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Abstract. Mixed integer nonlinear programs with binary coupling de-

cisions naturally model selective coordination tasks where a fixed penalty

is incurred whenever adjacent continuous variables differ. A prominent

example is the classical Potts model, which is widely used in statistical

inference. However, exact solvability remains theoretically challenging

since the problem is NP hard on general graphs, and generic global op-

timization approaches such as branch and bound methods often lack

worst case guarantees. In this paper, we resolve this computational

bottleneck for arbitrary tree topologies. We propose an exact para-

metric dynamic programming algorithm that achieves polynomial ora-

cle complexity when the node cost functions belong to a fixed degree

weak Chebyshev space, a broad functional class that includes piecewise

polynomials. For the widely used quadratic cost setting, we perform a

refined analysis which improves the complexity exponent to a near qua-

dratic bound.
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1. Introduction

Given a tree T = (V, E), we study the following mixed-integer nonlinear

optimization problem

min
x,z

∑
i∈V

fi(xi) +
∑
e∈E

ceze (1a)

s.t. (xi − xj)(1− ze) = 0, ze ∈ {0, 1} ∀e = (i, j) ∈ E (1b)

ℓ ≤ xi ≤ u, ∀i ∈ V. (1c)
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where each fi : R → R is a continuous function with favorable properties

(e.g. polynomial), ce ≥ 0 for all e ∈ E , and ℓ, u ∈ R ∪ {±∞}. We assume

that V = [n] and that the optimum of (1) can be attained.

For an edge e = (i, j) ∈ E , if ze = 0, the complementarity constraint (1b)

forces xi = xj ; if ze = 1, then xi and xj are decoupled. Therefore, prob-

lem (1) can model selective coordination with a fixed charge. Specifically,

each entity i ∈ V selects a continuous decision xi and incurs a local cost

fi(xi). For each prescribed relationship encoded by E , the binary variable

ze controls whether the two entities maintain a common decision or may se-

lect separate decisions at a fixed cost ce; we refer to ze as a binary coupling

decision. The optimization then determines whether the benefit of permit-

ting separate decisions justifies this fixed charge. Unlike a smooth penalty,

ce is incurred once the decisions differ, regardless of the magnitude of their

difference.

This fixed-charge mechanism with binary coupling decisions arises in

many applications. In multiprocessor module assignment, each module has

a processor-dependent execution cost, while assigning interacting modules

to different processors incurs an interprocessor communication cost [35]. In

flexible manufacturing, each operation is assigned to an eligible multipurpose

machine, and transferring a part between consecutive operations assigned

to different machines incurs a cost [1]. In technology adoption and standard

coordination, an agent incurs a cost when its chosen technology or standard

is incompatible with one adopted by a related agent [10]. In dynamic pricing

with costly price adjustments, a firm selects price levels and change times

to balance revenue against the fixed adjustment costs incurred whenever it

revises the price [14]. Across these applications, the fixed charge is incurred

due to communication, transfer, incompatibility, or adjustment.

A prominent instance of problem (1) arises in statistical inference for

signals with abrupt changes. Here, xi represents a fitted signal or true

parameter associated with a noisy observation yi ∈ R. The function fi(xi)

measures its fidelity to the local data and typically takes the form fi(xi) =

ai(xi−yi)p, where p ≥ 1 and ai ≥ 0. Concurrently, the edge charges penalize

changes between related fitted values. In this context, problem (1) reduces

to the renowned Potts functional [32] in statistics

min
ℓ≤xi≤u

∑
i∈V

ai(xi − yi)p + µ
∑

(i,j)∈E

1{xi ̸=xj}, (Potts)

where 1{xi ̸=xj} = 1 if xi ̸= xj and 0 otherwise. The scalar µ ≥ 0 is the

regularity parameter that controls the number of abrupt changes, thereby

determining the complexity of the statistical model. Potts model is prevalent

across various domains, including change-point detection [7, 37], network
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anomaly detection [17], image segmentation and denoising [28, 34], genomic

copy-number analysis [31], and physics [38].

Branch-and-bound methods provide a general-purpose approach for solv-

ing problem (1). For instance, Shen et al. [34] employ this approach to solve

an application of the model (Potts) in image segmentation. However, these

generic methods typically lack favorable worst-case complexity guarantees

and often become computationally prohibitive for large instances. In fact, as

we prove in Section 2.1, problem (1) is NP-hard on general graphs even for

convex quadratic fi. For a path graph with fi(xi) = ai|xi − yi| and ce = µ

in (Potts), Weinmann et al. [37] propose an exact dynamic program with

running time O
(
n2
)
. For convex quadratic costs on general graphs, Fan and

Guan [17] discretize the continuous variables xi and apply α-expansion to

compute approximate solutions with statistical risk guarantees. Addition-

ally, Landrieu and Obozinski [28] develop an ℓ0-cut-pursuit algorithm that

converges to a local minimum. However, neither of these recent methods

can certify global optimality.

1.1. Contributions and outline. In this paper, we develop an exact poly-

nomial time algorithm for problem (1) on arbitrary trees under mild regu-

larity and computational assumptions on the node costs, which are satisfied

particularly by polynomials of a fixed degree. To the best of our knowledge,

no such algorithm was previously known even for convex quadratic node

costs. The rest of the paper is organized as follows.

The remainder of Section 1 is devoted to the discussion of related works

and the adopted throughout the paper. In Section 2, we establish a com-

plexity boundary: problem (1) is NP-hard on general graphs, whereas on

path graphs it admits a simple dynamic programming (DP) algorithm with

oracle complexity O
(
n2
)
. We then formally specify the assumptions on the

node costs and discuss their broad applicability. In Section 3, we develop

an exact parametric DP algorithm for solving (1) over arbitrary trees and

prove its correctness. Following that, we derive an equivalent formulation

of the DP recursion in an extended space, which provides the foundation

for our complexity analysis. Section 4 establishes the polynomial complex-

ity claimed above and makes its dependence on the node-cost class explicit.

For quadratic node costs, Section 5 strengthens the analysis and establishes

a nearly quadratic complexity bound. Section 6 concludes the paper.

1.2. Related work. We review two closely related streams of research.

One stream investigates the structurally tractable classes of quadratic opti-

mization with indicator variables. The other focuses on the application of

parametric dynamic programming to related models.
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1.2.1. Quadratic optimization with indicator variables. For node costs fi(t) =

ait
2 + bit with ai > 0 and bi ∈ R, problem (1) is closely related to convex

quadratic optimization with indicator variables. To illustrate the connec-

tion, assume ℓ = −∞ and u = ∞ for simplicity. We root the tree T at a

fixed r ∈ V to establish a topological order. This orientation allows us to

introduce the variable transformation yr = xr and yi = xi − xpar(i) for each
i ∈ V \ {r}, where par(i) denotes the parent of i. Under the linear mapping,

the objective (1a) remains quadratic in y. Thus, by relabeling ci = ce and

zi = ze for all e = (par(i), i) ∈ E , problem (1) reformulates into the form

min
y,z

{
y⊤Qy + q⊤y + c⊤z : yi(1− zi) = 0, zi ∈ {0, 1}, ∀i ∈ V \ {r}

}
,

(MIQP)

where matrix Q ⪰ 0 and vector q are determined by the variable changing.

Because (MIQP) is generally NP-hard [8, 23], extensive research focuses

on identifying structural classes of Q ⪰ 0 that render the problem theo-

retically tractable. Exact polynomial solvability is established under a few

specific conditions. (MIQP) reduces to submodular minimization when Q is

a Stieltjes matrix [22]. If Q possesses a small but fixed rank, (MIQP) can be

solved as a convex conic quadratic program [36, 21, 33]. Furthermore, when

the sparsity pattern of Q forms a path graph [30] or a tree [2], it admits

an exact dynamic programming algorithm running in O
(
n2
)
time. Beyond

these exact solutions, strong approximation guarantees exist when Q has

a small bandwidth [19], its sparsity pattern has a small treewidth [3], or

its inverse has a tree-structure sparsity pattern [11]. However, the variable

transformation applied in (MIQP) yields a full-rank dense matrix Q that

does not fall into any of these tractable classes.

