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Abstract

We show that every polytope P C [0,1]™, and more generally every compact convex set, has
Chvétal rank at most 12.22n2 + nlog,n + 2n + 4. This improves the O(n?logn) bound of
Eisenbrand and Schulz and, together with the (n?) lower bound of Rothvof and Sanita, shows
that the maximum Chvétal rank of a polytope in [0,1]" is ©(n?). More precisely, if P contains
an integer point, then for every ¢ € Z™ \ {0} the inequality cx < max{cy : y € PNZ"} is
valid for the k-th Chvétal closure of P for some k < 12.22n% + 2n + 2log,||c||oc + 4. Following
FEisenbrand and Schulz, we derive this inequality along a chain of coarser and coarser integer
vectors, but instead of halving the vector in each step, we round 7c for a scale 7 chosen freely in
each dyadic window [27¢~! 27%]. The main new ingredient is a multiscale version of Dirichlet’s
approximation theorem, proved by an elementary volume argument: for every ¢ € R™, the ¢;-
distances of 7¢ to Z™, minimized within each dyadic window and summed over all windows,
total less than 1.222n?, independently of ||c||co-
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1 Introduction

Chvatal-Gomory cuts are a basic tool of integer programming, and the Chvatal rank of a polytope
measures how many rounds of them are needed to reach its integer hull. Chvatal [3] showed that
the rank of every rational polytope is finite, and Schrijver [14] extended this to rational polyhedra.
In general the rank can be arbitrarily large already in dimension two [15, p. 344]. For polytopes
in the cube [0, 1], however, it is bounded in terms of n alone [2]. The previous best upper bound,
O(n?logn), is due to Eisenbrand and Schulz [8], and the best lower bound, Q(n?), is due to Rothvo8
and Sanita [12, 13]. We close this gap.
For a compact convex set P C R™ its Chvdtal closure is

P = m {ZL‘ eR":ax < Lglea]g(ayJ}v
a€ezZ™

where az := >, _; ayx; denotes the standard inner product of a,z € R". We set P’ := () if P = ().
Let Py := conv(P NZ"™) be the integer hull of P, which is a polytope since P N Z"™ is finite. It is
well known that Py C P’ C P. In particular, P’ is again a compact convex set, and we can iterate:
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let PO := P and P*+D .= (P®)) for every integer k > 0. We call P*) the k-th Chudtal closure
of P. The Chwdtal rank rk(P) is the least k with P(%) = Py,

If Pr # 0, then for v € Z"™ we write h(v) := maxgep, ve, which is an integer, and depthp(v)
denotes the least k such that ve < h(v) is valid for P*). Following [8], we say that v is saturated
with respect to P®*) if v < h(v) is valid for P,

The Chvatal rank is usually studied for polytopes, but our main result holds more generally for
compact convex sets.

Theorem 1. Let P C [0,1]" be a compact convex set with Py # 0, and let ¢ € Z™"\ {0}, N := ||¢||00-
Then
depthp(c) < 12.22n% 4+ 2n + 2log, N + 4.

Moreover, for every compact convex set P C [0, 1],
tk(P) < 12.22n% +nlogyn + 2n + 4.

Together with the lower bound of [13], Theorem 1 shows that the maximum Chvétal rank of
a polytope in [0,1]" is ©(n?). We have not tried to optimize the constants, since our focus is the
order of growth.

Previous work. Chvétal, Cook and Hartmann [4] gave polytopes in the cube with empty integer
hull and rank at least n, which is exactly n by [2]. They also gave lower bounds, none exceeding n,
for relaxations of natural combinatorial problems. Bockmayr, Eisenbrand, Hartmann and Schulz [2]
proved the first polynomial upper bound, rk(P) = O(n®logn), via depthp(c) < n2(1+ [logs||clloo])
for ¢ € 7"\ {0}. Eisenbrand and Schulz [8] improved both bounds to

depthp(c) < n? +2n(1 + [logy| c/les)). rk(P) < n*(2 + |logyn)),

and also proved depthp(c) < n+ ||c|l; and a lower bound (1 + ¢)n for infinitely many n. Pokutta
and Stauffer [11] raised the lower bound to (1+1/e—o(1))n. Pokutta and Schulz [10] characterized
the integer-empty polytopes of rank n. Rothvofl and Sanita [12, 13] constructed polytopes of rank
Q(n?) (see also the textbook [5, Section 5.2.2]).

