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Abstract

In this paper, we propose new adaptive proximal gradient algorithms to solve multiobjective op-
timization problems, where each objective function is the sum of a differentiable function and a
proper, closed, convex function. Utilizing the local behavior of the differentiable terms we propose
new adaptive ways to select stepsizes used in proximal gradient scheme. In particular, the adap-
tive stepsizes are used in proximal subproblems whose optimal solution define the next iterates.
We provide the convergence results for both nonconvex and convex cases of the considered prob-
lems. In particular, for a large class of nonconvex multiobjective composite optimization problems
(where the differentiable terms are Quacavex including convex, concave, indefinite quadratic, or in-
definite quadratic over positive linear functions), we show that any cluster point of the iterates is
Pareto stationary. If all objectives are convex, we prove the convergence of the sequence of iterates
to a weakly Pareto optimal solution of the considered problem. From a finite step, the standard
theoretical convergence rates of the proposed algorithms are established at O(1/vK); O(1/K) and
Q-linear for the nonconvex; convex and strongly convex settings, respectively. Notably, multiob-
jective proximal gradient algorithms in the literature commonly use stepsizes chosen by line search
backtracking procedures or/and fixed stepsizes that requires the knowledge of the global Lipschitz
gradient constant. The empirical performance is evaluated through practical models including ro-
bust optimization and supervised feature selection for benchmark datasets. Experimental results
demonstrate that our proposed algorithm significantly outperforms existing methods, especially in
terms of processing time.

Keywords: nonconvex multiobjective programming, multiobjective composite optimization
problems, proximal gradient method, nonsmooth multiobjective programming, convex
multiobjective programming

1. Introduction

In real life, there are a lot of practical models simultaneously minimizing many objective functions
which are commonly conflicting, see, e.g. [1] and the references therein. These problems belong to
the class of multiobjective programming that has received a lot of attention from mathematicians in
particular and scientists in general. In this paper, we consider one of the most important multiobjec-
tive optimization problems of the form

grel%RI}L F(z) = (Fi(z),. .., Fn(2)), P)
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where all components F; : R" — R := R U {+o0}, for j = 1,...,m, have the following structure:
Fj(z) = Gj(x)+ Hj(x), j=1,...,m, (1.1)
and satisfy the following assumption.

Assumption1. (i) G; : R" — R is differentiable and has a globally Lipschitz gradient with constant
L;>0,forallj=1,...,m;

(i) H; : R™ — R is proper, closed and convex, forall j = 1,...,m.

Notably, Problem has many important applications in various fields, specifically robust opti-
mization, supervised feature selection, compressed sensing, machine learning, signal and image
processing, approximation theory, and statistics; see, e.g., [2,3, 4}, 5, 6] and the references therein.

To address composite multiobjective optimization problems (P), one of the conventional ap-
proaches is based on multiobjective proximal gradient methods. In the pioneering studies on this
research direction, Tanabe et al. [2] introduced two algorithms. The first one is MPG-Normal us-
ing fixed stepsizes within (0,2/L) (where L = max Lj) for computing multiobjective proximal

=1,....m

gradient operator that defines the next iterate ajlt each step. The second one, MPG-Armijo using
an arbitrary constant stepsize inside the proximal gradient operator and integrating Armijo-type
line search backtracking for finding exogenous stepsizes to determine the next iterate. Under the
boundedness condition of lower level sets, the authors established the global convergence of both
algorithms by showing that every cluster point of the generated sequence {z*} is a Pareto station-
ary point for the nonconvex case of Problem (P). To complete the theoretical framework, Tanabe
et al. [7] provided a detailed convergence rate analysis for these algorithms, specifically achieving
O(1/Vk) for non-convex problems, O(1/k) for convex problems, and a linear convergence rate for
the strongly convex case. Subsequently, to enhance computational performance, Tanabe et al. [8]
proposed the accelerated version of MPG-Normal algorithm that is MPG-Accelerated by extending
the FISTA framework from single-objective [9] to multiobjective optimization, which attains a theo-
retical global convergence rate of O(1/k?).

Following this line of research, Bello-Cruz et al. [10] introduced the MPG-Implicit algorithm, in
which a backtracking line search figures out the suitable stepsize used inside the proximal sub-
problem whose optimal solution determines the next iterate. Although MPG-Implicit generates the
sequences that converges to weak Pareto solution but it suffers from a significant limitation: re-
peatedly solving the proximal subproblem if the descent condition is not satisfied. To overcome
this drawback, Bello-Cruz et al. [11] proposed MPGE algorithm, replacing the implicit search pro-
cedure with an explicit one so that only a single subproblem needs to be solved at each iteration.
The stepsize used in the subproblem is fixed and the exogenous stepsize is chosen by an explicit
line search backtracking. Notably, both MPG-Implicit and MPGE are applied for convex case of
Problem (P) and achieve a sublinear convergence rate of O(1/k) to a weak Pareto optimal solution
under the assumption that every monotonically decreasing sequence in the image set of the objec-
tive function is bounded below. Considering the same class of convex problems (P)), Zhao et al. [12]
proposed PGM - a multiobjective proximal algorithm with a new line search backtracking condi-
tion to find stepsizes used in the proximal subproblems. This utilize the information of the gradient
of the differentiable terms without recalculate the value of the objective functions along with line
search process like traditional backtracking methods. Besides, they proposed an accelerated version
of PGM that is accPGM which incorporates a Nesterov momentum strategy [13] to attain a theoret-
ical rate of O(1/k?) while PGM achieves a convergence rate of O(1/k). Their experiments indicate
that although these two methods require higher computational time than MPG-Armijo and MPG-
Accelerated, they deliver superior solution quality [12]. It is worth noting that, except for MPG-
Normal and MPG-Armijo, a key theoretical limitation in MPG-Accelerated, MPG-Implicit, MPGE,
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PGM, and accPGM is the requirement regarding the convexity of the component functions G;. How-
ever, another multiobjective proximal algorithm, termed BBPGMO proposed by Chen et al. [14], is
capable of handling the nonconvex case of (P). BBPGMO incorporates Barzilai-Borwein stepsize in-
side the proximal subproblem and Armijo line search backtracking for finding exogenous stepsizes.
The convergence results of BBPGMO are O(1/vk), O(1/k) and linear rates for nonconvex, convex,
and strongly convex cases of (P), respectively.

Nevertheless, all the algorithms mentioned above use a fixed stepsize or line search backtracking
to select stepsize inside or/and outside proximal subproblems, and therefore suffering the expensive
cost to process along with the algorithms.

Main contributions: In this paper, we propose new adaptive proximal gradient algorithms cor-
responding to new adaptive strategies for selecting stepsizes used in proximal subproblems whose
optimal solutions define the next iterates. No line search or knowledge of Lipschitz constants is
required during the processing of our new method. We just utilize the local curvature of the differ-
entiable terms to figure out the stepsizes. Under and there exists an objective being
lower bounded, we obtain the standard convergence results for a large class of nonconvex (P). In
particular, ifall G;, j = 1,...,m are Quacavexﬂ functions (which include convex, concave, indefinite
quadratic and indefinite quadratic over positive affine functions), we prove that any cluster point
of the generated sequence is a stationary point of problem (P) and from a fixed iteration, the com-
putational complexity is O(1/vK). Under together with the additional assumption
that every monotonically decreasing sequence in the image set of the objective function is bounded
from below, we show that the iterates converges to a weakly Pareto optimal solution of Problem
with convergence rate O(1/K) from a finite step if and if G, j = 1,...,m are convex. Next, if
Gj, j = 1,...,m are strongly convex we provide the linear convergence of the generated sequence
to a Pareto optimal solution of Problem (P). The efficiency of our new method is demonstrated
by numerical experiments for various test instances including robust optimization multiobjective
problems and biobjective supervised feature selection problems with benchmark datasets.

Organization of the paper: Section 2 provides essential definitions and preliminary results used
throughout the paper. In Section 3] we propose two new adaptive multiobjective proximal gradient
algorithms. The convergence properties and rates of the proposed algorithms are rigorously ana-
lyzed for different cases of the component G;. Specifically, the non-convex, convex, and strongly
convex cases of G are addressed in Sections and [p] respectively. Numerical experiments in
Section[/|compare the proposed algorithms with three state-of-the-art proximal-type algorithms re-
cently introduced in the literature. Finally, Section 8| concludes the paper.

2. Preliminaries

In this paper, we use R, and R, to denote the sets of nonnegative and positive real numbers,
respectively. The notations R"} := Ry x --- xRy and R}, := R x --- x Ry correspond to the
nonnegative orthant and the positive orthant of R"”. We consider the partial order induced by R’} :
for u,v € R", u < vifv—u € R, and a stronger relation: v < v if v — v € R}, . In other words,
u < v means that u; < v; foralli =1,...,n, and u < v also represents u; < v; foralli =1,...,n.
Next, we recall some standard definitions from convex analysis that will be used extensively in the
sequel.

Definition 2.1. [[16, Theorem 25.1] Let h : R® — R be a function, and let dom(h) := {x € R" : h(z) <
+o00} denote its effective domain. The function 4 is said to be proper if dom(h) # 0.

!The definition of Quacavex function can be found in [I5].
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(i) For a given € dom(h) and a direction d € R", the directional derivative of h at z in the
direction d is defined as

h'(z;d) := lim Mz +ad) - h(x)
a\0 [0}

When h is differentiable at z, it is easy to see that h/(x;d) = Vh(x)'d, where Vh(z) denotes
the gradient of h at x.

(ii) Let h : R* — R be a proper convex function, and let # € dom(h). The subdifferential of h at z
is defined as the set
Oh(z) :={veR": h(Z) + (v, —Z) < h(z), VreR"}. (2.1)
T

(7)}.