1.2.2. Parametric dynamic programming on trees. Parametric dynamic pro-

gramming is a powerful tool for solving optimization problems on trees.

Since our proposed algorithm also belongs to this methodological category,

we provide a brief review of closely related works.

Kolmogorov et al. [26] and Kuric et al. [27] develop parametric DP algo-

rithms for total variation and truncated total variation models on trees. In

their formulations, the fixed pairwise regularizer 1{xi ̸=xj} is replaced by a

continuous piecewise quadratic function fij(xi−xj). The proposed algorithm

achieves an O
(
n2
)
running time when all node and edge functions are con-

vex. However, the worst-case performance degrades to an exponential bound

for nonconvex variants. For the specific fixed-charge penalty in (Potts), they

establish a polynomial running time restricted to path graphs.

Very recently, Chen et al. [9] apply parametric dynamic programming to

isotonic optimization with fixed costs and convex node costs. Their model
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differs from problem (1) by additionally enforcing an additional isotonic

constraint xpar(i) ≤ xi along each edge. When the node costs fi are convex

piecewise linear functions with a bounded number of pieces, the proposed

approach yields a quadratic-time algorithm on arbitrary trees. The authors

further establish a general complexity bound which is polynomial in the

problem size n but exponential in the Horton-Strahler number [4], a metric

quantifying the branching complexity of T .

1.3. Notation. Given x ∈ Rn and α ⊆ [n], we denote by xα the subvector

of x indexed by α. For a matrix P ∈ Rn1×n2 , we denote by Pi the i-th

column of P . Given a positive integer n, let [n] := {1, . . . , n}. For a finite

set S, we denote by |S| its cardinality and by conv(S) its convex hull. For

subsets S1 and S2, we denote the Minkowski sum of S1 and S2 by S1+S2 :=
{x+ y : x ∈ S1, y ∈ S2}. For a condition A, 1{A} equals one if A holds and

zero otherwise. Given finitely many functions g1, . . . , gk : R→ R, we denote
the functional space span {g1, . . . , g2} :=

{∑k
i=1 λigi : λi ∈ R, i ∈ [k]

}
.

Throughout the paper, T = (V, E) denotes an undirected tree whose

vertices are indexed so that V = [n]. Unless otherwise stated, we root T
at a fixed vertex r ∈ V, which also induces the topological order of T . For

each v ∈ V \ {r}, we denote its parent by par(v) and its parent edge by

ev = (par(v), v). Following this and for convenience, we rewrite zv = zev
and cv = cev for v ∈ V \ {r} and cr = 0. We let ch(v) be the set of children

of v, and write Tv = (Vv, Ev) for the subtree rooted at v, where Vv consists

of v and all its descendants. In particular, Tr = T . For any vertex v ∈ V, we
denote by Tv the set of subtrees obtained by deleting v from T ; moreover,

we denote by T ↑
v ∈ Tv the component containing r. We call T ↑

v the parent

component of v and other components in Tv the child components of v. We

call Tv a (n0, n1, . . . , nk)-decomposition of T if |T ↑
v | = n0 and the size of the

child components are n1, . . . , nk respectively, where |Tv| = k + 1 if v ̸= r.

For simplicity, we adopt the convention that n0 = 0 if v = r.

We write R := R ∪ {−∞,+∞} and, for ℓ, u ∈ R with ℓ ≤ u, let I = {t ∈
R : ℓ ≤ t ≤ u}. For convenience, we denote

M =

{
(x1, x2, z) ∈ R3 :

(x1 − x2)(1− z) = 0,

x1, x2 ∈ I, z ∈ {0, 1}

}
,

which captures the key coupling structure (1b). We denote by DT the

feasible region of (1) associated with a tree T . Following this notation,

DTv represents the feasible region associated with a rooted subtree Tv in the

counterpart problem, that is,

DTv = {(x, z) : (xi, xj , ze) ∈M, ∀e = (i, j) ∈ Ev}.
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We denote by τMIP the optimal value of (1).

2. Preliminary

In this section, we introduce two preliminary components necessary for

understanding the scope and mechanics of our study. We begin by examining

how the topology of the underlying graph affects the theoretical tractability

of problem (1). Specifically, we demonstrate that the problem is NP-hard on

general graphs while admitting a simple dynamic programming algorithm

on path graphs. This disparity highlights the theoretical significance of

extending exact solvability to arbitrary trees. In the second part, we shift

our focus to the continuous aspect of the formulation. We introduce weak

Chebyshev spaces to formalize the necessary regularity requirements on the

node functions and illustrate its broad applicability.

2.1. Complexity boundary. It has long been known that if the variables

xi are restricted to finitely many prescribed values, the resulting variant of

problem (1) is NP-hard on general graphs [6]. Its proof relies on a reduction

from the three-terminal cut problem. We adapt a similar reduction strat-

egy to extend the complexity result to node functions fi with a continuous

domain. In particular, we prove that problem (1) is NP-hard on general

graphs even under restricted convex quadratic costs.

Theorem 1. If the tree in problem (1) is replaced by an arbitrary graph

G = (V, E), the resulting problem is NP-hard under

ce = 1, ∀e ∈ E and fi(x) = ai(x− bi)2, ∀i ∈ V, x ∈ I = R,

where the graph G and ai, bi ∈ Z+, ∀i ∈ V are given as problem data.

Proof. We show that under the assumptions of the theorem, problem (1) in-

cludes as a special case the following unweighted multiterminal cut problem

with three specified terminals, which is known to be NP-hard [13]: Given

an undirected graph G = (V, E) and three specified vertices or terminals

v0, v1, v2 ∈ V, find a minimum-cardinality set E ′ ⊆ E such that removing E ′
from E disconnects each terminal from the other two. Denote this minimum

by τcut.

To build the reduction, we set m := |E| and

fi(x) =

{
2(m+ 1)(x− k)2 if i = vk, k = 0, 1, 2,

0 if i ∈ V \ {v0, v1, v2}.
(2)

We aim to show τcut = τMIP.
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We first prove τMIP ≤ τcut. For any multiterminal cut E ′ ⊆ E , let Vi be
the vertex set of the component of G − E ′ containing i, and set

x̄i =
2∑

k=0

k 1{vk∈Vi}, i ∈ V, z̄e = 1{e∈E ′}, e ∈ E . (3)

We cliam that such a (x̄, z̄) is feasible for (1). Indeed, any e = (i, j) /∈ E ′
implies z̄e = 0 and Vi = Vj . The latter further implies x̄i = x̄j and thus

(x̄i, x̄j , z̄e) ∈ M, which proves the feasibility of (x̄, z̄). Moreover, since the

removal of E ′ separates the terminals, one has x̄vk = k for k = 0, 1, 2. It

follows that the objective of (1) at (x̄, z̄) is∑
i∈V

fi(x̄i) +
∑
e∈E

z̄e = |E ′|,

which yields τMIP ≤ τcut ≤ m.

We next prove the opposite direction τMIP ≥ τcut. Assume (x⋆, z⋆) is

the optimal solution to (1). Define E⋆ = {e ∈ E : z⋆e = 1}. Then for any

connected component Ṽ ⊆ V obtained from the removal of E⋆, the coupling

constraints (1) imply x⋆i = x⋆j for any i, j ∈ Ṽ. To show E⋆ is a valid

multiterminal cut, we assume for contradiction that two terminals vk and

vk′ belong to the same component with k, k′ ∈ {0, 1, 2} but k ̸= k′. Hence,

one has x⋆vk = x⋆vk′ =: t̄ for a certain t̄ ∈ R and

τMIP ≥fvk(x
⋆
vk
) + fvk′ (x

⋆
vk′

) = 2(m+ 1)
[
(t̄− k)2 + (t̄− k′)2

]
≥(m+ 1)(k − k′)2 ≥ m+ 1, (4)

which contradicts τMIP ≤ m. Thus, E⋆ is a multiterminal cut, and

τcut ≤ |E⋆| ≤
∑
i∈V

fi(x
⋆
i ) +

∑
e∈E

z⋆e = τMIP. (5)

Therefore, we conclude τMIP = τcut and finish the proof. □

Next, we demonstrate that (1) becomes tractable when T is a path graph.

