflict may
permit multiple fixes. Based on this observation, the authors introduce a greedy heuristic
to construct a discretisation that fixes all observed conflicts. In this work, we introduce
a closely related but simpler sufficient criterion for such fixes, and use it to develop
various exact methods for solving the optimal refinement problem of finding a minimum
discretisation that selects one of these fixes for each conflict. In our short paper Wiillner
and Helber [WH26] (which the current work extends) we already demonstrated that this
problem is NP-hard and that being able to solve it efficiently can be beneficial for the
overall DDD algorithm.

We note that shortly before finishing this work, we became aware of the new version
[SXB26] of the previously mentioned preprint [SXB25]. In the updated version, the
authors also explicitly pose the optimal refinement problem, using a slightly stronger
characterisation than ours. They further propose a matheuristic to solve the problem.
We discuss the similarities and differences between the approaches where appropriate
throughout the paper.

Our contributions in this paper are:

e We provide a focused exposition of the main concepts for refinement introduced
by Marshall et al. [Mar+21] and Shu, Xu, and Baldacci [SXB25, SXB26], with small
extensions to theoretical results.

o We describe situations in which the approach of Shu, Xu, and Baldacci [SXB26]
leads to a conflict set whose size is exponential in some instance parameters.

e We develop a more compact graph-based representation of the conflict set, whose
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Figure 2: Example of an SND instance with three commodities I = {k1, k2, k3}.

size is pseudo-polynomial in the instance parameters and much smaller in practice.
o This representation allows us to restate the optimal refinement problem and develop
a mixed-integer programming formulation as well as a DDD approach to solve it.
e We conduct computational experiments to demonstrate the performance of our
methods and investigate the impact this refinement approach has on the overall
DDD algorithm.

2. THE CONTINUOUS-TIME SERVICE NETWORK DESIGN PROBLEM

Before we introduce the continuous-time service network design problem, we want to
briefly collect typical notation used throughout the paper. Here, all our intervals contain
only integer values. Thus, when we write [m,n], for m, n € N with m < n, we refer
to the set {m,...,n}. When m = 0, we also just write [n] instead of [0, n] and we also
use this notation for open and half-open intervals such as (m,n] = {m+1,...,n} and

(n)={1,...,n—1}.

We write VD and A D for the node and arc sets of a directed graph D. For a node v,
we denote its predecessors and successors N™ v, N°" ¢ and its in- and outgoing arcs
APy A%y A walk W in D is a sequence vpaiv1 . . . anvy, of nodes and arcs such that
a; = vj—1v;. Depending on the context, we just denote W by ay ...a, or vy ...v,. We also
write v;Ww; for the sub-walk v; ... v; of W, where v;W = v;Wv,, and Wov; = vgWw;. If
W repeats no nodes, we call it a path. We also use the typical notation 7(W) = >"1 | 7(a;)
for an arc length 7: AD — Z-o. Additionally, we write d.(v,v") for the length of a
shortest path from v to v' with respect to .

Now let us define the continuous-time service network design problem (SND). We are
given a network D (a directed graph) with nodes V' D and arcs A D, through which a set
of commodities K should be transported. Each commodity k is associated with a release
time r; € N and a deadline ¢; € N, and each arc a with a travel time 7(a) € N5g. For
each commodity, we need a path Pi in D from its origin node o, to its destination node
di. A small example can be seen in Figure 2, where we specify the release time r; at
the origin o and deadline £ at the destination node dj of commodity k. Note that the
paths Pj, are unique in this example.

Furthermore, we want to decide for every arc of P, with which other commodities k is
consolidated on that arc, that is, which commodities traverse the arc together. If we
want to say that the commodities k C I are consolidated on arc a, we combine them in
a tuple ¢ = (a, k) and call ¢ a consolidation. In the example, we have tried to consolidate
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everything that could potentially be consolidated, leading to the two consolidations
c1 = (v1ve, {k1, k2}) and co = (vovs, {k2, k3}).

Hence, we are effectively looking for a set of consolidations C € A D x 2X such that
each commodity appears in exactly one consolidation for each arc in its path, and does
not appear in any other consolidations. A solution S = (P,C) now consists of paths
P = (Px)kex for each commodity and corresponding consolidations C.

Next, we specify which solutions are feasible. We now require consistent dispatch times
for each consolidation, such that all commodities are transported within their respective
time windows. Denote the unique consolidation of the arc a € P} containing k by c(a, k).
Moreover, for a consolidation ¢ = (a, k) we write a(c) = a and k(c) = k. We say the
solution S is feasible for SND or implementable if dispatch times ¢: C — N exist such
that, for all kK € K with P, = ay ...a, and ¢; = c(a;, k) for ¢ € (n],

(a) t(cr) =,
(b) t(cit1) > t(c;) + 7(a;) for all i € (n), and
(C) t(cn) + T(an) < lg.

The first condition ensures that a commodity is not dispatched before it is released,
the second that it cannot be dispatched from an intermediate node before arriving
there, and the third that it arrives by its deadline. Here we see that our specified
solution is not implementable, since consolidating ks and k3 on the second arc requires
t(cg) > 1y + 7(v1v2) = 2 but t(c2) + 7(v2v3) < li, = 3, which is impossible. By replacing
o by the singleton ‘consolidations’ (vavs, {ko}) and (vovs, {ks}), we can obtain a feasible
solution: dispatch c¢; at time 1, then k9 on the second arc at time 3 and k3 at time 1.

The objective is to minimise the total transportation cost, which consists of two parts.
First, a commodity & incurs a flow cost of ¢i(a) for traversing arc a. Second, transporting
the commodities in a consolidation (a, k) requires a certain number of vehicles. Each
commodity k requires a quantity ¢i to be transported, and for each arc a we are given
the capacity u(a) of available vehicles and cost f(a) for dispatching one vehicle on this
arc. Overall, solving the continuous-time service network design problem (SND) consists
of finding a feasible solution S minimising

SE G 3 o B

keK a€ Py (a,k)EC

For the remainder of this paper, we assume that the input data for the problem are
given and refrain from stating it in all of our statements. The following derived instance
parameters will also come in handy later:

2.1 Definition (Earliest and latest dispatch times). For £ € K and v € VD, the
earliest dispatch time of commodity k at node v is r + d-(og,v) and is denoted by ¢, (v).
The latest dispatch time of k at v, t(v), is € — d-(v, dj).

We extend the notation to arcs a = vv’ by setting t;,(a) = 1, (v) and tx(a) = t,(v) — 7(a).



3. A Dynamic Discretisation Discovery Algorithm 7

Thus, the interval in which a commodity k£ can be dispatched on an arc a is specified by
Ir(a) = [ty(a), tr(a)]. q

We assume that the network is sufficiently connected for these values to be defined.
Additionally, we assume without loss of generality that mingecx 7, = 0 and denote the
time horizon maxgex £ + 1 by H.

2.2 Observation. Let S = (P,C) be an implementable solution with dispatch times
t: C — N. Then, for ¢ = (a,k) € C and k € k, t(c) € Ix(a). q

Proof. Let k € K with P, = ay...ay, and ¢; = ¢(a;, k). Then t(e1) > r, = t(a1) and,
inductively, t(c;y+1) > t(c;) + 7(a;) > ty(a;) + 7(a;) > ti(ai+1) for i € (n

Similarly, t(cn) < lp—7(an) = tk(an) and t(c;) < t(ciy1)—7(a;) < trlaiv1)—7(a;) < t(a;)
for i € (n) and the claim follows since for each ¢ = (a,k) € C and k € K, a € P. O

Returning to our example, we see that ¢ (vi) = 0, t,(v2) = 2, and ty,(v3) = 4. Note
that, if the network had shorter paths between these nodes, then these values would be
lower, despite the solution using the longer paths. In future illustrations, we only specify
the bounds of interest and assume any omitted values are sufficiently loose, as may result
from parts of the network that are not depicted.

3. A DyNAMIC DISCRETISATION DISCOVERY ALGORITHM

SND can be modelled as a mixed-integer program on a time-expanded network [Bol-+17],
though this quickly becomes intractable for instances with finer time resolutions [Bol+19].
Two alternative formulations that do not rely on a time expansion have been proposed
[HL23, SX()23]. Both of them perform well on instances where commodities have only
a small set of paths in the network to choose from. But in general, the state-of-the-
art approach for solving SND is dynamic discretisation discovery with various later
enhancements [e.g., Bol-+17, Hel26, Hew19, Mar+21, SXB26]. In this section, we develop
the algorithm outlined in Figure 1 for SND, which will form the basis for the rest of this
work.

3.1. The Relaxed Problem

The centrepiece of a DDD algorithm is a relaxation of the problem, which should be
significantly easier to solve. We utilise a simplified version of the arc-based relaxation
proposed by Helber [Hel26], which is based on a discretisation of time for each arc in the
network.

3.1 Definition. A time discretisation T consists of a set {0, H} C T, C [H] of time
points for each arc a € AD. If T, = {to,...,tp} with0 =tg < t; < ... <t, = H,



3. A Dynamic Discretisation Discovery Algorithm 8

then we define 7./ = {[to,t1), [t1,%2), ..., [tn_1,n)} as the intervals corresponding to the
discretisation. N

The relaxed problem R-SND is identical to SND, with the exception that it takes a time
discretisation 7 as an additional input and the notion of feasibility changes. Specifically,
instead of specifying the dispatch time for each consolidation, we only want to determine
the time interval in which it is dispatched. Formally, a solution S = (P,C) is feasible for
R-SND or T -representable if dispatch intervals h: C — 2N exist with h(c) € 7;1( ¢ such
that, for all k € K with P, = a;...a, and ¢; = c(a;, k) for i € (n],

(a) h(c)NIg(a;) # @ for all i € (n], and
(b) minh(c;) + 7(a;) < maxh(ciy1) for all i € (n).

The first condition ensures that a commodity can only be part of a consolidation ¢
dispatched on arc a in an interval h(c) that at least overlaps with the interval I(a) in
which the commodity itself can traverse a. The second condition ensures that consecutive
consolidations of a commodity select consistent intervals.

If we recall our example in Figure 2, then we could use the time discretisation 7,4, =
{0,1, H} and Ty,0, = {0, H}. With this discretisation, the solution is representable since
we can assign the intervals [1, H) and [0, H) to the two consolidations, which satisfies
both conditions. This is an example of a discretisation that is too coarse to detect that
the solution is non-implementable. If we insert the time point 3 into 7y,,, then we
must now select the interval [0,3) for the second consolidation in order to satisfy the
first condition since Iy, (vgv3) = [1,1]. The first consolidation must still use [1, H) since
I, (v1v2) = [1, 1], so the second condition would require 1 4+ 2 < 2, which is false. Thus,
adding this time point is enough to ensure that the solution also does not appear when
solving the relaxation.

For the following discussion, it does not matter how exactly R-SND is solved. But for
completeness we give an integer program in Appendix A.

We do want to briefly note that the problem described here is, indeed, a relaxation.
3.2 Lemma. R-SND is a relaxation of SND. For a full discretisation, it is tight. <

Proof. Let S = (P,C) be a solution and 7 be a time discretisation. If S is implementable,
there exist dispatch times ¢: C — N. For ¢ € C, we let h(c) be the interval in 7;1(0)
containing t(c).

Let k € K with P, = a; ...a, and ¢; = c(a;, k) for ¢ € (n]. The first property holds since
t(¢;) € h(c;) N Ix(a;) by Observation 2.2. Finally, since t(ci+1) > t(c;) + 7(a;), we get
min h(c;) + 7(a;) < max h(cit1) as well. Thus, S is T-representable.

If 7T is the full discretisation and S is T-representable, then we get single element dispatch
intervals h(c) for ¢ = (a,k) € C and we set t(c) to the single element of h(c). Since
h(c,k) = h(c) N Ix(a) # @ for all k € K, t(c) is actually equal to the element in h(c, k)
as well.
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vy, k1 v, k1

Figure 3: The dispatch-node graph for the example from Figure 2.

