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Abstract

Stochastic Gradient Descent (SGD) is one of the most classical optimization algorithms with favorable
theoretical guarantees, yet its practical implementation differs subtly from its well-known form and is
often referred to as Shuffling Stochastic Gradient Descent (Shuffling SGD). A particularly popular strat-
egy in Shuffling SGD is Random Reshuffling (RR), which has achieved great empirical success. Despite
its strong performance, RR has long been considered a heuristic due to a lack of theoretical support.

Over the last decade, people have finally established provable convergence rates for RR, thus justifying
its observed superiority. However, for smooth convex optimization, two clouds over the convergence the-
ory of RR remain. According to current theory, Shuffling SGD under RR converges only when the stepsize
is smaller than a threshold proportional to 1/n, where n is the number of summands in the objective (or
the number of data points). Consequently, the optimally tuned theoretical rate of Shuffling SGD under
RR is strictly worse than that of SGD when the number of epochs is smaller than another threshold
proportional to n. These two restrictions heavily limit the applicability of existing theories and leave a
critical mismatch with practice.

In this work, for the first time, we prove that RR dominates SGD in smooth convex optimization
for any reasonable stepsize after any finite number of epochs, thereby addressing a longstanding open
question. Moreover, we establish new algorithm-dependent lower bounds for RR and SGD, respectively.
Altogether, these results yield (nearly) sharp worst-case characterizations of RR and SGD. Furthermore,
we develop a shuffling-based method to optimize functions satisfying the quadratic growth condition,
a strict relaxation of strong convexity, and derive a new complexity bound improving existing results
proved under stronger assumptions.

1 Introduction
One of the fundamental tasks in machine learning is to optimize functions in a finite-sum form, i.e.,
f(x) ≜ 1

n

∑n
i=1 fi(x). Among different optimization algorithms, Stochastic Gradient Descent (SGD), pro-

posed in the seminal work of Robbins and Monro (1951), is arguably one of the most classical methods.
Due to its easy implementation and computational efficiency, SGD is particularly popular when n is large,
the standard case nowadays. More importantly, the convergence guarantees of SGD have been extensively
studied, yielding provable rates in various settings (Polyak, 1987; Bottou et al., 2018; Lan, 2020), thereby
providing a theoretical backbone for SGD.

However, compared with the standard form of SGD analyzed in theory, which uniformly samples a
function to perform a gradient descent step at each iteration (also known as with-replacement sampling),
the practical implementation differs subtly and is often referred to as Shuffling Stochastic Gradient Descent
(Shuffling SGD). In Shuffling SGD, the optimization procedure is divided into K epochs, and within each
epoch, the order in which functions are processed is determined by a permutation π of {1, . . . , n} (also known
as without-replacement sampling). A widely implemented strategy for generating π is Random Reshuffling
(RR), which, in each epoch, independently and uniformly draws a new permutation from all possible ones.

Although Shuffling SGD under RR has achieved great empirical success across numerous experiments, it
has long been considered a heuristic due to a lack of theoretical support. Over the last decade, beginning with
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the pioneering work of Gürbüzbalaban et al. (2021), people have finally established provable convergence
rates for RR, thereby justifying its observed superiority over standard SGD.

In particular, for smooth convex optimization (i.e., each fi is convex and L-smooth1), RR with a constant
stepsize2 η is known to converge in expectation at the rate D2

ηnK + η2nLσ2
⋆ (e.g., Mishchenko et al. (2020);

Nguyen et al. (2021)), provided that the stepsize satisfies η ≲ 1
nL , where D denotes the distance between

the initial point and the optimal solution, and σ2
⋆ is the gradient variance at the minimizer. In comparison,

SGD under the same setting guarantees an in-expectation convergence rate D2

ηnK +ησ2
⋆ (Garrigos and Gower,

2023), but only requires η ≤ 1
4L . Recently, two works (Cortild et al., 2025; Attia et al., 2025) have further

extended the convergence theory for SGD to the regime η < 2
L . To date, the best-known rate of SGD for

any η < 2
L is D2

(2−ηL)ηnK +
ησ2

⋆

(2−ηL)2 (Attia et al., 2025). Clearly, RR converges faster than SGD in the regime
η ≲ 1

nL , which has been recognized as theoretical evidence demonstrating the strong performance of RR.
Despite the progress discussed above, some important issues remain unaddressed. The most critical

longstanding open question is that people still do not understand what happens to RR when η falls into the
regime η ≳ 1

nL . This point is critical because, given that n is typically large in modern tasks, the threshold
1
nL can be extremely small or even vanish, whereas stepsizes used in practice are usually at a constant
level, thereby leaving a significant gap between theory and practice. More crucially, even if one temporarily
assumes that the existing rate for RR mentioned earlier could be extended to allow η < 2

L (though no such
theory has been established), it would still fail to explain the advantage of RR over SGD, as the term η2nLσ2

⋆

for RR is worse than the term ησ2
⋆ for SGD when η ≳ 1

nL . This hints that an analysis different from existing
ones may be needed.

Another issue implied by the above discussion is that the optimally tuned rate for RR induced by the
existing bound is only LD2

K + (
Lσ2

⋆D
4

nK2 )
1
3 , which is better than the best tuned rate LD2

nK + σ⋆D√
nK

for SGD only
when K is larger than a threshold proportional to n. Moreover, in the case of σ⋆ = 0 (i.e., all fi’s share a
common optimal solution), the rate of RR reduces to only LD2

K , which is even worse than the LD2

nK rate of
SGD by a factor of n.

The above restrictions on the stepsize η or the number of epochs K heavily limit the applicability of
existing theories and cannot fully explain the favorable performance of Shuffling SGD under RR compared
with standard SGD. Therefore, we are naturally led to the following question:

In smooth convex optimization, does RR dominate SGD without these two restrictions?

1.1 Our Contributions
This work provides an affirmative answer to the above question.

• Concretely, we show that Shuffling SGD under RR provably converges at a rate of D2

(2−ηL)ηnK+
min{1,ηnL}ησ2

⋆

(2−ηL)2

for any stepsize satisfying η < 2
L (see Theorem 1 for the formal version with nonuniform smoothness

parameters and dynamic stepsizes that depend on the epoch number). We highlight that this rate is
not only the first provable result for RR that allows η ≳ 1

nL , but also provably dominates the bound
D2

(2−ηL)ηnK +
ησ2

⋆

(2−ηL)2 of SGD under any stepsize η < 2
L . It is noteworthy that this rate is not merely a

simple extension of the previously best bound for RR, since the latter is slower than SGD when η ≳ 1
nL ,

as discussed before. Therefore, for the first time, we prove that RR dominates SGD in smooth convex
optimization for any reasonable stepsize after any finite number of epochs, resolving a longstanding
open question. Consequently, the optimally tuned rate for Shuffling SGD under RR is improved to
LD2

nK +min{ σ⋆D√
nK

, (
Lσ2

⋆D
4

nK2 )
1
3 } (see Corollary 1 for the formal version with nonuniform smoothness pa-

rameters), which dominates the best tuned bound LD2

nK + σ⋆D√
nK

of SGD for any finite K. Moreover,

the rate reduces to LD2

nK when σ⋆ = 0 (i.e., the interpolation regime), improving upon the best known
result LD2

K by a factor of 1
n .

1For simplicity, we adopt a uniform smoothness parameter in the discussion, as in most of the existing literature.
2We also use a constant stepsize in the discussion for convenience.
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• In addition, we prove new algorithm-dependent lower bounds of D2

ηnK+min {1, ηnL} ησ2
⋆ for Shuffling SGD

under RR in Theorem 2 and D2

ηnK + ησ2
⋆ for SGD in Theorem 3. Together with our new upper bound

for RR and the existing upper bound for SGD, these results establish (nearly) sharp worst-case char-
acterizations of the convergence of RR and SGD in the regime η ≤ 1

L (and, more generally, η ≤ C
L for

any absolute constant C ∈ (0, 2)).

• Furthermore, building on the classical restart technique in the optimization literature, we develop a
restarted variant of Shuffling SGD termed Restarted Shuffling SGD. By applying the new upper bound
for RR mentioned above, we show that Restarted Shuffling SGD under RR can be used to optimize
functions satisfying the quadratic growth condition, which is strictly weaker than strong convexity. In
particular, we establish a new complexity bound under this weaker assumption, improving upon the
best known results for RR that require either strong convexity of f or strong convexity of each fi.
Moreover, our new bound is sharper than the corresponding bound for SGD across different parameter
regimes under the same setting.

1.2 Related Work
We provide a brief overview of Shuffling SGD under RR and defer further details to Appendix A.

Over the past decades, the effectiveness of RR has been reported in many works (e.g., Bottou (2009,
2012); Bengio (2012)). However, the theoretical understanding of it has long lagged behind. The first
breakthrough is by Gürbüzbalaban et al. (2021), which provides the first theoretical evidence that RR can
beat SGD in smooth strongly convex optimization under certain additional assumptions. Since then, RR has
been extensively studied (e.g., Nagaraj et al. (2019); Haochen and Sra (2019)). To date, the best known
rate in smooth convex optimization is D2

ηnK + η2nLσ2
⋆ under the condition η ≲ 1

nL (Mishchenko et al., 2020;

Nguyen et al., 2021). The only existing lower bound in smooth convex optimization is (
Lσ2

⋆D
4

nK2 )
1
3 , due to

Cha et al. (2023), which holds for constant stepsizes η ≲ 1
nL and a large number of epochs at least satisfying

K ≳ nL2D2

σ2
⋆

.

2 Preliminaries
Notation. N denotes the set of natural numbers (excluding 0). Given n ∈ N, we write [n] ≜ {1, . . . , n}.
⌊·⌋ and ⌈·⌉ denote the floor and ceiling functions, respectively. ⟨·, ·⟩ is the standard Euclidean inner product,
and ∥·∥ ≜

√
⟨·, ·⟩ is the ℓ2 norm. Given a real-valued differentiable function h : Rd → R, ∇h(x) denotes

the gradient at x ∈ Rd. The Bregman divergence induced by h is defined as Bh(x,y) ≜ h(x) − h(y) −
⟨∇h(y),x− y⟩, which is nonnegative if h is additionally convex.

Objective. We study the following finite-sum optimization problem in this work

inf
x∈Rd

f(x) ≜
1

n

n∑
i=1

fi(x),

where n ∈ N and each fi : Rd → R is differentiable.

Remark 1. To ease notation, hereinafter we use B ≜ Bf and Bi ≜ Bfi to denote the Bregman divergences
induced by f and fi, respectively.

Assumptions. Our analysis relies on the following three assumptions.

Assumption 1 (Minimizer). ∃x⋆ ∈ Rd such that f⋆ ≜ f(x⋆) = infx∈Rd f(x) ∈ R.

Assumption 2 (Convexity). Each fi is convex.

Assumption 3 (Smoothness). Each fi is Li-smooth, i.e., ∃Li > 0 such that ∥∇fi(x)−∇fi(y)∥ ≤ Li ∥x− y∥ , ∀x,y ∈
Rd.

