THE BEST APPROXIMATION TUPLE: AN EXTENSION OF THE
CHENEY-GOLDSTEIN ALGORITHM AND RESULTS TO THE
MULTIPLE SETS CASE

YAIR CENSOR AND DANIEL REEM

ABSTRACT. We extend the algorithm and several results published in the celebrated
1959 paper of Cheney and Goldstein about the best approximation pair (BAP) problem
in two separate directions. One is, for the first time, the ability to consider more than
two sets, a task which has been in the mind of researchers for many years without
much success in fulfilling it because of a certain theoretical obstacle related to cycles
and minimizers of general functionals. The other direction is the ability to handle each
set as an intersection of a finite family of sets. We call the resulting problem the “Best
Approximation Tuple (BAT) problem”. The fundamental observation that leads to
these extensions is to recognize and handle one set (the “pivot set”) as different from
the remaining sets (the “satellite sets”) instead of seeking cycles as the minimizers of
a target functional. We prove the convergence of the algorithm to the unique solution
of the problem in the Euclidean case with strictly convex and compact satellite sets.
Because of the lack of Fejér monotonicity, our convergence analysis is not standard,
and is based on almost unknown properties of orthogonal projections regarding equality
and inequality in the definition of nonexpansiveness.

1. INTRODUCTION

1.1. Background and contributions. In the classical best approximation pair (BAP)
problem we are given two nonempty, closed, convex and disjoint subsets €2; and {2,
located in a real Hilbert space X, and we want to find a pair of points, each from each
subset, which realizes the distance between the subsets. In other words, we want to find
a € 0y and b € )y such that

la — 0| = dist(Qq, Qo) :=inf{|lz —y|| |z € U,y € N}, (1.1)

namely, (a,b) is a minimizer over {; x {2 of the function f : X? — [0,00) defined by
f(x,y) :== ||z —yl| for all (z,y) € X% The BAP problem goes back to the classical 1959
work of Cheney and Goldstein [28] and, briefly, also to the paper [67] of Nicolescu from
1938. Numerous papers discussing this problem in various settings have been published,
and the problem has found applications in signal processing, solid modeling, computer
graphics, robotics, collision detection, computer aided design, virtual reality and more.
For a very partial list of works see, for instance, [1,5,6,10,11,16,17,22,27,40,42,44,
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46,47,55,57,58,60-62,66,68-70,73-78,80|. For a review about the BAP problem
(with over 120 citations) in various settings, as well as for many relevant results and
applications, see our recent work [71].

It is not immediately clear how to generalize the BAP problem to more than two sets,
and this task has been in the mind of researchers for many years without much success
in fulfilling it, and one can find statements about the “interesting challenges” that poses
the task of extending results related to the BAP problem (and, implicitly, the BAP
problem itself) to more than two nonempty, closed and convex sets [4, p. 401]. In fact,
it has turned out there is a theoretical obstacle for a natural generalization. Indeed, we
first recall the known fact, which is implicit in [28] (and follows from [28, Theorem 2]
and additional simple arguments; see also Lemma 4.6 below for a generalization), that
(a,b) € Q1 x Q9 is a BAP relative to (€4, ) if and only if (a,b) is a 2-cycle, namely a =
Py (b) and b = Py(a). Thus, given m € N, a natural candidate for being a generalization
of the concept of a BAP to any m+1 > 2 sets 4, ...,Q,,.1 is an (m + 1)-cycle relative
to (1,9, ..., Qn11), namely a tuple (a',a?,...,a™ ™) € Q; x Qy x -+ X Q41 which
satisfies a’ = P;(a'™) for all i € {1,2,...,m} and a™" = P, 1(a').

While there are various relevant results related to cycles, such as [8, Section 5], [50,
Theorem 2], [76, Theorem 1.6, Corollary 1.7], [12, Corollary 4.10, Corollary 4.11] and |2,
Theorem 9], none of them shows that when m+1 > 3, then there is a certain functional
such that the minimizers of this functional over 1 x Q5 X ... x ,,,1 (for all nonempty,
closed and convex sets Q; C X, i € {1,2,...,m + 1}) must be (m + 1)-cycles relative
to (Q1,€,...,Qn11) and vice versa, as in the case of two sets mentioned above (simple
candidates to such a functional, such as (x%)7f' — [Ja! — 22| + ||z — 23| + ... +
|z™ — ™| + ||a™ "t — 2!||, have been considered and rejected: see [8, Remarks 5.1.5]
and [59, p. 36] where m + 1 = 3).

Apparently this is not a coincidence, since a remarkable result of Baillon, Combettes
and Cominetti [4, Theorem 2.3] shows that when X has dimension 2 or above (possibly
infinite dimension) and m +1 > 3, then there exists no functional ® : X™*! — R having
the property that for all tuple (€4, Qs, ..., Q1) of nonempty, closed and convex sets
0, C X, i€ {l,2,...,m+ 1}, the set of (m + 1)-cycles relative to (1,Q,..., Qni1)
is the set of minimizers of ® over €2y x {2y X --- x €,,,1. This theoretical obstacle has
led to statements such as “the Cheney and Goldstein...result of minimizing the distance
between two disjoint sets cannot be extended to more than two sets” [24, p. 579,
after Theorem 2.18] and “The problem of best approximation pair relative to two sets
cannot be extended to more than two sets in view of Baillon, Combettes and Cominetti’s
result” [24, p. 581, Subsection 2.16].

We present here a way to bypass this theoretical obstacle by singling out and focusing
our attention on one specific component of the tuple of sets which we call the “pivot
set”. Then we pose the problem of minimizing a natural functional, which is defined on
X and not on X™*! over the pivot set.

More precisely, assume for the sake of simplicity that we single out and focus on the
(m+1)-th index for the pivot set. If (5;)1, are positive numbers satisfying ", f; = 1,
and if P; denotes the orthogonal projection onto any remaining sets €;, ¢ € {1,2,...,m}
(which we call the “satellite sets”), then we consider the following minimization problem,
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wherein d(z, ;) := inf{||z — y|| | y € Q;} is the distance between the point = and the set
Qii

TEQm+1
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Once we have a solution z* € Q1 to (1.2) at our hands, we consider the tuple
(Py(z*), Py(z*),..., Pp(x*),2*) as the Best Approximation Tuple (BAT). This tuple is
not necessarily an (m + 1)-cycle when m + 1 > 2, but the case m + 1 = 2 reduces to the
BAP problem considered by Cheney and Goldstein [28].

Indeed, in this case f; must be 1, and x* € Q5 solves (1.2) if and only if 2* solves the
minimization problem min,cq, %d(x, 0,)?, i.e., if and only if z* is a minimizer of the
minimization problem min,cq, d(z,$2). Since [28, Theorem 2] ensures that z* solves
the minimization problem min,cq, d(z, ;) if and only if 2* = Py(P(z*)), by recalling
what we explained a bit after (1.1), namely that (a,b) € ©; X Q5 is a BAP relative
to (€4,Qs) if and only if (a,bd) is a 2-cycle, and by letting a := Pi(z*) and b := x*,
we conclude that z* € Qy solves (1.2) if and only if (P (z*),z*) is a BAP and a BAT
relative to (9, Qs).

Proposition 3.7 below shows that a tuple (y!,v%, ..., 9™™) € Oy x Qo X -+« X Qpyq 18
a BAT if and only it solves the multivariate minimization problem

m—+1 2

(z1,22,... xm"'l)rélSll?XQgX X Q1 2 Z/BZHI -t || (13)
Thus, in contrast with the case forbidden in the Baillon, Combettes and Cominetti
result [4, Theorem 2.3], there is a (non-symmetric) multivariate functional over X™ !,
that is (a', 22, ..., 2™") = 0.537" Gilla™ — 2%, (21,22, ..., 2™) € X whose
set of minimizers over 0y x g X -+ X Q41 (for every tuple (25,Q9,...,Q,11) of
nonempty, closed and convex subsets Q; C X, i € {1,2,...,m + 1}) coincides with the
set of “generalized best approximation pairs” (namely BATs). Again, a BAT is not
necessarily a cycle, and so there is no contradiction with [4, Theorem 2.3].

Our generalization (1.2) of the BAP problem was inspired by the, so-called, “incon-
sistent convex feasibility problem with soft and hard constraints” and by the generalized
Heron problem. Before presenting the former problem, recall first the classical convex
feasibility problem (CFP): we are given a family (£2;);e; of nonempty, closed and convex
subsets in a real Hilbert space X, (where I # () and it is finite or infinite) and our goal is
to find a feasible point, that is, a point which belongs to the intersection M;c;€2;. See, for
example, [7,14,15,18,20,23,26,31,50] for related results, algorithms and applications.

