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Abstract

Multistage stochastic programs model decisions under uncertainty where earlier decisions
change later feasible sets. We propose a feasible pathwise gradient method (FeasPG) that can
update the policy as new sample paths arrive. The policy proposes a decision and projects
it onto the current feasible set, so every decision is feasible. We derive the full trajectory
gradient, accounting for how earlier decisions change later constraint bounds. Under regularity
conditions, it is unbiased at almost every parameter value. We also bound the error from
treating the constraint bounds as fixed during differentiation. We analyze a proposal-distance
penalty that can provide a training signal where projection makes cost locally flat. We give
a decreasing-weight schedule that preserves the O(K−1/2) stationarity rate for the expected
cost over K training updates under standard stochastic-gradient assumptions. To assess the
learned policy, we use held-out trajectories to construct a finite-sample upper confidence
bound on its optimality gap. The certificates are also anytime-valid across checkpoints, so the
bounds can guide when training stops. In reservoir-management experiments, FeasPG obtains
lower mean costs than stochastic dual dynamic programming and reinforcement-learning
baselines on model-generated paths. A separate reservoir study demonstrates informative
certificates with no coverage failures in 200 repetitions per setting.

1 Introduction

Multistage stochastic programs (MSPs) model sequential decisions in applications such as
power generation, reservoir operation, and inventory management. These decisions must satisfy
operational constraints while accounting for uncertain future conditions. Effective solution
methods must therefore find low-cost policies that remain feasible as uncertainty unfolds. In
MSPs, the stages are coupled by moving recourse constraints, i.e., earlier decisions change an
endogenous state, which determines the feasible sets of later stages. In hydrothermal scheduling,
the classical application, releasing water satisfies demand cheaply but lowers the storage, which
limits how much water the decision-maker can release at later stages.

Stochastic dual dynamic programming (SDDP) by Pereira and Pinto (1991) is a leading
method for MSPs (Füllner and Rebennack, 2025). It approximates each stage’s expected value
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function from below by affine functions, known as cuts, and uses these approximations in
the stage problems that determine decisions. The standard formulation assumes convex stage
problems and stagewise independent uncertainties. Extensions handle nonconvex stage problems
(Zou et al., 2019; Philpott et al., 2020) or Markovian data (Silva et al., 2021; Park et al., 2022).
When new data change an estimated uncertainty distribution, existing cuts may need to be
updated. Sequential-sampling methods address this issue under stagewise independence, which
can be violated in practice (Gangammanavar and Sen, 2021; Xu and Sen, 2023). We pursue an
alternative: directly updating a parameterized feasible policy as new sample paths arrive via
policy gradient updates.

Policy gradient methods are widely used in reinforcement learning to improve policies from
sampled trajectories (Sutton et al., 2000; Schulman et al., 2017). They offer a natural way
to make these policy updates in MSPs. The transition and cost functions are known, and
uncertainty does not depend on decisions, so the same sample path can be replayed under
different policies. Under suitable differentiability conditions, we can differentiate the replayed
cost to update the policy (Glasserman, 1991). Costs and dynamics need not be convex, and
uncertainty may be dependent across stages.

In the MSPs we study, each decision must satisfy linear constraints whose bounds depend
on the current state. Our policy therefore maps the state to a candidate decision, the proposal,
and projects it onto the current feasible set. Every decision is then feasible during training and
at deployment, but the projection introduces two difficulties. First, earlier decisions change
the state and hence the projection’s constraint bounds. For a reservoir with current storage s,
a proposed release u > s is projected to x = s, so ∂x/∂u = 0 while ∂x/∂s = 1. Treating the
bounds as fixed incorrectly sets the latter derivative to zero. Second, projection can map a range
of proposals to the same decision, making cost locally flat in those directions (Lin et al., 2021).
To help training in such regions, we add the squared distance between each proposal and its
projection as a regularizer.

Figure 1 illustrates how a decision changes the next state, which in turn affects both the
next proposal and the constraints onto which it is projected. Differentiating through both paths
is essential for training the feasible policy.

st µθ,t P̄t ft st+1

bt(zt) + Btst

ξt+1

ut xt

µθ,t+1

bt+1(zt+1) + Bt+1st+1

P̄t+1

proposal–state

moving recourse

ut+1

· · ·

Figure 1: Two consecutive stages of the projected policy. The proposal map µθ,t produces ut, the
projection P̄t produces a feasible decision xt, and the dynamics ft produce the next state st+1.
This state affects the next projection through both the proposal (blue) and the constraint bound
bt+1(zt+1) + Bt+1st+1 (orange). Holding the bound fixed during differentiation removes the
orange path while leaving the forward simulation unchanged. Here zt summarizes the observed
exogenous history; other inputs to the proposal and dynamics are omitted for clarity.

Training seeks to lower the policy’s expected cost. Assessing how much further it could
improve also requires a lower bound on the optimum. We construct such a benchmark by
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allowing decisions to use future uncertainty and adding a penalty for this information advantage.
The penalty depends on conditional expectations that we estimate from data. We control their
estimation errors across all states, decisions, and histories available to the benchmark, including
those not visited by the learned policy. This yields a confidence bound on the selected policy’s
optimality gap that can guide stopping across checkpoints.
Contributions.
1. We propose a feasible pathwise gradient (FeasPG) method for MSPs, which trains projected

policies with the complete pathwise gradient, and establish the gradient’s almost-everywhere
unbiasedness under regularity conditions. We also bound how sensitivities and errors from
ignoring moving constraint bounds accumulate across stages.

2. We give a sufficient condition under which the proposal-distance penalty provides a descent
direction for the regularized training objective of a parameterized policy. We also show that
a suitable decreasing-weight schedule retains the O(K−1/2) stationarity rate for the original
expected cost.

3. We construct a finite-sample upper confidence bound on the selected policy’s optimality
gap from held-out trajectories. At a fixed smoothness level, the sample-size exponent for
estimating the required conditional means depends on the dimension of the features used to
predict uncertainty, not on the number of state and decision variables. With fresh data at
each checkpoint, the bounds are anytime-valid and can guide when to stop training.

2 Related Work

Parameterized policies and feasible learning. Reusable policies for MSPs have been
optimized over several policy classes. Ghadimi et al. (2019) tune right-hand-side parameters of
a deterministic lookahead policy evaluated in a stochastic base model, propagating parameter
sensitivities through the endogenous state and the state-dependent right-hand side of the looka-
head linear program. They study both gradient-based stochastic approximation and smoothed
search based only on function values, with a finite-time stationarity bound for the smoothed ob-
jective. Bertsimas and Villalobos Carballo (2023) learn decision rules from side information and
exogenous histories in a reproducing-kernel Hilbert space (RKHS). Their functional stochastic
gradient method gives asymptotic optimality under convexity and approximation assumptions.
Defourny et al. (2013) instead fit nonlinear policies to scenario-tree decisions. They restore
feasibility at deployment through state-dependent optimization and select policies out of sample.
We optimize the simulated cost of projected policies directly and give a finite-sample bound on
their optimality gap relative to the unrestricted MSP optimum.

Guigues and Henrion (2017) also enforce feasibility on each realized path, projecting decision
rules parameterized by exogenous histories onto hard constraints. Their projection sets can
depend recursively on earlier projected decisions. In their principal tractable specification, the
proposals are linear in exogenous history under Gaussian or truncated-Gaussian models. For
each fixed parameter, our state-feedback policy likewise defines a rule based on the observed
history. We study how sensitivities grow along the resulting trajectory and quantify the error
from omitting the derivative of the constraint bounds.
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Differentiable constrained policies and pathwise gradients. Implicit differentiation
through optimization layers is established (Amos and Kolter, 2017; Agrawal et al., 2019).
Constraint-enforcing layers have also been used in control and energy policies (Pham et al., 2018;
Chen et al., 2021). PROF adds the squared distance between the proposal and its projection to
the cost objective, motivating the regularizer through one-step gradient calculations. We analyze
this regularizer when decisions change later recourse sets and policy parameters are shared across
stages or histories. We also study convergence to stationarity of the original MSP objective as the
regularization weight decreases. Static projective-penalty methods establish analogous exactness
and stationarity properties for constrained optimization (Galvan et al., 2021; Norkin, 2024). Our
geometric result extends this perspective to sequential recourse. Safe and action-constrained
reinforcement learning also studies projection corrections and projection-induced loss of gradient
information (Gros et al., 2020; Lin et al., 2021; Markgraf et al., 2026).

Differentiable simulators propagate derivatives through known dynamics and show how
sensitivities can grow or decay over long horizons (Suh et al., 2022; Zhang et al., 2023). In
inventory control, Madeka et al. (2022) and Alvo et al. (2025) learn policies by differentiating
simulated costs. Alvo et al. also use feasibility layers tailored to inventory-allocation constraints.
Related multistage sensitivity analyses differentiate optimized value functions or model data
(Terça and Wozabal, 2021; Guigues et al., 2023).

While completing our experiments, we became aware of the concurrent work of Helm et al.
(2026), who differentiate through projections for inventory policies and recover integer decisions.
Their Lemma 1 gives the target and right-hand-side Jacobians of a weighted projection under a
locally fixed, linearly independent set of binding constraints, and their Corollary 1 shows that
the projection is nonexpansive in its target in the projection’s weighted norm. Our Proposition 1
gives both Jacobians at differentiability points using the full active set, including dependent rows
and the paired inequalities that represent balance equalities. Their integer recovery requires
that componentwise reductions of a feasible decision remain feasible, which nonnegative resource
coefficients ensure, whereas continuous projection needs no such condition. Beyond the local
Jacobians, we bound how sensitivities and omitted-derivative errors propagate across stages. Our
learning results complement global policy-gradient guarantees obtained under problem-specific
landscape conditions for other finite-horizon objectives (Bhandari and Russo, 2024; Chen et al.,
2026).
Information relaxation and policy assessment. Pathwise dual formulations originate
with Rogers (2007) and Brown et al. (2010), while Balseiro and Brown (2019) develop heuristic
performance bounds from approximate value functions. For estimating these bounds, particularly
relevant are Zhu et al. (2018), who fit information-relaxation penalties by regression while
preserving the lower-bound property, and Chen et al. (2024), who develop a duality-driven
algorithm with regression Monte Carlo and confidence-interval estimates. Simulation-based
solution-quality assessment also has a long history in stochastic programming (Mak et al., 1999;
Shapiro, 2003; Chiralaksanakul and Morton, 2004).

We build on penalties with conditionally mean-zero increments and evaluate the policy
and relaxation on the same recorded uncertainty path. Balseiro and Brown (2019) already
permit arbitrary policy–penalty pairing. Here, the policy and continuation approximation
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may be chosen separately using only training data. Certification requires neither a known
transition distribution nor an exact conditional simulator. Instead, conditional-mean bands
control estimation error uniformly over the state, decision, and history combinations considered by
the perfect-information optimizer, which we call its queries. For independent binary uncertainty,
we instead correct the policy–benchmark gap directly, allowing shared estimation errors to cancel.
Both constructions also account for inner-solve and evaluation errors. Our tightness analysis
also shows why the penalty’s form matters. In a smooth convex example, centering the realized
cost is necessary for tightness even with an exact continuation value. Conversely, an inexact
continuation approximation can still give an exact bound when its centered error is dominated
by each alternative decision’s one-step Bellman suboptimality.
Uniform estimation of conditional means. For nonparametric estimation of a function of a
d-dimensional feature with Hölder smoothness s, the best possible worst-case uniform-error rate
is (logN/N)s/(2s+d), where N is the sample size (Stone, 1982). Jiang (2019) gives finite-sample
uniform rates for local estimators, while Low (1997); Chernozhukov et al. (2014) study uniform
confidence bands and limits of adaptation across smoothness classes. In our construction, the
regularity bounds and estimation settings are fixed before using the calibration sample.

Within control, Glanzer et al. (2025) provide a particularly close band-based result. Their
Corollary 3.2 constructs a nonasymptotic uniform RKHS band for a regression function, and
their Theorem 4.1 propagates one-sided bands through a backward recursion to obtain confidence
bounds on the optimal value of a finite-horizon problem with binary stop–continue decisions. We
instead control the conditional mean uniformly over both a summary of the observed history and
the queries of a multistage information relaxation with vector-valued decisions and hard recourse.
The summary must retain the information needed to predict the next uncertainty realization.
Reusing recorded uncertainty realizations avoids requiring the historical data-collection policy to
cover the state–decision space. The covering number of the query domain enters the estimation
bound logarithmically. On its coverage event, the resulting one-sided band defines a penalty
that preserves the information-relaxation lower bound, which we use to certify the optimality
gap of any feasible policy selected from training data.
Data-driven multistage optimization and overlap. Recent multistage methods construct
policies from sample paths through robust data-driven models, estimated Markov transitions, or
RKHS decision rules (Bertsimas et al., 2023; Park et al., 2022; Bertsimas and Villalobos Carballo,
2023). For data-driven solution-quality assessment, the closest work is Yan and Lam (2024),
who introduce a multisample version of sample average approximation (SAA) and a multisample
single-replication procedure. Under stagewise independence and a parameterized policy class,
they establish consistency and asymptotically valid coverage for the gap between a candidate
and the best policy in that class.

Our certificate permits dependence across stages through this history summary and gives
finite-sample coverage relative to the unrestricted MSP optimum. It uses the observed exogenous
uncertainty and the known model functions, together with certified regularity bounds and
certified lower bounds for the perfect-information inner problems.

In offline reinforcement learning, outcomes are observed under a behavior policy, so evaluating
another policy typically requires overlap: the relevant histories and action neighborhoods must
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be adequately represented under the data-collection distribution (Kallus and Uehara, 2020).
Smoothness may still bound the range of possible values when overlap fails (Khan et al., 2024).
Our boundary result applies the same observational-equivalence argument to an MSP optimality
gap: the selected policy’s cost may be identifiable while the optimal MSP value depends on
a decision not represented in the observed data. Observed exogenous uncertainty and known
model functions avoid this limitation by allowing each recorded realization to be reevaluated at
every state–decision query. When the uncertainty is not directly observed, the model functions
are unknown, or decisions affect the successor distribution, overlap or extrapolation is again
needed.

3 Problem Setup and Method Overview

An MSP seeks sequential decisions that minimize expected total cost over T stages while
satisfying the constraints of every stage. At stage t, we choose a decision xt using the current
state st and the uncertainty ξ1, . . . , ξt observed so far. The state st depends on earlier decisions,
whereas the distribution of the exogenous uncertainty is unaffected by them.

Let ht = (ξ1, . . . , ξt) be the history observed by the beginning of stage t. After xt is chosen,
ξt+1 is revealed and the stage cost ct(st, xt, ξt+1) is incurred. The dynamics of the endogenous
state st and the constraints on the decision xt are known. Starting from s1 = s0

1(ξ1), the state
evolves as

st+1 = ft(st, xt, ξt+1). (1)

To express the constraints, let zt = φt(ht) ∈ Rdt be a fixed summary of the observed history;
taking zt = ht retains the full history. We require the decision xt to satisfy the following linear
constraints:

xt ∈ Xt(st, zt), Xt(s, z) = {x : Atx ≤ bt(z) +Bts}. (2)

Here, Bts captures moving recourse: earlier decisions change the endogenous state via (1), which
affects the feasible set (2) at later stages. The maps ct, ft, bt and fixed matrices At, Bt are known.
Costs and dynamics may be nonconvex. We assume relatively complete recourse: for almost
every history, the feasible set is nonempty at every state reachable by a feasible decision (Shapiro,
2011).

A policy π = (π1, . . . , πT ) is a sequence of maps πt : (st, ht) ↦→ xt ∈ Xt(st, zt); it is
nonanticipative, i.e., xt uses the observation (st, ht) available up to stage t. Let Π be the class of
such policies with integrable total cost. The MSP minimizes the expected total cost over Π:

V ⋆ = inf
π∈Π

J(π), J(π) = E
[︄

T∑︂
t=1

ct(sπ
t , x

π
t , ξt+1)

]︄
. (3)

Here, the superscript π denotes the states and decisions generated by policy π. We assume V ⋆

is finite.
Rather than optimize over all policies in Π, we restrict to policies πθ parameterized by

θ ∈ Θ ⊆ Rdθ . At stage t, a proposal map µθ,t outputs a candidate decision ut, the proposal,
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which is projected onto the current feasible set:

ut = µθ,t(st, zt), xt = P̄t(ut, st; zt) := arg min
x∈Xt(st,zt)

1
2∥x− ut∥2. (4)

Thus πθ,t(st, ht) = P̄t(µθ,t(st, zt), st; zt), and we call πθ the deployed policy. The initial-state
map s0

1 and history summary φt do not depend on θ. Under relatively complete recourse, exact
projection gives feasible, nonanticipative decisions at every training iterate (Proposition A.1).
Training seeks to reduce their expected cost.

The data consist of independent, identically distributed sample paths ξ = (ξ1, . . . , ξT +1)
from an unknown distribution. Observations within each sample path may be dependent across
stages. For ξ and a decision sequence x = (x1, . . . , xT ), let C(x, ξ) = ∑︁

t ct(st, xt, ξt+1) denote
its realized cost, with st given by (1). For πθ, we abbreviate xπθ as xθ and let C(θ, ξ) = C(xθ, ξ)
and J(θ) = J(πθ). Because uncertainty is exogenous and the costs and dynamics are known, we
can replay the same sample path under different policies, recomputing their states, decisions,
and costs C(θ, ξ).

To separate policy assessment from training, we split the sample paths into three independent
sets: Dfit for training and selecting the policy (Section 4), Dcal for calibration, and Dev for
evaluation (Section 5). The full model and technical conventions are given in Appendices A.1–A.2.

4 Feasible Policy Optimization

Our method, FeasPG, replays sample paths under πθ and differentiates the cost C(θ, ξ) through
the proposals, projections, and state transitions. Because of moving recourse, an early decision
changes both later proposals and their feasible sets.

4.1 Training by simulation and differentiation

The expected cost J(θ) is what we want to minimize. However, projection can leave that cost
unchanged as an infeasible proposal moves, giving no cost-gradient signal in that direction. To
move proposals toward their projected decisions, we add the regularization term

dpd(θ, ξ) = 1
2

T∑︂
t=1
∥ut − xt∥2. (5)

Let Dpd(θ) = E[dpd(θ, ξ)]. Then, the regularized training objective is Hλ = J + λDpd, where
setting λ = 0 reduces to optimizing J in (3). On a sample path, let ˆ︁gPW = ∇θC denote the
pathwise gradient and ˆ︁gλ = ∇θ(C + λdpd) the regularized gradient, where these derivatives
exist. Algorithm 1 computes them by backpropagating through the policy trajectory on the
fixed sample path.

The displayed updates use stochastic gradient descent (SGD) with fresh minibatches. In the
policy-comparison experiments, we use Adam on reused training pools and select the checkpoint
with the lowest mean cost on separate validation paths within Dfit (Section 6). The stationarity
result below instead analyzes a randomly selected SGD iterate.
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Algorithm 1: Feasible Pathwise Gradient (FeasPG).
Input. Initial parameters θ0 ∈ Θ, training and selection data Dfit, number of updates K,
batch size Nbat, learning rates ηk keeping the updates in Θ, and proposal-distance weights
λk ≥ 0. Save θ0 as the initial checkpoint. For k = 0, . . . ,K − 1:

1. Sample. Take the next Nbat previously unused full sample paths {ξk,i}Nbat
i=1 from Dfit.

2. Replay each path. For ξ = ξk,i, initialize s1 = s0
1(ξ1) and accumulators Ci = Di = 0.

For t = 1, . . . , T , form zt = φt(ξ1:t) and compute

ut = µθk,t(st, zt), xt = P̄t(ut, st; zt),
Ci ← Ci + ct(st, xt, ξt+1), Di ← Di + 1

2∥ut − xt∥2,
st+1 = ft(st, xt, ξt+1).

Solve the projection in (4) exactly. At the end of the path, Ci = C(θk, ξ
k,i) and

Di = dpd(θk, ξ
k,i).

3. Differentiate. For each path, backpropagate through its replay to obtain

ˆ︁gλk
(θk; ξk,i) = ∇θ

[︂
C(θ, ξk,i) + λkdpd(θ, ξk,i)

]︂⃓⃓⃓
θ=θk

.

Differentiate through proposals, projection solves, and state transitions, including the
state’s effect on both later proposals and constraint bounds. At differentiability points,
use the projection Jacobians in (7); the complete gradient is (9).

4. Update and save. Average the path gradients and take an SGD step:

Gk = 1
Nbat

Nbat∑︂
i=1

ˆ︁gλk
(θk; ξk,i), θk+1 = θk − ηkGk. (6)

Save the resulting parameters as a checkpoint.

Output. Select a checkpoint ˆ︁θ using only Dfit, including any internal validation split, and
return the feasible policy ˆ︁π = πˆ︁θ.

The fresh-minibatch version processes KNbat distinct full sample paths and solves KNbatT

projections. Reverse-mode differentiation computes the gradient without forming the full state
and decision sensitivity matrices. Every saved checkpoint remains feasible; the regularization
weights affect the training objective, while checkpoint selection and certification assess the
original operating cost.

4.2 The pathwise gradient

Changing the parameters affects a projected decision in two ways: it moves the proposal, and
it changes the state that determines the feasible set. We first differentiate the projection with
respect to these two inputs, then propagate their effects through the state recursion. Below, D
denotes a Jacobian and ∇ the gradient of a scalar function.

Fix a stage and a history summary z, and suppress the stage index. Write A ∈ Rk×m. At
x = P̄ (u, s; z), the active set I := {i : (Ax)i = bi(z) + (Bs)i} collects the constraints that hold
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with equality. Let AI and BI denote the submatrices formed by these active rows.

Proposition 1 (Projection Jacobian). For fixed z, the feasible state domain Dz := {s : ∃x, Ax ≤
b(z) +Bs} is a polyhedron, and P̄ (·, ·; z) is continuous and piecewise affine on Rm × Dz. It is
locally Lipschitz and differentiable almost everywhere on the interior of that domain. At any
differentiability point (u, s) with s ∈ int Dz, its Jacobians are

DuP̄ = Im −A+
I AI , DsP̄ = A+

I BI , (7)

where A+
I is the Moore–Penrose pseudoinverse. In particular, DuP̄ is the orthogonal projector

onto kerAI , so ∥DuP̄∥ ≤ 1. For an empty active set, the formulas mean DuP̄ = Im and
DsP̄ = 0.

The interior condition means that nearby states also admit feasible decisions, but it does
not require the decision set itself to have an interior, so balance equalities are allowed. At such
a differentiability point, the first Jacobian retains proposal changes that preserve the active
equalities, while the second describes how the decision responds to changes in the state-dependent
bounds. Only active rows enter these formulas, and the pseudoinverse accommodates linear
dependence among them. Working directly with P̄ also respects the linked changes in the
bounds: a derivative with respect to independently varying every component of b(z) +Bs may
fail to exist even when the derivative with respect to s exists.

The piecewise-affine structure is standard for strictly convex parametric quadratic programs
(Tøndel et al., 2003). Appendix B.3 proves the formula and illustrates the distinction between
dependent active rows and genuine corners of the projection map. Because a pseudoinverse
does not remove these corners, the trajectory recursion requires differentiability at the sampled
inputs, not merely almost-everywhere differentiability over all possible inputs.

The state, decision, and proposal sensitivities record how these quantities change with θ. Let
St = Dθst, Xt = Dθxt, and Ut = Dθut = Dθµθ,t +Dsµθ,tSt, where Dθµθ,t holds the state fixed.
Since the initial state does not depend on θ, S1 = 0. The sensitivities then satisfy

Xt = DuP̄tUt + DsP̄tSt⏞ ⏟⏟ ⏞
moving recourse

, St+1 = DsftSt +DxftXt. (8)

These sensitivities give the regularized gradient

ˆ︁gλ =
T∑︂

t=1

[︂
S⊤

t ∇sct +X⊤
t ∇xct + λ(Ut −Xt)⊤(ut − xt)

]︂
. (9)

Setting λ = 0 gives the pathwise gradient of the operating cost, ˆ︁gPW = ˆ︁g0. These formulas
require differentiable proposal, transition, and cost maps along the policy trajectory. Algorithm 1
evaluates the same derivative by reverse-mode differentiation, without forming the full sensitivity
matrices. The moving-recourse term DsP̄tSt in (8) is the derivative of the projection through
Bts in (2). Omitting this term treats the constraint bounds as constant during differentiation,
while leaving the forward states, decisions, and costs unchanged. The resulting gradient error
does not generally average out over larger batches; Corollary B.1 bounds how it propagates
across stages.
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To use these sampled derivatives for training, we need their expectation to equal the gradient
of the expected objective. Two conditions justify this step. First, the sampled loss must be
differentiable at the parameter being evaluated. Second, its local variation must be integrable so
that we can differentiate under the expectation.

Fix λ ≥ 0 and write Cλ(θ, ξ) = C(θ, ξ) + λdpd(θ, ξ). Suppose Cλ(·, ξ) is locally Lipschitz on
an open parameter domain for almost every path, and its set of nondifferentiability pairs (θ, ξ) is
jointly measurable. The required local integrability condition at θ is E|Cλ(θ, ξ)| <∞, together
with the following almost-sure bound on a common deterministic neighborhood of θ:

|Cλ(θ1, ξ)− Cλ(θ2, ξ)| ≤ Λλ(ξ)∥θ1 − θ2∥, E[Λλ(ξ)] <∞. (10)

The bound allows local sensitivity to vary across paths while keeping its expected size finite.

Theorem 1 (Unbiased pathwise gradients). Under the local Lipschitz and measurability condi-
tions above, the sample derivative ˆ︁gλ(θ; ξ) exists almost surely for Lebesgue-almost every fixed θ.
At any such θ satisfying the local integrability condition, Hλ is differentiable and

E[ˆ︁gλ(θ; ξ)] = ∇Hλ(θ). (11)

Setting λ = 0 gives E[ˆ︁gPW] = ∇J . The recursion (9) computes the sample derivative when the
constituent maps are differentiable along the trajectory and the projections satisfy Proposition 1
at the encountered inputs. Different constraints may bind on different paths and at different
parameters. No fixed set of binding constraints is required throughout training. Appendix B.4
proves the expectation identity, while Appendix B.1.2 discusses the additional requirements for
computing it through the recursion.

4.3 How sensitivities accumulate over the horizon

Projection onto a fixed feasible set cannot amplify changes in its proposal. The full trajectory
can nevertheless amplify them: a decision changes the next state, and that state changes both
later proposals and their feasible sets. We quantify this effect using uniform bounds on the
derivatives along the trajectories under consideration:

ft : ∥Dsft∥ ≤ Ls
f , ∥Dxft∥ ≤ Lx

f , µθ,t : ∥Dsµθ,t∥ ≤ Ls
µ, ∥Dθµθ,t∥ ≤ Lθ

µ

√︁
dθ,

P̄t : ∥DuP̄t∥ ≤ 1, ∥DsP̄t∥ ≤ LMR, ct : ∥∇sct∥ ≤ Ls
c, ∥∇xct∥ ≤ Lx

c .
(12)

Here dθ is the number of policy parameters. The constants bound the responses of the dynamics,
proposal, projection, and cost to their inputs. In particular, LMR measures how strongly the
moving constraint bounds affect the projected decision. Combining the two recursions in (8)
gives

∥St+1∥ ≤ ρ∥St∥+ Lx
fL

θ
µ

√︁
dθ, S1 = 0,

where
ρ = Ls

f + Lx
f (Ls

µ + LMR) (13)
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In the sensitivity recursion, ρ∥St∥ propagates sensitivity inherited from earlier stages, while
Lx

fL
θ
µ

√
dθ adds the current proposal’s direct parameter effect.

Theorem 2 (Horizon-dependent bound on the gradient norm). Suppose the proposal, transition,
and cost maps are differentiable and the state-dependent projection maps P̄t(·, ·; zt) are differ-
entiable at the encountered (ut, st) in open feasible neighborhoods as in Proposition 1, with the
uniform bounds in (12). Then ∥ˆ︁gPW∥ ≤ ΓT , where ΓT is given in (B.7). If these conditions hold
almost surely, then E∥ˆ︁gPW∥2 ≤ Γ2

T . Holding all constants in (12) fixed as T varies,

Γ2
T =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
O(dθT

2), 0 ≤ ρ < 1,

O(dθT
4), ρ = 1,

O(dθρ
2T ), ρ > 1.

(14)

When ρ < 1, the effect of an earlier state perturbation decays at later stages. The total cost
gradient can still grow because new parameter effects enter at every stage and the objective
sums all stage costs. At ρ = 1, inherited effects accumulate. When ρ > 1, the bound allows
exponential amplification. These are worst-case bounds, not predictions of the gradient on a
typical path. Projection alone does not determine which regime applies.

For the regularized gradient, a uniform bound on proposal distances also gives ∥ˆ︁gλ∥ ≤
ΓT + λ∆T , where ∆T bounds the gradient of the proposal-distance term (Corollary B.6). Thus
the horizon affects the size and second moment of the training gradient for both zero and positive
weights.
What happens if moving recourse is omitted? Keep the forward trajectory fixed and delete
DsP̄tSt from the backward calculation at every stage. Denote the resulting state sensitivities
by ˜︁St and the cost-gradient estimate by ˆ︁gnoMR. All Jacobians are still evaluated at the original
states and decisions. Writing et = ∥St − ˜︁St∥ and ρ0 = Ls

f + Lx
fL

s
µ, the proof of Corollary B.1

gives
e1 = 0, et+1 ≤ ρ0et + Lx

fLMR∥St∥,

∥ˆ︁gPW − ˆ︁gnoMR∥ ≤
T∑︂

t=1

[︂
(Ls

c + Lx
cL

s
µ)et + Lx

cLMR∥St∥
]︂
.