3



All three of the above assumptions are standard and commonly adopted in the literature (Polyak, 1987;
Nesterov et al., 2018; Bottou et al., 2018; Lan, 2020). Notably, we do not impose any assumptions on the
difference between the individual gradient ∇fi and the full gradient ∇f , such as the popular finite variance
condition.

Next, we introduce three more notations to simplify the expressions in the subsequent sections. σ2
⋆

denotes the variance of the gradient at the minimizer x⋆, and L̄ (resp. L̂) represents the average (resp.
maximum) smoothness parameter, i.e.,

σ2
⋆ ≜

1

n

n∑
i=1

∥∇fi(x⋆)∥2 , L̄ ≜ 1
n

∑n
i=1 Li, L̂ ≜ max

i∈[n]
Li.

We note that the quantity σ2
⋆ is widely used in prior works on shuffling gradient methods (e.g., Ying et al.

(2019); Mishchenko et al. (2020); Nguyen et al. (2021)) and remains invariant even when f has multiple
minimizers (see Lemma 4.17 of Garrigos and Gower (2023)). In particular, σ2

⋆ = 0 corresponds to the case
in which all fi share a common optimal solution.

To finish this section, we state a classical result in convex optimization, known as the co-coercivity
property of smooth convex functions, which serves as a key tool in our analysis. As for its proof, see, for
example, Theorem 2.15 of Nesterov et al. (2018).

Lemma 1 (Co-coercivity). Let h : Rd → R be a differentiable convex function that is also L-smooth, then
we have, for any x,y ∈ Rd,

∥∇h(x)−∇h(y)∥2 ≤ 2LBh(x,y) and ∥∇h(x)−∇h(y)∥2 ≤ L ⟨∇h(x)−∇h(y),x− y⟩ .

3 Shuffling Stochastic Gradient Descent

Algorithm 1 Shuffling Stochastic Gradient Descent (Shuffling SGD)
Input: initial point x1

1 ∈ Rd, stepsize ηk > 0, number of epochs K ∈ N
for k = 1 to K do

Generate a permutation πk of [n]
for i = 1 to n do
xi+1
k = xi

k − ηk∇fπi
k
(xi

k)
end for
x1
k+1 = xn+1

k

end for

The method studied in this work, Shuffling Stochastic Gradient Descent (Shuffling SGD), is given in Algorithm
1. Compared with the standard SGD algorithm, which uniformly samples a function to process at each step,
Shuffling SGD determines the order in which functions are passed in each epoch based on a permutation. In
particular, three strategies for generating permutations are popular in practice, as illustrated in the following
examples, where Sn denotes the symmetric group of [n].

Example 1 (Random Reshuffling (RR)). Each πk is drawn independently and uniformly from Sn.

Example 2 (Single Shuffling (SS)). Each πk = π, a permutation drawn uniformly from Sn.

Example 3 (Incremental Gradient (IG)). Each πk = π, a deterministic permutation from Sn.

3.1 New Rate for RR
We are now ready to provide the first main result, Theorem 1, a new convergence rate for RR.
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Theorem 1. Under Assumptions 1, 2, and 3, suppose RR is employed with
{
ηk < 2

L̂

}K

k=1
, let

x̄K ≜
K∑

k=1

n∑
i=1

(2− ηkL̂)ηk
nHK

xi
k where HK ≜

K∑
k=1

(2− ηkL̂)ηk, (1)

then Shuffling SGD (Algorithm 1) guarantees that

E [f(x̄K)− f⋆] ≲

∥∥x1
1 − x⋆

∥∥2
n
∑K

k=1(2− ηkL̂)ηk
+min

{∑K
k=1 η

2
k/(2− ηkL̂)∑K

k=1(2− ηkL̂)ηk
,

∑K
k=1 η

3
knL̄/(2− ηkL̂)∑K

k=1(2− ηkL̂)ηk

}
σ2
⋆.

Remark 2. As in the conference version (Liu, 2026), we can also consider the weighted average iterate
x̄K ≜

∑K
k=1

∑n
i=1

ηk

nHK
xi
k, where HK ≜

∑K
k=1 ηk, and prove a similar rate to that in Theorem 1, with

2− ηkL̂ replaced by 2− η̂L̂, where η̂ ≜ maxk∈[K] ηk.

Proof. The proof is deferred to Subsection 4.4.

To the best of our knowledge, in smooth convex optimization, Theorem 1 shows the first convergence rate
for RR under any reasonable stepsize, i.e., ηk < 2/L̂, thereby improving existing results in different aspects.
Previously, the best known convergence rate for RR is D2

n
∑K

k=1 ηk
+

∑K
k=1 η3

knL̄∑K
k=1 ηk

σ2
⋆ (where D ≜

∥∥x1
1 − x⋆

∥∥) under

the condition ηk ≲ 1/(n
√
L̄L̂) (Liu and Zhou, 2024; Cai et al., 2024). However, this requirement on ηk is

highly unrealistic, as n is typically pretty large in modern machine learning tasks, meaning that the stepsize
has to be extremely small or even vanishing. This contradicts the constant-level stepsizes commonly used in
practice and leads to a gap between theory and practice.

In comparison, Theorem 1 not only allows the stepsize to lie in the constant regime ηk < 2/L̂ but also
shows a fundamental improvement rather than a mere extension of the previously best known rate, since the
latter becomes slower than SGD once ηk ≳ 1/(nL̄) (the rate of SGD is stated below), while our Theorem 1
never does.

In addition, compared with the rate D2

n
∑K

k=1(2−ηkL̂)ηk
+

∑K
k=1 η2

k/(2−ηkL̂)∑K
k=1(2−ηkL̂)ηk

σ2
⋆ of standard SGD (Attia et al.,

2025)3, our Theorem 1 is never worse for any reasonable stepsize (i.e., ηk < 2/L̂), and is strictly better when
ηk ≲ 1/(nL̄). This feature has an important implication: if both methods employ their own optimally tuned
stepsizes, Shuffling SGD under RR provably achieves a better upper bound that dominates the L̂D2

nK + σ⋆D√
nK

rate of SGD after any finite number of epochs, as evidenced by Corollary 1 below.

Corollary 1. Under the same setting as in Theorem 1, with the optimally tuned constant stepsize {ηk = η⋆}Kk=1,
where η⋆ < 2

L̂
, Shuffling SGD (Algorithm 1) guarantees that

E [f(x̄K)− f⋆] ≲
L̂
∥∥x1

1 − x⋆

∥∥2
nK

+min

σ⋆

∥∥x1
1 − x⋆

∥∥
√
nK

,

(
L̄σ2

⋆

∥∥x1
1 − x⋆

∥∥4
nK2

) 1
3

 .

Proof. The proof is deferred to Subsection 4.4.

In contrast, the known optimally tuned rate for RR is only
√

L̄L̂D2

K + (
L̄σ2

⋆D
4

nK2 )
1
3 . To better understand

the differences among these optimally tuned rates, let OrderSGD(K) and OrderOld
RR (K) denote the dominant

terms in the existing optimally tuned rates for SGD and Shuffling SGD under RR, respectively, i.e.,

OrderSGD(K) ≜ max

{
L̂D2

nK
,
σ⋆D√
nK

}
and OrderOld

RR (K) ≜ max

{√
L̄L̂D2

K
,

(
L̄σ2

⋆D
4

nK2

) 1
3

}
.

3The work of Attia et al. (2025) does not provide a rate for dynamic stepsizes. However, their proof can be directly extended
to this setting. For completeness, we include a separate theorem and prove it in Appendix F.
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Similarly, OrderNew
RR (K) denotes the dominant term in the rate obtained in Corollary 1, i.e.,

OrderNew
RR (K) ≜ max

{
L̂D2

nK
,min

{
σ⋆D√
nK

,

(
L̄σ2

⋆D
4

nK2

) 1
3

}}
.

In the nondegenerate case σ⋆ ̸= 0 (which implies that n ≥ 2), the following comparisons hold:

OrderNew
RR (K) = OrderSGD(K)

(a)

≤ OrderOld
RR (K), K ≤ nL̄2D2

σ2
⋆

,

OrderNew
RR (K) < OrderSGD(K)

(b)

≤ OrderOld
RR (K), nL̄2D2

σ2
⋆

< K ≤ nL̄L̂D2

σ2
⋆

,

OrderNew
RR (K)

(c)

≤ OrderOld
RR (K) < OrderSGD(K), nL̄L̂D2

σ2
⋆

< K ≤ nL̄1/2L̂3/2D2

σ2
⋆

,

OrderNew
RR (K) = OrderOld

RR (K) < OrderSGD(K), K > nL̄1/2L̂3/2D2

σ2
⋆

,

where (a) becomes an equality if and only if K = nL̄2D2

σ2
⋆

and L̄ = L̂, (b) becomes an equality if and only if

K = nL̄L̂D2

σ2
⋆

, and (c) becomes an equality if and only if K = nL̄1/2L̂3/2D2

σ2
⋆

. As one can see, unlike the existing

optimally tuned bound for RR in the literature, which can be slower than standard SGD when K ≤ nL̄L̂D2

σ2
⋆

,
the new result in Corollary 1 is never worse than the optimally tuned rate of standard SGD and strictly
beats it once K > nL̄2D2

σ2
⋆

, thereby improving the threshold from nL̄L̂D2

σ2
⋆

to nL̄2D2

σ2
⋆

.
Moreover, in the special case where all fi’s share a common minimizer, or equivalently when σ⋆ = 0,

Corollary 1 achieves the same L̂D2

nK rate as SGD. However, the prior bound for RR can only be reduced to

a slower rate in the order of
√

L̄L̂D2

K due to the stepsize restriction ηk ≲ 1/(n
√
L̄L̂), as discussed before.

Formally, once n ≥ 2, we have

OrderNew
RR (K) = OrderSGD(K) < OrderOld

RR (K), ∀K ∈ N.

In summary, Theorem 1 and Corollary 1 together imply that RR dominates SGD in smooth convex
optimization under any reasonable stepsize after any finite number of epochs.

3.2 New Lower Bounds for RR and SGD
The careful reader may notice that our previous comparison focuses only on upper bounds, which alone may
not fully substantiate the claim that RR dominates SGD. Motivated by this, we establish new algorithm-
dependent lower bounds for both RR and standard SGD under a constant stepsize {ηk = η}Kk=1.

Before stating these lower bounds, we introduce some notation for clarity. Given d ∈ N, n ≥ 2, D > 0,
L1:n ≜ {Li > 0}ni=1, and σ⋆ ≥ 0, we let

F(d, n,D,L1:n, σ⋆) ≜

f =
1

n

n∑
i=1

fi :
∃x⋆ ∈ Rd such that f⋆ ≜ f(x⋆) = infx∈Rd f(x) and ∥x⋆∥ ≤ D,

each fi : Rd → R is differentiable, convex, and Li-smooth,
1
n

∑n
i=1 ∥∇fi(x⋆)∥2 ≤ σ2

⋆.

 .

