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Abstract

We study nonsmooth convex-concave saddle-point problems over compact convex
sets, assuming access to stochastic subgradients of the payoff function. We develop
single-loop projection-free algorithms that use linear minimization oracles over
the primal and dual domains. Unlike prior projection-free approaches that rely on
smoothing, our methods are purely subgradient-based and handle nonsmoothness
directly. This design makes the framework modular: when a linear minimization
oracle is not used over a specific domain, the corresponding update can be replaced
by a standard projection oracle without changing the single-loop structure. Thus,
our framework covers both fully projection-free and hybrid oracle configurations.
We prove anytime strong saddle gap guarantees under standard unbiased stochastic
oracle assumptions with bounded variance. Our algorithms achieve an Opϵ´2q

iteration complexity, matching projected stochastic subgradient methods. We also
provide matching lower bounds for the corresponding oracle models, establishing
minimax optimality. Our results show that, for nonsmooth stochastic minimax
problems, the computational advantages of linear minimization oracles need not
come at the expense of statistical or oracle efficiency.

1 Introduction

Projected subgradient descent is a fundamental approach for constrained nonsmooth convex optimiza-
tion [7, 62]. When projections onto the feasible set are computationally tractable, these methods are
minimax optimal [51, 56], reaching an ϵ-approximate solution in Opϵ´2q iterations. This optimality
extends to the stochastic regime, where projected stochastic subgradient descent maintains the same
iteration complexity [50, 61]. However, in many large-scale applications, the projection step becomes
the primary computational bottleneck, necessitating the use of projection-free alternatives such as
the Frank-Wolfe (FW) algorithm [9, 32]. While projection-free methods are well-established for
smooth problems, their application to the nonsmooth setting is a more recent development. Notably,
Thekumparampil et al. [65, 66] and Asgari and Neely [3, 4] have introduced nonsmooth FW variants
that achieve an iteration complexity of Opϵ´2q, matching the minimax optimal rate [39].

This work addresses the nonsmooth convex-concave saddle-point problem of the form

min
xPX

max
yPY

fpx, yq, (1)

where we assume access only to unbiased stochastic subgradients of f . For this class of problems,
projected stochastic subgradient descent-ascent is known to achieve the optimal convergence rate
of Opϵ´2q [48, 50]. However, the landscape of projection-free methods for nonsmooth saddle-point
problems is significantly less understood. This paper provide a comprehensive analysis of single-
loop, linear minimization oracle (LMO)-based algorithms for (1), establishing anytime convergence
guarantees. Our proposed framework is flexible, utilizing an LMO over X , Y , or both. In instances
where an LMO is not employed for a specific domain, we utilize a standard projection oracle (PO).
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1.1 Contributions

Our main contributions are as follows.

˛ Building upon the subgradient-based framework introduced in [3, 4], we propose a novel
algorithmic update for saddle-point problems that employs a non-trivial mechanism to derive the
LMO direction. This approach directly addresses objective nonsmoothness without requiring
smoothing techniques. Furthermore, the update rule is designed for modularity, allowing it
to be seamlessly integrated with a standard PO when an LMO is not employed for a specific
variable. This allows us to rigorously analyze three distinct oracle configurations: LMO-LMO
(fully projection-free), LMO-PO, and PO-LMO (hybrid). This flexibility enables practitioners
to select the most efficient oracle for each constraint set pX ,Yq.

˛ We establish anytime convergence guarantees for all proposed algorithmic variants. This is
of significant practical importance as it eliminates the need to pre-specify a target accuracy ϵ
or a total iteration horizon T to tune parameters. We prove that our algorithms achieve the
optimal Opϵ´2q iteration complexity, matching the theoretical performance of standard projected
stochastic subgradient descent-ascent methods [24, 51, 56].

˛ We complement our upper bounds with matching lower bounds. In particular, we prove an
Ωpϵ´2q iteration complexity lower bound for any algorithm based on the LMO-LMO oracle
model, as well as for any method operating under the LMO-PO oracle model. By strong duality,
the same lower bound immediately extends to the PO-LMO setting. Hence, the rates achieved
by our algorithms are minimax optimal in all three oracle regimes.

˛ Our results substantially strengthen the current theory of projection-free minimax optimization.
In particular, even in the smooth deterministic single-loop setting, previous projection-free
methods were only known to achieve slower rates [8, 18]. By contrast, we obtain the optimal
Opϵ´2q rate in the more general nonsmooth stochastic setting. This closes the convergence-rate
gap between projection-free and projection-based methods for minimax optimization, showing
that the computational advantages of LMO-based updates need not come at the expense of
statistical or oracle complexity.

1.2 Related Works

Nonsmooth Frank-Wolfe Algorithms. Constrained minimax problems of the form (1) can be
viewed as instances of nonsmooth convex optimization. This is because the primal function ppxq :“
maxyPY fpx, yq is generally nonsmooth, even when f is smooth. The classic FW algorithm, designed
for smooth objectives, cannot be directly applied here. White [68] first addressed nonsmooth
optimization using an LMO. Since then, only a few studies have followed, and earlier works often
rely on strict assumptions [13, 60]. More recently, Hazan and Kale [28] introduced the Online
Frank-Wolfe algorithm, obtaining an OpT´3{4q regret bound for general online convex optimization.
This translates to an Opϵ´4q rate for the offline nonsmooth convex setting. Under an additional
smoothness assumption, Hazan and Minasyan [29] improved this complexity to Opϵ´3q by using
a Follow-the-Perturbed-Leader approach as a smoothing technique. Lan [39] used randomized
smoothing in the deterministic setting to achieve an Opϵ´2q rate.

A complementary approach addresses nonsmoothness through the composite structure of the objective.
Lan and Zhou [42] and Lan [40] proposed the conditional gradient sliding algorithm, which decouples
gradient and LMO computations. Using this sliding framework with Moreau-Yosida smoothing,
Thekumparampil et al. [66] proposed a double-loop algorithm that achieves rOpϵ´2q LMO and
subgradient oracle calls. Thekumparampil et al. [65] then extended this framework to a single-loop
procedure for nonsmooth minimization. However, both algorithms rely on smoothing techniques
that require parameters to be selected a priori. Consequently, these algorithms are not anytime
procedures. Rather than relying on smoothing, Asgari and Neely [3] recently proposed a subgradient-
based projection-free algorithm for nonsmooth convex optimization. This method attains an Opϵ´2q

convergence rate using a single LMO call per iteration, serving as a projection-free counterpart
to projected subgradient descent. This was extended by Asgari and Neely [4] to handle general
convex functional inequality constraints while preserving the Opϵ´2q complexity, consistent with
existing lower bounds [39]. A key algorithmic feature we share with the nonsmooth literature
[3, 4, 21, 22, 42, 44, 64–66] is the use of subgradients outside the feasible set. Besides, similar to the
approach in [3, 4], our analysis is subgradient-based rather than dependent on smoothing techniques.
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LMO-Based Methods for Minimax Problems. Earlier works focused on special primal-dual
Lagrangian-based formulations and established Opϵ´2q rates in the smooth setting [27, 41, 43, 70].
Subsequent work extended this to smooth convex-strongly concave problems via stochastic double-
loop methods [11] and to smooth convex-concave problems via multi-loop Follow-the-Perturbed-
Leader approach [63], both recovering the Opϵ´2q rate. Gidel et al. [19] pioneered the study of
single-loop algorithms with linear convergence for smooth strongly convex-strongly concave problems
with interior solutions, as well as for smooth convex-concave problems over strongly convex sets with
lower-bounded gradients or polytope feasible set. Kolmogorov and Pock [35] developed a one-sided
method for the bilinear case, achieving Opϵ´1q rate.

A separate line of work considers the smooth nonconvex-concave setting, whose guarantees translate
to the convex-concave case but at inferior rates since convexity is not exploited. Nouiehed et al. [57]
proposed a multi-loop one-sided projection-free method achieving an Opϵ´3.5q iterations. Boroun
et al. [8] and Giang-Tran et al. [18] subsequently developed single-loop projection-free analyses for
nonconvex-concave problems under various conditions, with rates ranging from Opϵ´6q to Opϵ´2q

depending on the setting. To the best of our knowledge, this is the first work to address nonsmooth
stochastic convex-concave minimax problems while achieving the optimal Opϵ´2q rate.

LMO-Based Methods for Variational Inequalities. Smooth convex-concave minimax problems
are an instance of monotone variational inequality problems. Hammond [26] showed that a single-
loop FW algorithm with an open-loop stepsize converges asymptotically for monotone variational
inequalities over strongly convex sets, and this was recently extended to general convex compact
sets in [31]. While several works have established non-asymptotic complexity bounds via nested
multi-loop schemes, such as semi-proximal mirror-prox methods [30] and extra gradient methods
[5], single-loop algorithms have required either specific geometries or stronger oracles to achieve
competitive rates. Specifically, Cox et al. [14] and Juditsky and Nemirovski [33] proved an Opϵ´2q

ergodic convergence rate under the accessibility of Fenchel-type representation of the payoff function
and its corresponding first-order information. Moreover, Chen and Mazumdar [12] proved an Opϵ´2q

last-iterate convergence rate for a single-loop generalized FW method, but their approach relies on
a stronger oracle rather than a pure LMO. In contrast, this paper considers nonsmooth stochastic
minimax problems and develops single-loop purely LMO-based algorithms, enjoying the same rate.

PO-Based Methods. Many algorithms exist for solving monotone variational inequalities and
smooth convex-concave saddle-point problems of the form (1). In the deterministic setting, the
extragradient method [36], Popov’s algorithm [59], and Tseng’s forward-backward-forward scheme
[67] all achieve an Opϵ´1) rate, as does the mirror-prox algorithm of Nemirovski [49]. This rate is
optimal [58] and is also attained by modern variants including reflected gradient methods [45, 47],
optimistic gradient descent-ascent [15], dual extrapolation [54], and adaptive methods [2, 46]. For
structured problems such as Lagrangian-based payoff functions for affinely constrained problems,
specialized methods can exploit additional structure to obtain faster rates [10, 53]. Moving to the
nonsmooth setting, Nedić and Ozdaglar [48] established an Opϵ´2q rate for projected subgradient
descent-ascent, and Nemirovski et al. [50] achieved the same rate under additional stochasticity.
We develop algorithms based on various combinations of LMO and PO for nonsmooth stochastic
convex-concave problems and establish the optimal Opϵ´2q rate under this more challenging setting.

Lower Bound Complexities. Lower bounds for first-order methods have been extensively studied
in the optimization literature. For nonsmooth convex minimization, the Opϵ´2q complexity of
subgradient methods is known to be optimal [24, 51, 56]. For smooth convex minimization, the
matching lower bound for gradient-based methods was established by Nesterov [52], while Lan [39]
derived analogous lower bounds for conditional gradient methods. More recently, lower bounds under
additional strong convexity of the feasible set were studied by Halbey et al. [25] and Grimmer and
Liu [23]. In the stochastic setting, optimal lower bounds for convex and nonconvex problems have
been established in [1, 17]. For our minimax optimization problem, we show that our Opϵ´2q upper
bounds match their corresponding lower bounds, establishing that these rates are minimax optimal.