Without loss of generality (WLOG), we assume E = {ei := (i − 1, i) : 2 ≤
i ≤ n}. For any feasible solution (x, z) of (1), the zero-valued edges naturally

form consecutive blocks. Conversely, given any k ∈ [n] and breakpoints

b1 ≤ b̄1 < b2 ≤ b̄2 < · · · < bk ≤ b̄k (6)

with each bi, b̄i ∈ [n], one can define blocks B(bi, b̄i)
def
= {j ∈ [n] : bi < j ≤ b̄i}

alongside an associated vector z ∈ {0, 1}n−1 such that

zj =

{
0 if j ∈ ∪ki=1B(bi, b̄i)

1 otherwise.
(7)
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By construction, the coupling constraints (1b) enforce xj = xj′ for any

bi ≤ j, j′ ≤ b̄i, ∀i ∈ [k]. Thus, minimizing x over each block yields

τ(bi, b̄i)
def
= min

t∈I

b̄i∑
j=bi

fj(t)−
∑

j∈B(bi,b̄i)

cj , (8)

where the second sum deducts the fixed charges associated with the zero-

valued edges within the block. Consequently, the minimum of (1) for such

an arbitrary but fixed z is given by

τMIP =
∑
e∈E

ce +
k∑

i=1

τ(bi, b̄i). (9)

Above discussion demonstrates that solving (1) amounts to minimizing

(9) subject to all feasible specification of blocks (6). The latter problem can

be solved recursively and formalized in Proposition 1 below. Let τ̄0 = 0 and

for j ∈ [n], we define in a bottom-up manner

τ̄j = min
1≤i≤j≤n

{τ̄i−1 + τ(i, j)} . (10)

Proposition 1. Assume T is a path graph. If problem (8) defining τ(i, j)

can attain its minimum and can be solved in Tblock time for all 1 ≤ i <

j ≤ n, then the optimal value of (1) is exactly τ̄n +
∑

e∈E ce, which can be

computed in O
(
n2 · Tblock

)
time.

Proof. By (10), computing τ̄n amounts to computing n(n + 1)/2 values τij
for all 1 ≤ i ≤ j ≤ n, which costs O

(
n2 · Tblock

)
in total. Thus, it suffices to

prove the first conclusion by induction on n. In the base case where n = 1,

one has τ̄1 = τ̄0 + τ(1, 1) = minx1∈I f1(x) and the conclusion holds trivially.

Assume the conclusion holds for any path with size less than n. For

simplicity, we define a dummy variable z1 = 1. For each s ∈ [n], we denote

by τ⋆s the optimal objective value of (1) conditioning on zs = 1 and zi = 0

for all i > s. Then under such conditioning, the problem (1) is decomposed

into two subproblems: one defined over a smaller path {1, . . . , s − 1}, the
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other defined over the remaining nodes {s, . . . , n} with xs = · · · = xn. Thus,

τ⋆s =min

{
s−1∑
i=1

fi(xi) +

s−1∑
i=2

cizi : (xi, xi+1, zi+1) ∈M, ∀i ∈ [s− 2]

}

+ cs +min

{
n∑

i=s

fi(t) : t ∈ I

}

=

(
τ̄s−1 +

s−1∑
i=2

ci

)
+ cs +

(
τ(s, n) +

n∑
i=s+1

ci

)
=τ̄s−1 + τ(s, n) +

∑
e∈E

ce,

where the second equality is due to our induction hypothesis and the defi-

nition of τ(s, n) in (8). Minimizing over all choices s ∈ [n] gives

τMIP = min
1≤s≤n

{τ̄s−1 + τ(s, n)}+
∑
e∈E

ce = τ̄n +
∑
e∈E

ce.

This completes the proof. □

2.2. Weak Chebyshev spaces. In this subsection, we specify the require-

ments on node functions {fi}i∈V , which relies on the notion of weak Cheby-

shev space. Chebyshev spaces originate in approximation theory, where

bounds on the zeros of a function underlie classical results on interpolation

and approximation [20, 25]. The weak notion replaces the zero-count con-

dition by a bound on strict sign changes [15]. For a nonzero continuous

function g on an interval J , let scJ (g) be the maximal integer k ≥ 0 for

which there exist t0 < · · · < tk in J such that

g(tj−1)g(tj) < 0, j = 1, . . . , k.

Definition 1 (Weak Chebyshev space). Given an interval J ⊆ R, we call

a finite-dimension functional space U of continuous functions a weak Cheby-

shev space with degree d on J if scJ(g) ≤ d for every g ∈ U.

We now impose this structure on the node costs.

Assumption 1 (Weak Chebyshev regularity). The functional space Ū def
=

span{1, f1, . . . , fn} is a weak Chebyshev space with degree d on I and admits

a basis ϕ = (ϕ0, ϕ1, . . . , ϕν)
⊤, where each ϕi : J → R is a function and

ϕ0 ≡ 1.

Weak Chebyshev spaces include many standard function classes. The

most prominent instance is polynomial space Pd
def
= span{1, t, . . . , td}. In-

deed, since any polynomial g ∈ Pd has at most d roots, one has scJ(g) ≤ d

and thus, Pd is a weak Chebyshev space. Besides polynomial spaces, given
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fixed knots b1 < · · · < bK , the space of continuous piecewise polynomials of

degree at most p is also a weak Chebyshev space. To see this, this space has

the truncated-power basis

{1, t, . . . , tp} ∪
{
(t− bk)j+ : k = 1, . . . ,K, j = 1, . . . , p

}
,

where (a)+ := max{a, 0}, which is a weak Chebyshev space with degree

(K +1)p. In particular, it includes piecewise-linear and piecewise-quadratic

functions such as hinge, absolute-deviation, quantile, and Huber losses when

their breakpoints belong to the prescribed knot set.

The degree d quantifies how frequently a member g ∈ U can reverse

its sign and plays a central role in the complexity analysis presented in

subsequent sections. From this perspective, Assumption 1 can be viewed

as a regularity condition that excludes functions with arbitrarily frequent

oscillations. Thus, it maintains strong modeling power and encompasses a

broad spectrum of commonly used elementary functions beyond standarad

and piecewise polynomials. For example, span{1, et, t log(t), sin(t)} can be

readily verified to be a weak Chebyshev space over any fixed compact interval

in R++. We also note that the subspace of a weak Chebyshev space remains

weak Chebyshev.

To isolate the algebraic details of specific function classes and focus on

the essential discrete structure of the problem, we assume that univariate

minimization problems are solvable and the changing points of a function

g ∈ Ū is computable, which we formalize below.

Assumption 2 (Computable univariate operations). For every g ∈ Ū, there
exists an oracle such that

• for any closed I ′ ⊆ I, one can solve the univariate minimization min
t∈I′

g(t);

• one can compute the changing points of g, that is, the set of k = scI(g)

points ℓ < b1 < · · · < bk < u such that g(x)g(y) ≥ 0 for all x, y ∈ [bi−1, bi]

and i ∈ [k + 1].

The worst-case oracle time for each operation is denoted by TO.

Assumption 2 is practically realizable. For example, when Ū consists of all

polynomials with degree up to d, both the minimization and the changing-

point problems reduce to finding the roots of a univariate polynomial. These

roots can be computed by evaluating the eigenvalues of the associated com-

panion matrix in polynomial time; we refer readers to [5] and [16] for more

details. The parameter TO allows the subsequent complexity bounds to ap-

ply uniformly to other function classes for which the same two operations are

available. Therefore, the computational model introduced in Assumption 2

separates the complexity of solving the continuous subproblems from the
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overall combinatorial complexity. Unless stated otherwise, Assumptions 1

and 2 are maintained throughout the paper.

3. Parametric Dynamic Programming and Lifted

Representation

In this section, we develop the main algorithmic framework for solving

problem (1) on arbitrary trees. We first construct an exact parametric

dynamic programming algorithm and prove its correctness. We then derive

an equivalent formulation of the DP recursion in an extended space, which

provides the mathematical foundation for the complexity analysis conducted

in the subsequent sections.