In words, the class F(d, n,D,L1:n, σ⋆) contains all finite-sum objectives satisfying the required assumptions.
We are now ready to present the new lower bounds. The first is Theorem 2, a new lower bound for

Shuffling SGD with RR.

Theorem 2. Given d ∈ N, n ≥ 2, D > 0, {Li > 0}ni=1, and σ⋆ ≥ 0, suppose RR is employed with
{ηk = η}Kk=1 for η > 0, let x̄K ≜ 1

nK

∑K
k=1

∑n
i=1 x

i
k denote the average iterate generated by Shuffling SGD

(Algorithm 1), initialized at x1
1 = 0, over K ∈ N epochs, then we have

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳
D2

ηnK
+min

{
1, ηnL̄

}
ησ2

⋆ when KηnL̄ ≥ 1.
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Remark 3. Although the theorem is stated under the condition KηnL̄ ≥ 1, our proof applies to any η > 0
and K ∈ N. We restrict our attention to the regime KηnL̄ ≥ 1, since our analysis indicates that, in the
regime KηnL̄ < 1, supf∈F(d,n,D,L1:n,σ⋆) E [f(x̄K)− f⋆] ≳ L̄D2, suggesting that no meaningful convergence
occurs for RR in this situation.

Proof. The proof is deferred to Subsection 5.3.

Theorem 2 provides a new algorithm-dependent lower bound for RR, extending the existing lower bound
(
Lσ2

⋆D
4

nK2 )
1
3 for {Li = L}ni=1 under the conditions η ≲ 1/(nL) and K ≳ nL2D2/σ2

⋆ (Cha et al., 2023) to
every prespecified η > 0 and K ∈ N for nonuniform {Li}ni=1 satisfying KηnL̄ ≥ 1, the meaningful regime
discussed in Remark 3. Importantly, this allows a direct comparison with stepsize-dependent upper bounds
and provides a finer characterization of the limitations of RR. As one can observe, there remains a gap
between the upper and lower bounds by factors polynomial in 1/(2− ηL̂) when η < 2/L̂, and resolving this
discrepancy is left for future work.

We highlight that Theorem 2 accommodates nonuniform smoothness parameters, therefore requiring a
more careful analysis. At a high level, the analysis is divided into two parts. In the first part, we establish the
term D2

ηnK to capture the error induced by the initial distance between x1
1 and x⋆. In the second part, inspired

by Rajput et al. (2020); Yun et al. (2022); Cha et al. (2023), we also construct asymmetric piecewise quadratic
functions that allow us to explicitly track the RR iterates and establish the second term min

{
1, ηnL̄

}
ησ2

⋆,
which captures the lower bound arising from σ2

⋆. For more details, please refer to Section 5.

Theorem 3. Given d ∈ N, n ≥ 2, D > 0, {Li > 0}ni=1, and σ⋆ ≥ 0, suppose a constant stepsize {ηk = η}Kk=1

for η > 0 is employed, let x̄K ≜ 1
nK

∑K
k=1

∑n
i=1 x

i
k denote the average iterate generated by SGD (Algorithm

1, with πi
k sampled independently and uniformly from [n]), initialized at x1

1 = 0, over K ∈ N epochs, then
we have

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳
D2

ηnK
+ ησ2

⋆ when KηnL̄ ≥ 1.

Remark 4. Similar to Theorem 2, we focus on the regime KηnL̄ ≥ 1, since our proof suggests that, for SGD
as well, supf∈F(d,n,D,L1:n,σ⋆) E [f(x̄K)− f⋆] ≳ L̄D2 when KηnL̄ < 1.

Proof. The proof is deferred to Section 6.

Theorem 3 establishes a new algorithm-dependent lower bound for SGD, which, again, holds for every
prespecified η > 0 and K ∈ N satisfying KηnL̄ ≥ 1. As in the case of RR, the lower bound in Theorem 3
also differs from the upper bound in Theorem 11 by factors polynomial in 1/(2 − ηL̂) when η < 2/L̂, and
closing this gap remains open.

The proof of Theorem 3 is relatively simpler than that of Theorem 2 due to the additional independence
in the sampling process. In particular, leveraging this independence, we can analyze the iterates of SGD
via a direct recursion and evaluate it in expectation, without having to track the dependence induced by
sampling without replacement. For more details, we refer the interested reader to Section 6.

3.3 Worst-Case Characterization
Combining the new upper and lower bounds, we obtain (nearly) sharp worst-case characterizations for both
RR and SGD with a constant stepsize η in smooth convex optimization. Concretely, given Alg ∈ {RR, SGD},
K ∈ N, η ∈ (0, 1/L̂], and f ∈ F(d, n,D,L1:n, σ⋆), where d ∈ N, n ≥ 2, D > 0, {Li > 0}ni=1, σ⋆ ≥ 0, we define

RateAvg
Alg (K, η, f) ≜ f(x̄K)− f⋆,

where, as before, x̄K = 1
nK

∑K
k=1

∑n
i=1 x

i
k denotes the average iterate generated by Alg, initialized at x1

1 = 0,
over K epochs.

Remark 5. For simplicity, we restrict our attention to the regime η ∈ (0, 1/L̂] to drop the term 1/(2 − ηL̂)
in the upper bounds for RR (see Theorem 1) and SGD (see Theorem 11).
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With this notation, Theorems 1 and 2 for RR, together with Theorems 3 and 11 for SGD, give

sup
f∈F(d,n,D,L1:n,σ⋆)

E
[
RateAvg

Alg (K, η, f)
]
≍ RateAvg,E

Alg (K, η),∀K ∈ N, η ∈ (0, 1/L̂],KηnL̄ ≥ 1, (2)

where

RateAvg,E
Alg (K, η) ≜

{
D2

ηnK +min
{
1, ηnL̄

}
ησ2

⋆, Alg = RR,
D2

ηnK + ησ2
⋆, Alg = SGD.

(2) immediately yields that, under the stated conditions,

sup
f∈F(d,n,D,L1:n,σ⋆)

E
[
RateAvg

RR (K, η, f)
]
≲ sup

f∈F(d,n,D,L1:n,σ⋆)

E
[
RateAvg

SGD(K, η, f)
]
.

To the best of our knowledge, Theorem 7 of Haochen and Sra (2019)4 is the only analogous worst-case
dominance result in the literature. Their result considers a different setting in which each fi is µi-strongly
convex and Li-smooth, all fi’s share a common minimizer (equivalently, σ⋆ = 0), and the stepsize satisfies
η ∈ (0,mini∈[n] 2/(Li + µi)]. Under these conditions, their theorem states that the worst-case squared-
distance error of RR is no larger than that of SGD after any number of iterations.

Discussion of De Sa (2020). Readers familiar with the literature of RR may notice that, at first glance,
our result appears to contradict the work of De Sa (2020), which shows that RR is not uniformly better than
SGD. We note that this apparent discrepancy arises from the use of different convergence measurements.
Similarly, for Alg ∈ {RR,SGD}, K ∈ N, η ∈ (0, 1/L̂], and f ∈ F(d, n,D,L1:n, σ⋆), we introduce

RateLast
Alg (K, η, f) ≜ f(xn+1

K )− f⋆.

Under this notation, the finding of De Sa (2020) should be understood as an instance-dependent result.
Concretely, Section 5 of De Sa (2020) constructs a function f̃ ∈ F(d = 3, n = 4, D, {L1 = (2 +

√
3)/2, L2 =

1 + cos(π/7), L3 = L4 = 2}, σ⋆ = 0), where D > 0 can be arbitrary, such that

Pr
[
RateLast

RR (K, 1/L̂, f̃) > 0, ∀K ∈ N
]
= 1 and Pr

[
RateLast

SGD(K, 1/L̂, f̃) = 0 eventually
]
= 1.

We emphasize two subtle points here. First, the above result is established for the last iterate rather than the
average iterate considered above. Second, and more importantly, this almost-sure convergence dominance
does not necessarily imply, even for the constructed f̃ , either

E
[
RateLast

SGD(K, 1/L̂, f̃)
]
< E

[
RateLast

RR (K, 1/L̂, f̃)
]

or E
[
RateAvg

SGD(K, 1/L̂, f̃)
]
< E

[
RateAvg

RR (K, 1/L̂, f̃)
]
.

Therefore, the conclusion of De Sa (2020) does not contradict ours, as the two results concern fundamentally
different settings: worst-case comparison versus instance-dependent comparison.

3.4 Application to Functions with Quadratic Growth
In this part, we provide an application of our new Theorem 1 to functions satisfying the quadratic growth
condition in Assumption 4 below.

Assumption 4 (Quadratic growth). f satisfies the µ-quadratic growth condition, i.e., f(x)−f⋆ ≥ µ
2dist

2(x,X⋆), ∀x ∈
Rd for some µ > 0, where X⋆ ≜ argminx∈Rd f(x) and dist(x,X⋆) ≜ infx⋆∈X⋆

∥x− x⋆∥.

The quadratic growth condition has a long history in the optimization literature (Ioffe, 1994; Bonnans
and Ioffe, 1995; Anitescu, 2000; Necoara et al., 2019). It is a strict relaxation of strong convexity, i.e., every
strongly convex function satisfies the quadratic growth condition, whereas the converse does not hold. It
is also closely related to several other well-known conditions, including the Polyak-Łojasiewicz inequality
(Polyak, 1963), error bounds (Luo and Tseng, 1993), and the restricted secant inequality (Zhang and Yin,

4The theorem numbering follows the arXiv version of Haochen and Sra (2019).
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2013). We refer the interested reader to, e.g., Karimi et al. (2016) and Guille-Escuret et al. (2021) for
systematic studies of these relationships.

Algorithm 2 Restarted Shuffling Stochastic Gradient Descent (Restarted Shuffling SGD)
Input: initial point x1 ∈ Rd, stepsize η > 0, number of epochs K ∈ N, number of restarts T ∈ N
for t = 1 to T do
xt+1 = Shuffling SGD(xt, η,K), where xt+1 is constructed based on (1)

end for

To handle Assumption 4, inspired by the classical restart technique in the literature, e.g., Nesterov (1983),
we consider a restarted variant of Shuffling SGD, termed Restarted Shuffling SGD, as presented in Algorithm
2. Specifically, we use Shuffling SGD as a subroutine and restart it after several epochs. At each restart,
the output of the previous stage is used as the initialization for the next run. Theorem 4 below provides a
general convergence guarantee for this restarted scheme.

Theorem 4. Under Assumptions 1, 2, 3, and 4, suppose RR is employed by Shuffling SGD with η < 2
L̂

and
K ≍ K⋆ ≜ 1

(2−ηL̂)ηnµ
, then Restarted Shuffling SGD (Algorithm 2) guarantees that

E [f(xT+1)− f⋆] ≲
µdist2(x1,X⋆)

2T
+

min
{
1, ηnL̄

}
ησ2

⋆

(2− ηL̂)2
.

Proof. The proof is deferred to Subsection 7.1.