There are, however, various real-world and theoretical instances in which either it is
not clear in advance that N;c7€; # 0, or it is known that M;c;€; = () and yet one wants to
find a point which somehow generalizes the notion of a feasible point. A typical example
for this is the inconsistent convex feasibility problem with soft and hard constraints [35].
In this problem the sets §2;,7 € I are divided into two groups: one group is the hard
constraints group ;, ¢ € Iy..q # 0, and the second group is the soft constraints group €2,
1 € Iope # 0, where Iarq U Lgors = I, Inara N Isore = 0, and I has at least two indices. The
goal is to find a point ™ € Nicy, . dQ (assumed or known to be nonempty) which violates
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as little as possible the constraints €);, i € Iy;. More precisely, we want to find a point
" € Nier,,,,$2 which is a minimizer, over NM;ey, . ,$2;, of the functional g : X — R
defined by

soft = Z 6@ -1' Q Z ﬁz ’l’ — H2 Vx € X, (14)

ZEIbOft ZEIaoft

where, for each 1 € I, P; : X — X is the orthogonal projection onto §2;, 5; > 0 and
Zie[soft pi=1

The functional ®. is a proximity function (see, e.g., [18, p. 28]). It has the property
that @y () = 0 if and only if © € Nier %, and Do (z) > 0 if and only if = ¢ Q,
for at least one index 7 € Iy . One can think about ®. as a cost function which
assigns to each x € X the price tag ®gop () which represents by how much z violates
the constraints: the higher the violation, the higher the price, and we want to find a
point =* € Niey,..,$2 having the least price tag. Alternatively, ®¢n can be thought of
as being an energy function which assigns to each z € X the energy level &y (z), and
our goal is to find a point z* € Njcy,,., 2 having the lowest possible energy level.

The inconsistent convex feasibility problem with soft and hard constraints has ap-
plications in signal processing [35,49, 79|, network bandwidth allocation problem [53],
power control [52], network analysis [54], sound velocity reconstruction [51] and more;
see also [3,18,19,21,25,30,32-34,36-39| for various algorithms and other results re-
lated to this problem, and see [24] for a general review related to the inconsistent convex
feasibility problem.

Back to (1.2), one can see that it is a particular case of inconsistent convex feasibility
problem with soft and hard constraints where Iy,.q = {m + 1} and Ly = {1,2,...,m}.
Of course, we could let Iy..q := {h} and Loy := I\{h} for any h € {1,2,... ,m + 1},
and by doing this, we would have obtained a different functional to be minimized and a
different generalization of the BAP problem.

The second problem which has inspired us is the generalized Heron problem [29,
63,64] (see also [79]). Its original version (the classical Heron problem) goes back to
antiquity, and it has applications in optics and engineering. Here instead of minimizing
the quadratic-type functional (1.2) one minimizes, over the pivot set, a non-weighted
sum of the distances between a point and the satellite sets:

m

min d(z,§;). (1.5)

CISEQm.H 1

In addition to extending the BAP problem to any finite number of sets (greater than
or equal to 2), we also extend the problem in another aspect, by considering sets €;
having the property that each of them is an intersection of finitely many sets, namely
Q; = N;L,Q; 5 for some sets ; ;, where i € {1,2,...,m}, m; € Nand j € {1,2,...,m;}.
Such a scenario appears, for instance, in bandwidth allocation problems [53, Subsections
2.1 and 2.2] and in reconstruction of sound velocity distribution [51, Sections III, IV].
See also [35, Fig. 1] and [31, Subsection 6.1].
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Our extension, mentioned above, is what we call the Best Approximation Tuple
(BAT) problem. Inspired by the “Alternating Simultaneous Halpern—Lions—Wittmann—
Bauschke (A-S-HLWB)” algorithm that we presented in [22], and by other material
which appears there, we formulate precisely the BAT problem (Problem 3.1 below),
formulate conditions which ensure the existence and uniqueness of a solution to this
problem, present an algorithmic scheme for solving the problem (Algorithm 3.3 below),
and prove its convergence under some reasonable assumptions (Theorem 3.5 below; see
also Remark 5.5 for an extension), among them that the space is Euclidean and the
satellite sets are strictly convex and compact.

Algorithm 3.3 below has the advantage that instead of projecting onto the individual
sets Q;, 1 € {1,2,...,m}, a task which may be demanding from the computational point
of view, one projects onto the building bricks €, ;, i € {1,2,...,m}, 7 € {1,2,...,m;}
which induce the intersection set Q;, i € {1,2,...,m}, a task which is less expensive,
particularly when these building bricks have a simple form.

Because of the lack of Fejér monotonicity, our convergence analysis is not standard,
and is based on almost unknown properties of orthogonal projections regarding equality
and inequality in the definition of nonexpansiveness: see Lemma 4.1, Remark 4.2,
Lemma 4.3 and Lemma 4.4 below. These properties allow us to derive strict estimates
at crucial stages (such as the inequality (5.4) and the inequality r.+|| P;(z*)— Pi(2%)|| < ¢
for all i € {1,2...,m} mentioned below (5.5)).

1.2. Paper layout: In Section 2 we present necessary terminology and notation needed
for the rest of the paper. In Section 3 we present precisely the BAT problem, the algo-
rithm for solving it, the main existence, uniqueness and convergence theorem (Theorem
3.5), a characterization property of BATs as minimizers of a multivariate target func-
tional (Proposition 3.7), and we also compare briefly our algorithm and results to the
ones presented by Cheney and Goldstein [28]. In Section 4 we formulate and prove
various auxiliary assertions, and in Section 5 we present the proof of Theorem 3.5.

2. PRELIMINARIES

Our setting is a real Hilbert space (X, || -||) with an inner product (-, -) and X # {0},
although some of the definitions below hold in a normed space or a metric space setting,
and from time to time we will also consider these and other (perhaps more general)
settings.

Given a nonempty subset S C X and an operator F' : S — X, we say that F
is nonexpansive on S if ||F(z) — F(y)|| < ||z — y|| for all (z,y) € S%. We say that
F' is contractive on S in the sense of Edelstein, or Edelstein-contractive, or simply
contractive (following Edelstein [43, p. 74)), if ||F(x) — F(y)|| < ||z — y|| whenever
r # y and (x,y) € S%. Note that in [9, p. 69, Definition 4.1(iii)] a different term is
used for describing Edelstein-contractive operators: “strictly nonexpansive” (we chose
to not use this term because of a reason which is explained in Remark 4.2 below).
An Edelstein-contractive mapping on S is nonexpansive on S since given (z,y) € S?,
obviously || F(z) — F(y)|| < ||z — y|| whenever x =y or x # y.
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Given v > 0, we say that F is v-firmly nonexpansive on S if ||F(z) — F(y)|*> <
|z —yl|? —v|[(z —y) — (F(z) — F(y))|? for all (x,y) € S?. If F is 1-firmly nonexpansive
on S, then we also say that F' is firmly nonexpansive. Various examples of v-firmly
nonexpansive operators for v > 0 can be found in [18, Chapter 2, Section 2.2].

If S is nonempty, closed and convex, then it is well-known [18, Theorem 1.2.3 on p.
18] that for all z € X there exists a unique point in S, denoted by Ps(x), such that
|z — Ps(x)|| = d(z,S) = inf{||z — y|| |y € S}. We call the operator Ps : X — 5,
which assigns to each € X the unique point Ps(z), the orthogonal projection onto S
(also called best approximation projection, metric projection, projector, and proximity
map). It is well known that Pg is firmly nonexpansive [18, Theorem 2.2.21(iii) on p.
76 and Theorem 2.2.10(v) on p. 70] and satisfies the so-called Kolmogorov property
(x — Ps(x),y — Ps(z)) <0 forall z € X and y € S (see, e.g., [18, Theorem 2.2.21(ii)
on p. 76 and Theorem 2.2.5 on p. 67] or [28, The Lemma on p. 448]).

We say that S is strictly convex if for all distinct points @ € S and b € S, the open
interval (a,b) connecting a and b is contained in the interior int(S) of S. We denote by Id
the identity operator on X which satisfies Id(z) = x for each z € X. Given x € X and
r > 0, we denote by Bz, r| :=={y € X | |ly—z| <r}and B(z,r) :={y € X|||ly—z| <7}
the closed and open balls, respectively, of radius r, about x (and B[z, 0] := {z}).

Given m € N and a vector 5 := (5;); € R™, we say that [ is a “positive weight
vector” if 3; > 0 for all ¢ € {1,2,...,m} and > ", B; = 1. A sequence (73)72, of real
numbers is said to be a “steering parameter sequence” whenever the following conditions
hold: 7, € (0,1) for all k € NU{O}, limy oo 7 = 0, > 7o 7 = 00, and Yy |Tey1 — 7| <
+o00. For example, the sequence (73)52, which satisfies 74, := 1/(k+1) for all k € NU{0}
is a steering parameter sequence.

3. THE BEST APPROXIMATION TUPLE PROBLEM

In this section we formulate the BAT problem (Subsection 3.1), our algorithm for
solving it (Subsection 3.2), and the main existence, uniqueness and convergence theorem
as well as a characterization of a BAT (Subsection 3.3). In Subsection 3.4 we make
a short comparison between our algorithm and results to the ones obtained by Cheney
and Goldstein [28].

3.1. Problem formulation. (See Figure 1 for an illustration.)

Problem 3.1. The Best Approximation Tuple (BAT) problem: In a real Hilbert
space X we are given m € N sets (;);~, (which we call “the satellite sets”), each of
which 1is itself a nonempty intersection of a given family (QZ])TZ1 of m; € N closed and
convex subsets of X, i.e., Q; := N2, Q; 5 # 0 for alli € {1,2,...,m}. We are also given
another set (which we call “the pivot set)” Q0,11 which is nonempty, closed and convex,
and a positive weight vector (5;),. The goal of the “Best Approximation Tuple” (BAT)

problem is to solve the following constrained minimization problem:

min % Z Bi(d(z, )2 (3.1)

E€EQm 41
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In other words, if ® : X — R is defined by

Z@ (z, ) Z@ |z — By(x)|)?, Vz€X, (3.2)

where P; : X — X s the orthogonal projection onto €;, i € {1,2,...,m}, then the
problem is to provide conditions which ensure the existence and perhaps uniqueness of a
mainimizer of ® over (11, and to present algorithms for finding such a minimizer.