Now, we recall the concepts of optimality for the multiobjective optimization problem (P).

T
If h is differentiable at z, then Oh(z) = {Vh

Definition 2.2. [17,[18, 2]
(i) Avectorz* € dom(F) = N domFj is called a Pareto optimal solution of Problem (P) if there

Jj=1,....m

does not exist z € dom(F') such that F'(z) < F(z*) and F(x) # F(z*).

(i) A vector z* € dom(F) is called a weakly Pareto optimal solution of Problem (P) if there does not
exist x € dom(F) such that F'(z) < F(z*).

(iii) A vector x* € dom(F') is called a Pareto stationary (or critical) solution of Problem (P) if, for all
d e R", _max Fi(z*;d) > 0.

=1 m

The following lemma establishes the relationships between Pareto stationarity and Pareto optimality
under varying convexity assumptions.

Lemma 2.3. [2, Lemma 2.2]
(i) If x € dom(F') is a weakly Pareto optimal point of F', then x is Pareto stationary.

(i) If all components F; of F are convex and x € dom(F') is a Pareto stationary point of F, then x is
weakly Pareto optimal.

(iii) If all components F; of F are strictly convex and x € dom(F’) is a Pareto stationary point of F', then x
is Pareto optimal.

One of the most typical methods to address Problem (P) is based on multiobjective proximal gra-
dient scheme. Specifically, 1, (-) : R™ — R is constructed to approximate the simultaneous variation
of the objective functions around the current point :

Yz(u) = max {(VGj(z),u—x)+ Hj(u) — Hj(x)} forallu e R". (2.2)

Jj=1,....,m

Then, the next iterate is defined as the unique optimal solution of the following subproblem:

. 1 2
min - gpi(u) = Ye(u) + o llu—af%, t>0. (2.3)

In particular, we can take the next iterate as p(z, t), i.e.,

p(x,t) := arg min g¢(u). (24)
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Setting
0(1’, t) = @I,t(p(xa t)) (25)

The relationship between p(z,t),6(z,t) and the Pareto stationarity of x is stated in the following
lemma.

Lemma 2.4. [2, Lemma 3.2] The following statements hold:
(1) O(z,t) <O0forall x € dom(F).
(i) The following statements are equivalent:

a. x is a Pareto stationary point (i.e., weakly Pareto point when F is convex) of Problem (P);
b. O(x,t) =0;
c. p(x,t) =
(iii) p(-,t) and (-, t) are continuous.
The monotone of the residual ||z — p(x, t)|| with respect to ¢ is presented in the following lemma.

Lemma 2.5. [10, Lemma 3.2] For any fixed point x € dom(F') and to > t; > 0, we have

to
E”I —px, )| = llz — p(z, t2)[| = llz — pz, t1) |-

We also need the concept of a quasi-Fejér sequence, which will be useful for deriving the conver-
gence results of our new algorithms in the upcoming sections.

Definition 2.6. [19] A sequence {y*} is quasi-Fejér convergent to a set U C R™ if for every u € U

+oo
there exists a sequence {¢;} C Ry such that ) ¢, < 400 and
k=0

Hyk+1 o U”2 < ”yk _ UH2 + € for all & > 0.

Lemma 2.7. [19] If {y*} is quasi-Fejér convergent to a nonempty set U C R", then {y*} is bounded.
Furthermore, if a cluster point y of {y*} belongs to U, then Jim =y

—+00

3. New adaptive proximal gradient algorithms based on proximal gradient scheme for
multiobjective optimization problems

Definition 3.1. For any z,y € R", we construct a function
By(z,y) :R"xR" - R, (¢=1,2,

defined by
Bi(w,y) = max [{(VG(z) - VG,(y),z —y)

ji=1,...m
and
Ba(a,y) = (.max IVG() — VGj<y>||) —

Jj=1,...m

We directly establish a property of B,(z,y) in the following lemma.
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Lemma 3.2. Suppose that Problem (P) satisfies Then, for £ = 1,2, the following inequalities
hold.

Bi(z,y) < Ba(z,y) < L|jz — y|%, 3.1)

where L = max L;.
j:17"'7m

Proof. For the left-hand side inequality, one can use some simple evaluations as follow.

Bilw.y) = max |(VGy(x) = VGy(y)o—y)| £ max [VG,(x) - VGl — vl

J sy

= (s, 196, - V6,001 e 1

Jj=1,....m
= Ba(z,y).
For the right-hand side inequality, the proof is based on the global Lipschitz continuity of VG; with
constant L; from[Assumption 1jand L = max L;. O
j=1,....m

In what follows, we propose new proximal gradient algorithms to solve Problem (P). In this
framework, the function B,(z,y) plays an important role in determining our stepsizes.

Algorithm 3.1 AMPG/ (Adaptive Multiobjective Proximal Gradient algorithm)

Preparation: Choose ¢ € {1,2} and use By(z,y) as defined in [Definition 3.1, The corresponding
algorithm is then denoted by AMPG/.

1
Step 0. Choose 20 € dom(F), set k = 0, selectty > 0,0 < ¢; < ¢y < 3 e > 0, and a convergent

+oo
positive series ) e.
k=0
Step 1.
Compute 2" := p(zF t;) asin (2.4). (3.2)
If ||z"! —2%| <e then STOP
else go to Step 2.
Step 2.

ka+1 _ ka2

Bg(xk"'l,mk)
k+1 :L‘kHQ

If t>c (33)

[
By(zF+1, 2F)
else ;.1 = (1 + Ek)tk

k := k + 1 and return to Stepl.

then tk+1 =C1

To investigate the convergence of our new methods, it is necessary to first analyze several fun-
damental properties of the new stepsize sequence.
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Lemma 3.3. For |Algorithm 3.1|- AMPGY(, ¢ = 1,2, we have Ig% tr > 0and {t;} converges to a positive

limit t*.

Proof. We divide the proof into two parts:

(i)

(ii)

Part 1: For k = 0, following - AMPGY, if (3.3) is true, i.e.,
L 02

to

Bu(a',2%) > co 1

then
; Izt =22 ot = 2>«
1 =C—— Cl——— = —.
By(a1,2%) by  Lla? =202 T L

Otherwise, we have t; = (1 + €g)tg > to. Therefore ¢; > min {fl, to} > 0. By an analogous
argument we derive that ¢;4; > min {%, tk} > min {%, to} for all £ > 0. It follows that

C1
£, > {—,t}:t~ 0.
1131;0 k min I 0 min >

Part 2: Let uy, = Intgy1 — Inty for k£ > 0. Then, we have uy = uﬁ — u,., where

uf = max{0,ux}, u; = —min{0,uy}.

Then ;" » > 0and u, > 0forall k> 0. From the definition of ¢ in|Algorithm 3.1{- AMPG/, we
derive that

t
U = n% <In(l14ex) <ex, Vk>0,
k
+oo oo
which implies u; < . Since kzo ek is convergent, we obtain 1;0 u; < 4o0. Observing that
+oo - -
>~ u, is a nonnegative series and using the following relation:
k=0
k k k k
lntkﬂ—lnto:Zui:Z(u;r—u;):Zuj—Zu;, (3.4)
i=0 i=0 =0 i=0
we assert thatif lim Z u;, =+oothen lim (Intpy)=—00 < lim t; =0.
k—+o00 ;=0 k—+o00 k—+o00

From Part 1, we have énf tr > 0. This contradiction proves the convergence of Z u,; . Finally,

from li we get the desired conclusion that lim ¢, =t* < +o0.

k——+o0

O

Lemma 3.4. Foreach { = 1,2, let {x*} be sequence generated by |Algorithm 3.1|- AMPGY. Then there exists
an index ky such that

k+1 _ k||2

tg

[z

Bg(xk+1,xk) < ¢y , forall k > ky.
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Proof. Suppose by contradiction that there exists a subsequence of indices {k;} with k; — +oc0 such

that - o
it ki
BZ($kj+1’$kj) > CoHl‘ || _
7
For this case,
||1,k’]'+1 _ xijQ

tk. 1=Cl—— 7 75 1 -
5t By(akit1, zki)

Consequently,
i+l _ k2 kj+l k2
xI — I . X x™I — I
e N it o
kj+1 kj
S | .
le, — < —forallj € {1,...,m}. On the other hand, from [Lemma 3.3|we have
kj Co
lim ¢4 = lim ¢, = lm ¢, =1¢"
j—+00 kit kj—+oo ki k—-+o0 k
. r_a . - :
which implies that pm < — < 1. This is a contradiction, thereby completing the proof. O
€o

Remark 3.5. From|Lemma 3.3|and [Lemma 3.4|we obtain the following relations:

(i) tp > typn forall k > 0;

(1) tmin <t <t < g1 <t* forall k> k.

4. The convergence of |Algorithm 3.1FAMPG/ for nonconvex case of Problem (P)

Assumption 2. Suppose that for every j € {1,...,m}, the function G; is Quacavex, i.e., for u,v €
dom(F), the function D} : [0, 1] — R defined by

Di*(t) = (VGj(u+t(v —u)),v —u)
is quasiconvex on [0, 1].

Remark 4.1. As presented in [20, 21} 15], the class of Quacavex functions includes convex, concave,
indefinite quadratic and indefinite quadratic over positive affine functions.

Below are some examples of Quacavex functions (see e.g., [20]).

Example 4.2. For every j € {1,...,m} we can use G as the following to satisfy|Assumption 2

(i) If G; is convex (or concave), then, the convexity (concavity, resp.) of G; implies the convexity
(concavity, resp.) of Gj(u + t(v — u)) on the set {t € R | u + t(v — u) € dom(G;)} D [0, 1] (since
dom(G;) is a convex set). Consequently, (G;(u + t(v — u))); = D¥°(t) is increasing (decreasing,
resp.) over [0, 1], and thus D} (t) is quasiconvex on t € [0, 1].