Again, let £ € K with P, = a1...a, and ¢; = ¢(a;,k) for i € (n]. Then t(¢;) =
minh(ci, k) > tp(a1) = tp(or) = 7k, t(cit1) = maxh(ci11) > minh(g) + 7(a;) =
t(ci) + 7(a;), and t(c,) + 7(an) = max h(cp, k) + 7(an) < tp(an) + 7(ayn) = tx(dg) = €50

3.2. Implementable and Representable Solutions

As we saw in the example, a solution S to R-SND for some given discretisation 7 need
not be implementable. Recall that in this case we want to identify conflicts, which are
some structures of the solution that stand in the way of implementability, and fizes,
which are changes to the relaxation that prevent these conflicts from recurring. The
conflicts we study are the so-called too-long paths in the dispatch-node graph introduced
by Shu, Xu, and Baldacci [SXB26, Definition 1]. This graph contains nodes (v, k) for
every node v in each commodity’s path Py, and arcs between two nodes (v, k) and (v', k')
exactly when commodities k and k" are consolidated on arc vv'.

3.3 Definition (Dispatch-node graph). Given a solution S = (P,C), its dispatch-
node graph Dg is given by

VDs ={(v,k): k€ K, ve P},

ADg = {(v,k)(V',K): (v k) €C, k, kK € K}.

For b = (v,k)(v', k') € ADg, we write a(b) = vv' for its underlying arc in D, and
set 7(b) = 7(a(b)) and Ty = Top). For u = (v,k) € VDg, we set t(u) = t;(v) and
t(u) =t (v). <

The dispatch-node graph for our running example from Figure 2 is shown in Figure 3.

Looking at the example, we observe the following simple but useful property of the
neighbourhood of a node in Dg.

3.4 Observation. Let v = (v,k) € VDg. Then v € P;. Note that any arc b =
(', k") (v, k) € A™u originates from a consolidation ¢ = (v'v, k) With k € k. By the
definition of a solution, v'v € Py. In particular, if v = oy, then N« = @. Otherwise, let
v’ be the predecessor of v in P;. Then ¢ = c¢(v'v, k) and N™u = {(v/, k") K € k}.
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Similarly, N°" vy = @ if v = dj, and otherwise N°% v = {(v/,k'): k' € k}, where v’ is the
successor of v in Py and c(vv', k) = (vv', k). q

As described by Shu, Xu, and Baldacci [SXB26, Section 7.2], a walk W from u = (v, k) to
o = (v, k') in Dg gives a lower bound ¢(u) + 7(W) on the arrival time of " at v’ under
the given sequence of consolidations. If this is later than the latest time #(u') at which &’
can be dispatched from v/, this evidently contradicts implementability of S. In Figure 3,
this happens for the path (v, k2)(vs, k3) = ujua, which has t(u;) = 2 and #(ug2) = 3, so
its real arrival time is 2 + 2 = 4 > 3. This motivates the following definition:

3.5 Definition (Real arrival time and too-long paths). For a walk W = ug ... u,
in Dg and i € [n], we define the real arrival time ty (i) = t(uo) + 7(Wu;) and call W a
too-long path if ty(n) > t(uy). q

3.6 Remark. This definition differs slightly from that of Shu, Xu, and Baldacci [SXB26,
Definition 2]; they require that a too-long path starts at a commodity’s origin, i.e.,
u = (og, k) for some k € K. In most respects, both definitions yield essentially the same
results, but the subsequent discussion is easier to follow with our definition, since it
allows us to disregard various edge cases. We note that to stay consistent with their
terminology, we say too-long path even though walks are also permitted. N

Despite our slightly different definition of a too-long path, the following result transfers
directly:

3.7 Theorem ([SXB26, Theorem 2]). A solution S is implementable if and only if
the corresponding dispatch-node graph Dg contains no too-long path. N

Proof. Let S = (P,C) be implementable with dispatch times ¢: C — N. Moreover, let
W = wg...u, be a walk in Dg with u; = (v;,k;), for i € [n] and a; = v;_1v;, and
¢; = c(a, ky) for i € (n].

Since, for i € (n), ¢; and ¢;41 are consolidations on consecutive arcs of Py, we get
t(ciy1) > t(ci) + 7(a;) and, thus, t(c) + 7(an) > t(c1) + 7(W). By Observation 2.2,
t(c1) =ty (a1) = ty, (v0) = t(uo) and t(cn) <y, (an) = tr, (vn) — 7(an) = t(un) — 7(an),
so W is not too-long.

Conversely, assume that Dg has no too-long path. Then, in particular, Dg is acyclic.
By Observation 3.4, the nodes without incoming arcs are exactly the nodes (o, k) for
k € K, for which we define t((ok,k)) = ri. For the remaining nodes u, we set t(u) =
max {t(v/) + 7(u'u): v € N"™u}, which is well-defined as Dg is acyclic. Finally, for
¢ = (vv', k) € C, we define t(c) = max {t((v,k)): k € k}.

We first note that, by Observation 3.4, N'"((v,k)) = {(v/,k'): k' € x}, where v/ is the

predecessor of v in Py and ¢ = ¢(v'v, k) = (v'v, k). In particular, t(u) = t(c) + 7(v'v).

We now simply verify that ¢ satisfies the desired properties. Let k € I with P, = ay ... ay,
¢ = c(aj, k) = (a;, k), and a; = v;_1v; for i € (n]. Then t(c1) > t((ox, k)) = ri and, for
i€ (n), t(ciy1) > t((vi, k) = t(e) + 7(as).
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Finally, we show that for each u € Dg there exists a «w/'u-path W such that t(u) <
t(u") + 7(W). This implies the final property, since applied to u = (vp, k) = (dg, k) we
obtain t(cy,) + 7(a,) = t(u) < t(u) + 7(W) < t(u) = .

To see that such paths exist, we use the topological ordering we get from acyclicity. For
the induction start, we know that u = (o, k) for some k € K, for which ¢t(u) = ry = t(u),
so we can use the trivial path W = wu. In the induction step, we get that t(u) =
t(u") + 7(u"u) for some v € N u. By the induction hypothesis, we get a u'u”-path W’
satisfying t(u”) < t(u')+7(W’). We extend this path by the arc v”u to get a u'u-path W
satisfying t(u) = t(u") + 7(u"u) < t(u') + 7(W) as required. O

Note that the above construction directly gives a feasible timing if S is implementable.
Otherwise, we have identified a too-long path in the dispatch-node graph, and now need
to find a fix for it, that is, an adjustment of the discretisation that gets rid of it. More
formally:

3.8 Definition. Let S be a solution, W be a walk in Dg, and T be a time discretisation.
We say W is eliminated by T if there exists no 7-representable solution S’ whose
dispatch-node graph Dgs contains W. N

In fact, since any too-long path makes a solution non-implementable, we want to eliminate
all too-long paths in Dg. Luckily, we get many of them for free, thanks to the following
observation [SXB26, Section 7.2].

3.9 Observation. If a walk W is eliminated by 7, then all extensions W' of W are also
eliminated by 7. q

Proof. If W' is not eliminated, there exists a solution S’ that is T-representable such
that W’ appears in Dg. But then W also appears in Dg. O

This motivates the following definition, similar to Definition 3 of [SXB26], but again not
requiring too-long paths to start at a commodity’s origin:

3.10 Definition (Minimal too-long path). A too-long path is minimal if none of its
proper sub-walks are too-long. <

3.11 Corollary. A solution S is implementable if and only if the corresponding dispatch-
node graph Dg contains no minimal too-long path. N

Hence, it is, in fact, sufficient to eliminate all minimal too-long paths. In our example
from Figures 2 and 3, we already saw that W = (va, k2)(vs, k3) is too-long; it is the
unique minimal too-long path. The walk W’ = (v1, k1)(v2, k2)(vs, k3) is also too-long and
its real arrival time is 1 +2 + 2 =5 > 3, but since it contains W as a subpath, it suffices
to eliminate W.
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To actually eliminate the minimal too-long paths, we characterise representability in
terms of too-long paths as well and use this to determine a sufficient criterion for a
too-long path W to be eliminated. Essentially, the idea is to check if the consolidations
implied by W cause the last commodity to arrive too late even in the relaxation. Since
the relaxation specifies intervals instead of time points and the consistency requirement
just asks consecutive intervals to contain time points that would allow the transition, we
always select the earliest possible interval.

Returning to our example in Figures 2 and 3 and using the same time discretisation
Torv, = {0,1, H} and Ty, = {0,3, H} as before, the walk W = (v, k2)(vs, k3) = ujus
is unproblematic for the relaxation. We are available at time ¢(u;) = 2 at up, so the
interval [0, 3) would be an option. Since the relaxation does not distinguish between the
points in this interval, we can take the earliest point in the interval, namely its lower
bound, letting us (fictitiously) arrive at ug at time 2, which is early enough to not conflict
with Z(u2) = 3. Indeed, W is not eliminated: splitting c¢; into singleton consolidations
allows us to assign [1, H) to k1 and [0,1) to ko on the first arc, and [0, 3) to ¢, giving a
representable solution that still contains W.

However, if we extend this path backwards by ug = (v1, k1), then starting at t(ug) = 1
and using [1, H) on vive gives a relaxed arrival time of 3 at u;. This requires us to use
the interval [3, H) on wvyvs, so, even in the relaxed problem, we cannot arrive before
time 5 at ug, which is too late since t(u2) = 3. The following definition formalises this
computation of the relaxed earliest arrival time.

3.12 Definition (Relaxed arrival times and relaxed too-long paths). Let W =
ugbiug ... byu, be a walk in Dg and 7 be a time discretisation. We define the relaxed
arrival time my (i) at the ith node of W by

o (i) = {t(uo) if i =0,

[mw (¢ —1)]7;, +7(bi) otherwise
where |t]7, = max {t' € To: ¢ <t}. If my(n) > t(uy), we say W is T-relaxed too-long.<

3.13 Remark. In the short paper [WH26] we say a too-long path is eliminated if and
only if it fulfils this criterion, which is not consistent with the terminology in this paper.
The idea behind this criterion was already used by Helber [Iel26, Theorem 3] to check
if too-long paths are already eliminated. A stronger variant of the criterion is also
introduced in the newer version of the preprint Shu, Xu, and Baldacci [SXB26, Lemma 2].
We discuss how our contributions can be adapted to their criterion in Section 5, but do
not use it for our exposition since it increases notational burden and edge cases without
yielding more interesting results. N

Conveniently, relaxed too-long paths are obstacles to representability, just as too-long
paths are to implementability.

3.14 Theorem. Let T be a time discretisation. A solution S is 7-representable if and
only if Dg contains no T -relaxed too-long path. <
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Proof. Let S = (P,C) be T-representable with dispatch intervals h: C — 2N. Moreover,
let W = ug...u, be a walk in Dg with u; = (v;,k;) for ¢ € [n] and a; = vi—1v;,
Ci = C(CLZ', kz) = c(ai, ki—l) for i € (n]

We show that 7y (i — 1) < max h(c;), for all i € (n]. For ¢ = 1, since h(c1) N I, (a1) # 9,
max h(c1) > tg,(a1) = t(uo) = mw(0). For i € (n), using the induction hypothesis and
the fact that S is 7-representable, my (i) = [7w (i — 1)]7,, + 7(a;) < [maxh(c;)|7, +
7(a;) = min h(c;) + 7(a;) < max h(cit1).

Since h(cy) N Iy, (an) # &, minh(c,) < tx, (an) = t(u,) — 7(an) and, consequently,
mw(n) = |mw(n—1)]7. +7(an) < [maxh(cy)|7,, +7(an) =minh(cy) +7(an) < t(uy).
Thus, W is not relaxed too-long.

For the converse, we assume that Dg contains no relaxed too-long path. This lets us
define a dispatch time at every node u in Dg by setting

t(u) = max {my(n): W is a walk in Dg ending at u}.

Note that we explicitly allow walks of length 0 here, meaning ¢(u) > ¢(u). Also, since no
relaxed too-long paths exist, this value is finite and satisfies ¢t(u) < t(u). For ¢ = (vv/, k),
we let t(c) = max {t((v,k)): k € x} and h(c) be the interval in T,[, containing t(c). We
use this to show that S is T-representable.

To this end, let k € I with P, = a;...an, ¢; = c(a;, k) = (a;, ki), and a; = v;_jv; for
i € (n]. Furthermore, let u; = (v;, k) for i € [n]. By definition, for i € (n], maxh(c;) >
t(ei) > t(ui—1) > t(ui-1) = tg(ai).