Theorem 4 shows that, with a constant stepsize η and a suitable choice of the number of epochs K
between restarts, Restarted Shuffling SGD with RR reduces the function value gap at a linear rate up to an
additive stochastic error. In particular, when σ⋆ = 0, i.e., the interpolation regime, the function value gap
E [f(xT+1)− f⋆] converges linearly to zero, and consequently so does E

[
dist2(xT+1,X⋆)

]
.

At a high level, the intuition behind Theorem 4 is as follows. At each restart stage, Theorem 1 allows
us to upper bound E [f(xt+1)− f⋆] in terms of E

[
dist2(xt,X⋆)

]
up to an additive error. The quadratic

growth condition, in turn, lower bounds f(xt+1)− f⋆ by dist2(xt+1,X⋆). With an appropriate choice of the
restart period, these two inequalities yield a constant-factor contraction of E

[
dist2(xt,X⋆)

]
at each stage.

Repeating this argument leads to the geometric decay stated in Theorem 4, while keeping the stochastic
error at the same order as in Theorem 1.

Corollary 2. Under the same setting as in Theorem 4, given 0 < ε < µdist2(x1,X⋆) sufficiently small,
with η = η⋆ ≜ min

{
1
L̂
,max

{
ε
σ2
⋆
, 1
σ⋆

√
ε
nL̄

}}
and T = T⋆ ≜

⌈
log2

µdist2(x1,X⋆)
ε

⌉
, Restarted Shuffling SGD

(Algorithm 2) guarantees that
E [f(xT⋆+1)− f⋆] ≲ ε,

using the following number of individual gradient evaluations:(
L̂

µ
+min

{
σ2
⋆

µε
,
σ⋆

µ

√
nL̄

ε

})
log

µdist2(x1,X⋆)

ε
.

Proof. The proof is deferred to Subsection 7.2.

With Theorem 4 in hand, we further establish Corollary 2, which provides the number of individual
gradient evaluations required to reach an ε-accurate solution. To the best of our knowledge, when each fi
is smooth and convex, our sample complexity bound is the sharpest currently available among shuffling-
based methods, improving upon the best known results obtained under assumptions strictly stronger than

the quadratic growth condition:
(

n
√

L̄L̂
µ A+ σ⋆

µ

√
nL̄
ε B

)
log
(

µdist2(x1,X⋆)
ε

)
for µ-strongly convex f (Liu and

Zhou, 2024), where A ≍

√
log

(√
L̄L̂
µ log

(
µdist2(x1,X⋆)

ε

))
and B ≍

√
log

(
σ⋆

µ

√
L̄
nε log

(
µdist2(x1,X⋆)

ε

))
, and
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(
L̂
µ + σ⋆

µ

√
nL̂
ε

)
log µdist2(x1,X⋆)

ε for µ-strongly convex fi (Mishchenko et al., 2020), both of which are achieved

by Shuffling SGD with RR.
We would like to emphasize that, although our bound has a better order, it is achieved through a restarted

scheme, namely Restarted Shuffling SGD. In contrast, the results of Liu and Zhou (2024) and Mishchenko
et al. (2020) mentioned above do not require restarts. Therefore, an interesting direction for future work is
to determine whether Shuffling SGD without restarts can achieve a similar guarantee for functions satisfying
the quadratic growth condition.

For SGD, as far as we know, the best sample complexity bound in the literature that applies to our setting
is L̂

µ log L̄(f(x1)−f⋆)
µε +

L̂σ2
⋆

µ2ε , as implied by Corollary 3 of Khaled and Richtárik (2023). Since µdist2(x1,X⋆) ≲

f(x1) − f⋆ and µ ≤ L̄, their first term L̂
µ log L̄(f(x1)−f⋆)

µε is hence worse than the corresponding term
L̂
µ log µdist2(x1,X⋆)

ε in our bound. Although their second term L̂σ2
⋆

µ2ε is not directly comparable in all parameter

regimes with our min

{
σ2
⋆

µε ,
σ⋆

µ

√
nL̄
ε

}
log µdist2(x1,X⋆)

ε , our bound is better both in the low-accuracy regime

when log µdist2(x1,X⋆)
ε ≤ L̂

µ ⇔ µdist2(x1,X⋆)

exp(L̂/µ)
≤ ε and asymptotically in the high-accuracy regime as ε → 0.

Taken together, these comparisons indicate that our Corollary 2 improves on the best known bound for SGD
under the quadratic growth condition in different regimes.

4 Theoretical Analysis: Upper Bound for RR
In this section, we lay the groundwork for proving Theorem 1 and complete its proof at the end. The section
is organized into four parts. First, we provide the three most important lemmas in Subsection 4.1. Next,
in Subsection 4.2, we establish an upper bound in Theorem 5, which indicates that Shuffling SGD under RR
never converges more slowly than SGD under any reasonable stepsize. Then, Theorem 6 in Subsection 4.3
presents an alternative convergence rate for Shuffling SGD under RR, which demonstrates that Algorithm 1
under RR provably converges faster than SGD when the stepsize is sufficiently small. Finally, in Subsection
4.4, we conclude Theorem 1 and then use it to prove Corollary 1.

4.1 Three Core Lemmas
This subsection contains three core lemmas, all of which are critical to our analysis.

Before presenting the lemmas, we introduce two notions. Given a permutation π of [n] and two indices
i, j ∈ [n] satisfying j ≤ i, we define the following new permutation

π(i, j) ≜
(
π1, . . . , πj−1, πi, πj+1, . . . , πi−1, πj , πi+1, . . . , πn

)
. (3)

In words, π(i, j) is the permutation generated by exchanging the elements πi and πj in π. Equipped with
the notion of π(i, j), we introduce the following virtual sequence, for any given k ∈ [K],

xl+1
k (i, j) ≜ xl

k(i, j)− ηk∇fπl
k(i,j)

(xl
k(i, j)), ∀l ∈ [n] , where x1

k(i, j) ≜ x1
k. (4)

This means that the sequence xl
k(i, j), ∀l ∈ [n+ 1] denotes the trajectory of the k-th epoch starting from

x1
k, produced by Algorithm 1, but under the permutation πk(i, j). This virtual iterate can be viewed as a

coupled sequence of the real output and, to the best of our knowledge, was first introduced by Sherman et al.
(2021). It plays a fundamental role in our proof, as will become clear.

With these two concepts in hand, we proceed to state the three core lemmas. The first is Lemma 2,
which is based on Lemma 2 of Sherman et al. (2021). For completeness, we reproduce the proof of Lemma
2 in Appendix C.

Lemma 2. Given an arbitrary finite-sum function ℓ(x) = 1
n

∑n
i=1 ℓi(x), suppose RR is employed, then for

any k ∈ [K] and i ∈ [n], Shuffling SGD (Algorithm 1) guarantees that

E
[
ℓ(xi

k)− ℓπi
k
(xi

k)
]
=

1

n

i−1∑
j=1

E
[
ℓπi

k
(xi

k(i, j))− ℓπi
k
(xi

k)
]
,
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where xk(i, j) is defined in (4).

In the analysis of shuffling gradient methods, a well-known major challenge is to properly bound the term
E
[
f(xi

k)− fπi
k
(xi

k)
]
, unlike in SGD, which no longer equals 0 due to the nature of shuffling-based algorithms.

Lemma 2 provides a possible approach by relating the term we want to control (in a slightly more general
form, applicable to any finite-sum function ℓ) to another quantity involving the virtual sequence introduced
earlier in (4).

For the convenience of the discussion, temporarily assume ℓi = fi in Lemma 2. Then, under the smooth-
ness assumption, one would expect the difference between ℓπi

k
(xi

k(i, j)) and ℓπi
k
(xi

k) to be small whenever
xi
k(i, j) and xi

k are close. This observation naturally leads us to another core Lemma 3 stated below.

Lemma 3. Under Assumptions 2 and 3, suppose ηk ≤ 2
L̂
, ∀k ∈ [K], then for any k ∈ [K], i ∈ [n], and

j ∈ [i− 1], Shuffling SGD (Algorithm 1) guarantees that∥∥xi
k(i, j)− xi

k

∥∥ ≤ ηk

∥∥∥∇fπi
k
(xj

k)−∇fπj
k
(xj

k)
∥∥∥ ,

where xk(i, j) is defined in (4).

Lemma 3 quantifies how close the virtual iterate and the true trajectory can be, under the widely required
condition of ηk ≤ 2/L̂ in smooth optimization. Although the inequality does not directly offer a bound on
the distance between xi

k(i, j) and xi
k that depends only on deterministic terms (e.g., the stepsize ηk), it is

sufficient for our proof when combined with a careful analysis.
The proof of Lemma 3 is given in Appendix C and relies on the co-coercivity property (i.e., Lemma

1), which is closely related to the nonexpansiveness of the update rule in gradient methods (Polyak, 1987;
Nesterov et al., 2018).

Equipped with Lemmas 2 and 3, we are ready to present the final core result, Lemma 4.

Lemma 4. Under Assumptions 1, 2, and 3, suppose RR is employed with
{
ηk ≤ 2

L̂

}K

k=1
, then for any k ∈ [K]

and i ∈ [n], Shuffling SGD (Algorithm 1) guarantees that

E
[
B(xi

k,x⋆)
]
≤ 2E

[
Bπi

k
(xi

k,x⋆)
]
+

64

n

i−1∑
j=1

E
[
Bπj

k
(xj

k,x⋆)
]
+

12(i− 1)

n
η2kL̂σ

2
⋆.

Remark 6. We make no effort to optimize the constants in the bounds obtained in this work.
To the best of our knowledge, we are the first to obtain an inequality in such a form. Intuitively, Lemma

4 says that each E
[
B(xi

k,x⋆)
]

(which now equals E
[
f(xi

k)− f⋆
]

because ∇f(x⋆) = 0) differs from its

stochastic counterpart E
[
Bπi

k
(xi

k,x⋆)
]

by at most a multiplicative constant, together with an average of the

preceding terms E
[
Bπj

k
(xj

k,x⋆)
]

satisfying j < i (not an exact average due to the coefficient 64/n), plus an
additional term involving σ2

⋆. In particular, summing the inequality in Lemma 4 from i = 1 to n yields a
meaningful lower bound on E

[∑n
i=1 Bπi

k
(xi

k,x⋆)
]

based on E
[∑n

i=1 B(x
i
k,x⋆)

]
and σ2

⋆.
The proof of Lemma 4 is rather technical, so we skip the discussion here. For details, we kindly refer the

interested reader to Appendix C.

4.2 Bound I: Never Worse than SGD under Reasonable Stepsize
In this subsection, we give the first bound for Shuffling SGD under RR, stated in Theorem 5 below.

Theorem 5. Under Assumptions 1, 2, and 3, suppose RR is employed with
{
ηk < 2

L̂

}K

k=1
, then Shuffling SGD

(Algorithm 1) guarantees that

E [f(x̄K)− f⋆] ≲

∥∥x1
1 − x⋆

∥∥2
n
∑K

k=1(2− ηkL̂)ηk
+

∑K
k=1 η

2
k/(2− ηkL̂)∑K

k=1(2− ηkL̂)ηk
σ2
⋆,

where x̄K is defined in (1).
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Discussion on Theorem 5. To the best of our knowledge, Theorem 5 offers the first theoretical evidence
that Shuffling SGD under RR shares surprising similarities with SGD, as reflected in the two aspects elaborated
below.