(ii) For the indefinite quadratic case of G, i.e., Gj(z) = %xTAa; + bz (where A is a symmetric
matrix in R"*" and b € R"). Thus, D}*(t) = (VA(u + t(v — u)) + b,v — u) is a linear function,
and therefore it is quasiconvex on [0, 1] for any u,v € R™.

(iii) Problem (P) with:
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z Az +b'x+c

1. GJ(J}) = pTx+q

c,q €R;

, where A is a real symmetric matrix in R™*", b,p € R", and

2. H; = i¢ (the indicator function of C, where C C R" is a closed and convex set such that
plz+q>0forallz € C).

Lemma 4.3. Forall k > l%g we have

, forallj=1,...,m. 4.1)

k+1 k E+1 1 kaﬂ - kaQ
Fj(x )_Fj(x)égozk,tk(w )+ 00_5 T

As a consequence, { F (%)} K>k, IS decreasing.

Proof. By the fundamental theorem of calculus, for each j € {1,...,m}, we have
G (") — G (z") = /0 1 <vaj(xk F (Pl — gh)), 2R - a:k> dt
— <VGj(g;k)7q;k+1 _ xk> + /0 1 i (t) dt, (4.2)
where, for t € [0, 1],

uk(t) = <VG](mk 4 t(l‘k+1 _ ﬂj‘k)) _ VGj(xk),ﬂj‘k+1 N Qj‘k>
= <VG](:L’k + t(xk+1 _ :Iik)),(likJrl _ .CCk> _ <VGj($k),$k+1 . $k>

Because of the quasiconvexity of D;”k”"kﬂ defined in fort € [0,1], we have

u?(t) < max {u;“(O),uf(l)} = max{O,u?(l)}
< ]uf(l)] = ‘<VG]~(:1;]“H) — VG (), 2 — xk>‘ < By(zF, 2"t

@ COkaJrl _ kaZ

- ., forall k > k. (4.3)
k

From we obtain that
1
/ ui(t)dt < ?kaﬂ — 2|2, forall k > k. (4.4)
0 k

From & (@.4), forall k > k,, we have
Fy(a"*h) = Fj(a") = Gj(a") — Gj(2*) + Hj(2"") — H;(a")

1
CO—§

k+1 _ kaQ
123

IN

1
(V). a1 = o) + By (@) — Hy(a®) gt - b 2

NG

1 k+1 _ k|2
Pk tk(ﬂﬁkH) + <Co - > : u, forallj=1,...,m.
k) 2 tk

which leads to (4.1).
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From (2.5), (3.2) and (i), we have
Pk RN (mk+1) = Pk Stk (p(xka tk)) = H(xk7 tk) S 0.

On the other hand, since ¢ € (0, 3), it follows from (&.1) for any j € {1,...,m} we have that

k k+1 k 1 [l 7
Fy(z%) — Fj(a*+) > ‘9(:,; ,tk)‘ +(5—c) =0, forallk> k. (4.5)
k
We thus deduce that {F;(z*)}, . , is monotonically decreasing for each j € {1,...,m}. O

Theorem 4.4. Suppose that Problem (P)) satisfies |Assumption 1| and |Assumption 2| and there exists jo €
{1,...,m} such that F}, is lower bounded on R™. Then the sequence {«"} generated by |Algorithm 3.1|-
AMPGY with ¢ = 1, 2 satisfies:

(i) F(z*t1) < F(2%) unless x* is a Pareto stationary point of Problem (D).

(ii) The series Z |zF+1 — 2F||2 and Z |0(x*, t1,)| are convergent. Consequently, ||x*+1 — a*|| — 0 and
k=0 k=0
|0(2*,t),)| — 0as k — 400 and

1 .
. E+1 k
min x 2| <O | — |, K> ks
ko<k<K-—1 | H (vK)

(iii) Any accumulation point of {x*} is Pareto stationary to Problem (D).

Proof. (i) Suppose that there exists j; € {1,...,m} such that F;, (z*) = F}, (z¥*!). Then, using

[5) with j = ji, we have 2% = 2%*! = p(a¥ t;). By ii)-(c), ¥ is a Pareto stationary
point of Problem (P).

(i) Now, utilizing the condition that F}, is bounded from below, we derive that the sequence
{Fj,(z*)} y>k, is decreasing and bounded below, hence converging to a finite limit Fj, as k —

+oo. This implies that hm ( Fj,(z%) — Fj,(z**1)) = 0. Moreover, by Remark we have
tr < t* for all k > ky, it follows from (4.5) that

1/2 — A
Fjy (2%) — Fj (251 > ’9(wk,tk)‘ + (/t*m)\xkﬂ — zF||?, forall k > k. (4.6)
Taking the limit as k — +o0 in formula we get that i li:I_l |0(a*, )| = 0and i lim |2l —
—+00 —+00

2*| = 0. Next, summing up inequality (4.6) from k = k; to K — 1 > k, yielding that

K-1 1/2 k1 k 2 k+1
S B S S LY RV )

k:kg k= kﬁ k= ké
= Fjy(a™) = Fjy(«")
< Fjy(2) — Fj,. 4.7)

Taking the limit as X' — +o0o we obtain the convergence of Z |0(z*, t;)| and E |k —zk |2

k=ky k=k
Therefore, |0(2",t),)| — 0 as k — +oo. From inequality (£.7), we obtain
K-1 +* N
k1 _ k)2 < (F kz_p.)
> I =P < s (Fe™) — B )

k=k,
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thus,

t*(F- (wkf)—]:—') 1 .
min |2 — ¥ < » "~ <\/E> VK > ke + 1

Apply once again to derive that

(e _ B A
min ‘G(mk,tk)) §M—O<1),VKZI<:@+1.
ko<k<K-—1 K —k K

(iii) Suppose that 7 is a cluster point of {z¥}. Then there exists a subsequence {z*} such that
zFi — Z. Remember that from Remark we have t. > tmin for all & > 0; hence, from

and (3.2), we obtain that

2% = p(a*, tmin) | < [|l2* = p(a®, ta)[| = [l2* — "1 — 0 (by (i4)).
k—o0
We then derive that
li F— p(a® tmin)| = 0.
L[|z = o, tmin) |
Next, forall j = 1,..., m we evaluate
||‘775 - p(j7tmin)H < ||37j - xkj ” + ||xk] - p(mkjatmin)n + Hp(l‘kjatmin) - p(jatmin)H‘ (48)

Taking the limit as k; — +o0o we see that the right-hand side of tends zero because z¥i — T
and the continuity of p(-, tmin) (Lemma 2.4(iii)). Thus, ||Z — p(Z, tmin)| = 0 which implies that

7 is a Pareto stationary point of Problem (P) by (ii)-(c).
O

5. The convergence of |Algorithm 3.1-AMPG/ for the convex case of Problem (P)

In this section, we provide stronger convergence results for AMPG/ when Problem (P) satisfies
and the following one.

Assumption 3. (i) The function G; is convex foreach j = 1,...,m.

(ii) All monotonically non-increasing sequences in the set Im(F’) are bounded below by a point in
Im(F), i.e., for every sequence {y*} C dom(F) such that F(y**1) < F(y*) for all k € N, there
exists § € dom(F) such that F(3) < F(y*) forall k € N.

Remark 5.1. (i) Obviously, if Problem (P) satisfies[Assumption 3(i), it also satisfies[Assumption 2}

hence we can inherit the results of Section [ for this section.

(ii) [Assumption 3[ii) is widely used in the related literature (e.g., [11, 22,23} 24} 25| 26} 27, 28]). It is
commonly employed to ensure the existence of efficient solutions for vector-valued optimiza-
tion problems, see [29, Section 2.3]. In the scalar-valued unconstrained case, it is equivalent to
ensuring the existence of an optimal point.

Lemma 5.2. If Problem (P) satisfies |Assumption 1| and |Assumption 3 then for all x € dom(F') and any
j=1,...,m, we have

okt — ]2 < Jla* — @) + 2t (Fy(a") - Fy(a* ™))
(5.1)

+ 2t max (E(a?) - Fi(:nk)> — (1= 2c0)|JaF — F T2, forall k > Ky
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Proof. Since x**+! = p(a*,t;) is defined as the unique optimal solution determined by (2.4) and (3.2),
it follows from the first-order optimality condition of (2.3) that we have
ok gkt
123

Given z € dom(F). By the definition of the subdifferential in (2.1)), it follows that

€ i (aFHh). (5.2)

}<xk — aF T — 2P o () < (). (5.3)

k
From the definition of ¢« (-) in (2.2) and the convexity of G;, we have

Yoe(x) = max {HZ(CC) — Hi(z*) + <VGi(xk),$ - xk>}

i=1,2,...,m

<  max {Hz(x) - Hz(xk) + Gi(r) — Gl(fck)}

i=12,...,m
= max {E(x) - E(a:k)} . (5.4)

i=12,...m

In addition, by Lemma we have, for all &k > ];‘g

k1 k k41 1\ [JaF Tt — 2k |2
Fij(a") = Fj(2") <@y (277 )+ co— 5 | ————

2 te
Bl k2

i ’

ez

= (2" + ¢ forallj=1,...,m.