FiGUuRrE 1. Illustration of Problem 3.1 in the Euclidean plane. Here m =
3, my = 4, my = 3, mg = 3, the boundaries of the sets 2, )y, 23,y
are represented by solid lines, and the boundaries of the sets (), ; are
represented by dashed lines, i € {1,2,...,m}, j € {1,2,...,m;}. The
satellite sets are €21, {25, {23 and the pivot set is €1,.

Definition 3.2. A tuple (y!,¢%,...,y™™) € Q1 X Qy X ... X Q41 is called a BAT
(velative to (€;)7h1) if y™*! solves (1.2) and y* = P,(y™!) for each i € {1,2,...,m}.

3.2. The Multiple-Sets Best Approximation Tuple algorithm. Here we propose
a projection-type algorithm for the solution of the BAT problem.

Algorithm 3.3. (Algorithm for the BAT problem)

(1) Input: A real Hilbert space (X, || - ||), a natural number m, a set of m nat-
ural numbers m; and sequences (7;;):°, of steering parameters for each i €
{1,2,...,m}, positive weight vectors w; = (w; ;)2 where i € {1,2,...,m},

closed and convex subsets €; (the satellite sets) and €2; ; such that Q; = ﬂml Q i 7
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0 for all i € {1,2,...,m} and j € {1,2,...,m;}, a nonempty closed and con-
vex subset €,,1 (the pivot set), a positive weight vector § = (5;)7,, and two
sequences (M), and (%)%, of real numbers in (0, 1].

(2) Inmitialization: Choose an arbitrary starting point z° € X.

(3) Iterative Step: For ecach k € NU {0} and ¢ € {1,2,...,m}, define
k

Igzk(m) = H (Ti’tl‘ + (1 —7y) Zwivjﬂg(z)) , VreX, (3.3)
j=1

t=0

Gr(x) == (1 = \)& + APy ((1 — )T+ T Y @-Pi,k(a:)> . VzeX, (34
i=1
where P, ; is the orthogonal projection onto the closed and convex subset € ;,
ie{l,2,...,m}and j € {1,2,...,m;} and P, is the orthogonal projection
onto the pivot set 2,,,,1. Now, given a current iterate x*, k € NU{0}, define the
next iterate z¥*! by the following iterative process:

:L’k+1 = Gk(xk) = (1 — /\k)l‘k + /\kPm—H <(1 - Wk)ZL’k + Yk Z @Lﬁz,k(l’k)> . (35)
=1

Remark 3.4. (i) The vector (5;)7, in the functional ® from (3.2) is assumed to
be a positive weight vector. This is not a real restriction as long as the coef-
ficients 3;, i € {1,2,...,m} are assumed to be positive. Indeed, suppose that
instead of a positive weight vector we just assume that (3;)™, is a vector of pos-
itive numbers. Then by letting 3, := Bi/ (3252, By) for each i € {1,2,...,m} and
O(z) == 13" Bid(z, Q)% x € X, we see that (8;)1", is a weight vector, and an
immediate verification shows that ® and ®(z) := 337" fid(z,Q;)?, © € X, have
the same minimizers over any subset S of X.

(ii) The iterative scheme (3.5) is inspired by a different iterative scheme presented
in [35, (20) on p. 2463], whose goal is to solve the inconsistent convex feasibil-
ity problem with soft and hard constraints, where each subset is formed by itself
(namely m; = 1 for all i € {1,2,...,m}).

3.3. The main existence, uniqueness and convergence theorem. The proof of
the next theorem, which is the main convergence result, is long and is based on several
lematta which we formulate and prove in the next sections.

Theorem 3.5. In the setting of Algorithm 3.3, suppose that either Q2,11 is bounded or

that Q.41 is unbounded and €, is bounded for some q € {1,2,...,m}. Then (3.1) has

at least one solution. If, in addition, Qs is strictly convex for some s € {1,2,...,m}

and also Qs N Qi1 =0, then (8.1) has a unique solution x*, and x* has the property

that it is also the unique fized point of each of the functions Gy, : X — X, X € (0,1],
€ (0,2), defined by

Gan(z) = (1= N2+ AP (1 =)z +7)_ BiPi(x)), VzeX. (3.6)

=1
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Assume further that X is finite dimensional, that there is some p > 0 such that 2,1 U
(U, U, Qi) € B0, pl, that Q; is strictly convex and satisfies 2 0 Qpyq = O for each
i€ {1,2,...,m}, and that Ao := limy_oo Ak, and Yoo = limg_,00 Y exist and satisfy
Ao > 0 and oo > 0. If 2° € Qi1 then any sequence (z%)3°, generated by Algorithm
3.3 is contained in ,,,1 and converges to x*.

Remark 3.6. (i) Non-uniqueness of the optimal solution x* of (3.1) can occur with-
out imposing the strict convexity assumption on the sets in Theorem 3.5. In-
deed, suppose that X is the Euclidean plane, Q; := [—=10,—n] x [0,1], Qs =
(M2, 10] x [0, 1], m,m2 € (0,10), Q3 := [—0.5m1,0.5m9] x [0,1], m = 2, m; = my =1,
and (01, f2) is an arbitrary positive weight vector. In this case there exists a
solution z* = (z7,z3) to (3.1) because of considerations mentioned in Lemma
4.5 below. Since @ is constant on intervals of the form {t} x [0,1] for each
t € [—0.5m1, 0.5, as a simple verification shows (because d((x1,x2),$1) = 1 +m
and d((z1, x2), Qo) = me—axq for all (zq,x2) € Q3), it follows that for every x5 € [0, 1]
the pair (xF, z2) solves (3.1).

(ii) Non-uniqueness of the optimal solution of (3.1) can occur by replacing the strictly
convex functional ® defined in (3.2) by the non-strictly convex functional ¥(z) :=
S Bid(z, ), © € X. Indeed, just take X = R, m = 2, my 1= my = 1,
Q= {0}, Qy := {2}, Q3 :=[0.5,1.5], B; := P := 0.5. In this case ¥(z) = 0.5
for all z € Q3. Similarly, if X := R? m := 2, my := my := 1, Q; := B[(—1,0), 1],
Q= B[(3,0), 1], Q3 := B[(1,0),0.5], f1 := Pg := 0.5, then ¥(x) = 0.5 < ¥(z) for
all z € [0.5,1.5] x {0} C Q3 and all z € Q.

(iii) While in the last part of Theorem 3.5 we require that €2; is strictly convex and
satisfies €; N Q1 = 0 for each i € {1,2,...,m}, we do not require that €, ;
is strictly convex and satisfies €;; N Qi1 = 0 and Q;; N Qy o = O for each
i,i" € {1,2,...,m} and each j € {1,2,...,m;} and 5/ € {1,2,...,my}. Hence,
in particular, it may happen that €, ; intersects both €2;, ;, and €,,,; for some
Q1,00 € {1,2,...,m} and some j; € {1,2,...,m1} and jo € {1,2,...,ma}: see
Figure 1. We note that a sufficient condition for €2; to be strictly convex is that
€ ; is strictly convex for all j € {1,2,...,m;}, but, as shown in Figure 1, this
condition is not necessary.

(iv) In the special case where m = 1 in Theorem 3.5 we do not need to impose the
boundedness of either ©; or {2y for the existence of a solution to (3.1) (which,
as explained earlier, is equivalent to the existence of a BAP relative to (€21,s)):
see [71, Theorem 5.1] for less restrictive assumptions.

The next proposition characterizes a BAT as the solution of a multivariate minimiza-
tion problem. This characterization can serve as an alternative definition of a BAT, a
definition which actually holds in any normed space and with any tuple of nonempty
sets (€)' (not necessarily closed and convex).

Proposition 3.7. A tuple (y*,y?,...,y"™) € QO X Qy X -+ X Q41 is a BAT if and
only it solves the minimization problem (1.3).

Proof. Indeed, suppose by way of contradiction that (y!,4?, ...,y™ ™) is a BAT which
does not solve (1.3). Then >, Gilla™t — 22 < D27, Billy™t — ¢||* for some
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(xt, 2% . 2mT) € Q) x Qy X - X Qyyq. Since 2° € Q; for each i € {1,2,...,m}, we
have ||z — By(x™)|| < [|Jz™T! — 2'|| by the definition of the orthogonal projection;
thus 0.5 ", Billa™ ™ — Bi(x™th) |2 < 0.5, Bil|la™ — 2*||?. Since (y',y?, ..., y™")
is a BAT, we have y' = P;(y™!) for all i € {1,2,...,m}; as a result, we conclude from
the previous lines that 0.5 > B]|z™+ — Py(z™)||? < 0.5 37", Billy™t — Pi(y™)|I%,
in contrast to the assumption y™*! solves (1.2) (since (y',4?%,...,y™") is a BAT). This
contradiction implies that any BAT must solve (1.3).

