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Abstract

We show that the Bregman Douglas—Rachford splitting method (BDRS) can fail for matrix
scaling and unregularized optimal transport. For matrix scaling, we construct a strictly positive
36 x 6 integer matrix, positive rational marginals of equal mass, and a positive auxiliary
initialization for which the matrix iterates enter a nonconstant six-cycle after one iteration.
The construction prescribes rotating scaling directions and uses cyclic symmetry to reduce the
required transitions to a single interpolation condition, which is linear in the block row masses.
Exact rational arithmetic certifies the example, and a direct induction proves the cycle for all
iterations. A block lifting produces a 72 x 12 optimal transport counterexample with cost entries
2 and 3. For every fixed positive algorithm parameter, its iterates have six distinct subsequential
limits and remain uniformly infeasible, although the transport problem has feasible solutions.
These examples disprove the unconditional convergence of BDRS.

1 The Bregman Douglas-Rachford Splitting Method

Ma et al. proposed the Bregman Douglas-Rachford splitting method (BDRS) [5] for solving
monotone operator inclusion problems:

Find x such that 0 € A(z) + B(x), (1.1)

where A and B are two maximal monotone operators. For a Legendre function h, the Bregman
resolvent operator of a maximal monotone operator 7" is defined as [1]:

Jh = (Vh+T) ' o Vh. (1.2)

A typical iteration of BDRS for solving (1.1) is as follows:

z* = J;‘B(zk) (1.3a)
y* = JLy o VI*(2Vh(2¥) — Vh(ZF)) (1.3b)
= V¥ (Vh(ZF) — Vh(aF) + VR(Y)), (1.3¢)

where v > 0 is a parameter, and h* is the conjugate function of h.
A representative application of the BDRS algorithm is the discrete optimal transport problem:

min (C,X), sit., X1, =7 X1, =¢X >0, (1.4)
XeRan



where X € R™*" is the transportation plan, C' € R"™*" is the cost matrix, r and ¢ are the row and
column sums satisfying » € R, c € R, Y71 1 = Z?:l ¢j = 1, 1 denotes the all-one vector.
BDRS (1.3) can be applied to solve (1.4), because (1.4) can be written in the form of (1.1) by
defining

AX)=C+01(X1, =r)+0I(X >0), B(X)=0L(X"1,=c)+0L(X >0), (1.5)

where I denotes the indicator function. We now introduce some definitions and notation. The
Bregman distance corresponding to the Legendre function h, denoted Dp(z,y), is defined as

Dy (z,y) := h(x) — h(y) — (Vh(y),z — y). (1.6)

Throughout this paper, we use x ® y to denote the componentwise multiplication of vectors (or
matrices) x and y with the same dimensions. When it is clear from the context, we use % to denote

the componentwise division of vectors z and y with the same dimensions, and use 22 to denote the
componentwise square of a vector or matrix x. That is,

(z ©y)i = zyi (y)i:y:, (x%); = .

For the optimal transport application, we specialize to the negative entropy
m n
= ZZ ij(log X, — 1), X >0.
=1 :

For X > 0, VA(X) = log X, and Vh*(Z) = e¢?. Logarithms and exponentials of vectors and
matrices are componentwise. With n:= 1/, BDRS (1.3) for (1.4) takes the form

X% = argmin D(X,Z%), st., X1, =¢ (1.7a)
X
K : (X*)?
Y* :=argmin (C,Y) +nDp (Y, 7 | st, Y1, =r (1.7b)
Y

i ZrovE

Xk (1.7¢)

The BDRS algorithm presented in (1.7) is closely related to Sinkhorn’s algorithm for matrix
scaling and optimal transport [6, 7]. To see this, we first write the dual of (1.4) in an equivalent
minimization form:

min —r'a—c' B, s.t., a;+Bj < Ciji € [m],j € [n]. (1.8)

«,

As established in [5], the BDRS for solving (1.4) is equivalent to the alternating direction exponential
method of multipliers (ADEMM) for solving (1.8), which updates the iterates as follows:

k—
ok —argmm —r a+nZXken (i B =Cij) (1.9a)
ij
k T k af+8;—Cij)
6] —argmln —c ,B—l—nZX e (1.9b)
ij