Hence c
Fj(af1) — Fj(a*) = 2l — ab)? < (e, (5.5)
k

From (5.3), (5.4) and (5.5), we obtain that forall j = 1,...,m,
1
—(ah — M — 2 By - Fi(ah) — DYt - ab? < max {Fi(z) — Fi(ah)}
tk tk i=1,....m

which is equivalent to

2P~ — T oty (Fj(ka) — F](xk)> —2¢o ||z 2|2 < 2ty
(3

ax {Fi(w)=Fi")}. (6.6

Since

2 k k+1 —xk+1>

at =" = —fl2* — 2| + |l2* — P 4 |z — 22,

it follows from that
o= 24 (1= 200l — FH2 4+ 28, (Fy(HH) — Fy(a))

< [l — ol + 26 max {Fix) - A"}
Thus,
o = 2F Y < 2 — 2 + 2t (Fy(a") - Fy(a* ™))
2t max {F(@) = Fe") | - (1= 2e)fla* — 2t

This completes the proof. ]
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To continue analyzing the convergence of AMPG/, we use an additional assump-

tion below.

Assumption 4. All monotonically non-increasing sequences in the set Im(F') are bounded from below by a
point in Im(F), i.e., for every sequence {y*} C dom(F) such that F(y**1) < F(y*) for all k € N, there
exists § € dom(F) such that F(y) < F(y*) forall k € N.

is widely used in the literature (see e.g., [11] 22} 23, 24, 25, 26, 27, 28]). It is com-
monly employed to ensure the existence of efficient solutions for vector-valued optimization prob-

lems, see [29, Section 2.3]. In the scalar-valued unconstrained case, it is equivalent to ensuring the
existence of an optimal point.

Remark 5.3. Clearly, if (P) satisfies then it satisfies and if (P) satisfies

then the requirement of [Theorem 4.4 regarding the existence of jo € {1,...,m} such
that F}, is lower bounded on R", is also satisfied. Hence, we can inherit all the results of section 4in

the next theorem (Theorem 5.4) where the convergence of (P) is established under
and @

Theorem 5.4. Suppose that Problem (D) satisfies Bland[d Then, we have:

(i) The sequence {x*} generated by|Algorithm 3.1|- AMPGY converges to a weak Pareto optimal solution
of Problem (P);

(i) Forall j =1,...,m, and forall K > l%g,
Hﬁiw . ZL‘*||2 + 9t F,(xfcg) o F'(xK'H)
min (FZ(xK)—FZ(aU*))g ( JA ’ ):(9(1).
i=L.\m Ut rmin (K — e+ 1)

Proof. (i) Setting T = {x € dom(F) | F(x) < F(z*), Vk > k¢}.

Following [Lemma 4.3 {F(z*)},.; is decreasing; then, by T #0. Leta* €T

and substitute x = 2™ in (5.1). For any j = 1,...,m, we have that

o = 2R < ok = 2P+ 2 (Fy(ab) - Fy(ah )

+ 2, max <Fi(x*) _ Fz-(a:k)> (1 —2e) |l2* — Y2 (5.7)
i=1,....m ~——
20 >0
<z — ¥ + 2t (Fj(:z,‘k) - Fj(:ck“)) for all k > ky, (5.8)

where the last inequality follows from 2* € T and 0 < ¢y < 1. Thus, if we set

e = 2t (Fy(*) - Fy(a™*)

then from we have
2" — 2" )2 < ||a* — 2*||> + €, forall k > ky. (5.9)
Note that F(z*) > F(zF*1) (by and t;, < t* (by Remark for all k > kg, then
K—1 K1
> <> 2w (Fah) - Fa) = 207 (Fy(a™) - (™))
ke=ky k=,

< ot (Fj(xfff) - Fj(m*)> , forall K — 1> k.
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Therefore,
—+o00

Z er < 2t (Fj(a:]%@) - Fj(x*)> < +00. (5.10)
k=k,
Inequalities and imply that the sequence {z*} k>i, 1S quasi-Fejér convergent to T
(by . From we obtain that {z*} y>i, is bounded and hence it has
cluster points. Suppose that 7 is a cluster point of {z*} k>i, then there exists a subsequence
{x¥v} converging to Z.
Note that, F'(z*) < F(2%) for all k > k, and by Remark we inherit some following results
from including [Lemma 4.3|and [Theorem 4.4}

(a) For each j € {1,...,m}, the sequence {Fj(xk)}kzl%g converges to F} satisfies Fj < Fj(z*)
for all k& > ky. From the continuity of F; we derive that

F; = lim Fj(zF) = lim Fj(z™) = F;(%).

k—oo o ky—o0

Thus, F;(z) < F(z*) for all k > k; and hence 7 € T. Following the sequence
{a*}, < i, converges to .

(b) shows that 7 is a stationary point of Problem (P). By (ii), z is a
weak Pareto solution of Problem (P).

This completes the proof of Part (i).
(i) From inequality (5.7) and noting that for each j € {1,...,m}, Fj(z*) — F;(z**!) > 0 for all
k> ky (by, tp < t* (by Remark, then we have for any j € {1,...,m},
2 min (F(a*) - F("))
<k — 2|2 — (2P = )2 = (1= 260) |2 — 22 + 2t (Fj(mk) _ Fj(xkﬂ))
< ok — 2|2 — |2kt — 2|2 4 2t (Fj(xk) - Fj(a;’fﬂ)) for all k > Jy.

1=1,....m

Moreover, since t; > tmin (by Remark and min (Fj(z*) — F;(z*)) > 0 forall k > k, then
i min_(Fia) = Fi(a")) < =" P " =" 42 (Fy(ab) = Fy(@+)) W) = 1,y

o ) ) (5.11)
Summing up (5.11) from k = k, to K > k, yields

K
2in > _min (F(") = Fa") < Jah = a2 = 54 = ot |24 2 (Fy(a) - Fy(a" ).

k=k,
R (5.12)
On the other hand, F(z*) > F;(2¥) for all k, < k < K then
A K
(K — k¢ + 1) Z:r{unm (Fz(xK) — Fy(a")) < Z Z,:Iif}in7m (Fz(ask) - E(x*)) : (5.13)

k=k,
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From (5.12), (5.13) and ||z%*! — 2*||2 > 0, we get

2Unin (K~ ke +1) min (F() — Bia") < |ob — o' + 267 (By(a) — B)).

i=1,....m

Dividing both sides by 2¢,in (K — ko + 1), forall K > k, we obtain

min (Fz(xK) - Fz(x*)) < kaé _ ”2 2 (F( kl) B Fj(xKﬂ)) =0 < 1 > .

A Urmin (K~ o +1)

6. Linear convergence rate for strongly convex case of Problem (D)

In this section, we establish the linear convergence rate of the sequence {z*} y>i, to a Pareto opti-
mal solution of Problem (P) when every component G; is strongly convex. First, we prove the key
inequality for the convergence analysis.

Lemma 6.1. Let z € dom(F) and let G be strongly convex with modulus y1; > 0 (j = 1,2,...,m). Then,
for any k > ky, there exist {)\’“}m C [0, 1] satisfying > )\;? = 1 such that

7j=1

m

SO (B — By(a)) < o (b = all? 2+ — a]?) — Ejja* — 2
j i( J > )

2ty 2
7j=1
where | := {112111 1.
J=L44,...,m

Proof. From and @4), for all k > k,, we have
G2 < G () + <VGj(xk),xk+1 — xk> + E—OHmkH —zF|?, forallj e {1,2,...,m}. (6.1)
k
Since G is strongly convex with modulus y; > 0, fixing any = € dom(F'), we have

G;(a") < Gy(a) = HJla* = 2| + (VG (ab),a* — )

< Gy(x) — g”:ﬂk — |+ <vc;j(x’f), ok — 1:> , 6.2)
where p 1= {HQin wy > 0.
Combmmg w1th (6.2), forall j € {1,2,...,m},
Gj(a**1) < Gj(z) + <vaj<xk>,xk+l — o)+ Dbt — ok = Lok — o2 (6.3)
k

On the other hand, by (5.2), we have

k k+1
r — X

. € O (zF ).

k
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Since Y,k (u) = max {{VG;(z*),u — z) + Hj(u) — Hj(2")}, apply Theorem 3.50 in [30] for finding
Jj=1,....m
the subdifferential of 1, (-) at z¥*! (the maximum of convex functions) then there exists )\9‘9 >0,

> A =1, pk € 0H;(2"*") such that

j=1
ab — gkt xk -
— 3N (vc: ) + pj> (6.4)
7j=1
Since p¥ € 9H;(z*!) then
Hj(«*h) < (pff, & — 2) + Hj(=).

This together with (6.3) yields that for each j € {1,2,...,m} and k > ko,
Fy(@k ™) = Fi(@) < (VGy(a") +pk, 2"t —a) + 222kt — oF|2 = Dah — o2,
k
which yields that

5538 (et - )
gzmjx§<vc:j(x"’)+p§,x >+Zm:A< - ‘“IIQ—’;\ka—wll2>-
=1

j=1

m 1
Noting (6.4), > )‘? =1,and ¢y € (0, 5), we get that
=1

m

1
Z)\éﬂ ( ] k+1 ij(x)) < ;<$k _ mk+17xk+1 _ x> + ?“l‘kJrl _ kaQ _ g”xk - ‘TH2
= k k

1

< g (20F =t a4 et oK) - Bl —
1
= 5 (2 —all? = 12" — 2l?) ~ §lla* — ]
Thus, we obtain the desired conclusion. ]

The linear convergence rate of {*} generated by |Algorithm 3.1 AMPG/ for the case where G
(j =1,...,m) are strongly convex is presented in the following theorem.

Theorem 6.2. Suppose that Problem (P) satisfies and each G;(j = 1,2,...,m) is strongly
convex with modulus yu; > 0. Then, {x*} converges linearly to a Pareto optimal point x* of (P). Specifically,

we have .
[ (\/1 - tmin,u) |20 — 2| = O(F)  forall k >k,
where 1 := min pjand r == /T —tyuinp € (0,1).