First, Theorem 5 states that, similar to SGD, Shuffling SGD under RR does converge under any reasonable
stepsize (i.e., ηk < 2/L̂). In contrast, as far as we know, all prior works that provide provable rates of
multi-epoch RR for smooth convex optimization require the stepsize ηk to be smaller than a threshold
proportional to 1/n, with only one exception (Nagaraj et al., 2019), which, however, assumes that each
fi is additionally Lipschitz, thereby limiting the applicability of their theory and even excluding common
quadratic optimization problems over Rd.

Second, we highlight that Theorem 5 gives the same convergence upper bound (up to constant factors)
as SGD (Garrigos and Gower, 2023) in smooth convex optimization, while allowing a stepsize that depends
on the epoch number. This result thus fills a gap in the literature.

Putting these together, Theorem 5 indicates that, for smooth convex optimization, RR under any rea-
sonable stepsize never converges more slowly than SGD.

Analysis. In the following, we present the analysis for Theorem 5 and finally prove it. The core idea
underlying the proof is, as one might expect, to analyze Shuffling SGD in a manner analogous to SGD.
In other words, we aim to quantify the progress made by Algorithm 1 at each iteration. Although this
perspective is natural, it has been less explored in prior studies. The main reason is that, as discussed
earlier, the permutation in Shuffling SGD causes the most important property of SGD, unbiasedness, to no
longer hold. To overcome this barrier, we develop a novel analysis that avoids any additional assumptions,
such as Lipschitz continuity considered in Nagaraj et al. (2019).

We start with the following Lemma 5, which characterizes the per-iterate progress of Shuffling SGD (or
SGD). Lemma 5 is inspired by Theorem 8 of Attia et al. (2025), which was established only for SGD. In
contrast, our result slightly generalizes and tightens their bound. Indeed, if πi

k is sampled uniformly from [n],
after taking expectations on both sides and dropping the nonnegative term Bπi

k
(x⋆,x

i
k), Lemma 5 recovers

their result. We include the proof of Lemma 5 in Appendix D.

Lemma 5. Under Assumptions 1, 2, and 3, suppose ηk < 2
L̂
, ∀k ∈ [K], then for any k ∈ [K] and i ∈ [n],

Shuffling SGD (Algorithm 1) guarantees that

2− ηkL̂

2
ηkBπi

k
(xi

k,x⋆) ≤
∥∥xi

k − x⋆

∥∥2 − ∥∥xi+1
k − x⋆

∥∥2 + 2 + ηkL̂

2− ηkL̂
η2k

∥∥∥∇fπi
k
(x⋆)

∥∥∥2
− 2ηk

〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉
− 2− ηkL̂

2
ηkBπi

k
(x⋆,x

i
k).

In SGD, the uniform sampling scheme ensures that E
[
Bπi

k
(xi

k,x⋆)
]
= E

[
B(xi

k,x⋆)
]
= E

[
f(xi

k)− f⋆
]

and E
[〈

∇fπi
k
(x⋆),x

i
k − x⋆

〉]
= E

[〈
∇f(x⋆),x

i
k − x⋆

〉]
= 0. In contrast, the analysis of Shuffling SGD

presents two challenges. The first is to relate E
[
Bπi

k
(xi

k,x⋆)
]

to E
[
B(xi

k,x⋆)
]
, which can be handled by the

previous Lemma 4. The second, and the main remaining difficulty, is to derive a suitable upper bound on
E
[
−
〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉]
.

We address this latter challenge by establishing the following novel inequality in Lemma 6.

Lemma 6. Under Assumptions 1, 2, and 3, suppose RR is employed with
{
ηk < 2

L̂

}K

k=1
, then for any k ∈ [K]

and i ∈ [n], Shuffling SGD (Algorithm 1) guarantees that

E
[
−
〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉]
≤ 2− ηkL̂

4n

i−1∑
j=1

E
[
Bπj

k
(x⋆,x

j
k)
]
+

2(i− 1)

n
· 2 + 3ηkL̂

2− ηkL̂
ηkσ

2
⋆.

Lemma 6 provides a novel inequality to upper bound E
[
−
〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉]
by the second moment

of the stochastic gradients up to time i. Note that the second term on the R.H.S. can be absorbed by the
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R.H.S. of the inequality in Lemma 5. For the remaining term, the coefficient ηk/n is key to the final proof,
which ensures that the accumulated error in one epoch is controlled by E[ηk

∑n
i=1 ∥∇fπi

k
(xi

k)∥2].
The proof of Lemma 6 builds on the two core results, Lemmas 2 and 3, presented before. To save space,

we defer it to Appendix D.

Final proof. With Lemmas 5 and 6 stated above, we are ready to prove Theorem 5.

Proof of Theorem 5. We sum the inequality in Lemma 5 from i = 1 to n and use x1
k+1 = xn+1

k to obtain
that

2− ηkL̂

2
ηk

n∑
i=1

Bπi
k
(xi

k,x⋆) ≤
∥∥x1

k − x⋆

∥∥2 − ∥∥x1
k+1 − x⋆

∥∥2 + 2 + ηkL̂

2− ηkL̂
η2k

n∑
i=1

∥∥∥∇fπi
k
(x⋆)

∥∥∥2
− 2ηk

n∑
i=1

〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉
− 2− ηkL̂

2
ηk

n∑
i=1

Bπi
k
(x⋆,x

i
k).

Take expectations on both sides and note that E
[∥∥∥∇fπi

k
(x⋆)

∥∥∥2] = σ2
⋆ to yield that

2− ηkL̂

2
ηkE

[
n∑

i=1

Bπi
k
(xi

k,x⋆)

]
≤E

[∥∥x1
k − x⋆

∥∥2]− E
[∥∥x1

k+1 − x⋆

∥∥2]+ 2 + ηkL̂

2− ηkL̂
η2knσ

2
⋆

+ 2ηk

n∑
i=1

E
[
−
〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉]
− 2− ηkL̂

2
ηk

n∑
i=1

E
[
Bπi

k
(x⋆,x

i
k)
]
.

(5)

Next, we invoke Lemma 6 and sum it up from i = 1 to n to have
n∑

i=1

E
[
−
〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉]
≤ 2− ηkL̂

4

n∑
i=1

E
[
Bπi

k
(x⋆,x

i
k)
]
+

2 + 3ηkL̂

2− ηkL̂
ηknσ

2
⋆. (6)

Combine (5) and (6) to obtain that

2− ηkL̂

2
ηkE

[
n∑

i=1

Bπi
k
(xi

k,x⋆)

]
≤ E

[∥∥x1
k − x⋆

∥∥2]− E
[∥∥x1

k+1 − x⋆

∥∥2]+ 6 + 7ηkL̂

2− ηkL̂
η2knσ

2
⋆. (7)

One more step, we observe that, by Lemma 4,

E

[
n∑

i=1

B(xi
k,x⋆)

]
≤ 66E

[
n∑

i=1

Bπi
k
(xi

k,x⋆)

]
+ 6η2knL̂σ

2
⋆ ≤ 66E

[
n∑

i=1

Bπi
k
(xi

k,x⋆)

]
+ 12ηknσ

2
⋆, (8)

where the last step is due to ηk ≤ 2
L̂

.
Finally, we plug (8) back into (7), use ηkL̂ ≤ 2, sum over k = 1 to K, divide both sides by n

∑K
k=1(2−

ηkL̂)ηk, apply the convexity of f , and use the definition of x̄K in (1) to conclude.

4.3 Bound II: Always Better than SGD under Small Stepsize
This subsection presents the other rate of Shuffling SGD under RR, as shown in Theorem 6 below.

Theorem 6. Under Assumptions 1, 2, and 3, suppose RR is employed with
{
ηk < 2

L̂

}K

k=1
, then Shuffling SGD

(Algorithm 1) guarantees that

E [f(x̄K)− f⋆] ≲

∥∥x1
1 − x⋆

∥∥2
n
∑K

k=1(2− ηkL̂)ηk
+

∑K
k=1 η

3
knL̄/(2− ηkL̂)∑K

k=1(2− ηkL̂)ηk
σ2
⋆,

where x̄K is defined in (1).
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Discussion on Theorem 6. Readers familiar with the literature on shuffling gradient methods may
readily figure out that the rate given in Theorem 6 perfectly matches the known bound for Shuffling SGD
under RR in smooth convex optimization (e.g., Mishchenko et al. (2020); Nguyen et al. (2021)). However,
we emphasize a key difference here, that is, the stepsize in our Theorem 6 is allowed to satisfy ηk < 2/L̂, in
contrast to all existing results that require ηk to be at most inversely proportional to n.

More importantly, in the setting of nonuniform Li considered in this work, the largest threshold on the
stepsize in the literature that guarantees a rate similar to Theorem 6 is in the order of 1/(n

√
L̄L̂) (Liu and

Zhou, 2024; Cai et al., 2024). But as indicated by our Theorem 6, the superiority of RR over SGD already
exists once ηk ≲ 1/(nL̄). Especially, this improvement can be significant when a dominant smoothness
parameter exists, leading to L̂ ≈ nL̄.

Therefore, Theorem 6 is the first result to extend the known bound in smooth convex optimization to
any reasonable stepsize while preserving the favorable property of Algorithm 1, i.e., Shuffling SGD under RR
provably converges faster than SGD when the stepsize is sufficiently small.

Analysis. The roadmap for establishing Theorem 6 differs substantially from that used before to prove
Theorem 5. This time, our proof strategy is to check how close Shuffling SGD can be to Gradient Descent.
More concretely, we will view each epoch of Algorithm 1 (containing n iterations) as a single step and
analyze the progress made by it at once. This kind of approach has appeared in different previous works
(e.g., Mishchenko et al. (2020); Nguyen et al. (2021)) and always yields a convergence rate in the order of
1/(n1/3K2/3), faster than SGD when K is large.

However, all works that follow the idea described above share the same issue, that is, they require the
stepsize to be in the order of 1/n, which is, however, not enough for our purpose. In the following, we develop
a new analysis to bypass this critical obstacle.

We now formally begin the analysis by introducing another virtual sequence, defined as follows, for any
k ∈ [K],

yi+1
k ≜ yi

k − ηk∇fπi
k
(x⋆), ∀i ∈ [n] , y1

k+1 ≜ yn+1
k , where y1

1 ≜ x⋆. (9)

Under the above definition, and noting that ∇f(x⋆) = 0, one can find

yn+1
k = y1

k − ηk

n∑
i=1

∇fπi
k
(x⋆) = y1

k − ηkn∇f(x⋆) = y1
k, ∀k ∈ [K] .

Combine the above line and y1
1 = x⋆ as defined in (9) to have

yn+1
k = y1

k = x⋆, ∀k ∈ [K] . (10)

The above virtual sequence is inspired by the work of Mishchenko et al. (2020), which, as far as we know,
was the first to propose a similar term under the constant stepsize. Here, we slightly extend their idea to
accommodate the case where the stepsize can depend on the current epoch number.