Conversely, suppose that (y', 3%, ...,y™") € O x Qy x -+ x Q.41 solves (1.3) and
assume by way of contradiction that it is not BAT. Then there are two possibilities (see
Definition 3.2): either ¢/ # P;(y™*!) for some j € {1,2,...,m} or y* = Pi(y™*) for all
i€{1,2,...,m} but y™* does not solve (1.2).

Consider the first possibility. Basic properties of the orthogonal projection and the
fact that y* € Q; for all i € {1,2,...,m} imply the inequality [|y™™ — P;(y™™)|| <
g™+ — 4| for each i € {1,2,...,m}, where for i = j we have a strict inequality.
Hence 0.5, Billy™t — Pi(y™™)|? < 0537, Billy™! — v||?, namely the target
functional which appears in (1.3) has a strictly lower value at the tuple (z?)1! :=
(P (y™*), Py(y™ ™), ..., Pu(y™ ™), y™*1), which is in € x Qg X - -+ X Q,,,41, than it has
at its assumed minimizer (y!,4?%,...,y™ ), a contradiction. Thus any solution of (1.3)
must be a BAT in the first possibility.

Consider the second possibility in which y* = Pj(y™*!) for all ¢« € {1,2,...,m}
but y™*! does not solve (1.2). This possibility implies that there is some z™*! €
Qi1 such that 0.5 Bille™ ™ — Bi(z™th)|]? < 0.537, Billy™ — Pi(y™)]|*. Be-

cause (y', 5%, ..., y""") € O X Qy X -+ X Qg solves (1.3), we obtain the inequality
053" Billy™t —y||2 <0537, Billa™ T — 2|2 for every i € {1,2,...,m} and every
2t € Q;, and in particular for ' := Pj(2™%1). As a result we obtain the inequality

0530 Billy™t = Pi(y™ |12 < 0.5, Billa™ ! — Pi(z™*1)||? and this is a contradic-
tion to a previous line from which we already know that 0.5 > f;]|z™ = P,(a™1)||? <
0.5>" Billy™t — Pi(y™™)||?. We conclude that any solution to (1.3) must be a BAT
in the second possibility too. 0

3.4. A short comparison with Cheney and Goldstein [28]. It is worth comparing
briefly our results and algorithm with the ones obtained by Cheney and Goldstein in
their celebrated 1959 paper [28].

First, if in the BAT Problem 3.1 we have m = 1 = my, then by what we explained
earlier (below (1.2)) the BAT problem, namely Problem 3.1, reduces to BAT problem
considered in [28]. Hence the BAT problem generalizes the BAP problem from two
subsets to any finite number (greater than or equal 2) of subsets and from stand-alone
satellite subsets to satellite subsets that each one of them is obtained from intersections
of finitely many subsets.

Second, if in AlgorithmA?).S we have m = 1 = my, assume that A\, = . = 1 for all
k € NU{0}, and replace P, ; by P; (see also Remark 5.5 below for the justification for
this latter replacement), then (3.5) leads to 2! = PPy (z*) for each k € NU {0}. In
other words, we restore the alternating projection method presented in [28].
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Third, if we take A := 1 =: v in Lemma 4.6 below, then we see that Lemma
4.6 generalizes [28, Theorem 2| which says that x* solves the minimization problem
mingcq, d(z, Q) if and only if z* = Py(Py(z*)).

Fourth, the convergence part of Theorem 3.5 above extends, but does not generalize,
[28, Theorem 4] since the setting in [28, Theorem 4] is a possibly infinite-dimensional
real Hilbert space, with possibly unbounded and non-strictly convex subsets, while in the
convergence part of Theorem 3.5 above we require that the space is a finite-dimensional,
that all the subsets (pivot and satellite) are compact, and we also require the satellite
subsets to be strictly convex.

4. PREPARATORY RESULTS

In this section we formulate and prove (or refer to known proofs in the literature)
several preparatory results which are needed for the proof of Theorem 3.5. Some of the
results hold in a setting which is more general than the setting of this theorem.

Lemma 4.1. Suppose that (Y, ||-||) is a normed space, ) #S CY, and F : S =Y isv-
firmly nonexpansive for some v > 0. Given (z,y) € S%, one has |F(z)—F(y)|| = |[|[z—yl|
if and only if F(x) — F(y) = © —vy, namely, if and only if the points x, y, F(x) and F(y)
are the four vertices of the possibly degenerate parallelogram {x + t(y — z) + s(F(x) —
x)|(s,t) € [0,1]*} (see Figures 2 and 3).

Proof. If F(x) — F(y) = « — y, then obviously ||F(z) — F(y)|| = || — y||. Conversely,
if |[F(x) — F(y)|| = |l# — y||, then since F' is v-firmly nonexpansive, the inequality
IF(z) = F)I* < llz — ylI* = vl — y) — (F(z) — F(y))|]* holds. This inequality
and the nonnegativity of the norm imply that 0 < |[(z —y) — (F(z) — F(y))||* <
(1/v)(I1F(x) = FW)I* = llz = yl*) = 0. Hence [|(z —y) — (F(z) — F(y))|I* = 0 and

(x —y) — (F(x) — F(y)) = 0, as required. O
Xy -
Fx) x Fy) y
F(x) F@y)
FicURE 2. The setting of FicUrE 3. The settings of
Lemma 4.1: a nondegener- Lemma 4.1: a degenerate
ate parallelogram. parallelogram.

Remark 4.2. (i) A nonexpansive operator F': S — Y for which the equality ||F(x)—
F(y)|| = ||z —y|| implies F(x) — F(y) = x —y is called in [56, p. 556] and [45, Def-
inition 2] (in the case where S =Y = R" for some n € N) strictly nonexpansive
(unfortunately, the term “strictly nonexpansive” has other meanings in the lit-
erature: see Section 2 above). We conclude from Lemma 4.1 that any v-firmly
nonexpansive operator (v > 0) is strictly nonexpansive. For an interesting class of
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strictly nonexpansive operators which is related to Lemma 4.3 below see [41, Def-
inition 1, Proposition 1, Proposition 2, Proposition 8§].

(ii) Since the orthogonal projection Ps onto a nonempty, closed and convex subset
S of a real Hilbert space X is 1-firmly nonexpansive, we conclude from Lemma

4.1 that for all (z,y) € X? one has ||Ps(z) — Ps(y)|| = ||z — y|| if and only if
Ps(z) — Ps(y) = x —y. In particular, if ||Ps(x) — Ps(y)|| = ||z — y|| for some
(z,y) € X?, then Ps(z) —x = Ps(y) —y and so ||Ps(z) — || = [[Ps(y) — yl|.

This is the necessary condition mentioned in [28, Theorem 3] for equality in the
nonexpansiveness inequality ||Ps(z) — Ps(y)|| < ||l — y||. Lemma 4.1 presents a
more general necessary and sufficient condition.

Lemma 4.3 below is closely related to [41, Proposition 8]. Our arguments, however,
are different from the ones presented in the proof of [41, Proposition 8] and have a more
geometric flavour.

Lemma 4.3. Let S be a nonempty, closed, and convex subset of a real Hilbert space
(Y, (-,-)) with norm || - ||, Y # {0}. Let x,y € Y be arbitrary such that x # y and either
x ¢ Soryé¢ S Ifdm(Y) =1, then |Ps(z) — Ps(y)|| < ||z — y||. If dim(Y) > 1
(possibly dim(Y') = 00) and || Ps(z) — Ps(y)|| = ||z — y||, then all the points x, y, Ps(x)
and Ps(y) are distinct, they are located on the same affine plane, the convex hull spanned
by them is a rectangle where each of these points is a corner of the rectangle, and x —y
is orthogonal to Ps(y) —y (see Figure 5).

Proof. Since either © ¢ S or y ¢ S, we can assume that y ¢ S (the case where x ¢ S can
be treated in a similar manner). First we show that if | Ps(z) — Ps(y)|| = || — y||, then
the points z, y and Ps(y) are distinct and are not located on the same line. Indeed, under
our assumptions, since ||Ps(z) — Ps(y)|| = ||z — y|| and Ps is 1-firmly nonexpansive [9,
Proposition 4.16, p. 74], it follows from Lemma 4.1 that

Ps(z) — Ps(y) =x —y. (4.1)

Since y ¢ S, we have y # Ps(y) € S. If x = Ps(y), then € S and hence © = Pg(x).
Thus (4.1) implies that y — Ps(y) = 0, a contradiction. Hence = # Ps(y), and since we
already assume that = # y and showed above that y # Ps(y), we conclude that all the
points z, y and Ps(y) are distinct.

Next we show that the points z, y and Ps(y) cannot be located on the same line.
Indeed, assume by way of contradiction that they are located on the same line L.
Since y # Ps(y) and both y and Ps(y) belong to L, we can represent L as L =
{y +t(Ps(y) —y)|t € R}. Since z € L, we have x = y + t,(Ps(y) — y) for some
t. € R. Since x # y and x # Ps(y), we have t, # 0 and t, # 1. Hence there are two
cases to consider:

Case 1. Either t, < 0 or t, € (0,1): In this case the point = is on the ray
{Ps(y) + sy — Ps(y))|s € [0,00)} emanating from Ps(y) in the direction of y, and
hence Ps(x) = Ps(y) because the orthogonal projection is a sunny retraction, namely
Ps(z) = Ps(y) for all z on the ray emanating from Ps(y) in the direction of y: see [48, p.
17] (this fact can be proved directly, using basic properties of orthogonal projections such
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as the so-called Kolmogorov property mentioned below in (4.2); see [72, Lemma 2.7]
for a much more general result). Thus (4.1) implies that = y, which is a contradiction.