1.3 Notation and Outline

For a compact convex set U , the LMO at a given direction d and the PO at a point u are defined as

LMOU pdq P argmin
vPU

dJv and POU puq :“ argmin
vPU

}u ´ v}22.
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Convergence results in the main text are reported using standard big-O and rO notations, where the
latter suppresses logarithmic factors for clarity. Detailed proofs, including explicit convergence
constants, as well as implementation details are provided in the Appendix. Section 2 presents our
proposed algorithms and derives the key recursions underlying each variant. Section 3 establishes
their convergence guarantees, and Section 4 provides lower bounds for any algorithm relying on
combinations of LMO and PO updates. Section 5 reports numerical experiments comparing our
methods against state-of-the-art baselines.

2 Proposed Algorithms

We begin by stating our assumptions on the problem structure and the stochastic subgradient oracle.

Assumption 1. The payoff function f : Rn ˆ Rm Ñ R and the feasible sets X Ă Rn and Y Ă Rm

satisfy the followings.

(i) The domain X is a compact convex set and there exists another convex compact set X Ě X with

RX :“ max
xPX ,x̄PX

}x ´ x̄}2 ą 0.

(ii) The domain Y is a compact convex set and there exists another convex compact set Y Ě Y with

RY :“ max
yPY,ȳPY

}y ´ ȳ}2 ą 0.

(iii) The function fyp¨q :“ fp¨, yq is convex on X .

(iv) The function p´fqxp¨q :“ ´fpx, ¨q is convex on Y .

Assumption 2. There exists a stochastic oracle Of such that given any px, yq P X ˆ Y and
pgx, gyq “ Of px, yq, it holds that

(i) Erpgx, gyqs P Bfypxq ˆ Bp´fqxpyq.

(ii) There exist finite Gx, Gy ą0 independent of px, yq such that Er}gx}22sďG2
x and Er}gy}22sďG2

y.

Assumption 2 is standard in stochastic programming where fpx, yq :“ EzrF px, y, zqs, in which
the oracle Of can be implemented by sampling z and returning pgx, gyq P BxF px, y, zq ˆ

Byp´F px, y, zqq. The validity of this construction follows from Assumption 1, which ensures
the interchange of expectation and subdifferentiation [50, Section 3.2].

We now describe our three proposed algorithms, summarized in Algorithms 1–3. All three share
a common subroutine for computing LMO-based directions, which we describe for the primal
variable x; the dual counterpart is symmetric.

Algorithm 1 Nonsmooth LMO-LMO

Input: Parameters αt, βt, ηt, τt ą0

Initialize: v1 “x1 PX , x̄0 “λ1 “0
u1 “y1 PY , ȳ0 “µ1 “0

for t “ 1, . . . , T do
pgxt , g

y
t q “ Of pvt, utq

x̄t “ t´1
t
x̄t´1 ` 1

t
xt

vt`1 “ POX
`

vt ´
λt`gxt

αt

˘

xt`1 “ LMOX p´λtq

λt`1 “ηt̀ 1

`

λt
ηt

`vt̀ 1´xt̀ 1

˘

ȳt “ t´1
t
ȳt´1 ` 1

t
yt

ut`1 “ POY
`

ut ´
µt`g

y
t

βt

˘

yt`1 “ LMOYp´µtq

µt`1 “τt̀ 1

`

µt
τt

`ut̀ 1´yt̀ 1

˘

end for
Output: x̄T , ȳT

Algorithm 2 Nonsmooth LMO-PO

Input: Parameters αt, γt, ηt ą 0

Initialize: v1 “x1 PX , x̄0 “λ1 “0
y1 PY , ȳ0 “0

for t “ 1, . . . , T do
pgxt , g

y
t q “ Of pvt, utq

x̄t “ t´1
t
x̄t´1 ` 1

t
xt

vt`1 “ POX
`

vt ´
λt`gxt

αt

˘

xt`1 “ LMOX p´λtq

λt`1 “ηt̀ 1

`

λt
ηt

`vt̀ 1´xt̀ 1

˘

ȳt “ t´1
t
ȳt´1 ` 1

t
yt

yt`1 “ POYpyt ´ γtg
y
t q

end for
Output: x̄T , ȳT

Algorithm 3 Nonsmooth PO-LMO

Input: Parameters ρt, βt, τt ą 0

Initialize: x1 P X
u1 “ y1 P Y , µ0 “0

for t “ 1, . . . , T do
pgxt , g

y
t q “ Of pxt, utq

x̄t “ t´1
t
x̄t´1 ` 1

t
xt

xt`1 “ POX pxt ´ ρtg
x
t q

ȳt “ t´1
t
ȳt´1 ` 1

t
yt

ut`1 “ POY
`

ut ´
µt`g

y
t

βt

˘

yt`1 “ LMOYp´µtq

µt`1 “τt̀ 1

`

µt
τt

`ut̀ 1´yt̀ 1

˘

end for
Output: x̄T , ȳT
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The method maintains a feasible point xt P X and an auxiliary point vt P X , where X is a simple
enclosing set of X . This set is chosen so that projection onto X is computationally cheap; typical
choices include boxes and Euclidean balls. At iteration t, the algorithm uses the current accumulated
direction λt together with the stochastic subgradient gxt to update the auxiliary point vt`1. The
next feasible point is then obtained through a linear minimization oracle over the original domain
xt`1 “ LMOX p´λtq. Finally, λt`1 is updated from the discrepancy vt`1 ´ xt`1, so that λt

accumulates information about the mismatch between the auxiliary and feasible sequences. Since
the algorithm avoids projection onto the potentially complicated feasible set X and instead relies
on an LMO over X , with only a cheap projection onto the simple enclosing set X , we refer to it as
projection-free.

Algorithm 1 applies this procedure to both primal and dual variables. Algorithms 2 and 3 are hybrid
variants. That is, Algorithm 2 uses the LMO-based update for x and a standard projected subgradient
step for y, while Algorithm 3 does the reverse. All three algorithms output the running average
x̄T :“ 1

T

ř

tPrT s xt and ȳT :“ 1
T

ř

tPrT s yt as the approximate solution, which is standard practice
for nonsmooth stochastic methods to ensure convergence of gap functions.

We assess the quality of the output px̄T , ȳT q via the strong saddle gap, defined as

Gappx̄T , ȳT q :“ E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

.

By Jensen’s inequality, the weak saddle gap, defined as

gappx̄T , ȳT q :“ max
yPY

Erfpx̄T , yqs ´ min
xPX

Erfpx, ȳT qs,

satisfies

gappx̄T , ȳT q ď Gappx̄T , ȳT q.

Therefore, all subsequent guarantees carry over to the weak saddle gap as well, which is the metric
used in [50]. We also note that the strong saddle gap admits a natural generalization to variational
inequalities, as discussed in [34].

The following proposition isolates the key recursive inequalities underlying the LMO-based updates,
which serve as the common building block in the convergence analyses of Algorithms 1–3.

Proposition 1. Suppose Assumptions 1 and 2 hold.

(i) Let tvt, xt, λtutě1 be the primal sequences generated by Algorithms 1 or 2 with parameters
satisfying αt ď αt`1 and ηt ě ηt`1 for all t ě 1. Define the dual evaluation sequence
tztutě1 “ tututě1 for Algorithm 1 and tztutě1 “ tytutě1 for Algorithm 2. Then, for every
T ě 2, we have

E

«

ηT´1

2

›

›

›

›

λT

ηT

›

›

›

›

2

2

` max
xPX

T
ÿ

t“1

`

fpvt, ztq ´ fpx, ztq
˘

ff

ď 2

˜

αT´1 `

T´1
ÿ

t“1

ηt

¸

R2
X `

G2
x

2αT´1
`

T´1
ÿ

t“1

G2
x

2αt
` 2GxRXT 1{2.

(2)

(ii) Let tut, yt, µtutě1 be the dual sequences generated by Algorithms 1 or 3 with parameters
satisfying βt ď βt`1 and τt ě τt`1 for all t ě 1. Define the primal evaluation sequence
twtutě1 “ tvtutě1 for Algorithm 1 and twtutě1 “ txtutě1 for Algorithm 3. Then, for every
T ě 2, we have

E

«

τT´1

2

›

›

›

›

µT

τT

›

›

›

›

2

2

` max
yPY

T
ÿ

t“1

`

fpwt, yq ´ fpwt, utq
˘

ff

ď 2

˜

βT´1 `

T´1
ÿ

t“1

τt

¸

R2
Y `

G2
y

2βT´1
`

T´1
ÿ

t“1

G2
y

2βt
` 2GyRYT

1{2.

(3)
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Although the proposition is stated for both primal and dual updates, inequalities (2) and (3) are
symmetric in structure. This symmetry is by design. Specifically, strong duality of the minimax
problem (1) allows us to treat the primal and dual updates on equal footing, leading to algorithms
with an identical structure for both variables. We therefore only provide the primal proof in the
appendix, as the dual proof follows by an analogous argument.

The next proposition isolates the key recursive inequalities underlying the PO-based updates, which
serve as the common building block in the convergence analyses of Algorithms 2 and 3.
Proposition 2. Suppose Assumptions 1 and 2 hold.

(i) Let txtutě1 be the primal sequence generated by Algorithm 3 with parameters satisfying
ρt ě ρt`1 for all t ě 1. Then, for every T ě 1,

E

«

max
xPX

T
ÿ

t“1

`

fpxt, utq ´ fpx, utq
˘

ff

ď
2R2

X
ρT

`

T
ÿ

t“1

ρtG
2
x

2
` 2GxRXT 1{2. (4)

(ii) Let tytutě1 be the dual sequences generated by Algorithm 2 with parameters satisfying γt ě

γt`1 for all t ě 1. Then, for every T ě 1,

E

«

max
yPY

T
ÿ

t“1

`

fpvt, yq ´ fpvt, ytq
˘

ff

ď
2R2

Y
γT

`

T
ÿ

t“1

γtG
2
y

2
` 2GyRYT

1{2. (5)

Propositions 1 and 2 provide all the building blocks needed for the convergence analyses of the three
algorithms, each of which will follow by combining the appropriate pair of inequalities. As before,
the primal and dual inequalities (4) and (5) are symmetric in structure, so we provide only the proof
of the primal part in the appendix. To keep the analysis unified, we also prove a slightly more general
version of Proposition 2 that accommodates the PO-PO combination.

3 Convergence Guarantees

We now present the convergence guarantees of Algorithms 1–3.

Theorem 1. Suppose Assumptions 1 and 2 hold.

(i) Let txt, ytutě1 be the sequence generated by Algorithm 1 with parameters αt “ Θpt1{2q,
βt “ Θpt1{2q, ηt “ Θpt´1{2q and τt “ Θpt´1{2q for any t ě 1. Then, for every T ě 2,

Gappx̄T , ȳT q “ E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď OpT´1{2q.