Remark 7. We note that Mishchenko et al. (2020) introduced the virtual sequence to handle the case of
individual strong convexity, i.e., each fi is required to be strongly convex. However, in our setting, only
individual convexity is assumed. This means that their proof cannot be applied. As such, our analysis
substantially departs from the existing approach.

Equipped with the new virtual sequence introduced above, we first present the following Lemma 7.

Lemma 7. Under Assumptions 1, 2, and 3, suppose ηk < 2
L̂
, ∀k ∈ [K], then for any k ∈ [K], Shuffling SGD

(Algorithm 1) guarantees that

4− 2ηkL̂

2 + ηkL̂
ηk

n∑
i=1

Bπi
k
(xi

k,x⋆) ≤
∥∥x1

k − x⋆

∥∥2 − ∥∥x1
k+1 − x⋆

∥∥2 + 4 + η2kL̂
2

4− η2kL̂
2
ηk

n∑
i=1

Lπi
k

∥∥yi
k − x⋆

∥∥2 ,
where yi

k is defined in (9).
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As discussed earlier, we intentionally treat each epoch of Shuffling SGD as a single step. Hence, compared
with Lemma 5 used to prove the first bound, Lemma 7 has a different flavor, which shows the progress made
by Algorithm 1 over an entire epoch. Based on the form of Lemma 7, two tasks naturally arise. The first is
to lower bound the term

∑n
i=1 Bπi

k
(xi

k,x⋆) on the L.H.S. by
∑n

i=1 B(x
i
k,x⋆) =

∑n
i=1 f(x

i
k)− f⋆. The second

is to upper bound the residual term
∑n

i=1 Lπi
k

∥∥yi
k − x⋆

∥∥2 on the R.H.S.
Fortunately, the first task can be directly addressed by summing the inequality in Lemma 4 over i ∈ [n].

Therefore, we only need to focus on the residual term
∑n

i=1 Lπi
k

∥∥yi
k − x⋆

∥∥2 in Lemma 7, which is bounded
in Lemma 8 below.

Lemma 8. Under Assumptions 1 and 3, suppose RR is employed, then for any k ∈ [K], Shuffling SGD
(Algorithm 1) guarantees that

E

[
n∑

i=1

Lπi
k

∥∥yi
k − x⋆

∥∥2] ≤ η2kn
2L̄σ2

⋆

3
,

where yi
k is defined in (9).

Lemma 8 can be derived in a relatively easy way, as it can be deduced from existing works. In particular,
thanks to Liu and Zhou (2024), we obtain a bound that depends only on the average smoothness parameter
L̄ rather than the maximum smoothness parameter L̂.

Final proof. Armed with Lemmas 7 and 8 above, we are finally able to prove Theorem 6.

Proof of Theorem 6. First, we invoke Lemma 7 to have

4− 2ηkL̂

2 + ηkL̂
ηk

n∑
i=1

Bπi
k
(xi

k,x⋆) ≤
∥∥x1

k − x⋆

∥∥2 − ∥∥x1
k+1 − x⋆

∥∥2 + 4 + η2kL̂
2

4− η2kL̂
2
ηk

n∑
i=1

Lπi
k

∥∥yi
k − x⋆

∥∥2 ,
where yi

k is defined in (9). Take expectations on both sides and apply Lemma 8 to yield

4− 2ηkL̂

2 + ηkL̂
ηkE

[
n∑

i=1

Bπi
k
(xi

k,x⋆)

]
≤ E

[∥∥x1
k − x⋆

∥∥2]− E
[∥∥x1

k+1 − x⋆

∥∥2]+ 4 + η2kL̂
2

3(4− η2kL̂
2)
η3kn

2L̄σ2
⋆. (11)

Next, we multiply both sides of the inequality in Lemma 4 by 4−2ηkL̂

2+ηkL̂
ηk and sum it up from i = 1 to n

to obtain

4− 2ηkL̂

2 + ηkL̂
ηkE

[
n∑

i=1

B(xi
k,x⋆)

]
≤ 66

4− 2ηkL̂

2 + ηkL̂
ηkE

[
n∑

i=1

Bπi
k
(xi

k,x⋆)

]
+

24− 12ηkL̂

2 + ηkL̂
η3knL̂σ

2
⋆

≤ 66
4− 2ηkL̂

2 + ηkL̂
ηkE

[
n∑

i=1

Bπi
k
(xi

k,x⋆)

]
+

24− 12ηkL̂

2 + ηkL̂
η3kn

2L̄σ2
⋆, (12)

where the last step is due to L̂ ≤ nL̄. Combine (11) and (12) to have

4− 2ηkL̂

2 + ηkL̂
ηkE

[
n∑

i=1

B(xi
k,x⋆)

]
≤ 66E

[∥∥x1
k − x⋆

∥∥2]−66E
[∥∥x1

k+1 − x⋆

∥∥2]+12(2− ηkL̂)
2 + 22(4 + η2kL̂

2)

4− η2kL̂
2

η3kn
2L̄σ2

⋆,

which implies that, by ηkL̂ ≤ 2,

E

[
n∑

i=1

(2− ηkL̂)ηkB(x
i
k,x⋆)

]
≤ 132E

[∥∥x1
k − x⋆

∥∥2]− 132E
[∥∥x1

k+1 − x⋆

∥∥2]+ 112η3kn
2L̄

2− ηkL̂
σ2
⋆

⇒ E

[
K∑

k=1

n∑
i=1

(2− ηkL̂)ηkB(x
i
k,x⋆)

]
≤ 132

∥∥x1
1 − x⋆

∥∥2 + 112

K∑
k=1

η3kn
2L̄

2− ηkL̂
σ2
⋆.

Finally, we observe that B(xi
k,x⋆) = f(xi

k) − f⋆, divide both sides by n
∑K

k=1(2 − ηkL̂)ηk, apply the
convexity of f , and use the definition of x̄K in (1) to conclude.
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4.4 Proofs of Theorem 1 and Corollary 1
With the previous preparation, Theorem 1 follows immediately.

Proof of Theorem 1. Combine Theorems 5 and 6 to conclude.

We next derive Corollary 1 directly from Theorem 1.

Proof of Corollary 1. With a constant stepsize ηk = η < 2
L̂
, ∀k ∈ [K], Theorem 1 reduces to

E [f(x̄K)− f⋆] ≲

∥∥x1
1 − x⋆

∥∥2
(2− ηL̂)ηnK

+
min

{
1, ηnL̄

}
ησ2

⋆

(2− ηL̂)2
.

Optimizing the R.H.S. of the above inequality over 0 < η < 2
L̂

yields the desired result.

5 Theoretical Analysis: Lower Bound for RR
In this section, our goal is to prove Theorem 2. Our strategy is again to separate the analysis into two
complementary parts. In Subsection 5.1, we study the error arising from D, the initial distance between x1

1

and x⋆, and derive the corresponding lower bound. In Subsection 5.2, we turn to the stochastic error induced
by σ2

⋆, the variance of the gradient at x⋆, and establish the second lower bound. Finally, in Subsection 5.3,
we combine these two lower bounds to complete the proof of Theorem 2.

5.1 Bound I: Induced by the Initial Distance
In this subsection, we prove the first lower bound in Theorem 7, showing that the error induced by the initial
distance D cannot decay faster than D2

ηnK under the condition KηnL̄ ≥ 1. Importantly, this lower bound
applies to any shuffling strategy, rather than being specific to RR.

To prove the result, we construct a simple quadratic hard instance whose smoothness parameters for the
individual components are chosen according to the prescribed stepsize η and parameters L1, . . . , Ln. The
resulting dynamics can be tracked explicitly, allowing us to analyze the iterates under an arbitrary ordering
of the component functions and derive the claimed lower bound.

Theorem 7. Given d ∈ N, n ≥ 2, D > 0, {Li > 0}ni=1, and σ⋆ ≥ 0, suppose any shuffling strategy is
employed with {ηk = η}Kk=1 for η > 0, let x̄K ≜ 1

nK

∑K
k=1

∑n
i=1 x

i
k denote the average iterate generated by

Shuffling SGD (Algorithm 1), initialized at x1
1 = 0, over K ∈ N epochs, then we have

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳
D2

ηnK
when KηnL̄ ≥ 1.

Remark 8. In fact, the lower bound is stronger than stated: for the constructed hard instance, the lower
bound holds for every sample path, rather than merely in expectation. See the proof for details.

Proof. In the following proof, v denotes an arbitrary unit vector in Rd. We first let

βi ≜ min

{
1

2ηK
, nL̄

}
Li

nL̄
, ∀i ∈ [n] .

Clearly, each βi satisfies 0 < βi ≤ min
{

1
η , Li

}
. Moreover, we write

β̄ ≜
1

n

n∑
i=1

βi = min

{
1

2ηnK
, L̄

}
. (13)

Next, we define

fi(x) ≜
βi ∥x−Dv∥2

2
, ∀i ∈ [n] .
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The corresponding finite-sum objective is

f(x) ≜
1

n

n∑
i=1

fi(x) =
β̄ ∥x−Dv∥2

2
. (14)

Note that x⋆ = Dv ⇒ ∥x⋆∥ = D, each fi is differentiable, convex, and Li-smooth (since βi ≤ Li), and
1
n

∑n
i=1 ∥∇fi(x⋆)∥2 = 0 ≤ σ2

⋆. Therefore, f belongs to the class F(d, n,D,L1:n, σ⋆).
Now, we can find that

∇fπi
k
(xi

k) = βπi
k
(xi

k −Dv), ∀k ∈ [K] , i ∈ [n] ,

which implies that
xi+1
k = (1− ηβπi

k
)xi

k + ηβπi
k
Dv,∀k ∈ [K] , i ∈ [n] .

Since x1
1 = 0, unrolling the recursion yields

xi
k =

1− ρk−1
i−1∏
j=1

(1− ηβπj
k
)

Dv,∀k ∈ [K] , i ∈ [n] ,

where

ρ ≜
n∏

i=1

(1− ηβi)
ηβi∈[0,1],∀i∈[n]

≥ 1− η

n∑
i=1

βi = 1− ηnβ̄
(13)

≥ 1− 1

2K
≥ 1

2
. (15)

As such, we have

x̄K =
1

nK

K∑
k=1

n∑
i=1

xi
k =

1− 1

nK

K∑
k=1

ρk−1
n∑

i=1

i−1∏
j=1

(1− ηβπj
k
)

Dv. (16)

Finally, we know

f(x̄K)− f⋆
(14),(16),∥v∥=1

=
β̄
(∑K

k=1 ρ
k−1

∑n
i=1

∏i−1
j=1(1− ηβπj

k
)
)2

D2

2n2K2

(a)

≥ (1− exp(−Kηnβ̄))2D2

8η2n2K2β̄
(b)

≥ β̄D2

32

(13)
=

D2

32ηnK
min

{
1

2
,KηnL̄

}
≥ D2

64ηnK
min

{
1,KηnL̄

}
,

where (a) is due to
i−1∏
j=1

(1− ηβπj
k
) ≥

n∏
j=1

(1− ηβj)
(15)
= ρ, ∀i ∈ [n] ,

which implies that

K∑
k=1

ρk−1
n∑

i=1

i−1∏
j=1

(1− ηβπj
k
) ≥ nρ

K∑
k=1

ρk−1
(15)

≥ n

2

K∑
k=1

(1− ηnβ̄)k−1 =
1− (1− ηnβ̄)K

2ηβ̄
≥ 1− exp(−Kηnβ̄)

2ηβ̄
,

and (b) follows from 1 − exp(−x) ≥ x
2 , ∀x ∈

[
0, 1

2

]
and 0 ≤ Kηnβ̄

(13)

≤ 1
2 . Therefore, for the constructed

f ∈ F(d, n,D,L1:n, σ⋆), any shuffling strategy satisfies

f(x̄K)− f⋆ ≳
D2

ηnK
min

{
1,KηnL̄

}
.