(15)

The error therefore has two sources: the effect omitted at the current stage and the errors
already passed through earlier states. Substituting the state-sensitivity bound gives the explicit
horizon-dependent bound in Corollary B.1. This error need not be nonzero on every path, but it
is not sampling noise and need not disappear with larger minibatches. Correct forward costs
alone are therefore not enough to verify the gradient.

4.4 What proposal-distance regularization guarantees

Consider first a single decision constrained to [0, 1], with cost (x− 1)2. Every proposal u < 0
projects to x = 0, so the operating cost is the suboptimal constant 1 and its proposal gradient is
zero. With a positive proposal-distance weight, the training objective in this region becomes
1 + λu2/2. Its gradient is λu, so a negative-gradient step moves the proposal toward the feasible
set even though the cost gradient provides no direction. This explains the regularizer’s role: it
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acts on excess proposal distance before the deployed decision necessarily changes. It does not
by itself guarantee a cost improvement or escape from the flat region in finitely many steps.
Proposition B.1 gives the corresponding result for general polyhedral feasible sets.
The multistage property. The same idea survives moving recourse. First regard the
proposals as freely chosen nonanticipative processes, without requiring a particular network to
represent them. On a fixed sample path, let u = (u1, . . . , uT ) generate the projected decisions
x = (x1, . . . , xT ) through the state recursion.

Proposition 2 (Moving proposals without changing decisions). Whenever the sequential projec-
tions are well defined, replacing each proposal by

u
(α)
t = xt + α(ut − xt), α ≥ 0,

leaves every projected decision equal to xt. Consequently, the operating cost is unchanged and

1
2

T∑︂
t=1
∥u(α)

t − xt∥2 = α2

2

T∑︂
t=1
∥ut − xt∥2.

Here α = 1 gives the original proposals and α = 0 uses the feasible decisions themselves as
proposals. Projection leaves the first decision unchanged along this movement. Its unchanged
decision preserves the next state and feasible set, and the same argument applies at every later
stage. For λ > 0, any 0 ≤ α < 1 strictly reduces the sampled training objective when proposal
distance is positive, without changing the current policy’s decisions.

Appendix B.11.1 proves the proposition and extends it to expected objectives. When
proposals and decisions have finite second moments and the total cost is integrable, adding the
regularizer preserves the best value over these unrestricted feasible policies: any such policy
can use its own decisions as proposals and incur zero penalty. This best value is V ⋆ whenever
the second-moment restriction does not change the MSP optimum, for example when feasible
decisions are uniformly bounded.
From proposal movements to parameter updates. Algorithm 1 updates θ, not each
proposal separately. The same parameters generate proposals at many states and histories,
so one update must change them together. To realize the movement above to first order, one
parameter direction e must be feasible for sufficiently small positive steps and satisfy

u′
θ(e) = xθ − uθ,

where uθ and xθ are the full proposal and decision processes and the derivative is taken in mean
square along complete trajectories. This is the precise inward movement in Corollary B.5. The
closed-loop derivative includes the effect of earlier decisions on later proposal inputs, not only
the proposal network’s direct parameter derivative. Under this condition and the regularity
assumptions of Corollary B.5, the parameter direction decreases Hλ strictly whenever the
expected proposal distance is positive, while leaving operating cost unchanged to first order.

This condition is not automatic for a parameterized policy. Proposals at two histories may
need opposite movements that a shared parameter cannot produce. A fixed regularization weight
may therefore favor smaller proposal distances over lower operating cost within the represented
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class. This motivates the decreasing-weight schedule analyzed below.
Stationarity with decreasing regularization. We now ask how quickly the updates approach
stationarity of J , rather than the regularized objective. Consider Algorithm 1’s SGD updates
from a deterministic θ0. Assume J ≥ Jinf > −∞ and that its gradient is LJ -Lipschitz on an
open convex domain containing the iterates. This smoothness condition bounds the cost change
after an update.

Write Ek for expectation given the training information before update k, excluding its fresh
minibatch. To control the effect of regularization and sampling noise, assume that, for finite
constants GD, σ ≥ 0,

EkGk = ∇J(θk) + bk, ∥bk∥ ≤ λkGD, Ek∥Gk − EkGk∥2 ≤
σ2

Nbat
almost surely. (16)

For conditionally unbiased pathwise derivatives, bk = λk∇Dpd(θk) when λk > 0, and bk = 0
otherwise. Thus the middle bound requires an auxiliary gradient only where regularization is
used. The last bound controls the variance of the minibatch average. These are the usual smooth
nonconvex SGD conditions, with the regularization term treated as a controlled perturbation
(Ghadimi and Lan, 2013).

Corollary 1 (Stationarity with decreasing regularization). Under these conditions, fix K ≥ 1
and choose ηk = c/

√
K and λk = λ0(k + 1)−1/4, where 0 < c ≤ 1/LJ and λ0 ≥ 0. Let k̂ be

uniform on {0, . . . ,K − 1}, independently of training. With ∆0 = J(θ0)− Jinf ,

E∥∇J(θk̂)∥2 ≤ 2∆0/c+ 2G2
Dλ

2
0 + LJσ

2c/Nbat√
K

. (17)

The regularizer can therefore remain active without changing the stationarity target or
the O(K−1/2) rate order. The bound includes λ0 = 0 and concerns the original cost J at a
randomly selected iterate. Appendix B.7.1 derives it from a general schedule bound. Algorithm 2
separately certifies the checkpoint selected for deployment.

5 Certifying the selected policy

Evaluating the feasible policy ˆ︁π selected by Algorithm 1 estimates its expected cost, but does
not reveal how far it is from optimal. We construct an upper confidence bound on J(ˆ︁π)− V ⋆

by comparing the policy with a penalized perfect-information benchmark and correcting for
estimation error. The policy is fixed using Dfit, with independent data Dcal and Dev used
for calibration and evaluation, respectively. The certificate does not require training to have
converged.

5.1 A lower benchmark from perfect information

Suppose an optimizer could observe the entire sample path ξ before choosing its decisions, while
still obeying the constraints (2) and dynamics (1). Let XPI(ξ) be the set of all feasible decision
sequences x given ξ. The expected optimal value of this perfect-information problem is a lower
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bound on V ⋆, but its information advantage can make the bound loose. We seek a tighter
benchmark by adding a penalty whose expected value is zero for every policy π ∈ Π.

The penalty compares current cost plus approximate remaining cost with its conditional mean.
Fix the selected feasible policy ˆ︁π, continuation functions v2:T +1 (vT +1 = 0), and certification
design using Dfit. Here vt(s, h) approximates the optimal expected cost remaining from stage t,
given state s and history h. Its accuracy affects certificate tightness, not validity, so even v ≡ 0
is allowed. For a single certification run, probabilities and expectations below condition on all
training and selection information, including the randomness used. We denote this information
by Gfit. For every state–decision–history query a = (s, x, h) available to the perfect-information
optimizer and possible next observation w, define the stagewise response

Ht(a,w) = ct(s, x, w)⏞ ⏟⏟ ⏞
current cost

+ vt+1(ft(s, x, w), h⊕ w)⏞ ⏟⏟ ⏞
approximate remaining cost

, (18)

where h ⊕ w appends the next observation to the history. For certification, we assume that
the conditional distribution of ξt+1 given ht depends only on zt, as in (A.1). For a fixed query
a, its conditional mean is Qt(a, z) =

∫︁
Ht(a,w)Kt(dw | z), where Kt(· | z) is the unknown

conditional distribution of the next observation given history summary z. For a decision sequence
x ∈ XPI(ξ), let at = (st, xt, ht) denote its query at stage t, with st given by (1). The penalty
adds the difference between this conditional mean and the realized response at each stage. The
penalized benchmark is

Yv(ξ) = inf
x∈X PI(ξ)

{︄
C(x, ξ) +

∑︂
t

[Qt(at, zt)−Ht(at, ξt+1)]
}︄
. (19)

Every implementable policy is feasible for this perfect-information problem. Such a policy
chooses its query before the next observation, and Qt is the corresponding conditional mean
response. Its penalty therefore has expectation zero, so EYv ≤ J(π) for every π ∈ Π, and taking
the infimum gives EYv ≤ V ⋆ (Brown et al., 2010). With exact optimal continuation values v = V ,
Proposition D.2 gives EYV = V ⋆ under the Bellman conditions in Appendix A.2. Including
the current-stage cost ct in the penalty can be essential for a tight bound: correcting only the
continuation value can leave the benchmark arbitrarily loose, even when that continuation value
is exact (Proposition D.1). When Qt is estimated from data, however, the resulting penalty
need not have mean zero, even if the estimate is fitted independently. The next subsection uses
a uniform error band to preserve the lower bound with high confidence.

5.2 Learning the correction from sample paths

The benchmark in (19) requires the unknown conditional mean Qt(a, z). We estimate it from
Dcal and bound the estimation error uniformly over a set At containing all queries reachable
under perfect information. Uniformity is essential: the optimizer can choose decisions, and hence
the states they reach, after seeing the entire path. An error bound only at queries visited by the
selected policy would not suffice.

To estimate Qt(a, z), group the calibration observations by their history summaries zt. Before
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calibration, partition the domain of zt into finitely many cells. Let Ncal = |Dcal|, and let Nt,B

count the observations whose stage-t history summary lies in cell B. For a requested z ∈ B with
Nt,B > 0, average the responses at the requested query a:

ˆ︁Qt(a, z) = 1
Nt,B

∑︂
i:zi

t∈B

Ht(a, ξi
t+1). (20)

Each summand uses the same query a but a different recorded observation ξi
t+1. With the model

and fitted continuation function fixed, we can evaluate these responses without observing the
queried state or decision in the calibration data. An empty cell uses the midpoint of a certified
response range and retains a valid, possibly wide bound.
The assumptions behind the error radius. We need to control both sampling error within
a cell and the error from using that cell at a requested history summary and query. The
construction uses the following bounds, fixed using the training information before calibration:

• A certified response range Ht(a,w) ∈ [ℓHt , uH
t ], of width Wt = uH

t − ℓHt . This controls
sampling error. It must hold simultaneously for every query a ∈ At, almost surely in the next
uncertainty realization.

• A bound |Ht(a,w)−Ht(a′, w)| ≤ La,tdA,t(a, a′), under the same simultaneous convention. It
controls variation between nearby queries. For vector-valued queries, the distance dA,t(a, a′)
may simply be ∥a− a′∥.

• A bound |Qt(a, z)−Qt(a, z′)| ≤ Lz,t∥z − z′∥τt for all queries and history summaries in the
support, where τt ∈ (0, 1]. It controls the bias from pooling nearby history summaries. The
case τt = 1 is Lipschitz continuity.

The history-summary domain is known and compact. The query domain admits finite covers:
for each resolution ϵ > 0, we can choose a finite set At,ϵ with a point within distance ϵ of every
query. These conditions concern the fixed response map and its conditional mean, not the
accuracy of the continuation approximation. Assumption C.1 records the complete domain and
measurability conditions.

Let Pt,h denote the partition whose cells have diameter at most h. Both the partition and the
query cover are fixed before calibration. Count the combinations of stage, cell, and representative
query by

R(h, ϵ) =
T∑︂

t=1
|Pt,h| |At,ϵ|, Λ = log

(︃2R(h, ϵ)
δ

)︃
.

Fix δ ∈ (0, 1) as the calibration failure probability. For z ∈ B, use

βt(z) =

⎧⎪⎪⎨⎪⎪⎩
min

{︄
Wt, Lz,th

τt + 2La,tϵ+Wt

√︄
Λ

2Nt,B

}︄
, Nt,B > 0,

Wt/2, Nt,B = 0.
(21)

For a nonempty cell, the three summands bound the pooling bias, variation between queries,
and sampling error, respectively. The query term has a factor of two because both the empirical
and true means vary between a representative query and the requested query. The cap Wt is
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valid because both means lie in the response range. An empty cell retains the midpoint estimate
and half-range radius. Only the number of representative queries enters the formula, so they
need not be enumerated when a certified bound on their number is available.

Theorem 3 (Uniform calibration). Under the sample-path model and Assumption C.1, the
radius in (21) satisfies, with conditional probability at least 1− δ given Gfit,

| ˆ︁Qt(a, z)−Qt(a, z)| ≤ βt(z) (22)

simultaneously for every stage t, query a ∈ At, and history summary z ∈ supp(zt).

The band remains valid at a query chosen after observing the entire evaluation path.
Appendix C.2 gives the proof.
Rate of the calibration radius. Under the conditions of Corollary C.1, suitable resolutions
yield βt(z) = O((logNcal/Ncal)τ/(2τ+dz)) uniformly in t, z, with high probability at fixed con-
fidence levels. Here dz = maxt dt is the largest history-summary dimension and τ ∈ (0, 1] is
the smallest stagewise Hölder exponent of the conditional mean in z. For fixed continuation
functions, query complexity enters through a logarithmic covering-number term, rather than the
rate exponent. Theorem C.1 gives a matching exponent for uniform one-sided corrections.

The distinction follows from how the observations are used. We group observations only by
zt, then replay every observation in a cell at any requested state and decision. We therefore
do not need observations near each state–decision pair. The separate query cover extends the
sampling bound across queries, but does not divide the data into additional cells. Estimating
how the uncertainty distribution varies with zt remains a nonparametric regression problem,
which explains the dimension dz in the exponent.

Finite-sample coverage allows empty or sparsely populated cells. The shrinking-width rate
additionally requires the cell-probability lower bounds and polynomial growth of the partitions
and covers in Corollary C.1. Its failure probability for small cell counts is separate from δ and
must be included when combining coverage and rate statements. The rate concerns Qt for the
fixed continuation approximation; it is not a rate for learning that approximation itself.

5.3 Computing the certificate

We compare the policy ˆ︁π with a penalized perfect-information benchmark on each evaluation
path, then correct for calibration and sampling errors.
Constructing a corrected gap. First set Q−

t = ˆ︁Qt − βt and replace Qt by Q−
t in (19). Let

M−(x, ξ) = ∑︁
t[Q−

t (at, zt)−Ht(at, ξt+1)] denote the resulting penalty and Y −(ξ) the resulting
inner optimum. On the uniform calibration event, 0 ≤ Qt −Q−

t ≤ 2βt. The replacement can
therefore only lower the benchmark, preserving EY − ≤ V ⋆ for each fixed calibration dataset on
this event, with expectation over a fresh path.

For each evaluation path, compute a certified global lower bound Y −(ξ) ≤ Y −(ξ) and
evaluate the same penalized objective at the policy’s decisions. Their difference is nonnegative
because those decisions are feasible for the perfect-information problem. However, replacing Qt

by Q−
t also lowers the policy’s penalty. We add 2∑︁t βt(zt) to cover this possible downward bias,
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giving
Gband(ξ) = Cˆ︁π(ξ) +M−,ˆ︁π(ξ)⏞ ⏟⏟ ⏞

penalized policy cost

− Y −(ξ)⏞ ⏟⏟ ⏞
inner lower bound

+ 2
∑︂

t

βt(zt)⏞ ⏟⏟ ⏞
calibration correction

. (23)

Here Cˆ︁π and M−,ˆ︁π are evaluated along the selected policy on the same path as the inner
problem. Conditional on the training and calibration information, on the uniform calibration
event, EGband ≥ J(ˆ︁π)− V ⋆, where expectation also includes any independent solver randomness.
Thus the mean corrected gap bounds the optimality gap, although an individual pathwise
gap need not do so. The inner computation must supply a lower bound, for example from a
dual-feasible LP solution. A feasible inner decision sequence supplies an upper bound and cannot
serve this purpose.
From pathwise gaps to a confidence bound. Averaging corrected gaps estimates their
expectation but does not automatically upper-bound it. Algorithm 2 therefore adds a concen-
tration margin, using empirical Bernstein (Maurer and Pontil, 2009) or Hoeffding according to
a rule fixed before calibration. Here G denotes Gband or the paired binary refinement below.
Both constructions satisfy the same requirement: with high probability over calibration, their
conditional mean is at least the policy’s optimality gap.

To state this requirement precisely, let Gcal = σ(Gfit,Dcal) collect the training and calibration
information. The construction must supply a measurable statistic G, defined for every fresh
path and any solver seed, and a calibration event Ecal ∈ Gcal such that

P(Ecal | Gfit) ≥ 1− δ, E[G | Gcal] ≥ J(ˆ︁π)− V ⋆ on Ecal. (24)

The expectation averages over a fresh path and independent solver randomness, with calibration
held fixed. The coverage theorem below applies to any statistic satisfying this requirement, not
just the two constructions in this paper.

For the n = |Dev| ≥ 2 independent evaluation paths, write

G = 1
n

n∑︂
i=1

Gi, S2
G = 1

n− 1

n∑︂
i=1

(Gi −G)2.

Given certified finite bounds 0 ≤ AG ≤ G ≤ BG with width WG = BG − AG, the margin and
report are

REB(α) =

√︄
2S2

G log(2/α)
n

+ 7WG log(2/α)
3(n− 1) ,

Uα,δ = G+REB(α).
(25)

The sample variance uses the complete corrected gaps, including any path-dependent calibration
correction. The range-construction rule is fixed using Gfit before calibration. Its endpoints may
depend on Gcal but are fixed before evaluation and include the prescribed solver and numerical
errors. On Ecal, the finite range must hold almost surely under the joint conditional law of a
fresh path and its solver seed. The observed sample range cannot replace this bound.
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Alternatively, the Hoeffding margin uses only the certified range:

RH(α) = WG

√︄
log(2/α)

2n . (26)

Write m ∈ {H,EB} for the evaluation rule chosen before calibration. Both rules report Uα,δ =
G+Rm(α); empirical Bernstein also uses the sample variance and can benefit when corrected
gaps vary little relative to their certified range.

For the coverage guarantee, the calibration paths are independent draws from the exogenous
data distribution conditional on Gfit. The evaluation paths are i.i.d. from the same distribution
conditional on Gcal. The same measurable solver and path-statistic rule are used on every path.
Any path-specific solver seeds are i.i.d. and independent of all paths and Gcal. These conditions
make the corrected evaluation gaps conditionally i.i.d., as required by the confidence margin.

All certification choices are fixed using Gfit, including the continuation approximation, query
domains, and choice of evaluation rule. Algorithm 2 implements either preselected rule. A
finite report requires certified inner lower values and successful prescribed numerical and range
checks. Otherwise, the report is +∞ rather than an average over only the successful paths.
Appendix D.2 supplies the range constructions and numerical safeguards.

Theorem 4 (Selected-policy coverage). Under the certification conditions above, either fixed
evaluation rule gives, for any policy ˆ︁π ∈ Π selected using Gfit,

P{J(ˆ︁π)− V ⋆ ≤ Uα,δ | Gfit} ≥ 1− δ − α. (27)

The probability is over calibration, evaluation, and any solver randomness. Because coverage
is conditional on training and selection, it applies to the actual selected checkpoint. For either
construction in this paper, the guarantee requires neither accurate continuation values nor
successful policy optimization. Appendix D.3 gives the proof.
When is the certificate informative? Coverage means that the reported bound is valid
with the stated probability. Tightness asks how close it is to the policy’s true optimality gap.
Corollary D.1 bounds this excess under additional conditions: the optimal continuation values
give an exact information-relaxation benchmark, the fitted values have uniformly bounded error
on all relevant successor states and histories, and the computation succeeds with uniformly
bounded inner-solver and numerical errors.

The resulting bound separates four contributions. Continuation-value error can leave the
lower benchmark loose. Calibration uncertainty makes the correction conservative. Inaccurate
inner lower bounds or numerical rounding can increase the computed gap. Finally, the finite
evaluation sample creates uncertainty in its mean. More evaluation paths reduce only the last
contribution. Improving the continuation approximation or the inner solve may therefore tighten
a certificate even when the policy is unchanged.

The true optimality gap and continuation-approximation errors need not be known to
compute the certificate. The calibration corrections and certified range and numerical bounds
required by Algorithm 2 must still be supplied. With the empirical Bernstein rule, the joint
statement about coverage and width also controls upward evaluation error at a separate failure
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Algorithm 2: Certifying the selected policy.
Input. A feasible policy ˆ︁π, continuation approximation v, history-summary and query
domains, and known model-based bounds, fixed using Dfit only; independent blocks Dcal
and Dev with Ncal ≥ 1 and n = Nev ≥ 2; failure budgets δ, α ∈ (0, 1) with δ + α < 1.

1. Fix the protocol before calibration. Choose the band or independent-binary paired
construction and evaluation rule m ∈ {H,EB}. Fix the range-construction rule, solver
settings, arithmetic-error bounds, and an a priori bound εIP on the difference between
each true inner optimum and its certified lower value, valid for every path.

2. Calibrate. For the band construction, use Dcal to form ( ˆ︁Qt, βt) by (20)–(21), and set
Q−

t = ˆ︁Qt − βt. For separable responses, one may instead use the clipped estimate in
Appendix C.2.2. For independent binary uncertainty, form ˆ︁p, r2, and the correction in
(30). Fix the resulting path-statistic rule G.

3. Fix the range before evaluation. Apply the prescribed range-construction rule,
including the solver and arithmetic-error bounds, to obtain finite 0 ≤ AG ≤ G ≤ BG

and WG = BG −AG. Fix these endpoints before examining Dev.

4. Evaluate every held-out path. For each ξi ∈ Dev, replay ˆ︁π to obtain its cost and
penalty. Compute a certified global lower bound on Y −(ξi) for the band construction,
or on the empirical inner optimum in (29) for the binary construction, using a dual-
feasible LP solution or global branch-and-bound. Verify the error cap εIP and prescribed
numerical and range checks. Form Gi from policy and inner quantities on the same
path, using (23) or (30).

5. Report. Compute the mean of all n corrected gaps and, for empirical Bernstein, their
sample variance:

G = 1
n

n∑︂
i=1

Gi, S2
G = 1

n− 1

n∑︂
i=1

(Gi −G)2.

Return Uα,δ = G+Rm(α) using (25) or (26).

Failure rule. If a required bound cannot be certified or any path fails a prescribed check,
return Uα,δ = +∞. Do not discard failed paths or average only successful ones. Use exact
arithmetic or certified upward rounding for the final report.

probability, as specified in Corollary D.1. The coverage claim above still uses δ+α. Corollary D.2
further separates the true policy loss from the excess caused by certification. Thus a large
certificate alone does not tell us that more policy-gradient updates will improve the policy.
Paired binary refinement used in our experiments. We next construct a corrected
gap Gbin that can yield a tighter certificate than the band construction in (23). The policy
and perfect-information objectives use the same estimated probabilities, so their estimation
errors can partially cancel when we correct their difference directly. The construction takes
the form Gbin = D + κ, where D is the computed policy–benchmark gap and κ corrects for
probability-estimation error. We call this a paired correction because both objectives use the
same path and probability estimates.

Here binary refers to the uncertainty, not the decisions. Write wt = ξt+1 ∈ {0, 1} for the
uncertainty observed after the decision, and suppose these Bernoulli variables are independent
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across stages and of the information observed before each decision, including initial exogenous
information. Let pt = P(wt = 1) be the unknown stagewise probability. The calibration sample
paths give the estimate ˆ︁pt = N−1

cal
∑︁Ncal

j=1 w
j
t . For the fixed responses Ht in (18), the difference

between the two outcomes and the estimated conditional mean are

∆t(a) = Ht(a, 1)−Ht(a, 0), ˆ︁Qt(a) = Ht(a, 0) + ˆ︁pt∆t(a).

Thus calibration estimates one probability per stage. This construction needs neither a history-
summary partition nor a query cover. Instead, fix certified bounds mt ≤ ∆t(a) ≤ Mt over
the entire query domain At. The probability estimates satisfy ∥ˆ︁p− p∥2 ≤ r2 with conditional
probability at least 1− δ given the training information, where

r2 =

√︄
T + 2

√︁
T log(1/δ) + 2 log(1/δ)

4Ncal
. (28)

This radius bounds the combined estimation error across stages (Hsu et al., 2012, Theorem 2.1).
Unlike (23), we use ˆ︁Qt directly in the penalty rather than subtracting a band radius. The

empirical penalized objective and its policy–benchmark gap are

Fˆ︁p(x, ξ) = C(x, ξ) +
∑︂

t

{ ˆ︁Qt(at)−Ht(at, wt)},

D(ξ) = Fˆ︁p(ˆ︁π, ξ)− Y ˆ︁p(ξ), (29)

where Y ˆ︁p is a certified lower bound on infx∈X PI(ξ) Fˆ︁p(x, ξ). Here Fˆ︁p(ˆ︁π, ξ) evaluates that objective
at the selected policy’s decisions, so the policy cost and inner solve use the same estimated
penalty. Write aˆ︁πt = (sˆ︁πt , xˆ︁πt , ht) for the query generated by the selected policy on that path. For
the empirical gap D, the corrected statistic and its path-dependent calibration correction are

Gbin(ξ) = D(ξ)⏞ ⏟⏟ ⏞
computed policy–benchmark gap

+ κ(ξ)⏞⏟⏟⏞
calibration correction

,

κ(ξ) = r2

[︄∑︂
t

max
{︂

∆t(aˆ︁πt )−mt, Mt −∆t(aˆ︁πt )
}︂2
]︄1/2

.

(30)

At each stage, the maximum in κ bounds how much the policy’s response difference can differ from
that of any feasible perfect-information alternative. The correction therefore depends on variation
across queries, not on the absolute size of the responses. If the response difference is constant
across queries at every stage, probability-estimation errors cancel from every policy–alternative
objective difference, and tight bounds then give κ = 0.

With conditional probability at least 1 − δ over calibration, E[Gbin] ≥ J(ˆ︁π) − V ⋆, where
expectation is over a fresh evaluation path and any solver randomness, conditional on the training
and calibration information. Validity is established for the corrected gap as a whole, so the
empirical inner objective need not itself give a lower bound on V ⋆ in expectation. Corollary D.4
gives the proof and shows how a certified bound on D, including prescribed solver and arithmetic
errors, determines the range [AG, BG]. Once this range is fixed, the evaluation step is the same as
for the band construction. The independence assumption is specific to this binary construction
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and does not restrict the general band construction.
Using the certificate to stop training. Choose a target optimality gap ϵ. At each check,
fix the policy, sample sizes, and settings before running Algorithm 2 on fresh calibration and
evaluation paths. Stop if its bound is at most ϵ; otherwise, policy optimization may continue
with Algorithm 1. Preassign failure probabilities across checks with a sum at most the desired
overall failure probability. Corollary D.3 bounds the probability of any incorrect report by this
total, including one that triggers stopping. Complete each prescribed evaluation sample before
deciding whether to stop.

6 Experiments

We compare FeasPG with SDDP and reinforcement learning baselines on three reservoir-
management benchmarks: 1) a nonlinear 12-reservoir, 48-stage synthetic system, 2) ONS with
four aggregate reservoirs, and 3) CAMELS-BR with 12 semi-synthetic reservoirs (Chagas et al.,
2020). The ONS model is fitted to historical inflow and load records, and the CAMELS-BR
model to historical inflow records. All three benchmarks use model-generated test paths; ONS
and CAMELS-BR also use separately reserved historical records. We assess certificate coverage
and tightness in a separate, tractable reservoir model.

For the policy comparisons, we use Adam (Kingma and Ba, 2015) to train on a fixed pool of
Nfit sample paths, reused during training, and select hyperparameters and the checkpoint ˆ︁θ on a
separate validation subset of Dfit; Nfit counts training paths only. For each benchmark, every
method is evaluated on the same 4,096 test paths, and the process is repeated five times. We
first check the gradient calculation and the effect of regularization, then compare policies and
assess the certificates.

6.1 Is the gradient correct, and can the regularizer escape a plateau?

6.1.1 Gradient mechanism

An early release changes later storage, affecting both later proposals and feasible release bounds.
Algorithm 1 differentiates through both effects. We check whether its gradient predicts the
resulting change in cost.

On 32 fixed training paths, we slightly perturb the parameters in a chosen direction and
compare central finite differences with automatic differentiation. We then remove selected
derivative terms while keeping the simulated decisions and costs identical. This isolates errors in
the gradient calculation. Appendix I gives the diagnostic details.

Figure 2(a) shows close agreement only for the complete pathwise cost gradient. At the
prespecified step h = 10−5, its mean normalized error is 2.17×10−7. The error rises to 3.88×10−2

when we ignore how later proposals respond to state changes (“No proposal-state”), and to
5.24× 10−1 when we ignore how feasible bounds change with the state (“No moving-recourse”).

Panel (b) checks the regularized pathwise gradient ˆ︁gλ. Here Cλ(θ, ξ) = C(θ, ξ) + λdpd(θ, ξ)
abbreviates the sample-path loss in Algorithm 1. Treating the projected decision as constant
within dpd gives an error of 0.181, compared with 2.12 × 10−7 for the complete derivative at
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Figure 2: Checking the gradient calculation. (a) Agreement with finite differences for cost C,
averaged over five seeds. (b) The same check for Cλ at λ = 1, using three fixed random directions
at one update-30 checkpoint from the startup experiment in Section 6.1.2. “Detached auxiliary
action” treats xt as constant only when differentiating dpd, while derivatives of the cost and
state dynamics remain complete. (c) Relative difference from the complete cost gradient as the
number of stages grows, with mean and sample SD over five seeds.

the same step size. Thus the dependence of feasible bounds on the state also matters for the
gradient of the regularizer, as described by (B.5).

Panel (c) shows how omitting these effects changes the complete cost gradient over longer
horizons. Without the moving-recourse derivative, the relative error increases from 0.343 at
12 stages to 0.926 at 96 stages. These checks assess derivative accuracy but do not guarantee
lower cost after a fixed training budget. Appendix I reports separate training comparisons with
selected derivative terms omitted throughout the policy replay.

In a matched training comparison with a multilayer perceptron (MLP) proposal network, mean
test cost is 78.423k with complete gradients and 80.872k without moving-recourse derivatives,
using the full-gradient variant’s selected regularization strength for both (Appendix I).