(ii) Let txt, ytutě1 be the sequence generated by Algorithm 2 with parameters αt “ Θpt1{2q,
γt “ Θpt´1{2q and ηt “ Θpt´1{2q for any t ě 1. Then, for every T ě 2,

Gappx̄T , ȳT q “ E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď OpT´1{2q.

(iii) Let txt, ytutě1 be the sequence generated by Algorithm 3 with parameters ρt “ Θpt´1{2q,
βt “ Θpt1{2q and τt “ Θpt´1{2q for any t ě 1. Then, for every T ě 2,

Gappx̄T , ȳT q “ E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď OpT´1{2q.

The proof of Theorem 1, with explicit constants and parameter settings, is provided in the appendix,
where it is broken into three separate theorems each handling one oracles combination. To keep
the analysis unified, we also include a proof for the PO-PO combination, which yields an anytime
implementation of the method of Nemirovski et al. [50] with the strong saddle gap guarantee, as
opposed to the weak guarantee established in the original work.

6



We now position our contributions within the literature on projection-free minimax optimization.
Across all three oracle configurations, the same advantages apply: by avoiding dual smoothing and
exploiting the natural symmetry of the convex-concave saddle-point structure, we achieve a uniform
Opϵ´2q oracle complexity, substantially improving on prior work.

In the context of smooth deterministic minimax optimization problems, Boroun et al. [8] proposed
the first single-loop LMO-LMO method for nonconvex-concave problems, and their rate easily
translates to the convex-concave setting, yielding Opϵ´6q complexity. However, their implementation
is not anytime, requiring the total number of iterations or the target precision to be fixed in advance.
Moreover, the algorithm is only applicable when the feasible set Y is strongly convex, as the stepsize
selection crucially relies on this knowledge. Giang-Tran et al. [18] relax this requirement and propose
an anytime implementation achieving the same Opϵ´6q rate, which can be further improved to
Opϵ´5q when Y is additionally strongly convex. Nonetheless, both approaches are restricted to
smooth deterministic problems and rely on a dual smoothing framework, which breaks the inherent
symmetry of convex-concave saddle-point problems. As a result, they achieve these inferior rates even
in the smooth deterministic setting. In contrast, our algorithm handles the more general nonsmooth
stochastic setting, avoids smoothing entirely, and admits a naturally symmetric implementation that,
as we will see, leads to the improved rate of Opϵ´2q.

Both Boroun et al. [8] and Giang-Tran et al. [18] also study the LMO-PO configuration, again
restricted to smooth deterministic problems. The former achieves Opϵ´4q without an anytime guaran-
tee, while the latter removes this limitation at the same rate. Notably, the LMO-PO configuration
outperforms its fully projection-free counterpart, because a single PO-based dual update yields a
more accurate estimate of the gradient of the regularized primal function than a single LMO-based
update, leading to a tighter control of the smoothing error. Yet despite this advantage, both methods
remain hampered by the dual smoothing framework and its symmetry-breaking effect. Our algorithm,
which operates in more general setting and avoids smoothing altogether, achieves Opϵ´2q regardless.

The PO-LMO configuration was first studied in the context of smooth deterministic minimax op-
timization by Giang-Tran et al. [18], where an anytime implementation is proposed. Unlike the
LMO-PO case, replacing the primal PO update with an LMO update leads to a coarser approximation
of the primal gradient, which explains why the rate degrades back to Opϵ´6q, matching the fully
projection-free case. Our algorithm sidesteps this degradation entirely: by operating in the nons-
mooth stochastic setting without smoothing and preserving the natural symmetry of the saddle-point
structure, it achieves Opϵ´2q across all three oracle configurations.

4 Lower Bounds

We now show that the upper bounds in Theorem 1 are minimax optimal in their dependence on T , up
to absolute constants. To this end, we introduce the generic LMO-LMO and LMO-PO procedures in
Algorithms 4 and 5, respectively. Throughout this section, lower bounds are stated in a worst-case
oracle model. Thus, the adversary may choose the feasible sets X ,Y , the initial points x1, y1, the
payoff function f , and a valid tie-breaking rule for the LMO oracles. In particular, the adversary
initializes x1 and y1 at extreme points and uses LMO oracles that always return extreme-point
minimizers. For the LMO-PO class, only the primal variable is constrained by LMO calls, while the
dual variable may be updated via any arbitrary map of historical first-order and value information,
potentially incorporating projections. We omit the PO-LMO case, since the corresponding lower
bound follows by swapping the primal and dual roles.

Algorithm 4 A generic LMO-LMO method

Input: x1 P X , y1 P Y
for t “ 1, . . . , T do

Construct some ppt, qtq P Rn
ˆ Rm

xt`1 “ LMOX pptq

yt`1 “ LMOYp´qtq

end for
Output: x̄T P conv ptx1, . . . , xT`1uq ,

ȳT P conv pty1, . . . , yT`1uq

Algorithm 5 A generic LMO-PO method

Input: x1 P X , y1 P Y
for t “ 1, . . . , T do

Construct some pt P Rn

xt`1 “ LMOX pptq

Construct some v1, . . . , vt P Rn and a map At

yt`1 “ At

`

tBfyipviq, Bp´fqvipyiq, fpvi, yiqu1ďiďt

˘

end for
Output: x̄T P conv ptx1, . . . , xT`1uq , ȳT “ yT`1

7



Given convex compact subsets X Ď Rn,Y Ď Rm with radius RX ą 0, RY ą 0, we denote by
F0

Gx,Gy,}¨}2
pX ,Yq the class of all saddle-point problems (1) whose payoff function f is convex-

concave and and for any x, x1 P X , y, y1 P Y
|fpx, yq ´ fpx1, yq| ď Gx}x ´ x1}2 & |fpx, yq ´ fpx, y1q| ď Gy}y ´ y1}2.

Theorem 2. Let Gx ą 0, Gy ą 0, RX ą 0, RY ą 0 be fixed. Then, for any generic LMO-LMO
method of the form Algorithm 4 running for T ě 1 iterations, there exist convex compact subsets
X Ď Rn,Y Ď Rm with radii RX and RY , respectively, and a function f P F0

Gx,Gy,}¨}2
pX ,Yq with

T ď mintm,nu{4 ´ 1 such that

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q ě
GxRX

2pT ` 1q1{2
`

GyRY

2pT ` 1q1{2
.

Theorem 3. Let Gx ą 0, Gy ą 0, RX ą 0, RY ą 0 be fixed. Then, for any generic LMO-PO
method of the form Algorithm 5 running for T ě 1 iterations, there exist convex compact subsets
X Ď Rn,Y Ď Rm with radii RX and RY , respectively, and a function f P F0

Gx,Gy,}¨}2
pX ,Yq with

T ď mintm,nu{4 ´ 1 such that

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q ě
GxRX

2pT ` 1q1{2
`

GyRY

2pT ` 1q1{2
.

The proofs, presented in the appendix, closely follow the construction of Nesterov [56] and Lan [39],
adapted to the saddle-point setting.

5 Numerical Results

We evaluate the proposed methods on two saddle-point problems: matrix completion with spectral
norm fit and robust multiclass classification with hinge loss. We compare the three LMO/PO
variants in Algorithms 1–3 with the fully projected baseline PO-PO, presented in Algorithm 6 in
Appendix A. Throughout the experiments, the suffix Deterministic means that the oracle returns
the full subgradient of the payoff function, while the suffix Stochastic means that the oracle
returns an unbiased stochastic estimate. Thus, for instance, LMO-LMO (Deterministic) refers to
Algorithm 1 implemented with the full oracle, whereas LMO-LMO (Stochastic) refers to the same
method implemented with the stochastic oracle. For LMO-based updates, we use simple enclosing
sets X Ě X and Y Ě Y chosen so that projection onto them is inexpensive. The explicit projection
formulas for these covering sets, together with all remaining implementation details and parameter
choices, are provided in Appendix B. In the following, } ¨ }2, } ¨ }F, } ¨ }op and } ¨ }˚ denote the
Euclidean norm, Frobenius norm, spectral (operator) norm and nuclear norm, respectively.

Matrix Completion with Spectral Norm Fit. We first consider the bilinear saddle-point formula-
tion of the spectral norm fit problem studied by Juditsky et al. [34]

min
}X}˚ď1

max
}Y }˚ď1

Tr
“

pApXq ´ BqJY
‰

, (6)

where X P Rnˆp, Y P Rmˆq, B P Rmˆq, and A : Rnˆp Ñ Rmˆq is a linear map. In this
experiment, we have

X “ tX P Rnˆp : }X}˚ ď 1u and Y “ tY P Rmˆq : }Y }˚ ď 1u.

For the LMO-based variants, we choose the simple covering sets

X “ tX P Rnˆp : }X}F ď 1u and Y “ tY P Rmˆq : }Y }F ď 1u.

Projection onto these Frobenius balls is just a rescaling operation and is therefore computationally
cheap; see Section B for details. For this problem, we report the (strong) saddle gap, which admits a
closed-form expression. Let A˚ denote the adjoint of A. Then, for any pair pX̄T , ȲT q, the saddle gap

max
}Y }˚ď1

Tr
“

pApX̄T q ´ BqJY
‰

´ min
}X}˚ď1

Tr
“

pApXq ´ BqJȲT

‰

“ }ApX̄T q ´ B}op ` }A˚pȲT q}op ` Tr
“

BJȲT

‰

.

Since the payoff in (6) is smooth, we also compare against the smoothing-based projection-free
methods of Giang-Tran et al. [18], the smoothing-based projection method of Xu et al. [69], and the
classical extra-gradient and optimistic gradient descent-ascent methods. These additional comparisons
are reported in Appendix B.

8



Robust Multiclass Classification with Hinge Loss. We next consider a robust multiclass clas-
sification problem. Given a training set Dtr “ tpai, biquni“1, with features ai P Rd and la-
bels bi P t1, . . . , ku, the goal is to learn a predictor matrix Θ “ rθ1, . . . , θksJ P Rkˆd.
The prediction for a new point â is b̂ “ argmaxjPrks θ

J
j â. We use the multiclass hinge loss

ℓipΘq “ maxjPrks

␣

1pj ‰ biq ` θJ
j ai ´ θJ

bi
ai
(

. To promote low-rank structure, we impose the nu-
clear norm constraint X “ tΘ P Rkˆd : }Θ}˚ ď ru. Following the penalized distributionally robust
optimization formulation in [6, 20, 37], we aim to solve

min
ΘPX

max
yPY

1

n

n
ÿ

i“1

yiℓipΘq ´ λDϕ

`

y, 1
n 1n

˘

, (7)

where Y “ ty P Rn : y ě 0,
řn

i“1 yi “ 1u is the probability simplex. We use the Pearson χ2-
divergence Dϕpy, 1

n 1nq :“ }ny´1n }22, which leads to a form of variance regularization [16, 20, 38].
For the LMO-based update, we choose

X “ tΘ P Rkˆd : }Θ}F ď ru and Y “ ty P Rn : y ě 0, }y}2 ď 1u.