Consequently,

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳
D2

ηnK
when KηnL̄ ≥ 1.
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5.2 Bound II: Induced by the Gradient Variance at the Optimum
This subsection establishes the second lower bound in Theorem 8, which captures the stochastic error σ2

⋆

induced by the variance of the gradient at x⋆. In contrast to the first lower bound in Theorem 7, which
holds for any shuffling strategy, Theorem 8 is specific to RR and exploits the randomness of the permutation
within each epoch.

Theorem 8. Given d ∈ N, n ≥ 2, D > 0, {Li > 0}ni=1, and σ⋆ ≥ 0, suppose RR is employed with
{ηk = η}Kk=1 for η > 0, let x̄K ≜ 1

nK

∑K
k=1

∑n
i=1 x

i
k denote the average iterate generated by Shuffling SGD

(Algorithm 1), initialized at x1
1 = 0, over K ∈ N epochs, then we have

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳ min
{
1, ηnL̄

}
ησ2

⋆ when KηnL̄ ≥ 1.

The analysis required for Theorem 8 is considerably more involved. We therefore treat the cases n ≥ 3
and n = 2 separately, establishing the corresponding results in Theorems 9 and 10 below, respectively.

At a high level, the proof is based on carefully designed hard instances whose dynamics under RR can be
analyzed explicitly. For n ≥ 3, a key ingredient is the asymmetric piecewise quadratic structure, allowing the
randomness of the permutation to generate a persistent drift across epochs. Together with the nonuniform
smoothness parameters of each component, this structure makes the effect of the random ordering analytically
tractable. In contrast, the case n = 2 admits a simpler direct analysis. In both cases, the key is to quantify
how the stochastic effect introduced within each epoch accumulates under RR and remains nonnegligible in
the average iterate, ultimately yielding the claimed lower bound.

Analysis when n ≥ 3. The key part of the proof is to design n asymmetric piecewise quadratic functions
inspired by Rajput et al. (2020); Yun et al. (2022); Cha et al. (2023), in which sampling without replacement
generates a persistent bias even when the algorithm starts at x⋆. Controlling this bias across epochs then
yields the desired term min

{
1, ηnL̄

}
ησ2

⋆.
The most important technical component of our proof builds on Lemma 10 of Rajput et al. (2020),

Lemma 13 of Yun et al. (2022), and Lemma B.4 of Cha et al. (2023). Concretely, given k ∈ [K], we couple
the true iterates

{
xi
k

}n+1

i=1
generated by the asymmetric piecewise quadratic hard instance {fi}ni=1 (see (20))

with
{
zik
}n+1

i=1
generated by {hi}ni=1 (see (22)), the symmetric counterpart of {fi}ni=1, and then apply a novel

comparison lemma (see Lemma 9) to derive a recursion in expectation for the true iterates. However, the
existing analyses consider only uniform smoothness parameters, i.e., Li = L,∀i ∈ [n]. Therefore, our proof
requires several modifications to accommodate the nonuniform case. Moreover, for our purpose, we must
explicitly track the dependence on the stepsize η.

Theorem 9. Given d ∈ N, n ≥ 3, D > 0, {Li > 0}ni=1, and σ⋆ ≥ 0, suppose RR is employed with
{ηk = η}Kk=1 for η > 0, let x̄K ≜ 1

nK

∑K
k=1

∑n
i=1 x

i
k denote the average iterate generated by Shuffling SGD

(Algorithm 1), initialized at x1
1 = 0, over K ∈ N epochs, then we have

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳ min
{
1, ηnL̄

}
ησ2

⋆ when KηnL̄ ≥ 1.

Proof. W.l.o.g., we assume L1 ≥ L2 ≥ · · · ≥ Ln−1 ≥ Ln in the following proof. We first define S ≜
∑n−2

i=1 Li

and note that

3S ≥ S + Ln−1 + Ln = nL̄ ⇒ S ≥ nL̄

3
. (17)

We now introduce

βi ≜

{
min

{
1
2η , S

}
Li

S i ∈ [n− 2]

0 i ∈ {n− 1, n}
. (18)

By construction, each βi satisfies 0 ≤ βi ≤ min
{

1
η , Li

}
and at least one βi is positive since n ≥ 3. Moreover,

we write

β̄ ≜
1

n

n∑
i=1

βi = min

{
1

2ηn
,
S

n

}
(17)

≥ min

{
1

2ηn
,
L̄

3

}
≥ 1

3
min

{
1

ηn
, L̄

}
. (19)
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We then define

fi(x) ≜

(
βi1 [x[1] < 0] +

βi

2
1 [x[1] ≥ 0]

)
(x[1])

2

2
+ χi

√
n

2
σ⋆x[1], ∀i ∈ [n] , (20)

where χi ≜


0 i ∈ [n− 2]

−1 i = n− 1

1 i = n

. The corresponding finite-sum objective is

f(x) ≜
1

n

n∑
i=1

fi(x) =

(
β̄1 [x[1] < 0] +

β̄

2
1 [x[1] ≥ 0]

)
(x[1])

2

2

(19)

≥
min

{
1
ηn , L̄

}
(x[1])

2

12
. (21)

Note that x⋆ ≜ 0 ∈ argminx∈Rd f(x) ⇒ ∥x⋆∥ = 0 < D, each fi is differentiable, convex, and Li-smooth
since β1

2 ≤ βi ≤ Li, and 1
n

∑n
i=1 ∥∇fi(x⋆)∥2 = 1

2

∑n
i=1 χ

2
iσ

2
⋆ = σ2

⋆. Therefore, f ∈ F(d, n,D,L1:n, σ⋆).
Next, we introduce

hi(x) ≜ βi
(x[1])

2

2
+ χi

√
n

2
σ⋆x[1], ∀i ∈ [n] . (22)

Moreover, given k ∈ [K], we recursively define

zi+1
k ≜ zik − η∇hπi

k
(zik), ∀i ∈ [n] where z1k ≜ x1

k. (23)

Furthermore, we let
∆i

k ≜ xi
k[1]− zik[1], ∀i ∈ [n] .

We use induction to prove that, for all i ∈ [n+ 1],

∆i
k ≥ η

2

i−1∑
j=1

βπj
k
(zjk[1])+

i−1∏
l=j+1

(1− ηβπl
k
), (24)

where (x)+ ≜ x1 [x ≥ 0]. When i = 1, (24) is true by the definition of z1k = x1
k. Suppose (24) holds for some

i ∈ [n], then for the index i+ 1, we have

xi+1
k [1]

(20)
=

(
1− ηβπi

k
1
[
xi
k[1] < 0

]
− η

βπi
k

2
1
[
xi
k[1] ≥ 0

])
xi
k[1]− ηχπi

k

√
n

2
σ⋆,

zi+1
k [1]

(22),(23)
= (1− ηβπi

k
)zik[1]− ηχπi

k

√
n

2
σ⋆,

which together imply that

∆i+1
k = (1− ηβπi

k
)∆i

k +
η

2
βπi

k
(xi

k[1])+
(a)

≥ (1− ηβπi
k
)∆i

k +
η

2
βπi

k
(zik[1])+

(b)

≥ η

2

i∑
j=1

βπj
k
(zjk[1])+

i∏
l=j+1

(1− ηβπl
k
),

where (a) is due to ∆i
k ≥ 0 (by the inductive hypothesis) and the monotonicity of (·)+, and (b) is by

1− ηβπi
k

(18)

≥ 1− 1
2 > 0 and the inductive hypothesis. Therefore, we complete the induction.

By (24), we have

∆i
k ≥ η

2

i−1∑
j=1

βπj
k
(zjk[1])+

i−1∏
l=j+1

(1− ηβπl
k
) ≥ ρη

2

i−1∑
j=1

βπj
k
(zjk[1])+, ∀i ∈ [n+ 1] , (25)

where

ρ ≜
n∏

i=1

(1− ηβi)
ηβi∈[0,1],∀i∈[n]

≥ 1− η

n∑
i=1

βi = 1− ηnβ̄
(19)
= 1−min

{
1

2
, ηS

}
≥ 1

2
. (26)

19



Taking expectations on both sides of (25) yields that, for all k ∈ [K] and i ∈ [n+ 1],

E
[
xi
k[1]
]
≥ E

[
zik[1]

]
+

ρη

2
E

i−1∑
j=1

βπj
k
(zjk[1])+

 = E

i−1∏
j=1

(1− ηβπj
k
)

E
[
x1
k[1]
]
+

ρη

2
E

i−1∑
j=1

βπj
k
(zjk[1])+

 ,

(27)
where the last step is due to the first equation in Lemma 9.

Finally, we consider two cases:

Case 1. K ≥ 2. In this case, we take i = n+ 1 in (27) to obtain, for all k ∈ [K],

E
[
x1
k+1[1]

]
= E

[
xn+1
k [1]

]
≥ E

 n∏
j=1

(1− ηβπj
k
)

E
[
x1
k[1]
]
+

ρη

2
E

[
n∑

i=1

βπi
k
(zik[1])+

]

(26)
= ρE

[
x1
k[1]
]
+

ρη

2
E

[
n∑

i=1

βπi
k
(zik[1])+

]

≥ ρE
[
x1
k[1]
]
+

ρ2ηnβ̄

12
E

[(
x1
k[1] + η

√
n

2
σ⋆

)
+

]
,

where the last step is by the second inequality in Lemma 9. Since x1
1 = 0, a simple induction

gives that E
[
x1
k[1]
]
≥ 0,∀k ∈ [K], which further implies that, for any k ∈ [K],

E
[
x1
k+1[1]

]
≥ ρE

[
x1
k[1]
]
+

ρ2η2n
3
2 β̄σ⋆

12
√
2

(26)

≥ (1− ηnβ̄)E
[
x1
k[1]
]
+

ρ2η2β̄n
3
2σ⋆

12
√
2

.