Case 2. t, > 1: In this case either x € Sorx ¢ S. If x € S, then x = Pg(x),
and then (4.1) implies that Ps(y) = y, a contradiction. Hence z ¢ S and, therefore,
x # Ps(z) € S. From (4.1) and the equality z = y + t,(Ps(y) — y) we have Ps(z) =
r+Ps(y) —y = y+t.(Ps(y) —y) + Ps(y) —y = y+ (ta+1)(Ps(y) —y), namely Ps(z) € L
with ¢t == t, + 1.

Since 1 < t, < t, + 1, it follows that * = y + t,(Ps(y) — y) is between Ps(y) =
y+1-(Ps(y) —y) and Ps(z) = y + (t + 1)(Ps(y) — y), and so the convexity of S
implies that x € S. But then x = Pg(x), and hence (4.1) implies that y = Ps(y) € S,
a contradiction to what we assumed above.

The previous analysis shows that if dim(Y') = 1, x # y and either x ¢ S ory ¢ S, then
the equality || Ps(z)— Ps(y)|| = ||z —y|| cannot hold because obviously when dim(Y") = 1,
then z, y and Ps(y) are located on the same line. As a result, since Pg is nonexpansive,
we conclude that ||Ps(x) — Ps(y)|| < || — y|| in this case.

From now on we assume that dim(Y) > 2 (possibly dim(Y’) = 00), together with the
assumptions from the beginning of the proof (that is, x # y, || Ps(z) — Ps(y)|| = ||l — v/l
and y ¢ S). In this case, by what we have shown above, we know that z, y and Ps(y)
are distinct and are not located on the same line. Hence the affine space generated by
x, y and Ps(y), namely E := Ps(y) + span{z — Ps(y),y — Ps(y)}, is two-dimensional.

Since = # y, we have || Ps(z) — Ps(y)|| = || — y|| > 0, and, therefore, Ps(x) # Ps(y).
In addition, it must be true that x # Ps(z): indeed, if + = Pg(x), then (4.1) implies
that y = Ps(y) € S, a contradiction. Since y ¢ S, we also have y # Ps(z) € S, and we
conclude that all the four points x, y, Ps(x) and Ps(y) are distinct.

It follows from (4.1) that Ps(x) = Ps(y)+1-(x — Ps(y))+(—1)-(y—Ps(y)) € E, and
so all the four points xz, y, Ps(x) and Ps(y) are on the same affine plane E. Moreover,
from (4.1) and the fact that all the points are different from each other it follows that
the nondegenerate interval [Ps(x), Ps(y)] is parallel to the nondegenerate interval [z, y].

The equality (4.1) implies that Pg(z) —x = Ps(y) —y, and hence the non-degenerate
interval [Ps(z), x] is parallel to the nondegenerate interval [Ps(y),y]. Thus z, y, Ps(y),
and Ps(x) form a parallelogram: see Figure 4.

By the, so-called, Kolmogorov property of orthogonal projections, we have

(x — Ps(x),z — Ps(x)) <0, VzeSs. (4.2)

In particular, (4.2) holds with z := Pg(y), namely the angle oy := ZzPs(x)Ps(y)
between x — Ps(z) and Ps(y) — Ps(z) satisfies ag > 7/2. Similarly (namely by replacing
x by y in (4.2) and letting there z := Ps(z)), as := LyPs(y) Ps(z) satisfies ag > 7/2.
Since [Ps(z),z] is parallel to [Ps(y),y], basic Euclidean plane geometry tells us that
aj + ag = m. Thus, it must be that ay = 7/2, since, otherwise, oy > 0.57 and hence
m = 0.5 + 0.57 < a1 + ag = 7, a contradiction. Therefore, ay = 7 — a3 = 7/2, and
we conclude that the parallelogram xyPs(y)Ps(z) is actually a rectangle and = — y is
orthogonal to Ps(y) — y: see Figure 5. O
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X y
(0.5/]
SRV
Ps(x Ps(y)
SNE—

FIGURE 4. The setting of Lemma 4.3, where the points x, y, Ps(y), Ps(x)
are the corners of a parallelogram located on the affine plane E.

X y
os=2zPs(x)x R
/ .
Ps(x) Z Ps®y)
w
SNE—

F1GURE 5. The settings of Lemma 4.3 and Lemma 4.4, where the points
z, y, Ps(y), Ps(z) are the corners of a rectangle R located on the affine
plane E, the point z is an interior point of R NS, and a3 := ZzPs(x)x
satisfies 0 < a3 < 0.57.

The next lemma is known [50, Lemma 2|, but is not very well-known, and we present
a new proof of it. We also remark that there are issues in the English translation of [50,
Lemma 2] (and of [50] in general), and these issues may have contributed to the fact
that [50, Lemma 2] is not very known. The issues are that it should be “strictly convex”
instead of “strongly convex” in the line located between (5) and (5’) in the formulation
of [50, Lemma 1] and also in the sixth line of the proof of this lemma (this lemma is used
in the proof of [50, Lemma 2]), and it should be “strictly convex” instead of “strongly
convex” also in the line located between (6) and (6’) in the formulation [50, Lemma 2].

Lemma 4.4. Let S be a nonempty, closed, and strictly convex subset of a real Hilbert
space (Y, (-,-)) with norm || - ||, Y # {0}. Let z,y € Y be arbitrary such that x #y and
either v ¢ S ory ¢ S. Then ||Ps(x) — Ps(y)|| < ||x — yl||. Stated differently, for all x
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and y in' Y which satisfy ||Ps(z) — Ps(y)|| = ||z — yl|| it must hold that either x =y or
both x € S andy € S.

Proof. The case dim(Y') = 1 follows from Lemma 4.3. Hence from now on dim(Y’) > 2
(possibly dim(Y") = oo). Assume for a contradiction that ||Ps(x) — Ps(y)|| = ||z — y||-
Then Lemma 4.3 implies that all the four points z, y, Ps(z) and Ps(y) are distinct and
each of them is a corner of a rectangle R in which z — y is orthogonal to Ps(y) —y (and
hence Ps(y) — Ps(x) is orthogonal to x — Pg(x)). See Figure 5.

Since S is strictly convex and Pg(x) € S and Ps(y) € S, any point in the open
line segment (Ps(z), Ps(y)) is in the interior of S. In particular, w := 0.5(Ps(z) +
Ps(y)) is in the interior of S and hence there is some r € (0, ||z — Ps(x)||) such that
the open ball of center w and radius r is contained in S. In particular, the point
z = w + (0.5r/||]xr — Ps(z)||)(x — Ps(x)) is in S, and it is also strictly inside R since
r < |lz = Ps(z)| and z = Ps(x) + 0.5(Ps(y) — Ps(x)) + (0.5r/|lz — Ps(z)|)(z — Ps(x))
and R = {Ps(z) +m(Ps(y) — Ps(z)) + n2(x — Ps(x)) | (m,m2) € [0,1]*} (and the interior
of R is {Ps(x) + ni(Ps(y) — Ps(z)) + n2(z — Ps(x)) |(n1,m2) € (0,1)?}). This fact and
the fact that Ps(y) — Ps(x) is orthogonal to x — Pg(x) imply that

(r = Ps(x), 2 = Ps(x))

1 T
_ 5(;5—]:’5(:6),PS(y)_PS(x)>+m<

Hence, if we let a3 := ZzPs(z)z, i.e., the angle between z — Pg(z) and x — Pg(x), then
cos(ag) = (r — Ps(x), 2 = Ps(x))/(|x — Ps(x)|lllz = Ps(x)||) = 0.57/[|z = Ps(x)[| > 0.
Since
— 2 2 _ 2 3o "
Iz = Ps(@)ll = Vliz = wl? + [lw = Ps()[[> = v/(05r)> + [0.5(Ps(y) = Ps(@)]* > 3,
we have cos(ag) = 0.5r/||z — Ps(z)|| < 1. Thus, 0 < ag < 7/2 (see Figure 5), a
contradiction to (4.2) which holds since z € S. The contradiction shows that the
equality |[|Ps(z) — Ps(y)|| = |lx — y|| is impossible, and since Ps is nonexpansive we
conclude that ||Ps(z) — Ps(y)|| < |l — y||. O

Lemma 4.5. In the setting of Algorithm 3.3, if, either .1 is bounded or it is un-
bounded and Q, is bounded for some q € {1,2,...,m}, then there ezists a solution to
(3.1) in Qi

v Ps(a), 2~ Ps(a)) = yrlle—Ps(a)].

Proof. The real-valued functional ® defined in (3.2) is continuous and convex over X,
as a sum of squares of nonnegative, convex and continuous functions. Hence (as follows
from [13, Corollary 3.9, p. 61]), it is lower semicontinuous in the weak topology defined
on X.