3.1. A parametric dynamic programming algorithm. We begin by

defining the value functions required for our recursive algorithm. For any

tree T rooted at r and any t ∈ I, consider the value function

ΦT (t)
def
= min

x,z

{∑
i∈V

fi(xi) +
∑
e∈E

ceze : xr = t, (x, z) ∈ DT

}
. (11)

One can similarly define ΦTv by assigning value t to the root of Tv. Define

βv
def
= cv +min

t∈I
ΦTv(t) ∀v ∈ V. (12)

The next proposition demonstrates how to compute these value functions

recursively from the leaves to the root.

Proposition 2. For every v ∈ V and t ∈ I,

ΦTv(t) = fv(t) +
∑

w∈ch(v)

min {ΦTw(t), βw} . (13)

Moreover, τMIP = mint∈I ΦT (t).

Proof. Fix v ∈ V and t ∈ I. Once xv = t is fixed, the problems associated

with each ΦTv(t) for all w ∈ ch(v) are mutually independent, which implies

ΦT (t) = fv(t) +
∑

w∈ch(v)

min
xw,zw

{ΦTw(xw) + cwzw : (t, xw, zw) ∈M}︸ ︷︷ ︸
def
=Aw

.

For a child w ∈ ch(v), if zw = 0, then xw = t and Aw = ΦTw(t). On the

other hand, if zw = 1, then xw and xv = t are decoupled. In this case,

xw can take any value in I, implying Aw = cw + minxw ΦTw(xw) = βw in

this case. Minimizing these two alternatives independently for all w ∈ ch(v)

yields (13). □
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Functional recursion (13) can introduce points at which the member of Ū
representing the value function changes. A continuous function ψ : I → R
is piecewise Ū if there exist an integer s ≥ 1, ordered breakpoints

ℓ = b0 < b1 < · · · < bs = u, b0, . . . , bs ∈ R,

and functions g1, . . . , gs ∈ Ū such that ψ(t) = gj(t), ∀t ∈ (bj−1, bj).

Assume ψ : I → R is a piecewise Ū function with s pieces. Then we can

represent ψ by a list of endpoint–function triples

LIST (ψ)
def
= {(bj−1, bj , gj)}sj=1 , (14)

where ℓ = b0 < b1 < · · · < bs = u, gj ∈ Ū for each j ∈ [s] and

ψ(t) = gj(t), ∀t ∈ [bj−1, bj ], j ∈ [s]. (15)

In particular, for a scalar a ∈ R, it is understood that LIST (a) = {(ℓ, u, a)},
where we treat a as a constant function.

Assume ψ1, ψ2 : I → R are two piecewise Ū functions. We now discuss

how to obtain an triple-list representation of ψ1 + ψ2 and min{ψ1, ψ2}. For
convenience, we introduce two basic operations ”+” and ”∨” on triple lists.

More specifically, given the representation of ψ1 and ψ2

LIST (ψ1)
def
=
{
(b̄1j−1, b̄

1
j , g

1
j )
}s̄1
j=1

, LIST (ψ2)
def
=
{
(b̄2j−1, b̄

2
j , g

2
j )
}s̄2
j=1

,

let ℓ = b0 < b1 < · · · < bK = u be the ordered distinct elements of {b̄1j}
s̄1
j=0 ∪

{b̄2j}
s̄2
j=0. For i = 1, 2 and k ∈ [K], let ḡik ∈ Ū be the member function carried

by LIST (ψi) on (bk−1, bk), that is, ḡik(t) = ψ(t), ∀t ∈ (bk−1, bk). Then we

define

• Summation:

LIST (ψ1) + LIST (ψ2)
def
=
{
(bk−1, bk, ḡ

1
k + ḡ2k)

}K
k=1

. (16)

• Join: for every k ∈ [K], compute the changing points of ḡ1k−ḡ2k on [bk−1, bk]

and write

bk−1 = bk,0 < bk,1 < · · · < bk,sk = bk (sk ≤ d). (17)

For each j ∈ [sk], choose gk,j ∈ {ḡ1k, ḡ2k} such that

gk,j(t) = min{ḡ1k(t), ḡ2k(t)}, t ∈ [bk,j−1, bk,j ].

Then gk,j ∈ Ū. The join of LIST (ψ1) and LIST (ψ2) is defined as

LIST (ψ1)∨ LIST (ψ2)
def
= {(bk,j−1, bk,j , gk,j)}k∈[K],j∈[sk] . (18)

By construction, LIST (ψ1)+LIST (ψ2) and LIST (ψ1)∨ LIST (ψ2) are indeed

valid triple-list representations for ψ1 + ψ2 and min{ψ1, ψ2}, respectively.
The list-sum operation can be extended to any finite number of piecewise

functions directly.
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With the sum and join operations defined for the triple-list representa-

tions, we formally present the parametric dynamic programming procedure

in Algorithm 1. The algorithm traverses the tree in a bottom-up manner,

iteratively applying the sum and join operations to construct the value func-

tions and ultimately returning the global minimum of problem (1).

Algorithm 1 Parametric dynamic programming on a rooted tree

Input: A tree T = (V, E), root r, an interval I = [ℓ, u], functions (fv)v∈V ,

and charges (ce)e∈E
Output: The optimal value of (1)

1: for each leaf v do

LIST (ΦTv)← {(ℓ, u, fv)}, τv ← min
t∈I

fv(t), βv ← cv + τv

2: end for

3: for each nonleaf vertex v ∈ V in postorder do

4: for each w ∈ ch(v) do

LIST (min{ΦTw , βw})← LIST (ΦTw)∨{(ℓ, u, βw)}

5: end for

6: Obtain

LIST (ΦTv)← {(ℓ, u, fv)}+
∑

w∈ch(v)

LIST (min{ΦTw , βw})

7: Solve the continuous programs on the pieces of LIST (ΦTv) and set

τv ← min
(a,b,g)∈LIST(ΦTv )

min
t∈[a,b]

g(t), βv ← cv + τv

8: end for

9: return τMIP ← τr

Proposition 3. Under Assumption 2, Algorithm 1 can be implemented in

O

(
(T+ d)

∑
v∈V
| LIST (ΦTv) |

)
(19)

time.

Proof. Note that the running cost of Algorithm 1 primarily consists of three

parts, that is, the costs of join operations T∨ incurred in Line 1 and Line 4,

the list-sum operations T+ incurred in Line 6, and solving continuous mini-

mizations Tmin in Line 7. Next, we estimate T∨, T+ and Tmin separately.

For any v ∈ V \ {r}, in view of (17) and Line 4, each triple (a, b, g) in

LIST (ΦTv) requires one computation of the changing points of g − βv on
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(a, b), which costs T and produces at most d+ 1 new triples. Hence,

T∨ = O

[T+ (d+ 1)]
∑

v∈V\{r}

| LIST (ΦTv) |

 . (20)

Since each LIST (min{ΦTw , βw}) consists of (d+1) triples, Line 6 requires

merging them together as in (16), which leads to

T+ = O

(d+ 1)
∑

v∈V\{r}

| LIST (ΦTv) |

 .

Finally, in view of 7, every triple in LIST (ΦTv) gives one continuous min-

imization. Thus,

Tmin = O

(∑
v∈V
| LIST (ΦTv) | · T

)
. (21)

The oracle complexity O
(
(T+ d)

∑
v∈V |ΦTv |

)
is given by combining the

three bounds. □

Given a specific triple-list representation LIST (ψ) of ψ in (14), if gj(t) =

gj+1(t) for all t ∈ (bj , bj+1), then one can replace two pieces (bj−1, bj , gj) and

(bj , bj+1, gj+1) by a merged piece (bj−1, bj+1, gj). Moreover, testing whether

gj and gj+1 are identical over an interval (bj , bj+1) can be accomplished by

testing if (bj , bj+1) contains a changing point of gj − gj+1, which is imple-

mentable. For convenience, for any piecewise Ū function ψ, we always treat

LIST (ψ) as a minimal triple-list representation of ψ in the rest of this pa-

per; otherwise, one can always get a minimal triple-list representation by

sequentially applying such merging operations. This motivates us to intro-

duce piece complexity pc (ψ), which is defined as the minimum size of valid

triple-list representation of ψ. By above discussion, we can resort the com-

plexity analysis of Algorithm 1 to the analysis of piece complexity of ΦT . If

pc (ΦT ) is polynomial in problem dimensions n, then Algorithm 1 is also a

polynomial oracle algorithm.