7j=1,...m

Proof. From Theorem 5.4, {z¥} converges to a weakly Pareto optimal solution of Problem (P) that is
x* € T. Since Fj is strongly convex for all j = 1,...,m, by x* is a Pareto optimal solution
of Problem (P). Using[Lemma 6.1| (iii) with z = 2* we have

0<ZA’“( ) = Fy(a)) < g (loh =2 = 2 =) = Bt~
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which implies that

||ackJrl — x*H2 <(1- tku)ka — a:*H2 < (1- tminu)Ha}k — x*H2, forall k > ]%g.

kZUlmin

Taking the square root on both sides and applying the inequality recursively, we obtain

2
ok = 2| < Tttt 0* = 2% < (V1= tiat) 2" = 27
k+1 0 .
< (VI ) [2* =27

= O@**Y), wherer = /1 — tynp € (0,1), forall k > kj.
This completes the proof. O

IN

7. Numerical results

In this section, the performance of the proposed AMPG/ (¢ = 1,2) algorithms will be evaluated
and compared against three state-of-the-art proximal gradient algorithms including: MPGE [11],
PGM][12], and accPGM [12].

Parameters setting: For AMPG/ (¢ = 1, 2), we set the parameters o = 0.2,7; = 0.19. The convergent
oo 1.5(In(k +1))°

positive series ) ¢, is created by ¢}, = Lﬁl))
k=0 (k4 1)t

the MPGE, PGM, and accPGM are retained exactly as described in their respective original papers.

Specifically:

, k > 0. The parameter configurations for

¢ MPGE: The parameters used aret = 1,y = 1.9999, 71 = 0.1, 75 = 0.9.
* PGM and accPGM: The configured parameters include § = 0.3, = 0.5,0 = 1.

For all algorithms, we set the tolerance ¢ = 1076 and the maximum number of iterations to 1000.
During the implementation, the algorithms are terminated upon satisfying either of the two criteria

below: T
||$k+1 . ka <e, or ||a7 — xk ||oo <e,
max{L, [[*]|oc}

where the second stopping criterion is redesigned following the approach in [11].

For each test problem, we generated 100 uniformly distributed starting points z° within the cor-
responding domain dom(F’). All numerical experiments were conducted using Python 3.11.5 on a
personal laptop Lenovo Thinkpad running Windows 11, equipped with Processor 13th Gen Intel(R)
Core(TM) i7-1360P (2.20 GHz); Installed RAM 16.0 GB; System type 64-bit operating system, x64-
based processor. Our codes are avaiable at the link https://github.com/hoaiphamthi/ AMPG.

Performance metrics: The computational efficiency of the algorithms is evaluated based on the
speed of computation and the quality of the obtained Pareto fronts. In particular, we use execution
time, the number of iterations required to solve the problem from each starting point, and average step-
size to evaluate the processing rate of algorithms. Meanwhile, the solution quality is assessed using
widely adopted multiobjective metrics: Global_nondominated, Purity, Spread I', and Hypervolume.

Let Algs and Probs be the sets of algorithms and test problems used in experiments. For each
test problem p in problem set Probs, let F,;, denote the set of nondominated points obtained by

algorithm a, where a € Algs. Let F), be the set of nondominated points of < U Fup |-
acAlgs
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* Global_nondominated measures the number of solutions obtained by algorithm « that belong to
the global nondominated set F),, defined as |F, , N F,|.

|Fap 0 Fy|
| Fap
by algorithm a that also belong to F},, see e.g., [31} 18] for details.

* The purity defined by , measures the proportion of nondominated points obtained

* Hypervolume measures the coverage of the set of obtained nondominated point. Each nondom-
inated point y € F,,, together with the reference point R,, forms a hyper-rectangle [y, R].
Hypervolume of algorithm a for solving problem p is the volume of the union of all these

hyper-rectangles |J [y, Rp]. We choose the reference point R, for each problem p by (R,); =
YyEFa,p

max {yj lye U Fmp} x 1.1, j=1,...,m.One can see [32,[8] for more details.
a€Algs

* Spread T' evaluates the distribution and uniformity of points along the Pareto front. Sup-
pose that F,, N F, contain N points, indexed by 1,...,N. We add two points Q""" and
Qy**, indexed by 0 and N + 1, respectively. Here, QP MmN — (Q?’mm)jzlmm and QP =
(@Q7™")j=1,....m, where Q?’mm = min{y; | y € F,} and QY™ = max{y; | y € F,}. For
i=1,...,N,let z; = (2i1,...,2im) € Fap N Fp, where z; ; is the value of the j-th objective
function; and let 29 = QP™™, 211 = QP™®. For each objective j, the points are sorted in
ascending order according to the values of the j-th objective. Then, for N > 2, the Spread I

metric I'y, for p € Probs and a € Algs is defined by I';, = max max_¢; j, where

0ij = zix1j —zijfori=0,..,Nandj=1,..,m. If N <2, wesetI',, = co. One can see [33} 8]
for more details.

Obviously, higher values of Global_nondominated, Purity, and Hypervolume, alongside lower val-
ues of Spread I, indicate better algorithmic performance. To synthesize and compare the perfor-
mance of the algorithms across all test problems, we use the performance profiles proposed by
Dolan and Moré [34]. Let ¢, , be the value of a metric obtained by evaluating algorithm a on test
problem p, assuming that a smaller value is better. For each problem set Probs, the performance
profile of algorithm a is defined as

ta7p
min{ty , | ' € Algs}’

Pa(T)

1
= [Probs| |{p € Probs : rq, < T}, where 7 > land r,, =

The value p,(7) represents the proportion of problems for which the performance of algorithm a
is at most 7 times that of the best algorithm on the same problem. Therefore, p,(1) represents the
proportion of problems for which algorithm a achieves the best performance. An algorithm with a
higher performance profile curve is considered to have better overall performance.

Tested instances: We employ two sets of test problems to conduct our experiments, detailed as
follows:

¢ Set 1: The robust multiobjective optimization problem considered in [11} 2].
¢ Set 2: The supervised feature selection problem, as presented in [3]].

We describe these problems and the corresponding numerical results in the following subsections.
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7.1. The robust multiobjective optimization problem
The robust multiobjective optimization considered in [2,[11] has the form of Problem (P) with
m]}%n (Fi(x), ..., Fn(x)) (rMOP)
zeR"
with Fj(z) = Gj(x) + Hj(xz), j=1,...,m,

where dom(F}) = {z € R"| 2y <z < ay} forall j € {1,...,m}; Gj is selected from works in the
literature as. Detailed information and formulations of G; can be found in[Table T|and [Appendix A}
respectively. For each j € {1,...,m}, the convex function H; : dom(F;) — R, acting as the robust
function, defined as follows:

Hj(u) = ?é%}j u'z, (7.1
where Z; = {z € R"| A;z < b;} (A4; € R¥" b; € R") is a nonempty, bounded convex polyhedron
standing for the uncertainty set. For the experimental configuration, Z; is generated by the similar
method in [11]]. Specifically, B; € R"*" is a randomly generated nonsingular matrix. We set A =
|||, where A is randomly chosen from the interval [0.02,0.10], and & is an arbitrary point in dom(F).
Then Z; :=={z € R"| —Xe < Bjz < Xe}, j=1,...,m,wheree=(1,..., 1)T € R™. Thus, we have
d = 2n,ie, A; € R " (Clearly, computing the value of H;(-) is equivalent to solving a linear
programming problem with high cost. To implement [Algorithm 3.1 AMPG/, we need to solve the
subproblem which is now reformulated as follows:

1
min { max (VG(@) (u— ) + Hj(w) — Hj(x)) + 5 |lu— 2]}
st. zp <u < z2py.

By introducing an auxiliary variable 7 € R into the model, we obtain the equivalent problem:

in 74—
Ig_l,lun T 2tu X

st. VG (@) (u— )+ Hy(u) — Hi(z) <7, j=1,...,m, (7.2)
rr, <u < axy.
Note that for each j = 1,...,m, the dual problem of takes the form:
min b;—wj
w) (7.3)

-
st. Ajwj=u, w; >0.

Using the strong duality theorem alongside the dual problem of H; in (7.3), we can reformulate
subproblem as a quadratic programming;:

n T4 o fu— 2
min T 2tu X

T U, W5
st. VGj(x)" (u—1z)+ b;—wj —Hj(x)<r7, j=1,...,m,
A;—wj =u, Vj=1,...,m, (7.4)
ijO, jzl,...,m,

rr, <u < xy.

Regarding computational implementation, we employ the 1inprog solver to compute the value
of the function H; at € dom(F'), and the quadprog solver to solve subproblem (7.4).
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Table 1: The reference corresponding to the formulation of G; used for experiments, number of variables (n) and objectives
(m), and variable bounds.