Projection onto X is a Frobenius-norm rescaling, while projection onto Y is obtained by nonnegative
clipping followed by rescaling when necessary; see Section B for more details. For this experiment,
we report the primal objective value as computing the full saddle gap is expensive at this scale,
requiring solving both primal and dual problems. The primal objective is a tractable proxy and
empirically reflects the same convergence behavior as the saddle-gap metric.

Summary of Results. Figure 1 reports the convergence of the LMO and PO variants in deter-
ministic and stochastic settings. In the deterministic experiments, methods that avoid nuclear-norm
projections perform best: LMO-LMO (Deterministic) achieves the fastest decrease and the best
final value, with LMO-PO (Deterministic) typically close behind. This is consistent with the
fact that an LMO over the nuclear-norm ball only requires a leading singular vector computation,
whereas projection requires a substantially more expensive singular value decomposition. The gap is
most visible in the classification experiment, where the primal nuclear-norm projection is the main
computational bottleneck. The stochastic experiments show a similar pattern, with additional variabil-
ity due to sampling. LMO-LMO (Stochastic) performs best on matrix completion, while LMO-PO
(Stochastic) is especially competitive on classification. For the classification task, LMO and PO
updates have comparable computational cost over Y . When dual projections are feasible, they can
therefore provide additional stability without introducing a significant computational overhead, which
helps explain the strong performance of LMO-PO (Stochastic) in terms of the primal objective. By
contrast, using a projection on the primal nuclear-norm constraint remains costly and leads to slower
progress in wall-clock time. Overall, the results support the main message of the paper: replacing
costly projections with LMOs can yield clear computational gains without sacrificing the optimal
stochastic rate.
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Figure 1: Convergence comparison of deterministic and stochastic LMO/PO variants.
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A Proofs

A.1 Proofs of Proposition 1

For the convenience, we repeat the statement of Proposition 1 below.
Proposition A.1 (Restatement of Proposition 1). Suppose Assumptions 1 and 2 hold.

(i) Let tvt, xt, λtutě1 be the primal sequences generated by Algorithms 1 or 2 with parameters
satisfying αt ď αt`1 and ηt ě ηt`1 for all t ě 1. Define the dual evaluation sequence
tztutě1 “ tututě1 for Algorithm 1 and tztutě1 “ tytutě1 for Algorithm 2. Then, for every
T ě 2, we have

E

«

ηT´1

2

›

›

›

›

λT

ηT

›

›

›

›

2

2

` max
xPX

T
ÿ

t“1

`

fpvt, ztq ´ fpx, ztq
˘

ff

ď 2

˜

αT´1 `

T´1
ÿ

t“1

ηt

¸

R2
X `

G2
x

2αT´1
`

T´1
ÿ

t“1

G2
x

2αt
` 2GxRXT 1{2.

(A.1)

(ii) Let tut, yt, µtutě1 be the dual sequences generated by Algorithms 1 or 3 with parameters
satisfying βt ď βt`1 and τt ě τt`1 for all t ě 1. Define the primal evaluation sequence
twtutě1 “ tvtutě1 for Algorithm 1 and twtutě1 “ txtutě1 for Algorithm 3. Then, for every
T ě 2, we have

E

«

τT´1

2

›

›

›

›

µT

τT

›

›

›

›

2

2

` max
yPY

T
ÿ

t“1

`

fpwt, yq ´ fpwt, utq
˘

ff

ď 2

˜

βT´1 `

T´1
ÿ

t“1

τt

¸

R2
Y `

G2
y

2βT´1
`

T´1
ÿ

t“1

G2
y

2βt
` 2GyRYT

1{2.

(A.2)

The proof uses the following standard Euclidean three-point inequality; see also [55, Lemma 6].
Lemma A.1. Let h be a convex function defined on a nonempty convex set C Ď Rd. Given α ą 0
and x̄ P C, let

x1 “ argmin
xPC

␣

hpxq ` α}x ´ x̄}22

(

.

Then, for any x P C,

hpx1q ` α}x1 ´ x̄}22 ď hpxq ` α}x ´ x̄}22 ´ α}x ´ x1}22.

Proof of Lemma A.1. We provide a proof for completeness. Define the function

ϕpxq :“ hpxq ` α}x ´ x̄}22, x P C.
By 2α-strong convexity of ϕ on C, for every x P C and every θ P r0, 1s, we have

ϕ
`

p1 ´ θqx1 ` θx
˘

ď p1 ´ θqϕpx1q ` θϕpxq ´ αθp1 ´ θq}x ´ x1}22.

Since x1 minimizes ϕ over C and p1 ´ θqx1 ` θx P C, we also have

ϕpx1q ď ϕ
`

p1 ´ θqx1 ` θx
˘

.

Combining the last two displays yields

ϕpx1q ď p1 ´ θqϕpx1q ` θϕpxq ´ αθp1 ´ θq}x ´ x1}22,

and therefore, for every θ P p0, 1s, ϕpx1q ď ϕpxq ´ αp1 ´ θq}x ´ x1}22. Letting θ Ó 0 gives

ϕpx1q ď ϕpxq ´ α}x ´ x1}22.

Expanding the definition of ϕ completes the proof.

We are now ready to present the proof.
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Proof of Proposition A.1. By symmetry, it suffices to prove part (i). The proof of part (ii) follows by
exchanging

pvt, xt, λt, αt, ηt,X , RX , Gx, ztq with put, yt, µt, βt, τt,Y, RY , Gy, wtq,

and replacing fztp¨q by p´fqwt
p¨q. We therefore focus on the primal inequality.

Fix any x P X . The update of vt`1 can be written as

vt`1 “ argmin
vPY

!

pλt ` gxt qJv `
αt

2
}v ´ vt}

2
2

)

.

Since x P X Ď X , invoking Lemma A.1 with hpvq :“ pλt ` gxt qJv, C :“ Y , x̄ :“ vt and α :“ αt{2
gives

pλt ` gxt qJvt`1 `
αt

2
}vt`1 ´ vt}

2
2 ď pλt ` gxt qJx `

αt

2
}x ´ vt}

2
2 ´

αt

2
}x ´ vt`1}22.

Subtracting λJ
t xt`1 and pgxt qJvt from both sides yields

λJ
t pvt`1 ´ xt`1q ` pgxt qJpvt`1 ´ vtq `

αt

2
}vt`1 ´ vt}

2
2

ď λJ
t px ´ xt`1q ` pgxt qJpx ´ vtq `

αt

2
}x ´ vt}

2
2 ´

αt

2
}x ´ vt`1}22.

Since xt`1 “ LMOX p´λtq, we have λJ
t px ´ xt`1q ď 0. Hence,

λJ
t pvt`1 ´ xt`1q ` pgxt qJpvt`1 ´ vtq `

αt

2
}vt`1 ´ vt}

2
2

ď pgxt qJpx ´ vtq `
αt

2
}x ´ vt}

2
2 ´

αt

2
}x ´ vt`1}22.

The update of λt`1 implies λt`1{ηt`1 “ λt{ηt ` vt`1 ´ xt`1. Therefore,

λJ
t pvt`1 ´ xt`1q “ ηt

ˆ

1

ηt
λJ
t pvt`1 ´ xt`1q

˙

“
ηt
2

˜

›

›

›

›

λt`1

ηt`1

›

›

›

›

2

2

´

›

›

›

›

λt

ηt

›

›

›

›

2

2

´ }vt`1 ´ xt`1}22

¸

.

Substituting this identity into the previous inequality gives

ηt
2

˜

›

›

›

›

λt`1

ηt`1

›

›

›

›

2

2

´

›

›

›

›

λt

ηt

›

›

›

›

2

2

´ }vt`1 ´ xt`1}22

¸

` pgxt qJpvt`1 ´ vtq `
αt

2
}vt`1 ´ vt}

2
2

ď pgxt qJpx ´ vtq `
αt

2
}x ´ vt}

2
2 ´

αt

2
}x ´ vt`1}22.

By Young’s inequality,

pgxt qJpvt`1 ´ vtq `
αt

2
}vt`1 ´ vt}

2
2 ě ´

}gxt }22

2αt
.

Also, since vt`1 P X and xt`1 P X , we use the crude bound }vt`1 ´ xt`1}2 ď 2RX . Thus,

ηt
2

˜

›

›

›

›

λt`1

ηt`1

›

›

›

›

2

2

´

›

›

›

›

λt

ηt

›

›

›

›

2

2

¸

´
}gxt }22

2αt
ď pgxt qJpx ´ vtq `

αt

2
}x ´ vt}

2
2 ´

αt

2
}x ´ vt`1}22 ` 2ηtR

2
X .

Summing from t “ 1 to T ´ 1 gives

ηT´1

2

›

›

›

›

λT

ηT

›

›

›

›

2

2

`
1

2

T´1
ÿ

t“2

pηt´1 ´ ηtq

›

›

›

›

λt

ηt

›

›

›

›

2

2

´
η1
2

›

›

›

›

λ1

η1

›

›

›

›

2

2

´

T´1
ÿ

t“1

}gxt }22

2αt

ď

T´1
ÿ

t“1

pgxt qJpx ´ vtq `
α1

2
}x ´ v1}22 `

1

2

T´1
ÿ

t“2

pαt ´ αt´1q}x ´ vt}
2
2 ´

αT´1

2
}x ´ vT }22 ` 2

T´1
ÿ

t“1

ηtR
2
X .

Since λ1 “ 0, ηt ě ηt`1, αt ď αt`1, and }x ´ vt}2 ď 2RX for all x P X and vt P X , we obtain

ηT´1

2

›

›

›

›

λT

ηT

›

›

›

›

2

2

`

T´1
ÿ

t“1

pgxt qJpvt ´ xq ď 2

˜

αT´1 `

T´1
ÿ

t“1

ηt

¸

R2
X ´

αT´1

2
}x ´ vT }22 `

T´1
ÿ

t“1

}gxt }22

2αt
.
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Adding pgxT qJpvT ´ xq to both sides and applying Young’s inequality once more yields

ηT´1

2

›

›

›

›

λT

ηT

›

›

›

›

2

2

`

T
ÿ

t“1

pgxt qJpvt ´ xq

ď 2

˜

αT´1 `

T´1
ÿ

t“1

ηt

¸

R2
X ` pgxT qJpvT ´ xq ´

αT´1

2
}x ´ vT }22 `

T´1
ÿ

t“1

}gxt }22

2αt

ď 2

˜

αT´1 `

T´1
ÿ

t“1

ηt

¸

R2
X `

}gxT }22

2αT´1
`

T´1
ÿ

t“1

}gxt }22

2αt
.