Again, let i € (n], and let «' = (v;—1, k") with k¥’ € k; such that t(¢;) = t(u'). Moreover,

let W be a walk of length m > 0 in Dg ending at «' with 7y (m) = t(uv') = ¢(¢;). By
extending W to u;, we get a walk W’ ending at w; and, thus, t(u;) > 7wy (m + 1) =
[t(ci)] 7., + 7(ai). Since W' is not relaxed too-long, my(m + 1) < #(u;) = tx(a;) + 7(a;).

Hence, min h(c;) = |t(c;)]7,, < tk(ai) and h(c;) N Ix(a;) # 2.

For the final property, let i € (n). Using the above computations, we see that min h(c;) +
7(a;) = |t(ci) 7., + 7(a;) < t(u;) < t(cit1) < maxh(c;1) and the proof is complete. [

We point out that we cannot restrict ourselves to minimal too-long paths in Theorem 3.14,
since our example showed that a solution can be non-representable because a non-minimal
too-long path is relaxed too-long, but none of the minimal ones are.

Evidently, if we want to make a non-implementable solution non-representable, we need
to select a discretisation that makes at least one walk W in Dg relaxed too-long. Since,
by definition, 7y (i) < ty () for all 4, such a walk must be too-long. Furthermore, relaxed
too-long paths are guaranteed not to reappear in representable solutions, leading to the
following natural criterion for elimination.

3.15 Observation. A too-long path W is eliminated by a discretisation 7 if it is
T-relaxed too-long. <
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3.16 Example. We demonstrate that the converse of Observation 3.15 is not true; a
too-long path may be eliminated by 7 even if it is not T-relaxed too-long. For non-
minimal paths this follows directly from Observation 3.9, but it is not at all obvious that
the same is true for minimal paths. Consider the example in Figure 4, especially the
minimal too-long path W. We select a discretisation 7 that is full (i.e., 7, = [H]) except
that 5 ¢ Ty, and 6 ¢ Tygp,. Then W is not relaxed too-long, since 7y (0) = 2, mi (1) =
3, mw(2) =5, mw(3) =6, mw(4) =7, and Ty (5) =9 # 9 = {,. For this path to exist in a
solution’s dispatch-node graph, commodity k; must traverse vgv; together with k3, as well
as v1v9 and v4vs. Taking vovs would prevent it from traversing the required arc vqvs, so it
must take vovsg. This implies that W' also exists in the dispatch-node graph, and this path
is relaxed too-long, since my+(0) = 2, my/ (1) = 3, 77 (2) = 5, T/ (3) = 6 > 5 = tx, (v3).
Since existence of W implies W’ and this path is relaxed too-long, both of them are
eliminated.

U, =
Tk = Thy = 0 Uy = 12
Tk = 2 fkg =12
Solution S Too-long paths
Py, = Py, = v9v1v2030405 W = (vo, k3)(v1, k1) (ve, ko) (vs, ka)(va, k2) (vs, k1)
Pks = VpV1V2V5 W' = (Uo, k:g)(vl, kl)(vg, kl)(vg, k:l)

1 = (UO’Ulv {kla k3})
co = (vivg, {k1, k2})
c3 = (vqvs, {k1, ka})

Figure 4: Example of a minimal too-long path that is eliminated by 7 but not 7-
relaxed too-long. Arcs are labelled with travel time. Commodities’ origins
and destinations are labelled with their release time and deadline. All unlisted
consolidations are singletons.

So we see that selecting 7 so that all minimal too-long paths are T-relaxed too-long may
be too conservative; a smaller discretisation may already eliminate them due to additional
routing considerations. Finding a practical characterisation of an eliminated too-long
path is an interesting open question. But we suspect that in practice, the increase in
discretisation size from using our sufficient characterisation will usually be negligible.
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4. THE OPTIMAL REFINEMENT PROBLEM

Now that we have identified conflicts (minimal too-long paths) and potential fixes
(making them relaxed too-long), we can now define the problem studied in the rest of
this work: Given a solution S to SND, the optimal refinement problem (ORP) is to find
a discretisation 7 of minimum size Y, 4 p|7a| such that all minimal too-long paths in
Dg are T-relaxed too-long.

The objective of minimising the number of time points is motivated by the wish to reduce
the size of the integer programming models used to solve R-SND.

4.1 Remark. In the short paper [WH26], we show that under this objective function,
the problem of making an arbitrary set of too-long paths also relaxed too-long is NP-
hard. We note that it is possible to construct instances of SND such that the hardness
result transfers to ORP as stated here, but omit the construction, which provides little
additional insight. N

This section is devoted to solving the ORP. First, we look at properties of minimal
too-long paths in Section 4.1 before showing how the ORP can be solved if one has
explicitly enumerated all minimal too-long paths in Section 4.2. An algorithm that
enumerates all these paths can be found in Section 7.4 of [SXB26] (and can be easily
adapted to our definition of a too-long path). We then demonstrate that this approach
can be unattractive since the number of such paths may be exponential in instance
parameters. This motivates us to develop a more compact representation of all minimal
too-long paths in Section 4.3 and corresponding solution approaches in Sections 4.4 to 4.6.

For the remainder of the section, let 7 denote a time discretisation and W the set of all
minimal too-long paths in Dg.

4.1. Properties of Minimal Too-Long Paths

For everything that happens later in this section, from formulating an integer program
for the ORP to developing a sufficient criterion for eliminating all minimal too-long paths,
it is helpful to know certain properties that these minimal too-long paths have. We use
this subsection to collect several such properties.

First, we note that if node v is visited by commodity k, then this commodity needs to
arrive at v at some point in the interval [t (v),tx(v)]. Thus, this interval describes a
certain amount of slack that is available at the node. If we deviate from the lower bound
t;.(v) we have used up some of the available slack, and if we exceed the upper bound
tr(v), then we are late, which happens at the end of too-long paths. Let us formally
define these values.

4.2 Definition (Slack consumption and lateness). Let u € VDg, t € N, and w =



4. The Optimal Refinement Problem 16

(u,t). We define the slack consumption and lateness at w by

Minimal too-long paths are only late at their last node. Since starting such a path at a
later node lets it finish earlier by exactly its slack consumption, this value must be at
least equal to the lateness at all but the first node (where it is zero), otherwise the path
would not be minimal. Formally, we obtain the following observation.

4.3 Observation. If W = ug...u, is a minimal too-long path and w; = (u;, tw (7)),
then the following properties hold:

o Ar(wy) >0 and A (w;) <0 for all i € [n).
o Ag(wp) =0 and Ag(w;) > Ap(wy) > 0 for all i € (n]. q

Proof. For the lateness, Ay (w,) > 0 since W is too-long and, for i € [n), Ap(w;) <0
since Wu; is not too-long.

For the slack consumption, Ag(wg) = 0 since ty(0) = t(up), and, for i € (n], u; W is not
too-long, so t(u;) + 7(u;W) < t(un) = tw(n) — Ap(wy) = t(uw) + 7(W) — Ap(wy,) =
tw (i) + 7(u;W) — Ap(wy). Thus, tw (i) > t(u;) + Ap(wy,) and Ag(w;) > Ap(wy,). O

In fact, these properties are actually equivalent.

4.4 Lemma. If W =ug...u, is a walk in Dg and w; = (u;, ty (7)), then W is minimal
too-long if and only if

o Ap(w;) <0 forallie[n)and
o Ag(w;) > Ar(wy,) > 0 for all i € (n]. q

Proof. The forward implication follows from Observation 4.3. For the converse, let W =
ug . . . up, be a walk satisfying the given properties and w; = (u;, tyw (7). Since Ar,(wy,) > 0,
W is a too-long path. Let u;Wwu; be a sub-walk of W that is too-long. If j < n, then
t(ui) + m(uiWuy) < t(ug) + T(uoWuy) = tw(j) = An(w;) + t(u;) < t(uy). Thus, j =n.

I3 > 0, then £(ui) + (V) = tw (i) — As(ws) + 7(uiW) = (o) + (W) — Ag(wy) <
tw(n) — Ar(wy,) = t(uy). Hence, i = 0 and W is minimal. O

Another useful observation is that any minimal too-long path that is also relaxed too-long
must have relaxed arrival times that exceed the earliest arrival times at all but the first
node.

4.5 Observation. Let 7 be a time discretisation and W = wug...u, be a minimal
too-long path that is T-relaxed too-long. Then 7y (i) > t(u;) for all i > 0. q

Proof. Let W = wug...u, be a minimal too-long path that is 7-relaxed too-long and
i > 0. Since w;W is not too-long, t(u;) + 7(u;W) < t(uy) < mw(n) < mw (i) + 7(uw; W),
so t(u;) < 7w (3). O
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4.2. Path-Based Approaches

We want to formulate the ORP as a binary integer program, which can already be found
in our short paper [WH26, Section 4]. For the upcoming IP-formulation it is helpful to
have an alternative characterisation for when a too-long path is actually relaxed too-long.

4.6 Lemma. A too-long path W = ugbiuy ... byu, is T-relaxed too-long if and only if
for every i € (n] there is a time point ¢; € 7, such that

(a) t1 <t(uo),
(b) t; + T(bz) >t forall ¢ € (n),
(c¢) and t, + 7(by) > t(uy).

Additionally, t; € Iy (i) = [tw (i — 1) — Ap(upn, tw(n)) + 1L, tw (i — 1)] for all ¢ € (n]. <

Proof. Evidently, my (i) — 7(b;) € Tp, for i > 0. Assume W is relaxed too-long. Then we
can set t; = my (1) — 7(b;). Then, by definition of 7y (4), all three conditions hold.

Conversely, assume that ¢; fulfilling the conditions exist. Inductively, my (i — 1) > t;:
the base case follows from Property (a), and since ¢; € Tp,, we obtain 7y (i) = | 7w (i —
D)7, +7(bi) > t; +7(b;). For i <mn, this is at least ¢;11 by Property (b); for i =n, it is
greater than (u,) by Property (c¢). Thus, W is relaxed too-long.

For the additional statement, observe that ((a)) and ((b)) together give

i—1 i—1
ti <ti+ > 7(bj) <t(uo)+ Y 7(bj) =tw(i—1).
j=1 j=1

and therefore .
t; >f(’u,n)—ZT(bj) :tw(i—l)—AL(un,tw(n)). O
Jj=t

Based on this reformulation, we obtain the following binary program (1). Recall that we
denote the set of all minimal too-long paths W and for a dispatch-node arc b = (v, k)(v', k'),
we write a(b) = v’ for its underlying arc in D. For a walk W we write ny for its number
of arcs. The binary variable y,; indicates whether ¢ is included in 7, and xy; indicates
whether ¢ is chosen as the time for the ith arc of W. By restricting ¢t to Iy (i), we
guarantee that both Properties (a) and (c¢) hold, so these conditions are not explicitly
imposed. For an arc a € AD, let I, denote the union of all intervals Iy (i) where
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a(b;) = a.
min Z Z Yat (1a)
acADtel,
s.t. Z Twi = 1 YW eW, i€ (nw] (1b)
tely (i)
Wit < Ya(by)t VW eW, i€ (nw], t €lw(i) (lc)
Yo otawa+Tli) = Y. tawivy YW EW, i€ (nw) (1d)
tely (i) tely (i+1)
Twit € {0, 1} YW eW, i€ (nw], te Iw(l) (16)
Yat € {0,1} YVae AD, tel, (1f)

4.7 Remark. Shu, Xu, and Baldacci [SXB26] also proposed a mixed-integer program
for this problem (using their slightly stronger elimination criterion). Due to their differing
definition of too-long paths that may start only at origin nodes (og, k), the MIP is
significantly more complex and not reproduced here. N

Alternatively, a very simple heuristic solution for ORP can be obtained by simply adding
time points for each too-long path according to its real arrival time:

4.8 Theorem ([SXB26, Theorem 3]). Let W = b;...b, denote a too-long path in
Dg. For a discretisation T with ty (i — 1) € Ty, for i € (n], W is T-relaxed too-long (and
thus eliminated). 4

Shu, Xu, and Baldacci [SXB26, Section 7.4] also propose a matheuristic for ORP. They
keep all time points from the previous discretisation and then process the too-long paths
in batches. For each batch, they solve their MIP to determine the fewest time points to
add to make all paths in the current batch relaxed too-long. They further restrict the
MIP to selecting time points from among those implied by Theorem 4.8.