Problem Refs. n m xp Ty

AP1 5] 2 3 (-10,-10) (10, 10)
AP4 [35] 3 3 (-10,—10,-10) (10,10,10)
DTLZ1  [36] 7 3 (0,...,0) (1,...,1)
DTLZ2  [36] 7 3 (0,...,0) (1,...,1)
DTLZ3  [36] 7 3 (0,...,0) (1,...,1)
DTLZ4  [36] 7 3 (0,...,0) (1,...,1)
FA1 [37] 3 3 (0.01,0.01,0.01) (1,1,1)
Farl Bz 2 2 (-1,-1) (1,1)
FDS [38] 10 3 (-2,...,-2) (2,...,2)
IKK1 [39] 2 3 (-50,-50) (50, 50)
LE1 401 2 2 (1,1) (10, 10)
LTDZ [41] 3 3 (0,0,0) (1,1,1)
MGH33 [42] 3 3 (-1,-1,-1) (1,1,1)
MLF1 [43] 1 2 0 20
MMR4 [44] 3 2 (0,0,0) (4,4,4)
MOP2 45 2 2 (-1,-1) (1,1)
MOP3 [45] 2 2 (-7 —n) (m, )
MOP5 [45] 2 3 (-1,-1) (1,1)
SK1 [46] 1 2 -100 100
TKLY1 471 4 2 (0.1,0,0,0) (1,1,1,1)
Toi9 48] 4 4 (-1,-1,-1,-1) (1,1,1,1)
ZDT6 [49] 10 2 (0.01,...,0.01) (1,...,1)

Obtained numerical results for Problem (rMOP): [Figure Tillustrates the overall computational per-
formance of the evaluated algorithms on the selected test problems. Since evaluating the function
H; at each iterate 2* requires solving a linear programming problem which incurs a high compu-
tational cost, we specifically track the number of H; evaluations (H-Ev) for each starting point z°.
As observed in the results, regarding execution time, the AMPG1 and AMPG2 algorithms demon-
strate the most superior performance among the investigated methods, followed by MPGE, PGM,
and accPGM. This observation is highly consistent with the other evaluation metrics, including the
number of iterations, stepsize, and H-Ev. Specifically, AMPG1 and AMPG2 require the fewest it-
erations while maintaining a larger stepsize compared to the alternative approaches. Furthermore,
these two algorithms necessitate the lowest number of H; evaluations, which significantly mitigates
the computational overhead and shortens the overall execution time.

illustrates the evaluation results regarding the quality of the Pareto solutions generated
by the considered algorithms. It shows the highest performances of AMPG1 and AMPG2 in terms of
Global_nondominated and Purity metrics. For Spread I' and Hypervolume metrics, our algorithms
are competitive with the remaining ones. Regarding AMPG1 and AMPG2: AMPG2 demonstrates
better computational speed with a faster execution time and fewer calls for evaluating the H; func-
tion. Meanwhile, AMPG1 exhibits better solution quality, clearly outperforming in terms of the
Global_nondominated, Purity, and Spread I" metrics.
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Figure 1: Performance profiles of the compared algorithms for the robust multiobjective optimization (rMOP)
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Figure 2: Performance profiles of the compared algorithms for the robust multiobjective optimization (tMOP)

[Figure 3|visually illustrates the initial starting points and the final obtained solutions of each run
for the evaluated algorithms, alongside the approximated Pareto fronts for several representative
benchmark problems.
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Figure 3: Visualization of the initial starting points and the final solutions obtained by all algorithms for Problem

7.2. Biobjective supervised feature selection (B-SFS) problems

In the study by Wang et al. [50], the authors address the supervised feature selection (SFS) prob-
lem within the context of multi-class classification problem. Given an input dataset comprising N
samples, n features, and K classes, the objective is to select an optimal subset of 7 features (7 < n)
that best represents the original feature space. These selected features must simultaneously satisfy
two criteria: maximizing the relevance to the target labels and minimizing the redundancy among
themselves. Accordingly, this problem is formulated as a fractional programming;:

oz Qux
T
» (7.5)
st. zel= xER”|in:1,:p20
i=1

Here, Q € R"*" is a positive semi-definite matrix representing the redundancy, and p € R" is a
vector representing the relevance levels of all n features with respect to the class labels. Both are
computed from the input data, while z = (x1, z2,. .., x,) " serves as the feature score vector.

This approach is further improved in the research by Khanh and Hoai [3], where problem (7.5)
is reformulated as a convex bi-objective optimization problem aimed at simultaneously optimizing
two objective functions:
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G — n
min iz) == (ga: , st xelC= xeR”|in:1,x20 . (7.6)
r G2 (I’) =—p T i=1
Model can then be rewritten as the following unconstrained optimization problem:
F =G H 0, ifxreC
min 4 T1#) = CG@) + Hi(@) om0 = Ho(e) = ie(x) = BTER (B-sFS)
z€R" | Fy(z) = Ga(x) + Ha(x) + 00, otherwise
Consequently, the subproblem of (B-SES) corresponding to the problem is
1
min {Jrrzlfln; (VGj(z) (u—2) +ic(u) —ic(z)) + QtHU x| } (7.7)

By introducing an auxiliary variable 7 = max VG,(2)T (u — z), the problem (7.7) can be rewritten as
j: ?
a quadratic programming problem

in 74—
r£171un T 2tu i

s.t. VGJ(CL')T(U - fL‘) <7, j=12 (78)

n
Zui =1, u>0.
i=1

In our experiments, subproblem (7.8) is solved using the quadprog solver. The details of the utilized
datasets are summarized in[Table 2|

Table 2: Summary of the benchmark datasets used for Problem (B-SFS)

Dataset Samples (V) | Features (n) | Classes (K)
CMC 1473 9 3
https://archive.ics.uci.edu/dataset/30/contraceptive+

method+choice

Heart 270 12 2
https://archive.ics.uci.edu/dataset/45/heart+disease

Parkinsons 195 22 2
https://archive.ics.uci.edu/dataset/174/parkinsons

Ionosphere 351 34 2
https://archive.ics.uci.edu/dataset/52/ionosphere

Gallstone 319 38 2
https://archive.ics.uci.edu/dataset/1150/gallstone-1

Musk-v1 476 167 2

https://archive.ics.uci.edu/dataset/74/musk+version+1

Arrhythmia 452 278 2

https://archive.ics.uci.edu/dataset/5/arrhythmia

Darwin 174 450 2

https://archive.ics.uci.edu/dataset/732/darwin



https://archive.ics.uci.edu/dataset/30/contraceptive+method+choice
https://archive.ics.uci.edu/dataset/30/contraceptive+method+choice
https://archive.ics.uci.edu/dataset/45/heart+disease
https://archive.ics.uci.edu/dataset/174/parkinsons
https://archive.ics.uci.edu/dataset/52/ionosphere
https://archive.ics.uci.edu/dataset/1150/gallstone-1
https://archive.ics.uci.edu/dataset/74/musk+version+1
https://archive.ics.uci.edu/dataset/5/arrhythmia
https://archive.ics.uci.edu/dataset/732/darwin
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Obtained numerical results for Problem (B-SFS): [Figure 4and [Figure 5|respectively present the per-
formance profiles regarding the computational efficiency and the solution quality of the evaluated
algorithms. The obtained results are entirely consistent with those of the first experiment. Specifi-
cally, AMPG1 and AMPG2 continue to demonstrate overwhelming superiority, leading in all three
computational efficiency metrics (Time (ms), Number of iterations, and Average stepsize), while no-
tably leading in all four solution quality evaluation metrics (Global_nondominated, Purity, Spread
I', Hypervolume).
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Figure 5: Performance profiles of the compared algorithms for Problem @

8. Conclusions

In this paper, we propose new proximal gradient algorithms equipped with two adaptive strategies
for selecting the stepsize to solve multiobjective composite optimization problems. The resulting
algorithms are evaluated comprehensively from both theoretical and computational perspectives.
Under the nonconvex, convex, and strongly convex conditions of the differentiable terms, we estab-
lished the corresponding theoretical convergence rates of O(1/vK), O(1/K) and Q-linear, starting
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from a fixed iteration. Numerical results for various practical multiobjective composite optimization
problems demonstrate that when multiobjective proximal gradient method combines with our new
stepsize selection strategies, the obtained algorithms achieve better performance compared with the
state-of-the-art.
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Appendix

A. Detailed formulation of GG; used in the robust multiobjective optimization problem (rMOP)
1. AP1 [35]
fi(z)

min { f2(2)

0.25 ((z1 — 1)* 4 2(z2 — 2)%),
exp (xl —;@) + 2% + 23,

folz) = % (exp(—1) + 2exp(—2)) .

2. AP4 [35]
file) = 5 (o1 = 1)+ 2z = 2)" + (s~ 3)").

min d fo() = exp <W
x

fa(x) = - (3exp(—z1) + 4exp(—w3) + 3exp(—x3)) .

)—l—x%—i—x%—kx%,

3. DTLZ1 [36]

4. DTLZ2 [36]

fi(z) = (14 g(x)) cos (%) cos 3U277T ,
min fa(z) = (14 g(x)) cos (%) sin (%) ,
folw) = (1+ g(a)) sin (57 ).
where g(z) = Zn:(xl —0.5)?
i=3
5. DTLZ3 [36]
fi(z) = (14 g(x)) cos (M) cos % ,

min { fa(e) = (1+ g(@) cos (5 ) sin (7).

=3

where g(z) = 100 <5 + z": [(2; — 0.5)% — cos(20m (z; — 05))]> .
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6. DTLZ4 [36]

(37) =)
min { fo(z) = (1 + g(z)) cos <x1”>sin (?)
n

fal@) = (1 + (o) sin (117
where g(x) i(% —0.5)2
1=3
7. FA1 [37] ( |
1 —exp(—4z1
fl(x) 1= exp( 4)
H}Tin fo(x) = (x2+1) <1 _ g;’;l(f)l
0.1
-l (E2))
8. Farl [37]

fi(z) = —2exp (15 (—(z1 — 0.1)? —xg)) exp (20 (— (21 — 0.6)> — (22 — 0.6)?))
+ exp (20 (—(z1 4 0.6)*> — (z2 — 0.6)%)) + exp (20 (—(z1 — 0.6)* — (z2 + 0.6)*))
: +exp (20 (—(z1 + 0.6)* — (z2 + 0.6)?)) ,
T fa(x) = 2exp (20 (— xl—xQ))—i—eXp(QO( (1 — 0.4)2 — (22 — 0.6)%))
—exp (20 (—(z1 + 0. 5)% — (z2 — 0.7) )) —exp (20 (—(z1 — 0.5)% — (22 + 0.7)2))
+ exp (20 (—(z1 4+ 0.4)* — (z2 + 0.8)%))..