X5 = XEen O =00) i ], j € [n). (1.9¢)



By denoting u = e®/, v = /7, and Hi; =e” i3/, (1.9) can be further rewritten as

uf = argmin Y Ju X Hijoy ™ = rilogu; (1.10a)
u>0 ij P
oF = argmin Z qufjHijvj - Z c; log vj (1.10b)
v>0 ij ;
X5 = uf XEHyob, i € [m),j € [n]. (1.10¢)

The two subproblems (1.10a) and (1.10b) admit closed-form solutions, and (1.10) can be equivalently
written as:

r

k._
ut = (XF o H)oh (1.11a)
- k._ —C
(BDRS-OT) vt = XF o 0o (1.11Db)
XF = diag(u®)(X* © H) diag(v"). (1.11c)

The projected and multiplicative formulations need not share the same initial matrix. For k > 1,
the multiplicative iterates are column feasible. Setting

1
zF = x* diag(vk_l) , Y* = diag(u®)(X* © H) diag(v* 1)

recovers the three updates in (1.7). Thus the multiplicative trajectory from X' onward is an orbit
of the projected BDRS formulation.

2 BDRS as a Matrix Scaling Algorithm

The matrix scaling problem has a long history and many important applications. We refer to
the survey [3] for a thorough review on this topic. Matrix scaling aims to find a matrix with
prescribed row and column sums that is on the diagonal orbit of a given positive matrix. More
specifically, given a positive m x n matrix M € R}'X™ and prescribed row and column sums r € R’}
c € R satisfying 371" r; = 377 ¢; = 1, matrix scaling finds diagonal matrices Dy € R™*" and
Dy € R™ ™ with positive diagonals such that D1M Dy € Q :={X >0 | X1, =, X', = ct. A
widely used algorithm for matrix scaling is Sinkhorn’s algorithm [6, 7], which iterates as follows:

r
k. €
Xk .= diag(u®) M diag(v¥). (2.1¢)

It has been proved that X* — X* € Q, diag(u*) — D1, and diag(v¥) — Dy (see, e.g., [6, 2]).
Back to the BDRS algorithm for solving (1.4), consider the special case where C' = 0. In this
case, H becomes an all-one matrix, and (1.11) reduces to

U= R (2.2a)

k._ ¢
(BDRS-MS) = T (2.2b)
XM= diag(u®) X* diag(v). (2.2¢)



With X° = M > 0 and v~! > 0, (2.2) is a matrix-scaling iteration: every iterate is in the positive
diagonal orbit of M, and the goal is to obtain a matrix in that orbit with marginals r» and ¢. (BDRS-
MS) is very similar to Sinkhorn’s algorithm (2.1), with the only difference being the fixed matrix M
replaced by the current iterate X*. The roles of the multipliers are different: in (BDRS-MS), u*
and v* are incremental scalings of X*, whereas in (2.1) they are the full scalings of the fixed matrix
M. This difference makes the BDRS convergence analysis substantially more difficult. For the
matrix-scaling specialization (BDRS-MS), Ma [4] proved its global convergence under the following
verifiable sufficient condition:

M Mo
max —7— < 74 4y/3 ~ 13.93.
1,4’ €[m] Mij’Mi’j
33" €]

In this paper, we construct counterexamples showing that (BDRS-MS) and (BDRS-OT) do
not converge unconditionally. Each counterexample includes a specified strictly positive auxiliary
initialization. We first derive a second-order recurrence for (BDRS-MS), i.e., (2.2). For a positive
matrix K and positive marginals r, ¢, define the Sinkhorn map

C

5 ) = BT R

2> 0. (2.3)

Define the cumulative scaling vectors
pP=u" 1o 20 0d, F=""Teov" 200 fork>1,
and p = 1,,, and ¢ = 1,,. From (2.2c) we have
X* = diag(p®) M diag(q").