Let Ft be the sigma algebra generated by all randomness up to the beginning of iteration t, and define
ḡxt :“ Ergxt | Fts and ξt :“ ḡxt ´ gxt . By Assumption 2, ḡxt P Bfztpvtq. Adding

řT
t“1 ξ

J
t pvt ´ xq to

both sides of the last display and using convexity of fztp¨q, we get

ηT´1

2

›

›

›

›

λT

ηT

›

›

›

›

2

2

`

T
ÿ

t“1

`

fpvt, ztq ´ fpx, ztq
˘

ď 2

˜

αT´1 `

T´1
ÿ

t“1

ηt

¸

R2
X `

}gxT }22

2αT´1
`

T´1
ÿ

t“1

}gxt }22

2αt
`

T
ÿ

t“1

ξJ
t pvt ´ xq.

Taking the maximum over x P X gives

ηT´1

2

›

›

›

›

λT

ηT

›

›

›

›

2

2

` max
xPX

T
ÿ

t“1

`

fpvt, ztq ´ fpx, ztq
˘

ď 2

˜

αT´1 `

T´1
ÿ

t“1

ηt

¸

R2
X `

}gxT }22

2αT´1
`

T´1
ÿ

t“1

}gxt }22

2αt
` max

xPX

T
ÿ

t“1

ξJ
t pvt ´ xq.

It remains to control the martingale term. Since x1 P X , for every x P X ,
T
ÿ

t“1

ξJ
t pvt ´ xq “

T
ÿ

t“1

ξJ
t pvt ´ x1q `

T
ÿ

t“1

ξJ
t px1 ´ xq ď

T
ÿ

t“1

ξJ
t pvt ´ x1q ` 2RX

›

›

›

›

›

T
ÿ

t“1

ξt

›

›

›

›

›

2

.

Because Erξt | Fts “ 0 and vt ´ x1 is Ft-measurable, E
”

řT
t“1 ξ

J
t pvt ´ x1q

ı

“ 0. Moreover,

E
”
›

›

›

řT
t“1 ξt

›

›

›

2

ı

ď

ˆ

E
„

›

›

›

řT
t“1 ξt

›

›

›

2

2

ȷ˙1{2

“

´

řT
t“1 E}ξt}

2
2

¯1{2

ď GxT
1{2,

where the last inequality follows from E}ξt}
2
2 ď E}gxt }22 ď G2

x. Hence,

E
”

maxxPX
řT

t“1 ξ
J
t pvt ´ xq

ı

ď 2GxRXT 1{2. (A.3)

Taking expectations and using E}gxt }22 ď G2
x for all t finally yields (A.1). This proves part (i), and

the proof is complete by symmetry.

A.2 Proofs of Proposition 2

To provide a unified theoretical framework, we extend the scope of Proposition 2 to include the
iterative structure of the PO-PO scheme in Algorithm 6.
This algorithm can be viewed as an anytime variant of
the stochastic subgradient descent-ascent algorithm in-
troduced by Nemirovski et al. [50]. Crucially, while the
original results in [50] are limited to the weak saddle
gap guarantees, our generalized proposition allows us
to establish the stronger saddle gap guarantee. We note
that the stronger saddle gap admits a natural general-
ization to variational inequalities, as discussed in [34].
We provide the full statement and its proof below for
completeness.

Algorithm 6 Nonsmooth PO-PO

Input: ρt, γt ą 0
1: Init: x1 P X , y1 P Y
2: for t “ 1, . . . , T do
3: pgxt , g

y
t q “ Of pxt, ytq

4: x̄t “
pt´1qx̄t´1`xt

t
5: xt`1 “ POX pxt ´ ρtg

x
t q

6: ȳt “
pt´1qȳt´1`yt

t
7: yt`1 “ POYpyt ´ γtg

y
t q

8: end for
Output: x̄T , ȳT
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Proposition A.2 (Generalization of Proposition 2). Suppose Assumptions 1 and 2 hold.

(i) Let txtutě1 be the primal sequence generated by Algorithm 3 or 6 with parameters satisfying
ρt ě ρt`1 for all t ě 1. Define the dual evaluation sequence tztutě1 “ tututě1 for Algorithm 3
and tztutě1 “ tytutě1 for Algorithm 6. Then, for every T ě 1,

E

«

max
xPX

T
ÿ

t“1

`

fpxt, ztq ´ fpx, ztq
˘

ff

ď
2R2

X
ρT

`

T
ÿ

t“1

ρtG
2
x

2
` 2GxRXT 1{2. (A.4)

(ii) Let tytutě1 be the dual sequences generated by Algorithm 2 or 6 with parameters satisfying
γt ě γt`1 for all t ě 1. Define the primal evaluation sequence twtutě1 “ tvtutě1 for
Algorithm 2 and twtutě1 “ txtutě1 for Algorithm 6. Then, for every T ě 1,

E

«

max
yPY

T
ÿ

t“1

`

fpwt, yq ´ fpwt, ytq
˘

ff

ď
2R2

Y
γT

`

T
ÿ

t“1

γtG
2
y

2
` 2GyRYT

1{2. (A.5)

Proof of Proposition A.2. By symmetry, it suffices to prove part (i). The proof of part (ii) follows
from the same argument after exchanging

pxt, g
x
t , ρt,X , RX , Gx, ztq with pyt, g

y
t , γt,Y, RY , Gy, wtq,

and replacing fztp¨q by p´fqwtp¨q. We therefore prove only the primal inequality.

Fix any x P X . The projected update gives

xt`1 “ POX pxt ´ ρtg
x
t q, t “ 1, . . . , T.

By nonexpansiveness of the Euclidean projection,

}xt`1 ´ x}22 ď }xt ´ ρtg
x
t ´ x}22 “ }xt ´ x}22 ´ 2ρtpg

x
t qJpxt ´ xq ` ρ2t }gxt }22.

Rearranging yields

pgxt qJpxt ´ xq ď
}xt ´ x}22

2ρt
´

}xt`1 ´ x}22

2ρt
`

ρt}g
x
t }22

2
.

Summing this inequality from t “ 1 to T gives
T
ÿ

t“1

pgxt qJpxt ´ xq ď
}x1 ´ x}22

2ρ1
`

1

2

T
ÿ

t“2

ˆ

1

ρt
´

1

ρt´1

˙

}xt ´ x}22 ´
}xT`1 ´ x}22

2ρT
`

T
ÿ

t“1

ρt}g
x
t }22

2
.

Since ρt ě ρt`1 and }xt ´ x}2 ď 2RX for all t, we may drop the final negative term and obtain
T
ÿ

t“1

pgxt qJpxt ´ xq ď
2R2

X
ρ1

` 2R2
X

T
ÿ

t“2

ˆ

1

ρt
´

1

ρt´1

˙

`

T
ÿ

t“1

ρt}g
x
t }22

2
“

2R2
X

ρT
`

T
ÿ

t“1

ρt}g
x
t }22

2
.

Let Ft denote the sigma algebra generated by all randomness up to the beginning of iteration t, so
that xt and zt are Ft-measurable. Define ḡxt :“ Ergxt | Fts and ξt :“ ḡxt ´ gxt . By Assumption 2,
ḡxt P Bfztpxtq. Adding

řT
t“1 ξ

J
t pxt ´ xq to both sides of the last display and using convexity of

fztp¨q gives, for every x P X ,
T
ÿ

t“1

`

fpxt, ztq ´ fpx, ztq
˘

ď

T
ÿ

t“1

pḡxt qJpxt ´ xq ď
2R2

X
ρT

`

T
ÿ

t“1

ρt}g
x
t }22

2
`

T
ÿ

t“1

ξJ
t pxt ´ xq.

Taking the maximum over x P X yields

max
xPX

T
ÿ

t“1

`

fpxt, ztq ´ fpx, ztq
˘

ď
2R2

X
ρT

`

T
ÿ

t“1

ρt}g
x
t }22

2
` max

xPX

T
ÿ

t“1

ξJ
t pxt ´ xq.

The martingale term is controlled by the same argument used to derive (A.3). Namely, replacing vt
by xt gives

E
”

maxxPX
řT

t“1 ξ
J
t pxt ´ xq

ı

ď 2GxRXT 1{2.

Taking expectations and using E}gxt }22 ď G2
x for all t gives (A.4). This proves part (i), and the proof

is complete by symmetry.
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A.3 Proofs of Theorem 1 (i)

We first present the detailed version of Theorem 1 (i), including explicit constants and parameter
choices.
Theorem A.1 (Detailed version of Theorem 1 (i)). Suppose Assumptions 1 and 2 hold. Let txt, ytutě1

be the primal-dual sequence generated by Algorithm 1 with parameters

αt “ C1pt ` 1q1{2, βt “ C2pt ` 1q1{2, ηt “ C3pt ` 1q´1{2, τt “ C4pt ` 1q´1{2

for some C1, C2, C3, C4 ą 0. Then, for every T ě 2,

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď
2pC1 ` 2C3qR2

X `
3G2

x

2C1
`

G2
x

2C3
` 2GxRX

T 1{2

`
2pC2 ` 2C4qR2

Y `
3G2

y

2C2
`

G2
y

2C4
` 2GyRY

T 1{2
.

If C1 “ C3 “ Gx{RX and C2 “ C4 “ Gy{RY then the bound becomes

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď
10pGxRX ` GyRYq

T 1{2

The proof relies on the following lemma, which bounds the strong saddle gap for arbitrary monotone
parameter sequences using Proposition A.1.
Lemma A.2. Suppose Assumptions 1 and 2 hold. Let txt, ytutě1 be the primal-dual sequence
generated by Algorithm 1 with parameters satisfying αt ď αt`1, βt ď βt`1, ηt ě ηt`1 and
τt ě τt`1 for all t ě 1. Then, for every T ě 2,

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď
2

T

˜

αT´1 `

T´1
ÿ

t“1

ηt

¸

R2
X `

G2
x

2αT´1T
`

1

T

T´1
ÿ

t“1

G2
x

2αt
`

G2
x

2TηT´1
`

2GxRX

T 1{2

`
2

T

˜

βT´1 `

T´1
ÿ

t“1

τt

¸

R2
Y `

G2
y

2βT´1T
`

1

T

T´1
ÿ

t“1

G2
y

2βt
`

G2
y

2TτT´1
`

2GyRY

T 1{2
.

Proof of Lemma A.2. Define v̄T :“ 1
T

řT
t“1 vt and ūT :“ 1

T

řT
t“1 ut. Since v1 “ x1 and u1 “ y1,

the LMO recursions imply
$

’

’

’

’

&

’

’

’

’

%

λT

ηT
“

λT´1

ηT´1
` vT ´ xT “

λ0

η0
` pvT ´ xT q ` ¨ ¨ ¨ ` pv0 ´ x0q “

T
ÿ

t“1

pvt ´ xtq “ T pv̄T ´ x̄T q,

µT

τT
“

µT´1

τT´1
` uT ´ yT “

µ0

τ0
` puT ´ yT q ` ¨ ¨ ¨ ` pu1 ´ y1q “

T
ÿ

t“1

put ´ ytq “ T pūT ´ ȳT q.