We conclude this section with the calculus rules for upper bounding the

piece complexity.

Proposition 4 (Piece calculus). Let g1, . . . , gk be piecewise Ū functions.

Then
∑k

i=1 gi and min{g1, g2} are also piecewise Ū functions, and

pc

(
k∑

i=1

gi

)
≤ 1 +

k∑
i=1

(pc (gi)− 1),

pc (min{g1, g2}) ≤ (d+ 1)(pc (g1) + pc (g2)− 1).

In particular, ΦTv is a piecewise Ū function for all v ∈ V.
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Proof. Given minimal triple-list representations of gi’s, one can compute

a valid triple-list representation of
∑k

i=1 gi and min{g1, g2} by sum- and

join-list operations, respectively. The size of the resulting triple-list can be

bounded directly by using (16)-(18), which concludes the proof. □

3.2. Linearized representation in a lifted space. We now develop an

alternative representation of the value functions ΦTv to facilitate our com-

plexity analysis. Assume

ϕ(t)
def
= (ϕ0(t), . . . , ϕν(t))

⊤

is the basis of the Chebyshev space Ud, where ϕ0(t) ≡ 1. Then for each

i ∈ V, there exists a vector qi such that fi(t) = ϕ(t)⊤qi. Let

e0
def
= (1, 0, . . . , 0)⊤ ∈ Rν+1 and q̄i

def
= βie

0, i ∈ V \ {r}. (22)

For every v ∈ V, define the finite coefficient set recursively in a postorder by

Qv
def
= {qv}+

∑
w∈ch(v)

(
Qw ∪ {q̄w}

)
. (23)

For a leaf v, the sum is empty and hence Qv = {qv}.
Next, we express the value function as a linear minimization over these

recursive coefficient sets.

Lemma 1 (Linearization). For every v ∈ V and t ∈ I,

ΦTv(t) = min
q∈Qv

ϕ(t)⊤q. (24)

Proof. We prove (24) by induction. In the base case where v is a leaf, one

has Qv = {qv} and ΦTv(t) = fv(t) = ϕ(t)⊤qv. Suppose the claim holds for

all ΦTw such that w ∈ ch(v). Substitution in (13) gives

ΦTv(t) = ϕ(t)⊤qv +
∑

w∈ch(v)

min

{
min
q∈Qw

ϕ(t)⊤q,ϕ(t)⊤q̄w
}

= ϕ(t)⊤qv +
∑

w∈ch(v)

min
q∈Qw∪{q̄w}

ϕ(t)⊤q.

Because for any two sets S1 and S2 and any vector a, one always has

minx∈S1 a
⊤x+miny∈S2 a

⊤y = minx∈S1+S2 a
⊤z, one can deduce that

ΦTv(t) =min

ϕ(t)⊤q : q ∈ {av}+
∑

w∈ch(v)

(Qw ∪ {q̄w})

 = min
q∈Qv

ϕ(t)⊤q.

This completes the proof. □
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For v ∈ V, define the rooted choice polytope

Λ̄v
def
=
{
λ ∈ RVv : λv = 1, 0 ≤ λi ≤ λpar(i), ∀i ∈ Vv{v}

}
(25)

and its binary counterpart by

Λv
def
= Λ̄v ∩ {0, 1}Vv .

Using disjunctive programming techniques, we can describe the convex

hull of Qv in a lifted space.

Lemma 2 (Convexification). For every v ∈ V,

conv(Qv) =

q ∈ Rν+1 : q =
∑
i∈Vv

λiq
i +

∑
i∈Vv\{v}

(λpar(i) − λi)q̄i, λ ∈ Λ̄v

 .

(26)

Proof. We prove the conclusion by induction. In the base case where v is a

leaf node, Qv = {qv} is a singleton, implying (26) holds trivially. Suppose

(26) holds for any w ∈ ch(v). Applying Conforti et al. [12, Theorem 4.39]

to the disjunction between Pw and {q̄w}, one has for each w ∈ ch(v) that

conv (Qw ∪ {q̄w}) =

q ∈ Rν+1 :

q = p+ (1− αw)q̄
w, 0 ≤ αw ≤ 1,

p =
∑
i∈Vw

λiq
i +

∑
i∈Vw\{w}

(λpar(i) − λi)q̄i

λw = αw, 0 ≤ λi ≤ λpar(i), ∀i ∈ Vw\{w}


=

q ∈ Rν+1 :
q =

∑
i∈Vw

λiq
i +

∑
i∈Vw

(λpar(i) − λi)q̄i

0 ≤ αw ≤ λv = 1, 0 ≤ λi ≤ λpar(i), ∀i ∈ Vw\{w}

 , (27)

where we substitute out p and αw and introduce λv = 1. Since conv(S1 +

S2) = conv(S1)+ conv(S2) holds for any two sets S1 and S2, one has by the

definition of Qv in (23) that

conv(Qv) = {qv}+
∑

w∈ch(v)

conv (Qw ∪ {q̄w}) .

The conclusion follows by substituting out each conv (Qw ∪ {q̄w}) using (27).
□

For v ∈ V, let Gv ∈ R(ν+1)×nv be the matrix for which each column i ∈ Vv
is given by

Gi
def
= qi +

∑
w∈ch(i)

q̄w − 1{i̸=v}q̄
i.

Combining this convex hull description with our linear representation yields

the following formulation for the value function.



NONLINEAR OPTIMIZATION OVER TRESS WITH BINARY COUPLING DECISIONS17

Proposition 5. For every v ∈ V and t ∈ I,

ΦTv(t) = min
λ∈Λv

ϕ(t)⊤Gvλ. (28)

Proof. Rearranging the two sums in (26) gives conv(Qv) = {Gvλ : λ ∈ Λ̄v}.
Because the objective of (24) is linear, one can replace the feasible region

Qv with its convex hull and obtain

ΦTv(t) = min
q∈conv(Qv)

ϕ(t)⊤q = min
λ∈Λ̄

ϕ(t)⊤Gvλ.

Since the constraint matrix defining Λ̄v is totally unimodular and its right-

hand side is integral, the preceding minimization always admits an integral

optimal solution. The conclusion follows. □

4. Complexity Analysis

Building upon the extended formulation established in the previous sec-

tion, we now analyze the piece complexity of our dynamic programming

algorithm.

4.1. Power centroid. To analyze the piece complexity of our dynamic pro-

gramming recursion, we require a systematic tree balancing approach. Cen-

troid decomposition is a classical node balancing technique in combinatorial

optimization [24, 18]. More specifically, a vertex v is called a centroid of

a tree T if each component in Tv has no more than |T |/2 nodes. Other

variants such as the weighted centroid and the branch-weight centroid also

exist in the literature; see Lin and Shang [29] and the references therein. In

this subsection, we introduce a new variant termed the power centroid.

Definition 2 (Power centroid). Let A > C > 1 and γ > 1. A vertex v ∈ V
is an (A,C, γ)-power centroid of T if Tv is a (m,n1, . . . , nk)-decomposition

satisfying

Amγ + C
k∑

j=1

nγj ≤ n
γ . (29)

The following lemma establishes the existence of a balanced node that

satisfies specific component size bounds.

Lemma 3. For a n-size tree and any number θ ∈ (0, 1/2], there exists a

node v such that Tv is a (m,n1, . . . , nk)-decomposition satisfying m ≤ θn

and nj ≤ (1− θ)n for all j ∈ [k].

Proof. Starting from the root, repeatedly move to a child whose rooted

subtree has more than (1− θ)n vertices, and stop when no such child exists.

Such a stopping child v is unique because 1 − θ > 1/2. If v is not the root

of the tree, then Tv has more than (1 − θ)n vertices, implying its parent
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component has size m ≤ θn. The conclusion holds trivially if v is the

root. □

The following lemma establishes a general bound for sums of powers,

which will be instrumental in our subsequent complexity analyses.