The logn in the upper bound comes only from the size of facet coefficients: the facet normals
of P; can require coefficients with ©(nlogn) bits [1, 16], and [8] spends ©(n) rounds per bit.
Hence the logn cannot be removed by a better upper bound on the coefficients, and a better depth
bound is needed. Cornuéjols and Lee [6], [7, Section 7] obtained O(n?loglogn) for polytopes that
miss at most quasi-polynomially many 0/1 points, by showing that then logs||c||cc = O(nloglogn)
for the facet normals. The coefficients in the construction of [13] are of order 2°(™. TIn the
concluding remarks of [13], Rothvofl and Sanita observe that beyond this range Dirichlet’s theorem
on simultaneous Diophantine approximation is an obstacle to extending their lower bound, and
that “this insight could potentially be used to improve the upper bound on the Chvatal rank”. Our
proof carries out this idea, as explained in the overview below.

Overview of the proof. As in [8], we saturate ¢ through a chain of coarser and coarser integer
vectors ¢ = vg,v1, ... ending at 0, together with positive multipliers u; such that v; is close in ¢;-
norm to pvey1. If vg11 is already saturated with respect to P(k), then by Lemma 2 the inequality
ver < h(vy) + ||vg — pever |1 is valid for P®). Each unit of the excess |lvy — uvii1]l1 costs two
further applications of the closure, and the induction over the faces of the cube adds only 2n in
total. This is Lemma 3: depthp(c) < 2n+2)", E;, where E; is the error of the ¢-th step rounded
up. Lemmas 2 and 3 are proved in Section 2.



It remains to choose the chain so that its total error is small. Eisenbrand and Schulz take
ver1 = |ve/2]) and puy = 2, so each of the roughly logs||c|lec steps can have error close to n. The
errors then add up to about nlogs| c||oo, which is of order n?logn for the facet normals of P; in
the worst case. Instead, we take v; to be a rounding of 7:c, where 7 is chosen freely in the dyadic
window [27t71, 27 so that 74c is as close as possible to Z". The main new ingredient is Theorem 5:
for every ¢ € R™ and 0 < p < n, at most nlogy(n/p) windows contain no 7 for which the ¢;-distance
of 7¢ to Z™ is at most p. Consequently the smallest such distances, one for each window, sum to
O(n?) independently of ||¢/|s, Which is Corollary 6, and hence so does the total error along the
chain. The proof of Theorem 5 is an elementary volume argument that treats all windows at once.
Theorem 5 and Corollary 6 are proved in Section 3, which concerns only a vector ¢ € R™ and
involves no polytope.

In Section 4 we combine these results to prove Theorem 1. The bound on the rank follows since
the facet normals of P; have coefficients of absolute value at most n"/2. We close this section with
some known facts that we will use.

Fact A ([14, Theorem 1]). If P is a rational polytope, so is P'.
Fact B ([15, p. 340]). If F' is a face of a rational polytope P, then F' = P' N F.
Fact C ([2, Lemma 3]). If P C [0, 1]" is a rational polytope with P; = (J, then P("™ = ().

Fact D ([9]). Let P C [0,1]™ be a polytope with P; # (. There are ai,...,a, € Z™\ {0} and
bi,...,by € Z such that Pr = {x € R" : aq;x < b;, i =1,...,m} and ||a;]|cc < n™'? for all i.

2 Chains of integer vectors

A chain is a sequence vg,v1,...,vp € Z™ of integer vectors together with positive multipliers
o, - -+, ur—1. Our first lemma shows that if w is saturated and v is close in £;-norm to a positive
multiple of w, then v is almost saturated.

Lemma 2. Let P C [0,1]" be a polytope with Py # () and h as above. Let Q C [0,1]™ be any set,
v,w € Z" and p > 0, and suppose wr < h(w) for all x € Q. Then vx < h(v) + ||[v — pw||1 for all
T EQ.