6.1.2 Effect of proposal-distance regularization

Even a correctly computed cost gradient can be zero. If a proposal exceeds available water,
projection limits the actual release. Small changes to the proposal may then leave both the
release and its cost unchanged. The proposal-distance term can provide an update direction:
Cλ = C + λdpd, with dpd = 1

2
∑︁T

t=1 ∥ut − xt∥2. Here ut is the proposed decision and xt is the
decision applied after projection. Their distance can change even while the applied decision
stays fixed.

We construct this situation in the synthetic benchmark’s 12-reservoir, 48-stage nonlinear
model with its MLP initialization. We set initial storage to 1% of capacity and inflows to 2%
of nominal, leaving the other settings unchanged. A bound covering the full inflow support
confirms that every initial proposal exceeds available water and the complete cost gradient is
zero. This constructed stress test does not represent a historical drought.

We compare no proposal-distance term (λ = 0), a fixed weight (λ = 1), and a decreasing
weight (λk = (k+ 1)−1/2), with identical training budgets and checkpoint selection by validation
cost.

In Figure 3, training without the proposal-distance term leaves decisions and costs unchanged,
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Figure 3: Training from the constructed zero-gradient initialization (12 reservoirs, 48 stages, 1%
initial storage, 2% nominal inflow). Left: validation cost. Middle: distance between proposed
and projected decisions. Right: cost gradient norm on 32 fixed training paths, including moving
recourse. Curves show means over five seeds, with shading for sample SD. The figure displays
the first 300 of 500 Adam updates, using 1,000 training paths per candidate.

with exactly zero cost gradients in all five seeds. Either positive weight first reduces proposal
distance (middle), after which decisions change, the cost gradient becomes nonzero (right),
and validation cost falls (left). On 4,096 independent test paths, mean cost falls from 295,453
to 270,121 with either positive weight, an 8.57% reduction. The gain mainly reflects water
conservation and a reduction in the low-storage component of cost, but it does not establish
near-optimal dispatch.

The benefit depends on the setting. With the same prescribed weights, reductions are 15.99%
and 16.16% at 5% nominal inflow, but only 0.50% and 0.91% in the original nominal case.
Appendix H reports these comparisons, a no-release reference, and further mechanism checks.

For subsequent FeasPG policy-comparison experiments, we use λk = aλref/
√
k + 1, where λref

is computed from training data at initialization. Validation cost jointly selects a ∈ {0.1, 1, 10},
the learning rate, and the checkpoint. Appendix H gives the scale rule and tuning costs.

6.2 How do policies compare on synthetic and historical data?

We vary Nfit on the synthetic system and compare all methods at Nfit = 2500 on ONS and
CAMELS-BR. For the two hydrology cases, we additionally compare FeasPG and finite-state
SDDP over training budgets from 250 to 5,000 sample paths. We compare the following methods.
• FeasPG+MLP, FeasPG+Graph, FeasPG+DeepSets: our method with different pro-

posal networks. Each architecture comparison approximately matches parameter counts.
Graph also changes the proposal parameterization and initialization (Appendix F).

• Projected SHAC (Xu et al., 2022): the same proposal network, simulator, and projection
as FeasPG+MLP, but differentiates through only eight stages, with a learned critic beyond
them.

• PPO (Schulman et al., 2017) and SAC (Haarnoja et al., 2018): model-free reinforcement
learning methods, projected onto the feasible set in the same way.

• Linearized SDDP and Finite-state SDDP: SDDP references. The former trains on
a linear approximation of the nonconvex synthetic system, with its decisions projected at
deployment (Appendix G); the latter runs directly on ONS and CAMELS-BR (Appendix J).

• Seasonal: a fixed storage-feedback rule.
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Figure 4 reports test cost on the synthetic system (benchmark 1) over a growing number of
sample paths, Nfit. FeasPG+Graph has the lowest cost at every Nfit, followed by FeasPG+MLP.
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Figure 4: Test cost on the synthetic system over Nfit: lines represent means over five training
runs (4,096 test paths for each) with ±1 SD bands.

On ONS and CAMELS-BR, whose data models are fitted to historical records, Table 1
reports test cost on model-generated paths at Nfit = 2500. FeasPG+MLP has the lowest cost on
ONS, while FeasPG+DeepSets does on CAMELS-BR.

Table 1: Test cost on model-generated paths for ONS and CAMELS-BR at Nfit = 2500, mean ±
SD over five training runs; bold marks the lowest cost.

Method ONS (109) CAMELS-BR

Seasonal 214.448 222.339
FeasPG+MLP 55.465 ± 1.197 170.243± 0.332
FeasPG+DeepSets – 167.399 ± 0.116
Projected SHAC 57.270± 1.100 200.659± 0.949
PPO 317.709± 49.724 490.235± 7.894
SAC 60.419± 1.644 606.776± 14.167
Finite-state SDDP 63.854± 0.784 174.838± 0.354

We also observe that the model-free baselines are not reliable overall: PPO performs worse
than the simple Seasonal heuristic on both benchmarks, and SAC on CAMELS-BR, whereas
every model-based method outperforms Seasonal. This suggests the benefit of exploiting the
model for well-structured problems, where it is available. In Appendix J, we further test the
same policies on the historical records themselves and observe that FeasPG+DeepSets again
achieves the lowest cost on CAMELS-BR.

Figure 5 shows how the hydrology comparisons change with the training budget. The
FeasPG policies improve as more model-generated training paths become available. On ONS,
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FeasPG+MLP has lower mean test cost than finite-state SDDP from 500 paths onward. On
CAMELS-BR, FeasPG+DeepSets has lower mean cost than both its matched MLP and SDDP
at all five budgets. These comparisons use the same budgets, training seeds, and test paths for
SDDP and FeasPG; they assess performance under the fitted data models.
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Figure 5: Objective on model-generated test paths versus training sample paths, mean ± sample
SD over five seeds for ONS and CAMELS-BR. Each panel uses its case-specific raw objective scale.
Blue solid lines with circles denote case-specific FeasPG; green dashed lines with squares denote
its matched MLP where distinct; orange dash-dotted lines with triangles denote finite-state
empirical SDDP. Shaded bands show ±1 sample SD. SDDP uses the same five budgets, seeds,
and test paths. The displayed budgets are 250, 500, 1,000, 2,500, and 5,000, with the 5,000-path
points added as a subsequent extension of the original nested training pool. Table 1 reports the
2,500-path comparison, and Appendix J records execution provenance.

6.3 Is the certificate valid and informative?

In this experiment, we evaluate the coverage and tightness of the certificate on a three-reservoir,
18-stage model with binary uncertainty, chosen so that the inner problems of Algorithm 2 can
be solved to verified global optimality and the true optimality gap can be bracketed. We fix a
projected affine policy ˆ︁π and apply Algorithm 2 with independent calibration and evaluation
sets, using either zero or fitted piecewise-linear (PWL) continuation functions v. Reference
calculations with the true probabilities, which Algorithm 2 does not see, bracket J(ˆ︁π)− V ⋆ in
[8.1, 10.7] (Appendix L).
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Figure 6: Certificates for a fixed policy on a three-reservoir, 18-stage model at nominal 95%
coverage: mean and central 95% range over 200 repetitions per setting, Nev = 8,192. Left:
calibration size. Right: PWL correction variants at Ncal = 32,768. Paired/Confidence band are
calibration corrections; Bernstein/Hoeffding are evaluation margins.

Figure 6 compares four certificates, combining confidence-band or paired calibration with
Hoeffding or empirical Bernstein evaluation. Every certificate lies above the true gap in all 200
repetitions, although this does not establish exact nominal coverage. The results show that
most of the gap between the certificate and the true value is due to the two corrections, and the
paired correction with the Bernstein margin reduces it substantially. Appendix L details the
range verification and the correction variants, and Appendix K gives a check with an exactly
known optimum.

7 Conclusion

FeasPG learns feasible MSP policies while accounting for how earlier decisions change later
constraints. Ignoring this dependence can introduce gradient errors that do not disappear with
larger batches. A suitable decreasing regularization weight preserves SGD’s stationarity rate
for operating cost. The finite-sample certificate complements this guarantee by bounding the
selected policy’s optimality gap with high confidence. The certificate can also guide training:
stop when a completed check gives an optimality-gap bound below the desired tolerance. Using
fresh certification data and allocating the failure probability across checks preserves the overall
confidence guarantee. Future work could use our sensitivity bounds to shorten backward passes
and our certificate error bounds to determine whether additional calibration or evaluation data
would be most useful.
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Guide to the appendices

Appendix A gives the full model and assumptions. Appendix B states and proves the learning
results, including projection sensitivity, decreasing-weight convergence, and proposal-distance
geometry. Appendix C develops the uniform bands and their statistical boundaries, while
Appendix D gives the full certification, paired-correction, and sequential-stopping results. Ap-
pendix E works through an inventory instance. Appendix F gives the policy implementations.
Appendices G–J give the training benchmarks and diagnostics, while Appendices K and L give
the certificate studies.

A Model and Assumptions

A.1 Multistage Model and Projected Policies

We use the MSP and projected policy defined in Section 3. This appendix records the notation
and technical conditions used in the proofs, then establishes feasibility.
Notation. For a vector-valued map g, Dsg denotes its Jacobian with respect to s, while for
a scalar-valued map c, ∇sc denotes its column gradient. Im is the m ×m identity, and ∥ · ∥
denotes the Euclidean norm of a vector and the operator norm of a matrix.
Data process and information. Each ξt takes values in Ξt, and Ft = σ(ξ1:t) is the information
available before choosing xt. The sampling and cost timing are as in Section 3: complete sample
paths are independent, but observations within a path may be dependent. The initial-state map
s0

1 and history-summary maps φt are measurable and independent of θ.
Predictively sufficient history summary. Certification, but not policy optimization, requires
the history summary zt = φt(ht) to retain the information needed to predict the next-stage
uncertainty. Formally, the conditional distribution of the next observation, Kt, satisfies, for
every measurable set A,

P{ξt+1 ∈ A | Ft} = Kt(A | zt) almost surely. (A.1)

The map φt is known, but the conditional distribution is not. The full history zt = ht satisfies
this condition; for a Markov process, one may take zt = ξt. We use h for a possible history at
the relevant stage. We write Zt = supp(zt) for the support of zt and let Zt ⊇ Zt denote the
modeled domain on which the policy and, when required, the certificate are defined.
Policy. The parameter domain is Θ ⊆ Rdθ , and the proposal maps in (4) have domains
µθ,t : Rnt ×Zt → Rmt . Superscripts θ identify the resulting states, proposals, and decisions.
Feasible set. For the projection analysis, write the right-hand side in (2) as qt(s, z):

Xt(s, z) = {x ∈ Rmt : Atx ≤ qt(s, z)}, qt(s, z) = bt(z) +Bts, (A.2)

where At ∈ Rkt×mt and Bt ∈ Rkt×nt are known matrices and bt : Zt → Rkt is a known measurable
map. We also write the projection as a function of its right-hand side:

Pt(u, q) := arg min
Atx≤q

1
2∥x− u∥

2, xθ
t = Pt

(︂
uθ

t , qt(sθ
t , zt)

)︂
, (A.3)
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a strongly convex quadratic program with a unique solution whenever the feasible set is nonempty.
Dynamics and objective. Once xt is implemented and ξt+1 is revealed, the state advances
and a stage cost is incurred:

sθ
t+1 = ft(sθ

t , x
θ
t , ξt+1), J(θ) := E

[︄
T∑︂

t=1
ct(sθ

t , x
θ
t , ξt+1)

]︄
, (A.4)

where ft : Rnt×Rmt×Ξt+1 → Rnt+1 is the transition function and ct : Rnt×Rmt×Ξt+1 → R the
stage cost. Both maps are known. For the pathwise sensitivity analysis, we assume local Lipschitz
continuity in (s, x) for each fixed uncertainty realization on the relevant trajectory domains, as is
customary in this analysis (Glasserman, 1991). This regularity allows nonlinear and nonconvex
costs and dynamics. All pathwise derivatives below hold the exogenous observations and history
summaries fixed. A terminal cost ψ(sT +1) is absorbed into the last stage, with cT (sT , xT , ξT +1)
understood to include ψ(fT (sT , xT , ξT +1)), and all derivatives below use this composed cT . We
write J(θ) as shorthand for J(πθ), the expected cost of the policy determined by θ.

The feasible policy class Π, optimal value V ⋆, and realized cost C(x, ξ) are as defined in
Section 3.

Proposition A.1 (Nonanticipativity and feasibility). Suppose the model and policy maps are
measurable, relatively complete recourse holds, and (A.3) is solved exactly. Then, for every
θ, the decision xθ

t is Ft-measurable and satisfies Atx
θ
t ≤ qt(sθ

t , zt) for t = 1, . . . , T , for almost
every realization of the data process. Hence every projected policy with integrable cost is a
nonanticipative feasible policy for the multistage problem, so that πθ ∈ Π and V ⋆ ≤ J(θ).

Every iterate therefore defines a feasible policy, whether or not training has converged.
Training seeks to reduce its expected cost. From Appendix B.1 onward, we omit the superscript
θ when describing the trajectory of a fixed policy.
Data for training and certification. The independent blocks Dfit, Dcal, and Dev are defined
in Section 3, following sample-splitting practice in out-of-sample solution assessment (Mak
et al., 1999; Shapiro, 2003). The information Gfit fixed before calibration includes the training
and selection data, selected policy, continuation approximation, query domains, certification
choices, and training randomness. Formally, it is the sigma-field generated by these quantities.
Conditional on Gfit, the calibration and evaluation blocks remain independent samples from
the sample-path distribution. The model functions are known, but neither the conditional
uncertainty distribution nor an exact conditional simulator is supplied.

A.2 Formal setting and scope

The main text introduces the model conditions where they are used. This appendix gives the
technical conditions and specifies which results require them. The additional conditions for
rates, approximation bounds, and certificate width are not required for the basic feasibility and
coverage results.
Dimensions and information. The parameter domain is Θ ⊆ Rdθ ; st ∈ Rnt , xt, ut ∈ Rmt ,
At ∈ Rkt×mt , Bt ∈ Rkt×nt , and qt ∈ Rkt . The uncertainty spaces are standard Borel spaces
equipped with fixed compatible Polish topologies, Ft = σ(ξ1:t), s1 = s0

1(ξ1), and zt = φt(ξ1:t).
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The causal maps s0
1 and φt are Borel measurable and independent of θ. The distribution of the

complete exogenous sample path does not depend on the decisions or on θ. Standard Borel
spaces admit a measurable version of the conditional distribution in (A.1), and Kt denotes one
fixed such version. For the conditional-mean construction, conditional on Gfit, each (At, dA,t) is
a separable Borel metric space, Ht is jointly Borel measurable in the query and the uncertainty
realization, and Qt is a jointly measurable version of the conditional mean. These standard
conditions ensure that the displayed conditional expectations, suprema, and confidence events
are well defined.
Feasibility and measurability. The maps bt, ft, ct, µθ,t are Borel measurable, and the projec-
tion map Pt is measurable wherever its feasible polyhedron is nonempty. For almost every history
and every state reached by a feasible decision prefix along that history, relatively complete
recourse requires Xt(st, zt) ̸= ∅. The mathematical policy uses the exact minimizer in (A.3).
Bellman values and exactness. For the exactness statement in Appendix D.1.1, we impose
the standard measurability and selection conditions of finite-horizon dynamic programming
and assume that the Bellman values in (D.4) are finite (Shapiro, 2011; Brown et al., 2010). In
particular, the value functions are measurable, and measurable minimizing sequences suffice
when the Bellman infima are not attained. Under these conditions and the required integrability,
E[V1(s1, h1)] = V ⋆. These dynamic-programming conditions justify exactness with v = V . The
lower-bound argument for a general continuation approximation instead uses integrability and a
nonpositive expected penalty under every feasible nonanticipative policy.
Differentiability and domination. For Theorem 1, Θ is open and, for almost every sample
path, the composite Cλ(·, ξ) is locally Lipschitz for the fixed weight under consideration. Its
nondifferentiability set is jointly measurable in the parameter and the sample path. At a
fixed parameter satisfying the theorem’s hypotheses, the sample-path difference quotients on
a fixed neighborhood are bounded in absolute value by a Lipschitz constant that may depend
on the sample path and has finite expectation. To identify the derivative with (B.4), the
encountered proposals are differentiable in (θ, s) and the transition and cost maps in (s, x) at
their trajectory arguments, with uncertainty realizations and history summaries held fixed. In
addition, each encountered P̄t(·, ·; zt) is differentiable at (ut, st) in an open feasible neighborhood
as in Proposition 1, almost surely. This additional neighborhood condition does not follow
from relatively complete recourse only on reachable states, and ambient almost-everywhere
differentiability does not ensure differentiability at the sampled arguments. The uniform
derivative bounds needed for the horizon theorem are precisely (12).
Stochastic-gradient specialization. The experiments use Adam for training on reused
path pools, whereas the SGD analysis of Algorithm 1 uses fresh minibatches. Theorem B.1
analyzes its displayed SGD update under the stated conditional-mean and variance conditions.
Fresh independent minibatches of sample paths and exact sample derivatives satisfying the
interchange conditions yield the required conditional mean. Corollary B.2 records the zero-
weight specialization. Either Θ = Rdθ , or the parameterization and step size keep every update
segment inside the open convex regularity domain. Given the pre-update sigma-field Gtr

k , paths
within a batch are conditionally independent draws from the sample-path distribution, with
arbitrary serial dependence allowed inside each path. Repeated reuse of one fixed sample instead
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corresponds to empirical-risk optimization.

A.3 Proof of Proposition A.1

Proceed by induction over the decision stages. The initial state s1 = s0
1(ξ1) and z1 are F1-

measurable. Suppose the previous projected decisions form a feasible prefix and st is Ft-
measurable. Relatively complete recourse makes the current projection set nonempty. Measura-
bility of the proposal, right-hand side, and projection then makes xθ

t Ft-measurable, while the
definition of the projection gives

Atx
θ
t ≤ qt(sθ

t , zt).

The transition map makes sθ
t+1 Ft+1-measurable and extends the feasible prefix. The induction

holds almost surely through stage T . If the total cost is integrable, the induced policy lies in Π,
so its expected cost upper-bounds V ⋆.

B Policy Optimization: Additional Results and Proofs

B.1 Feasible Policy Optimization

Algorithm 1 defines the training procedure, and Section 4 gives its pathwise gradient. We
expand that gradient below for use in the proofs and identify the moving-bound term in the
proposal-distance derivative. Throughout, C, dpd, and Hλ = J + λDpd retain their main-text
definitions. For a fixed parameter satisfying Theorem 1, we set the sampled gradient to zero on
the null event where the sampled loss is not differentiable.

B.1.1 Projection Jacobian

Proposition 1 in the main text gives the local projection derivatives used below. Appendix B.3
proves the formulas and discusses dependent constraints and boundary cases.

B.1.2 Policy-trajectory sensitivities and unbiasedness

Let St := Dθst ∈ Rnt×dθ and Xt := Dθxt ∈ Rmt×dθ be the sensitivities of the state and of the
deployed decision to the parameter along a sampled policy trajectory. Since s1 and zt do not
depend on θ, S1 = 0 and Dθzt = 0. Along a sampled trajectory where the proposal, transition,
and cost maps are differentiable and each state-dependent projection P̄t(·, ·; zt) is differentiable
at (ut, st) in an open feasible neighborhood as in Proposition 1, the chain rule through (A.3)
and (A.4) gives

Xt = DuP̄tDθµθ,t +
(︂

DuP̄tDsµθ,t⏞ ⏟⏟ ⏞
through the proposal

+ DsP̄t⏞ ⏟⏟ ⏞
through the bounds

)︂
St, (B.1)

St+1 = Dsft St +DxftXt, (B.2)

ˆ︁gPW =
T∑︂

t=1

(︂
S⊤

t ∇sct +X⊤
t ∇xct

)︂
, (B.3)
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with DuP̄t, DsP̄t evaluated at (ut, st; zt) and Dθµθ,t, Dsµθ,t at (st, zt). In (B.1), Dθµθ,t holds the
state and history summary fixed. The bracket contains the two ways earlier decisions affect
the current decision: through the proposal and through the bounds. The latter derivative is
DsP̄t = A+

t,It
Bt,It for the stage-t active set It. Equation (B.2) carries both effects forward.

Corollary B.1 bounds the error from omitting the moving-bound term, including its propagation
through later stages.

The same sensitivities also give the derivative of the proposal-distance term. Let

Ut := Dθut = Dθµθ,t +Dsµθ,tSt

denote the proposal’s full parameter derivative, including its dependence on the state. Differen-
tiating both terms of each residual ut − xt gives

ˆ︁gλ(θ; ξ) = ˆ︁gPW(θ; ξ)⏞ ⏟⏟ ⏞
pathwise cost gradient

+ λ
T∑︂

t=1
(Ut −Xt)⊤(ut − xt)⏞ ⏟⏟ ⏞

weighted proposal-distance gradient

. (B.4)

Equation (B.4) is the sampled gradient used in Algorithm 1, with ˆ︁g0(θ; ξ) = ˆ︁gPW(θ; ξ). Its
dependence on the moving bounds enters through the term DsP̄tSt in Xt. To make that
dependence explicit, note that projection optimality makes the residual ut − xt orthogonal to
directions that preserve the active equalities, and DuP̄t projects onto those directions. Thus
(DuP̄t)⊤(ut − xt) = 0 and (B.4) can be written as

ˆ︁gλ = ˆ︁gPW + λ
T∑︂

t=1

[︂
U⊤

t (ut − xt)− S⊤
t (DsP̄t)⊤(ut − xt)

]︂
. (B.5)

The first term inside the brackets is the derivative obtained by treating the deployed decision
as constant in the proposal-distance term, while the second corrects for the moving constraint
bounds. This correction vanishes whenever DsP̄t = 0, in particular when Bt = 0 and the bounds
are state-independent, but is generally present when the state moves those bounds.

Theorem 1 establishes the expectation identity for each fixed λ, with λ = 0 giving the
unregularized case. Its proof is in Appendix B.4. The derivative of the complete sampled
loss and the derivatives of the intermediate maps play different roles: the former enters the
expectation identity, while the latter allow the recursion to compute it. The first does not
imply the second, since sampled projection inputs can concentrate at corners. Likewise, an
almost-everywhere identity at fixed parameters does not by itself imply conditional unbiasedness
at data-dependent iterates. The SGD conditions in (16) are imposed at those actual iterates.

For nonsmooth objectives, Appendix B.10 describes a Gaussian parameter-smoothing alter-
native with its own differentiation conditions. It averages costs over nearby parameters, whereas
the proposal-distance term guides proposals toward their deployed decisions. The experiments
do not use parameter smoothing.

36



B.2 Guarantees for Policy Optimization

The pathwise gradient supplies an update direction, and we now examine what those updates
achieve. Under the smoothness and sampling conditions below, SGD with zero or suitably
decreasing regularization weights approaches stationarity, as measured by the expected squared
norm of ∇J . We first bound this quantity in terms of the training budget and then explain
how the constants depend on the multistage model and horizon. Stationarity concerns the
parameterized policy class, whereas certification in Appendix D.1 addresses the optimality gap
relative to the unrestricted MSP optimum.

B.2.1 Convergence of the policy optimization algorithm

Relative to a descent step for J , the update contains both sampling noise and the gradient of
the proposal-distance regularizer. Decreasing the weight lets the regularizer influence proposals
early in training while its contribution to later updates vanishes. To quantify progress toward
stationarity, we use the standard SGD assumptions of a smooth lower-bounded objective and
controlled conditional mean and variance (Ghadimi and Lan, 2013): smoothness bounds the
cost change after each update, while the conditional mean and variance bounds control the
regularizer gradient and sampling noise. Unlike the almost-everywhere identity in Theorem 1,
these conditions are imposed at the actual training iterates. Write Ek[·] = E[· | Gtr

k ] for conditional
expectation given the pre-update training information. Here Gtr

k records the iterates, previously
used minibatches, and training randomness before iteration k, excluding the current fresh
minibatch.

Theorem B.1 (Stationarity with zero or vanishing regularization). Under the objective and
sampling conditions in Section 4.4, let the nonnegative deterministic schedules satisfy ηk ≤ 1/LJ .
For SK = ∑︁K−1

k=0 ηk > 0, choose k̂ independently of training with P{k̂ = k} = ηk/SK . Then

E∥∇J(θk̂)∥2 = 1
SK

K−1∑︂
k=0

ηkE∥∇J(θk)∥2

≤ 2[J(θ0)− Jinf ]
SK⏞ ⏟⏟ ⏞

initial cost gap

+ G2
D

SK

K−1∑︂
k=0

ηkλ
2
k⏞ ⏟⏟ ⏞

regularization

+ LJσ
2

NbatSK

K−1∑︂
k=0

η2
k⏞ ⏟⏟ ⏞

sampling noise

. (B.6)

In particular, this expected squared gradient tends to zero if SK →∞,
∑︁K−1

k=0 ηkλ
2
k/SK → 0, and∑︁K−1

k=0 η2
k/SK → 0.

For Algorithm 1 with fresh independent minibatches of exogenous paths from Dfit, exact
sampled derivatives, and valid differentiation under the expectation, bk = λk∇Dpd(θk) at
positive-weight iterates, while bk = 0 at zero-weight iterates, so GD is needed only where the
regularization term is used. If SK → ∞ and λk → 0, the initial-cost-gap and regularization
contributions in (B.6) vanish. Convergence to stationarity then requires the stepsizes and batch
size to make the sampling-noise contribution vanish as well. Appendix B.7 gives the proof.

Corollary 1 applies this bound to the finite-budget schedule ηk = c/
√
K and λk = λ0(k+1)−1/4.

The stepsize is constant within the run, while the regularization weight decreases. Its bound
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(17) shows that regularization need not change the O(K−1/2) rate or the stationarity target
J . Setting λ0 = 0 recovers unregularized policy optimization without assumptions on Dpd. Its
detailed specialization is in Appendix B.7.

For fixed batch size, schedule parameters, and problem constants, (17) gives a sufficient
budget of Nfit = NbatK = O(ϵ−2) full sample paths to achieve E∥∇J(θk̂)∥2 ≤ ϵ. The budget
controls the expected squared gradient at a randomly selected iterate under Algorithm 1’s
fresh-minibatch SGD scheme. The experimental implementation uses Adam on fixed path pools
and validation-based checkpoint selection, as detailed in Section 6.

An important feature of this training bound is that policy optimization uses pathwise
gradients directly, without estimating conditional expectations. Consequently, with the policy
class, batch size, schedule parameters, and constants in (17) fixed, the uncertainty dimension does
not change the O(ϵ−2) sample-size exponent, although it may affect policy size and sensitivity
constants. The kernel-based data-driven SDDP method of Park et al. (2022), in contrast,
estimates conditional expectations at a rate that slows as the uncertainty dimension grows. The
comparison concerns different accuracy criteria: their guarantee assesses a learned first-stage
decision followed by optimal recourse, while ours controls the gradient of the represented policy’s
cost. It therefore does not establish a performance ordering, nor does the training rate carry
over to our conditional-mean certificate, whose estimation rate remains dimension dependent
(Corollary C.1).

B.2.2 Using the horizon bounds in the convergence rate

Theorem 2 and Section 4.3 describe how parameter perturbations accumulate along a trajectory.
Here we connect those bounds to the constants GD and σ in the stationarity guarantee. In
particular, the moving-bound derivative can be large when the binding constraint matrix has small
positive singular values and the bounds move in the corresponding directions, as Proposition 1
shows.

For the regularized gradient, a uniform bound on proposal distances gives

∥ˆ︁gλk
∥ ≤ ΓT + λk∆T ,

where ∆T bounds the sampled gradient of the proposal-distance regularizer (Corollary B.6).
When the corollary’s sensitivity and distance bounds hold throughout the update domain,
and differentiation under the expectation is valid there, fresh independent minibatches allow
GD = ∆T and σ2 = (ΓT + λ0∆T )2 for the decreasing-weight schedule in Appendix B.2.1, where
λk ≤ λ0. Bounds on both gradients enter the training rate, and LJ may also depend on T .

Together, these bounds explain how the multistage sensitivities affect the stationarity
guarantee. They do not, however, determine the selected policy’s optimality gap relative to
the unrestricted MSP optimum. Assessing that gap requires the separate lower benchmark
developed in Appendix D.1, whose validity does not depend on policy optimization having
reached a stationary point.
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B.3 Derivation of the projection Jacobian

We first establish the piecewise-affine structure and then identify the derivative wherever it
exists. Fix z and write b = b(z). The feasible state domain Dz is a polyhedron because it is the
projection of the polyhedron {(s, x) : Ax ≤ b+Bs} onto the state coordinates. For each linearly
independent row subset J of A, define

λJ(u, s) = (AJA
⊤
J )−1(AJu− bJ −BJs), FJ(u, s) = u−A⊤

J λJ(u, s).

For J = ∅, set FJ(u, s) = u and omit the multiplier condition below. The projection optimality
conditions imply P̄ (u, s; z) = FJ(u, s) on the closed polyhedral region

CJ = {(u, s) : λJ(u, s) ≥ 0, AFJ(u, s) ≤ b+Bs}.

These finitely many regions cover Rm×Dz: the projection residual is a nonnegative combination of
active constraint normals, and such a combination can be represented using a linearly independent
subset of those normals. Uniqueness of the projection makes the affine formulas agree on
overlaps, so this finite closed cover establishes continuity and the piecewise-affine representation.
Subdividing a feasible line segment at the region boundaries also gives a Lipschitz bound equal
to the maximum norm of the finitely many linear parts [Im − A+

J AJ , A
+
J BJ ]. Rademacher’s

theorem then gives almost-everywhere differentiability on the interior.
Now fix a differentiability point (u, s) in an open feasible neighborhood. Let H = AI contain

all rows active at that point and let N = Im−H+H. Each active slack bi +(Bs)i− (AP̄ (u, s; z))i

is nonnegative nearby and zero at the point. Its derivative must therefore vanish, giving

HDuP̄ = 0, HDsP̄ = BI .