9. FDS [38]
file) = 5 i~ i)'
=1
n;in fa(x) = exp (711 sz> + Z:B?,
=1 =1
f3la) = o [ it =i+ Dexp(-a)
=1

10. TKK1 [39]

11. LE1 [40Q]

min
xT

fi(z) = (w% + :1:%)0~125,
fo(z) = ((x1 — 0.5)% + (23 — 0.5)2)0-25,
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12. LTDZ [41]
fi(z) =— (3 — (1 + x3) cos (T) cos %)) ,
Ty

mmin fo(x) = — (3 — (14 x3)cos
fs(x) = - (

13. MGH33 [42]

14. MLF1 [43]
i {f1 (x) = (1 + ;%) sin(x1),
| fa(z) = (1 + ;%) cos(x1)
15. MMR4 [44]
36

min
xT

— 1 — 2% — 2 —
filz) = @1 =22 — w3 221 + 9 + 2x3+ 1’
fQ(ZU) = —3x1 + x2 — 3.

16. MOP2 Van Veldhuizen [45]

17. MOP3 [45]
{fl(x) =1+ (A1 — B1)? + (Ay — By)?,

min 9 5
z fo(x) = (z1 + 3)* + (z2 + 1),
A1 =0.5sin(1) — 2cos(1) + sin(2) — 1.5 cos(2),
where As = 1.5sin(1) — cos(1) + 2sin(2) — 0.5 cos(2),
By = 0.5sin(x1) — 2 cos(z1) + sin(z2) — 1.5 cos(x2),
By = 1.5sin(x1) — cos(x1) + 2sin(zg) — 0.5 cos(xz).

18. MOPS5 [45]
fi(a) = 0.5(2f + a3) + sin(af + 23),
(

3r1 — 230 + 4)2 ($1 — o + 1)2
— 1.1exp(—2? — z2).

T) = —5—55——
) = g

19. SK1 [46]
fi(z) = xf + 323 — 1022 — 1021 — 10,

min
z {fQ(x) = 0.521 — 223 — 102? + 1021 — 5.
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20. TKLY1 [47]
fl xr) =11,

A2A3A4
I

i— 0.1\ i —0.9)?
where A; = 2 — exp (— (le(()]—?’) )—0.8exp <_ (x()409> )7 i=2,3,4.

21. Toi9 [48]

min

(2)
z | fa2(2)

filx) = (221 — 1) + 23,
mxin fi(z) =i(2zi1 —2)? — (i — D)a? | +iz?, i=2,...,n—1,
fo(x) =n2zp—1 —2p)% — (n— 1)22_,.

22. ZDTé6 [49]

fi(x) = 1 — exp(—4x1) sin® (6721,
min )\
) £a0) = 96a) (1 - (4 ) ,

Lo 0.25
where g(z) =149 (n—l z; ZL‘Z> .
1=

B. Experimental results on the robust multiobjective optimization problem (rMOP)

Table 3: Detailed experimental results of the compared algorithms on the problem

Problem Algo. Time (ms) Iter. Stepsize H-Ev Global_Nond. Purity Hypervolume Spread D’
MPGE  576.2658 47.8000 0.5891 150.8800 100 1.0000 34.7029 1.6146
AMPG1 2996.7546 276.0600 0.4094 828.1800 95 1.0000 32.5752 1.6781
AP1 AMPG2 3243.8221 289.5600 0.3935 868.6800 94 1.0000 32.6701 1.6807
PGM 4614.6050 999.0500 0.0019 2997.1500 4 0.8000 27.3362 1.1273
accPGM 29224009 460.0800  0.0019 2757.4800 0 0.0000 11.2525 00
MPGE  437.2190  126.3500 0.4829 398.8000 76 1.0000 21554.5277 1.6940
AMPG1 7645085  232.9900 0.6839 698.9700 47 0.9792 22018.9118 0.9868
AP4 AMPG2 747.7667  227.1000 0.5602 681.3000 47 0.9592 22690.7836 1.5195
PGM 3149.0390 979.3700  0.0021 2938.1100 7 0.5385 22077.6497 1.1691
accPGM  3085.6504 496.3000  0.0021 2974.8000 2 0.2222 21657.1163 0.9728
MPGE  2776.1323 710.0200  0.0012 2166.3300 12 1.0000 9769262.7844  1.0982
AMPG1 11.3269 2.9700 0.3384 8.9100 10 0.3226  9657920.3643  1.5539
DTLZ1 AMPG2 10.9528 2.9200 0.3467 8.7600 5 0.1613 9657918.9377  1.4993
PGM 1162.5842  309.9000  0.0000 929.7000 7 0.2917 9766502.4592  1.3567
accPGM 15089393  211.5100  0.0000 1266.0600 3 0.1364 9765531.9542  0.8335
MPGE  1087.9960 239.7164 0.9550 892.0900 66 1.0000 8.6311 1.1578
AMPG1 614.0677  165.5400 45977.6281 496.6200 94 1.0000 8.5853 1.4611
DTLZ2 AMPG2 731.8608  197.5900 101.5040 592.7700 92 0.9892 8.5701 1.5345
PGM 1841.1189 491.8700 0.1033 1475.6100 82 0.9213 8.7393 0.9712
accPGM  1937.2285 271.8900  0.1034 1628.3400 62 0.7294 8.7093 0.9270