Proof. Put r := v — pw. For every y € Pr we have pwy = vy — ry < h(v) — ry. Taking the
maximum over y € Py, and using p > 0, gives

< —TrY.
ph(w) < h(v) + max —ry

Hence, for every = € Q,

vr = pwx +rex < ph(w) +re < h(v) + m%axr(x —y) < h(v) + |Ir|,
yery

where the last inequality holds because x,y € [0, 1]™ implies |z, — yo| < 1 for all £. O

Lemma 2 generalizes the bound on the integrality gap in the proof of [8, Proposition 3.2], which
is the case v > 0, w = |v/2], p = 2.

The next lemma, the main result of this section, bounds the depth of an integer vector ¢ in
terms of the ¢1-errors ||vy — pyve1||1 along a chain starting at c.



Lemma 3. Let P C [0,1]" be a rational polytope with Pr # () and h as above. Let ¢ € Z™, and
let vo, . .., vp with multipliers ug, ..., ur—1 be a chain with vg = ¢. Put Ey := [||lvg — pvpsa|[1] for
t <T, and Er := [maxyep vry — h(vr)] > 0. Then

Proof. The idea is to lower the right-hand side of v;x < h(v;) + E; one unit at a time on the faces
of [0,1]", for t =T,T —1,...,0, passing from v;41 to v; by Lemma 2. Claims 1-3 give recursive
bounds on the number of rounds this requires, and Claim 4 together with an induction combines
them.

By Fact A, every P is a rational polytope. A d-face of [0,1]™ is a face of dimension d. For
integers 0 <t <T,0<d<mnand0<j<E,;let S(t,d,j) be the statement “vyz < h(v;) + E; — j
holds on P*) NG for every d-face G of [0,1]"”, and let f(t,d,j) € {0,1,2,...}U{cc} be the least
k for which it holds. Since P*+1) C P®*) it then holds for all larger k.

Claim 1. f(¢,0,5) =0.

Proof of claim. A 0O-face of [0,1]" is a set {z} with x € {0,1}"; if z € P, then « € Py, so
nr < h(Ut) < h(Ut) + Ey— 3. <o

Claim 2. f(t,d,0) < f(t+ 1,d, Ey41) fort <T, and f(T,d,0) = 0.

Proof of claim. Let t < T and assume that k := f(t + 1,d, Ey11) is finite. Let G be a d-face of
[0,1]". By S(t + 1,d, Ety1), vir1x < h(veyy) for all z € Q := P® N @G, so Lemma 2 with v = v,
W= V1, 1= py gives v < h(vy) + [|vr — pevera |1 < h(ve) + By on @, which is S(t, d,0). Moreover
f(T,d,0) = 0, since for every x € P we have vrx < maxyecp vry < h(vr) + Er by definition of Ep.
o

Claim 3. Ford>1 and 0 < j < Ey: f(t,d,j+ 1) < max{f(t,d,j), f(t,d—1,j+ 1)} + 2.

Proof of claim. Assume that k := max{f(¢t,d,j), f(t,d — 1,7 4+ 1)} is finite. Let G be a d-face
of [0,1]", and let v := h(v¢) + Ey — j € Z. By S(t,d, j), since k > f(t,d, j), we have vy < v on
PR NG. Let F:= PO NGN{x eR": v =~}. If F #0, it is a face of P*) NG, and so of P,

We have F' C relint G. Indeed, as d > 1, the relative boundary of G is the union of its facets,
which are (d — 1)-faces of [0,1]". For each such facet G’, vz < v — 1 holds on P*) N G’ by
S(t,d—1,7+1), since k > f(t,d— 1,57+ 1). As vyx =« on F, no point of F' lies on the relative
boundary of G.

We show that P+ N F = (. This is clear if F = (). Otherwise F is a face of P*), so Fact B
gives PRt N = F', and it suffices to show F’' = (. Pick a coordinate z; that is not fixed on
G, which exists since d > 1. As F' is a nonempty rational polytope contained in relint G, we have
0 < mingepry < maxzepxy < 1, 80 2, <0 and 2y > 1 are valid for F/, and F’ = .