Continuity keeps initially inactive constraints inactive in a sufficiently small neighborhood.
Every nearby projection residual consequently belongs to the span of the rows of H, even if
some initially active constraints become inactive. Hence N(u− P̄ (u, s; z)) = 0 throughout that
neighborhood, and differentiation gives

NDuP̄ = N, NDsP̄ = 0.

Combining these identities yields

DuP̄ = N, DsP̄ = (Im −N)DsP̄ = H+HDsP̄ = H+BI ,

which proves (7). The matrix N is the orthogonal projector onto kerH. Projection optimality
also gives N⊤(u− x) = 0, as used in (B.5). For I = ∅, these arguments use N = Im and give
DsP̄ = 0.
Dependent rows versus nondifferentiability. Consider the balance equality x = s, encoded
as x ≤ s and −x ≤ −s. Both rows are active for every proposal, yet P̄ (u, s) = s is differentiable
everywhere. Here AI = BI = [1,−1]⊤, and the pseudoinverse A+

I = 1
2 [1,−1] gives DuP̄ = 0 and

DsP̄ = 1. Every state admits a feasible decision, although its feasible decision set is a singleton.
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In contrast, for the constraints x ≤ s and x ≤ −s, the projection of u = 1 is P̄ (1, s) = −|s|
near zero. Its state derivative does not exist at zero. The pseudoinverse is now 1

2 [1, 1], whose
product with BI = [1,−1]⊤ is zero but does not produce a derivative. Thus, the formula
covers dependent active rows at differentiability points, not arbitrary active-set boundaries. The
boundary of the feasible-state domain Dz is a separate issue: nearby states need not all admit
feasible decisions. At such states, or when Dz is lower dimensional, derivatives along feasible
state directions require a separate formulation and are not covered by the proposition. This
restriction concerns the state domain, not active constraints at the projected decision, which the
formula already includes.
Observed recourse coefficients. The local derivative formulas also apply when At and Bt

are known functions of the observed history summary zt, since these coefficients remain fixed
when a sample path is differentiated with respect to θ. The same formulas apply to P̄t(u, s; zt)
with these observed coefficients substituted in. Differentiability at the sampled inputs and the
uniform sensitivity bounds must still hold. Dependence on the unobserved successor uncertainty
realization is excluded by the decision timing.
Numerical scope. An exact minimizer is covered by the proposition. A solver-certified feasible
but nonoptimal output remains implementable, but it defines a different policy and its derivative
is not covered here. A positive primal-feasibility tolerance gives approximate rather than exact
feasibility. At a differentiability point covered by the proposition, the pseudoinverse can be
computed by a rank-revealing factorization. At a nondifferentiable point, neither this formula
nor an arbitrary generalized derivative is justified as a classical derivative. Null-probability
exceptional paths can be assigned any finite gradient without changing an expectation. Positive-
probability nondifferentiability is not covered by this result. The smoothing alternative below
requires the perturbed backward pass to return a classical derivative almost surely.

B.4 Proof of Theorem 1

Fix λ ≥ 0 and a sample path in the probability-one set on which θ ↦→ Cλ(θ, ξ) is locally Lipschitz.
Rademacher’s theorem gives differentiability for Lebesgue-almost every parameter on this path.
Joint measurability of the nondifferentiability set and Fubini’s theorem reverse the quantifiers:
there is a full-Lebesgue-measure set Θreg such that, at every fixed θ ∈ Θreg, the pathwise
derivative exists almost surely. When all encountered proposal, transition, and cost maps are
differentiable and each encountered P̄t(·, ·; zt) is differentiable at (ut, st) in an open feasible
neighborhood as in Proposition 1, the classical chain rule is exactly (B.4), with sensitivities from
(B.1)–(B.2).

Now fix θ ∈ Θreg satisfying the theorem’s integrability and local-domination conditions.
Differentiability and the local Lipschitz bound imply ∥ˆ︁gλ(θ; ξ)∥ ≤ Λλ(ξ) almost surely. For
sufficiently small h,

R(h, ξ) := Cλ(θ + h, ξ)− Cλ(θ, ξ)− ⟨ˆ︁gλ(θ; ξ), h⟩

satisfies R(h, ξ)/∥h∥ → 0 almost surely and |R(h, ξ)|/∥h∥ ≤ 2Λλ(ξ). Dominated convergence,

40



applied along every sequence h→ 0, gives

Hλ(θ + h)−Hλ(θ) = ⟨E[ˆ︁gλ(θ; ξ)], h⟩+ o(∥h∥).

This proves differentiability and (11). The law of ξ contributes no score term because it is
independent of θ.

B.5 Uniform bounds and proof of Theorem 2

We derive the explicit horizon bound from the uniform derivative bounds in (12). For the fixed
matrices At, Bt, a finite LMR can be chosen as the maximum of ∥A+

t,IBt,I∥ over stages and row
subsets, with the empty-subset value set to zero. Proposition 1 then bounds the state derivative
at every differentiability point it covers. With ρ defined in (13), set

χ = Lx
fL

θ
µ, Hj(ρ) =

j−1∑︂
ℓ=0

ρℓ, H0(ρ) = 0.

The geometric sum records how the bound on inherited state sensitivity accumulates across
stages. The resulting explicit cost-gradient bound is

∥ˆ︁gPW∥ ≤
√︁
dθ

[︄
TLx

cL
θ
µ + (Ls

c + Lx
c (Ls

µ + LMR))χ
T∑︂

t=1
Ht−1(ρ)

]︄
=: ΓT . (B.7)

The first term inside the brackets bounds the direct effect of each proposal on its stage cost,
while the second accounts for effects transmitted through states generated by earlier decisions.

Proof. Recall that St = Dθst and Xt = Dθxt. Since Dθzt = 0, the chain rule and (12) imply

∥Xt∥ ≤ Lθ
µ

√︁
dθ + (Ls

µ + LMR)∥St∥, ∥St+1∥ ≤ Ls
f∥St∥+ Lx

f∥Xt∥ ≤ ρ∥St∥+ χ
√︁
dθ.

Because S1 = 0, induction gives
∥St∥ ≤ χ

√︁
dθHt−1(ρ).

The parameter derivative of the stage-t cost is therefore bounded by

⃦⃦
∇θ[ct(sθ

t , x
θ
t , ξt+1)]

⃦⃦
≤ Ls

c∥St∥+ Lx
c∥Xt∥

≤
√︁
dθ

[︂
Lx

cL
θ
µ + (Ls

c + Lx
c (Ls

µ + LMR))χHt−1(ρ)
]︂
.

Summing over t proves (B.7). If ρ < 1, Hj(ρ) is uniformly bounded; if ρ = 1, it equals j; and if
ρ > 1, it is O(ρj). Squaring the resulting bounds proves the three regimes in (14).

B.6 Error from omitting moving recourse

To measure the effect of the moving constraint bounds, compute a policy trajectory and compare
its complete gradient with an incomplete calculation, denoted ˆ︁gnoMR. In this calculation, delete
DsP̄tSt from the decision derivative at every stage, then use the modified sensitivities at later
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stages. All Jacobians are evaluated at the original states and decisions, so the forward decisions
and costs are unchanged. The next result bounds the resulting gradient error.

Corollary B.1 (Error from omitting moving recourse). Under Theorem 2, let ρ0 = Ls
f + Lx

fL
s
µ,

and, with an empty sum interpreted as zero, define

Et := Lx
fLMRχ

√︁
dθ

t−1∑︂
j=1

ρt−1−j
0 Hj−1(ρ).

For each parameter and sample path satisfying the preceding differentiability conditions,

∥ˆ︁gPW − ˆ︁gnoMR∥ ≤
T∑︂

t=1

[︂
(Ls

c + Lx
cL

s
µ)Et + Lx

cLMRχ
√︁
dθHt−1(ρ)

]︂
. (B.8)

In particular, the error is zero when LMR = 0. For LMR > 0, the bound accounts for propagation
of earlier omissions, but it does not assert that realized error is monotone in T .

The bound separates the current omission from its later consequences: Et bounds the state-
sensitivity error inherited from earlier stages, while the second term in (B.8) bounds the newly
omitted response at stage t. Thus correct forward decisions and costs do not guarantee a correct
training gradient. This is a derivative error, not sampling noise, so increasing the minibatch size
does not generally remove it.

Proof. Let ˜︁St, ˜︁Xt denote the sensitivities computed after deleting DsP̄tSt, without changing the
forward simulation. With et = ∥St − ˜︁St∥ and e1 = 0,

∥Xt − ˜︁Xt∥ ≤ Ls
µet + LMR∥St∥,

et+1 ≤ Ls
fet + Lx

f∥Xt − ˜︁Xt∥ ≤ ρ0et + Lx
fLMR∥St∥.

The state-sensitivity bound from Theorem 2 and induction give

et ≤ Lx
fLMRχ

√︁
dθ

t−1∑︂
j=1

ρt−1−j
0 Hj−1(ρ) = Et.

Finally, subtracting the two versions of (B.3) and applying the cost-gradient bounds gives

∥ˆ︁gPW − ˆ︁gnoMR∥ ≤
T∑︂

t=1

[︂
(Ls

c + Lx
cL

s
µ)et + Lx

cLMR∥St∥
]︂
.

Substituting the bounds on et and ∥St∥ proves (B.8). This modified backward calculation need
not give the gradient of any scalar objective. The bound concerns the calculation obtained by
deleting the specified derivative term.

B.7 Proof and specializations of the stationarity bound

We first prove Theorem B.1, then derive the decreasing-weight rate and the unregularized
specialization.
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Proof. Write gk = ∇J(θk). Smoothness and (16) give

Ek[J(θk+1)] ≤ J(θk)− ηkg
⊤
k (gk + bk) + LJη

2
k

2 ∥gk + bk∥2 + LJη
2
kσ

2

2Nbat
.

The identity

−ηkg
⊤
k (gk + bk) + LJη

2
k

2 ∥gk + bk∥2 = − ηk

2 ∥gk∥2 + ηk

2 ∥bk∥2

− ηk(1− LJηk)
2 ∥gk + bk∥2

and ηk ≤ 1/LJ therefore imply

Ek[J(θk+1)] ≤ J(θk)− ηk

2 ∥gk∥2 + ηkλ
2
kG

2
D

2 + LJη
2
kσ

2

2Nbat
.

Taking expectations, summing over k, and using J(θK) ≥ Jinf proves the bound. The distribution
of k̂ identifies the weighted average.

B.7.1 Proof of Corollary 1

The schedule in the main text balances the regularization and sampling terms at order K−1/2.

Proof. Here SK = c
√
K and ∑︁k<K η2

k = c2. Since ∑︁K−1
k=0 (k + 1)−1/2 ≤ 2

√
K,

K−1∑︂
k=0

ηkλ
2
k = cλ2

0√
K

K−1∑︂
k=0

(k + 1)−1/2 ≤ 2cλ2
0.

Substitute these bounds into (B.6).

The stepsize is constant within each run, while the regularization weight decreases at every
update. If the training budget is not fixed in advance, one may instead use ηk = c(k + 1)−1/2

with the same λk. Then (B.6) gives O((1 + logK)/
√
K) for an iterate selected with probabilities

ηk/SK , rather than uniformly. These are stationarity guarantees for J , but they do not assert
that regularization improves the cost. A fixed positive weight instead permits a stationarity
analysis of Hλ under its own smoothness, lower-bound, and unbiased-gradient assumptions.

B.7.2 Unregularized policy optimization

The next specialization connects the stochastic-gradient conditions to the fresh sample paths and
pathwise derivatives used by Algorithm 1. Its assumptions do not involve the proposal-distance
term.

Corollary B.2 (Stationarity of unregularized policy optimization). Under the objective and
update-domain assumptions of Theorem B.1, run Algorithm 1 from deterministic θ0 with λk = 0
for every k. Suppose Theorem 1 with λ = 0 holds at every iterate and, conditionally on the
pre-update training information Gtr

k , the Nbat full sample paths are independent and identically
distributed (i.i.d.) draws from the sample-path distribution. Assume additionally that the
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backward pass in Algorithm 1 returns the exact sampled derivative almost surely at every iterate.
This holds, for example, when the proposal, transition, and cost maps are differentiable and
every encountered P̄t(·, ·; zt) is differentiable at (ut, st) in an open feasible neighborhood as in
Proposition 1, almost surely at every iterate. Finally, for a fresh exogenous path ξ independent
of Gtr

k , suppose
E
[︂
∥ˆ︁gPW(θk; ξ)−∇J(θk)∥2

⃓⃓⃓
Gtr

k

]︂
≤ ν2

T .

For a constant 0 < η ≤ 1/LJ and k̂ uniform on {0, . . . ,K − 1}, independently of training,

E∥∇J(θk̂)∥2 ≤ 2[J(θ0)− Jinf ]
ηK

+ LJην
2
T

Nbat
. (B.9)

Under Theorem 2, one may take ν2
T ≤ Γ2

T .

Proof. For λk = 0, the minibatch estimator is

Gk = 1
Nbat

Nbat∑︂
i=1

ˆ︁gPW(θk; ξk,i).

Conditional freshness, the assumed applicability of Theorem 1 with λ = 0 at each iterate, and
within-batch independence give

EkGk = ∇J(θk), Ek∥Gk −∇J(θk)∥2 ≤ ν2
T

Nbat
.

Apply Theorem B.1 with bk = 0, GD = 0, σ = νT , and ηk = η. Then SK = ηK and k̂ is uniform,
giving (B.9). Under the uniform premises of Theorem 2, the conditional variance is at most the
conditional second moment, which is bounded by Γ2

T .

B.7.3 Training samples versus parameter updates

Corollary B.3. Under Corollary B.2 and Theorem 2, choose the variance bound νT so that
νT ≤ ΓT . Let ∆0 = J(θ0)− Jinf , Nfit = NbatK, and suppose ∆0νT > 0. With

η = min
{︄

1
LJ

,

√︄
2∆0Nbat
LJν2

TK

}︄
,

one has

E∥∇J(θk̂)∥2 ≤ 2LJ∆0
K

+ 2νT

√︄
2LJ∆0
Nfit

≤ 2LJ∆0
K

+ 2ΓT

√︄
2LJ∆0
Nfit

.

(B.10)

The first term depends on the number of parameter updates, whereas the second depends
on the total number of sample paths. At a fixed sample-path budget, larger minibatches leave
fewer updates and therefore enlarge the first term in this bound.
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Proof. Let η⋆ =
√︂

2∆0Nbat/(LJν2
TK). Since η = min{1/LJ , η⋆},

1
η
≤ LJ + 1

η⋆
, η ≤ η⋆.

Substitution in (B.9) yields

E∥∇J(θk̂)∥2 ≤ 2LJ∆0
K

+ 2∆0
Kη⋆

+ LJη⋆ν
2
T

Nbat
.

The last two terms are equal and sum to 2νT

√︁
2LJ∆0/(NbatK). Using Nfit = NbatK and the

horizon premise νT ≤ ΓT proves (B.10).

B.8 Best-in-class convergence under a PL condition

The following result imposes a Polyak–Łojasiewicz (PL) condition on the parameterized objective
J and upgrades stationarity to objective-value convergence within the chosen policy class for
unregularized policy optimization. Convex stage costs alone do not imply this condition because
projection can make the objective locally flat. Appendix B.8.1 verifies PL for a shared base-stock
policy whose expected cost can be nonconvex and whose projection constraints can bind or
become inactive. Recall that J⋆

Θ = infθ∈Θint J(θ) is the best expected cost among represented
policies with integrable total cost, and ∆Θ = J⋆

Θ − V ⋆ is the policy-class approximation gap.

Corollary B.4 (Best-in-class convergence under PL). For the unregularized updates under the
regularity, noise, and update-domain assumptions of Corollary B.2, replace the constant stepsize
by the diminishing sequence below, suppose the displayed parameter updates remain in Θ, and
assume that, for some µ > 0,

1
2 ∥∇J(θ)∥2 ≥ µ[J(θ)− J⋆

Θ], θ ∈ Θ. (B.11)

With
ηk = 2

µ(k + k0) , k0 ≥ max{2, 2LJ/µ},

the terminal checkpoint obeys

E[J(θK)− J⋆
Θ] ≤ APL

K + k0
, APL = max

{︄
k0[J(θ0)− J⋆

Θ], 2LJν
2
T

Nbatµ2

}︄
. (B.12)

Therefore
E[J(θK)− V ⋆] ≤ APL

K + k0
+ ∆Θ. (B.13)

The PL inequality is imposed directly on J and need not follow from convex stage costs.

Unlike the general stationarity bound, this result controls the expected cost of the terminal
iterate. Under the PL condition, within-class optimization error vanishes asymptotically, but
the policy-class approximation error ∆Θ remains.

Proof of Corollary B.4. The preceding descent calculation with a varying stepsize and (B.11)
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gives

ek+1 ≤ (1− µηk)ek + LJν
2
T

2Nbat
η2

k, ek = E[J(θk)− J⋆
Θ].

Let s = k + k0 and q = 2LJν
2
T /(Nbatµ

2). With ηk = 2/(µs),

ek+1 ≤ (1− 2/s)ek + q/s2.

If ek ≤ APL/s, then APL ≥ q implies

ek+1 ≤
APL(s− 2) + q

s2 ≤ APL
s+ 1 .

The definition of APL establishes the induction at k = 0, proving (B.12). Adding J⋆
Θ − V ⋆ = ∆Θ

proves (B.13).

B.8.1 An inventory example satisfying PL

The following inventory example shows that PL does not require a convex policy objective or a
fixed projection active set. It uses a single base-stock target shared across periods. Base-stock
policy optimization is studied by Bhandari and Russo (2024) and Chen et al. (2026). The
elementary specialization below makes the condition explicit without requiring an affine deployed
trajectory.

Consider T ≥ 2 periods with independent, identically distributed nonnegative demands Dt,
where Dt is revealed after decision t and corresponds to ξt+1 in the general model. Replenishment
is immediate and uncapacitated, unmet demand is backlogged, and the objective includes holding
and backlog costs but no ordering cost. Let st be net inventory before ordering and xt inventory
after ordering. A single target b ∈ I = [a, b̄] is shared across periods:

xt = Proj[st,∞)(b) = max{st, b}, st+1 = xt −Dt, s1 = s0 > b̄. (B.14)

The order quantity is xt − st ≥ 0: the policy replenishes up to the target when inventory
is low and otherwise keeps the existing stock. Thus the initial stock exceeds the target, but
later demand can make replenishment necessary. For holding and backlog rates h, p > 0, the
unregularized objective is

J(b) = E
T∑︂

t=1

[︁
h(st+1)+ + p(−st+1)+]︁.

Here θ = b and λk = 0, so no proposal-distance term is used.
Suppose demand has finite mean and an absolutely continuous distribution function FD,

with density fD ≥ fmin > 0 almost everywhere on I. Assume that the newsvendor target b⋆,
defined by FD(b⋆) = p/(h+ p), lies in the interior of I, and that

p0 := P{D1 > s0 − a} > 0.

The density condition gives curvature to the expected one-period cost. The last condition ensures
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a positive probability that demand reduces inventory below every target in I, so the target
affects a later decision.

To see how these conditions imply PL, set At = s0 −
∑︁

r<tDr and ℓ(y) = E[h(y −D1)+ +
p(D1− y)+]. Nonnegative demand and (B.14) give xt = max{At, b} by induction. Because At is
independent of Dt, differentiation yields

J ′(b) = wT (b)ℓ′(b), wT (b) =
T∑︂

t=2
P{At < b}, ℓ′(b) = (h+ p)FD(b)− p. (B.15)

The factor wT (b) is the expected number of periods in which replenishment occurs: it measures
how often the target affects the deployed decision. The first period contributes nothing to J ′

because x1 = s0. For later periods, P{At = b} = 0 at each fixed b, and bounded one-period
slopes justify differentiation under the expectation. Since At ≤ s0 − D1 for t ≥ 2, we have
(T − 1)p0 ≤ wT (b) ≤ T − 1. Also, ℓ is strongly convex on I with modulus m = (h + p)fmin.
Hence J ′ has the sign of b − b⋆, so J⋆

I := minb∈I J(b) = J(b⋆). Integrating (B.15) and using
strong convexity of ℓ gives

J(b)− J(b⋆) ≤ (T − 1)
[︁
ℓ(b)− ℓ(b⋆)

]︁
≤ T − 1

2m |ℓ′(b)|2.

Together with |J ′(b)| ≥ (T − 1)p0|ℓ′(b)|, this proves

1
2 |J

′(b)|2 ≥ (T − 1)p2
0(h+ p)fmin⏞ ⏟⏟ ⏞

µ

[︁
J(b)− J⋆

I

]︁
, b ∈ I. (B.16)

Thus a positive probability of replenishment, together with curvature of the expected holding
and backlog cost, prevents a suboptimal plateau on the target interval.
A nonconvex two-period instance. Take T = 2, s0 = 2, h = p = 1, uniform demands on
[0, 2], and I = [1/4, 3/2]. Then b⋆ = 1, x1 = 2, and x2 = max{b, 2 −D1}. The second-period
constraint x2 ≥ 2−D1 is active with probability 1− b/2 and inactive with probability b/2, both
positive throughout I. Direct integration gives

J ′(b) = b(b− 1)
2 , J(b)− J(1) = (b− 1)2(2b+ 1)

12 .

For b ̸= 1, their ratio satisfies

|J ′(b)|2
2[J(b)− J(1)] = 3b2

2(2b+ 1) ≥
1
16 , b ∈ I.

At b = 1 the PL inequality holds trivially, so µ = 1/16 is valid on the whole interval. Nevertheless,
J ′′(b) = b− 1/2 < 0 on (1/4, 1/2). This instance therefore satisfies PL without convexity of the
policy objective or a fixed projection active set.

The target interval is important: in this two-period instance, every b ≤ 0 gives the same
suboptimal policy and a zero gradient. The example establishes PL for the direct base-stock
parameter on I, not for arbitrary neural parameterizations of that target. Applying Corollary B.4
still requires its smoothness, sampling, and update-domain assumptions. In particular, the
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stochastic updates must remain in I. Adding a projection of the parameter onto I changes the
update and requires a corresponding projected-SGD analysis.

B.9 A policy-class approximation guarantee

We next ask how accurately the projected policy class can approximate an optimal policy.
The argument compares both policies on the same uncertainty path and requires the optimal
policy’s feedback rule to remain feasible at states reached by the represented policy. Recall
Θint = {θ ∈ Θ : E|C(θ, ξ)| <∞}, J⋆

Θ = infθ∈Θint J(θ), and ∆Θ = J⋆
Θ − V ⋆. Write ht = ξ1:t, and

let Rt contain every state–history pair reachable by either the projected class or an optimal
policy π⋆ attaining V ⋆, along a history in the support of the data distribution. Suppose π⋆ has
a feedback representation π⋆

t (s, h) on Rt, is Lπ-Lipschitz in s, and remains feasible throughout
this comparison domain:

π⋆
t (s, h) ∈ Xt(s, φt(h)) , (s, h) ∈ Rt.

This condition extends feasibility beyond the policy’s own trajectories to the comparison domain
Rt and is precisely what permits the projection argument to compare the represented and
optimal policies away from the optimal trajectory. Assume also the global pathwise Lipschitz
bounds

∥ft(s, x, w)− ft(s̄, x̄, w)∥ ≤ Ls
f∥s− s̄∥+ Lx

f∥x− x̄∥,

|ct(s, x, w)− ct(s̄, x̄, w)| ≤ Ls
c∥s− s̄∥+ Lx

c∥x− x̄∥,

and suppose some θapp ∈ Θint satisfies

sup
t,(s,h)∈Rt

∥µθapp,t(s, φt(h))− π⋆
t (s, h)∥ ≤ επ. (B.17)

Theorem B.2 (Approximation by projected policies). Under the preceding conditions, let
κ = Ls

f + Lx
fLπ. Then

0 ≤ ∆Θ ≤ Kπ
T επ, Kπ

T = TLx
c + Lx

f (Ls
c + Lx

cLπ)
T∑︂

t=1
Ht−1(κ). (B.18)

The constant is O(T ), O(T 2), or geometric in T according as κ < 1, κ = 1, or κ > 1.

This is a guarantee about what the policy class can represent, not what training will find. It
bounds the best expected cost in the class rather than the cost of an arbitrary trained checkpoint.

Proof. Couple πθapp and π⋆ using the same exogenous sample path ξ, and write δt = ∥sθapp
t − s⋆

t ∥
and et = ∥xθapp

t − x⋆
t ∥. Feasibility throughout the comparison domain makes π⋆

t (sθapp
t , ht) a fixed

point of the projection used by the learned policy. Projection onto a fixed feasible set does not
increase distances. Combining this fact with (B.17) and Lipschitz continuity of π⋆ gives

et ≤ επ + Lπδt, δt+1 ≤ κδt + Lx
fεπ.
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Since δ1 = 0, δt ≤ Lx
fεπHt−1(κ). Therefore the pathwise cost difference is at most

T∑︂
t=1

(Ls
cδt + Lx

c et) ≤ Kπ
T επ.

Taking expectations and using the optimality of π⋆ proves the claim. The horizon regimes follow
from the geometric sum.

B.10 Parameter smoothing at nondifferentiable projections

If a fixed parameter reaches a point where the projection is nondifferentiable with positive
probability, its sample-path derivative need not exist almost surely. When Θ = Rdθ , an optional
alternative is the smoothed target with smoothing scale δ > 0,

Jδ(θ) = Eε[J(θ + δε)], ε ∼ N (0, I), ε ⊥ ξ.

The set Θreg from the proof of Theorem 1 with λ = 0 contains parameters at which the sampled
cost is differentiable almost surely and has full Lebesgue measure. Because the perturbation has
a density, θ + δε ∈ Θreg almost surely. Under an integrable domination condition, differentiating
the perturbed policy trajectory gives an unbiased gradient of Jδ, provided the perturbed sampled
loss is differentiable and the backward pass returns its derivative almost surely. Smoothing does
not validate an arbitrary derivative at a nondifferentiable state-dependent projection. If J is
globally L0-Lipschitz, then

|Jδ(θ)− J(θ)| ≤ L0δ E∥ε∥ ≤ L0δ
√︁
dθ.

Every perturbed policy trajectory remains feasible by Proposition A.1. Smoothing changes the
training target, not the deployed feasibility guarantee.

B.11 Projection plateaus and proposal-distance geometry

Projection explains one reason why stationarity need not imply optimality. An open, unbounded
set of proposals can project to the same suboptimal vertex. The deployed objective is then
constant on that entire set, even when the cost in decision space is strongly convex. For example,
let the feasible set be [0, 1] and the deployed cost be (x−1)2. Every proposal u < 0 projects to the
suboptimal decision x = 0, so the unregularized proposal gradient is zero throughout that open,
unbounded region. The proposal-distance term supplies a negative-gradient direction toward the
boundary, although its iterates need not cross the boundary in finite time. The next proposition
formalizes this distinction between a zero cost gradient and a nonzero proposal-distance gradient.

Proposition B.1 (Projection-induced flat regions and proposal-distance gradients). Let X ⊂
Rm be a compact full-dimensional polytope, let ϕ be continuously differentiable on an open
neighborhood of X , let PX be Euclidean projection, and let NX (v) be the normal cone at a vertex
v. Then

PX (u) = v for every u ∈ v + intNX (v).
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If v is suboptimal for ϕ on X , then ϕ(PX (u)) is constant and suboptimal on this open, unbounded
proposal region. Hence no positive global Polyak–Łojasiewicz constant exists on the full proposal
space, even when ϕ is strongly convex.

For λ > 0, define
Fλ(u) := ϕ(PX (u)) + λ

2 ∥u− PX (u)∥2.

Then minu∈Rm Fλ(u) = minx∈X ϕ(x). At every u /∈ X at which PX is differentiable, with
Q = DPX (u),

∇Fλ(u) = Q∇ϕ(PX (u)) + λ{u− PX (u)} ̸= 0, (B.19)

and the two displayed terms are orthogonal.

Proof. For a closed convex set, PX (u) = v if and only if u − v ∈ NX (v). At a vertex of a
full-dimensional polytope, this normal cone is full dimensional, has nonempty interior, and is
unbounded. The projected objective is therefore constant on the asserted region. If its value
there exceeds the optimum, a positive global Polyak–Łojasiewicz inequality is impossible because
the proposal gradient vanishes throughout that region.

For the regularized objective, Fλ(u) ≥ ϕ(PX (u)) ≥ minX ϕ, while any minimizer x⋆ ∈ X
satisfies PX (x⋆) = x⋆ and Fλ(x⋆) = ϕ(x⋆). At a differentiability point of a polyhedral Euclidean
projection, Q is the orthogonal projector onto the tangent space of the active face. The residual
u− PX (u) lies in the orthogonal normal space. The chain rule and the standard identity

∇u

{︃1
2∥u− PX (u)∥2

}︃
= u− PX (u)

give (B.19) and its orthogonal decomposition. If the gradient vanished, each orthogonal term
would vanish, which is impossible when u /∈ X .

B.11.1 Sequential projections and expected objectives

We first prove the pathwise property in Proposition 2, then derive its implications for the
expected regularized objective.

Proof of Proposition 2. Fix a path on which the sequential projections are well defined. Projec-
tion optimality at stage t gives

ut − xt ∈ NXt(st,zt)(xt).

Because a normal cone is a cone, xt is also the projection of xt +α(ut−xt) onto the same feasible
set for every α ≥ 0. The first-stage feasible set is unchanged. Inductively, if earlier decisions
remain unchanged, so do the current state and feasible set. Thus every deployed decision remains
xt. The residual becomes α(ut − xt), which proves the squared-distance identity.