We first convert the primal regret bound in Proposition A.1 into a bound with comparator ȳT .
By convexity of p´fqxp¨q, we have 1

T

řT
t“1 ´fpx, utq ě ´fpx, ūT q. Moreover, p´fqxp¨q is Gy-

Lipschitz on Y , so

´fpx, ūT q ě ´fpx, ȳT q ´ Gy}ūT ´ ȳT }2 “ ´fpx, ȳT q ´
Gy

T

›

›

›

›

µT

τT

›

›

›

›

2

.

Therefore, applying Proposition A.1 (i) with zt “ ut gives

E

«

ηT´1

2T

›

›

›

›

λT

ηT

›

›

›

›

2

2

´
Gy

T

›

›

›

›

µT

τT

›

›

›

›

2

`
1

T

T
ÿ

t“1

fpvt, utq ´ min
xPX

fpx, ȳT q

ff

ď
2

T

˜

αT´1 `

T´1
ÿ

t“1

ηt

¸

R2
X `

G2
x

2αT´1T
`

1

T

T´1
ÿ

t“1

G2
x

2αt
`

2GxRX

T 1{2
.

(A.6)
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Similarly, by convexity of fyp¨q, we have 1
T

řT
t“1 fpvt, yq ě fpv̄T , yq. Adding (A.6) and (A.7)

cancels the average payoff term. It remains to lower bound the two quadratic expressions. For any
a ą 0, b ě 0, and s ě 0, we use as2{2 ´ bs ě ´b2{p2aq. Hence,

ηT´1

2T

›

›

›

›

λT

ηT

›

›

›

›

2

2

´
Gx

T

›

›

›

›

λT

ηT

›

›

›

›

2

ě ´
G2

x

2TηT´1
,

τT´1

2T

›

›

›

›

µT

τT

›

›

›

›

2

2

´
Gy

T

›

›

›

›

µT

τT

›

›

›

›

2

ě ´
G2

y

2TτT´1
.

Combining these bounds with (A.6) and (A.7) proves the claim. Since fyp¨q is Gx-Lipschitz on X ,
we also have

fpv̄T , yq ě fpx̄T , yq ´ Gx}v̄T ´ x̄T }2 “ fpx̄T , yq ´
Gx

T

›

›

›

›

λT

ηT

›

›

›

›

2

.

Applying Proposition A.1 (ii) with wt “ vt gives

E

«

τT´1

2T

›

›

›

›

µT

τT

›

›

›

›

2

2

´
Gx

T

›

›

›

›

λT

ηT

›

›

›

›

2

` max
yPY

fpx̄T , yq ´
1

T

T
ÿ

t“1

fpvt, utq

ff

ď
2

T

˜

βT´1 `

T´1
ÿ

t“1

τt

¸

R2
Y `

G2
y

2βT´1T
`

1

T

T´1
ÿ

t“1

G2
y

2βt
`

2GyRY

T 1{2
.

(A.7)

Adding (A.6) and (A.7) cancels the average payoff term. It remains to lower bound the two quadratic
expressions. For any a ą 0, b ě 0, and s ě 0, we use as2{2 ´ bs ě ´b2{p2aq. Hence,

ηT´1

2T

›

›

›

›

λT

ηT

›

›

›

›

2

2

´
Gx

T

›

›

›

›

λT

ηT

›

›

›

›

2

ě ´
G2

x

2TηT´1
,

τT´1

2T

›

›

›

›

µT

τT

›

›

›

›

2

2

´
Gy

T

›

›

›

›

µT

τT

›

›

›

›

2

ě ´
G2

y

2TτT´1
.

Combining these bounds with (A.6) and (A.7) proves the claim.

Proof of Theorem A.1. The parameter choices satisfy the monotonicity conditions in Lemma A.2.
Moreover, for every T ě 2,

αT´1 “ C1T
1{2, βT´1 “ C2T

1{2, ηT´1 “ C3T
´1{2, τT´1 “ C4T

´1{2.

We also use
T´1
ÿ

t“1

ηt ď 2C3T
1{2,

T´1
ÿ

t“1

τt ď 2C4T
1{2,

T´1
ÿ

t“1

1

αt
ď

2T 1{2

C1
,

T´1
ÿ

t“1

1

βt
ď

2T 1{2

C2
.

Substituting these bounds into Lemma A.2 gives the desired bound.

A.4 Proofs of Theorem 1 (ii) and (iii)

We first present the detailed versions of Theorem 1 (ii) and (iii), including explicit constants and
parameter choices.
Theorem A.2 (Detailed version of Theorem 1 (ii)). Suppose Assumptions 1 and 2 hold. Let
txt, ytutě1 be the primal-dual sequence generated by Algorithm 2 with parameters

αt “ C1pt ` 1q1{2, γt “ C2t
´1{2, ηt “ C3pt ` 1q´1{2

for some C1, C2, C3 ą 0. Then, for every T ě 2,

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď
2pC1 ` 2C3qR2

X `
3G2

x

2C1
`

G2
x

2C3
` 2GxRX

T 1{2

`

2R2
Y

C2
` C2G

2
y ` 2GyRY

T 1{2
.

If C1 “ C3 “ Gx{RX and C2 “ Gy{RY then the bound becomes

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď
10GxRX ` 5GyRY

T 1{2
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Theorem A.3 (Detailed version of Theorem 1 (iii)). Suppose Assumptions 1 and 2 hold. Let
txt, ytutě1 be the primal-dual sequence generated by Algorithm 3 with parameters

βt “ C1pt ` 1q1{2, ρt “ C2pt ` 1q´1{2, τt “ C3pt ` 1q´1{2

for some C1, C2, C3 ą 0. Then, for every T ě 2,

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď

2R2
X

C2
` C2G

2
x ` 2GxRX

T 1{2

`
2pC1 ` 2C3qR2

Y `
3G2

y

2C1
`

G2
y

2C3
` 2GyRY

T 1{2
.

If C1 “ C3 “ Gy{RY and C2 “ Gx{RX then the bound becomes

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď
5GxRX ` 10GyRY

T 1{2

The proof relies on the following lemma, which bounds the strong saddle gap for arbitrary monotone
parameter sequences using Propositions A.1 and A.2.
Lemma A.3. Suppose Assumptions 1 and 2 hold.

(i) Let txt, ytutě1 be the primal-dual sequence generated by Algorithm 2 with parameters satisfying
αt ď αt`1, ηt ě ηt`1, and γt ě γt`1 for all t ě 1. Then, for every T ě 2,

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď
2

T

˜

αT´1 `

T´1
ÿ

t“1

ηt

¸

R2
X `

G2
x

2αT´1T
`

1

T

T´1
ÿ

t“1

G2
x

2αt
`

G2
x

2TηT´1
`

2GxRX

T 1{2

`
2R2

Y
γTT

`
1

T

T
ÿ

t“1

γtG
2
y

2
`

2GyRY

T 1{2
.

(ii) Let txt, ytutě1 be the primal-dual sequence generated by Algorithm 3 with parameters satisfying
ρt ě ρt`1, βt ď βt`1, and τt ě τt`1 for all t ě 1. Then, for every T ě 2,

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď
2R2

X
ρTT

`
1

T

T
ÿ

t“1

ρtG
2
x

2
`

2GxRX

T 1{2

`
2

T

˜

βT´1 `

T´1
ÿ

t“1

τt

¸

R2
Y `

G2
y

2βT´1T
`

1

T

T´1
ÿ

t“1

G2
y

2βt
`

G2
y

2TτT´1
`

2GyRY

T 1{2
.

Proof of Lemma A.3. By symmetry, it suffices to prove part (i). The proof of part (ii) follows from
the same argument after exchanging the primal and dual roles.

Define v̄T :“ 1
T

řT
t“1 vt. Since v1 “ x1, the LMO recursion implies

λT

ηT
“

T
ÿ

t“1

pvt ´ xtq “ T pv̄T ´ x̄T q.

We first control the primal side. By convexity of p´fqxp¨q, for every x P X , we have
1
T

řT
t“1 ´fpx, ytq ě ´fpx, ȳT q. Applying Proposition A.1 (i) with zt “ yt gives

E

«

ηT´1

2T

›

›

›

›

λT

ηT

›

›

›

›

2

2

`
1

T

T
ÿ

t“1

fpvt, ytq ´ min
xPX

fpx, ȳT q

ff

ď
2

T

˜

αT´1 `

T´1
ÿ

t“1

ηt

¸

R2
X `

G2
x

2αT´1T
`

1

T

T´1
ÿ

t“1

G2
x

2αt
`

2GxRX

T 1{2
.

(A.8)
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We next control the dual side. By convexity of fyp¨q, we have 1
T

řT
t“1 fpvt, yq ě fpv̄T , yq. Since

fyp¨q is Gx-Lipschitz on X ,

fpv̄T , yq ě fpx̄T , yq ´ Gx}v̄T ´ x̄T }2 “ fpx̄T , yq ´
Gx

T

›

›

›

›

λT

ηT

›

›

›

›

2

.

Applying Proposition A.2 (ii) with wt “ vt gives

E

«

´
Gx

T

›

›

›

›

λT

ηT

›

›

›

›

2

` max
yPY

fpx̄T , yq ´
1

T

T
ÿ

t“1

fpvt, ytq

ff

ď
2R2

Y
γTT

`
1

T

T
ÿ

t“1

γtG
2
y

2
`

2GyRY

T 1{2
.

(A.9)

Adding (A.8) and (A.9) cancels the average payoff term. It remains to lower bound the quadratic
expression in λT . For any a ą 0, b ě 0, and s ě 0, we use as2{2 ´ bs ě ´b2{p2aq. Hence,

ηT´1

2T

›

›

›

›

λT

ηT

›

›

›

›

2

2

´
Gx

T

›

›

›

›

λT

ηT

›

›

›

›

2

ě ´
G2

x

2TηT´1
.

Combining this bound with (A.8) and (A.9) proves part (i), and therefore completes the proof.

Proof of Theorems A.2 and A.3. We prove the two detailed theorems by substituting the stated pa-
rameter choices into Lemma A.3. For the LMO-PO case, the parameters satisfy

αT´1 “ C1T
1{2, ηT´1 “ C3T

´1{2, γT “ C2T
´1{2.

Moreover,
T´1
ÿ

t“1

ηt ď 2C3T
1{2,

T´1
ÿ

t“1

1

αt
ď

2T 1{2

C1
,

T
ÿ

t“1

γt ď 2C2T
1{2.

Substituting these estimates into Lemma A.3 (i) gives the desired bound in Theorem A.2.

The proof of Theorem A.3 is identical, using Lemma A.3 (ii) together with

ρT “ C2T
´1{2, βT´1 “ C1T

1{2, τT´1 “ C3T
´1{2,

and the analogous bounds
T
ÿ

t“1

ρt ď 2C2T
1{2,

T´1
ÿ

t“1

τt ď 2C3T
1{2,

T´1
ÿ

t“1

1

βt
ď

2T 1{2

C1
.

gives the desired bound in Theorem A.3.