Thus v,z < v on PAtD NG, If PE+H) NG = 0, then P*+t2) NG = () as well. Otherwise the
maximum of v,z over the polytope P!+ NG is attained, hence smaller than +, and since P¢+)NG
is a face of P*+1) Fact B and the integrality of v give v,z < v — 1 on (P*+t) N G)Y = PG+ 0@,
In both cases v;z < v — 1 on P**+2 NG, and since v — 1 = h(vy) + E; — (j + 1), this is S(t,d, j +1)
with k + 2 in place of k. o



To combine Claims 1-3, we list all pairs (¢,7) with 0 < ¢ < T and 0 < j < FEj in the or-
der (7,0),(T,1),...,(T,Ep),(T —1,0),...,(0, Ey), and number them i = 1,..., M, where ¥ :=
Z;‘F:o E;and M := X+ T+ 1. Let g(i,d) := f(t,d,j) for the i-th pair (¢,j), let g(0,d) := 0, and
let (i) be the number of pairs with j > 1 among the first 4.

Claim 4. Let 1 < i < M and let (t,j) be the i-th pair. Then ¢(i,0
g(ivd) < gli — Ld) for 0 < d < m. If j > 1, then g(i.d) < max{g(i -
1<d<n.

) 0. If j = 0, then
1’ )ag(lvd - 1)} + 2 fO’F

Proof of claim.  The equality ¢(i,0) = f(¢,0,7) = 0 is Claim 1. Let j = 0. If i = 1, then
(t,j) = (T,0) and ¢g(1,d) = f(T,d,0) = 0 by Claim 2. If ¢ > 2, then ¢t < T" and the (i — 1)-st pair
is (t+ 1, Ey41), so Claim 2 gives g(i,d) = f(t,d,0) < f(t+ 1,d, E41) = g(i — 1,d). If 7 > 1, then
(t,j — 1) is the (i — 1)-st pair, and Claim 3 with j — 1 in place of j gives the inequality. o

Induction on i + d gives g(i,d) < 2(o(i) +d) for 0 <i < M and 0 < d < n. This holds if i = 0,
since ¢(0,d) = 0 and 0(0) = 0, and if d = 0, since ¢(¢,0) = 0 by Claim 4. For i,d > 1 it follows
from Claim 4, since o (i) = o(i — 1) if the i-th pair has j =0, and o(i) = (i — 1) 4+ 1 otherwise.

The last pair is (0, Ey) and (M) = 3, so f(0,n, Ey) = g(M,n) < 2(X+n). The only n-face of
[0,1]™is [0,1]" D P®), s0 S(0,n, Ey) says that cz < h(c) on P*). Hence depthp(c) < 2(S+n). O

Corollary 4. Let P C [0,1]™ be a rational polytope with Pr # 0. Then depthp(c) < 2n(|logs||clloo |+
2) for every ¢ € Z™ \ {0}.

Proof. Let vy11 be the vector obtained from v;/2 by rounding each coordinate toward 0, and let
pe = 2. Then vy — 2041 € {—1,0,1}", so By < n, and vy =0 for T = [logy]|c|lec| + 1, s0 Ep = 0.
Apply Lemma 3. O

Lemma 3 refines the argument in the proof of [8, Proposition 3.2], which, for ¢ > 0, uses the
chain of vectors |¢/2!],t = 0,1, ..., with all multipliers equal to 2. There are two differences. First,
Lemma 3 applies to an arbitrary chain, and its bound depends on the actual errors E;, while the
argument in [8] uses, at every step, the worst-case bound n on the integrality gap that holds for
the halving chain. This flexibility is what we exploit in Section 4. Second, in [8] the bound on v,z
over P%) starts to be lowered only after v;z < h(v;) holds on P®*) N G for every facet G of [0, 1]"™.
This ensures the hypothesis of [8, Lemma 3.1], and it is established by induction on the dimension.
In Claim 3, instead, to lower the bound on a face G of [0,1]" by one it suffices that the bound
on the facets of G has already been lowered by one. Thus the bounds on faces of all dimensions
decrease simultaneously, and the induction over the dimension contributes only the additive term
2n in Lemma 3, instead of n? in [8, Proposition 3.2].