To pass to expectations, let L2
F denote the space of adapted (nonanticipative) processes with

∥u∥2L2
F

= E
∑︁

t ∥ut∥2 < ∞. Write R(u) for the deployed process obtained from the sequential
projections and state transitions. Let U2 ⊆ L2

F be the set of proposal processes for which this
recursion is well defined, the deployed process is square-integrable, and its total cost is integrable.
The corresponding feasible policy class is Π2 = {π ∈ Π : xπ ∈ L2

F}.
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Under the recourse and measurability conditions of Proposition A.1, the pathwise proposition
gives, for u ∈ U2 and x = R(u),

R(x) = x, R(x+ α(u− x)) = x for every α ≥ 0 almost surely. (B.20)

The transformed proposal remains adapted and square-integrable. Its decisions and cost are
unchanged, so it also belongs to U2. For λ > 0, define

Hλ(u) = E[C(R(u), ξ)] + λ

2E
T∑︂

t=1
∥ut − [R(u)]t∥2.

Theorem B.3 (Expected descent and preservation of the optimal value). For u ∈ U2 and
x = R(u), the right directional derivative is

H
′
λ(u;x− u) = −λE

T∑︂
t=1
∥ut − xt∥2. (B.21)

Moreover,
inf

u∈U2
Hλ(u) = inf

π∈Π2
J(π).

Thus the regularized objective decreases strictly in this direction whenever proposal distance
is positive, although the operating cost does not change. The equality of infima shows that the
penalty preserves the best value over unrestricted square-integrable feasible policies. This value
equals V ⋆ whenever restricting to Π2 does not change the MSP optimum, as in models with
uniformly bounded decisions.

Proof. For 0 ≤ τ ≤ 1, set α = 1− τ in (B.20) to obtain

Hλ(u+ τ(x− u)) = E[C(x, ξ)] + λ

2 (1− τ)2E
T∑︂

t=1
∥ut − xt∥2.

Differentiating at τ = 0 proves (B.21). Every u ∈ U2 deploys a policy in Π2, and the penalty
is nonnegative, so Hλ(u) ≥ infπ∈Π2 J(π). Conversely, each π ∈ Π2 can use its feasible decision
process xπ as its proposal. Projection then leaves every decision unchanged and the penalty is
zero. Taking infima proves the equality.

Theorem B.3 concerns the unrestricted adapted proposal process. A shared policy may be
unable to express its radial direction. To state a sufficient condition, let uθ and xθ = R(uθ)
denote the closed-loop proposal and deployed processes, including their dependence on preceding
states. A shared policy must use one parameter perturbation across all histories. The condition
below asks for a perturbation that moves every history-specific proposal, to first order, toward
its own deployed decision. The Hadamard qualifier used below requires this directional response
to remain stable when the step size and direction are perturbed simultaneously.

Corollary B.5 (Shared-policy radial visibility). Fix λ > 0. Suppose θ ↦→ uθ ∈ U2 is Hadamard
directionally differentiable as a map into L2

F , R : U2 → L2
F is locally Lipschitz at uθ relative

to the L2
F norm, and the deployed-cost functional x ↦→ E[C(x, ξ)] is locally Lipschitz at xθ. If
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Dpd(θ) > 0 and there is a parameter direction e such that θ+ τe ∈ Θ for every sufficiently small
τ > 0 and

u′
θ(e) = xθ − uθ in L2

F , (B.22)

then x′
θ(e) = 0 and

H ′
λ(θ; e) = −λE

T∑︂
t=1
∥uθ

t − xθ
t∥2. (B.23)

Indeed, uθ+τe = uθ + τ(xθ − uθ) + o(τ). Local Lipschitz continuity of R and (B.20) then
give xθ+τe = xθ + o(τ). Local Lipschitz continuity of the deployed-cost functional makes its
directional derivative zero, and differentiating the squared process norm yields (B.23). Hence a
parameter satisfying (B.22) cannot be directionally stationary for Hλ unless its proposals already
equal their projected decisions almost surely. We call (B.22) radial visibility. It is sufficient, not
necessary. Parameter sharing can violate it, and residual contributions from different histories
can cancel. Thus a fixed λ can change the best policy in the represented class even though
Theorem B.3 preserves the optimum in unrestricted proposal space.

Remark B.1 (Why shared-policy visibility is needed). Consider two equally likely observed
histories, feasible sets X+ = [1, 2] and X− = [−2,−1], and the shared scalar proposal uθ = θ.
Let the respective costs be c+(x) = (x− 2)2 and c−(x) = 0. For |θ| < 1,

xθ
+ = 1, xθ

− = −1, J(θ) = 1
2 , Dpd(θ) = 1

2(θ2 + 1).

Hence H ′
λ(θ) = λθ, and θ = 0 is stationary despite a positive proposal residual and a represented

policy θ = 2 with strictly lower expected cost J . The two history-specific radial directions
have opposite signs and cancel through the shared parameter. This example also shows why
Theorem B.3 cannot be transferred unconditionally to a low-dimensional policy class.

B.11.2 Horizon bound for the regularizer gradient

Corollary B.6 (Horizon bound for the regularized gradient). Under Theorem 2, suppose
additionally that ∥ut − xt∥ ≤ d̄ along the relevant trajectories. Define

∆T := d̄
√︁
dθ

[︄
TLθ

µ + (Ls
µ + LMR)χ

T∑︂
t=1
Ht−1(ρ)

]︄
. (B.24)

Then, for every λ ≥ 0,
∥ˆ︁gλ∥ ≤ ΓT + λ∆T .

Consequently, for fixed λ, the corresponding second moment is at most (ΓT + λ∆T )2 whenever
the assumptions hold almost surely. Moreover, whenever differentiation and expectation can be
interchanged for dpd, ∥∇Dpd(θ)∥ ≤ ∆T .

For fixed sensitivity bounds, keeping proposals close to their projected decisions controls
the additional gradient introduced by regularization. The factor ∆T also accounts for the
propagation of these derivatives through later stages, so the residual distance alone does not
determine their size.
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Proof of Corollary B.6. The proof of Theorem 2 gives

∥St∥ ≤ χ
√︁
dθHt−1(ρ).

Because DuP̄t is an orthogonal projector, ∥Imt −DuP̄t∥ ≤ 1. Combining the definitions of Ut

and Xt yields
Ut −Xt = (Imt −DuP̄t)Ut −DsP̄tSt,

and therefore
∥Ut −Xt∥ ≤

√︁
dθ

[︂
Lθ

µ + (Ls
µ + LMR)χHt−1(ρ)

]︂
.

Multiplying by ∥ut − xt∥ ≤ d̄, summing over t, and using (B.4) proves the pathwise bound.
Jensen’s inequality and the stated derivative–expectation interchange give ∥∇Dpd∥ ≤ ∆T .

C Calibration: Full Results, Proofs, and Statistical Boundaries

C.1 Learning conditional means from sample paths

We give the full regularity conditions and proofs for the estimator and radius in (20)–(21).
Throughout this subsection, we condition on Gfit, so the continuation approximation, query
sets, history-summary maps, and tuning parameters are fixed before calibration. The following
conditions concern the fixed response map and its conditional mean on all of At, not the accuracy
of the continuation approximation (Stone, 1982; Jiang, 2019; Low, 1997; Chernozhukov et al.,
2014).

Assumption C.1 (Uniform band regularity). The standard measurability conditions recorded
in Appendix A hold. The domains, partitions, query covers, numerical bounds, and regularity
constants below are deterministic or Gfit-measurable and are fixed before calibration. The bounds
are certified on the stated domains, and conservative model-based values are admissible. For
every stage t:

(a) We use a known compact domain Zt ⊆ Rdt for the history summary. It contains the support
Zt = supp(zt) and has finite partitions Pt,h into measurable cells of diameter at most h.
Here h > 0 is a scalar cell-resolution parameter, distinct from the history argument in a
query.

(b) The query set At, with distance dA,t, has finite covering numbers:

N (At, dA,t, ϵ) <∞, 0 < ϵ ≤ 1.

Here N (At, dA,t, ϵ) is the covering number: the minimum number of points needed so that
every query lies within distance ϵ of one of them. For vector-valued queries, the distance
may simply be dA,t(a, a′) = ∥a− a′∥.

(c) For fixed scalar response bounds ℓHt ≤ uH
t , let Wt = uH

t − ℓHt . The bounds

Ht(a,w) ∈ [ℓHt , uH
t ], |Ht(a,w)−Ht(ā, w)| ≤ La,tdA,t(a, ā)
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hold simultaneously for all a, ā ∈ At, almost surely in w = ξt+1. They are not restricted to
queries historically paired with that realization.

(d) The conditional mean satisfies

|Qt(a, z)−Qt(a, z̄)| ≤ Lz,t ∥z − z̄∥τt

for some Hölder exponent τt ∈ (0, 1], all a ∈ At, and all z, z̄ ∈ Zt. This is Lipschitz
continuity when τt = 1.

Use the estimator and radius in (20)–(21), with ˆ︁Qt(a, z) = (ℓHt + uH
t )/2 in an empty cell.

Predictive sufficiency of zt does not prevent the fitted continuation approximation from depending
on history, so the history-summary partition and query cover remain separate. A certified upper
bound on the cover’s cardinality may replace its exact size in R(h, ϵ).
Shrinking width. Theorem 3 gives the simultaneous coverage guarantee for this estimator.
Because the radius uses observed cell counts, coverage needs no lower bound on cell probabilities.
The next corollary adds such a lower bound, together with growth bounds on the partitions and
query covers, to obtain an explicit uniform rate (Stone, 1982; Jiang, 2019).

Corollary C.1 (Uniform rate: conditioning dimension versus query-cover size). Conditional
on Gfit, suppose Assumption C.1 holds uniformly in Ncal. In addition, suppose there are fixed
constants CZ,t, CA,t, κt > 0 and exponents pt ≥ 0 such that

|Pt,h| ≤ CZ,th
−dt , |At,ϵ| ≤ (CA,t/ϵ)pt ,

P{zt ∈ B} ≥ κth
dt

for every stage t, every cell B ∈ Pt,h with B ∩ Zt ̸= ∅, and all sufficiently small h, ϵ > 0,
uniformly in Ncal. Let τ = mint τt and dz = maxt dt. For a failure probability δocc ∈ (0, 1), as
Ncal →∞ assume

log(Ncal/δocc) = o(Ncal), log(1/δ) = O(log(Ncal/δocc)).

With

h ≍
(︃ log(Ncal/δocc)

Ncal

)︃1/(2τ+dz)
, ϵ ≍ hτ ,

the maximum band radius satisfies, with conditional probability at least 1− δocc given Gfit,

max
t

sup
z∈Zt

βt(z) = O

[︄(︃ log(Ncal/δocc)
Ncal

)︃τ/(2τ+dz)]︄
, (C.1)

with constants depending on the stagewise smoothness, cell-probability, range, and covering-
number parameters. In particular, pt affects only the logarithmic covering-number term, not the
exponent in (C.1).

Coverage and shrinking width use different failure budgets: δ controls failure of the simul-
taneous band, while δocc controls small cell counts. Both conclusions hold with total failure
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probability at most δ̄ when δ = δocc = δ̄/2. Theorem C.1 gives the corresponding lower-bound
exponent for uniformly valid one-sided centering rules.

C.2 Band proofs and an optional construction

We first prove Theorem 3 and Corollary C.1, then give an alternative construction for separable
responses. Throughout, we condition on the training information Gfit.

C.2.1 Proofs of uniform coverage and its rate

Proof of Theorem 3. Fix a stage t and condition on the history summaries in the calibration
sample, (z 1

t , . . . , z
Ncal
t ). Within each nonempty cell and at each point in the finite representative-

query set, the calibration residuals

Ht(a, ξ i
t+1)−Qt(a, z i

t )

are conditionally independent, mean zero, and have range width at most Wt. Hoeffding’s
inequality therefore bounds the conditional failure probability for each stage–cell–net-point triple
by δ/R(h, ϵ). Averaging over these stage-t summaries and taking a union bound over all triples
gives the sampling term in (21), without requiring joint conditioning on history summaries from
different stages. Hölder continuity contributes Lz,th

τt , while moving between a query and its
nearest net point changes both empirical and population means by at most La,tϵ. For an empty
cell, the midpoint of the known response range has error at most Wt/2. This proves (22).

Proof of Corollary C.1. For each cell intersecting Zt, a multiplicative Chernoff bound and the
corollary’s cell-probability condition give

P
{︂
Nt,B < 1

2Ncalκth
dt

}︂
≤ exp

(︄
−Ncalκth

dt

8

)︄
.

A union bound over the stage–cell pairs makes Nt,B ≥ 1
2Ncalκth

dt simultaneous with probability
at least 1− δocc for all sufficiently large Ncal under the displayed choice of h. Substitute this
count into (21). The partition of Zt contributes dt log(1/h) and the query cover contributes
pt log(CA,t/ϵ) to Λ. Choosing ϵ ≍ hτ balances the query-extension and pooling-bias terms.
The specified h then balances hτ against the sampling term

√︂
log(Ncal/δocc)/(Ncalhdz ), yielding

(C.1).

C.2.2 Optional construction for separable responses

The query cover can be avoided when the response is a finite sum of products of query-dependent
coefficients and functions of uncertainty. In that case, we estimate the conditional means of those
functions and combine their error bounds, rather than extending a bound from representative
queries. Suppose the fixed response has the representation

Ht(a,w) =
Rt∑︂

ℓ=1
atℓ(a)ψtℓ(w). (C.2)
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Here atℓ(a) depends only on the state–decision–history query, while ψtℓ(w) depends only on the
next uncertainty realization. Only the conditional means

µtℓ(z) = E[ψtℓ(ξt+1) | zt = z]

must then be estimated. Define the corresponding conditional-mean estimator by

ˆ︁Qt(a, z) =
Rt∑︂

ℓ=1
atℓ(a)ˆ︁µtℓ(z).

If, on an event of conditional probability at least 1 − δ given Gfit, |ˆ︁µtℓ(z) − µtℓ(z)| ≤ btℓ(z)
simultaneously for every stage t, ℓ = 1, . . . , Rt, and z ∈ Zt, then

| ˆ︁Qt(a, z)−Qt(a, z)| ≤
Rt∑︂

ℓ=1
|atℓ(a)|btℓ(z). (C.3)

To obtain a radius that depends only on the history summary, define

βsep
t (z) = sup

a∈At

Rt∑︂
ℓ=1
|atℓ(a)|btℓ(z). (C.4)

When this supremum is finite and can be computed or certified from above, βsep
t replaces βt in

Algorithm 2: subtract it from ˆ︁Qt and add 2∑︁t β
sep
t (zt) in the corrected gap (23). This gives the

same type of certificate without constructing a query cover.
Implementation requires three checks. First, compute the supremum in (C.4), or certify a

finite upper bound. Second, clip ˆ︁Qt pointwise to [ℓHt , uH
t ]. Since Qt ∈ [ℓHt , uH

t ], clipping cannot
increase error and makes Proposition D.3 applicable. Third, fix any basis selected from the
training and policy selection block before calibration. The representation in (C.2) must then be
exact. An approximate factorization requires a certified uniform residual added to βsep

t .

C.3 Statistical Boundaries: Results and Proofs

The certificate uses known model functions to reuse observations across endogenous states and
decisions, but this benefit has two limits. First, reusing uncertainty realizations cannot generally
remove the calibration rate’s dependence on the history-summary dimension. Second, when
decisions change the uncertainty distribution, observations under one decision need not identify
outcomes under another. The next two results formalize these limits.

C.3.1 Unavoidable dependence on history-summary dimension

Theorem C.1 below shows that the history-summary dimension cannot generally be removed from
the calibration rate. In a Hölder model of smoothness s on a d-dimensional history summary,
every one-sided centering rule (q−

N , rN ) that reports a lower estimate q−
N and a valid allowance

rN for its shortfall, and is uniformly valid with probability 1− δ, must have worst-case expected
shortfall radius supq Eq ∥rN∥∞ ≥ c (logN/N)s/(2s+d) for large N , where the supremum is over the
stated Hölder class. Our histogram band construction attains this exponent (Corollary C.1), up to
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constants and the stated finite-cover factors. The lower bound concerns uniformly valid one-sided
centering over this nonparametric class, rather than every calibration choice in Algorithm 2.

Theorem C.1 (Minimax shortfall of uniformly valid lower-centering rules). Fix d ≥ 1, s ∈ (0, 1],
δ < 1/4, and a radius L large enough that q0 ≡ 1/2 lies in the interior of the Hölder ball below.
Consider the favorable submodel

z ∼ Unif([0, 1]d), W | z = z0 ∼ Bernoulli(q(z0)), z0 ∈ [0, 1]d,

where q ranges over a Hölder ball Hs
d(L) and takes values in [1/4, 3/4]. For every pair (q−

N , rN )
that is jointly measurable as a function of the N observations and z, has Borel sample paths and
rN ≥ 0, and for which both the event and the sup norm in the displays below are measurable, if

inf
q∈Hs

d
(L)

Pq

{︂
0 ≤ q(z)− q−

N (z) ≤ rN (z) for all z ∈ [0, 1]d
}︂
≥ 1− δ,

then there is a constant c > 0 such that, for all sufficiently large N ,

sup
q∈Hs

d
(L)

Eq ∥rN∥∞ ≥ c
(︃ logN

N

)︃s/(2s+d)
. (C.5)

Thus the shortfall radius required by a uniformly valid one-sided centering correction cannot
shrink faster on this subclass.

This limitation already appears with binary responses and uniform sampling of history
summaries, before any difficult recourse optimization is introduced. The comparison with
Corollary C.1 can be made in the same expected metric. Fix the band failure probability δ and
take δocc = N−2

cal . Because supz βt(z) ≤ Wt deterministically, integrating the high-probability
rate in (C.1), specialized to τ = s, gives

E
[︄
max

t
sup
z∈Zt

βt(z)
⃓⃓⃓⃓
⃓Gfit

]︄
= O

[︄(︃ logNcal
Ncal

)︃s/(2s+dz)
]︄
.

In the theorem’s regression submodel, our construction uses q−
N = ˆ︁qN − βN and rN = 2βN . It

therefore attains the lower-bound exponent, up to constants and the stated finite-cover factors.
The result concerns the shortfall control needed for an informative one-sided correction. It

does not rule out a valid lower bound obtained from an arbitrarily conservative lower-centering
rule, and certificates that exploit additional parametric structure or a known conditional
distribution fall outside its scope. Without restrictions on the conditional means, observations
need not determine their values throughout the support of the history summary. At a point with
zero probability mass, the conditional distribution is not identified by the joint data distribution.
Even for almost-everywhere validity, a unit discrepancy can be hidden on a region of probability
O(1/N). Hence no band valid at every point in this support can shrink uniformly over all
measurable conditional means.

Proof of Theorem C.1. The pair (q−
N , rN ) defines the uniformly valid random band [q−

N , q
−
N + rN ]

of width rN . We apply the usual packing argument to this band. Let ϕ be a nonnegative
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Hölder-s bump supported on the unit ball, with ϕ(0) = 1. Place M ≍ h−d disjoint translates in
[0, 1]d and define

q0(z) = 1
2 , qj(z) = 1

2 + aϕ

(︃
z − zj

h

)︃
, j = 1, . . . ,M,

where a = c0h
s. For sufficiently small c0, every qj belongs to the stated Hölder ball and takes

values in [1/4, 3/4]. The alternatives have pairwise sup-norm separation a, whereas the Bernoulli
likelihoods satisfy

DKL(PN
qj
∥PN

q0 ) ≤ CNa2hd.

Choose h ≍ (logN/N)1/(2s+d) and then choose c0 so that the last display is at most a sufficiently
small multiple of logM ≍ logN .

If ∥rN∥∞ < a, the induced band cannot contain two members of the packing because they
are separated by a in sup norm. It therefore induces a selector of the data-generating alternative
whenever coverage holds. With the preceding constant chosen small enough and N sufficiently
large, Fano’s inequality gives an average error probability of at least 1/2 for every selector.
Subtracting the coverage failure probability δ < 1/4, at least one alternative must produce
∥rN∥∞ ≥ a with constant probability. Multiplying by a proves (C.5).

Finally, embed the experiment in a two-stage model with no nontrivial constraints and
one-step response H(z,W ) = W . Its conditional centering target is exactly q(z), so the lower
bound applies to the part of the certificate based on the uniform centering band.

C.3.2 Why endogenous uncertainty requires decision coverage

When the distribution of the next observation depends on the decision, outcomes observed under
one decision need not identify the cost of another. Such identification requires data covering the
alternative decision—often called overlap—or additional model structure. The next result shows
why reusing observations alone cannot resolve this ambiguity.

Theorem C.2 (Impossibility without decision coverage under endogenous uncertainty). Let
A ∈ {0, 1} denote the decision. Consider observational trajectories generated by the data-
collection policy π0, which always chooses zero. There are two models, P0 and P1, with identical
distributions for the observed trajectories such that

JP0(π0) = JP1(π0) = 1, V ⋆
P0 = 0, V ⋆

P1 = 1.

Thus the optimality gap of the data-collection policy is one under P0 and zero under P1. Any
data-dependent upper confidence bound UN satisfying

inf
P ∈{P0,P1}

PP {JP (π0)− V ⋆
P ≤ UN} ≥ 1− α

must satisfy
PP1{UN ≥ 1} ≥ 1− α

for every N , even though the true optimality gap under P1 is zero. No uniformly valid certificate
can shrink without data covering both decisions or additional structural assumptions.
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Even exact knowledge of the data-collection policy’s cost does not identify its distance
from optimality: an unobserved decision may be better. The two models generate the same
observed trajectories for every sample size, so additional data from that policy cannot distinguish
them. Validity under P0 therefore forces the same conservative bound under P1, where the
policy is already optimal. In the model of Appendix A.1, observed exogenous uncertainty and
known model functions permit evaluation of alternative decisions under the same uncertainty
distribution, removing this particular ambiguity.

Proof of Theorem C.2. Under both models, choosing zero gives terminal uncertainty realization
W = 0. Choosing one gives W = 0 under P0 and W = 1 under P1. Use the known cost

c(a,w) = 1{a = 0}+ w1{a = 1}.

The data-collection policy π0 always chooses zero, so the distributions of the observed trajectories
are identical and JP0(π0) = JP1(π0) = 1. Choosing one costs zero under P0 and one under P1,
which gives V ⋆

P0
= 0 and V ⋆

P1
= 1. Uniform validity under P0 requires PP0{UN ≥ 1} ≥ 1 − α.

Observational equivalence transfers the same probability statement to P1, where the true
optimality gap is zero.

D Certification: Full Results and Proofs

D.1 Certifying the Selected Policy from Sample Paths

Section 5 gives the construction and coverage guarantee for the selected policy ˆ︁π. We record the
additional notation and Bellman conditions used to analyze its tightness, then give the width
results, proofs, and certified range bounds.

D.1.1 Constructing a lower benchmark

To compare continuation approximations, write Hv
t for the response Ht in (18) and Qv

t for its
conditional mean:

Qv
t (a, z) =

∫︂
Hv

t (a,w)Kt(dw | z). (D.1)

The measurable query set At is fixed before calibration and contains every stage-t query feasible
for the perfect-information optimizer along any path in the data distribution’s support. Known
state and decision bounds can supply a conservative box or polyhedral superset. The fitted
continuation approximation is defined at all successor states and histories appearing in (18). In
the inner problem, z = φt(h); abbreviate Qv

t (a) = Qv
t (a, φt(h)) and write

mv
t (a,w) = Qv

t (a)−Hv
t (a,w) (D.2)

for the stagewise increment. For queries at = (st, xt, ht) generated by x and ξ, with ht = ξ1:t,
set Mv(x, ξ) = ∑︁T

t=1m
v
t (at, ξt+1) and L(v) = E[Yv], where Yv is defined in (19). The main-text

comparison-policy argument gives

L(v) ≤ V ⋆ ≤ J(π). (D.3)
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To quantify tightness, we compare vt with the exact optimal cost-to-go functions Vt. These
are theoretical reference functions: Algorithm 2 does not require solving the Bellman recursion
that defines them. With VT +1 = 0, the recursion is

Vt(s, h) = inf
x∈Xt(s,φt(h))

∫︂
[ct(s, x, w) + Vt+1(ft(s, x, w), h⊕ w)]Kt(dw | φt(h)). (D.4)

With the exact continuation values v = V , the classical information-relaxation bound is exact
(Brown et al., 2010):

YV (ξ) = V1(s1, h1) almost surely, L(V ) = V ⋆.

Appendix A.2 records the technical conditions for this identity.
A stage cost known at decision time cancels from the centered expression. Otherwise, even

v ≡ 0 retains the current-cost penalty m0
t = Q0

t − ct; its unknown conditional mean must
still be estimated. Proposition D.1 shows why omitting this centering can weaken the bound.
Constant shifts of the continuation approximation cancel as well, and Proposition D.2 gives a
broader sufficient condition for exactness despite approximation error. The certification penalty
is separate from the proposal-distance term used during policy optimization.

D.2 Computing and interpreting the certificate

Algorithm 2 gives the complete calibration, inner-solve, range-verification, and reporting pro-
cedure. We retain the notation needed for its analysis below. The proof of Theorem 4 verifies
the calibration contract (24) for the band statistic; Corollary D.4 verifies it for the alternative
binary statistic. Proposition D.3 constructs a certified finite range for the band statistic from
model bounds and the prescribed inner-solver error cap.
Conditional-mean band construction. Let Eband be the event on which (22), or the separable
moment band, holds simultaneously over all queries in At. With its decision-independent radius
βt(z), define

Q−
t (a, z) = ˆ︁Qt(a, z)⏞ ⏟⏟ ⏞

estimated conditional mean

− βt(z)⏞ ⏟⏟ ⏞
error bound

, rt(z) = 2βt(z). (D.5)

On this event, 0 ≤ Qt − Q−
t ≤ rt: the factor two covers both sides of the original estimation

band. Replacing the exact mean in (D.2) by its lower confidence bound gives m−
t (a,w) =

Q−
t (a, φt(h))−Ht(a,w) for a = (s, x, h). Sum these increments along the path to obtain M−,

and set
Y −(ξ) = inf

x∈X PI(ξ)
{C(x, ξ) +M−(x, ξ)}. (D.6)

For a certified global lower value Y − ≤ Y −, use the corrected gap Gband in (23). For the band
construction and worked examples, write Gcert

i = Gband(ξi) and Y i = Y −(ξi). The calibration
event is Ecal = Eband. Proposition D.3 supplies AG = 0 and a finite BG, though a sharper
certified range may also be used.
Direct gap correction for independent binary uncertainty. The paired construction in

60



Section 5.3 uses the same estimated penalty in the policy and perfect-information objectives. Its
corrected statistic is (30). Corollary D.4 proves its conditional mean guarantee and certified
range. The evaluation rules below apply to either this statistic or the band statistic in (23).
Evaluation rules. Use the preselected margin RH from (26) or REB from (25), with the
complete corrected statistic. For the binary construction, a path-dependent κ contributes both
its own variance and covariance with D. A constant calibration shift, by contrast, changes
neither the empirical variance nor the evaluation radius, although it shifts the reported upper
bound.

When finite, Uα,δ is the upper endpoint of the confidence interval [0, Uα,δ], whose coverage
is established by Theorem 4. The reporting formulas use exact arithmetic, but a certified
upward-rounded implementation is also valid. The resulting numerical error is included in the
certificate-width bound of Corollary D.1. Defining Uα,δ = +∞ whenever no finite certificate is
issued ensures that the coverage claim does not condition on successful reporting. The next
result bounds how far the report can exceed the true optimality gap.

Corollary D.1 (When the certificate is informative). Under the conditions of Theorem 4,
suppose the Bellman conditions in Appendix A.2 hold, so that YV (ξ) = V1(s1, h1) almost surely
and E[V1(s1, h1)] = V ⋆. On Ecal, assume the computation succeeds almost surely under the
same joint conditional law, every certified inner lower value is within εIP of the true optimum
of the inner problem it bounds, and numerical errors have fixed nonnegative bounds εpath for
the uniform upward path-statistic error and εreport for the additional upward error in the final
mean/radius computation. Let εpath + εreport ≤ εnum and write εcomp = εIP + εnum. If the
path statistics and final report are evaluated in exact arithmetic, then εnum = 0, even when the
inner-solver error εIP is positive. Suppose

∥ˆ︁vt − Vt∥∞ ≤ εv,t (t = 2, . . . , T + 1), εv,T +1 = 0 (D.7)

where, for each t = 1, . . . , T , the bound for ˆ︁vt+1 holds on the successor-state–history domain
generated by queries in At. Define

Ccal =

⎧⎨⎩4∑︁t β
av
t , band construction,

2E[κ | Gcal], binary paired construction,
βav

t = E[βt(zev
t ) | Gcal]. (D.8)

Here zev
t is the stage-t history summary on a fresh evaluation sample path. Both expectations

average over such paths conditional on Gcal. These expectations enter the theoretical width bound
but are not required inputs to Algorithm 2. For Hoeffding set (Tev, ϵev) = (2RH(α), α). For
empirical Bernstein choose any fixed 0 < η < 1− α for the width analysis and set

(Tev, ϵev) =
(︁
REB(α) +REB(η), α+ η

)︁
. (D.9)

The quantity Tev bounds the evaluation contribution to certificate width, while ϵev is its joint
coverage-and-width failure budget. Then, with probability at least 1− δ − ϵev conditional on the
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training information Gfit,

0 ≤ J(ˆ︁π)− V ⋆ ≤ Uα,δ

≤ J(ˆ︁π)− V ⋆ + 2
∑︂

t

εv,t+1 + Ccal + εcomp + Tev.
(D.10)

For the band construction, replacing βav
t by β̄rate

t = supz∈Zt
βt(z) gives a uniform width bound.