A.5 Strong Saddle-Gap Guarantee for the PO-PO Baseline

We first state the detailed convergence guarantee for Algorithm 6. This result is not part of Theorem 1,
but it follows from the same framework and gives the standard PO-PO benchmark in the strong
saddle-gap metric.
Theorem A.4. Suppose Assumptions 1 and 2 hold. Let txt, ytutě1 be the primal-dual sequence
generated by Algorithm 6 with parameters

ρt “ C1t
´1{2, γt “ C2t

´1{2

for some C1, C2 ą 0. Then, for every T ě 1,

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď

2R2
X

C1
` C1G

2
x ` 2GxRX

T 1{2
`

2R2
Y

C2
` C2G

2
y ` 2GyRY

T 1{2
.

If C1 “ Gx{RX and C2 “ Gy{RY then the bound becomes

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď
5pGxRX ` GyRYq

T 1{2
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The proof relies on the following lemma, which bounds the strong saddle gap for arbitrary monotone
parameter sequences using Proposition A.2.

Lemma A.4. Suppose Assumptions 1 and 2 hold. Let txt, ytutě1 be the primal-dual sequence
generated by Algorithm 6 with parameters satisfying ρt ě ρt`1 and γt ě γt`1 for all t ě 1. Then,
for every T ě 1,

E
„

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q

ȷ

ď
2R2

X
ρTT

`
1

T

T
ÿ

t“1

ρtG
2
x

2
`

2GxRX

T 1{2
`

2R2
Y

γTT
`

1

T

T
ÿ

t“1

γtG
2
y

2
`

2GyRY

T 1{2
.

Proof of Lemma A.3. We first control the primal side. By convexity of p´fqxp¨q, for every x P X ,
we have 1

T

řT
t“1 fpx, ytq ď fpx, ȳT q. Therefore,

max
xPX

1

T

T
ÿ

t“1

fpxt, ytq ´ fpx, ȳT q ď
1

T
max
xPX

T
ÿ

t“1

`

fpxt, ytq ´ fpx, ytq
˘

.

Applying Proposition A.2 (i) with zt “ yt gives

E

«

1

T

T
ÿ

t“1

fpxt, ytq ´ min
xPX

fpx, ȳT q

ff

ď
2R2

X
ρTT

`
1

T

T
ÿ

t“1

ρtG
2
x

2
`

2GxRX

T 1{2
. (A.10)

We next control the dual side. By convexity of fp¨, yq, for every y P Y , we have fpx̄T , yq ď
1
T

řT
t“1 fpxt, yq. Hence,

max
yPY

fpx̄T , yq ´
1

T

T
ÿ

t“1

fpxt, ytq ď
1

T
max
yPY

T
ÿ

t“1

`

fpxt, yq ´ fpxt, ytq
˘

.

Applying Proposition A.2 (ii) with wt “ xt gives

E

«

max
yPY

fpx̄T , yq ´
1

T

T
ÿ

t“1

fpxt, ytq

ff

ď
2R2

Y
γTT

`
1

T

T
ÿ

t“1

γtG
2
y

2
`

2GyRY

T 1{2
. (A.11)

Adding (A.10) and (A.11) cancels the average payoff term and proves the lemma.

Proof of Theorem A.4. The parameter choices satisfy the monotonicity conditions in Lemma A.4.
Moreover,

ρT “ C1T
´1{2, γT “ C2T

´1{2.

We also use
T
ÿ

t“1

ρt ď 2C1T
1{2,

T
ÿ

t“1

γt ď 2C2T
1{2.

Substituting these estimates into Lemma A.4 gives the desired bound.

A.6 Proofs of Theorem 2

For the convenience, we repeat the statement of Theorem 2.

Theorem A.5 (Restatement of Theorem 2). Let Gx ą 0, Gy ą 0, RX ą 0, RY ą 0 be fixed. Then,
for any generic LMO-LMO method of the form Algorithm 4 running for T ě 1 iterations, there
exist convex compact subsets X Ď Rn,Y Ď Rm with radii RX and RY , respectively, and a function
f P F0

Gx,Gy,}¨}2
pX ,Yq with T ď mintm,nu{4 ´ 1 such that

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q ě
GxRX

2pT ` 1q1{2
`

GyRY

2pT ` 1q1{2
.
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Proof of Theorem A.5. Fix T ě 1, and choose dimensions n,m such that n,m ě 4pT ` 1q. Let

X :“ RX ¨ ∆n, Y :“ RY ¨ ∆m,

where ∆k :“ tz P Rk
` :

řk
i“1 zi “ 1u. The adversary initializes the method at the extreme points

x1 “ RX ¨ e1 and y1 “ RY ¨ e1, and fixes LMO tie-breaking rules that always return extreme-point
minimizers. This is valid because a linear objective over a simplex always admits an extreme-point
minimizer. Consider the payoff function

fpx, yq :“ Gx}x}2 ´ Gy}y}2.

The function f is convex in x and concave in y. It is also easy to verify that f P F0
Gx,Gy,}¨}2

pX ,Yq.

Since x1 is an extreme point of X and each primal LMO call returns an extreme point of X , all points
x1, . . . , xT`1 are vertices of RX ¨ ∆n. By Algorithm 4, the output satisfies

x̄T P convtx1, . . . , xT`1u.

Therefore, there exist distinct indices i1, . . . , ikT
P rns with kT ď T ` 1 such that

x̄T P RX ¨ convtei1 , . . . , eikT
u.

Consequently, we have

}x̄T }2 ě min
!

}x}2 : x P RX ¨ convtei1 , . . . , eikT
u

)

“
RX

k
1{2
T

ě
RX

pT ` 1q1{2
.

Similarly, since y1 is an extreme point of Y and each dual LMO call returns an extreme point of Y ,
all points y1, . . . , yT`1 are vertices of RY ¨ ∆m, we have

}ȳT }2 ě
RY

pT ` 1q1{2
.

On the other hand, over the full simplices,

min
xPX

}x}2 “
RX

n1{2
, min

yPY
}y}2 “

RY

m1{2
.

Therefore,

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q “ Gx}x̄T }2 ´ Gy min
yPY

}y}2 ´ Gx min
xPX

}x}2 ` Gy}ȳT }2

ě
GxRX

pT ` 1q1{2
´

GxRX

n1{2
`

GyRY

pT ` 1q1{2
´

GyRY

m1{2
.

Since n,m ě 4pT ` 1q, we have

1

n1{2
ď

1

2pT ` 1q1{2
,

1

m1{2
ď

1

2pT ` 1q1{2
.

Combining the last two displays gives the desired bound.

A.7 Proofs of Theorem 3

For the convenience, we repeat the statement of Theorem 3.

Theorem A.6 (Restatement of Theorem 3). Let Gx ą 0, Gy ą 0, RX ą 0, RY ą 0 be fixed. Then,
for any generic LMO-PO method of the form Algorithm 5 running for T ě 1 iterations, there exist
convex compact subsets X Ď Rn,Y Ď Rm with radii RX and RY , respectively, and a function
f P F0

Gx,Gy,}¨}2
pX ,Yq with T ď mintm,nu{4 ´ 1 such that

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q ě
GxRX

2pT ` 1q1{2
`

GyRY

2pT ` 1q1{2
.
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Proof of Theorem A.6. Fix T ě 1, and choose dimensions n,m such that n,m ě 4pT ` 1q. Let

X :“ RX ¨ ∆n.

The adversary initializes the primal variable at the extreme point x1 “ RX ¨ e1 and fixes an LMO
tie-breaking rule that always returns an extreme-point minimizer. For the dual variable, we invoke
the classical nonsmooth first-order lower bound over the Euclidean ball. Namely, for any adaptive
first-order method making T oracle queries and returning ȳT , there exist a compact convex set
Y :“ RY ¨ Bm

2 and a convex Gy-Lipschitz function hT`1 : Y Ñ R such that

hT`1pȳT q ´ min
yPY

hT`1pyq ě
GyRY

2pT ` 1q1{2
. (A.12)

This is the standard nonsmooth lower-bound construction of Nesterov [56]. For completeness, we
repeat the construction here. Set

δ :“
RY

4T pT ` 1q1{2
.

We inductively construct signs a1, . . . , aT`1 P t˘1u and distinct coordinates σp1q, . . . , σpT ` 1q P

t1, . . . ,mu. After yk has been determined, choose

σpkq P argmax
jPrmsztσp1q,...,σpk´1qu

|pykqj |,

and choose ak P t˘1u so that

akpykqσpkq “ |pykqσpkq|.

For k “ 1, . . . , T ` 1, define

hkpyq :“ Gy max
1ďiďk

␣

aiyσpiq ´ 2pi ´ 1qδ
(

.

We claim that the final function hT`1 is consistent with all information revealed to the algorithm
during the first T iterations. To see this, fix 1 ď s ă k ď T `1 and any y P Y such that }y´ys}2 ď δ.
For every i ą s, the coordinate σpiq was still unused when σpsq was chosen. Hence

|pysqσpsq| ě |pysqσpiq| ě aipysqσpiq.

Therefore,

aiyσpiq ´ 2pi ´ 1qδ ď aipysqσpiq ` δ ´ 2pi ´ 1qδ

ď |pysqσpsq| ` δ ´ 2sδ

“ |pysqσpsq| ´ p2s ´ 1qδ

ď asyσpsq ´ 2ps ´ 1qδ.

Thus every affine piece added after step s is dominated on the ball ty : }y ´ ys}2 ď δu by the s-th
affine piece, which already appears in hs. Consequently,

hkpyq “ hspyq, @y P Y such that }y ´ ys}2 ď δ.

In particular, the values and subdifferentials observed at each previous query ys, s ď T , are identical
for hs and for the final function hT`1. The function hT`1 is convex and Gy-Lipschitz on Y , since it
is the maximum of affine functions whose slopes have Euclidean norm Gy. Moreover,

min
yPY

hT`1pyq ď Gy min
}y}2ďRY

max
1ďiďT`1

aiyσpiq “ ´
GyRY

pT ` 1q1{2
.

On the other hand, since ȳT “ yT`1 in Algorithm 5, we have

hT`1pyT`1q ě Gy

`

aT`1pyT`1qσpT`1q ´ 2Tδ
˘

“ Gy

`

|pyT`1qσpT`1q| ´ 2Tδ
˘

ě ´2GyTδ.

Therefore, by the choice of δ,

hpȳT q ´ min
yPY

hpyq ě
GyRY

pT ` 1q1{2
´ 2GyTδ “

GyRY

2pT ` 1q1{2
.
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Define now the saddle payoff

fpx, yq :“ Gx}x}2 ´ hT`1pyq.

Since x1 is an extreme point of X and each primal LMO call returns an extreme point of X , all points
x1, . . . , xT`1 are vertices of RX∆n. By Algorithm 5, the output satisfies

x̄T P RX ¨ convtei1 , . . . , eikT
u.

Consequently, we have

}x̄T }2 ě min
!

}x}2 : x P RX ¨ convtei1 , . . . , eikT
u

)

“
RX

k
1{2
T

ě
RX

pT ` 1q1{2
.