Corollary 4, which uses essentially the halving chain, slightly sharpens the bound n? + 2n(1 +
|logs|lc]loo ) of [8] for m > 3. Combined with Facts C and D and the reduction at the start of
Section 4, it gives rk(P) < n?logy n + 4n for every compact convex set P C [0, 1], slightly better
than the bound n?(2 + |logyn|) of [8] for n > 3.

3 A multiscale Dirichlet theorem

For integers j > 0 let [; := [27971 277] be the dyadic windows. In Section 4, the vectors of our
chain are roundings of 7:c with 74 € I;. In this section we show that the scales 7+ can be chosen so
that the ¢1-distances of the vectors ;¢ to Z" sum to O(n?), independently of ||c[|oo-



For c € R" and 7 € R let D (7) := min,ezn|Tc — 2z||1 be the ¢;-distance of T¢ to Z™. Since every
real number is within § of an integer, D(7) € [0,n/2]. The function D, is continuous and even,
i.e., D.(—71) = D.(7).

The following theorem shows that, for every c, only few dyadic windows I; contain no 7 for
which 7c¢ is close to Z™ in ¢/1-norm.

Theorem 5. Let c € R" and 0 < p < n, and let B, :={j > 0: D.(1) > p for all T € I;}. Then

B, < nlogy(n/p).

Proof. We write vol(Y') for the Lebesgue measure of a measurable set Y C R or Y C R”, and we
let o :=p/n € (0,1].
We first construct a set X C [0,1) with vol(X) > 0™, and then show that it satisfies

|7 — 7| ¢Uj€Bij for all 7,7’ € X. (1)

For ze R"let X, := {7 €[0,1): 7c—2 € [0,0)"+Z"}. The set of pairs (7,2) € [0,1) x [0,1)" with
Tc—z € [0,0)" + Z™ is the union over k € Z" of the convex sets of pairs with 7¢ —z — k € [0,0)™.
Only finitely many of these are nonempty, since 7¢ — z ranges over a bounded set. Hence this set is
measurable, and exchanging the order of integration (Fubini’s theorem) gives f[o,l)n vol(X,)dz =

fol vol{z € [0,1)" : Tc—z € [0,0)"+Z"} dr. For fixed 7, the condition on z splits into the conditions
20 € (tep—o, 1))+ 2,0 =1,...,n. As o < 1, each of them is satisfied by a subset of [0, 1) of length
0. So the integrand on the right-hand side equals ¢™ for every 7, and f[071)n vol(X,)dz = o™. Since
[0,1)" has volume 1, there is z € [0,1)" such that X := X, satisfies vol(X) > o".

We now show that X satisfies (1). Let 7,7/ € X. Then 7¢—z = ¢+ k and 7'c— z = ¢ + k¥’ with
q,q €10,0)" and k, k' € Z™. Subtracting, (1 —7')c— (k—k')=q—¢',s0 Do(1—7") < |lg— |1 <
no = p. Since D, is even, this gives D.(|7 — 7’|) < p. So, by the definition of B,, no window I;
with j € B, contains |7 — 7’|, which is (1).

For A > 0 let ®(A) := supgeg vol(X N [§,€ + A]). Since X C [0,1), we have vol(X) < ®(1).
Clearly ®(A\) < A, and ®(2)X) < 2®()) since [£,{+2A] = [£,{+ AU+ A, £+2)]. We now show that
®(277) < ®(27971) for every j € B,. Let j € By, £ € R, and Y := X N[§,£+277]. Any two points
of Y are at distance at most 277. Since j € B,, by (1) this distance does not lie in I; = [27771,277],
so it is less than 27771, Hence Y lies in an interval of length 277=! and so vol(Y) < ®(27771).
Taking the supremum over & gives ®(277) < ®(27771).