One drawback of these approaches is that they require a full enumeration of all minimal
too-long paths, which may be impractical. Helber [Hel26, Section 4.4] gives an example
where a cycle in the dispatch-node graph leads to an exponential number of too-long
paths. Since such cycles are easy to detect and may be handled separately [see e.g.,
Mar+21, Section 4.1.3.], we give another motivating example that does not rely on such
cycles.

4.9 Example. Consider an instance on the network depicted in Figure 5, which consists
of the path P = vg...v, together with the nodes v’ and v" as well as arcs vgv’, v'v1,
vp—1v”, and v"v,. Arcs vovy and v,_1v, have length 3 and all others have length 1.
Commodities k1 and ke must both be transported from vg to v,,. Note that the nodes v’
and v” exist simply to make ¢, (v) and t;(v) irrelevant for nodes vy to v,_1.

The path P has length n + 4, so each commodity could traverse this path by itself and
arrive on time, but when consolidated, k1 arrives too late. If we consider the dispatch-node
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Tk, = 0
Thy = 1
Vo

1

Figure 5: Example of an instance with exponentially many too-long paths. Arc weights
represent travel time 7.

graph for the solution that consolidates them on all arcs of P, we see that the too-long
paths must start at (v, k2) and end at (v, k1), since this is the only way to achieve an
arrival time of n 4+ 5 and the only way to reach the only deadline this violates. However,
the nodes in between are irrelevant, so we can choose either (v;, k1) or (v;, ka) for all
intermediate i € (n). Thus, we obtain 2”~! minimal too-long paths in this example.

Despite this abundance of minimal too-long paths, it suffices to add the time points 1 on
arc vovy and @ + 2 on the arcs v;_1v; for i € [2,n] to eliminate them all (by making them
relaxed too-long). N

We also see in this example that a necessary ingredient of this blow-up in the number
of too-long paths is that on most arcs we can choose between the two commodities.
One can imagine that for instances where good solutions require consolidations of many
commodities, the number of too-long paths may grow drastically. Such instances have
already been observed to be harder to solve [see e.g., the HC classification of Mar+21].
This motivates us to find a more compact representation of the conflicts encoded by
too-long paths.

4.3. A Graph-Based Criterion

As we just saw, there may be exponentially many too-long paths that can be eliminated
in the same way. To deal with such cases, we want to find a more compact representation
that lets us make all minimal too-long paths 7-relaxed too-long, without checking them
all individually.

To motivate our upcoming construction, we use the partial network shown in Figure 6
and its dispatch-node graph. The time bounds not shown in the figure are chosen so that
no single-arc path is too-long; their exact values are irrelevant. For ease of notation, we
write u;; for (v, kj). Here, the minimal too-long paths are the paths that start at ug; or
ug2 and end at ug; or w9y, except the two paths ugiuiiues and ugiuiguse. We use the
full time discretisation T, which clearly ensures that all too-long paths are T-relaxed
too-long.

First, we observe that certain too-long paths are ‘more critical’ than others. For example,
consider the two too-long paths W = ugjuijus; and W’ = upguijug;. Then my (2) =7
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tkl (1}0) =1 {kla kQ} 1 {kla kQ} Ekl (’1}2) =
(Y v (%
Ly (v0) = 2 s 3 b 3 :

LY ey LY EY
[0,k {1, b || 2. e

Figure 6: Illustrative example to motivate the construction of Dyy.

and 7y (2) = 8. Thus, it suffices to make W relaxed too-long, since W’ is then relaxed
too-long as well. As a result, we are interested in the ‘most critical arrival times’ at the
nodes where minimal too-long paths end.

In order to compute them, the following propagation approach would be natural: since
the most critical arrival time at u is obtained by some minimal too-long path W =
UQ .+ . Up—1Uy With w, = u, its most critical arrival time my (n) is equal to |my(n —
D)7, un T T(un—1up). Thus, we could simply compute these values for the predecessors
of u (on minimal too-long paths) and take the smallest one.

This propagation does not work, however. In our small example, we would obtain that ugg
has 7 as its most critical arrival time, which does not exceed #(ug2) despite the fact that all
minimal too-long paths are eliminated. This occurs since there is ‘cross-contamination’:
the minimal too-long path W = ugiuisus; propagates its relaxed arrival time of 4 to w19,
which is then moved to ugs to obtain the 7 using the walk W’ = wugouiougo. But the walk
ug1u12u22 that actually leads to the 7 is not even too-long.

Thus, we need to ensure that this cross-contamination does not occur. In the example
above, this happened since 7y (1) = 4 but /(1) = 5, so the walk obtained by retracing
the minimal one was not long enough. We fix this by means of a time-expansion: we
augment the nodes u;; by their real arrival times in the minimal too-long paths they
appear in. This ensures that all prefixes that meet at a node have equal real arrival time
and can be used interchangeably to obtain too-long paths. Thus, only the worst (earliest)
one is of interest and this motivates the following definition.

4.10 Definition (Time-expanded too-long path graph). The time-expanded too-
long path graph D,y is given by

VDW = {(uz,tw(z)) W = Ug...Up € W,i c [n]},

A Dy = {(ui, tw (1)) (uigr1, tw (i +1)): W =ug...u, € W,i € [n)}.
For notational purposes, we identify a node w = (u, t) with its first component u, letting
us write t(w) or a(w).

We also define Syy and Byy to be the sets of nodes in Dyy originating from the initial
and final nodes of walks in W. <
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This graph expands the minimal too-long paths by their real arrival times. Since we
frequently move between a minimal too-long path and its time-expanded version, we
introduce some helpful notation.

4.11 Notation.
o For W = ug...u, € W, we write Py for the path (ug,tw(0))... (un,tw(n)) in

Diy.
o For a path P =wyg...w, in Dy with w; = (u;,t;) for i € [n], we write Wp for the
walk ug...u, in Dg. N

Note that, using this notation, Dy = Uy ey Pw-

The rest of this subsection is essentially dedicated to showing that, on this graph, the
propagation described above actually works. To this end, we first note a few properties.

4.12 Observation. Let w = (u,t) € V Dy.

(a) Nmw = @ if and only if w € Syy if and only if Ag(w) = 0.
(b) N°"w = & if and only if w € Byy if and only if Ap,(w) > 0. 4

Proof. By Observation 4.3, the nodes w € Dyy that have Ag(w) = 0 are exactly the
initial nodes of minimal too-long paths. Similarly, the nodes with A (w) > 0 are exactly
the final nodes of minimal too-long paths. O

4.13 Corollary.
(a) If Pis an SyyByy-path in Dyy, then Wp is too-long.
(b) If P is a path in Dy, and Wp is too-long, then P ends at a node in Byy. <

Proof. We notice that each arc (u,t)(u',t') in Dyy satisfies ' =t + 7(uu’), giving us that
any path P from w = (u,t) to w’ = (u/,t’) satisfies t' = t+7(Wp). Now let P = wy ... wy,
be a path in Dyy with w; = (u;,t;) for all i € [n].

For the first part, let P be an SyyByy-path. Then t(ug) + 7(Wp) = to + 7(Wp) = t, >
t(uy), by Observation 4.12. Thus, Wp is too-long.

For the second part, t(wy,) < t(wg) + 7(Wp) since this path is too-long. Using Observa-
tion 4.12, t(wp) < to, giving us t(wy,) < to + 7(Wp) = t,, so w, € Byy. O
Next, let us define the propagation we already motivated at the start of the subsection.

4.14 Definition (Relaxed arrival times in Dyy). For w € Dyy, we define the re-
laxed arrival time m, at w by

t(w) if N"yw =g,
Tw = min{'_’n’ J + / . / Njn h .
w7, +T(Www): w' e wy otherwise.
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Note that this is well defined since Dy is acyclic and N w = @ if and only if t = t(w).

We now establish the desired characterisation, namely that making the critical prefixes
computed by the propagation relaxed too-long is necessary and sufficient.

4.15 Theorem. Let T be a time discretisation. Then all minimal too-long paths in Dg
are T-relaxed too-long if and only if m, > t(w) for all w € Byy. q

Proof. We start with the backward implication for which we need the following claim.

Claim 1. For all w = (u,t) € VDyy and for all W € W for which w is the ith node and
t=tw(i), we get my < (7). N

Proof. We proceed by induction on a topological ordering. For nodes w = (u,t) € Sy,
if u occurs in W € W, then u is the initial node and 7, = t(u) = 7/ (0).

For the induction step, we let w = (u,t) € V Dy \ Syy, W € W contain u as its ith node,
and t = tyy (7). Let «' be the predecessor of u on W and ¢’ = ty (i —1). Then w’ = (u/, )
is a predecessor of w in Dyy. Thus, using the induction hypothesis, we conclude that
T < | ) 7, +T(Ww) < [mw (i = 1) |7, +7(u'u) =mw(i). o

Now let W = ug...u, € W. We know that w = (up,tw(n)) € By and t(w) < m, <
mw(n), so W is T-relaxed too-long.

For the forward implication, we need to associate the nodes of Dy with walks in Dg
that realise their relaxed arrival times.

Claim 2. For each w € V Dyy there exists a path P = wy . . . w,, in Dyy such that w,, = w,
wp € Sy, and, for all i € [n],

(a) th (Z) = ti and
(b) ™Wp (Z) = T, - N

Proof. We prove the claim by induction on some topological ordering, starting with
wo = (ug, to) € Syy once more. In this case, we can take the trivial path P = wy and get

th (0) = t(uo) = to and Twg = ;(uo) = TWp (0)
For the induction step, let w = (u,t) € VDw \ Syy. Then my, = |my |7, + 7(w'w) for

some w' = (u/,t') € N w. By definition of the arcs, t' =t — 7(w'w).

Then, by induction, we get a path P’ = wg...w, in Dy with wg € Sy, w,y = W',
and, for all i € [n'], w; = (us, ), tw,, (i) = t; and Ty, = Tw,, (i). Let P = wp ... wyw
and n = n’ + 1. Then wy € Syy, w, = w and the remaining two properties continue
to hold for ¢ € [n']. For n we get tw,(n) = tw,(n') + 7(w'w) =t = t, and m, =
| 7w T, + T(W'w) = |7w, ()7, +7(uW'u) = Tw,(n), as desired. o

We can also show a lower bound on the values 7.

Claim 3. For all w € VDyy, m, > t(w). 4
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Proof. We prove the result inductively, where it clearly holds for nodes in Syy. So, let
w = (u,t) € VDy \ Syy. By definition of Dy, w is on P = Py for some minimal
too-long path W € W. By Claim 2 we obtain a wow-path P’ in Dyy and corresponding
walk W' = Wp with wg € Sy that realises the relaxed arrival times.

We now regard the splicings P’ = P'wP = wy...w, and W’ = WuW = ug...uy,.
Since P” starts in Syy and ends in Byy, W” is too-long by Corollary 4.13. It thus
contains a minimal too-long path W* = u;W"u;, meaning P* = w; P"w; ends in By by
Corollary 4.13. Hence, j = n.

Since W is a minimal too-long path and w ¢ Syy, uW is not too-long, and, thus, u = us
is in W*. Consequently, i < s, u; € W', and m,, = 7y (7). By induction, we know that
mwr (i) = mw, > t(w;) = mw=(0). Therefore, my (i + £) > mw«(¢) for all £ < s — i, in
particular, 7, = my(s) > my+(s—1) holds at w. By Observation 4.5, myy«(s—1i) > t(w),
s0 Ty > t(w) and the claim follows. o

Now let w € Byy. Claim 2 yields a path P = wy ... w, in Dy with w; = (u,t;) for all
i € [n] and wy € Sy and w, = w. Again, we obtain that Wp is a too-long path and
contains a minimal too-long path W* = w;Wpu,, by Corollary 4.13.

Since W* is T-relaxed too-long, my=(n — i) > t(u,) = t(w). Moreover, by Claim 3,
Twp (i) = Tw, > t(w;) = mw=+(0) and, inductively, mw, (i + ¢) > mw«(¢). Thus, m, =
Twp(n) > mw=(n — i) > t(w) as desired. O

4.16 Remark. We note that we only needed to use the set W of all minimal too-long
paths in the proof above to get the forward implication. For the converse, any set W’
of minimal too-long paths would have worked, so, indeed, if m,, > t(w) for all w € By,
then all minimal too-long paths in W’ are T-relaxed too-long. <

4.4. Constructing the Time-Expanded Too-Long Path Graph

In order to use the criterion obtained in Theorem 4.15, we need to be able to construct
the time-expanded too-long path graph Dyy. Evidently, it can be obtained by first
enumerating all minimal too-long paths in WW. However, we want to avoid this explicit
enumeration and this section describes an algorithm that constructs Dyy in O(|A Dg|- H)
time. While this is still pseudo-polynomial in the instance parameters, it avoids the
enumeration of potentially exponentially many minimal too-long paths.