Now, if the nonempty, closed and convex subset 2,1 is bounded, then €2, ,; is weakly
compact since X is reflexive [13, Corollary 3.22, p. 71| and hence, by the Weirestrass
Extreme Value Theorem, ® attains a minimum over €2,,, 1, namely there exists a solution
to (3.1). If Q41 is unbounded, then since we assume that €, is bounded for some
q € {1,...,m}, we have that ||P,|| is bounded over X (because if z € X is arbitrary,
and v € €2, is fixed independently of x, then the nonexpansivity of P, and the triangle
inequality imply that | P,(x)]| < ||, (x) — P, (0)]|+ | P,(v)]| < diam(Q,)+] P,(v)]| < o).
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Hence, the triangle inequality implies that co = limj,|sewea,.,. ([|1Z]] — || Py(2)]]) <
Hm )00 zemeq |2 — Py(x)||. Therefore, oo = lmy|—oomenn., 0-50]lz — Pp(x)]|* <
M|z s o0,ze0,,,1 P(2) (also because we assume that §; > 0 for all i € {1,2,...,m}: see

(3.2)). Thus, @ is coercive, convex and continuous (in particular, lower semicontinuous),
and so we can use [13, Corollary 3.23, p. 71] to conclude that ® has a minimizer in
Q41. Hence, (3.1) has a solution. O

Lemma 4.6. In the setting of Algorithm 8.3, denote by Argming  (®) the set of
solutions to (3.1), and denote by Fixs(G) ) the set of fized points of the operator G
over a subset S of X for each A # 0 and v > 0, where G, is defined in (3.6). Then
Argming . (®) = Fixx(Gy,) = Fixq,,,,(Gxr,) for each A # 0 and each v > 0, and
therefore, x solves (3.1) if and only if x is a fized point of Gy, for each X\ # 0 and each
v > 0, if and only if x is a fized point of G~ for some X\ # 0 and some v > 0 (and x
also belongs to Qi1 ).

Proof. Part of this assertion essentially appears in [35] (in a somewhat different form),
and for the sake of completeness we provide its proof here. We first observe that if
z = Gy,(z) for some z € X, A # 0 and v € R, then the following equality holds:
= (1=Nz+ APpi((1 =)z +~v> ", BiPi(x)). Hence, simple arithmetic implies
that © = Poi((1 — v)z + v > it BiPi(x)) = Gi4(z) and © € Q41 because P,y
maps X onto Q,,11. Conversely, if z = G1,(z) = Pps1((1 — )z +v> -, fiPi(x)) for
some z € X and v € R, then obviously x € €0, 1, and simple arithmetic implies that
r=1-Nz+ e =1-Nz+ AP (1—7)z+7>", BiPi(x)) = Gr,(x) for all A € R
(even for A = 0). Therefore, Fixx (G ) = Fixq,,,,(Gxr5) = Fixx(G1,4) for all A # 0 and
all v e R.

Now denote fi(z) := id(z,Q;)? for all i € {1,...,m} and all z € X. This function
is continuously differentiable and its gradient satisfies V f; = Id — P; (see [18, Lemma
2.2.27, p. 79]). Thus, the function f : X — R defined by f(z) := 3 > Bid(z,Q;)? for
all x € X, namely, f = >"" 0 f;, is continuously differentiable. Since > " f; =1 we
have Vf = 221 BiV fi = 1d — 2111 BiF;.

From [35, Proposition 3] we have Argming, . (®) = Fixx(Pp.1(Id — 4V f)) for each
v > 0. However, the previous lines imply that P, 1(Id — 4V f) = P ((1 — v)Id +
vy, BiP) = Gy, and we conclude from this fact, as well as from the previous lines
and the previous paragraph, the equality Argming () = Fixx(G1,) = Fixx(Gx,) =
Fixq,, ., (Gxy) for each A # 0 and each v > 0. O

Lemma 4.7. In the setting of Algorithm 3.8, suppose that A € [0,1] and v € [0, 2], and
let Gy, @ X — X be defined by (3.6). Then G, is nonexpansive over X and maps
Qi1 to itself. Suppose further that Qs is strictly convez for some s € {1,2,...,m} and
Qs N Qny1 =0, and assume also that X € (0,1] and v € (0,2). Then G, is Edelstein-
contractive over (), 1, has at most one fized point in X, and this fived point - if it exists
- 45 i Qyi. If, in addition, either 41 is bounded or $,,41 is unbounded and €y is
bounded for some q € {1,2,...,m}, then G, has a unique fized point in X and this
fized point is in Q1.

Proof. Let T := ", 3;P; be the weighted sum operator of the operators P;, i €
{1,2,...,m}, and let T, := (1 — v)Id + 77" be its y-relaxation whenever v € [0,2].
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The triangle inequality, the definition of G, » (see (3.6)), the nonexpansivity of P4,
the fact that (/3;)™, is a positive weight vector and the fact that A € [0, 1], imply, for
each x € X and y € X, that

1Gar ) = Gl = || (1= Nz + AP (1= ) +9°Y BP0

i=1

_ <(1 =Ny + AP (1 —7)y + Viﬁipi(y)» H

i=1

< (A =Ne =yl +MPusa (L =Nz +7 ) BiPi(x)) = Pupa (L =7y +7 D BiRW)]

=1 i=1

< (L= Nllz =yl + A=z +7D_ BPix) = (1 =7y + VZ@B(?J))II

=1

= (1 =Nllz =yl + AT (=) = T (y)ll. (4.3)

Since the orthogonal projection onto a nonempty, closed and convex subset is firmly
nonexpansive [18, Theorem 2.2.21(iii) on p. 76 and Theorem 2.2.10(v) on p. 70,
and since a positively weighted sum (namely, with a positive weight vector) of firmly
nonexpansive operators is also firmly nonexpansive [18, Corollary 2.2.20, p. 75], we
conclude that the operator T'= )", ;F; is firmly nonexpansive. Hence [18, Theorem
2.2.20(ii)] implies that its relaxation T, is nonexpansive for all v € [0,2]. Thus from
(4.3) and the fact that A € [0, 1] we conclude that G}, is nonexpansive.

Now let € Q,,41 be arbitrary. The definition of G, (see (3.6)), the assumption
that A € [0,1], the fact that P,41(2) € Q41 for every z € X, and the convexity of
Qn1, all imply that G, (x) is a convex combination of z and P,,11(2) € Q41 for
z:= 1=z +~vY ", BiP(x). Hence G, (x) € Q1 for each z € Q.41 and therefore
G~ maps 2,41 to itself.

Now we want to show that under certain assumptions G ., is Edelstein-contractive
over €),,.1. Before recalling these assumptions, we observe that from the calculation
presented in [18, Top of p. 71] (where we take 7 instead of A there) we have for all
v €[0,2] and all (z,y) € X?,

IT5() = T,)I° <42 = IT(@) = TW)llllz = yll + (1 = 7)*[lz = y]I* (4.4)

(In fact, the calculation done in [18, Top of p. 71] and also (4.4) hold for any firmly
nonexpansive operator T and not just for ' = Y"1 | 3;P;.) Therefore (4.4), the definition
of T, the fact that (3;)™, is a weight vector, and the triangle inequality, all imply that

17 (z) = T, ()II* < +(2 =)

> A(P(@) = Py)

‘ Az =yl + (1 =7)* [z — yl?

<2 =Nz =yl Y BllP) = Bl + (1 =) e -yl (4.5)

i=1
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Now assume that €2 is strictly convex for some s € {1,2,...,m}, that Q,NQ,,.1 = 0,
that A € (0,1] and that v € (0,2). Take any pair of points (z,y) € Q2 ., such that
x # y. Then both = ¢ Q, and y ¢ Q,, and hence Lemma 4.4 (applied to S := ),
the nonexpansivity of the orthogonal projections P; for every i € {1,2,...,m}, the fact
that (5;)I", is a positive weight vector and hence s > 0, and the assumptions that € is
strictly convex, x # y, v € (0,2) (which implies that v(2 — ) > 0) and (4.5), all imply
that

|17 (2) = T, @)II* < 4(2=)llz =yl Zﬁillﬂ-(fﬁ) — Bl + @ =)z -y

=72 =)z =yl > _ BillPi(x) - P(y)ll

i#£s

+7(2 = 7)Bsllz =yl Po(z) = Pyl + (1 =)z — y|I*

<2 =z =yl D Billz =yl +7(2 = 1)Bsllx -yl (4.6)
i#s

+ (1 =)z —yl?
=2 =Nz —yl>>_Bi+ (L —)?z -yl
=1

= [l —yl*

Thus || T, (z) =T, (y)|| < ||z—y]|, and when we combine this inequality with (4.3) and the
assumption that A > 0, we see that G, , is Edelstein contractive under the assumptions
imposed before (4.6).

As for the fixed points of G, over X, Lemma 4.6 tells us that any fixed point of
G, if it exists, belongs to €2,,41. Now, if  and y are two distinct fixed points of G ,
in X, then they belong to Q,,,41 and ||z — y|| = ||Gr~(2) — Ga,(y)|| < [z — y|| since
G is Edelstein-contractive over (2,41 as we showed above. This contradiction shows
that G , has at most one fixed point in 2,11 and hence (Lemma 4.6) at most one fixed
point in X.