Finally, we bound |B,|. Let L > 0 be an integer and Sz, := [{0,..., L} N B,|. Going from ®(1)
to ®(27L71) in L + 1 halvings, we use ®(2)) < 2®()) for the L+ 1 — 3, indices j € {0,...,L}\ B,
and ®(277) < ®(27771) for the By, indices j € {0,...,L} N B,. Together with ®(2-L~1) < 2711
this gives

0" < vol(X) < ®(1) < 2L P p(a-L-t)y < 27Fr,

Therefore 51, < nlogy(1/0) = nlogy(n/p) for all L. Since |B,| = supy, Bz, this proves the theorem.
0

For j > 0 let m; := min,¢ I D.(r), which exists since D, is continuous and I; is compact. The
next corollary shows that the sum of these minima over all windows is O(n?), independently of
[l€lloo-

1

1
Corollary 6. For every c € R": ij < (5 + m) 2 < 1.222n2
Jj=0



Proof. We have
00 n/2
Y my= Z/ 1[m; > p]dpz/ | B, dp
>0 j 70 0

n/2 n 2o 11
< logy ~dp=n2[  log, - du= 2(7 )
—/0 082 0P n/o 082, =" \5 Y o1

The first equality holds since a = fooo 1la > p]dp for every a > 0. The second follows by exchanging
sum and integral, which is allowed since all terms are nonnegative (Tonelli’s theorem), since m; > p
if and only if j € B, because the minimum is attained, and since m; < n/2 because D, takes values

in [0,n/2]. The inequality is Theorem 5, applied for 0 < p < n/2. The next equality follows from

the substitution p = nu, and the last one from f01/2 log, % du = ﬁ [u —uln u} 3/2. O

4 Proof of Theorem 1

Proof. We first reduce to the case that P is a rational polytope. If P = (), then rk(P) = 0,
solet P # (. Let y € {0,1}" \ P. Since P is compact and convex, there is a € R" with
ay > max,cpaxr. Both sides depend continuously on a, so we may take a € Q". Choosing a
rational 8 with max,cp ax < § < ay, the rational half-space {x € R" : ax < 8} contains P but not
y. Let @ be the intersection of [0, 1] with one such half-space for each y € {0,1}"\ P (see also [8,
Section 2]). Then @ is a rational polytope with P C @ C [0, 1]™. Since [0,1]" N Z"™ = {0,1}", we
have Q NZ" = PNZ", and hence Q; = P;. Since P C Q implies P’ C Q', we have P*) € Q) for
all k. Hence depthp(c) < depthg(c) if Py # 0, and rk(P) < rk(Q) because Pr C P®) c Q™ for all
k. So we may assume that P is a rational polytope.

Next we construct the chain to which we apply Lemma 3. Let 79 := 1 and, for each integer
t > 1, let 74 € I; be such that D.(r¢) = my. For t > 0 let v; € Z" be such that ||v; — 7c||1 = De(1),
for instance a coordinatewise nearest integer vector to 7.c. Since 1 € Iy and ¢ € Z™, we have
D.(19) = 0 = mg. Hence vy = ¢ and ||v; — 7ec||1 = my for all ¢ > 0. Let T be the least ¢ > 1 with
27'N < 1, ie. T = [logy N| +2. Then, since 77 < 277 and |¢;| < N, we have |rrce| < 27N < 1
for all ¢, so v = 0. Our chain consists of vy, ..., vy and the multipliers p; := 74 /7441 for 0 <t < T,
as in Lemma 3. Note that 0 < p; <4 for 0 <t < T, since 7 < 2% and Tet1 > 2 t=2,

Then we bound the errors F;. Since vy = 0, we have Er = 0. For t < T, since pmy1¢ = e
and pi; < 4,

lve = pevigi || = ||(ve — ee) — pe(vegr — Ter0)|1 < my + dmyya.

Hence Ey <1+ my +4myqq for ¢ < T, and by Lemma 3 and Corollary 6,

T-1
depthp(c) <2n+2Y (L+my+4myp1) <20+ 27 +10)  mj <12.22n% 4+ 2n + 2log, N + 4.
t=0 j>1

It remains to bound the rank. If P; = (), then rk(P) < n by Fact C. Otherwise take the system
a;z < b; of Fact D. Since P; C P®) for all k, and a;z < h(a;) < b; is valid for P*®) whenever
k > depthp(a;), we get P*) = Py for k = max; depthp(a;). Using logs||ai]|ec < 5 logyn gives

rk(P) < 12.22n2 + nlogyn + 2n + 4. O



References

1]

[10]

[11]

[12]

Noga Alon, Van H. Vu, Anti-Hadamard matrices, coin weighing, threshold gates, and inde-
composable hypergraphs, Journal of Combinatorial Theory, Series A 79(1) (1997) 133-160,
doi:10.1006 /jcta.1997.2780.