To do so, we first construct a candidate graph D1T/v that contains Dyy as a subgraph and
then remove the unnecessary nodes and arcs. The algorithm to compute the candidate
graph is given in Algorithm 4.1. It starts by adding timed copies of all nodes at their
earliest time. It then expands each timed copy along outgoing arcs, so long as the
expansion still has positive slack consumption (otherwise, this timed arc cannot be
induced by a minimal too-long path). The nodes reached this way are also considered for
expansion if they have non-positive lateness (otherwise, they are already too late). We
now establish the running-time bound and prove that D,y is indeed a subgraph.
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Algorithm 4.1: Building the candidate graph
1 def CONSTRUCTCANDIDATEGRAPH(Dg):

2 | D)y — ({(u,t(n)): ueVDg}, o)
s | L—V(D)
4 while L # & do
5 pop w = (u,t) from L with minimal ¢
6 for v’ € N°"' ¢ do
7 t—t+7(uu), w — (u,t)
8 if Ag(w') > 0 then
9 insert w’ into V(D)T,V)
10 insert ww’ into A(DI/V)
11 if Ap(w') <0 then
12 ‘ insert w’ into L
13 return D,T,V

4.17 Lemma (Candidate graph). Algorithm 4.1 runs in O(|]A Dg| - H) time and the
computed candidate graph D% satisfies Dy, C D]T/V. <

Proof. For the time complexity, note that L can only contain nodes (u, t) with 0 < ¢(u) <
t < t(u) < H. Since we process the nodes with increasing ¢, no node is processed twice
and the iterations of the inner for loop are thus bounded by |A Dg|- H. Extracting the
node (u,t) from L can be done in constant time by using a separate list for each of the
H lengths in question. All other operations are easy to do in constant time, yielding the
desired running time.

To see that Dyy C DI et W =wg...u, € W and let Py = wg...w,. We show by
induction that Py C DI,V, which also shows Dy, C DlT/v since W € W was arbitrary.

By Line 2, wg € DI/V. Now let w; € DI/V for i < n. Then Ar(w;) <0 by Observation 4.3.
Thus, w; was added to L in some iteration of Algorithm 4.1 and, when it is removed,
wir1 € N°" ;. Since Ag(w;y1) > 0 by Observation 4.3, the next node w; 41 as well as
the arc w;w;4+1 are in D! , too. O

Note that, by construction, the nodes without incoming arcs are exactly the nodes
in § = {w € V(D)T/V): Ag(w) = 0}. Similarly, a superset of By is given by B’ =
{w € V(DIT/V): Arp(w) > 0}. Note that in contrast to Dyy, there may be nodes w € D)T/V
with Ar,(w) < 0 that have no outgoing arcs.

We still need to determine which nodes and arcs are actually needed. We focus on the
arcs, since if we can correctly determine these, then we can discard all isolated nodes
afterwards (assuming that t(u) < #(u) for all u € Dg).

Note that an arc ww’ € DuT/v is part of Dyy if and only if ww’ is on a path Py for some
W € W. This path is also part of DI/V and satisfies the properties listed in Lemma 4.4.
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In particular, it starts in &’ and ends in B’. Since the lemma is a characterisation, we
can also get the converse:

4.18 Corollary. An arc ww' € D;, is in Dyy if and only if there exists a S&’'B’-path
P=wy...w, in DI,V that contains ww’ and for which Ag(w;) > Ar(wy,) holds for all
i€ (n]. q

Proof. The forward implication follows from the preceding argument. For the converse,
let P = wyp...w, be a path in DIT,V that contains ww’ and for which Ag(w;) > Arp(wy,)
holds for all 7 € (n]. Then Wp is a walk in Dg for which the properties of Lemma 4.4
are satisfied: the first is guaranteed by our construction already since we do not add
outgoing arcs to nodes with positive lateness and Ay (w,) > 0 holds since w,, € B. O

We therefore need an efficient way of verifying whether an arc ww’ € DI/V is on such a
path. This means we need an S’w-path P, and a w'B’-path P, that, when combined,
satisfy the condition of the corollary. But this means that, for the prefix P, a larger
slack consumption is always better. Thus, we say that w is s-reachable if there exists
an S’w-path in DI/V whose nodes, except the first, all have slack consumption at least s.
Thus, we want to compute the best such s, which we call

cap(w) = sup {s: w is s-reachable} .

In particular, cap(w) = oo for all w € S’ since they are s-reachable for any value of s.

For the suffix P, our goal is to be as unrestrictive as possible. Thus, lower values of
Ar(wy,) for the end node w,, € B are desirable, as long as we can reach them by a path
whose minimum slack consumption is at least this value. Similarly to the above, we call
w’ l-extendable if there exists a w'B'-path in D;} ending at w, € B’ such that the slack
consumption of all its nodes is at least Ay, (wy,) = ¢. We define

req(w) = min {¢: w is f-extendable} .

Here and below, we use the convention min @ = +o00. In particular, req(w) = oo if
weS.

These two properties let us characterise which arcs of DiT/v are actually part of Dyy.

4.19 Theorem. An arc ww' € A(DI,V) is in Dyy if and only if

~—

req(w’) < oo and cap(w) > req(w'). (2

A

Proof. Similarly, if ww' € A(D,T/V) is in Dyy, then Corollary 4.18 yields a path P =
wp ... Wy, in D1T/v that contains ww’ and for which Ag(w;) > Ar,(wy,) holds for all i € (n].
In particular, w is Ap(wy,)-reachable and w’ is Ar,(wy,)-extendable, yielding cap(w) >
req(w’) and req(w’) < oco.
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(a) A dispatch-node graph Dg. (b) The corresponding candidate graph DI,V.

Figure 7: llustration of the marking rule in Theorem 4.19. The nodes u in the dispatch-
node graph are labelled with [t(u),?(u)]. In the candidate graph, the nodes w
are labelled by [req(w), cap(w)].

Conversely, assume Equation (2) holds for the arc ww’. Let Py = wy . .. wy, with wy = w,
be a path realising cap(w) and P, = wgyq ... wy,, with wi; = w’, be a path realising
req(w’), which exists since the value is finite by assumption. Then Ag(w;) > Arp(w,) =
req(w’) for all i > k + 1 and Ag(w;) > cap(w) > req(w’) = Ap(wy) for 0 < i < k.
Hence, the path PP, is a S’B’-path that contains ww’ and satisfies the condition of
Corollary 4.18, so ww’ € Dyy. O

Let us illustrate this on a small example.

4.20 Example. Consider the dispatch-node graph Dg in Figure 7a and the correspond-
ing candidate graph D% in Figure 7b. The minimal too-long paths are ujus and uguius:
the path ujug arrives at time 4 and is feasible, whereas ugujus arrives at time 5 > ¢(us).
The check of Theorem 4.19 keeps their time-expanded arcs and rejects the arc from (u, 2)
to (ug,b). This also lets us remove the now isolated nodes (us,5), (us,2), and (ug,2).

To complete the algorithm, we want to efficiently determine cap(w) and req(w).

4.21 Observation. The following recurrences determine cap(w) and req(w).

00 wed
cap(w) = {min {Ag(w), max,cnin, cap(w’)} w ¢S’ )
ca(w) = Ar(w) we B
a(w) {min {req(w’): w' € N w, Ag(w) >req(vw’)} w ¢ B )

Using these, we can compute the values of cap(w) and req(w) for all w € V(DI,V) in
O(|V(D}y)| + |A(D}y)]) time. <
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Algorithm 4.2: Computing Dyy.
1 def CONSTRUCTTIMEEXPANDEDGRAPH(Dg):
D)T/V «— CONSTRUCTCANDIDATEGRAPH(Dg)

Compute cap(w) and req(w) for all w € D1T/v using (3) and (4)
Dyy — (2,9)
for ww' € A(DI/V) do
if req(w’) < oo and cap(w) > req(w’) then
‘ Add w, v, and ww’ to Dy,
return Dy

® g O U A W N

Proof. We start with the recurrence for cap(w) and inductively obtain that the formula
is correct, where this is true for all nodes in &’. For the remaining nodes, cap(w) is
determined by a path to w whose nodes have a minimum slack consumption that is as
large as possible. Thus, it uses a predecessor w’ of maximum cap(w’), without loss of
generality, and cap(w) = min {cap(w’), Ag(w)}.

For req(w), we again see that the value for w € B’ is set correctly since Ag(w) > Ap(w).
For the remaining nodes, the path determining req(w) (if it exists) uses a successor w’
that minimises req(w’) subject to Ag(w) > req(w’), and its requirement is then identical.
If req(w) = oo, then any path to a node in B’ has insufficient slack consumption; in
particular, Ag(w) < req(w’) for all successors w'.

Since for either recurrence each node and arc is processed exactly once, the procedure
completes in (’)(]V(DJ/\,)] + \A(D]T/V)]) time. O

To summarise this section, we obtain Algorithm 4.2 that constructs Dyy. Evidently,
computing cap(w) and req(w) requires no more operations than determining D1T/v in the
first place, so with Lemma 4.17, Theorem 4.19, and Observation 4.21, Algorithm 4.2
computes Dy in O(|A Dg| - H) time.

We further improve the practical running time of Algorithm 4.2 by preprocessing Dg
to remove nodes and arcs that cannot lie on too-long paths. The idea is to compute for
each u € V Dg the latest real arrival time of any walk in Dg, i.e.,

tmax(u) = max {tw(n): IV =wug...up, u, = u},

and similarly the earliest real arrival time a walk must have at u to be extendable into a
too-long path, i.e.,

tin(u) = min {t(u,) —7(W): IW =wug...u,, up = u}.

Evidently, if tmax (%) < tmin(u), it cannot lie on a too-long path and can be removed. If
Dg is acyclic, these values are easy to compute by forward and backward propagation.
Otherwise, we can first determine the condensation graph of Dg by merging every strongly
connected component into a single node, and then determine these values on the resulting
graph. Every node in a strongly connected component containing a cycle is on a too-long
path in any case and thus we set tyin(u) = —00 and tpax(u) = oo for them.
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4.5. Solving the ORP using Dyy

Similarly to Lemma 4.6, we now prove another alternative characterisation that lends
itself better to the formulation of an IP.

4.22 Lemma. All minimal too-long paths are T-relaxed too-long if and only if there
exist time points t(w'w) € Ty for all w'w € A(Dyy) and 7(w) for all w € V(Dyy) such
that

(a) m(w)
(b) t(w'w
(¢) t(w'w
(d) m(w)
Additionally, for w'w € A(Dy) with v’ = (u/,t'), t(w'w) € Iy = (' —req(w),t’]. <

t(w) for all w € SW,

< w(w') for all w'w € A(Dyy),

+ 7(w'w) > w(w) for all w'w € A(Dyy), and
t

<
)
)
> t(w) for all w € Byy.

Proof. Note that all minimal too-long paths are T-relaxed too-long if and only if the
relaxed arrival times 7, at the boundary nodes w € Byy satisfy m, > t(w), by The-
orem 4.15.

For the forward implication, we use m(w) = m, and t(w'w) = |7 ]7,, . Then, for
w € Sy, 7(w) = 7, = t(w) and, for w € By, m(w) = m, > t(w). For w'w € A(Dy),
tw'w) = (7|7, < 7w =7(w') and t(w'w) + 7(w'w) = 7w ]T,,, +7(WW) > TYW =
m(w).

For the converse, let ¢t and 7 satisfy the four specified properties. Then, inductively,
m(w) < my for all w € V(Dyy), which implies that m, > 7(w) > t(w) for all w € Byy.
For w € Syy this is clear and for the other nodes w we note that Property (b) implies
that t(w'w) < |7(w')]7,, —since t(w'w) € Tyr. Using this, we obtain 7(w) < t(w'w) +
7(w'w) < [7(w')] 7, +7(w'w) < |7y |71, +7(w'w). Since this holds for all predecessors
w’ of w, m(w) < my.