Lemma 4. Let k ∈ Z+, γ ≥ 1, and U, S, n1, . . . , nk ∈ R+. If
∑k

i=1 ni ≤ S,

then ∑
i∈[k]

nγi ≤ S
γ . (30)

If additionally ni ≤ U for all i ∈ [k] and U ≤ S ≤ 2U , then∑
i∈[k]

nγi ≤ U
γ + (S − U)γ . (31)

Proof. Because (30) can be viewed as a special case of (31) by taking U = S,

it is sufficient to prove only (31). Define h(t) = tγ and consider

max
t1,...,tk

k∑
i=1

h(ti)

s.t.
k∑

i=1

ti ≤ S

0 ≤ ti ≤ U ∀i ∈ [k].

Since h(·) is convex, the maximum can be attained at an extreme point of

the feasible region. Because U ≤ S ≤ 2U , at most two components ti of such

an optimal extreme point can attain the upper bound U . Consequently, the

solution is determined by making one upper-bound constraint and the sum

constraint tight. Therefore,∑
i∈[k]

h(ti) ≤ h(U) + h(S − U).

The conclusion follows by specifying a feasible solution ti = xi, ∀i ∈ [n]. □

Building upon above auxiliary results, the following proposition charac-

terize the precise conditions under which a power centroid is guaranteed to

exist.

Proposition 6. Let A > C > 1 be fixed. There exists an (A,C, γ)-centroid

for any finite rooted tree if and only if there exists a θ ∈ (0, 1/2] such that

Aθγ + C(1− θ)γ ≤ 1.

Proof. We first assume the inequality holds true. Let v, m, n, n1, . . . , nk be

defined in Lemma 3. Consider the function h(t) = Atγ +C(1− θ)γ +C(θ−
t)γ . Since h(t) is a convex function, maxt∈[0,θ] h(t) is attained at either the
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endpoint 0 or θ. Because h(θ)−h(0) = (A−C)θγ > 0 and m/n ∈ [0, θ], one

has that h(m/n) ≤ h(θ) = Aθγ + C(1− θ)γ ≤ 1, which leads to

nγh(m/n) = Amγ + C[(1− θ)n]γ + C (θn−m)γ ≤ nγ . (32)

Moreover, because 0 < θ ≤ 1/2, by setting U = (1−θ)n and S = n−m, one

has
∑

i∈[k] ni ≤ S, U ≤ S ≤ 2U , and ni ≤ U for all i ∈ [k]. Thus, Lemma 4

implies
k∑

i=1

nγi ≤ (θn−m)γ + [(1− θ)n]γ . (33)

Combining (32) and (33) yields (29), which shows v is a (A,C, γ)-centroid.

Next, we prove the other direction. Assume that every finite rooted tree

has an (A,C, γ)-power centroid. For each n ≥ 2, consider an n-vertex path

rooted at an endpoint, and let vn be a power centroid. If mn is the size of

the parent component of vn, then the other component has size n− 1−mn,

and therefore

A
(mn

n

)γ
+ C

(
1− 1

n
− mn

n

)γ

≤ 1.

Since mn/n ≤ 1, we assume the limit t := limn→∞mn/n ∈ [0, 1] exists;

otherwise we pass the arguments to one convergent subsequence of {mn/n}n.
This gives

Atγ + C(1− t)γ ≤ 1.

Since A,C > 1, one has t ∈ (0, 1). If t ≤ 1/2, set θ = t. Otherwise, set

θ = 1− t and observe that

A(1− t)γ + Ctγ < Atγ + C(1− t)γ ,

where the strict inequality follows from A > C and t > 1/2. In both cases,

θ ∈ (0, 1/2] and Aθγ + C(1− θ)γ ≤ 1. This completes the proof. □

Let γ(A,C)
def
= min{γ > 1 : Aθγ + C(1 − θ)γ ≤ 1, θ ∈ (0, 1/2]}. Using

KKT conditions, it is not difficult to prove that the optimal γ(A,C) is given

by the unique root of the equation

A
− 1

γ−1 + C
− 1

γ−1 = 1. (34)

4.2. Fixed-degree complexity. We now present a new recursion induced

by a path. For any subtree B of T , its root is uniquely determined by

the orientation of T and is denoted by rB. In view of (28), we extend the

definition of ΦTv to a general subtree B of T as

ΦB(t) = min
λ

∑
i∈V(B)

λiϕ(t)
⊤Gi

s.t. λrB = 1, λi ∈ {0, 1}, λi ≤ λpar(i), ∀i ∈ V(B) \ {rB}.
(35)
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Let Ps be the path from the root r of T to node s ∈ V. Let Bs be the family

of components of T \ Ps. Root each branch B ∈ Bs at its unique vertex

adjacent to Ps, and let aB ∈ Ps be its attachment vertex. Accordingly, we

partition Bs = B↑
s ∪B↓

s by attachment location:

B↑
s
def
= {B ∈ Bs : aB ∈ Ps \ {s}} , B↓

s
def
= {B ∈ Bs : aB = s} . (36)

For any subtree B of T , define Φo
B(t)

def
= min {0,ΦB(t)} . We now prove a

key decomposition lemma by conditioning on the binary choice along the

root path.

Lemma 5 (Root-path disjunction). For every s ∈ T ,

ΦT (t) = min

{
ΦT ↑

s
(t), ϕ(t)⊤

∑
i∈Ps

Gi +
∑
B∈Bs

Φo
B(t)

}
, (37)

where the first entry is omitted when T ↑
s is empty.

Proof. We prove (37) by conditioning on the binary value of λs in (28):

• If λs = 0, then the order constraints λi ≤ λpar(i) force every λ variable

indexed by a descendant of s to zero. In this case, the value ΦT (t) reduces

to ΦT ↑
s
(t).

• If λs = 1, then the ordering constraints λi ≤ λpar(i) gives λi = 1 for

every i ∈ Ps. After these variables are fixed, the remaining variables and

objective coefficients decompose over the components in Bs. This results

in the second term in (37).

The conclusion follows. □

Building on this structural decomposition, we can bound the resulting

piece complexity growth as in the following lemma.

Lemma 6. For every s ∈ T ,

pc (ΦT ) ≤ (d+ 1)

[
pc
(
ΦT ↑

s

)
+
∑
B∈Bs

pc (Φo
B)− |Bs|

]
, (38)

pc (Φo
T ) ≤ (d+ 1)

[
pc
(
Φo
T ↑
s

)
+
∑
B∈Bs

pc (Φo
B)− |Bs|

]
. (39)

Proof. The recursive bound (38) follows directly by applying two calculus

rules in Proposition 4 to (37). To prove (39), we notice that Lemma 5 implies

the simple fact

Φo
T (t) =min

{
Φo
T ↑
s
(t), ϕ(t)⊤

∑
i∈Ps

Gi +
∑
B∈Bs

Φo
B(t)

}
.

Then (39) follows also from Proposition 4. □



NONLINEAR OPTIMIZATION OVER TRESS WITH BINARY COUPLING DECISIONS21

For any fixed d ≥ 1, let γd = γ(A,C) with specification A = 2(d + 1)

and C = d + 1. Combining the properties of the power centroid with our

recursive piece bounds yields the main complexity theorem for fixed degrees.

Theorem 2. Under Assumption 1, every rooted tree T with n nodes satisfies

pc (ΦT ) ≤ (d+ 1)nγd .

Proof. We prove by induction on the size of trees a stronger version that

max {pc (ΦT ) , pc (Φ
o
T )} ≤ (d+ 1)nγd . (40)

In the base case where n = 1, one trivially has (40) holds true since

pc (ΦT ) = 1 and pc (Φo
T ) = pc (min {ΦT , 0}) ≤ d + 1, where the inequal-

ity follows from Proposition 4.

Consider an arbitrary rooted tree with n vertices, and assume the claim

holds for all smaller trees. By Proposition 6, T has a (2(d + 1), d + 1, γd)-

power centroid s satisfying

2(d+ 1)mγd + (d+ 1)
k∑

j=1

nγdj ≤ n
γd , (41)

where m = |T ↑
s |, k = |B↓

s|, and n1, . . . , nk are the sizes of branches in

B↓
s. Because all nonempty trees in (37) have fewer than n vertices, one can

deduce from Lemma 6 and our induction hypothesis that

pc (ΦT ) ≤(d+ 1)2

mγ +
∑
B∈B↑

s

|B|γd +
k∑

j=1

nγdj

 .
Moreover, since

∑
B∈B↑

s
|B| ≤ m, Lemma 4 implies

∑
B∈B↑

s
|B|γd ≤ mγd .