Substituting the histogram rate (C.1) additionally uses the growth and cell-probability conditions in
Corollary C.1. The separate probability δocc that some relevant cell receives too few observations
must be included when that rate is substituted into a joint statement. Proposition D.3 uses the
computable supremum β̄env

t = supz∈Zt
βt(z) over the entire modeled domain of zt to construct

the certified range.

The uniform value-error term is sufficient but need not be sharp: Proposition D.2 in
Appendix D.3 accounts for cancellation under centering and compares the remaining value errors
with the extra cost of suboptimal decisions.

This distinction between coverage and width also affects the probability budget. Coverage
uses δ+α, whereas the empirical Bernstein width statement controls upward evaluation error as
well, at an additional failure probability η without changing the reported certificate. To obtain a
joint coverage-and-width statement with total evaluation budget a, one can choose α = η = a/2
before calibration.

To connect this guarantee for a selected policy with policy optimization, restrict the parameter
class to its integrable members,

Θint = {θ ∈ Θ : E|C(θ, ξ)| <∞}, J⋆
Θ = inf

θ∈Θint
J(θ), ∆Θ = J⋆

Θ − V ⋆,

and assume Θint ̸= ∅. Here C(θ, ξ) is the total path cost of πθ. The quantity ∆Θ measures the
approximation error from restricting the policy class, while J(ˆ︁θ) − J⋆

Θ measures the selected
policy’s excess cost over the class infimum.

Corollary D.2 (Selected-policy optimality gap and certificate-width decomposition). Let ˆ︁θ ∈ Θ
be any checkpoint selected using the training and policy selection block only, with integrable
total cost, and fix the certification choices listed in Algorithm 2 before calibration. Under
Proposition A.1 and theorem 4, the selected policy has coverage at least 1− δ−α. This statement
applies to either calibration construction and either fixed evaluation rule, without assuming that
the checkpoint minimizes either the training cost or the expected cost globally.

For width, impose the conditions of Corollary D.1, and suppose the value-approximation
event

Ev = {∥ˆ︁vt − Vt∥∞ ≤ εv,t, t = 2, . . . , T + 1; εv,T +1 = 0} ∈ Gfit

has probability at least 1 − γ. Assume validity for almost every realization of the training
information and the width hypotheses on Ev. Under the joint law of the data and randomness
underlying Gfit, the calibration and evaluation data, and the solver randomness, with probability
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at least 1− γ − δ − ϵev,

0 ≤ J(ˆ︁θ)− V ⋆ ≤ Uα,δ

≤ J(ˆ︁θ)− J⋆
Θ⏞ ⏟⏟ ⏞

training and selection

+ ∆Θ⏞⏟⏟⏞
policy-class approximation

+ 2
∑︂

t

εv,t+1⏞ ⏟⏟ ⏞
value approximation

+ Ccal⏞⏟⏟⏞
calibration

+ εcomp⏞ ⏟⏟ ⏞
inner and numerical error

+ Tev⏞⏟⏟⏞
evaluation

. (D.11)

The training-and-selection and policy-class approximation terms sum to the selected policy’s
optimality gap. The value-approximation, calibration, computation, and evaluation terms bound
the certificate’s excess over that gap. Algorithm 2 computes its report without knowing the
true optimality gap, the policy-class approximation error, or the continuation-approximation
errors. The optional conditions in Appendix B connect the first two terms to policy optimiza-
tion: the Polyak–Łojasiewicz condition yields best-in-class convergence for unregularized policy
optimization, and uniform approximation of an optimal feasible policy controls the policy-class
approximation error. Neither condition is needed for certification. In particular, the random
iterate selected in Theorem B.1, if subsequently fixed before calibration, retains its expected
stationarity bound while separately receiving the conditional coverage guarantee. A checkpoint
chosen by validation within the training and policy selection block also receives coverage, though
it need not inherit the stationarity bound.
Certificate-guided stopping. Corollary D.3 in Appendix D.3.2 gives the full conditions for the
checkpoint-stopping procedure described in Section 5. It controls false declarations of optimality
across completed reports, not arbitrary stopping within a block.

D.3 Additional Certificate Results and Proofs

This subsection proves the cost-timing separation and refined tightness result, establishes the
certificate theorem and its corollaries, extends coverage to repeated checkpoints, and derives a
computable range bound.

Proposition D.1 (Continuation-only centering can be arbitrarily loose). Let Rv
t (a,w) =

vt+1(ft(s, x, w), h⊕ w) and define

mv,cont
t (a,w) =

∫︂
Rv

t (a, w̄)Kt(dw̄ | φt(h))−Rv
t (a,w).

Define Mv,cont, Y cont
v , and Lcont(v) by replacing mv

t with this increment in the definitions of
Appendix D.1.1. Whenever these quantities are measurable and integrable so that the information-
relaxation comparison is well defined, Lcont(v) ≤ V ⋆. For every ϵ ∈ (0, 1), moreover, a two-stage
MSP with compact polyhedral recourse, a nonconstant exact continuation value, and nonnegative
smooth convex costs bounded by four has

V ⋆ = 1, Lcont(V ) = ϵ.
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Moreover, on every sample path in the support of the data distribution,

Y cont
V (ξ) = ϵ, YV (ξ) = 1.

Proof of Proposition D.1. For any feasible nonanticipative policy π, conditional centering gives
E[mv,cont

t (aπ
t , ξt+1) | Ft] = 0. Its decisions are also feasible for the perfect-information problem,

so Lcont(v) ≤ E[Cπ +Mv,cont,π] = J(π). Taking the infimum over π proves weak duality.
For the separation, fix ϵ ∈ (0, 1), let ξ1 be deterministic, and let Z := ξ2 and W := ξ3 be

independent Bernoulli(1/2) random variables. Stage one has a single feasible decision, c1 = 0,
and s2 = Z. At stage two, the policy observes Z and chooses x ∈ [0, 1] before observing W ,
incurring

c2(s, x, w) = 2ϵs+ 4(1− ϵ)(x− w)2.

Both decision sets are compact polyhedra. On the relevant domain s, x ∈ [0, 1] and w ∈ {0, 1},
this cost is smooth and convex, and lies between zero and 2ϵ+ 4(1− ϵ) ≤ 4.

The optimal causal value. Independence of W and Z gives E[(x−W )2 | Z] = (x− 1
2)2 + 1

4
for a decision made before W . Since V3 = 0, the Bellman calculation is

QV
2 (s, x) = 2ϵs+ (1− ϵ) + 4(1− ϵ)(x− 1

2)2,

V2(s) = min
x∈[0,1]

QV
2 (s, x) = 2ϵs+ 1− ϵ.

The minimum is attained at x = 1/2. Thus V2 is nonconstant and V ⋆ = E[V2(Z)] = 1.
Centering only the continuation value. Using these exact values gives

mV,cont
1 = E[V2(Z)]− V2(Z) = ϵ(1− 2Z), mV,cont

2 = 0,

where the second equality follows from V3 = 0. Adding the penalties to the realized cost cancels
the 2ϵZ term:

C +MV,cont = ϵ+ 4(1− ϵ)(x−W )2.

The perfect-information optimizer can choose x = W , so Y cont
V (ξ) = ϵ on every path and

Lcont(V ) = ϵ.
Including the current cost in centering. Since c1 = 0, the first penalty is unchanged. At stage

two the full penalty is mV
2 = QV

2 (Z, x)− c2(Z, x,W ), which replaces the realized stage-two cost
by its conditional mean. Therefore

C +MV = ϵ(1− 2Z) +QV
2 (Z, x) = 1 + 4(1− ϵ)(x− 1

2)2.

This expression is minimized at x = 1/2, giving YV (ξ) = 1 on every path. Centering the current
cost removes the perfect-information advantage of matching the decision to the shock W .

D.3.1 A refined penalty-tightness bound

A uniform value-error bound treats errors at different successor states separately. Centering can
cancel part of this error, and the extra cost of a suboptimal decision can offset what remains.
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The following result accounts for both effects.
Fix the versions of Kt, QV

t , and Vt used in (D.4). Let RPI
t consist of the stage-t queries

generated by a history in the support of the data distribution and a feasible perfect-information
decision prefix through stage t, so it is contained in the conservative band domain At. Set
∆v

t = vt − Vt for t = 2, . . . , T + 1, with ∆v
T +1 = 0, and define

AV
t (a) := QV

t (a)− Vt(s, h) ≥ 0,

ιvt (a,w) := ∆v
t+1(ft(s, x, w), h⊕ w)−

∫︂
∆v

t+1(ft(s, x, w̄), h⊕ w̄)Kt(dw̄ | φt(h)),

ζt(v) := sup
a∈RPI

t

sup
w∈supp Kt(·|φt(h))

[ ιvt (a,w)−AV
t (a) ]+. (D.12)

Here AV
t is the suboptimality of the candidate decision in the Bellman recursion, and ιvt is the

centered fluctuation in continuation-value error across successor uncertainty realizations. The
quantity ζt(v) records the largest amount by which the centered value error exceeds the decision’s
suboptimality. Only this excess can lower the penalized objective below the exact Bellman
benchmark. The pointwise suprema make the bound simultaneous for every perfect-information
candidate on almost every exogenous sample path.

Proposition D.2 (Refined penalty tightness). Suppose V1, Yv, and the residuals below are
measurable and integrable, and ζt(v) <∞ for every stage. On almost every exogenous sample
path, every pathwise feasible perfect-information decision sequence satisfies

C(x, ξ) +Mv(x, ξ) = V1(s1, h1) +
T∑︂

t=1
{AV

t (at)− ιvt (at, ξt+1)},

0 ≤ V ⋆ − L(v) ≤
T∑︂

t=1
ζt(v), ζt(v) ≤ 2 ∥vt+1 − Vt+1∥∞ , t = 1, . . . , T. (D.13)

Here each sup norm is over successor state–history pairs generated by queries in At and successor
uncertainty realizations in the support of their conditional distributions. If every ζt(v) is zero,
then Yv = V1 almost surely and L(v) = V ⋆. This conclusion does not require v = V . These are
unobservable benchmark quantities used only to analyze tightness, not inputs to the certificate.

Proof of Proposition D.2. Work on the probability-one event on which every successor uncer-
tainty realization belongs to the fixed support of its conditional distribution. Fix any pathwise
feasible perfect-information decision sequence on this event. From (18) and (D.1), mv

t−mV
t = −ιvt .

For the Bellman penalty,

ct +mV
t = Vt(st, ht) +AV

t (at)− Vt+1(st+1, ht+1).

Summing and using VT +1 = 0 proves the residual identity in (D.13). On this event, every
residual term is at least −ζt(v) by (D.12), so Yv ≥ V1 −

∑︁
t ζt(v) pathwise. Take expectations

and combine E[V1] = V ⋆ with weak duality to obtain the middle inequality in (D.13).
Finally, |ιvt | ≤ 2 ∥vt+1 − Vt+1∥∞ and AV

t ≥ 0 on every feasible query. Thus [ιvt −AV
t ]+ ≤ |ιvt |,

proving the last inequality. If every defect is zero, then Yv ≥ V1 pathwise, and weak duality and
integrability force equality almost surely and therefore L(v) = V ⋆.
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Proof of Theorem 4. Condition on a calibration realization in Ecal and let µG = E[G | Gcal]. The
calibration contract (24) gives µG ≥ J(ˆ︁π) − V ⋆. The endpoints AG, BG are fixed under this
conditioning, and the path statistics are i.i.d. under the joint distribution of sample paths and
solver seeds. If WG = 0, the statistic is constant almost surely and both radii vanish. Otherwise,
Hoeffding gives

P{|G− µG| > RH(α) | Gcal} ≤ α.

For empirical Bernstein, apply Maurer and Pontil (2009, Theorem 4) to (G−AG)/WG to obtain

P{µG > G+REB(α) | Gcal} ≤ α.

Integrating over calibration proves (27) for either fixed reporting rule. Replacing an output
by +∞ on an operational failure preserves this upper-coverage statement. No conditioning on
successful reporting is used.

For completeness, the band construction’s mean inequality follows directly from the simul-
taneous band. Put et = Qt − Q−

t ∈ [0, rt] along the policy. Under every adapted policy the
penalty increments satisfy E[m−

t | Ft ∨ Gcal] = −et ≤ 0, so L− := E[Y − | Gcal] ≤ V ⋆. Feasibility
of the policy for the inner problem gives Gband ≥ 0. If the path statistic is evaluated without
numerical error, while retaining the certified inner lower bound Y −, then

µG = J(ˆ︁π)− L− + E
[︄
Y − − Y − +

∑︂
t

(rt − et)
⃓⃓⃓⃓
⃓Gcal

]︄
.

Every term inside the expectation is nonnegative. The binary construction’s mean inequality
and range are proved in Corollary D.4. That argument establishes calibration before invoking
the present concentration result.

Proof of Corollary D.1. The exact-centered information relaxation generated by ˆ︁v has value
L(ˆ︁v) satisfying

0 ≤ V ⋆ − L(ˆ︁v) ≤ 2
∑︂

t

εv,t+1

under the additional Bellman and approximation hypotheses. For the band construction, on a
fixed exogenous path rt(zt) does not depend on the candidate control. Thus

Y − ≥ Yˆ︁v −∑︂
t

rt(zt), V ⋆ − L− ≤ 2
∑︂

t

εv,t+1 + 2
∑︂

t

βav
t .

The identity for µG in the proof of Theorem 4, together with rt − et ≤ rt, the inner-solver error
bound εIP, and the upward numerical error bound εpath for the path statistic, yields

0 ≤ µG − [J(ˆ︁π)− V ⋆] ≤ 2
∑︂

t

εv,t+1 + 4
∑︂

t

βav
t + εIP + εpath. (D.14)

For the binary construction, fix an exogenous path ξ. Let Fp denote the objective Fˆ︁p in
(29) with ˆ︁p replaced by the true probability vector p. Suppressing the path argument in both
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objectives, define

Dexactˆ︁p = Fˆ︁p(ˆ︁π)− inf
x∈X PI(ξ)

Fˆ︁p(x), Dp = Fp(ˆ︁π)− inf
x∈X PI(ξ)

Fp(x).

These gaps use estimated and true probabilities, respectively, but both use exact inner infima
rather than solver lower bounds. On the calibration event {∥ˆ︁p− p∥2 ≤ r2}, for every feasible
relaxed x, ⃓⃓⃓

{Fˆ︁p(x)− Fˆ︁p(ˆ︁π)} − {Fp(x)− Fp(ˆ︁π)}
⃓⃓⃓
≤ κ.

Taking infima of these relative objectives gives |Dexactˆ︁p −Dp| ≤ κ without requiring attainment.
If h = infx Fˆ︁p − Y ˆ︁p, then 0 ≤ h ≤ εIP and the computed statistic obeys

Dp ≤ G ≤ Dp + 2κ+ εIP + εpath.

Since E[Dp | Gcal] = J(ˆ︁π)− L(ˆ︁v), its mean width satisfies

0 ≤ µG − [J(ˆ︁π)− V ⋆] ≤ 2
∑︂

t

εv,t+1 + 2E[κ | Gcal] + εIP + εpath. (D.15)

These are the two values of Ccal in (D.8).
The preceding bounds control the excess of the population mean µG over the optimality gap.

We now bound how far the sample-based report can exceed µG. Fix a calibration realization
in Ecal, so the evaluation statistics are i.i.d. in the fixed interval [AG, BG]. Let U ex

α,δ denote the
result of evaluating the sample-mean and confidence-radius formula in exact arithmetic on these
statistics. The statistics themselves may already include upward numerical error; its contribution
εpath was included in (D.14) and (D.15). If WG = 0, every statistic equals µG almost surely,
both radii are zero, and U ex

α,δ = µG. Below assume WG > 0.
Hoeffding evaluation. With conditional probability at least 1− α, the two-sided bound gives

|G− µG| ≤ RH(α). On this one event, the report both covers the mean and has bounded excess:

µG ≤ U ex
α,δ = G+RH(α) ≤ µG + 2RH(α).

Thus the evaluation contribution is Tev = 2RH(α), with failure budget ϵev = α.
Empirical Bernstein evaluation. The coverage argument controls underestimation of the

mean: µG−G ≤ REB(α) with conditional probability at least 1−α. To bound certificate width,
we also need to control the opposite deviation, G− µG. For the fixed width-analysis budget η,
apply the same one-sided inequality to the reflected and normalized observations

Zi = BG −Gi

WG
∈ [0, 1].

Their mean deviation and sample variance satisfy

E[Zi | Gcal]− Z = G− µG

WG
, S2

Z = S2
G

W 2
G

.

Consequently, applying empirical Bernstein to the Zi and multiplying by WG gives G− µG ≤
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REB(η) with conditional probability at least 1− η. A union bound makes both deviations hold
with conditional probability at least 1− α− η; independence of the two events is not needed.
On their intersection,

µG ≤ U ex
α,δ = G+REB(α) ≤ µG +REB(α) +REB(η).

This proves the choices of Tev and ϵev in (D.9). The additional budget η is used only to analyze
width; the reported certificate still uses α.

Numerical errors and the joint guarantee. The implemented report rounds upward, with

U ex
α,δ ≤ Uα,δ ≤ U ex

α,δ + εreport.

Combine the appropriate evaluation bound with (D.14) or (D.15). This yields

Uα,δ ≤ J(ˆ︁π)− V ⋆ + 2
∑︂

t

εv,t+1 + Ccal + Tev

+ εIP + εpath + εreport.

The last two terms sum to at most εnum, so numerical error is counted once. The lower inequality
in each evaluation event also gives J(ˆ︁π) − V ⋆ ≤ µG ≤ Uα,δ. Adding the calibration failure
probability δ proves (D.10) with total failure budget δ + ϵev.

The finite-width conclusion uses the extra assumption that computation succeeds almost
surely on Ecal. Under this assumption, the algorithm reports a finite value almost surely on
the event used above. Reporting +∞ on failure preserves coverage, but by itself cannot give a
finite-width guarantee.

Refined tightness and calibration rates. To obtain the refined value-error bound, replace
the initial estimate V ⋆ − L(ˆ︁v) ≤ 2∑︁t εv,t+1 by V ⋆ − L(ˆ︁v) ≤∑︁t ζt(ˆ︁v) from Proposition D.2; the
remaining steps are unchanged. For the band construction, averaging a nonnegative radius
over the history-summary distribution gives βav

t ≤ β̄rate
t . Under the additional assumptions of

Corollary C.1, the histogram rate holds on the event that every relevant cell receives enough
observations. Its failure probability δocc must be added to the joint budget, giving δ + ϵev + δocc

when that rate is substituted.

Proof of Corollary D.2. Proposition A.1 applies to every parameter and hence every random
checkpoint selected using the training and policy selection block. Conditional on the training
information Gfit, the policy and all certification choices are fixed, so Theorem 4 gives coverage
with failure probability at most δ + α for the band or binary paired statistic, with the Hoeffding
or empirical Bernstein rule fixed before calibration. On Ev, decompose

J(ˆ︁θ)− V ⋆ = [J(ˆ︁θ)− J⋆
Θ] + ∆Θ

and substitute into (D.10). By Corollary D.1, conditional failure of this width statement is at most
δ + ϵev for each such realization of the training information. Integrating and adding P(Ec

v) ≤ γ
proves (D.11). Under the additional hypotheses of Theorem B.2, its bound ∆Θ ≤ Kπ

T επ can be
substituted into the same decomposition.
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D.3.2 Anytime-valid certification across checkpoints

The preceding guarantee covers one policy fixed before calibration. During further training,
we may certify several checkpoints and stop after observing their reported bounds. Allocating
failure probabilities across fresh calibration and evaluation blocks so that their sum is bounded
gives simultaneous validity for all attempted reports. This is anytime validity over the checkpoint
index: coverage is preserved when the reported history determines when to stop, in the sense of
the confidence-sequence literature (Howard et al., 2021).

Let Fdata
k−1 denote the information available before calibrating checkpoint k. Using data

made available for training and policy selection after earlier reports, train the policy and fix it
together with the continuation approximation, calibration construction, evaluation rule, and
solver settings. Reserve fresh blocks for calibration and evaluation. After reporting, add both
blocks to the training and policy selection pool for later checkpoints.

Corollary D.3 (Anytime-valid bounds across checkpoints). Let (αk, δk)k≥1 be deterministic
positive sequences with ∑︂

k≥1
(αk + δk) ≤ ᾱ.

Before opening the kth calibration block, suppose the decision to attempt that checkpoint, its
calibration and evaluation block sizes, the checkpoint itself, and all certification settings are Fdata

k−1 -
measurable. Conditional on Fdata

k−1 , suppose every attempted checkpoint satisfies all conditions for
validity in Theorem 4 for its chosen construction and evaluation rule, including fresh reserved
calibration and evaluation blocks, with error probabilities (αk, δk). Then, with probability at least
1− ᾱ, every attempted checkpoint bound is valid simultaneously. In particular, the bound remains
valid at any data-dependent checkpoint selected using the reported history.

The guarantee applies simultaneously to reported checkpoints, not to every sample size. The
prespecified allocation schedule assigns the total failure probability across reports. For example,
αk = δk = ᾱ/[2k(k+1)] satisfies the required sum. Whether to attempt a report must be decided
before inspecting its calibration or evaluation block. Stopping adaptively within a current block
would instead require calibration and evaluation guarantees that remain valid after arbitrary
within-block stopping.

In particular, let Uk be the bound reported for ˆ︁πk, setting Uk = +∞ if that checkpoint is
skipped or produces no report. Stop at Kϵ = inf{k : Uk ≤ ϵ}, with inf ∅ =∞. Then

P{Kϵ <∞, J(ˆ︁πKϵ)− V ⋆ > ϵ} ≤ ᾱ.

The decision to stop may therefore depend on all completed reports. This controls false
declarations of ϵ-optimality but does not guarantee that the stopping criterion will eventually
be met.

Proof of Corollary D.3. Apply the conditional coverage statement at checkpoint k and integrate
over Fdata

k−1 . A countable union bound shows that the probability of any attempted-checkpoint
failure is at most ∑︁k(αk + δk) ≤ ᾱ. On the complementary event all attempted-checkpoint
bounds hold, including the one selected by any stopping rule based on the reported history.
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D.3.3 A computable range bound for the band statistic

Proposition D.3 (Range bound for the band-based statistic). Suppose, for every stage t, that

|ct(s, x, w)| ≤ Ct, Ht(a,w) ∈ [ℓHt , uH
t ] ∀ a = (s, x, h) ∈ At, w ∈ suppKt(· | φt(h)),ˆ︁Qt(a, z) ∈ [ℓHt , uH

t ] ∀ (a, z) ∈ At ×Zt,

βt(z) ≤ β̄env
t ∀ z ∈ Zt.

Let Wt = uH
t − ℓHt . For each evaluation path ξi, write Y −

i = Y −(ξi) and Y i = Y −(ξi), and
assume 0 ≤ Y −

i − Y i ≤ εIP. Then the calibration-measurable bound

BG = 2
T∑︂

t=1

(︂
Ct +Wt + β̄env

t

)︂
+ εIP (D.16)

satisfies 0 ≤ Gcert
i ≤ BG.

Because At contains every query available to the perfect-information optimizer, the displayed
domain covers both the selected policy and every candidate in the inner problem on almost every
path in the support of the data distribution. To use this bound in Algorithm 2, the inner-solver
error cap must hold almost surely for a fresh sample path and solver seed, not merely on the
observed evaluation sample. Any additional uniform upward error in computing the statistic
must also be added to BG before evaluation.

Proof. On a fixed sample path ξ, write Y = Y −(ξ) and leave the path arguments implicit in Cˆ︁π,
M−,ˆ︁π, and Y −. Define the unshifted penalized objective

˜︁F (x, ξ) = C(x, ξ) +
T∑︂

t=1
{ ˆ︁Qt(at, zt)−Ht(at, ξt+1)}.

Because ˆ︁Qt and Ht lie in the same interval,

| ˆ︁Qt −Ht| ≤Wt, | ˜︁F | ≤ A0 :=
T∑︂

t=1
(Ct +Wt).

On this fixed path, the radius βt(zt) does not depend on the decisions. Hence

C +M− = ˜︁F − T∑︂
t=1

βt(zt), Y − = inf
x∈X PI(ξ)

˜︁F (x, ξ)−
T∑︂

t=1
βt(zt).

The common shift cancels when the selected policy’s objective is compared with Y −. The bound
on the inner-solver error therefore gives

Cˆ︁π +M−,ˆ︁π − Y ≤ 2A0 + εIP.

Finally, ∑︁t rt(zt) = 2∑︁t βt(zt) ≤ 2∑︁t β̄
env
t , which proves (D.16). Nonnegativity follows because

the selected policy is feasible for the perfect-information problem, Y ≤ Y −, and rt ≥ 0.
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D.4 Independent-binary paired correction

We now verify the direct gap correction from Appendix D.2 and derive its range for empirical
Bernstein evaluation.

Corollary D.4 (Independent-binary instance of Algorithm 2). Use the independent-binary
calibration construction of Appendix D.2, with the policy, continuation approximation, and
complete query-domain contrast bounds fixed before using fresh independent calibration sample
paths. Let D, κ, and r2 be defined by (28)–(30). Set

K = r2
(︂∑︂

t

(Mt −mt)2
)︂1/2

.

Assume integrable costs and inner values and a certified range bound 0 ≤ D ≤ Braw, fixed
before evaluation and including the prescribed bounds on solver and arithmetic errors. Use fresh
evaluation paths and the measurable solver/seed conditions of Theorem 4. Then the binary
construction satisfies (24) and admits AG = K/2, BG = Braw +K. In particular, Algorithm 2
with empirical Bernstein evaluation reports

Ubin
α,δ = G+

√︄
2S2

G log(2/α)
n

+ 7(Braw +K/2) log(2/α)
3(n− 1) , n = Nev ≥ 2, (D.17)

with conditional coverage at least 1− δ−α given the training information Gfit. The corresponding
width statement is (D.10) with Ccal = 2E[κ | Gcal] and the empirical Bernstein tail allocation in
(D.9), under the additional hypotheses of Corollary D.1.

Proof. Condition first on the training information Gfit, so the policy, continuation approximation,
and contrast bounds are fixed.

1. Control the probability-estimation error. Write e = ˆ︁p− p. Each coordinate is an average of
Ncal independent centered Bernoulli observations. Hoeffding’s lemma and independence across
stages give, for every u ∈ RT ,

E exp(u⊤e) =
T∏︂

t=1
E exp(utet) ≤ exp

(︄
∥u∥22
8Ncal

)︄
.

Thus the subgaussian variance proxy is 1/(4Ncal). Applying Hsu et al. (2012, Theorem 2.1)
with the identity matrix gives the radius r2 in (28). In particular, the calibration event
Ebin := {∥e∥2 ≤ r2} has conditional probability at least 1− δ.

2. Compare the true and estimated gaps on one path. Fix a calibration realization in Ebin

and an evaluation path ξ. All infima and suprema in this step are over the same feasible set
XPI(ξ); we suppress ξ in the objective arguments. Let Fp be Fˆ︁p with the estimated probabilities
replaced by the true probabilities, and define Dp = Fp(ˆ︁π)− infx Fp(x). For a candidate sequence
x, write ∆(x) = (∆t(at))T

t=1. The binary conditional mean is linear in its probability, so

Fˆ︁p(x) = Fp(x) + e⊤∆(x).

The certified inner lower value satisfies Y ˆ︁p ≤ infx Fˆ︁p(x) ≤ Fˆ︁p(x) for every candidate x. Conse-
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quently, Fˆ︁p(ˆ︁π)− Fˆ︁p(x) ≤ D. Substituting the preceding objective identity now gives, for each
x,

Fp(ˆ︁π)− Fp(x) = Fˆ︁p(ˆ︁π)− Fˆ︁p(x) + e⊤{∆(x)−∆(ˆ︁π)}

≤ D + e⊤{∆(x)−∆(ˆ︁π)}.

Taking the supremum over x on both sides yields

Dp −D ≤ sup
x
e⊤{∆(x)−∆(ˆ︁π)}.

This argument uses only a certified lower value; it does not require an exact inner solve or
attainment of either infimum.

3. Bound the remaining perturbation by κ. For each stage, put

bt(ξ) = max{∆t(aˆ︁πt )−mt,Mt −∆t(aˆ︁πt )}.

Both the policy query and every candidate query have contrasts in [mt,Mt]. Hence |∆t(at)−
∆t(aˆ︁πt )| ≤ bt(ξ). Cauchy–Schwarz and the calibration event therefore give

⃓⃓
e⊤{∆(x)−∆(ˆ︁π)}

⃓⃓
≤ ∥e∥2 ∥∆(x)−∆(ˆ︁π)∥2

≤ r2
(︂∑︂

t

bt(ξ)2
)︂1/2

= κ(ξ).

The contrast bounds cover every relaxed query, so the same calibration event controls all
candidates on every relevant path. Combining this bound with step 2 proves Dp ≤ D + κ = G.

4. Pass from the pathwise comparison to the optimality gap. Hold the calibration data fixed
and take expectations over a fresh path and any independent solver seed. Exact centering gives
E[Fp(ˆ︁π, ξ) | Gcal] = J(ˆ︁π), while weak duality gives E[infx Fp(x, ξ) | Gcal] ≤ V ⋆. Thus, on Ebin,

E[G | Gcal] ≥ E[Dp | Gcal] ≥ J(ˆ︁π)− V ⋆.

Together with step 1, this proves the calibration contract. It does not assert that the empirical
inner value alone is a lower benchmark for V ⋆.

5. Establish the range and apply the evaluation bound. A point in [mt,Mt] has maximum
distance to its two endpoints between (Mt −mt)/2 and Mt −mt. Applying this fact to the
policy contrast in bt yields

K/2 ≤ κ ≤ K.