Alexander Bockmayr, Friedrich Eisenbrand, Mark E. Hartmann, Andreas S. Schulz, On the
Chvatal rank of polytopes in the 0/1 cube, Discrete Applied Mathematics 98(1-2) (1999) 21-27,
doi:10.1016/S0166-218X(99)00156-0.

Vasek Chvétal, Edmonds polytopes and a hierarchy of combinatorial problems, Discrete Math-
ematics 4(4) (1973) 305-337, doi:10.1016,/0012-365X(73)90167-2.

Vasek Chvétal, William J. Cook, Mark E. Hartmann, On cutting-plane proofs in combinatorial
optimization, Linear Algebra and its Applications 114/115 (1989) 455-499, doi:10.1016/0024-
3795(89)90476-X.

Michele Conforti, Gérard Cornuéjols, Giacomo Zambelli, Integer Programming, Graduate
Texts in Mathematics 271, Springer, Cham, 2014, doi:10.1007/978-3-319-11008-0.

Gérard Cornuéjols, Dabeen Lee, On some polytopes contained in the 0,1 hypercube that have
a small Chvatal rank, in: Quentin Louveaux, Martin Skutella (eds.), Integer Programming
and Combinatorial Optimization: 18th International Conference, IPCO 2016, Lecture Notes
in Computer Science 9682, Springer, Cham, 2016, 300-311, doi:10.1007/978-3-319-33461-5_25.

Gérard Cornuéjols, Dabeen Lee, On some polytopes contained in the 0,1 hypercube that
have a small Chvatal rank, Mathematical Programming, Series B 172(1-2) (2018) 467-503,
doi:10.1007/s10107-017-1226-4.

Friedrich Eisenbrand, Andreas S. Schulz, Bounds on the Chvétal rank of polytopes in the
0/1-cube, Combinatorica 23(2) (2003) 245-261, doi:10.1007/s00493-003-0020-5.

Manfred W. Padberg, Martin Grotschel, Polyhedral computations, in: Eugene L. Lawler, Jan
Karel Lenstra, Alexander H. G. Rinnooy Kan, David B. Shmoys (eds.), The Traveling Salesman
Problem: A Guided Tour of Combinatorial Optimization, John Wiley & Sons, Chichester, 1985,
307-360.

Sebastian Pokutta, Andreas S. Schulz, Integer-empty polytopes in the 0/1-cube with
maximal Gomory—Chvétal rank, Operations Research Letters 39(6) (2011) 457-460,
doi:10.1016/j.0r1.2011.09.004.

Sebastian Pokutta, Gautier Stauffer, Lower bounds for the Chvatal-Gomory rank in the 0/1
cube, Operations Research Letters 39(3) (2011) 200-203, doi:10.1016/j.0r1.2011.03.001.

Thomas Rothvo8, Laura Sanita, 0/1 polytopes with quadratic Chvatal rank, in: Michel X. Goe-
mans, José Correa (eds.), Integer Programming and Combinatorial Optimization: 16th Inter-
national Conference, IPCO 2013, Lecture Notes in Computer Science 7801, Springer, Berlin,
2013, 349-361, doi:10.1007/978-3-642-36694-9_30.

Thomas Rothvof}; Laura Sanita, 0/1 polytopes with quadratic Chvatal rank, Operations Re-
search 65(1) (2017) 212-220, doi:10.1287 /opre.2016.1549.



[14] Alexander Schrijver, On cutting planes, Annals of Discrete Mathematics 9 (1980) 291-296,
doi:10.1016/S0167-5060(08)70085-2.

[15] Alexander Schrijver, Theory of Linear and Integer Programming, John Wiley & Sons, Chich-
ester, 1986.

[16] Glinter M. Ziegler, Lectures on 0/1-polytopes, in: Gil Kalai, Gilinter M. Ziegler (eds.),
Polytopes—Combinatorics and Computation, DMV Seminar 29, Birkhauser, Basel, 2000, 141,
doi:10.1007/978-3-0348-8438-9 1.



	Introduction
	Chains of integer vectors
	A multiscale Dirichlet theorem
	Proof of Theorem 1