This immediately yields
XFoPt = diag(pf) M (¢" © v* 1),
which, together with (2.2a), yields

uk = r
- pk ® M(qk o Uk—l) :

Therefore,
,

k+1 _ k k _
Moreover, since

and
(XF+1)T1,,, = diag(v") (X*) T diag(uF)1,, = diag(®®)(X*) Tuk = o © (X*)Tuk) = ¢,

we have

E+1 _ ¢

Combining (2.4) and (2.5), we have

k+1 _ c _ anegk k—1
N VO [ aET R A
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Define ¢~' := 1,,/v=!. Then v*~1 = ¢*/¢*~! for every k > 0, including the initialization. Conse-
quently,

k)2
= s;;(éi)l ) . k>0 (2.6)

The map S} is the ordinary Sinkhorn map; it is the extrapolated argument in (2.6) that makes the
(BDRS-MS) recurrence second order.

3 The Construction Strategy of Counterexamples for (BDRS-MS)

In this section, we describe a strategy for constructing nonconstant cycles of (BDRS-MS). We seek
positive data M, r,c and a positive auxiliary initialization v—! such that, with X° = M, the matrix
iterates {X*} of (BDRS-MS) enter a nonconstant cycle after the first iteration. Throughout this
construction, n > 2.

Let R = R, € R™" denote the cyclic right shift

(R2)j = T14((j-2) mod n)» J=1...,n (3.1)

0 0 1 T 3
R3 = <1 0 0) s Rg <$2> = (ZL‘1> .
010 z3 T2

Also, R* = T and R~! = RT. We want to find a positive matrix K & RX™, positive vectors
reRY, ce R, with 35,7 =325 ¢; = 1 such that

For example,

S (Rz) = RSE (2), Vz >0, (3.2)
and a positive vector ¢ € R’} , with full cyclic period n, i.e.,
Rfg=q = k=0 (mod n),

such that

1.2
sne <(];_2qq)> = agq, for some o > 0, (3.3)

The rotations describe cumulative column scalings relative to the base matrix K, not the scalings ¢*
relative to M in Section 2. Our eventual initialization of (BDRS-MS) is X° = M = K diag(R™!q).
Thus, setting

vt = (R g o,

we have
X" = diag(p") K diag(v").

Substituting this representation into (BDRS-MS), or equivalently changing the base matrix in (2.6),

gives
~k\2
5k+1 — gnc (U )
K\ gk—1
—1
With the auxiliary initialization v—! = E,QZ, we have

7! =R?q, 7Y =R .



We prescribe the successive projective directions
MR R_2Q7 R_IQ7 q7 Rq7 R2q7 MR

where a projective direction consists of all positive scalar multiples of a vector. Equation (3.3) gives

! = ag. Since permutations commute with componentwise squares and division, we have

(B0 _ &
R~2q R~1q
Using (3.2) and (3.3), we therefore obtain

rel 4
S <R_1q> = aRyg.

The actual second update includes a scalar factor. The positive homogeneity Sy°(At) = ASE°(t) for
A > 0, which follows directly from (2.3), gives

2
~2 ref 2 4 3
=8« = o’ Rg.
K< R‘1q> ¢

Repeating the argument rotates the directions, while the scalar factors need not be periodic. The
direct induction below keeps these factors and proves that the matrix iterates themselves form an
exact cycle.

3.1 Constructing the cyclic symmetry

Let d denote a divisor of n. For a positive vector s = (sq,..., sd)T, define the d x n cyclic block
[Ca(8)lij = S14((—) mod a), 1 <i<d, 1<j<n (3.4)

The case d = n is an ordinary circulant matrix.
Construct K. Choose N positive vectors

d
s eR¥,, ¢=1,...,N, (3.5)

where d;’s are all divisors of n. Define K € R'™ as the following block matrix:

K@
K(2) N

K= ) , m = ng, where K = C’dz(s“)). (3.6)
KiN) =

Parameterize r. Introduce a positive weight vector
N

weRY,, with ngzl. (3.7)
=1

Define r as a block vector, and the i-th entry of its ¢-th block r¥) is given by

T(z,i):n@:% i=1,...,dy, £=1,...,N. (3.8)



The weights wy’s are not fixed yet. Every choice satisfying (3.7) preserves the required row symmetry;
we select weights satisfying the additional interpolation condition in the next subsection.
Construct c. cis simply chosen as

c=—1,. (3.9)
n
Recall that R, is the d-dimensional right shift. Define
I = diag(Ry,, .. ., Ray ) € R™™, (3.10)
The following lemma shows that the constructions in (3.6)-(3.9) guarantee (3.2).
Lemma 3.1. Constructions (3.6)-(3.9) imply