Continued on next page
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Problem Algo. Time (ms) Iter. Stepsize H-Ev Global_Nond. Purity Hypervolume SpreadI’
MPGE  3570.3088 921.5960 0.0004 2769.7500 6 0.8571 223797870.0992 1.0169
AMPG1 11.3796 3.0500 0.8147 9.1500 16 0.5333 221535531.7840 1.5093
DTLZ3 AMPG2 10.5341 2.8200 0.7996 8.4600 10 0.3333 221532462.1351 1.5120
PGM 779.5435  206.0400  0.0000 618.1200 7 0.2917 223978673.7612 1.5284
accPGM  1214.3230 169.9100  0.0000 1016.4600 3 0.1034 223958921.1001 0.9995
MPGE  1139.6110 243.4375 0.9511 935.9400 47 1.0000 10.6182 1.0797
AMPG1 1226.1603 328.3700 56783.8462 985.1100 79 0.9518 10.6352 1.7001
DTLZ4 AMPG2 13859015 369.9300 187356477.8866 1109.7900 75 0.9375 10.7074 1.5772
PGM 2492.1448 669.3800  0.0681 2008.1400 79 0.9518 10.8437 1.0962
accPGM  2520.3214 353.2500 0.0682 2116.5000 47 0.6104 10.8331 0.9947
MPGE  55.6687 17.4800 0.8834 52.5200 100 1.0000 0.3708 1.1164
AMPG1 27.6792 8.6900 3.4302 26.0700 93 1.0000 0.3707 1.0744
FA1 AMPG2 46.6674 14.6900 1.4148 44.0700 93 1.0000 0.3704 1.0615
PGM 556.6778  174.4900 0.1645 523.4700 90 0.9677 0.3676 0.9484
accPGM  764.3446  123.9700 0.1651 740.8200 89 0.9271 0.3658 0.9471
MPGE 3325452  134.1900 0.5035 311.1000 54 0.9643 5.1740 1.2930
AMPG1 108.5667 50.9500 2.3930 101.9000 19 04634 4.7415 1.3233
Farl AMPG2 353.9755  164.9900 1.9426 329.9800 25 0.7812 4.7804 1.2965
PGM 1156.5933 535.1400 0.0639 1070.2800 47 0.9592 5.3294 1.1359
accPGM  1336.4776  320.6500 0.0663 1280.6000 31 0.6596 5.3292 1.1422
MPGE  2505.2253 490.8700  0.2269 1869.5600 100 1.0000 57448.9502 0.9908
AMPG1 808.4463 198.5300 0.3344 595.5900 100 1.0000 57418.5984 0.9328
FDS AMPG2 10752993 262.6100 0.2153 787.8300 100 1.0000 57437.7491 0.9361
PGM 4098.8480 1000.0000 0.0042 3000.0000 11 0.5238 50227.9706 0.9014
accPGM 37489198 500.0000 0.0044 2997.0000 0 0.0000 43405.6754 00
MPGE  421.7982  138.7000 0.8622 416.6900 80 0.9524 138617860.6159 1.4575
AMPG1 228.2446 73.5500 2.0749 220.6500 97 0.9798 138967230.9155 1.5455
IKK1 AMPG2 2333914  76.4400 2.0650 229.3200 94 0.9495 139401167.8794 1.4116
PGM 1648.5175 541.4200 0.1250 1624.2600 56 0.8889 132604539.0238 1.6193
accPGM  2242.7557 376.3000 0.1250 2254.8000 18 0.4000 129512202.5507 1.4803
MPGE  83.1640 39.5100  0.9671 79.0200 0 0.0000 0.0115 00
AMPG1 17.9688 8.5600 7.0109 17.1200 4 1.0000 0.0115 0o
LE1 AMPG2 21.8118 10.3800 4.5784 20.7600 0 0.0000 0.0115 00
PGM 87.7143 41.7700 0.9038 83.5400 0 0.0000 0.0115 00
accPGM 168.2198  41.7700 0.9038 165.0800 0 0.0000 0.0115 00
MPGE 1559028  47.6000  0.7215 142.8000 82 0.9762 0.8540 1.0029
AMPG1 28.9210 8.8700 386.0246 26.6100 79 0.9634 0.8548 0.9719
LTDZz AMPG2 73.5266 22.5700 0.9528 67.7100 81 0.9759 0.8543 0.9756
PGM 7482972  229.3800 0.1106 688.1400 65 0.8667 0.8471 0.8274
accPGM  950.7292  150.2700  0.1107 898.6200 58 0.8169 0.8468 0.8234
MPGE  679.1152 2054200 0.9296 637.0200 100 1.0000 1.9921 1.4644
AMPG1 76.0924 23.8400 818.4424 71.5200 100 1.0000 2.0144 1.6152
MGH33 AMPG2 1873719  58.3900 10.3787 175.1700 100 1.0000 2.0172 1.6162
PGM 3046.0150 954.8700 0.0228 2864.6100 11 0.4583 1.9165 1.2429
accPGM 29129376  467.5200  0.0237 2802.1200 6 0.2727 1.9050 0.8672
MPGE  3.9843 1.9200 0.2989 3.8400 38 1.0000 3.2991 1.1949
AMPG1 6.3098 3.0800 0.7488 6.1600 39 0.9750 3.3094 1.1734
MLF1 AMPG2 6.3220 3.0800 0.7488 6.1600 37 0.9250 3.3094 1.1571
PGM 46.0414 22.3100 0.1666 44.6200 13 1.0000 3.2619 0.9758
accPGM  68.8691 17.4100  0.1668 67.6400 9 0.6923 3.2618 1.0269
MPGE  11.7586 5.4400 0.7842 10.8800 90 1.0000 86.9193 1.0831
AMPG1 13.1029 6.1300 2.1339 12.2600 89 0.9889 87.3719 1.0394
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Problem Algo. Time (ms) Iter. Stepsize H-Ev Global_Nond. Purity Hypervolume SpreadI’
MMR4  AMPG2 14.1681 6.6500 1.4348 13.3000 89 1.0000 87.2275 1.0494
PGM 38.0369 17.6700 0.5930 35.3400 86 0.9451 87.3628 1.0097
accPGM  71.6703 17.6700 0.5930 68.6800 88 0.9670 87.3628 0.9936
MPGE  14.9876 6.9600 0.8391 13.9200 100 1.0000 0.5040 0.8748
AMPG1 513.6472  238.6000 2.2206 477.2000 77 1.0000 0.5017 0.8746
MOP2 AMPG2 358.7017  166.9400 1.6603 333.8800 85 1.0000 0.5017 0.9221
PGM 97.2019 45.1900 0.1867 90.3800 90 0.9000 0.5040 0.9167
accPGM  187.2848  45.1600 0.1867 178.6400 90 0.9000 0.5040 0.9257
MPGE  26.8931 11.8200 0.4636 25.1000 55 0.9821 505.5453 1.5268
AMPG1 44.1653 20.6700 0.4298 41.3400 39 0.9512 497.1894 1.0967
MOP3 AMPG2 47.0185 21.9100 0.3788 43.8200 39 0.9512 503.7323 1.0810
PGM 516.8419  241.3000 0.0209 482.6000 18 0.8182 505.8076 1.2930
accPGM 780.0390  186.4500 0.0211 743.8000 15 0.7143 505.8074 1.3434
MPGE  78.2217 22.7300 0.8565 71.7900 64 0.9697 1.2824 1.1439
AMPG1 64.9881 20.0300 0.6573 60.0900 60 0.9677 1.2827 1.0549
MOP5 AMPG2 65.4959 20.0100 0.6569 60.0300 62 0.9394 1.2831 1.0676
PGM 872.8161  269.3200 0.0642 807.9600 54 1.0000 1.2821 1.0954
accPGM 13585140 215.3200 0.0643 1288.9200 20 0.3704 1.2821 1.1831
MPGE  1499.6446 702.3500 0.0011 1405.8100 45 1.0000 72740.7978 1.6924
AMPG1 38.8284 18.6600 0.0883 37.3200 83 0.8300 73504.6260 1.7960
SK1 AMPG2 38.7953 18.6600 0.0883 37.3200 92 0.9200 73504.6260 1.8258
PGM 1932.8558 921.4800  0.0002 1842.9600 6 1.0000 71925.2589 0.5469
accPGM  1906.1956 465.6000 0.0002 1860.4000 3 0.5000 71923.0473 0.7848
MPGE  1210.6492 431.7900 0.0405 1101.5900 41 0.8723 67.4317 1.6020
AMPG1 257.9350 118.1000  0.1088 236.2000 21 0.4565 67.1369 1.2807
TKLY1  AMPG2 355.7288  158.7100 0.0978 317.4200 23 0.4107 66.9437 1.0804
PGM 1899.9565 869.4400 0.0038 1738.8800 19 0.4043 65.6382 1.0554
accPGM 1882.3088 441.3600 0.0042 1763.4400 5 0.1389 65.3250 0.9970
MPGE 11552413 191.6600 0.2879 986.2700 95 0.9794 44424761 1.3319
AMPG1 1498.8140 322.3800 0.7222 1289.5200 94 0.9792 4443.4869 1.4427
Toi9 AMPG2 1043.5319 224.3800 0.3163 897.5200 97 1.0000 4446.9624 1.6204
PGM 3932.0160 842.3800  0.0081 3369.5200 47 0.6184 4431.6766 1.5510
accPGM 4180.3569 454.9200 0.0081 3635.3600 19 0.2533 4418.5017 1.2154
MPGE  2849.4601 977.8300 0.0229 2043.8000 1 0.5000 4.3694 00
AMPG1 170.4963 61.7900 0.3336 123.5800 34 1.0000 4.4400 0.9912
ZDT6 AMPG2 571.2491  203.1300 0.1312 406.2600 33 1.0000 4.4441 0.9287
PGM 2770.0384 1000.0000 0.0016 2000.0000 0 0.0000 1.2179 00
accPGM 19854818 383.6500 0.0022 1532.6000 0 0.0000 1.2152 00
C. Experimental results on the biobjective supervised feature selection problems (B-SES)
Table 4: Detailed experimental results of the compared algorithms on the problem (B-SFS)
Dataset Algo. Time (ms) Iter Stepsize  Global_Nond. Hypervolume Purity Spread’
MPGE 256430.7740 97.2100 0.8818 100 0.0024 1.0000 1.2275
AMPG1  98360.2071 35.4200 1.5301 100 0.0025 1.0000 1.1256
Arrhythmia AMPG2  86501.0178 35.4800 1.5314 100 0.0025 1.0000 1.1252
PGM 1157697.8619  472.3700  0.1250 99 0.0025 0.9900 1.2463
accPGM  484339.8561 206.6100  0.1250 100 0.0024 1.0000 1.2047
MPGE 1759.5639 304.7700  0.6446 100 0.0060 1.0000 1.2588
AMPG1  313.1037 60.1600 2.1024 100 0.0060 1.0000  1.2396
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Dataset Method Time (ms) Iter Stepsize Global Nond Hypervolume Purity SpreadI’
CMC AMPG2  312.4244 60.1600 2.1024 100 0.0060 1.0000 1.2396
PGM 4418.8061 767.8400  0.1250 89 0.0060 1.0000  1.2245
accPGM  2079.3729 311.3900  0.1250 94 0.0060 1.0000  1.2489
MPGE 560401.7639 54.5800 0.9035 100 0.0025 1.0000 1.0510
AMPG1  277142.0691 26.6600 1.1928 100 0.0025 1.0000  1.0826
Darwin AMPG2  274931.2272 26.5800 1.1829 100 0.0025 1.0000  1.0909
PGM 3033667.8884 293.1600  0.1250 100 0.0024 1.0000 1.0112
accPGM  2090838.0499  181.2700  0.1250 100 0.0024 1.0000  1.0354
MPGE 1273.1335 82.3800 0.9199 100 0.0189 1.0000  1.1230
AMPG1  385.0532 33.5800 1.5025 100 0.0195 1.0000 1.0641
Gallstone AMPG2  459.8124 33.5800 1.5024 100 0.0195 1.0000 1.0641
PGM 6400.8465 488.5500  0.1250 100 0.0188 1.0000 1.1245
accPGM  3116.1742 2243000 0.1250 100 0.0188 1.0000  1.1309
MPGE 380.1007 53.4800 0.9492 100 0.0273 1.0000 1.1799
AMPG1  165.9007 27.6700 1.2398 100 0.0272 1.0000 1.1116
Heart AMPG2  203.7466 27.6900 1.2397 100 0.0272 1.0000 1.1114
PGM 2540.0634 330.8300  0.1250 99 0.0273 1.0000 1.1766
accPGM  1505.9578 208.9600  0.1250 100 0.0273 1.0000 1.1633
MPGE 510.0865 36.6100 0.9158 100 0.0296 1.0000 1.0054
AMPG1  334.3382 33.0900 1.1610 100 0.0291 1.0000 0.9481
Ionosphere ~ AMPG2  394.7728 32.6800 1.1581 100 0.0291 1.0000  0.9453
PGM 2835.0387 218.5500  0.1250 100 0.0297 1.0000  1.0239
accPGM  1844.0850 160.6200  0.1250 100 0.0297 1.0000  1.0085
MPGE 36199.8582 67.4700 0.9164 100 0.0144 1.0000 1.2644
AMPG1  15900.1191 29.8600 1.3398 100 0.0146 1.0000 1.1855
Musk-v1 AMPG2  15735.3804 29.8600  1.3394 100 0.0146 1.0000 1.1856
PGM 201274.9066 379.4700  0.1250 100 0.0144 1.0000 1.2494
accPGM  95059.7835 182.0200  0.1250 100 0.0143 1.0000  1.2538
MPGE 304.4090 41.6400 0.8916 100 0.0250 1.0000  1.0658
AMPG1  200.0549 29.5400 1.2039 100 0.0244 1.0000 1.0307
Parkinsons ~ AMPG2  195.3287 29.6700 1.2046 100 0.0244 1.0000 1.0424
PGM 1686.3651 240.2700  0.1250 100 0.0250 1.0000 1.1260
accPGM  1428.8263 1753900  0.1250 100 0.0250 1.0000 1.1120
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