Since 0 ≤ D ≤ Braw, the corrected statistic has endpoints AG = K/2 and BG = Braw + K.
Its interval width is therefore WG = Braw +K/2. Conditional on calibration, these endpoints
are fixed and the fresh evaluation statistics are i.i.d. under the stated solver conditions. The
empirical Bernstein rule in Theorem 4 gives (D.17), using the sample variance of the complete
statistic G = D + κ. Combining the evaluation failure probability α with the calibration failure
probability δ proves the stated coverage.

6. Account for certificate width. Under the additional width hypotheses, (D.15) gives the
mean-excess bound, with calibration contribution 2E[κ | Gcal]. Combining this bound with
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the evaluation tails and final rounding in the proof of Corollary D.1 proves the stated width
specialization.

E A Worked Capacitated-Inventory Example of the Certificate

This example shows how the abstract certificate inputs arise from familiar inventory-model ingre-
dients: physical capacity bounds and a Hölder regularity bound for the conditional distribution
of next-period demand. Let the scalar demand process satisfy wt ∈ [0, d̄], where wt denotes ξt in
the general model. Let zt = wt be the history summary, and assume it is predictively sufficient:

P{wt+1 ∈ A | Ft} = Kt(A | zt)

for the unknown conditional distribution Kt(· | zt) from (A.1). The known range of the history
summary is Zt = [0, d̄]. Let st denote inventory minus backlog before ordering. Assume
kord

t , khold
t , kback

t ≥ 0. With order capacity ūt > 0 and storage capacity S̄ ≥ 0, fix a known s1 < S̄

such that s1 ≤ s1 ≤ S̄ almost surely, and set

Xt(st) = {x : 0 ≤ x ≤ ūt, st + x ≤ S̄}, st+1 = st + xt − wt+1,

and use the piecewise-linear cost

ct(s, x, w) = kord
t x+ khold

t (s+ x− w)+ + kback
t (w − s− x)+.

The decision set has the moving right-hand side x ≤ S̄ − s. Relatively complete recourse is
immediate on the reachable domain because x = 0 is feasible whenever s ≤ S̄, and the scalar
feasibility layer is

P̄t(u, s) = min{ūt, S̄ − s,max{0, u}}.

Relaxation query set and its cover. Define st+1 = st− d̄. Every feasible perfect-information
or nonanticipative trajectory then satisfies st ≤ st ≤ S̄. A conservative relaxation query set is

At =
{︂

(s, x) : st ≤ s ≤ S̄, 0 ≤ x ≤ ūt, s+ x ≤ S̄
}︂
.

Although the general query includes history, the Markov response below depends on the query
only through (s, x), while zt is displayed separately as the history summary used for conditioning.
No history-space cover is therefore needed. With Ds,t = S̄ − st > 0 and

dA,t((s, x), (s̄, x̄)) = max
{︄
|s− s̄|
Ds,t

,
|x− x̄|
ūt

}︄
,

choosing one query from each nonempty cell of a rectangular grid yields an ϵ-net satisfying

|At,ϵ| ≤ (3/ϵ)2, 0 < ϵ ≤ 1.

Thus the query-cover growth bound in Corollary C.1 holds with pt = 2, independently of the
history length.
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Continuation approximation and band constants. Use an affine continuation approxima-
tion fitted on Dfit and depending on history only through the current demand z:

ˆ︁vt+1(s, z) = at+1s+ gt+1z + dt+1, ˆ︁vT +1 = 0,

and fix its coefficients before calibration. The response in (18) then reduces to

Ht((s, x), w) = ct(s, x, w) + ˆ︁vt+1(s+ x− w,w).

Constraining the continuation coefficients to a fixed compact box guarantees finite constants for
the range bound. Define bounds on the magnitude of the continuation approximation and the
current-stage cost by

V max
t+1 := |at+1|max{|st+1|, S̄}+ |gt+1|d̄+ |dt+1|,

Ct := kord
t ūt + khold

t S̄ + kback
t (−st+1)+.

On every certified query and every demand w ∈ [0, d̄],

−V max
t+1 ≤ Ht ≤ Ct + V max

t+1 .

Hence one may declare

ℓHt = −V max
t+1 , uH

t = Ct + V max
t+1 , Wt = Ct + 2V max

t+1 .

Tighter response bounds over the known polyhedral domain can be computed by linear programs
for the finitely many linear pieces.

A valid query-Lipschitz constant for the scaled metric is

La,t = (khold
t + kback

t + |at+1|)Ds,t

+ (kord
t + khold

t + kback
t + |at+1|)ūt.

The response is Lipschitz in successor demand with constant

Lw,t = khold
t + kback

t + |at+1|+ |gt+1|.

To control how the conditional mean changes with current demand, suppose that the next-demand
distributions satisfy

W1
(︂
Kt(· | z),Kt(· | z̄)

)︂
≤ KW

t |z − z̄|τt

where τt ∈ (0, 1] and W1 denotes the 1-Wasserstein distance between probability distributions.
Thus nearby current demands induce nearby next-demand distributions. Since the response
is Lipschitz in next demand, this condition implies Assumption C.1(d) with Lz,t = Lw,tK

W
t .

The constant KW
t is a valid certified upper bound supplied by the model assumptions and fixed

before calibration. It may be derived analytically or supplied conservatively. Partition the
history-summary domain [0, d̄] into uniform bins. Here dt = 1. If the history summary has
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full support on this interval and a marginal density bounded below, then the cell-probability
condition in Corollary C.1 holds. This density condition is sufficient for the stated uniform rate,
but is not needed to compute the band or guarantee its coverage.
Reuse of observed demand and the perfect-information LP. For z ∈ B with Nt,B > 0,
index the demand sample paths in Dcal by i. Writing ˆ︁Qt(s, x, z) for ˆ︁Qt((s, x), z), the estimator
(20) becomes

ˆ︁Qt(s, x, z) = 1
Nt,B

∑︂
i:zi

t∈B

[︂
ct(s, x, wi

t+1) + ˆ︁vt+1(s+ x− wi
t+1, w

i
t+1)

]︂
.

Thus every observed demand is reevaluated at every feasible inventory–order pair. On a fixed
demand sample path from Dev,

C +M− =
T∑︂

t=1

[︂ ˆ︁Qt(st, xt, zt)− βt(zt)− ˆ︁vt+1(st+1, wt+1)
]︂
.

Minimizing this objective over the physical dynamics and recourse constraints, as in (D.6), is an
LP. For each calibration observation used at stage t, introduce epigraph variables satisfying

r+
ti ≥ st + xt − wi

t+1, r+
ti ≥ 0, r−

ti ≥ w
i
t+1 − st − xt, r−

ti ≥ 0,

and replace the positive-part terms in ˆ︁Qt by khold
t r+

ti + kback
t r−

ti . The physical state equations
use the evaluation-path demands, while empty calibration cells contribute a constant midpoint
and preserve linearity.

A dual-feasible LP objective supplies the certified lower bound Y . If the solver also returns
a primal feasible point and terminates only when

primal objective− dual lower bound ≤ εIP,

then 0 ≤ Y − − Y ≤ εIP. With β̄env
t = supz∈[0,d̄] βt(z), Proposition D.3 gives a computable range

bound once the stated certified inputs and the inner-solver error bound are fixed:

BG = 2
T∑︂

t=1

(︂
Ct +Wt + β̄env

t

)︂
+ εIP.

Under the displayed Wasserstein–Hölder condition and the cell-probability condition in Corol-
lary C.1, the one-dimensional history summary gives the calibration rate ˜︁O(N−τ/(2τ+1)

cal ) for
τ = mint τt, while the two-dimensional inventory–order query contributes through the logarithm
of its covering number.
Implementation. For this model, Algorithm 1 trains a proposal µθ,t(s, z) using exact clipping.
After selecting the policy, we fit the affine continuation approximation and choose the band
design using Dfit. We hold both fixed while forming the histogram estimates and radii from
demand observations in Dcal. On each sample path in Dev, we simulate the selected policy and
solve the displayed LP. Its dual lower bound and verified solver gap supply the inner quantities
in (23), with solver error at most εIP. Combining them with the policy quantities from the same
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sample path gives Gcert
i . Algorithm 2 in Section 5.3 then uses Hoeffding evaluation to report

Uα,δ. The inputs are the stated predictive sufficiency, known support, and model-side regularity
bound. The procedure estimates only the conditional means required by the penalty, rather
than a full transition distribution, and constructs no scenario tree.

Conservative history-summary and query domains, response ranges, and regularity bounds
preserve validity, with their looseness reflected in the reported width. A piecewise-linear or
ReLU continuation approximation is also admissible when the resulting perfect-information
problem is represented as a MILP and solved with certified global branch-and-bound bounds.

F Policy Classes and Implementation

This appendix specifies the common feasibility layer and the policy architectures used in the
experiments.
Common projected-policy interface. Every learned method uses the same state-dependent
feasibility layer: given the proposal ut = µθ,t(st, zt), the deployed decision is

xt = P̄t(ut, st; zt) = arg min
x

1
2∥x− ut∥22 s.t. Atx ≤ bt(zt) +Btst.

In the nonlinear controlled benchmark, the set combines availability, release, ramping, and one
weighted shared-release constraint. In the hydrology case-study models it combines nonnegativity,
release capacity, available water, and, where applicable, a shared release limit. For box constraints
with a single weighted shared limit, the implementation uses clipping and a fixed-iteration scalar
bisection. This numerical routine approximates the exact map P̄t used in the theory. The
feasibility audits report its realized constraint residuals rather than treating finite-precision
output as an exact projection solution. PPO and SAC (Schulman et al., 2017; Haarnoja et al.,
2018) and Projected SHAC (Xu et al., 2022) are evaluated through this same map, which
holds feasibility enforcement fixed across comparisons. The appendix-only cost–latency suite
additionally includes TD3 (Fujimoto et al., 2018).
Features and proposal initialization. Continuous physical inputs are divided by their
specified storage, release, or routing-queue capacities. The controlled benchmark appends
four periodic time features. Hydrology case-study policies append the training-only hydrology
features defined for each case. The proposal parameterizations are suite-specific. In the controlled
benchmark, the flat MLP and the Projected SHAC policy network output ai = tanh fθ,i ∈ [−1, 1],
which is mapped around the stagewise reference release by

ut,i = µθ,t,i(st, zt) =

⎧⎨⎩r
ref
t,i (ai + 1), ai < 0,

rref
t,i + ai(ci − rref

t,i ), ai ≥ 0,

where ci is release capacity. Its zero output layer therefore initializes at rref
t,i . The controlled

Graph instead uses rref
t,i + κi(st,i − s̄t,i) plus a zero-initialized residual scaled by 0.20R−1∑︁

i ci.
Here R is the number of reservoirs, s̄t,i is the reference storage, and κi is the storage-feedback
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gain. In the hydrology case-study suite, FeasPG+MLP and FeasPG+DeepSets use

ut,i = µθ,t,i(st, zt) = rtarget
p(t),i + 0.20

(︁
st,i − 1

2(g
p(t),i + gp(t),i)

)︁
+ 0.25ci tanh fθ,i,

with a zero-initialized final output. Here p(t) indexes the seasonal period, rtarget is the target
release, and g, g are the lower and upper storage guides. PPO and SAC use the common feasibility
interface but not this initialization. Objective scaling is used only inside some optimizers, and
all reported objectives are recomputed in the unscaled common simulator.
Proposal classes. Let ot denote the normalized flat observation. The stagewise affine and
all-pairs quadratic proposals are

µaff
θ,t(st, zt) = W aff

t [1; ot], µpoly
θ,t (st, zt) = W poly

t [1; ot; vech(oto
⊤
t )].

Here vech lists the distinct entries of the symmetric matrix oto
⊤
t . The flat MLP applies two hidden

layers to ot and outputs one proposal coordinate per reservoir. In the controlled benchmark, the
Graph policy encodes reservoir i’s local feature vector vi as h0

i = ϕ(vi) and updates it for three
layers with shared weights using its own, normalized upstream, normalized downstream, and
global messages. For ℓ = 0, 1, 2,

hℓ+1
i = tanh

⎛⎝W ℓ
0h

ℓ
i +W ℓ

↑
∑︂

j

Ā↑
ijh

ℓ
j +W ℓ

↓
∑︂

j

Ā↓
ijh

ℓ
j +W ℓ

g h̄
ℓ + bℓ

⎞⎠ ,
where h̄ℓ = R−1∑︁

i h
ℓ
i . Thus the controlled Graph can coordinate allocation under the shared-

release constraint. For the non-network CAMELS-BR portfolio, DeepSets instead uses hi = ϕ(vi),
h̄ = R−1∑︁

i hi, and δi = ψ([hi, h̄]), which is permutation equivariant in basin labels. ONS uses
the MLP, while CAMELS-BR uses DeepSets with a parameter-matched flat MLP comparator.
Matching and optimization. In the controlled data-budget suite the width of the two-layer flat
MLP is chosen to minimize its parameter-count difference from the width-64 graph policy: 54,619
versus 54,721 deployed parameters. Projected SHAC uses the same 54,619-parameter deployed
policy network—the actor in actor–critic terminology—and model access, but backpropagates in
eight-stage windows, detaches the simulated state at each window boundary, and adds a learned
cost-to-go model, or critic, there. Its training state contains 159,369 parameters across the actor
and the online and target critic copies. Only the 54,619-parameter actor is deployed, and the
target critic is updated by exponential averaging rather than directly optimized. PPO and SAC
use separate policy sizes. The separate 11-method comparison uses an 82,444-parameter MLP.
Direct policies and Projected SHAC are trained with Adam, gradient clipping at 10, and weight
decay 10−6. Learning rates and checkpoints are chosen by validation cost.

Scope. In the controlled suite, parameter matching covers the deployed Graph and MLP
proposals and the Projected-SHAC actor. The CAMELS-BR DeepSets policy has a parameter-
matched MLP comparator, but its Projected-SHAC actor is not parameter matched. Critic
state and training compute are accounted for separately. PPO, SAC, and the 11-method suite
use their prespecified architectures. The stationarity theorem concerns fresh-minibatch SGD
with a randomly selected iterate, whereas the reported FeasPG implementations use Adam and
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validation-selected checkpoints.

G Controlled Nonlinear Benchmark

This appendix documents the controlled benchmark, its linearized SDDP comparator, and the
supplementary implementation audits.

Across the tested budgets in Figure 4, FeasPG+MLP’s mean test cost is 6.13%–22.68%
below that of Projected SHAC. Because truncation and value approximation change jointly,
this comparison at matched training budgets does not isolate the causal value of full-horizon
differentiation. FeasPG+Graph further reduces mean test cost by 5.28%–12.72% relative to the
matched MLP. This comparison concerns parameter-matched policy configurations rather than
architecture alone, because Graph also changes the proposal parameterization and initialization
(Appendix F).
SDDP extension of the matched-budget comparison. The linearized SDDP curve in
Figure 4 adds 25 runs: five training seeds at each of 100, 250, 500, 1,000, and 2,500 training
paths. It reuses the exact nested training pool and the 500 validation and 4,096 test paths
of that figure, verified by data checksums. Each training prefix is compressed to two joint
inflow–demand outcomes per stage. Training performs 50 SDDP iterations, and validation selects
among the initial policy, evaluated before any backward cut is added, and iterations 10, 20,
30, 40, and 50. The selected policy is evaluated in the original nonlinear simulator with the
shared feasibility projection. This supplementary extension was conducted after the primary
learned-policy comparison. The linearization supplies a planning comparator, not a lower bound
on the nonlinear optimum. The latency panel below retains the original five learned methods.
Approximation diagnostic and interpretation. The planning model linearizes generation
and evaporation at each stage’s prescribed storage/release pair, retaining that expansion as
realized states and decisions change. The true simulator instead evaluates the nonlinear head and
two narrow efficiency bands whose centers move with storage. The planning model also permits
discretionary spill, whereas the simulator spills only overflow. The contribution of this additional
difference has not been quantified. Increasing Nfit changes the two fitted joint outcomes per
stage but leaves this physical approximation and the 50-iteration training budget unchanged.

A two-seed replay at Nfit = 2500 found that the affine planning model predicted roughly
twice the hydro generation obtained in the nonlinear simulator. This supports model mismatch
as one explanation for the observed cost gap, but does not disentangle physical approximation,
scenario compression, and finite SDDP training. Across all 25 SDDP runs, 13 select the initial
pre-cut checkpoint, including all five runs at Nfit = 100.
Supplementary baseline comparison. The decision-switching benchmark has R = 12
reservoirs, T = 48 stages, four latent uncertainty factors, and a two-stage routing delay. The
policy acts before the current inflow and demand are realized. The fixed full-comparison split
contains 1,000 training, 500 validation, and 4,096 common test sample paths. Five optimization
seeds share the same sample-path sets. The candidate and checkpoint are selected only by
validation cost, and the common test set is read once after selection. Each candidate sees 1,000
distinct training paths.
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Table 2: Complete controlled-benchmark comparison at Nfit = 1000. Cost is mean ± sample SD
over five training seeds, with one run for each fixed method. Timing records each implementation’s
CPU execution. FeasPG and baseline timings were collected separately and do not support a
controlled speed comparison. Lower cost is better.

Method Test cost Policy params Tuning (s) Batch-1 (ms)

FeasPG+Graph 54.512± 0.573k 54,721 1131.51 0.978
FeasPG+MLP 59.423± 0.153k 82,444 607.63 0.854
FeasPG+polynomial 61.122± 0.150k 705,600 629.06 0.806
FeasPG+affine 63.303± 0.175k 28,224 499.22 0.796
SAC 79.078± 1.359k 85,528 1042.16 0.984
TD3 81.049± 3.602k 82,444 683.83 0.932
PPO 105.871± 3.875k 82,456 84.20 0.944
Two-scenario
linearized SDDP 131.588± 1.614k 0† 613.96 3.066
Constant cost-function
approximation (CFA) 134.212± 0.013k 1 452.83 1.356
Deterministic lookahead 136.059k 0 0 1.376
Myopic 144.091k 0 0 0.758

Here “Policy params” counts trainable scalars in the deployed proposal or policy, excluding
RL critics and other training-only state. The dagger marks SDDP, whose selected policies
contain 960, 0, 0, 1,920, and 1,440 cuts across the five seeds (mean 864).

The graph policy’s mean cost is 8.27% below the unmatched flat MLP and 31.07% below
SAC. Its five paired Graph-minus-MLP differences on common test paths are −5.089, −4.071,
−4.814, −4.669, −5.916k. All 47 reported runs have zero recorded adjusted-decision-bound,
shared-capacity, and storage violations. Myopic proposes the stage’s reference release at every
reservoir and relies on the projection for feasibility. Deterministic lookahead and CFA use a
planned-state 12-stage LP approximation, while the reported two-scenario linearized SDDP
compresses the training data to two joint outcomes per stage and linearizes the nonlinear system.
Two of five SDDP seeds select this initial pre-cut checkpoint. This full-comparison suite contains
projected PPO/SAC/TD3 but not Projected SHAC.

In this suite, Nfit matches distinct training sample paths while optimizer work, experience-
replay work, validation opportunities, and compute differ. Policy parameters count deployed
policies only, and the simplified LP references provide no optimality bound for the nonlinear
control problem.
Supplementary training audit. For each direct-policy candidate, 500 Adam updates with
batch size Nbat = 2 consume each of the 1,000 training paths once and validation is checked
every ten updates. PPO, SAC, and TD3 complete 1,000 training episodes per candidate, but
PPO performs ten epochs per rollout and the off-policy methods reuse an experience-replay
buffer. CFA uses symmetric perturbations and therefore 2,000 path evaluations. Learning-
rate grids, all selected checkpoints, per-seed costs, paired pathwise intervals, training curves,
cost components, throughput, and resource counters are included in the artifact. FeasPG
evaluates three regularization strengths at each learning rate: six candidates per seed in this
supplementary suite, and nine in the primary budget suite. Initialization adds 32 per-path cost
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Figure 7: Matched-suite deployed-decision timing for the learned methods, using the Nfit = 2500
selected checkpoints from Figure 4. Dark-blue circles denote FeasPG+Graph, light-blue squares
FeasPG+MLP, gold triangles Projected SHAC, red crosses SAC, and green diamonds PPO.
Cost coordinates are means over five training seeds with one-sample-SD vertical bars. Latency
coordinates are the median across five within-seed medians, each measured from 100 CPU calls
at the horizon midpoint to policy proposal plus the shared projection. The timed state comes
from a replay of each policy, and the RL adapter includes its Torch–NumPy interface overhead.
The panel reports deployed proposal-plus- projection latency separately from training resources.
Timings were collected separately for FeasPG and baselines, so differences are descriptive.

and regularizer-gradient evaluations on the same training pool.
Matched-suite RL tuning. For every budget and training seed, validation selects both
checkpoint and actor learning rate. Projected SHAC uses {10−4, 3×10−4, 6×10−4}, while PPO
and SAC use {10−4, 3×10−4, 10−3}. All other prespecified settings are fixed: PPO and SAC
have two width-256 hidden layers and γ = 1, while SHAC uses the matched actor described
in Appendix F. PPO uses 10-episode rollouts, 10 epochs, and batch size 256. SAC uses a
100,000-step buffer, 1,000 learning-start steps, batch size 256, and one gradient update per step.
Across the 25 controlled budget–seed cells, the largest rate is selected for 24 SHAC, 14 PPO,
and 25 SAC cells. At Nfit = 2500, the counts are 5/5, 3/5, and 5/5. In ONS and CAMELS-BR,
endpoint selection varies by system, with frequent lower-bound selections on CAMELS-BR and
upper-bound selections on ONS. The complete hydrology-case selections are reported with their
artifacts.

Motivated by these upper-endpoint counts, a one-sided supplementary check, conducted after
the primary comparison at Nfit = 2500, adds 10−3 for SHAC and 3×10−3 for PPO/SAC.
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Table 3: Supplementary upper-rate sensitivity on the controlled benchmark. Upper-selected
counts cover all 25 budget–seed cells and the five Nfit = 2500 cells. Expanded selection uses the
same validation set. Costs are test mean ± training-seed SD in thousands.

Method Prespecified grid
Upper selected

all / 2.5k Added rate
Added selected

at 2.5k
Primary / enlarged-grid

test cost

Projected SHAC {1, 3, 6}×10−4 24/25 / 5/5 10−3 2/5 59.48 ± 1.78/58.91 ± 1.31
PPO {1, 3, 10}×10−4 14/25 / 3/5 3×10−3 0/5 84.43 ± 2.27/84.43 ± 2.27
SAC {1, 3, 10}×10−4 25/25 / 5/5 3×10−3 3/5 62.76 ± 2.28/61.67 ± 1.41

The enlarged-grid baseline test means are 58.91k for Projected SHAC, 61.67k for SAC, and
84.43k for PPO. For comparison, the FeasPG means are 48.74k for Graph and 55.84k for the
matched MLP.

Scope. This baseline sensitivity analysis selects learning rate and checkpoint. The primary
comparison uses the prespecified grids. The one-sided check targets the controlled Nfit = 2500
endpoint, and the hydrology-case grids remain fixed. Results therefore compare implementations
selected over the declared candidates, not exhaustive tuning of each algorithm.

H Proposal-Distance Regularization: Mechanism and Protocol

Constructed startup stress test. The experiment in Section 6.1.2 retains the controlled
nonlinear model, cost coefficients, original MLP initialization, and all physical constraints. Initial
storage is set to 1% of capacity, and the inflow mean, factor loadings, and idiosyncratic noise
are scaled jointly by q ∈ {0.01, 0.02, 0.05, 0.10}. Demand and price distributions are unchanged.
The nominal control retains the original 64% initial storage and unscaled inflow. All five settings
and all five training seeds are reported. The extreme scarcity cases are mechanism tests rather
than claims about the frequency of historical droughts.

The training-only screening used 32 paths. Before observing training outcomes, the q = 0.02
case was designated as primary because it is the less severe of the two cases for which an
all-support plateau bound succeeds. A recursive upper bound on storage under all-water release,
including the two-stage routing queue, gives minimum proposal–storage, ramp–storage, and
shared-capacity margins of 3.871, 13.982, and 374.786, respectively. The positive margins prove
inductively that every initial decision equals available storage and is locally independent of
policy parameters. The cost gradient therefore vanishes even with complete moving recourse.
The bound also succeeds at q = 0.01 but is inconclusive at q = 0.05 and q = 0.10. Observed
results in the latter cases are empirical.

Each candidate uses 1,000 paths from the original nested training pool, 500 Adam updates
with Nbat = 2 previously unused paths per update, learning rate 6× 10−4, weight decay 10−6,
and gradient clipping at 10. Prescribed weights are 0, 1, and (k + 1)−1/2, where k starts at
zero. On a new 500-path validation set, we compare checkpoints saved at ten-update intervals,
including initialization, and select the one with the lowest cost. We fix this selection before
reporting costs on a new 4,096-path test set. The validation and test seeds are 35202 and 35303.
The five training seeds are 0–4.
What improves. For q = 0.02, all unregularized training gradients are exactly zero, and
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Table 4: Startup stress-test cost reduction relative to the trained λ = 0 control (%). Values
compare five-seed mean test costs. All positive-weight configurations improve in all five seeds.

Setting λ = 1 λk = (k + 1)−1/2

1% initial storage, 1% inflow 5.44 5.44
1% initial storage, 2% inflow 8.57 8.57
1% initial storage, 5% inflow 15.99 16.16
1% initial storage, 10% inflow 17.30 17.29
Original nominal case 0.50 0.91

decisions and sample-path costs stay unchanged. Adam weight decay does not alter the zero
output layer, so it does not resolve this plateau. Positive weights first reduce proposal distance
while leaving decisions unchanged. An independent replay of seed 0 with λ = 1 finds the first
decision change and first nonzero cost gradient after update 26. In that run, validation thermal
cost increases from 178,472 to 183,343, while the low-storage cost component falls from 92,586
to 65,612 and terminal cost falls from 24,646 to 21,412. The primary gain is water conservation.
A post-training no-release reference has validation cost 270,507, compared with 270,366 for the
learned policy. At 5% inflow, these values are 239,655 and 236,383. These descriptive references
were not used for selection and do not certify optimality.
Derivative and optimizer checks. An independent implementation of the regularizer-gradient
formula reproduces the first 30 updates exactly. At update 30, a double-precision directional
finite-difference check uses 32 training paths, three fixed random directions, and the original
seven step sizes. At h = 10−5, the mean normalized error is 2.12 × 10−7 for the complete
derivative and 1.03 when moving recourse is omitted from the entire policy replay, with identical
forward values. Appendix I isolates the omission within the regularizer. All step sizes and
directions are retained in the artifact. In the scalar example X = [0, 1], c(x) = (x− 1)2, u0 = −1,
Adam with learning rate 0.1 crosses into positive decisions after 12 updates for λ = 1 and after
14 for the decreasing weight, while the unregularized decision remains zero. In contrast, plain
SGD at that learning rate satisfies uk+1 = (1− 0.1λk)uk < 0 for the tested positive schedules
and need not cross at any finite iteration. The mechanism therefore does not imply a universal
finite-step escape guarantee.
Weight selection. The budget, scaling, hydrology, derivative-ablation, and supplementary
comparisons use the following training-only scale rule. On the first 32 training sample paths ξj ,
let gj = ∥ˆ︁gPW(θ0; ξj)∥ and hj = ∥∇θdpd(θ0, ξ

j)∥. Write Cj = C(θ0, ξ
j). We set

λref = medianj gj

medianj hj + 10−12 .

If either median is zero, we instead use the prescribed positive fallback

λref =
max{32−1∑︁

j |Cj |, 10−12}
max{1

2T
∑︁

i c
2
i , 10−12}

,

where ci denotes release capacity. The fallback is activated in 0 of 220 benchmark initializations.
Cost and its gradients use the training-only objective normalization in the hydrology optimizers,
while reported costs are recomputed in the raw simulator. The gradient includes each projected
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decision’s dependence on the proposal and on the state-dependent constraint bounds, except in
the explicitly identified derivative ablations.

For each training budget and seed, the declared positive grid is λk = aλref/
√
k + 1 with

a ∈ {0.1, 1, 10} and k = 0, . . . ,K − 1. We use validation cost to jointly select the strength,
learning rate, and checkpoint, including initialization. Exact ties favor the smaller strength and
then the earlier learning-rate candidate. Scale estimation uses only that budget’s training prefix
and never borrows paths from a larger budget. The test and historical sets do not select the
weight. The grid is fixed before the benchmark test reports and is not expanded in response to
them.
Nominal controls. At Nfit = 1000, λ = 0 controls use the same device, initialization, paths,
optimizer, and learning-rate grid as the positive runs. The positive grid has three times as many
candidates, so this comparison assesses the complete selection protocol and is not matched for
tuning compute.

Table 5: Nominal Nfit = 1000 test controls. Costs are mean ± training-seed SD. Synthetic
costs are in thousands, ONS in billions, and CAMELS in native units. Positive reduction favors
regularization.

Setting λ = 0 Selected positive Reduction (%)

Synthetic Graph 55.072 ± 0.659 52.737 ± 0.766 4.24
Synthetic MLP 58.927 ± 0.104 58.326 ± 0.191 1.02
ONS MLP 59.534 ± 0.718 59.144 ± 0.303 0.65
CAMELS MLP 175.392 ± 0.501 175.499 ± 0.512 -0.06
CAMELS DeepSets 168.440 ± 0.162 168.550 ± 0.233 -0.07

Table 6: Validation costs for the same selected controls, with scales and seed summary matching
Table 5.

Setting λ = 0 Selected positive

Synthetic Graph 55.017 ± 0.633 52.693 ± 0.835
Synthetic MLP 58.897 ± 0.109 58.303 ± 0.188
ONS MLP 58.959 ± 0.670 58.534 ± 0.501
CAMELS MLP 170.979 ± 0.504 171.079 ± 0.509
CAMELS DeepSets 163.863 ± 0.159 163.994 ± 0.218

The nominal controls show different effects across settings: synthetic Graph and MLP
improve, ONS improves more modestly, and CAMELS has almost unchanged, slightly higher
test means. These results support the corrective mechanism without establishing a universal
improvement in held-out cost.