It remains to consider the issue of existence of a fixed point of G 5 under the further
assumption that either €2, is bounded or ,,1; is unbounded but 2, is bounded for

some ¢ € {1,2,...,m}. This is an immediate consequence of Lemma 4.5 and Lemma
4.6. 0J

The next lemma is recent and is essential for the convergence analysis.

Lemma 4.8. (a particular case of [22, Lemma 27], with a different notation) Under
the conditions of Algorithm 3.3, suppose that X s finite-dimensional. Then for each
i€{1,2,...,m} and each p > 0 the sequence (P, ), converges uniformly, over B|0, pl,
to the orthogonal projection P; onto €);.

We finish this section with the following well-known lemma whose proof is just an
exercise: see [65, Ex. 8, p. 134].
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Lemma 4.9. Suppose that (X1,71) is a topological space and (X, dy) is a metric space.
Assume also that (gr)7, s a sequence of continuous functions from X to Xy which
converges uniformly to a function g : X1 — Xs. Suppose also that (2%)32, is a sequence

in X1 which converges to z € X1. Then limy_,o gi(2%) = g(2).

5. EXISTENCE, UNIQUENESS AND CONVERGENCE ANALYSIS FOR THE BAT
ALGORITHM

In this section we present the analysis needed for proving our main existence, unique-
ness and convergence result, namely, Theorem 3.5 formulated above. The theorem itself
is proved at the end of the section.

Lemma 5.1. In the setting of Algorithm 3.3, for each k € NU{0} the function Gy, maps
Qi1 into atself. In particular, if 2° € Q1 C B0, p] for some p > 0, then any sequence
(xk)keNu{o} generated by Algorithm 3.3 is contained in ), 11 and hence bounded.

Proof. Fix k € NU{0}, let 2 € Qppq and let y := (1 — )z + 3.7, BiPix(z) € X. Then
Phi1(y) € Q41 and hence (3.4) implies that Gi(z) = (1 — M\g)z + M Prut1(y) € Qi
as a convex combination of two elements in the convex set €2,,,1. Thus, G} maps 2,11
into itself for each k € NU{0}. Now assume that 2° € ,,,41. Then 2! = Go(2°) € Qpny1,
by (3.5) and by what we have just proved. Thus, induction, as well as (3.5), show that
zF € Q4 for each k € NU {0}. Since €,,,, is contained in B[0, p], we conclude that
(Ik)keNu{o} is bounded. O

Lemma 5.2. In the setting of Algorithm 3.3, suppose that X is finite-dimensional.
If there is an infinite subset K of N U {0} such that the sequences of scalars (Ap)rex
and (Yk)kex converge to the real numbers A € [0,1] and v € [0,1], respectively, and
if there is p > 0 such that Q; C B|0,p| for all i € {1,2,...,m}, then the sequence
of operators (Gi)rer defined by (3.4) for all k € K converges uniformly to Gy, =
(1 = NId+ AP (1 =) Id+~ Y7, BiP) over B[O, p].

Proof. Let € > 0 be arbitrary. Since P; is nonexpansive for all ¢ € {1,2,...,m+1}, these
operators are bounded on the bounded set B0, p|]. Hence there is a positive number M
such that || P;(z)]| < M for all = € B[0,p] and all i € {1,2,...,m+ 1}.

Since A = limgex A\p and 7 = limgeg Yk, there is ky € K such that [\, — A\ <
(1/6)e/(p+ M) and |y — | < (1/6)e/(p+ M) for every ko < k € K. Because (7;1)72,
is a sequence of steering parameters for each i € {1,...,m + 1} and because X is
finite-dimensional, it follows from Lemma 4.8 that for each ¢ € {1,...,m} the sequence

~

(Pir)e, converges uniformly, over B|0,p|, to the orthogonal projection P, onto £;.
Thus, its subsequence (131-7/%);96 i also converges uniformly, over B[0, p], to P; for each
i € {1l,...,m}, and hence there is ky < k; € K such that Hﬁlk(z) — P(2)]] < (1/6)¢ for
all by <k € K and all i € {1,2,...,m} and all z € B0, p].

These facts, as well as the nonexpansiveness of P,,.1, the fact that A\, € [0,1] and
Y € [0,1] for all k € K, the fact that (1 — )z + > », BiP(xz) € B[0,p] for each
x € B0, p| (due to the convexity of B[0, p], the inclusions ©; C B[0,p], i € {1,2,...,m},
because v € [0, 1] and because (/3;)", is a weight vector), and simple algebra, all imply
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that for every x € B0, p| and every k; <k € K,

1Gk(x) = Gan (@)l = (1 = M) + APt (1 — 37 + 3% Y BiPin(2)))

=1

— (L =Xz + APna (I =)z 4+ Z BiFi(x)))|l

< Pu= Al + Ml P (L= )z 436 Y BiPir(@)) = Prsa (1=7)z+7 Y BiFi(w))
i=1

i=1

F M Lna (1= 7)z + Z Pibi(x)) = APmia (1 =)z + WZ@‘PZ-(H?))H

< e = Al + Al (2 =)z + 7 Y BiPir(@) = (1=~ 33+WZBH )+

i=1

X = Ml P (1 = )z + va(x)))n

(1/6)ep (1/6)eM
< + - x + (3 ’L 1L +—
P m;a i 726 oll+ L5
1 1
< 65 kHZBz zk: Zﬁz i ||+|’7k 7|ZB@HP ||+66

~ (1/6)eM 3 1 1
< 66 + lzlﬁznﬂ’k(l’) — PZ(Q?)” + W < 66 + 66 + 68 < E.

Since € was an arbitrary positive number we conclude that G, = lim_,0 kex G uni-
formly on B0, p], as claimed. O

Lemma 5.3. In the setting of Algorithm 3.3, if either Q.1 is bounded or €, .1 is
unbounded and € is bounded for some q € {1,2,...,m}, then (3.1) has at least one
solution. If, in addition, Qg is strictly convex for some s € {1,2,...,m} and also
Qs N Qi1 = 0, then (3.1) has a unique solution x*, and x* has the property that it
is the unique fized point of each of the functions G5, : X — X, A € (0,1], v € (0,2)
defined in (3.6).

Proof. Existence of a solution to (3.1) in Q,,+1 when either €2,,,1 is bounded or when
it is unbounded and €2, is bounded for some g € {1,2,...,m} follows from Lemma 4.5.
Uniqueness of the solution to (3.1) when there is some s € {1,2,...,m} such that ) is
strictly convex and Q,N€,,.1 = 0, as well as the fact that this unique solution is a fixed
point of G, for each A € (0,1] and v € (0,2), follow from the combination of Lemma
4.6 and Lemma 4.7. U
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Lemma 5.4. Suppose that all the conditions mentioned in Theorem 3.5 hold. Then
there exists an infinite subset K of NU {0} and a subsequence (z*)rex of (2%)22, which
converges to x*. Moreover, limy_,o ke |27 — 2F|| = 0.

Proof. Lemma 5.3 ensures the existence and uniqueness of the solution z* to (3.1),
as well as the fact that it is the unique fixed point of G, for each of the functions
Gry: X = X, A€ (0,1], v € (0,2) defined in (3.6).

Now assume for a contradiction that no subsequence of ()2, converges to z*. Then

there is an € > 0 such that only finitely many elements of the sequence (z¥)32, are in

the open ball B(z*,¢), and so there is kg € N U {0} such that ¥ ¢ B(z*,¢) for all
ko < k € NU{0}. We claim that this implies that liminfy_,., ||[2*T1 — 2%|| > 0.

Indeed, if this is false, then this assumption, as well as the fact that the sequence
(||z* ! —2*{|enugoy) is a sequence of nonnegative numbers, imply that there is an infinite
set Ny of {ko, ko + 1, ko +2,...} such that limy oo gen, [|2°7 — 2%|| = 0. Since (2%)ren,
is contained in the bounded set €,,,1, it has a convergent subsequence (z*)zcn, (Where
N, is an infinite subset of N;) whose limit, which we denote by x°>2, is in the closed set
Qerl-

Knowing that 2%t = Gy (a*) for every k € NU {0} (see (3.5)), we conclude from
Lemma 4.9 and Lemma 5.2 (with K := N U {0} there) that

lim o =2t = limGr(a®) = 2| = [|Ga e (2%%) = 2%
k—o00,k€ENo k—o00,k€Ng
where 0 < Ao = limg_oo A\ and 0 < 7o, = limy_.o 7% as we assume in the formulation of
Theorem 3.5 (since A € (0,1] and 7 € (0, 1] for each £ € NU{0}, we also have A\, <1
and 7, < 1). Since Ny € Ny, we have limy oo ken, [|257" — 2| = limg oo pen, J27F —
zF|| = 0. Hence, |G, .. (2°?) — 2°2|| = 0, namely, 2°°? is a fixed point of G

The operator G_ ... has a unique fixed point in €),;; according to Lemma 4.7,
and this fixed point is * according to Lemma 4.6. This yields #°? = 2* which is
a contradiction because the fact that ¥ ¢ B(x*, ¢) for all ky < k € N U {0} implies
that ||z¥ — z*|| > € for all kg < k € NU {0}, and hence & < limj_, 0 ken, [|2% — 27| =
|2°°? — z*||. Consequently, lim inf; ., [|z*" — 2%|| > 0, as claimed, and hence there is
a nonnegative integer k; > ko such that ||2%*1 — 2%|| > liminf, ., |2/t — 2¢|| > 0 for
all k; <k e NU{0}.