Since n ě 4pT ` 1q, we may conclude that

Gx}x̄T }2 ´ Gx min
xPX

}x}2 ě
GxRX

2pT ` 1q1{2
. (A.13)

Finally, by the separable form of f ,

max
yPY

fpx̄T , yq ´ min
xPX

fpx, ȳT q “ Gx}x̄T }2 ´ min
yPY

hT`1pyq ´

ˆ

Gx min
xPX

}x}2 ´ hT`1pȳT q

˙

“ Gx}x̄T }2 ´ Gx min
xPX

}x}2 ` hT`1pȳT q ´ min
yPY

hT`1pyq.

Combining this identity with (A.12) and (A.13) yields the desired bound.

B Implementation Details

This appendix collects the implementation details used in Section 5. In all experiments, the suffix
Deterministic means that the method uses the full subgradient oracle, while the suffix Stochastic
means that the method uses an unbiased stochastic estimate of the same oracle. The algorithm names
LMO-LMO, LMO-PO, PO-LMO, and PO-PO refer to the oracle used for the primal and dual domains,
respectively. They correspond to Algorithms 1 to 3 and 6, respectively. For LMO-based updates, we
use simple enclosing sets X Ě X and Y Ě Y . These sets are chosen so that projection onto them is
computationally cheap, while the actual feasible updates over X and Y are performed using LMOs
whenever the corresponding method uses an LMO. For the robust classification problem, we rely on
the following set Y for the inexpensive projection step.
Lemma B.1. Given any c P Rn, let rcs` “ maxtc, 0u componentwise. For

Y :“ ty P Rn : y ě 0, }y}2 ď 1u,

it holds that

POYpcq “
rcs`

maxt}rcs`}2, 1u
.

Proof of Lemma B.1. Computing POYpcq is equivalent to solving

min
yPRn

t}y ´ c}22 : y ě 0, }y}2 ď 1u.

Since the feasible set is the intersection of the nonnegative orthant and the Euclidean unit ball, the
negative coordinates of c are first clipped to zero. Thus the problem reduces to projecting rcs` onto
the Euclidean unit ball. If }rcs`}2 ď 1, then rcs` is feasible and is the projection. If }rcs`}2 ą 1,
the Euclidean projection onto the unit ball is rcs`{}rcs`}2. Combining the two cases gives

POYpcq “
rcs`

maxt}rcs`}2, 1u
.

This proves the claim.

The projection and LMO formulas used in the experiments are summarized in Table 1, where the
input is the vector c or the matrix C depending on the context.
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Table 1: Summary of LMOs and POs.

Set LMO PO

Frobenius Ball ´r C
}C}2

If }C}2 ą r, Y “ r C
}C}F

.

(}Y }F ď r) Else Y “ C.

Nuclear Ball ´rpu1v
T
1 q 1. Full SVD: C “ UΣV T .

(}Y }˚ ď r) (Top singular triplet) 2. Project diagpΣq onto r-Simplex.

3. Reconstruct: Y “ UΣprojV
T .

Nonnegative Ball — 1. Nonnegative clip: rcs` “ maxp0, cq

(}y}2 ď r, y ě 0) 2. If }rcs`}2 ą r, Y “ r
rcs`

}rcs`}2
. Else y “ rcs`.

r-Simplex ´rsignpciq ¨ ei 1. Sort C in descending order.

(
ř

yi “ r, y ě 0) where i “ argminpcq 2. Find τ s.t.
ř

maxpci ´ τ, 0q “ r.

3. Output: yi “ maxpci ´ τ, 0q.

B.1 Matrix Completion with Spectral Norm Fit

Juditsky and Nemirovski [33] considered the spectral norm fit problem

min
}X}˚ď1

}ApXq ´ B}op, (B.1)

where X P Rnˆp is the decision variable, B P Rmˆq, and A : Rnˆp Ñ Rmˆq is a linear map.
Problem (B.1) admits the saddle-point reformulation

min
}X}˚ď1

max
}Y }˚ď1

Tr
“

pApXq ´ BqJY
‰

.

For the matrix completion with spectral norm fit problem, we generate a synthetic instance as
suggested by [33] as follows: We set p “ n and q “ m “ 2n with n “ 200 and the map A given by

ApXq “
1

k

k
ÿ

i“1

LiXRJ
i ,

where Li P Rmˆn and Ri P Rqˆp with Li “ L̃i{}L̃i}op and Ri “ R̃i{}R̃i}op and L̃i, R̃i are
randomly generated by standard normal distributions. In our experiment, we set k “ 2. The
construction of the observation matrix B begins with the generation of a ground-truth signal
Vtrue P Rnˆn. To ensure this matrix is low-rank, we first define the rank as r “ t

?
nu. We then

sample two latent factor matrices U, V P Rnˆr from a standard normal distribution and form the
base signal matrix through the outer product Vbase “ UV J.

To construct B, we first compute Vtrue “ Vbase{}Vbase}˚, which ensures that the resulting ground-truth
matrix has a unit nuclear norm. This normalized signal is then passed through a linear observation
operator Ap¨q to produce the clean measurement matrix Bclean “ ApVtrueq P Rmˆm. We then
generate a raw noise matrix Eraw P Rmˆm where each entry is sampled from standard normal
distribution. This matrix is then rescaled by its spectral norm and multiplied by a specified noise
level δ to form the error matrix E “ δ ¨ pEraw{}Eraw}opq. The observed matrix B is then obtained by
the summation of the clean measurements and this spectrally-scaled noise, B “ Bclean ` E.

For initialization, we start with X0 “ POX pX̃0q and Y0 “ POYpỸ0q where entries of X̃0 and Ỹ0

are randomly generated by uniform distribution over r´1000, 1000s. For Algorithm 1, Algorithm 2,
Algorithm 3 and Algorithm 6, the stepsizes are given by

αt “ βt “

ˆ

1

t ` 1

˙´1{2

& ηt “ τt “
0.1

pt ` 1q1{2
& γt “ ρt “

ˆ

1

t ` 1

˙1{2

,
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which align with Theorem 1 and Theorem A.4. For X “ tX P Rnˆp | }X}˚ ď 1u, we choose
the covering X “ tX P Rnˆp | }X}F ď 1u. For Y “ tX P Rmˆq | }Y }˚ ď 1u, we choose the
covering Y “ tY P Rmˆq | }Y }F ď 1u.

Moreover, since the payoff function in this experiment is smooth, we also implement LMO-LMO,
LMO-PO and PO-LMO methods [18], Alternating Gradient Projection (AGP) method [69], Extra-
Gradient (EG) method [36], Optimistic Gradient Descent-Ascent (OGDA) method [59]. To describe
the parameter choices, we follow the notation adopted in the corresponding paper. For LMO-LMO
method [18, Algorithm 1], we choose τt “ pt`1q´1 and βt “ pt`1q´1{5 according to [18, Theorem
2.2]. For LMO-PO method [18, Algorithm 2], we choose τt “ pt ` 1q´1 and βt “ pt ` 1q´1{3

according to [18, Theorem 3.2]. For PO-LMO method [18, Algorithm 3], we choose τt “ pt`1q´2{3

and βt “ pt ` 1q´1{3 according to [18, Theorem 4.2]. For AGP method [69], we implement both
parameter choices in [69, Theorem 3.2 ], i.e., bt “ 0, ct “ pt ` 1q´1{4, βt “ pt ` 1q1{2, γt “ 10 and
in [69, Theorem 4.2], i.e., bt “ pt ` 1q´1{4, ct “ 0, βt “ 10, γk “ pt ` 1q1{2 which correspond to
parameter choices that ensure convergence in nonconvex-concave and convex-nonconcave settings,
respectively. For EG method [36], we choose the stepsize to be 1

2L and for OGDA method [59], we
choose the stepsize to be 1

2.05L where L “ 1
k

řk
i“1 }Li}op}Ri}op is the smoothness constant of the

payoff function.

Figure 2 provides the extended comparison on the smooth matrix completion instance. As expected
for this bilinear problem, the classical smooth methods, especially OGDA and EG, perform very well
when equipped with tuned stepsizes. Among the proposed nonsmoothing methods, LMO-LMO (Det)
and LMO-LMO (Sto) are the strongest variants, and they substantially outperform the smoothing-
based projection-free methods. The smoothing-based LMO variants decrease much more slowly
and remain close to their initial saddle-gap values over the plotted time horizon, reflecting the cost
of introducing and tuning a smoothing parameter. The AGP variants also improve more slowly
than EG/OGDA and the proposed LMO-based methods. Overall, the figure illustrates that, even
on a smooth problem where methods designed specifically for smooth saddle-point problems are
highly competitive, the proposed subgradient-based LMO methods remain effective and avoid the
deterioration observed for smoothing-based projection-free schemes.
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Figure 2: Additional comparison on the matrix completion problem with spectral norm fit.
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B.2 Robust Multiclass Classification with Hinge Loss

We use the robust multiclass classification model described in Section 5. In this experiment, we set

r “ 10, λ “
λ1

n2
, λ1 “ 1.

The primal and dual feasible sets are

X “ tΘ P Rkˆd : }Θ}˚ ď ru and Y “

#

y P Rn : y ě 0,
n
ÿ

i“1

yi “ 1

+

.

For the LMO-based variants, we use the covering sets

X “ tΘ P Rkˆd : }Θ}F ď ru, and Y “ ty P Rn : y ě 0, }y}2 ď 1u.

The inclusion Y Ď Y follows because every probability vector has Euclidean norm at most one.
Projection onto X is a Frobenius-norm rescaling, while projection onto Y is given in Lemma B.1.
We initialize Θ1 “ POX prΘ1q and y1 “ e1, where the entries of rΘ1 are sampled independently from
the uniform distribution on r´1000, 1000s. The stepsizes are

αt “ βt “

ˆ

0.01

t ` 1

˙´1{2

, ηt “ τt “

ˆ

10

t ` 1

˙1{2

, γt “ ρt “

ˆ

0.01

t ` 1

˙1{2

.

These choices follow the scaling in Theorems 1 and A.4. Let

ℓipΘq “ max
jPrks

␣

1pj ‰ biq ` θJ
j ai ´ θJ

biai
(

.

The full primal subgradient is computed from 1
n

řn
i“1 yiBℓipΘq. The dual oracle uses the subgradient

of p´fqΘp¨q, namely ´ 1
nℓpΘq`2λnpny´1nq, where ℓpΘq “ pℓ1pΘq, . . . , ℓnpΘqqJ. The stochastic

variants replace the full sums by unbiased single-sample estimates. For this experiment, we report
the primal objective

ppΘq :“ max
yPY

#

1

n

n
ÿ

i“1

yiℓipΘq ´ λ }ny ´ 1n}
2
2

+

.

Computing the full strong saddle gap is expensive at this scale because it requires solving both the
dual maximization problem and the primal minimization problem over the nuclear-norm ball. The
primal objective is substantially cheaper to compute and empirically tracks the same convergence
behavior.
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