The effect also depends on the training budget. Relative to the unregularized controlled runs,
Graph’s sample mean is 0.38% higher at 250 paths, whereas it is 5.07% lower at 2,500 paths.
The artifact records all 43 budget, scaling, and full-comparison contrasts against unregularized
FeasPG. Comparisons to the unregularized hydrology training runs also differ in training device.
Auxiliary metrics and computational cost. Table 7 reports the proposal distance and
fraction of decision coordinates changed by projection (tolerance 10−6) on test paths. Gradient
norms are evaluated on the same first 32 training paths at the selected checkpoint, before clipping,
for the original training objective scale. The total gradient uses the checkpoint’s decreasing
weight. Consequently, gradient magnitudes across differently scaled systems are not directly
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comparable. All selected policies have zero recorded maximum decision and storage feasibility
residuals.

Table 7: Nominal control diagnostics, five-seed means. dpd is mean test proposal distance, and
GC and Gλ are training-gradient norms. Projected is the percentage of decision coordinates
changed by projection. Time sums all candidate training runs and scale estimation per seed, in
seconds.

Setting, weight dpd GC Gλ Projected (%) Time (s)

Synthetic Graph, 0 1.40 × 104 2.00 × 104 2.00 × 104 80.2 507
Synthetic Graph, positive 3.70 × 102 3.89 × 104 4.12 × 104 47.0 1515
Synthetic MLP, 0 1.42 × 103 5.01 × 104 5.01 × 104 39.9 249
Synthetic MLP, positive 3.82 × 102 5.77 × 104 5.89 × 104 37.3 805
ONS MLP, 0 1.15 × 1015 3.84 × 101 3.84 × 101 100.0 456
ONS MLP, positive 9.38 × 1014 4.22 × 101 4.32 × 101 99.2 1339
CAMELS MLP, 0 9.31 × 104 1.19 × 101 1.19 × 101 50.4 61
CAMELS MLP, positive 8.75 × 104 1.15 × 101 1.15 × 101 50.2 181
CAMELS DeepSets, 0 1.42 × 105 1.10 × 101 1.10 × 101 60.7 105
CAMELS DeepSets, positive 1.35 × 105 1.23 × 101 1.23 × 101 59.7 307

The primary and derivative-ablation grids have nine candidates per seed, while the supple-
mentary full comparison has six. Candidates share the training pool and initialization scale
estimate, so tuning does not increase distinct training data. The artifact records selected
weights, checkpoints, validation/test costs, gradient norms, feasibility residuals, and runtimes.
Tuning time includes scale estimation, optimizer updates, and periodic validation but excludes
initialization validation and final held-out evaluation. FeasPG uses one CPU thread per worker,
while the hydrology-case baselines use CUDA, so these timings do not provide a controlled speed
comparison.
Hydrology-case derivative checks. We check an independent expression for the regularizer
after 30 updates, using 32 training paths, three fixed random directions, and the original seven
finite-difference step sizes. At h = 10−5, the maximum normalized complete-gradient error is
4.75 × 10−10 for ONS MLP, 4.60 × 10−10 for CAMELS MLP, and 1.16 × 10−9 for CAMELS
DeepSets. Removing moving recourse increases the ONS mean error to 0.358. The same omission
leaves the two CAMELS derivatives unchanged at these particular checkpoints because that
constraint dependence is inactive there, but this does not establish that the correction can
generally be discarded.

I Additional Mechanism and Scaling Results

This appendix reports derivative diagnostics and supporting controlled-benchmark robustness,
scaling, and numerical equivariance results.
Diagnostic metrics. The horizontal axis h in the finite-difference panels is the parameter
perturbation size, not the training learning rate. Fix the parameters θ, a direction v, and
the exogenous sample paths. Let F (θ) denote the average cost in panel (a), or the average
regularized loss in panel (b), on these paths. We perturb the parameters in both directions and
replay the sample paths under each perturbed policy, including proposals, projections, and state
transitions:

dFD(h) = F (θ + hv)− F (θ − hv)
2h , dAD = ∇θF (θ)⊤v.
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Both perturbed evaluations use the same exogenous sample paths. The complete AD gradient
should agree with this central finite difference at differentiability points as h decreases, until
floating-point errors become significant. For the ablations, we replace the AD gradient by the
derivative with the specified terms omitted, while retaining the same forward loss and FD
reference.

Figure 2 compares automatic-differentiation (AD) and central finite-difference (FD) direc-
tional derivatives using |dAD− dFD|/max{1, |dAD|, |dFD|}. Panel (a) uses 32 fixed training paths
for the five-seed cost-gradient check, with reported errors at the prespecified step h = 10−5. Panel
(b) uses the seed-0, update-30 checkpoint from the startup experiment in Appendix H, with λ = 1,
the first 32 training paths, three fixed normalized Gaussian parameter directions, and double pre-
cision. Both checks retain all seven step sizes {10−2, 3×10−3, 10−3, 3×10−4, 10−4, 3×10−5, 10−5}.
The complete regularized derivatives reproduce the existing diagnostic. To isolate the derivative
through the projected decision in the regularizer, we evaluate

C + λ

2
∑︂

t

∥ut − stopgrad(xt)∥2

on the same full policy replay. Here stopgrad preserves its input value but assigns it zero
derivative. States, proposals, and the cost retain their original computation graphs. The forward
objective is identical to Cλ, and the detached gradient minus the complete gradient equals
λ
∑︁

tX
⊤
t (ut− xt) by (B.4). At h = 10−5, the mean normalized directional errors are 2.12× 10−7

and 0.181, and their maxima over the three directions are 5.66× 10−7 and 0.251, respectively.
The relative full-vector difference is 0.0428.

The horizon panel (c) reports ∥ˆ︁gabl − ˆ︁gPW∥/max{∥ˆ︁gPW∥, 10−12}, where “abl” omits the
derivative through either the proposal’s state input or the moving constraint bounds, and “PW”
is the complete pathwise gradient.
Detaching the decision can reverse the derivative’s sign. Consider two stages with
u1 = θ, x1 = P[0,2](u1), s2 = x1, and u2 = 1 + s2/2. For 0 < θ < 2, project the second proposal
onto [0, s2], giving x2 = s2 = θ and

dpd(θ) = 1
2(1− θ/2)2, d′

pd(θ) = −1
2(1− θ/2).

Detaching x2 only in this residual instead returns +1
2(1 − θ/2). At θ = 1, the complete and

detached derivatives are −0.25 and +0.25, respectively. A central difference at h = 10−6

agrees with the complete derivative to within 10−9. This example isolates the effect of the
state-dependent bound in the regularization term.
Finite-budget comparison with gradient terms omitted. Figure 2 tests derivative
correctness for C before optimization. We also train the same projected MLP with Cλ while
omitting one derivative contribution throughout the policy replay. This separate mechanism
experiment uses the original 0.10 ramp fraction, compared with 0.50 in the primary budget
benchmark, and its own fixed data split and proposal initialization. The forward computation,
policy class, projection, sample-path budget, and validation rule are held fixed. For each seed,
the full-gradient variant selects the regularization strength. The two derivative-ablation variants
then use that same strength and select their learning rate and checkpoint on validation data. At
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Nfit = 1000, test costs are 78.423± 0.061k for the complete gradient, 78.734± 0.575k without
proposal–state feedback, and 80.872± 0.748k without moving recourse. The omission applies to
both terms of Cλ.

Scope. Finite differences identify the derivative of the stated objective, while finite-budget
Adam outcomes additionally reflect nonconvex optimization, implicit bias, and checkpoint
selection.
Complete sample-path budget grid. Table 8 gives the learned-method values in Figure 4,
together with the fixed myopic reference. All learned methods use the same sets of distinct
training sample paths and common test paths. Resource accounting is in Appendix G.

Table 8: Controlled cost on model-generated test paths in thousands (lower is better), mean ±
sample SD over five training seeds. Myopic is fixed.

Nfit FeasPG+Graph FeasPG+MLP (matched) Proj. SHAC SAC PPO Myopic

100 70.76 ± 1.96 74.70 ± 0.94 90.76 ± 1.79 109.48 ± 4.06 141.93 ± 1.42 144.25
250 61.18 ± 0.39 64.59 ± 0.44 83.53 ± 9.83 91.40 ± 2.59 128.12 ± 4.73 144.25
500 57.25 ± 0.67 60.48 ± 0.18 74.65 ± 6.72 81.04 ± 3.43 107.72 ± 5.24 144.25

1000 52.74 ± 0.77 58.33 ± 0.19 66.47 ± 4.97 70.43 ± 3.68 93.57 ± 2.33 144.25
2500 48.74 ± 0.73 55.84 ± 0.17 59.48 ± 1.78 62.76 ± 2.28 84.43 ± 2.27 144.25

Empirical scaling. We trained FeasPG+Graph and its parameter-matched MLP separately in
seven reservoir–horizon configurations. Table 9 reports results on fresh sample paths from the
fitted data model. Graph has a lower mean cost in 7 of seven settings, with relative reductions
ranging from 3.65% to 16.23%. The deployed parameter counts remain approximately constant
(54,721 for Graph and 54,615–54,907 for MLP). Median batch-1 proposal-plus-projection latency
ranges from 0.964 to 1.073 ms for Graph and 0.851 to 0.909 ms for MLP in the serial CPU audit.

Table 9: Seven-configuration scaling audit. Costs are in thousands, mean ± sample SD over five
training seeds. Myopic is fixed. “Reduction” is the reduction in Graph mean cost relative to
matched MLP.

Configuration FeasPG+Graph FeasPG+MLP (matched) Myopic Reduction (%)

R = 6, T = 48 20.28 ± 0.80 24.21 ± 0.07 56.88 16.23
R = 12, T = 48 52.87 ± 0.70 58.29 ± 0.16 144.04 9.29
R = 24, T = 48 127.02 ± 2.86 138.07 ± 2.20 316.54 8.01
R = 48, T = 48 282.24 ± 4.96 298.49 ± 1.58 722.88 5.45
R = 12, T = 12 11.30 ± 0.22 11.73 ± 0.08 27.28 3.65
R = 12, T = 24 22.96 ± 0.72 25.09 ± 0.19 64.66 8.52
R = 12, T = 96 114.35 ± 0.58 123.79 ± 0.34 309.91 7.62

Numerical equivariance audit. Across five trained policies from the R = 12, T = 48 scaling
setting and five random node permutations (64 common paths per audit), Graph’s mean decision
equivariance error is 2.16×10−6, with a largest decision error of 5.99×10−4 and largest path-cost
invariance error of 1.95 × 10−2. The matched flat MLP is not permutation equivariant: its
corresponding maxima are 48.04 and 9.43× 104. These are numerical audits of the implemented
architecture.

J Hydrology Case Studies: Data and Additional Results

This appendix documents data provenance and sample splits, reports model-generated and
held-out results, and records the numerical feasibility audit.
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J.1 Data provenance, models, and splits

The two reported settings use public measurements, case-specific objectives, and deliberately
different control models. ONS open data are CC BY 4.0, and CAMELS-BR v1.2 is the frozen
Zenodo release under CC BY 4.0 (Chagas et al., 2020). Download metadata, source checksums,
processed-data checksums, unit conversions, missingness rules, and checksummed held-out
evaluation arrays are retained in the artifact.

ONS uses official natural-energy inflow (ENA) and load records for four electrical-subsystem
aggregates in an equivalent-energy hydrothermal model with piecewise-linear thermal dispatch.
The data model is fitted on 2000–2014, with 2015–2018 as an unused temporal buffer. Historical
evaluation uses one 48-month chronology from 2022–2025.

CAMELS-BR uses 12 non-nested catchments with standardized semi-synthetic reservoirs.
The data model is fitted on water years 1981–2005. Water years 2006–2014 form an unused
temporal buffer, and historical evaluation uses five overlapping 48-month windows beginning in
2016–2020. The dataset contains no verified dam network or plant physics: capacities, release
limits, and the objective are experimental specifications.

Neither temporal buffer is used to fit a data model, train a policy, or select hyperparameters
or checkpoints. Historical evaluation observations are opened only after checkpoint selection and
are distinct from the generated policy-validation paths described below.

For each case, a periodic autoregression is fitted using only the training interval. Calendar-
conditioned residual vectors are jointly resampled, and ONS also contains an annual periodic-
autoregressive (PAR) component. Its equivalent-energy hydrothermal model follows the classical
multistage structure (Pereira and Pinto, 1991). The master training pool has nested prefixes
Nfit ∈ {100, 250, 500, 1000, 2500}. Validation, model-generated test, calibration, and evaluation
contain 500, 4,096, 500, and 2,048 paths, respectively, with common random numbers within a
benchmark. The five training seeds are fixed. Before choosing a decision, the policy observes
opening storage, previous release, calendar, routing state, and the causal hydrology history
summary. The current uncertainty is realized after the decision. Historical observations cannot
select a hyperparameter or checkpoint.

J.2 Results on model-generated test paths and sample-path budgets

Table 10 reports 95% conditional value at risk, CVaR0.95, which summarizes the worst 5% cost
tail and is computed within each policy from 4,096 path costs and then averaged across seeds.
Table 11 reports the paired relative effects used in the main comparison. Scales are case specific,
with cost means and training-seed SDs in Table 1.

The tail and mean rankings need not agree: on ONS the lowest sample mean belongs to
FeasPG+MLP and the lowest CVaR to SAC, while on CAMELS-BR the corresponding methods
are FeasPG+DeepSets and Finite-state SDDP.

For candidate A and reference B, define the relative effect δ(A,B) = 100(C̄A/C̄B − 1), where
negative values favor A. Each 95% crossed paired-bootstrap interval uses 10,000 replicates that
independently resample the five training-seed rows and 4,096 common-path columns, with the
same indices for both methods. The seed-level sensitivity forms a t4 interval from the five paired
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Table 10: Model-generated test CVaR95 at Nfit = 2500, averaged over five training seeds. ONS
is in billions, while CAMELS-BR retains its raw objective units. Bold marks the lowest value in
each column.

Method ONS CAMELS-BR 12

Seasonal 588.790 429.903
FeasPG+MLP 168.251 344.845
FeasPG+DeepSets – 342.481
Projected SHAC 174.118 390.450
PPO 708.426 706.508
SAC 159.030 828.247
Finite-state SDDP 244.192 335.881

path-mean cost differences and expresses it as a percentage of the observed grand reference
mean.

Table 11: Paired effects on model-generated test paths at Nfit = 2500. “Boot.” is the crossed
paired-bootstrap percentile interval, and “seed t4” is the five-seed sensitivity interval.

Contrast (A/B) δ(A, B) (%) Boot. 95% CI Seed t4 95% CI

ONS: FeasPG+MLP / Projected SHAC −3.15 [−5.16, −1.25] [−6.32, 0.02]
ONS: FeasPG+MLP / finite-state SDDP −13.14 [−14.65, −11.61] [−14.92, −11.36]
CAMELS-BR: DeepSets / matched MLP −1.67 [−1.86, −1.45] [−1.99, −1.35]
CAMELS-BR: DeepSets / finite-state SDDP −4.25 [−4.55, −3.96] [−4.49, −4.02]

These are unadjusted effect intervals, not a familywise declaration of binary significance.
For ONS FeasPG+MLP versus Projected SHAC, the crossed-bootstrap interval excludes zero,
whereas the five-seed t4 sensitivity interval crosses zero.

The SDDP reference uses the same convex model, seeds, nested training pools, and common
test paths as the learned methods, with five empirical joint scenarios per stage and hydrology
regime and 80 forward/backward iterations. Validation selects among iterations 20/40/60/80.
Its standalone training runner is not included in the present artifact, so it is a planning reference
rather than a fully re-executable baseline. Matching Nfit does not match solver work or compute,
and these results provide no optimality bound.

Figure 5 includes a subsequent Nfit = 5000 extension using the original 2,500 training paths
plus 2,500 fresh paths from the same fixed data model. Evaluation arrays and baseline selection
rules are unchanged. Detailed budget values, extension results, and execution records are retained
in the accompanying experimental supplement.

J.3 Held-out historical evaluation and physical audit

Table 12: Held-out historical cost at Nfit = 2500, mean ± sample SD over five training seeds.
ONS is in trillions, while CAMELS-BR uses native raw units. Seasonal is fixed.

Method ONS (1) CAMELS-BR (5)

Seasonal 4.596 256.257
FeasPG+MLP 5.161 ± 0.098 245.081 ± 2.944
FeasPG+DeepSets – 215.875 ± 1.596
Projected SHAC 5.111 ± 0.102 320.625 ± 3.422
PPO 5.262 ± 0.156 588.704 ± 16.959
SAC 5.616 ± 0.095 595.760 ± 87.875
Finite-state SDDP 5.495 ± 0.034 290.062 ± 8.761
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The lowest historical sample means belong to Seasonal on ONS and FeasPG+DeepSets on
CAMELS-BR. This evaluation uses the same selected checkpoints as the model-generated test.

The held-out historical evaluation contains one ONS chronology and five overlapping CAMELS
windows. These shared histories provide descriptive assessments under a changed evaluation
distribution, not independent population replications or a pooled cross-case test.

Across both reported cases, the maximum recorded post-projection decision and physical-
storage residuals are zero. Shortage, spill, deficit, and guide-band quantities are objective terms
or soft deviations rather than hard infeasibility.

K Single-Reservoir Certificate Check

This check assesses confidence-band calibration and Hoeffding evaluation against an exactly
known optimality gap. There is one reservoir, T = 6, s1 = 3, and independent binary random
variables wt ∈ {0, 1}, observed after each decision, with probabilities (7, 12, 9, 13, 8, 11)/20.
Here wt denotes the postdecision observation ξt+1 in the general model. Decisions satisfy
0 ≤ xt ≤ min{st, 3}, with

st+1 = st − xt + 2wt, ct = at(3− wt − xt)+ + st+1
8 + 1{t = 6} 4(3− st+1)+,

where (a1, . . . , a6) = (1, 4, 2, 6, 3, 8). Policy optimization and certification receive sample paths
and known physics, not the true probabilities.
Policy and exact reference. An affine proposal with exact projection is trained on 2,048
sample paths and selected using 1,024 validation paths, all within Dfit. The selected policyˆ︁π is fixed before calibration. Zero, affine, and convex piecewise-linear (PWL) continuation
functions use only training data. Exact rational Bellman recursion agrees with a continuous
scenario-tree LP. The optimal expected cost is V ⋆ = 27.67381525, the policy’s expected cost is
J(ˆ︁π) = 27.795488057, and the optimality gap is 0.121672807. These reference computations are
excluded from certification.
Calibration and inner solution. The binary response is Ht(a,w) = Ht(a, 0) + w{Ht(a, 1)−
Ht(a, 0)}. With empirical wet frequency ˆ︁pt estimated from Dcal, the uniform radius is

βt = Rt min

⎧⎨⎩1,
√︄

log(2T/δ)
2Ncal

⎫⎬⎭ , Rt = sup
a∈At

|Ht(a, 1)−Ht(a, 0)|.

The contrast extrema occur at integer PWL-cell vertices and are computed exactly. We use
Q−

t = ˆ︁Qt − βt and rt = 2βt. Within each affine cell, reservoir balances form a network
matrix with integral bounds. Thus dynamic programming over integer vertices solves the
continuous inner problem exactly. Before evaluation, the range rule takes the smaller of the
exact paired-gap supremum over all 64 possible paths and the sum of stagewise ranges at fixed
uncertainty realizations, then adds 2∑︁t βt and bounds on outward-rounding error. It uses no
true probabilities or evaluation samples.
Results. We use δ = α = 0.025 and 200 repetitions with fresh, independent sets Dcal and Dev,
conditional on the training information. Methods share samples within each repetition. Table 13
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reports the largest budget. Its paired-gap column averages the penalized policy cost minus
the inner lower bound in (23), before adding the calibration correction 2∑︁t βt. The evaluation
column is the Hoeffding margin RH(α) from (26). These three components sum to the reported
bound U = Uα,δ.

Table 13: Single-reservoir certificates at Ncal = Nev = 131,072, averaged over 200 repetitions.
True optimality gap: 0.121673. Range-only U uses the sum of stagewise ranges.

Continuation Paired gap Calibration Evaluation U Range-only U

Zero 1.2100 0.2960 0.0297 1.5357 1.7953
Affine 1.2100 0.5849 0.0308 1.8257 2.0853
PWL 0.1220 0.8630 0.0049 0.9898 1.3741

Each row covers the true optimality gap in 200/200 repetitions (per-row 95% exact binomial
interval [98.17, 100]%). Affine and Zero have the same reported mean paired gap, but Affine
has a larger calibration correction and hence a larger certificate. PWL sharply reduces the
paired gap, yet calibration dominates its reported bound, which remains about eight times
the optimality gap. This finite-support check concerns one fixed policy and does not establish
coverage after repeated retraining or scalability to nonlinear networks. Full training settings,
sample-size sweeps, and solver audits are in the experimental supplement.

L Certificate under Binary Uncertainty and Coupled-Reservoir
Study

This appendix documents the coupled-reservoir certificate experiment reported in Section 6.3.
We use the empirical penalized objective Fˆ︁p and raw gap D from (29), with the path-dependent
correction κ from (30). The range construction below implements Corollary D.4.
Structural range bound and implementation. For the coupled-hydro implementation,
with deterministic initial state and state-based continuations, choose any v1 determined using
training data only (which does not enter the penalty) and define At(s, x) = ˆ︁Qt(s, x) − vt(s).
Telescoping yields Fˆ︁p(x, ξ) = v1(s1) +∑︁tAt(st, xt). A valid exact-solver range bound is the sum
of the query-domain ranges of At, or the difference between the global maximum and minimum
of ∑︁tAt over feasible decisions and all binary sample paths. For the coupled hydro model and
its fitted PWL functions, two deterministic dynamic programs optimize these extrema over both
release and the next binary uncertainty realization, without enumerating complete paths. The
integral affine-cell argument below justifies the continuous extrema.

Add the prescribed bounds on solver and arithmetic errors before evaluation. Let Braw

bound the raw gap D, and let K be the upper bound on κ defined in Corollary D.4. The
implementation uses Kfloor ≤ K/2 and K ≤ Kcap, so the reported-statistic interval has width
Braw +Kcap −Kfloor. Its outward-rounded mean and variance refer to the complete reported
statistic, including κ. Constant centering shifts can be removed when forming a range, but the
random calibration correction cannot be omitted from the variance.
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The independent-stage assumption is specific to this calibration rule. Serial dependence
requires valid conditional-moment calibration.
A coordinate-band control. For comparison, let mt and Mt bound the response contrast
∆t(a) = Ht(a, 1) − Ht(a, 0) over all queries. Set bt = (mt + Mt)/2 and replace the response
by ˜︁Ht(a,w) = Ht(a,w)− btw. Its empirical centered term differs by the decision-independent
quantity −(ˆ︁pt − wt)bt, which cancels between the policy and inner objective on the same
path. Applying the coordinate Hoeffding band to this response gives the constant correction
ρ
∑︁

t(Mt −mt), with ρ =
√︁

log(2T/δ)/(2Ncal), instead of 2ρ∑︁t supa |∆t(a)|. The coordinate
probability bands and their union bound do not themselves require independence across stages.
The marginal-moment centering used here still uses the independent-stage model, while serial
dependence requires valid conditional-moment calibration. Its evaluation statistic has a constant
shift, so empirical Bernstein uses the raw-gap variance and raw-gap range. The five reporting
rules are prespecified, and we never choose the smallest reported certificate after evaluation.
Coupled model. For reservoir r = 1, . . . , R, capacity is r + 3, the release limit is r + 1, and
initial storage and terminal target are 3. For R = 3 and T = 18,

0 ≤ xt,r ≤ min{st,r, r + 1}, st+1,r = min{r + 3, st,r − xt,r + rwt}.

The common binary observation wt ∈ {0, 1}, denoting ξt+1 in the general model, is revealed
after the decision. It determines shared demand dt = R(3− wt) and stage cost

ct = at

(︂
dt −

∑︂
r

xt,r

)︂
+

+
∑︂

r

r − 1
8 xt,r + 1{t = T} 4

∑︂
r

(3− st+1,r)+.

Prices repeat (1, 4, 2, 6, 3, 8). Storing water is free and the transition enforces overflow, with
no voluntary spill decision. Shared thermal backup couples the heterogeneous reservoirs.
The binary variables are independent across stages, with wet-state probabilities repeating
(7, 12, 9, 13, 8, 11)/20. Policy optimization and certification receive sample paths and known
physics, not these probabilities. There is one common binary random variable per stage, rather
than separate independent inflow factors for each reservoir, and the history summary zt is
constant.
Fixed policy and continuation functions. The policy projects an affine proposal based on
the storage vector. It is trained on 2,048 sample paths using 400 full-horizon Adam updates,
learning rate 0.02, λ = 0, and batch size Nbat = 64. The output ˆ︁π is the prespecified update-400
policy, and 1,024 separate validation paths do not select it. Earlier-checkpoint comparisons are
in the experimental supplement.

Only the training paths supply stagewise frequencies. A coupled integer-grid Bellman
recursion supplies training targets, followed by nonnegative least squares for vt(s) = bt +∑︁

r,k at,r,k(k− sr)+ with at,r,k ≥ 0. Knot values are stored as multiples of 1/65536, and vT +1 = 0.
The additive approximation does not represent every cross-reservoir value interaction. Integer-
grid training targets are not asserted to equal the unrestricted continuous stochastic optimum.
Continuous inner extrema and arithmetic. For a fixed path in the support, write yt,r =
st,r − xt,r. The penalized objective is PWL in the aggregate release ∑︁r xt,r and separable in
post-release storages, with integer breakpoints. Within each affine cell, a reservoir balance has
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form yt,r + xt,r − ayt−1,r = b, where a ∈ {0, 1} records whether the previous overflow cap is
active and b is integral. Together with the aggregate-release equation, columns have the signed
incidence structure of a network, and all interval bounds are integral. Thus both continuous
minimum and maximum occur at integral cell vertices. This justifies the inner DP and the
residual-maximization DP used to bound the statistic. This deterministic path argument is not
extended to the nonanticipative stochastic optimum.

For R = 3, the solver uses 210 storage vertices and 5,400 feasible state/decision vertices.
Rational scaling makes objective comparisons exact, and outward arithmetic bounds cover the
policy and reported statistics. A failed 10−6 cap stops reporting. Independent continuous PWL
solvers agree within 2.28 × 10−13 on audited path problems. Implementation and arithmetic
audits are retained in the experimental supplement.
Reference assessment. True probabilities are used only by a separate assessor. Exact rational
expectation of the information-relaxation lower value gives a lower bound on V ⋆, and the optimal
feasible Markov policy with integer releases supplies an upper bound. For the main model,
V ⋆ ∈ [234.8622, 237.4875]. All 218 paths in the finite support are used only for this assessment
and the fixed policies’ expected costs. The policy’s expected cost is J(ˆ︁π) ≃ 245.5919, and the
optimality gap J(ˆ︁π) − V ⋆ in the continuous-decision model lies in [8.104, 10.730]. We do not
replace this interval with an exact gap value.
Calibration, evaluation, and comparisons. Reporting rules are fixed before 200 fresh
repetitions, each with independent calibration and evaluation sets Dcal and Dev. Calibration
sizes are Ncal ∈ {2,048, 8,192, 32,768}, while evaluation uses Nev = 8,192 sample paths. We
report U = Uα,δ with δ = α = 0.025. Calibration objects and range bounds are fixed before
evaluation. Methods and nested calibration prefixes share samples within a repetition, and
repetitions are independent conditional on the training information. For every reported setting,
the certificate exceeds the verified optimality-gap upper endpoint in 200/200 repetitions. The
per-setting exact 95% binomial lower bound is 98.17%, conservatively applying to actual coverage
because the true optimality gap is below that endpoint. This is a marginal statement, and
outputs across settings are paired. No failed run is dropped.

Table 14: Certificate components for the fixed update-400 policy and PWL continuation,
averaged over 200 repetitions with Ncal = 32,768 and Nev = 8,192. Verified optimality-gap
interval: [8.104, 10.730]. The common evaluation mean of the raw gap D in (29) is 10.732.

Calibration + evaluation Calibration Evaluation U U/J(ˆ︁π)

Confidence band + Hoeffding 15.832 12.971 39.535 16.10%
Paired + Hoeffding 1.933 12.751 25.416 10.35%
Confidence band + Bernstein 15.832 0.589 27.153 11.06%
Paired + Bernstein 1.933 0.589 13.253 5.40%
Centered band + Bernstein 5.914 0.589 17.235 7.02%

Switching to Bernstein evaluation changes both the deterministic range and the concentration
bound. The centered-coordinate control removes a component that cancels from paired gaps,
while retaining a coordinatewise calibration band. The main binary calibration choice exploits
stage independence through the joint Euclidean confidence region and evaluates the variance of
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the complete corrected gap. All variants use the same policies, continuations, sample budgets,
and exact inner optima. The reduction therefore concerns the certificate construction.

At the largest calibration budget, replacing Confidence band + Hoeffding by Paired +
Bernstein reduces the mean PWL bound from 39.5354 to 13.2535: the calibration correction
falls from 15.8324 to 1.9326 and the evaluation correction from 12.9709 to 0.5888. The mean
reported certificate equals 5.40% of policy cost, compared with a verified relative optimality gap
of 3.30%–4.37%. The certificate is an upper confidence bound on the optimality gap, not an
estimate of that gap.

Remaining limitations include additive value approximation, the assumption of independent
binary uncertainty, and the gap between the reported upper bound and the verified optimality-gap
interval.
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