For the final part, let w'w € A(Dyy) with w’ = (u/,t"). Choose W € W of minimum late-
ness ¢ among those whose time-expanded path Py = wy . .. w, contains w’w. Inductively,
t(w'w) < w(w') < w(wg) + T7(Pww') < t(wy) + 7(Pyuw') =t

For the other direction, t(w'w) > w(w,) — 7(w' Pw) > t(w,) — 7(w' Py) =t' — Ap(wy,) =

— £. By Observation 4.3, the suffix wPy shows that w is f-extendable. It cannot be
¢'-extendable for some ¢/ < / since, otherwise, we can extend the prefix Pyw by that
suffix, preserving w'w, to obtain a minimal too-long path of lower lateness by Lemma 4.4.

Thus, req(w) = ¢ and t(w'w) € (t' — req(w), t']. O

Based on this reformulation, we can solve ORP with the mixed-integer program (5).
It contains continuous variables m, to decide 7(w) and binary variables x,,,; which
represent the desired time points ¢(w'w). Let I, denote the union of all intervals I,
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where the underlying arc a(w'w) is a.

min DT (50)

acADtel,
s.t. Z Twwt = 1 Vw'w € A(Dyy) (5b)
tel,
Twwt < Ya(wwyt  YWwW E A(Dw), t € Ly (5¢)
Z txw’wt S Tw! Vw’w € A(Dw) (5d)
tel,
Z tTyrwt + T(a(w'w)) > my, Vw'w € A(Dyy) (5e)
tel, .,
Tw = Vw = (u,t) €S (5f)
Tw > t(u)+1 Yw=(ut)eB (5g)
yat € {0,1} YVae AD, tel, (5h)
Tyt € {0,1} Vw'w € A(Dyy) (51)
T(ug) > 0 Y(u,t) € V(D) (5j)

While this model can be significantly more compact than (1), its size is still strongly
dependent on the scaling of the time parameters. So it seems promising to use dynamic
discretisation discovery to solve ORP as well, which is the topic of the next subsection.

4.6. A Dynamic Discretisation Discovery Algorithm for the ORP

Like before, we want to use DDD to replace the time points by intervals in order to
obtain a smaller model. Thus, we again use a time discretisation on the arcs of the
original network, which we denote by D here to distinguish it from our previous ones.
The relaxation will, once again, use the intervals obtained by the discretisation and allow
behaviours that are realisable for some point in the interval.

We shall be fairly brief in this section since none of the ideas used here are really different
from what we did for the service network design problem. When differences appear, we
point them out.

To get started, let us state the problem and the relaxation we are trying to solve by using
the reformulation Lemma 4.22 (or the IP (5)). The objective of the ORP is to add as few
time points as possible, so our goal is to ‘consolidate’ as many arcs w’w that correspond
to the same arc a(w'w) as possible and ‘solve’ them by adding a single time point. Thus,
a solution is a partition ® of the arcs A(Dyy) such that all arcs w'w in a part ¢ € ®
correspond to the same arc a(w'w). We write ¢(w'w) for the part ¢ € ® containing w'w.

For feasibility, we need time points t: A(Dyy) — N and 7: V(Dyy) — N that satisfy the
conditions of Lemma 4.22. Since we want all arcs in the same part of ® to have the same
t-value, it suffices to specify time points for each part of the partition.
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Hence, ® is feasible if time points ¢: & — N and 7: V(D) — N exist such that

(a) m(w) < t(w) for all w € Sy,

(b) t(dp(w'w)) < w(w') for all w'w € A(Dyy),

(¢) t(p(w'w)) + 7(w'w) > w(w) for all w'w € A(Dyy), and
(d) m(w) > t(w) for w € Byy.

Recall that these conditions imply that t(¢(w'w)) € L.

In the relaxation R-ORP, we use the time discretisation D and assign each part ¢ of the
partition ® an interval h(¢) € Dé (6)’ where a(¢) is the arc in D corresponding to ¢. We
now require that h(¢(w'w)) N Iy, # @ for all w'w € A(Dyy) together with

(a) m(w) < t(w) for all w € Syy,

(b) minh(¢(w'w)) < w(w') for all w'w € A(Dy),

() maxh(p(w'w))+ 7(w'w) > w(w) for all w'w € A(Dyy), and
(d) m(w) > t(w) for w € Byy.

Clearly, this is a relaxation (simply assign the interval containing a time point) and it
is tight for the full discretisation (then the interval minimum and maximum are just
the same single point). To solve it, we can use a mixed-integer program similar to (5),
selecting intervals instead of time points and replacing the coefficient ¢ in the linking
constraints by the upper and lower bounds of the intervals.

Now we need to find our ‘problems’, so an equivalent to the too-long paths in the dispatch-
node graph, and how to refine the discretisation to eliminate them, so an equivalent of
making them 7 -relaxed too-long. We note that an analogous construction to the one
we presented before would be plausible, though we deviate slightly from it. Before we
describe how we proceed in this setting, we want to describe the approach we take now
in terms of the SND.

In the SND, we could have defined a different graph to verify implementability than
the dispatch-node graph: it would have also been possible to construct a consolidation
graph that has a node for every consolidation and connects consolidations that appear
consecutively on a path. Then analogous definitions of (7 -relaxed) too-long paths can
be derived as well as the corresponding characterisations. The main difference between
these two options is that the consolidation graph has a smaller size, but also ‘solves’
fewer problems, resulting in potentially more iterations. For the SND, the dispatch-node
graph was computationally advantageous, but for the ORP, the graph Dyy is significantly
larger, so we opt for the more compact representation given by the consolidation graph.

Since the consolidations correspond to parts of the partition here, the graph defined
below has these as its nodes.

4.23 Definition (Partition-linking graph). Given a solution ®, its partition-linking
graph Dg is given by

VD =&



4. The Optimal Refinement Problem 31

AD@ = {qﬁ(wlwg)qﬁ(wgwg) | W1W2, WaWs € A(Dw)} .
For arcs ¢'¢ we set 7(¢'¢) = 7(a(¢’)) and for nodes ¢ we set

t(¢) = max {min I, : w'w € ¢}, t(¢) = min {max Iy, : w'w € ¢} . q

Note that in a feasible solution of ORP with time points ¢ and m, t(¢) € I, for all
w'w € ¢, so t(p) € [t(d),t(¢)]. Similarly, in a feasible solution of R-ORP with time
points h and 7, h(¢) N Ly, # @ for all w'w € ¢, so max h(¢) > t(¢) and min h(d) < t(¢).

Since we now want to be sufficiently late at the boundary nodes, the obstacle to being a
feasible solution is that paths in the partition-linking graph might be too short.

4.24 Definition. A ¢'¢-path P in Dg is too-short if t(¢') + 7(P) < t(¢). Q

These too-short paths are the obstruction to implementability.

4.25 Theorem. A solution & is feasible for the ORP if and only if Dg contains no
too-short path. 4

Proof. Let ® be feasible with time points ¢t and 7. Moreover, let P = ¢1 ... ¢, be a path
in Dg. For any arc ¢;¢;+1 we get nodes wy, wa, wsy € V(Dyy) such that ¢; = ¢p(wiws) and
dit1 = ¢(wows). By feasibility, t(¢i) = t(¢p(wiws)) > m(w2) — T(wiw2) > t(P(waws)) —
7(a(¢i)) = t(diy1) — T(didit1). Thus, t(¢1) + 7(P) = t(¢1) + 7(P) = t(¢n) = t(¢n), s0

P is not too-short.

Conversely, let Dg contain no too-short path. In this case, we can define t(¢) =
min {¢(¢") + d (¢, ¢): ¢ € @} > t(¢) for ¢ € . We also set 7(w) = t(w) for w € Sy,
and 7(w) = min {¢(¢p(w'w)) + 7(w'w): w' € N™w}. The triangle inequality yields the
following helpful inequality: for ¢/¢ € A Dg

t(¢) < () +7(¢' ). (6)

Using these values, m(w) = t(w) for w € Syy. Next, let w'w € A Dy and ¢ = ¢(w'w).
If w' € Sy, we get t(¢) < t(¢) < max Iy, = t(w') = w(w'). Otherwise, m(w') =
t(p(w"w")) +7(w"w') for some w” € N w'. Let p(w”w') = ¢'. Then ¢'¢ € A Dg, giving
us t(¢) < t(¢') +7(¢'¢) = w(w'), by (6). Also, m(w) < t(¢) + 7(w'w) by definition.

Finally, for w = (u,t) € By, we get a w' = («/,t') € N w with 7(w) = t(¢p(w'w)) +
T(w'w) > t(p(w'w)) +7(w'w) > min Ly, +7(w'w) > t'+7(w'w) —req(w) = t — Ap(w) =
t(w). O

Just as for refining the discretisation 7 for R-SND, we have many options available
for refining the discretisation D for R-ORP. In fact, we could transfer the concepts we
developed to solve ORP to finding small discretisations D for R-ORP. But in preliminary
experiments we found that empirically, a very simple initial discretisation was always
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sufficient that the R-ORP solution was also feasible for ORP. So we simply describe
this initialisation and a sufficient refinement approach (which was never necessary in our
experiments).

We initialise Do = Uwrwed Dy : a(w'w)=a 110 Ly, max Ly, + 1}, iee., by splitting at the
interval endpoints for all ww’ that need to select a time point on arc a. If the solution
of R-ORP is nonetheless infeasible for ORP, we could find (e.g., by enumeration) one
or more too-short paths and then add time points according to the following statement,
which is conceptually equivalent to Theorem 4.8:

4.26 Lemma. Let ® be a solution to ORP, P = ¢; ... ¢, be a too-short path in Dg,
and t; = t(¢1) + 7(P¢;). If D is a discretisation with ¢; + 1 € Dy, for i € (n], then @
is not feasible for R-ORP. N
Proof. Suppose ® was feasible for R-ORP, then we obtain intervals h(p) € D£(¢>) that
satisfy all five conditions in the definition of the relaxation. For any arc ¢;¢;11 we get
nodes wy, we, ws € V(D) such that ¢; = ¢p(wiws) and ¢;11 = ¢(wews). By feasibil-
ity, max h(¢;) = maxh(p(wiwsz)) > m(wa) — 7(wiwa) > min h(P(wews)) — 7(a(d;)) =
min A(gi+1) — 7(Pidi+1)-

Note that minh(¢;) < t(¢1) =t; and t1 + 1 € Dg(gy), S0 max h(¢1) < t; as well. Now,
inductively, min A(¢;+1) < maxh(o;) + 7(dipit1) < t(p1) + 7(Ppit1) = tirv1. Again,
since t; 41+ 1 is in the discretisation of a(¢;+1), we get max h(¢; 1) < t;4+1. In particular,
max h(¢pp) < t, < t(¢n) < maxh(¢,), which is a contradiction. O

5. DISCUSSION OF SOME MODIFICATIONS

In this section, we discuss several modifications to the proposed framework and how our
results carry over. The first modification is a slightly different definition of (relaxed)
too-long paths, the second a stronger relaxed problem, and the third an initialisation
strategy for the discretisation.

5.1. Alternative (7-Relaxed) Too-Long Criteria

The following definition is similar to the elimination criterion in [SXB26, Lemma 2],
though slightly different since we again do not restrict too-long paths to start at commodity
origins.

5.1 Definition ((7-Relaxed) too-long* paths). Let uu’ be an arc in Dg with u =
(v, k), and v’ = (v', k'). We define

tun’) = max {4,(0), b (0)}, Fun’) = min {B(), 7 ()}

We also say that a walk W = wg...u, in Dg is a too-long* path if t(uoui) + 7(W) >
t(Up—1Un).
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Similarly, we change the initialisation of the relaxed arrival times and set 7y, (0) = ¢(ugu1)
and say W is T-relaxed too-long* if 7{y, (n) > t(up—1un). q

Note that we continue to assume that single-node too-long paths do not exist, so this
new definition makes sense. Essentially, this definition makes use of the observation that
if two commodities are consolidated on an arc, they must also both traverse that arc,
and we can disregard the less restrictive commodity.