KR =1IK, K'II=RKT, r = r, Re = ¢, (3.11)
which further leads to (3.2).
Proof. Fix £ € {1,...,N}, i € {1,...,dg}, and j € {1,...,n}. In the calculation below, j + 1

is interpreted cyclically modulo n and i — 1 cyclically modulo d;. The condition d; | n ensures
consistency when a column index wraps around. We compare the corresponding entries:

O _ 0  _ (D _ 0 _ (0)
(KR)i,j - Ki,jJrl - 31+((j+171‘) mod dg) Kifl,j - (HK)Z‘,J"

This proves the first identity in (3.11).

Transposing KR = IIK gives R'T K" = K'TI". Since R and II are permutation matrices, they
are orthogonal. Multiplying on the left by R and on the right by II yields K 'II = RK ", the second
identity in (3.11).

The third and fourth identities in (3.11) follow immediately from the definitions of II, R, r and

Now we show that (3.11) leads to (3.2). First, note that

ro_r 1Ir —HL
KRz UKz TIKz Kz’

where the first equality is from the first identity in (3.11), the second equality is from the third
identity in (3.11), and the last equality is because II is a permutation matrix. Thus

c c Re c

= KT(r/(K2) - RET(r/(K2)  RET(r/(K2)  ET(r/(K2)

Sk (R2) = RS (2),

where the second equality uses the second identity in (3.11), the third equality uses the fourth
identity in (3.11). This proves (3.2). O
3.2 Enforcing the target transition by choosing the block weights

Fix the block matrices and a positive vector ¢ with full cyclic period n. For ease of presentation,
define

(R'q)”
— , 3.12
R2q (3.12)
The desired identity (3.3) is S%°(z) = aq. Define B € R by

dy o

1 K2
B-:iji” j=1,...,n, £=1,...,N. 3.13
3¢ dZ pat (K(Z)Z)Z‘, J s n ( )



Each column of B sums to one, because

n d[ n (Z) .

1 1 Kz
ZB[ — 72 : J J =1
j=1 ’ de (K(Z)Z)i

=1

For any weights satisfying (3.7), define r by (3.8). The j-th column sum of the row-normalized
matrix

diag <I§z) K diag(z)

is

Thus Bw is the actual intermediate column marginal and
Gz _ j
(Bw)j  n(Bw);

1,Bu=1yw=1  S(z); =

Consequently, the target identity S7°(z) = aq requires

2
Buw); = ——.
( w)] noq;

Summing these required equalities over j determines a. We therefore define the scalar o and the
target vector p independently of w by

-1 4
j=1 Zz’j//qj'/
=

Then p > 0,1 p =1, and pj = %;j/(nag;). With these definitions,

S(z)=aq <= Bw=np.

3.3 The Complete Construction

The complete construction process is as follows.

(i) Choose n > 2, a number of blocks N > 1, divisors d; | n, and positive seeds s() as in (3.5);
construct K by (3.6).

(ii) Define ¢ by (3.9).
(iii) Choose ¢ > 0 with full cyclic period n, and compute z, o, and p by (3.12) and (3.14).
(iv) Compute B by (3.13) and find a strictly positive solution w of
Bw = p. (3.15)

Because every column of B sums to one, this equality automatically gives lxw =1'p=1.



(v) Define 7 by (3.8) using these weights.

If the equation in step (iv) has no positive solution, the chosen seeds or ¢ must be changed.

Theorem 3.2. Let n > 2, and suppose steps (i)—(v) above produce a solution w > 0 of (3.15).
Initialize (BDRS-MS), i.e., (2.2), with X° = M and

M= K diag(R-g),  vt= B4 (3.16)
, =7 .
Define
. r . k
= _ > 0. .
Y% ozdlag<Ksz) K diag(R"q), k>0 (3.17)

Then the sequence {X* vk} generated by (BDRS-MS) satisfies

Rk;
g vk > 0. (3.18)

k+1 _ k_ _k+l
X =Y, v =« 1y >
q

Moreover, the matrices Yy, . ..,Y,_1 are pairwise distinct, and Yy4, = Yy. Hence the sequence {Xk}
does not converge.