Denote 7 := inf{||z*** —2%|| | k1 < k € NU{0}}. According to what we showed in the
previous paragraph r > 0. Additionally, the definition of r implies that there is an infinite
subset N3 of {ki, k1 + 1,k + 2,k +3,...} such that 7 = limy_,0 pens, |25 — 2%||. The
sequence (xk) kenN; is contained in the compact set 2,11 and hence has an accumulation
point 3 € Q,, 11, namely %3 = limy_, gen, *° for some infinite subset Ny of Ns.
Lemma 4.9 and Lemma 5.2 imply that

003 Yoo *

_ : k+1 k|| — : ky _ k|| — 00,3\ __ ,,.00,3
r= lm ol ofl =t (Ge(@”) — 28] = (|G (277) — 2771 (5.1)
Since r > 0, we conclude that x°% is not a fixed point of G, ... In addition, since

G oo (2%3) = limy s 00 ke n, Gi(2¥) as follows from Lemma 4.9 and Lemma 5.2 (with
K := NU{0}), another application of these lemmata (again with K := NU{0}) implies
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that

2772 = 2" = (|G (Gi(a")) = Gr(@®) | ———— G .. (2%%) = G (&) .
k—o00,kENy

On the one hand, the definition of 7 implies that r < ||2*+2 — 2**Y|| for all k; < k €

NU{0}, and, in particular, r < [|GX _ . (2°%) = Gr 5. (2°?)||. On the other hand the

fact that G . is Edelstein-contractive on €, according to Lemma 4.7, together

with (5.1) and the facts that G, . (2°%) # 2°3, 2°3 € Q41 and Gy, (2°3) €

Q41 (since Lemma 4.7 implies that G .. maps (1,1, into itself), all imply that

1G3 o 7o (%9%) = Gx e (2%8) || < (|G o (2°%) — 2% = 7. We conclude that r <

1G5 1o (#°9%) = Gy o (2°9)]] < 7, @ contradiction.
The previous paragraph shows that the initial assumption that there does not exist

a subsequence of (z¥)%°, which converges to z* cannot hold, namely there exists a

subsequence of (z%)%2,, which converges to x*. Thus, there exists an infinite subset K
of NU {0} such that limy_, rer @® = 2%, and therefore Lemma 4.9 and Lemma 5.2, as
well as Lemma 4.6, imply that

: E+1 _ k| — 1 By _ k|| — N — || =
i (et = T (16 () = 2¥ = (|G (27) = 7] = 0.

Now we are ready to present the proof of Theorem 3.5.

Proof of Theorem 3.5. Lemma 5.3 addresses the issues of existence of a solution to
(3.1) under the conditions mentioned in the formulation of Theorem 3.5, its uniqueness
under further assumptions, as well as the fact that it is the unique fixed point of each
of the functions G, : X — X, A € (0,1], v € (0,2) defined in (3.6).

It remains to show that (z¥)%°, converges to the unique solution z* € ., to
(3.1) when the following assumptions are imposed: 2° € Q,,,1, the space X is finite-
dimensional, there is some p > 0 such that Q,,, 1 U(UZ, U™, Q; ;) € B[O, p], €; is strictly
convex and satisfies €; N €,,.1 = 0 for each i € {1,2,...,m}, and Ay := limy_,, Ay and
VYoo = liMy_,o Yk exist and are positive (and hence they satisfy A, < 1 and 7, < 1
since A\, € (0,1] and ~y; € (0,1] for every k € NU{0}).

Since Q41 is closed and bounded and X is finite-dimensional, both ,,,1 and Q2
are compact metric spaces, where the metrics are induced by the norm. Now let € > 0
be arbitrary. Denote

Aose = {(2,y) € Uy | Iz =yl = 0.5¢}. (5:2)

This is a closed set of the compact metric space 22, and hence a compact metric space.
Therefore, for all i € {1,2,...,m} the continuous function f; : Ags. — R, defined by
filz,y) = ||lxr —y|| — || Pi(x) — Pi(y)]| for all (z,y) € Apse, attains a minimum over Ag 5.
at some point (z(7),y(7)).

Since €; N Q1 = 0 and Q; is strictly convex for every i € {1,2,...,m}, Lemma
4.4 implies that P; is Edelstein-contractive on Q,,,; for all i« € {1,2,...,m}. Since
|z(i) — y(i)|| > 0.5e by the definition of Ags., it follows that (i) # y(i) and, hence,
1P:(2(2)) = Pi(y(i)ll < [[Z(é) — y(2)||. Therefore,

0 < [12(0))=y()|| =17 (@(0) = P(y(0)[| = fi(@(0),5(0) < [le—yll=[|P:(z) = Fi(y)]| (5.3)
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for all (x,y) € Agse, and hence r. := miniepi o m1{fi(7(7),y(4)),0.5e} satisfies both
r. < 0.5¢ and

0<r.<l|z—vyll—||P(z) — P(y)l, ¥Y(z,y) € Apse and Vi € {1,...,m}. (5.4)

We know from Lemma 4.8 that for each ¢ € {1,2,...,m} the sequence (E,k)iio
converges uniformly, over B 0, p], to the orthogonal projection P; onto €2;. Hence, in
particular, (H K)o converges uniformly to P; over (2,11 and, therefore, there is ky €
N U {0} such that ||sz( ) — BPi(x)]| < r.forall x € Qqq, all i € {1,2,...,m} and all
ko < ke NU{0}.

Lemma 5.4 implies that there is an infinite subset K of N U {0} such that z* =
limy 00 ke 2. Thus there is ky < k; € K such that z¥' € B(a*,e). We show by
induction that x* € B(z*,¢) for all k; <k € NU {0}.

Indeed, for k = k; this is the induction hypothesis. Assume now that the assertion
is true up to k; < k € NU {0}. We need to show that it holds also for k£ + 1. Due
to z* = G 4o (@) = (1 = Xoo)Z* + Aoo Pt (1 — Yoo)2* + Yoo 2oy Pi(2*)) according
to Lemma 4.6, we conclude from (3.5), simple arithmetic, the triangle inequality, the
nonexpansivity of the orthogonal projections P; (for each i € {1,2,...,m+1}), from the
fact that (Moo, Vo) € (0,1]%, from the fact that 8 = (ﬂz) ", s a posmve weight vector,
from the fact that 2* € Q,,11, and from the fact that 2* € Q,,,1 (according to Lemma

5.1) and hence ||ék(xk) — Pi(2%)|| < 7. (since kg < ky < k), that
12" = 2] = [[((1 = Aoo)z" + Ase P (1 = 7o0)2™ + 7o Z
— (1 = Ao)2™ + Ao P (1 = Yo0)2™ + Yoo Z

< (1= A)ll2" = 2| + Acol| Prgr (1 = Yo0)2" + Yoo Zﬁzﬁzk(fk))

=1

= Prst((1 = 70)2™ + 700 ) BiFi(2")]

i=1
< (1= Aoo)e + Aaol(1 = 7o) 7% = 2| + 700 Y Bill () = Pi(e”) )
i=1
< (1= Aso)e + Aso(1 = 7o0) 2% — 27

+ AocYoo O Bill Pok(a®) = P[] + [ P(2*) = Pi(a™)]))

i=1

< (1= Aso)e + Mool = Yo0)E + AosVoo O Bilre + |Pi(2*) — Pi(™)|)).

(5.5)
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We claim that .+ || P;(z*) — Py(2*)|| < e for alli € {1,2,...,m}. Indeed, if we are in the
case ||2% — 2*|| < 0.5, then the nonexpansivity of P (for all i € {1,2,...,m}) and the
fact that r. < 0.5¢ imply that .+ || P;(z%) — Bi(2*)|| < 0.5e+ 2% —2*|| < 0.56+0.5¢ = .
If we are in the case ||z% — x*|| > 0.5¢, then (2%, 2*) € Ags. (see (5.2)). This fact, as
well as the fact that ||z¥ — 2*|| < ¢ and the fact that r. < ||2F — 2*|| — || P(z*) — P,(«*)||
for all i € {1,2,...,m} (see (5.4)), imply that r. < & — ||P,(z*) — Pi(z*)| for all
i €{1,2,...,m}. Hence r. + || P,(a*) — Pi(z*)|| < e for all i € {1,2,...,m} in this case
too.

Therefore, (5.5), as well as the facts that ()", is a positive weight vector and both
Ao and 7, are positive, imply that

|2 — 2% < (1 = Aso)e + Moo (1 = Yoo )E + Aoo Voo Z@-@ =g,
i=1
namely x*t1 € B(z*,¢). We conclude by induction that 2% € B(x* ¢) for all k; < k €
N U {0}, and since £ was an arbitrary positive number it follows that (z¥)%, converges
to the unique solution z* of (3.1), as required. U

Remark 5.5. A careful examination of the proof of Theorem 3.5 and the lemmata
on which it is based, shows that for each i € {1,2,... ,m} if the sequence of opera-

~

tors (P ;)5 which is defined in (3.3) is replaced by any sequence of operators which
converges uniformly to P; over B0, p], then the conclusion of Theorem 3.5 still holds.
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