5.2 Example. Consider the partial solution in Figure 8. Assume other paths exist
between the nodes such that the unspecified values of ¢, (v), tx(v) are irrelevant. There
exist two (minimal) too-long paths: (vi, k1)(va, k1)(vs, k1) and (v1, k1) (ve, k1) (vs, k2).
Assume the first arc is fully discretised in 7; then under our definition, we require one
time point in [2, 6] on the second arc to make the first path 7T-relaxed too-long and one
time point in [4, 6] to make the second path T-relaxed too-long. In contrast, we require
only a time point in [2, 6] to make both paths T-relaxed too-long*. Evidently, this is less
restrictive and, depending on the other too-long paths, a smaller discretisation suffices
under this definition.

tp, (v1) =1 _
' ki — Rk v3) =
U1 51 Vg 15 ? U3 i::gvz; g

Figure 8: Example (partial) solution to demonstrate that fewer time points might suffice.

Any (T-relaxed) too-long path is also a (7-relaxed) too-long* path. The statements
regarding implementable and representable solutions (Theorems 3.7 and 3.14) carry over,
so we can also transfer the path-based refinement strategies. It is also possible to construct
a graph similar to Dy and show a statement corresponding to Theorem 4.15. But because
the modified elimination criterion considers the minimum over the last two commodities,
the graph construction is more complicated. Preliminary experiments indicated that
using this stronger criterion has little impact on the resulting discretisations and overall
running times, so for clarity of exposition we use the simpler criterion.

5.2. Stronger Relaxation

Next, we discuss a possible modification to the relaxed problem R-SND. For a given arc a
and interval I we define the part of the interval in which a commodity k can actually be
dispatched by Ji(a,I) = I NIx(a). Then, we can replace Property (b) for a representable
solution by the more restrictive condition

min Ji(a;, h(c;)) + 7(a;) < max Ji(ait1, h(cit1)) Vi€ (n).

This essentially ensures that commodity k cannot be dispatched on a in I and immediately
after on a’ in I’ if such a transfer is not possible while respecting the commodity’s dispatch
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windows, even if a dispatch in either interval by itself is possible. We also describe how
this modified problem can be modelled as an integer program in Appendix A. The
commodity-specific subnetworks used for the relaxations in recent works [Hel26, Mar+21,
SXB26] reflect this rule for allowed arc sequences. Evidently, this modified relaxation
is more restrictive and every solution that is not representable for R-SND is also not
representable under the modification. So all of our refinement strategies are directly
applicable when using this relaxation as well.

Similarly, when discussing DDD for the optimal refinement problem in Section 4.6, we
could have also strengthened the relaxation by not only requiring Jy., = h(¢(w'w)) N
Ly # @, but also using this more restrictive interval in Properties (b) and (¢). These
would then become

(b) min Jy, < w(w') for all w'w € A(Dy) and
(¢) max Jy + 7(w'w) > w(w) for all w'w € A(Dyy).

In our computational experiments, we use these stronger relaxations when solving both
SND and ORP with DDD.

5.3. Initial Discretisation

Lastly, we discuss how the significant time points of Shu, Xu, and Baldacci [SXB26] can
be integrated into our refinement approaches. For an arc a € A D we define the set of com-
modities that can traverse this arc in a feasible solution by I, = {k € K: t;,(a) < tx(a)}
and then observe that some infeasible consolidations are easy to avoid:

5.3 Theorem (Significant time points, [SXB26, Theorem 1]).

Given an arc uv € A D and two different commodities &y, ky € KCyp with t;, (u) 4 7(uv) >
Ty, (v), if there exists a time point t € Ty, with t € (g, (v) — 7(uv), tg,(u)], then k; and
ko cannot be consolidated in any 7T -representable solution. N

By adding such time points to the discretisation, we essentially directly eliminate all
single-arc minimal too-long paths. Shu, Xu, and Baldacci [SXB26] propose solving a
minimum hitting set problem to identify the smallest set of time points that eliminate
all these paths and use this set to initialise the discretisation.

Specifically, for each arc uv we want a minimum-size set of time points that hits all
intervals in Zy, = {(tk, (v) — 7(wv), ty, (w)]: ki, ke € Kyp, tg, (w) + 7(uv) > T, (v)}. We
could require these time points to remain in the discretisation during refinement, or instead
add all corresponding one-arc paths to the set W for the path-based approaches or into
the graph Dyy. Since these paths can be quite numerous, we instead propose the following
approach (for each arc). First, we solve the hitting set problem, obtaining a set of time
points T3,,,. We then assign each interval I to one of the selected points it contains, which
we call ¢(I). Evidently, we could replace a t € Ty, with any ¢’ € I(t) = Nrez,,, . y(1)=¢ 1 and
still hit every interval. So in the initial discretisation, we simply set Ty, = {0, H} U Ty,
and during refinement, we add a constraint to our integer programs that the discretisation
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Table 1: Characteristics of the SND instance sets used.

Source Class Instances Commodities Nodes Arcs
[Bol+17] HC/HF 177 100-400 20-30 228-683
HC/LF 183 100400 20-30 229-686
[VK24] Critical times 192 150-200 20 230-300
Designated paths 192 150-300 20-25 230-480
Hub-and-spoke (easy) 192 100 20 45-95
[Hel26] Grid 100 50 16 48
Hub-and-spoke (hard) 100 75 30 120-204
Star 100 100 21 40
Wheel 100 100 12 44

needs to include at least one ¢’ € I(t) for each ¢t € T),,,. Essentially, we allow the significant
time points to be repositioned to help eliminate newly found conflicts.

6. COMPUTATIONAL STUDY

We present the results of two groups of experiments. First, we demonstrate the efficiency
of our exact methods for solving instances of the optimal refinement problem and of
our algorithm for constructing Dyy in Section 6.1. Then, we investigate the benefit of
optimal refinement for the overarching DDD approach when solving SND in Section 6.2.

We implemented all algorithms in Python 3.11.4 and solved all mixed-integer programs
with Gurobi 12.0.0 [Gur26]. The implementation and data will be made publicly available
upon acceptance of this manuscript. All experiments were conducted on machines with a
Xeon L5630 Quad Core 2.13 GHz processor.

We utilise the instance sets for the SND proposed by Boland et al. [Bol+17] (and classified
in [Mar+421]), Van Dyk and Koenemann [VI<24], and Helber [Hel26]. Table 1 gives an
overview of the size of these instances. For more details we refer to the corresponding
papers. Note that we omit the LC/LF and LC/HF instances of Boland et al. [Bol+17],
since almost all are solved in a single iteration with state-of-the-art DDD solvers, so no
refinement takes place.

6.1. Comparing Solvers for ORP

To generate instances of ORP, we ran the DDD solver for one iteration on each instance
with a time limit of one hour and a relative optimality-gap limit of 1% and stored the
dispatch-node graph Dg of the resulting relaxation solution S. The initial discretisation
for this first iteration contained the significant time points as described by Shu, Xu, and
Baldacci [SXB26]. We made this choice to obtain ORP instances that are representative
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Table 2: Characteristics of derived ORP instance sets.

Source Class Instances Nodes Arcs  |[W| > 10°
[Bol+17] HC/HF 177 298-1261  317-4041 0
HC/LF 149 273-1242  260-2982 0
[VK24] Critical times 188  455-732 1143-4001 0
Designated paths 192 490-1296  852-8196 51
Hub-and-spoke (easy) 158  293-476 10912756 7
[Hel26] Grid 87 151204 259-524 0
Hub-and-spoke (hard) 84  250-311 440-729 0
Star 100  284-299 482-653 0
Wheel 100 281-316 520712 0

of those encountered in state-of-the-art DDD approaches.

Table 2 reports the characteristics of the resulting ORP instances. About 90 % of
graphs contained fewer than 10 000 minimal too-long paths, about 4 % contained between
10000 and 50000, about 1% contained between 50000 and 100000, but about 5%
contained more than 100000. For graphs with more than 100000 minimal too-long
paths, enumerating them almost always exceeded the memory limit (16 GB), likely due to
exponential blow-up. We therefore capped enumeration at 100 000 minimal too-long paths
for approaches where this is relevant; the last column reports the number of instances
that hit this cap in each class.

Note that the instance counts are lower for some classes than the number of available
SND instances. We excluded 30 of the (easy) hub-and-spoke instances because they had
arcs with 7(a) = 0, which may lead to infinitely many minimal too-long paths. For the
omitted grid and hard hub-and-spoke instances, the solver ran into the one-hour time
limit while solving the first relaxation. The remaining instances were omitted because
the dispatch-node graph obtained after the first iteration contained no too-long paths
and was thus not relevant for the ORP.

We first compare the efficiency of Algorithm 4.2 for deriving Dyy from Dg to the naive
approach of first enumerating all minimal too-long paths and then merging them. The box
plot in Figure 9 summarises the distribution of running times we observed for instances
in each class. We observe that for most classes, the mean and the quartiles are similar
between the two construction methods. Recall that most of our dispatch-node graphs
contain (significantly) fewer than 10000 minimal too-long paths, so it is not surprising
that enumerating them is not a large burden. But for some classes, we observe that
path-based construction may lead to outliers with significantly longer running times.
Importantly, due to our enumeration limit of 100000 paths, the path-based approach
did not create the full Dy, on the 58 instances in which it ran into the limit, while our
graph-based algorithm was able to create the full graph every time. So our time-expanded
too-long path graph allows us to represent all conflicts even when the path enumeration
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balloons past the memory limit.
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Figure 9: Time to create Dyy by enumerating and merging all minimal too-long paths
(Paths) or by our Algorithm 4.2 (Graph).

Next, we compare the efficacy of various approaches for solving the ORP. As a baseline
(BL) heuristic, we add for each enumerated minimal too-long path time points according to
its real arrival time, which by Theorem 4.8 will eliminate it. We also use the matheuristic
(MH) of Shu, Xu, and Baldacci [SXB26] adapted to the arc-based discretisation. Recall
that this heuristic uses their stronger elimination criterion and so in principle could
find smaller discretisations than our approaches. For exact optimisation, we use the
path-based MIP Equation (1) (Path), the graph-based MIP Equation (5) (Graph), and
our graph-based DDD approach (DDD). Note that Path is only exact for instances where
all minimal too-long paths could be enumerated.

Table 3 reports the mean running time and solution quality per class. The running time
also includes the time for enumerating too-long paths or constructing Dyy. Recall that
for some instances, not all minimal too-long paths were enumerated; in principle, the
path-based approaches (BL, MH, Path) may produce solutions for these instances that
do not eliminate all paths (and thus are infeasible). This affects 78 designated path, 29
(easy) hub-and-spoke, and 9 critical time instances. The numbers here are higher than in
the previous experiments because MH uses the too-long path definition of Shu, Xu, and
Baldacci [SXB26], which yields additional too-long paths (that would be non-minimal
under our definition). We retain these instances in Table 3a, since we still obtain useful
information about the time it takes to compute a discretisation that eliminates many
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too-long paths. But for Table 3b, we exclude them, since the number of time points
cannot sensibly be compared with the number for feasible solutions.

We observe that BL adds many more time points than are strictly necessary, with
discretisation sizes between 20 % and 68 % above the optimum, while the matheuristic
significantly reduces this gap, even reaching near-optimal solutions for the star instances.
But the graph-based MIP and DDD approach achieve the optimal solution values
significantly faster on average than MH and Path. For some classes, DDD is even faster
than the simple BL heuristic, since it never requires enumeration of all minimal too-long
paths. We also depict the performance profile for the three exact algorithms in Figure 10.
DDD is almost always the fastest, with Graph and Path taking at least 10 times as long
as DDD on about 20 % and 50 % of instances, respectively. Due to the initial time points,
DDD always finished in one iteration. In summary, for the ORP instances resulting
from SND instances from the literature, our DDD approach allows us to find optimal
refinements with mean running times below 1.3s in every instance class.

Table 3: Comparison of ORP solution methods.