Proof. Note that Bw = p is equivalent to S}°(z) = ag. Using (3.2) we have
c

KT( r

= SE(R'z) = RESEE(2) = aRMq, Wk >0 (3.19)
Ksz)

We prove (3.18) by induction. First, when k& = 0, by (3.16) we have

R7lq _ . (R"'q)

X0t = Mu™! = K ding(R™1q) s = K-y,

Thus v’ = r/(Kz). Applying (3.19) with k = 0,

c c 1 . ¢
U T T SR R B KRy )

‘We then have

X! = diag(u®) X° diag(v?) = diag (I;z) K diag(R™'q) diag (};ﬁq) =Y,

which together with (3.20) proves (3.18) for k£ = 0.
Fix k > 1 and assume that (3.18) holds for & — 1, i.e., X* = Y;_, v¥~! = o*RF"1q/RF2¢, and
we then prove that it holds for k. Since

(R*1'q)*  (RFR'q)? L (R1g)? k

RE-24 ~ RFR-2¢q R “R2¢ Rz, (3.21)
we have
XFoF1 = o diag (KR7’;—12> K diag(R"q)a*R*1q/R"2q
— o diag (KRZIZ) K(};;l;]q)z
:akHT@KK};’EkiZ’



and
k r . _(k+1)KRk71z

U Xk T @ KRFz -
It then follows that

K k—1
(X*)Tu* = adiag(R*'q)K T diag ( r ) o) ER™ 2

KRk-12 KRFz
_ o~k 3 k—1 T r
= o "diag(R" ¢ K (KRkZ>
Rk—lq
(k41
— o ( )C@qu’

where the last equality uses (3.19). We then have

k
k c k1 Rq
_ _ g 3.22
v (XF) Tk @ RF1q (3.22)
It then follows that

Xk = diag(uf) X* diag(v")
KRF1, r RF
— o (k+1) di di ( )Kd k—1 k41 di q
« iag (kz )a iag KR, iag(R" " q)x iag g

= adiag (K;’%) K diag(R¥q)

which together with (3.22) completes the induction and thus proves (3.18) for all £ > 0.

Since R" = I, formula (3.17) gives Yiipn = Y.

We now prove that Yp,...,Y,_1 are pairwise distinct. Suppose that Y; = Y, for some 0 < k, ¢ <
n — 1. The (i, j)-th entry gives

riK;j(R*q); _ a?“iKij(REQ)j
(KRkZ)Z (KRZZ)Z‘ ’ - =

Since o > 0, r; > 0, and Kj;; > 0, we can cancel these common factors and obtain

(RFq); (R'q);

= 1< < 1 <9<
(KRFz);  (KR2); == J=n
Fix any row index i. The scalar
=—7>0
i (KRZZ)l

is independent of j, and
(R*q)j =~v(R'q);,  j=1,....n.
Hence
Rfq = yRYq.

Because R¥q and R’q are merely permutations of the entries of ¢, they have the same sum. Therefore

qu = lTqu =7 lTqu =y qu.

10



Since ¢ > 0, we have 17¢ > 0, and thus
Consequently,
so that

By the full-period assumption on g,
k—¢=0 (mod n).

Since k,¢ € {0,1,...,n — 1}, this implies k = ¢. Therefore, Yy, ...,Y,,_1 are pairwise distinct. [J

3.4 A feasible scaling exists

de ()
L8

Every row of K sums to (n/dg)og, and every column sums to oy. Consequently, X* defined as

We also verify explicitly that the constructed matrix-scaling problem is feasible. Let oy = >

(X*)(l)
X* (2)
oo | ,) ;o owith (XMW = LD =1, N
: noy
(X*)(N)

has row sums 7 ;) = wy/dy and column sums SN we/n = 1/n, hence marginals r, c. It belongs to
the diagonal orbit of M, since

~ 1
X* = diag(d)M diag(R_1q> ,

where d is a block vector with

d9 =28 =1, .. .dyt=1,... N.
noy

Therefore, a feasible scaling indeed exists.