Thus, one has

pc (ΦT ) ≤ (d+ 1)2

2mγd +
k∑

j=1

nγdj

 ≤ (d+ 1)nγd ,

where the last inequality is due to (41). Similarly, one can invoke (39) to

prove pc (Φo
T ) ≤ (d+ 1)nγd . This closes the induction. □

We now give an estimate of γd. Substituting A = 2(d+1) and C = d+1

into (34) and factoring gives

(d+ 1)
− 1

γd−1

(
1 + 2

− 1
γd−1

)
= 1.

Taking logarithms and using 1 + e−t = 2e−t/2 cosh(t/2), one obtains

log2(d+ 1) =
γd − 1

ln 2
ln
(
1 + 2

− 1
γd−1

)
= γd −

3

2
+
γd − 1

ln 2
ln cosh

(
ln 2

2(γd − 1)

)
.
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Since ln cosh(z) ≥ 0 for all z ∈ R, it follows that

γd ≤
3

2
+ log2(d+ 1).

Observe that each piecewise Ū-function can be embedded into a larger

weak Chebyshev space. Although a straightforward complexity bound fol-

lows from applying Theorem 2 to this expanded space, Proposition 7 delivers

a significantly sharper result.

Proposition 7. If each node cost function fi is a piecewise Ū-function with

at most M pieces, then one has

pc (ΦT ) = O
(
Mdnγd+1

)
.

Proof. Let K be the union of the knots of all node cost functions. Since

every fi has at most M pieces, one has |K| ≤ n(M − 1). The points in K
partition the domain I into at most n(M − 1) + 1 intervals. On each such

interval, Theorem 2 gives at most (d+1)nγd pieces for the restriction of ΦT
to that interval. Concatenating these representations over all such intervals

yields pc (ΦT ) ≤
(
n(M − 1) + 1

)
(d+ 1)nγd = O

(
Mdnγd+1

)
. □

5. Improved complexity for quadratic node costs

Throughout this section, we assume that every fi is a quadratic poly-

nomial on I and set the common basis for the lifted representation to

ϕ(t) = (1, t, t2)⊤. Under this quadratic setting, the generic piece complexity

derived in Section 4 yields an exponent of roughly γ2 ≈ 3.04. We demon-

strate that this bound can be sharpened significantly for quadratic objectives

through a refined analysis and a specialized node balancing technique.

5.1. Active Quadratic Calculus. In view of (35), each feasible binary λ

defines a quadratic polynomial on I. Hence, ΦB is a lower envelope of a

finite family generated by the lifted formulation. For a general finite lower

envelope g, define its number of active quadratics by

aq (g)
def
= min

k ∈ Z+ :
gj : I → R is a quadratic, ∀j ∈ [k]

g(t) = min
j∈[k]

gj(t), ∀t ∈ I

 ,

We next present calculus rules for aq (·).

Lemma 7. If g is the lower envelope of finitely many quadratics, then

aq (g) ≤ pc (g) ≤ 2 aq (g)− 1. (42)

For any two such lower envelopes g and h,

aq (min{g, h}) ≤ aq (g) + aq (h) , (43)

aq (g + h) ≤ 2(aq (g) + aq (h))− 1 (44)



NONLINEAR OPTIMIZATION OVER TRESS WITH BINARY COUPLING DECISIONS23

Proof. We first note that (43) is trivial by definition, and (44) follows directly

from (43). It remains to prove (42).

Let m = aq (g) and fix an irredundant representation g = minj∈[m] gj .

Define Rj = {t ∈ I : gj(t) ≤ gk(t), ∀k ∈ [m]\{j}}, over which gj agree with

g. By construction, the set Rj has a nonempty interior and thus contains at

least one interval piece of g; otherwise, gj can be deleted from the expression

of g. Consequently, one has aq (g) ≤ pc (g).

Next we prove pc (g) ≤ 2 aq (g) − 1 by induction. The base case where

m = 1 is trivial. We assume the conclusion holds for all quadratic lower

envelopes g̃ with aq (g̃) ≤ m− 1 and consider the case aq (g) = m. WLOG

we suppose that each gj(t) = qj2t
2 + qj1t + qj0 for certain qj2, q

j
1, q

j
0 ∈ R with

qj2 ≤ · · · ≤ qm2 . Let g̃(t) = minj∈[m−1] gj(t). By adding function gm to the

lower envelop, the newly induced breakpoints of g(t) = min{gm(t), g̃(t)} are
given by the roots of gm(t) = g̃(t).

We claim that the equation gm(t) = g̃(t) has at most two roots. Indeed,

the roots can only come from the boundary points of the set

Ī def
= {t ∈ I : gm(t) ≤ g̃(t)}

=
⋂

j∈[m−1]

{t ∈ I : gm(t) ≤ gj(t)}

=
⋂

j∈[m−1]

{
t ∈ I : (qm2 − q

j
2)t

2 + (qm1 − q
j
1)t+ (qm0 − q

j
0) ≤ 0

}
.

Because qm2 ≥ qj2, ∀j ∈ [m − 1], Ī is the intersection of m − 1 convex sets

in R and thus is an interval. This proves the claim. Consequently, pc (g) ≤
pc (g̃) + 2. By the induction hypothesis, one has pc (g̃) ≤ 2(aq (g̃)) − 1 =

2 aq (g)− 3. It follows that pc (g) ≤ 2 aq (g)− 1. □

Building upon the calculus rules in Lemma 7, we now establish a recursive

bound for active quadratics resulting from a root-path disjunction.

Lemma 8. For every s ∈ T ,

aq (ΦT ) ≤ aq
(
ΦT ↑

s

)
+ 2

∑
B∈Bs

aq (ΦB) + 1. (45)
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Proof. For every B ∈ Bs, invoking Proposition 4 and Lemma 6, one gets

aq (ΦT ) ≤ aq
(
ΦT ↑

s

)
+ aq

(
ϕ(·)⊤

∑
i∈Ps

Gi +
∑
B∈Bs

Φo
B

)
(by (43))

≤ aq
(
ΦT ↑

s

)
+ pc

(∑
B∈Bs

Φo
B

)
(by (42))

≤ aq
(
ΦT ↑

s

)
+
∑
B∈Bs

(pc (Φo
B)− 1) + 1 (Proposition 4)

≤ aq
(
ΦT ↑

s

)
+ 2

∑
B∈Bs

(aq (Φo
B(t))− 1) + 1. (by (44))

The conclusion (45) follows from aq (Φo
B(t)) ≤ aq (ΦB(t)) + 1 by (44). □

Lemma 8 converts the active-quadratic representation into a recurrence

over rooted components. The off-path components carry a factor of two and

may attach anywhere along Ps. Since a centroid controls the components

incident to one vertex, but does not control this attachment pattern, we

introduce a new node-balancing technique in the next subsection.

5.2. Complexity results. Note that every B ∈ B↑
s is contained in the

parent component T ↑
s and also appears in the branch sum in (45). The

power-centroid argument in Section 4 does not exploit where this overlap

occurs. We instead use the ordinary centroid unless one member of B↑
s is

too large. In that event, moving to its attachment vertex yields the required

balance; see Figure 1 for illustration.

Proposition 8. Let T be a rooted tree with n vertices. Suppose that α ≥ 2

and h ∈ [1/4, 1/2] satisfy

2
[
hα + (1− h)α

]
≤ 1, (46)

3 · 2−α + 2
[
hα + (1/2− h)α

]
≤ 1. (47)

Then there exists s ∈ T such that

|T ↑
s |α + 2

∑
B∈Bs

|B|α ≤ nα. (48)

Proof. Apply Lemma 3 with θ = 1/2, and let z be the resulting centroid.