(a) Mean running time in s. (b) Mean percentage excess in discret-
BL MH Path Graph DDD isation size relative to the ORP op-
Class timum.
HC/HF 001 1006 2751  7.34  0.19 BL  MH
HC/LF 001 338 298 175 0.16 Class
Crit. time 0.05 4.43 2.02 0.11 0.08 HC/HF 67.98 18.62
Des. path 1.36  44.72  56.96 1.36 1.27 HC/LF 56.94 14.48
H&S (easy) 0.39  6.96 16.57 0.17  0.12 Crit. time 25.05 10.76
Grid 0.01 6.34 1.12 0.10 0.05 Des. path 60.24 28.79
H&S (hard) 0.01 3.40 0.66 0.19 0.05 H&S (easy)  20.43 8.57
Star 0.00 0.06 0.09 0.08 0.01 Grid 40.64 11.54
Wheel 0.00 174 036  0.18  0.03 H&S (hard) 51.38  6.41
Star 36.66 0.04
Wheel 36.58 2.41

6.2. Benefit of Optimal Refinement for Solving SND

Next, we investigate the impact of different refinement strategies on the performance of
the DDD algorithm for the SND. For these experiments, we disregard the instances of Van
Dyk and Koenemann [VK24], since they are trivial to solve with existing methods [Hel26].
We compare various refinement strategies in a shared DDD algorithm. This algorithm is
based on the stronger relaxed problem discussed in Section 5 and uses various features
of state-of-the-art algorithms. We use the repair heuristic of Marshall et al. [Mar+21]
to obtain feasible solutions to SND in each iteration and use their adaptive gap to only
solve the relaxations to certain solution quality. To ensure that the heuristic always
finds a feasible solution, we also add a constraint to enforce 7(Py) < ¢ — ri for each
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Figure 10: Performance profile for exact ORP solvers: percentage of instances solved
to optimality within 7 times the running time of the fastest solver on each
instance.
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commodity k [Bol+17]. The algorithm also uses every solution found by the relaxation
solver for refinement and repair, as suggested by Shu, Xu, and Baldacci [SXB26], and
initialises the relaxation with their significant time points. Each instance is solved with a
gap target of 1% and time limit of one hour.

Again, we use the baseline (BL) strategy of simply adding the time points of Theorem 4.8
for all minimal too-long paths, as well as the matheuristic (MH) of Shu, Xu, and Baldacci
[SXB26]. Both approaches simply add time points to the existing discretisation. Similarly,
we introduce an approach that uses the DDD solver for the ORP to find the smallest set of
time points to add to the existing discretisation to eliminate all newly observed too-long
paths (Iterative). As mentioned in the literature overview, we also investigate strategies
that can remove time points from the discretisation. We propose two methods using this
idea. The method Parallel finds a smallest discretisation 7 that makes all too-long paths
in the dispatch-node graphs of all relaxation solutions obtained so far T-relaxed too-long.
This makes the refinement problem substantially larger and potentially harder to solve,
even with the DDD approach. This motivates the method Merged, which takes a similar
approach but merges the dispatch-node graphs, reducing the refinement problem’s size
at the possible cost of additional time points. For Parallel and Merged, we also require
them to include significant time points as discussed in Section 5.3.

Table 4 reports statistics for each approach. Note that we did not include the instances
that were solved in one iteration or for which the first relaxation could not be solved
within the time limit, since refinement does not impact their performance (i.e., instance
counts per class are as in Table 2). Note, also, that the model size refers to the number
of commodity transport variables relative to the number in a fully time-expanded model,
as in [Hel26]. The average number of iterations for instances in each class only varied
by about 0.2 between the approaches and is not reported in detail. The differences in
running time primarily reflect differences in the difficulty of solving the relaxations rather
than differences in iteration counts due to weaker or stronger relaxations. We see that
approaches using optimal refinement (Parallel, Merged, Iterative) achieve the lowest
running times for each instance class and solve slightly more instances than the heuristic
approaches. But overall, the gains in mean running time are modest. For example,
Iterative uses 12 % and 23 % less time on average than MH and BL, respectively, on the
HC/HF instances. We observe that Parallel usually achieves the smallest model sizes
at termination, almost 20 % smaller than the naive BL approach on the HC/HF class.
Merged achieves essentially the same size while requiring less time for refinement. But
again, the decreases in model size are modest, with the largest decrease of 18 % from
0.76 % of a fully time-expanded model to 0.62 % for Parallel versus BL on HC/HF.

We note that we also conducted experiments in which we solved the ORP with a weighted
objective function to prefer arc time points that lead to timed copies for fewer commodities.
This resulted in negligible differences in model size and running time; therefore we omit
the detailed results here.
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Table 4: Mean results per class for each refinement strategy.

Solved (%) Model size (%) Ref. (s) Time (s)
Class Method
HC/HF BL 97.7 0.76 0.53 252.83
MH 99.4 0.67 19.78 221.47
Parallel 98.9 0.62 12.19 203.85
Merged 100.0 0.62 5.87 205.15
Iterative 100.0 0.65 2.33 194.12
HC/LF BL 100.0 2.06 0.28 30.74
MH 100.0 1.89 8.13 35.96
Parallel 100.0 1.80 5.02 32.01
Merged 100.0 1.80 3.51 26.85
Iterative 100.0 1.84 1.37 26.71
Grid BL 73.6 20.62 0.19 1425.75
MH 74.7 19.34 24.98 1412.90
Parallel 82.8 18.40 2.59 1280.40
Merged 82.8 18.41 1.32 1244.41
Tterative 78.2 18.90 0.65 1306.17
H&S (hard) BL 70.2 9.49 0.21 1565.40
MH 75.0 9.22 19.70 1444.95
Parallel 77.4 9.09 6.36 1431.72
Merged 76.2 9.10 4.15 1456.04
Iterative 77.4 9.16 1.10 1446.40
Star BL 100.0 15.28 0.04 20.89
MH 100.0 14.77 7.22 24.20
Parallel 100.0 14.57 1.01 18.93
Merged 100.0 14.58 0.96 18.79
Iterative 100.0 14.60 0.21 16.42
Wheel BL 85.0 5.14 0.16 1473.16
MH 89.0 4.76 5.43 1269.75
Parallel 93.0 4.59 2.26 1112.51
Merged 92.0 4.58 1.17 1076.32
Tterative 91.0 4.71 0.66 1199.93
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7. CONCLUSION

We introduced a more compact representation of conflicts in a DDD approach, which
we used to design efficient methods for finding small discretisations that eliminate all
conflicts. Solving our refinement problem optimally leads to smaller relaxation problems
that can, on average, be solved faster without a significant change in iteration count.
But, as reported by [Hel26], the growth in relaxation size from the first to the final
iteration for state-of-the-art DDD solvers is already not very large, leaving limited scope
for further reductions. We note that for instances requiring more refinement than the
existing benchmarks, the benefit of our approaches may be significantly larger. For
example, instances with wider time windows ¢, — r; or larger capacities u, relative to
commodity quantities ¢ may lead to more consolidations, more conflicts and thus more
refinement.

One promising application of our efficient refinement methods is the development of
better heuristics for the relaxation, such that relevant conflicts can be discovered quickly
while keeping the model size small. Then, one might get lucky and only have to solve
the relaxation once to obtain an optimal solution. So far, there is also no satisfactory
treatment of cases where dispatch-node graphs contain cycles; especially if commodity
time windows are long, eliminating conflicts involving cycles may require many time points,
even under optimal refinement. On the theoretical side, a practical characterisation
of an eliminated too-long path would be interesting, though we do not expect this to
lead to significantly smaller discretisations. Similarly, existing approaches are based on
preventing conflicts from recurring in any feasible solution, but it would be sufficient
to prevent them from recurring in optimal solutions. It would also be interesting to
extend our methodology to other problems or service network design variants that
require different refinement strategies to accommodate extensions such as hub-capacity
constraints [He+22a] or holding costs [SXB24].
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Appendix

A. INTEGER PROGRAM FOR THE RELAXED PROBLEM

We construct a time-expanded network D to formulate the integer program for R-SND
with discretisation 7. Each arc a € A D receives a timed copy for each interval in 7./, so
we obtain the transport arcs

Ar={(a,1): ac AD,T € T}}.

We also identify arcs this way and explicitly specify their head and tail nodes later.
Each node receives a timed copy for each arrival time obtained by dispatching at the
start of an interval on an incoming arc. We also add a timed copy at the beginning
of the time horizon. Formally, we obtain the derived node time discretisation 7, =

{t +7(a): a€ A®w, [t 1) € ’7;1} U {0} and the time nodes
VDr={(v,t):veVD,t € T,}.

Then, for an arc b = (a,I) = (uwv, [t,t")) € A Dy we say that head(b) = (v,t + 7(a)) and
tail(b) = (u,max {t" € T,,: " <t —1}). We also specify holding arcs Ay connecting
successive timed copies of each node. The complete arc set is then A Dy = Ap U Ay.
For each commodity we specify the subnetwork Dy available to that commodity by
removing arcs (a,I) with I N I;(a) = @. Finally, we extend the arc-specific parameters
to the time-expansion, i.e., for each b = (a,l) € A we get c;(b) = cx(a), f(b) = f(a),
and u(b) = u(a). Holding arcs incur no cost. We define each commodity’s timed origin
and destination as the nodes 6y = (0, 0) and dy = (dy, max Ty, ).

We can now state the following integer program (IP) for R-SND:

min Z Z Ck(b)xhb-f— Z f(b)yp (7a)

keK be A(DT 1) bEAT

1 ifwzék,

st Y awkp—y wkp =9 -1 ifw=dy,, VkeK, weV(Dry)  (7b)
bEAT W bEAT w 0  otherwise
qumkyb < u(b)yp Vb e At (7c)
keK: beA(Dy 1)
Ty € {0,1} VEe K, be A(DT ) (7d)
y €N Vb € Ap (Te)

For each arc b = (a,I) € A(D7 )N Ar, the variable zy,;, takes the value 1 if and only if
a € P, and h(c(a,k)) = I. We assume (without loss of optimality) that all commodities
that traverse arc a in the same interval I are consolidated together, and y(, 1) then
denotes the number of vehicles necessary for this consolidation.
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A.1 Remark. Our definitions of SND and R-SND require each commodity to follow
a path (i.e., with no node repetitions). For the relaxation and the theoretical results,
we could in fact also allow walks; the results remain valid, but the notation becomes
cumbersome. We could add a constraint

> Thn <1 VkeK,veVD
(a,I)EA(D7 1) : acA°uty

to only obtain paths in the relaxation, but as previously noted [Hel26], this tends to
make the relaxation harder to solve without substantially improving the lower bound.
Therefore, we omit this constraint when solving R-SND. <

The IP evidently correctly computes the cost of a solution; it remains to show that each
of its optimal solutions can be mapped to a solution of R-SND with the same value and
vice versa. First, we note that R-SND allows multiple consolidations using the same
interval, while the IP does not. But in this case, we could merge the consolidations,
preserving feasibility and the objective value (otherwise the solution would not have been
optimal). After merging any such consolidations, the feasible paths and consolidations are
exactly the same. By construction of D7 j, a commodity k may select only arc-interval
combinations (a, I') fulfilling Property (a). Two successive timed transport arcs (a, I) and
(a/,I') can be selected for a commodity in the IP if and only if min I + 7(a) < max I’
(fulfilling Property (b)). To see this, consider that (a,I) arrives at the intermediate
node exactly at time min I + 7(a) and (a’, I’) leaves from ¢t = max {t € T,: ¢’ < maxI'}.
These two timed nodes are identical (or linked by holding arcs) if and only if the condition
holds.

Next we specify how to solve the relaxed problem when we replace Property (b) by the
stronger condition where we set Ji(a,I) = I N Ix(a) and demand

min Ji(a;, h(c;)) + 7(a;) < max Ji(a;41,h(cit1)) Vi€ (n).

In fact, it suffices to change the commodity-specific time-expanded networks. We can
then use exactly the same IP. First, we specify for each commodity and each node the
time discretisation

Trw = {t,()} U{min Ji(a, 1) + 7(a): a € A0, T € TL, Jp(a,I) # 2}

which adds time points for the earliest arrivals for all intervals on incoming arcs, while
also considering the commodity’s dispatch window Ix(a). For each commodity, we then
construct the following timed node copies:

V(Dr) = {(v,t): vE€ VD, t(v) < E(v),t € To}-

The timed transport and holding arcs are as before, with a slight modification to the
nodes connected by each transport arc. For b = (a, ) with a = uv we set heady(b) =
(v,min Ji(a, I) + 7(a)) and taily(b) = (v, max {t € Ty, : t < max Ji(a,l)}). Finally, we
define o = (o, %) and d), = (di, max Ty q4, ). By essentially the same argument as before,
the IP on these time-expanded networks solves the stronger R-SND variant.
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