4 A Concrete 36 x 6 Counterexample for (BDRS-MS)

In this section, we provide a concrete counterexample that satisfies all the requirements discussed in
Section 3.
4.1 The counterexample

The counterexample has the following dimensions: m =36, n =6, N =6,dy =dy = ... =dy = 6.
The seeds in (3.5) are specified by s;g) =284 for 0,5 =1,...,6, where

20 0 18 10 16 18
0 21 24 26 29 16
0 28 3 28 11 28
E=19 0o 1 21 34 10/ (4.1)
3 10 0 20 26 32
1 4 0 1 2 3



The matrix K in (3.6) is a 36 x 6 matrix with 6 blocks. The (i, j)-th entry of its ¢-th block is:

K = 2BuinGomeds) 1< 0,4,j <6

More explicitly,

366
2 [ ERELT,

where

220 1 218 210 216 218
218 220 1 218 210 216
216 218 220 1 218 210

218 210 216 218 220 1
1 218 210 216 218 220

216 1 221 224 226 229
K(Q) B 229 216 1 221 224 226
- 226 229 216 1 221 224 )

224 226 229 216 1 221

1 228 23 228 211 228
228 1 228 23 228 211
211 228 1 228 23 228
211 228 1 228 23 )
23 228 211 228 1 228

1 1 9 221 234 210
210 1 1 2 221 234
234 210 1 1 9 221

23 210 1 220 226 232
232 23 210 1 220 226
226 232 25 210 1 220

1 220 226 232 23 210
210 1 220 226 232 23

2 2+ 1 2 22 23
28 2 24 1 2 22
22 23 9 24 1 2
2 22 23 2 92t 1
1 2 22 23 2 94
20 1 2 22 23 9

12



The vector q € Ri . is chosen as

28
213
215
q= oll |
20
22
and then z € Ri + can be computed by
211
219
L (R'q)> |22
= e~ |2
2—4
23
From (3.14), we get
216 65536
219 524288
_ 1 220 1 1048576
P = 1655207 | 1 1655297 1 ’
99 512
ol4 16384

and
1655297 1655297

T 628 T 49152
We then use (3.13) to compute B € Riﬁf. With K and z given above, B can be computed exactly.

For readability, we provide a numerical approximation of B below, but note that all calculations
later (e.g., w) are done exactly.

8.17x10~* 1.6163x10~! 244x10~* 1.6667x10~! 1.6659x10~1 8.52x10~*
3.3853x 107! 1.8165x1071 4.9998x10~! 1.6675x10~1 1.6987x10~!' 1.9853x 107!
6.6064x 10~ 6.5656x1071 4.9977x1071 3.3455x 107! 4.9944x10~! 8.0061x 10!
1.17x10~7  2.73x10~7  2.38x10~7  1.62x10~* 2.52x107%  9.98x10°8
6.01x10~8 3.12x1077 7.45%x107%  1.6521x10~! 3.02x107° 1.96x10~8
1.06x 1075 1.60x10~%*  7.63x107% 1.6666x10"1 1.6407x10~! 2.67x10°6

B =~

Finally, the weight vector w € R, with N = 6, is computed by

w= B 'p. (4.2)
Exact rational Gaussian elimination and integer cross-multiplication certify that
6 7 Be Be+1
ﬁ < detB < W’ W <wy < 1012 (43)

where the integer lower-bound numerators Gy and the corresponding wy are given below. The
decimals are explanatory, not the definition of wy.

l B¢ Approximation of wy
1 546062288830 0.546062288830524
2 179725833975 0.179725833975301
3 154299387166 0.154299387166565
4 1860993790 0.001860993790767
5 58217179004 0.058217179004256
6 59834317232 0.059834317232588

13



Therefore, w > 0. Moreover, Bw = p and the column sums of B imply 17w = 1.
With these preparations, we choose the following data for the matrix scaling problem:
7"(@71') :'U}g/ﬁ,e: 1,...,6,i = 1,...,6,
Cc = 16/6,
M = K diag(8192, 32768,2048, 1,4, 256),

and the initial point in the (BDRS-MS) algorithm is chosen as:
X0=M, v '=(1/4,16,2048,1/4,1/64,1/32)".

Theorem 3.2 proves that there is a six-cycle in (BDRS-MS) for solving this matrix scaling problem.