Then one has

|T ↑
z | ≤ n/2, |B| ≤ n/2, ∀B ∈ B↓

z. (49)

Set b̄
def
= max

{
|B| : B ∈ B↑

z

}
. We consider two cases based on whether b̄ ≤

hn or b̄ > hn.
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raB1

aB2

y = aB⋆

aB3

z

B1 ∈ B↑
z

B2 ∈ B↑
z

B⋆ ∈ B↑
z

B3 ∈ B↑
z

B4 ∈ B↓
z B5 ∈ B↓

z

Figure 1. Tree decomposition along a root path

Case 1: b̄ ≤ hn. Set x := |T ↑
z |/n. By (49), one has

∑
B∈B↑

z

|B| ≤ xn, |B| ≤ hn, ∀B ∈ B↑
z, (50)

∑
B∈B↓

z

|B| ≤ (1− x)n, |B| ≤ n/2, ∀B ∈ B↓
z. (51)

There are two subcases:

• If 0 ≤ x ≤ h, applying Lemma 4 to (50) and (51) yields

∑
B∈B↑

z

|B|α ≤ xαnα,

∑
B∈B↓

z

|B|α ≤
[
2−α + (1/2− x)α

]
nα. (52)

This implies

|T ↑
z |α + 2

∑
B∈Bz

|B|α ≤ g1(x)nα, (53)
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where g1(x)
def
= 3xα + 21−α + 2(1/2 − x)α. Because g1(x) is convex in x

and x ∈ [0, h], one can deduce that

g1(x) ≤ max
t∈[0,h]

g(t) = max{g1(0), g1(h)}

=max
{
22−α, 21−α + 3hα + 2(1/2− h)α

}
(h ≤ 1/2)

≤max
{
22−α, 3 · 2−α + 2

[
hα + (1/2− h)α

]}
≤ 1,

where the last inequality is due to α ≥ 2 and (47). In view of (53), it

proves (48) in this subcase.

• If h ≤ x ≤ 1/2, then hn ≤ xn ≤ 2hn. Applying (31) to (50) gives∑
B∈B↑

z

|B|α ≤
(
hα + (x− h)α

)
nα.

Combining this inequality with the downstream estimate (52) gives

|T ↑
z |α + 2

∑
B∈Bz

|B|α ≤ g2(x)nα, (54)

where g2(x) = xα + 2hα + 2(x− h)α + 21−α + 2(1/2− x)α. Since g2(x) is
convex in x ∈ [h, 1/2], one can deduce that

g2(x) ≤ max
t∈[h,1/2]

g(t) = max{g2(1/2), g2(h)}

= max
{
3 · 2−α + 2hα + 2(1/2− h)α, 3hα + 21−α + 2(1/2− h)α

}
≤ 1,

where the last inequality is due to h ≤ 1/2 and (47). In view of (54), we

find (48) holds with s = z whenever b̄ ≤ hn.
Case 2: b̄ > hn. In this case, choose B⋆ ∈ B↑

z with |B⋆| = b̄, set y
def
= aB⋆ , and

let m
def
= |T ↑

y |. The sets T ↑
y and B⋆ are disjoint subsets of T ↑

z , and therefore

m+ b̄ ≤ |T ↑
z | ≤ n/2. (55)

Then by construction, one can see∑
B∈B↑

y

|B| ≤ m,
∑

B∈B↓
y\{B⋆}

|B| ≤ n−m− b̄.

Thus, (30) gives

mα + 2
∑
B∈By

|B|α ≤ g3(m, b̄)
def
= 3mα + 2bα + 2(n−m− b̄)α. (56)

Because (m, b̄) ∈ ∆
def
= {(t1, t2) : t1 ≥ 0, t2 ≥ hn, t1 + t2 ≤ n/2} and g3(t1, t2)

is convex over ∆, one obtains

g3(m, b̄) ≤ max
(t1,t2)∈∆

g3(t1, t2) = max{g3(0, hn), g3(0, n/2), g3((1/2− h)n, hn)}

≤max
{
2
(
hα + (1− h)α

)
, 22−α, 3 · 2−α + 2

(
hα + (1/2− h)α

)}
nα ≤ 1,
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where the bound on g3((1/2− h)n, hn) also uses (1/2− h)α ≤ 2−α. Conse-

quently, (48) holds with s = y. This finishes the entire proof. □

The weighted balance in (48) matches the coefficients in (45); it therefore

supplies the induction step that the power centroid provides for the generic

piece recurrence. Define

α⋆
def
= min

α ≥ 2 :

there exists h ∈ [1/4, 1/2] such that

2
(
hα + (1− h)α

)
≤ 1,

3 · 2−α + 2
(
hα + (1/2− h)α

)
≤ 1

 . (57)

It is not difficult to show that the minimum of (57) is attained when both

inequalities are tight. Numerically, α⋆ ≈ 2.086 and h⋆ ≈ 0.383. We now

state the complexity result for quadratic node functions.

Theorem 3. Every rooted tree T with n vertices satisfies

aq (ΦT ) ≤ 2nα⋆ − 1. (58)

Proof. We prove the conclusion by induction on n. If n = 1, then ΦT is one

quadratic, and (58) holds with equality.

Consider an arbitrary rooted tree T with n ≥ 2 vertices, and assume

that (58) holds for every smaller rooted tree. Apply Proposition 8 with

(α, h) = (α⋆, h⋆), and let s be the associated separating vertex. Then Every

nonempty T ↑
s and B ∈ Bs is a rooted subtree in the sense of (35) and has

fewer than n vertices.

If Bs = ∅, then T = Ps is a path and |T ↑
s | = n − 1. Lemma 8 and the

induction hypothesis give

aq (ΦT ) ≤ aq
(
ΦT ↑

s

)
+ 1 ≤ 2(n− 1)α⋆ ≤ 2nα⋆ − 2.

Suppose now that |Bs| ≥ 1. In this case, Lemma 8 and the induction

hypothesis imply

aq (ΦT ) ≤
(
2|T ↑

s |α⋆ − 1
)
+ 2

∑
B∈Bs

(2|B|α⋆ − 1) + 1

= 2

(
|T ↑

s |α⋆ + 2
∑
B∈Bs

|B|α⋆

)
− 2|Bs|

≤ 2nα⋆ − 2|Bs| ≤ 2nα⋆ − 1,

where the second inequality follows from (48). This proves (58) and hence

the theorem. □

Theorem 3 improves the exponent γ2 ≈ 3.04 from the generic piece bound

to α⋆ ≈ 2.08 for quadratic functions. This refinement stems from tracking
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active quadratics through envelope geometry, which is a structural property

unique to quadratic polynomials.

6. Conclusion

In this paper, we study optimization over trees with binary coupling de-

cisions, where a fixed charge permits neighboring continuous decisions to

differ. Although the problem is NP-hard on general graphs even for convex

quadratic node costs, we develop an exact parametric dynamic programming

algorithm for arbitrary trees. The proposed algorithm runs in oracle time

polynomial in the problem size for a fixed degree of the underlying weak

Chebyshev space. Our complexity analysis relies on a reformulation of the

DP recursion in a lifted space and a novel power centroid decomposition

to bound the piece complexity of the value functions. For quadratic poly-

nomial node functions, we improve this bound from nearly cubic to nearly

quadratic. As a direct implication, these results establish polynomial oracle

complexity for the Potts model on arbitrary trees.
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[23] Han, S., Gómez, A., and Atamtürk, A. (2023). 2Ö2-convexifications

for convex quadratic optimization with indicator variables. Mathematical

Programming, 202:95–134.

[24] Jordan, C. (1869). Sur les assemblages de lignes.

[25] Karlin, S. and Studden, W. J. (1966). Tchebycheff Systems: With

Applications in Analysis and Statistics, volume 15 of Pure and Applied

Mathematics. Interscience Publishers, New York.



30 LIANGJU LI AND SHAONING HAN

[26] Kolmogorov, V., Pock, T., and Rolinek, M. (2016). Total variation on

a tree. SIAM Journal on Imaging Sciences, 9(2):605–636.

[27] Kuric, M., Ahmetspahic, J., and Pock, T. (2024). Total Generalized

Variation on a Tree. SIAM Journal on Imaging Sciences, 17(2):1040–1077.

[28] Landrieu, L. and Obozinski, G. (2017). Cut pursuit: Fast algorithms

to learn piecewise constant functions on general weighted graphs. SIAM

Journal on Imaging Sciences, 10(4):1724–1766.

[29] Lin, C. and Shang, J.-L. (2009). Statuses and branch-weights of

weighted trees. Czechoslovak Mathematical Journal, 59(4):1019–1025.
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