4.2 The iterates are not feasible

The nonconstant cycle already proves that the matrix iterates do not converge. We now establish
the additional fact that the cycle remains uniformly separated from the prescribed row marginal.
Evaluating Yj from (3.17) with exact rational arithmetic and comparing fractions by integer cross-
multiplication gives 006 903
Thus Yp is not row feasible. The same exact-arithmetic verifier certifies (4.4). The following lemma
transports this residual to every phase of the cycle.

(4.4)

Lemma 4.1. For any k > 0,

Y, = T*Yo R .
Proof. Recall that
Y, = adiag([{;kz) K diag(RFq).
From KR = IIK, we obtain
KRF =T"K,
and hence
KRFz =TI*Kz.

Since IIr = r, we also have IT*r = r. Because II* is a permutation matrix and componentwise
division commutes with permutations,

r___ T _ k(?“)
KRF: TIFKz Kz)®
Therefore,

T r
iag| —m— | = diag( 1" — ).
dlag(Ksz> dlag( Kz)

For any permutation matrix P and vector z,
diag(Pz) = P diag(x)P L.

Applying this identity with P = II* gives

T T
dlag(Ksz> diag <Kz)
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Hence

Y, = oIl diag<7"> IF K diag(R*q).

Kz
Again using KR¥ = TI* K| we have
I *K = KR™".

Thus

Y, = oll® diag(é) KR™*diag(R*q).
Since RF is also a permutation matrix,

diag(R"q) = R* diag(q)R™",

which is equivalent to
R diag(R*q) = diag(q)R™".

Therefore,
Y, = oll¥ diag(é) K diag(q)R™*
= 11" {a diag(é) Kdiag(q)} R7F
= "YoR ™,
which completes the proof. O

By Lemma 4.1, R%1,, = 1,,, and II*r = r, we have
Yil, —r =I*YgR7*1, —r = T1F (Y1, — 7).
Permutation matrices preserve the infinity norm. Hence
1Ye1y — rlloe = [[Yo1ln — 7[|e, k= 0.

In particular, (4.4) holds at every phase, and X* = Y},_; is infeasible for every k > 1. The initial
matrix is also infeasible: every entry of M is a positive integer, so (M1g); > 6, whereas r; < 1. Thus

1X%16 — 7)loo = |M1g — 7]|oe > 5.

This last estimate concerns the initial matrix, not the cycle states.

5 Counterexamples for (BDRS-OT)

In this section, we show that a similar counterexample can be constructed for (BDRS-OT), i.e.,
(1.11). That is, BDRS can fail for a feasible unregularized optimal transport problem.

Throughout this section, M, r,c and v~! are the data of the 36 x 6 example in Section 4, so
m = 36 and n = 6. Let {X* u* v*} be the sequence actually generated by (BDRS-MS) with
X% = M and this auxiliary initialization. By Theorem 3.2,

Xt=v,_, (k>1).

Let J =1,,1, be the m x n all-one matrix. Define
a_ (2 3J L/ .1
—\3s 27) "Tal\r) 73
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and the initialization . .
S0 M M ~—1 v
X' = 1 <M M) y v = (’U1> . (52)
The lifted cost and initial matrix have size 72 x 12 and are strictly positive. The lifted OT
feasible set is nonempty: the positive matrix 7¢' has marginals 7,¢. As a nonempty compact
transportation polytope with a finite linear objective, it also has an optimal solution. Furthermore,
the cost cannot be removed by adding row and column potentials. Choosing one row from each row
group and one column from each column group gives the mixed difference

24+2-3-3=-2#0,
whereas every matrix of the form a1 + 15" has all mixed differences equal to zero.

Theorem 5.1 (Nonconvergence of (BDRS-OT)). Apply (BDRS-OT) to the optimal transport
problem with data defined in (5.1) and initialization given in (5.2). For any fixed n > 0, set
p=e1¢€(0,1) and denote

5 -C J pJ

H:ecm:p2<pj PJ>, (5.3)
where the exponential is componentwise. The sequence {)?k,ﬁk, o*} generated by (BDRS-OT)

~

~k r

= =, =~_ _. - 5.4a
(X*F© H)ok1 (5.42)
ke c
(X*k o H)Tuk ( )
XH = diag(a®)(X* © H) diag(d"), (5.4c)
satisfies
- 1 Xk ka: _ k—1
X 2(1 —I—pk) <kak Xk > y U (Ukl) ’ k> 0. (5'5)
The sequence {)A(k} does not converge. More precisely,
- 1
1X*1 — Plloo = §||Xk1 —7loe > 0.103, Vk > 0. (5.6)
The set of subsequential limits consists exactly of the six distinct matrices
_ vy 0 _
zg_2< : YH), (=1, .6 (5.7)

All six limits are infeasible.

Proof. We prove both identities in (5.5) simultaneously by induction on the state (X% 7%~1). At

k = 0, the matrix identity follows from X° = M, X0 = i (% %), and p° = 1. The auxiliary

-1

identity follows directly from 77! = (1-1) in (5.2). Assume now that both identities hold at some

k > 0. Then
2 k k+1 vk
ok ~77_ P X P X
Multiplication by the duplicated vector o*~1 gives

2 k+1 ko k—1
Sk k-1 P+ ") (XFy
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Dividing 7 defined in (5.1) by this vector and using (5.4a), we get

ak = 1+ p" (uk)
C A+ )

Therefore,
~ o~ 1 (Xk)Tuk
k Tk —
(X"oH) u* = 5 (Xk)Tuk)
Dividing ¢ defined in (5.1) by this vector and using (5.4b), we get
k
& (v
ok = (Uk . (5.8)

Finally, from (5.4c) we have
X = diag(@¥)(X* © H) diag(t¥)
B 1 diag(u®) 0 Xk pFFLXRN (diag(vh) 0
T 2(1 + pkt) 0 diag(u®)) \pFtixk  Xx* 0 diag(vF) (5.9)
1 xk+1 Plasd Caz!
2(1 +pk+1) pk+1Xk+1 Xk+1 )

where the last equality uses the (BDRS-MS) update X**! = diag(u”*)X* diag(v*). Combining (5.8)
and (5.9) completes the induction for (5.5).
According to Theorem 3.2, X* =Y;,_; for k > 1. Thus

> 1 Y, Y
Xk — ( k-1 P k—l> . k> 1.
21+ p*) \P*Ye1 Vi

Since pF — 0 and Y46 = Yk, we have

S INaY 0
. 6t+¢ _ + (Y1 _ _
tl%loX —2< 0 YE_1> Zy, for{=1,...,6.
The six matrices Z1, ..., Zg are pairwise distinct because Yy, ..., Y5 are pairwise distinct. Thus the

full sequence cannot converge. Conversely, any convergent subsequence has a further subsequence
whose iteration indices have a fixed residue class modulo 6. Its limit must be the corresponding Z.
Therefore these six matrices are exactly the subsequential limits.

Moreover, (5.5) gives, for every k > 0,

> 1 /X*k1
k _ - n

Consequently,
- ~ 1
”Xk12n = Tlloo = §||Xk1n = 7[oo-

For k> 1, X* =Y}_1, so (4.4) and Lemma 4.1 imply
e R 1
| X% Loy — 7lloc = QHYk,lln —7lso > 0.103.
For k = 0, every entry of the concrete M is a positive integer and r; < 1. Hence

o R 1 5
X011 — 7o = 3IM16 = rlloo > 5 > 0.103.
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This separately verifies the initial case and proves (5.6) for every k > 0. For each ¢ = 1,...,6, direct
evaluation at the limit gives

N 1
HZ£12n - ||oo = §||YZ—11n - ’I“HOO > 0.103.

Thus every subsequential limit is infeasible. O

6 Conclusions

We constructed strictly positive data for which (BDRS-MS) has a nonconstant six-cycle after its first
update. The construction separates cyclic symmetry from the interpolation requirement: symmetry
is enforced by the block structure, while the remaining condition is the positive linear system
Bw = p. Exact rational arithmetic certifies a 36 x 6 counterexample, and the induction proves
its behavior for every iteration. A block lifting transfers the failure to (BDRS-OT) with a fixed,
nonadditive cost, for every fixed n > 0. The lifted sequence has six distinct boundary limit points,
all infeasible. The examples disprove unconditional convergence of BDRS. There still exists a gap
between the sufficient condition provided in [4] and the counterexamples given in this paper. It is

an important question to study the minimal requirements for guaranteeing the global convergence
of BDRS.

AT Usage Disclosure

The counterexamples were provided by ChatGPT-6. The paper was written by the author.
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