Unrolling this recursion yields

E
[
x1
k[1]
]
≥ ρ2η

√
nσ⋆

12
√
2

(1− (1− ηnβ̄)k−1)
(26)

≥ η
√
nσ⋆

48
√
2
(1− (1− ηnβ̄)k−1), ∀k ∈ [K] . (28)

Next, we invoke (27) and drop the second nonnegative term to have

E
[
xi
k[1]
]
≥ E

i−1∏
j=1

(1− ηβπj
k
)

E
[
x1
k[1]
]
≥

E
[
x1
k[1]
]

2
, ∀k ∈ [K] , i ∈ [n+ 1] , (29)

where the last step is due to E
[
x1
k[1]
]
≥ 0,∀k ∈ [K] and

∏i−1
j=1(1− ηβπj

k
)
0≤ηβl≤1,∀l∈[n]

≥
∏n

j=1(1−

ηβπj
k
)
(26)

≥ 1
2 . Therefore, we can find that

E [x̄K [1]] =
1

nK

K∑
k=1

n∑
i=1

E
[
xi
k[1]
] (29)

≥ 1

2K

K∑
k=1

E
[
x1
k[1]
] (28)

≥ η
√
nσ⋆

96
√
2K

K∑
k=1

1− (1− ηnβ̄)k−1

≥ η
√
nσ⋆

96
√
2K

K∑
k=1

1− exp(−ηnβ̄(k − 1)) ≥ η
√
nσ⋆

96
√
2K

K∑
k=⌈K/2⌉+1

1− exp(−ηnβ̄(k − 1))

≥ η
√
nσ⋆

96
√
2

· ⌊K/2⌋
K

· (1− exp(−Kηnβ̄/2))
K≥2

≥ η
√
nσ⋆

288
√
2
(1− exp(−Kηnβ̄/2))

(a)

≥
min

{
1− exp(−1/2),min

{
K
2 ,

KηnL̄
3

}
/4
}

288
√
2

η
√
nσ⋆ ≥

min
{
1,KηnL̄

}
3456

√
2

η
√
nσ⋆, (30)
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where (a) follows from 1−exp(−x) ≥ min {1− exp(−1/2), x/2} , ∀x ≥ 0 and Kηnβ̄
(19)
= min

{
K
2 ,

KηnL̄
3

}
.

Hence, we have

E [f(x̄K)− f⋆] ≥ f(E [x̄K ])− f⋆
(21)

≥
min

{
1
ηn , L̄

}
(E [x̄K [1]])

2

12
(30)

≳ min
{
1, ηnL̄

} (
min

{
1,KηnL̄

})2
ησ2

⋆,

where the first step is by Jensen’s inequality.

Case 2. K = 1. In this case, we take k = 1 in (27) and use x1
1 = 0 to obtain

E
[
xi
1[1]
]
≥ ρη

2
E

i−1∑
j=1

βπj
1
(zj1[1])+

 , ∀i ∈ [n+ 1] . (31)

Therefore, we can find that

E [x̄K [1]] = E [x̄1[1]] =
1

n

n∑
i=1

E
[
xi
1[1]
] (31)

≥ ρη

2n

n∑
i=1

E

i−1∑
j=1

βπj
1
(zj1[1])+


=

ρη

2n
E

[
n∑

i=1

(n− i)βπi
1
(zi1[1])+

]
(a)

≥ ρ2η(n− 1)β̄

24
E

[(
x1
1[1] + η

√
n

2
σ⋆

)
+

]
x1
1[1]=0
=

ρ2η2(n− 1)
√
nβ̄σ⋆

24
√
2

(26)

≥ η2(n− 1)
√
nβ̄σ⋆

96
√
2

n−1≥n
2

≥ η2n
3
2 β̄σ⋆

192
√
2

(26)

≥
η
√
nmin

{
1, ηnL̄

}
σ⋆

576
√
2

. (32)

Hence, we have

E [f(x̄K)− f⋆] ≥ f(E [x̄K ])− f⋆
(21)

≥
min

{
1
ηn , L̄

}
(E [x̄K [1]])

2

12
(32)

≳
(
min

{
1, ηnL̄

})3
ησ2

⋆
K=1
= min

{
1, ηnL̄

} (
min

{
1,KηnL̄

})2
ησ2

⋆,

where the first step is by Jensen’s inequality.

Combining the two cases above, we conclude that, for n ≥ 3,

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳ min
{
1, ηnL̄

} (
min

{
1,KηnL̄

})2
ησ2

⋆.

Consequently, for n ≥ 3,

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳ min
{
1, ηnL̄

}
ησ2

⋆ when KηnL̄ ≥ 1.

Lemma 9 collects three technical results that characterize key properties of the auxiliary sequence
{
zik
}n+1

i=1
and serve as important ingredients for proving Theorem 9. In particular, these results provide the identities
and lower bounds needed to control the drift induced by RR within each epoch.

Lemma 9. Let {hi}ni=1 be defined as in (22) and, for a fixed k ∈ [K], let
{
zik
}n+1

i=1
be defined as in (23),

then we have
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• E
[
zik[1]

]
= E

[∏i−1
j=1(1− ηβπj

k
)
]
E
[
x1
k[1]
]
, ∀i ∈ [n+ 1].

• E
[∑n

i=1 βπi
k
(zik[1])+

]
≥ ρnβ̄

6 E
[(
x1
k[1] + η

√
n
2σ⋆

)
+

]
.

• E
[∑n

i=1(n− i)βπi
k
(zik[1])+

]
≥ ρn(n−1)β̄

12 E
[(
x1
k[1] + η

√
n
2σ⋆

)
+

]
.

Proof. By definition,

zi+1
k [1]

(22),(23)
= (1− ηβπi

k
)zik[1]− ηχπi

k

√
n

2
σ⋆, ∀i ∈ [n] .

Unrolling this recursion yields

zi+1
k [1] =

 i∏
j=1

(1− ηβπj
k
)

x1
k[1]− η

√
n

2
σ⋆

i∑
j=1

χπj
k

i∏
l=j+1

(1− ηβπl
k
), ∀i ∈ [n] . (33)

The first equation. For {a, b} ⊂ [n], we define the operator Ta↔b : Sn → Sn, o 7→ Ta↔b(o), where
Ta↔b(o) is obtained by swapping the positions of a and b in o ∈ Sn. Recall that βn−1 = βn (see (18)) and

χi =


0 i ∈ [n− 2]

−1 i = n− 1

1 i = n

, we therefore have, for any 1 ≤ j ≤ i ≤ n,

χT j
n−1↔n(πk)

i∏
l=j+1

(1− ηβT l
n−1↔n(πk)

) = χT j
n−1↔n(πk)

i∏
l=j+1

(1− ηβπl
k
) = −χπj

k

i∏
l=j+1

(1− ηβπl
k
).

Consequently,

E

χπj
k

i∏
l=j+1

(1− ηβπl
k
)

 = −E

χT j
n−1↔n(πk)

i∏
l=j+1

(1− ηβT l
n−1↔n(πk)

)

 = −E

χπj
k

i∏
l=j+1

(1− ηβπl
k
)

 , (34)

where the last step holds because, when πk is uniformly sampled from Sn, πk equals Tn−1↔n(πk) in distri-
bution. Hence, (34) implies that

E

χπj
k

i∏
l=j+1

(1− ηβπl
k
)

 = 0,∀1 ≤ j ≤ i ≤ n.

Finally, we plug the above equation back into (33) to have

E
[
zi+1
k [1]

]
= E

 i∏
j=1

(1− ηβπj
k
)

x1
k[1]

 = E

 i∏
j=1

(1− ηβπj
k
)

E
[
x1
k[1]
]
, ∀i ∈ [n] ,

where the last step follows from the independence of πk and x1
k. Relabeling the indices completes the proof.

The second inequality. In what follows, for i ∈ [n], let π̊i
k ∈ [n] denote the unique index such that

π
π̊i
k

k = i. In other words, π̊k is the inverse permutation of πk, and hence is also uniformly distributed over Sn.
Moreover, we introduce the event Ei

k ≜
{
π̊n−1
k < π̊i

k < π̊n
k

}
, ∀i ∈ [n− 2]. Since π̊k is a random permutation,

we have
Pr
[
Ei

k

]
=

1

6
, ∀i ∈ [n− 2] . (35)

Now, we observe that

n∑
i=1

βπi
k
(zik[1])+ =

n∑
i=1

βi(z
π̊i
k

k [1])+
(a)
=

n−2∑
i=1

βi(z
π̊i
k

k [1])+ ≥
n−2∑
i=1

βi(z
π̊i
k

k [1])+1
[
Ei

k

]
, (36)
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where (a) follows from βn−1 = βn = 0 (see (18)). Next, given i ∈ [n− 2], we can find that

(z
π̊i
k

k [1])+1
[
Ei

k

] (33)
=

π̊i
k−1∏
j=1

(1− ηβπj
k
)

x1
k[1]− η

√
n

2
σ⋆

π̊i
k−1∑
j=1

χπj
k

π̊i
k−1∏

l=j+1

(1− ηβπl
k
)


+

1
[
Ei

k

]
(b)
=

π̊i
k−1∏
j=1

(1− ηβπj
k
)

x1
k[1] + η

√
n

2
σ⋆

π̊i
k−1∏

l=π̊n−1
k +1

(1− ηβπl
k
)


+

1
[
Ei

k

]
(c)

≥

 n∏
j=1

(1− ηβπj
k
)

(x1
k[1] + η

√
n

2
σ⋆

)
+

1
[
Ei

k

] (26)
= ρ

(
x1
k[1] + η

√
n

2
σ⋆

)
+

1
[
Ei

k

]
, (37)

where (b) holds because, under the event Ei
k, χπj

k
= 0 for all j ∈

{
1, . . . , π̊n−1

k − 1
}
∪
{
π̊n−1
k + 1, . . . , π̊i

k − 1
}

and χπj
k
= −1 when j = π̊n−1

k , and (c) follows from combining the following two cases:

Case 1. x1
k[1] ≥ 0. In this case, we haveπ̊i

k−1∏
j=1

(1− ηβπj
k
)

x1
k[1] + η

√
n

2
σ⋆

π̊i
k−1∏

l=π̊n−1
k +1

(1− ηβπl
k
)


+

=

π̊i
k−1∏
j=1

(1− ηβπj
k
)

x1
k[1] + η

√
n

2
σ⋆

π̊i
k−1∏

l=π̊n−1
k +1

(1− ηβπl
k
)

≥

 n∏
j=1

(1− ηβπj
k
)

(x1
k[1] + η

√
n

2
σ⋆

)
=

 n∏
j=1

(1− ηβπj
k
)

(x1
k[1] + η

√
n

2
σ⋆

)
+

.

Case 2. x1
k[1] < 0. In this case, we haveπ̊i

k−1∏
j=1

(1− ηβπj
k
)

x1
k[1] + η

√
n

2
σ⋆

π̊i
k−1∏

l=π̊n−1
k +1

(1− ηβπl
k
)


+

=

 π̊i
k−1∏

j=π̊n−1
k +1

(1− ηβπj
k
)

π̊n−1
k∏
j=1

(1− ηβπj
k
)

x1
k[1] + η

√
n

2
σ⋆


+

≥

 π̊i
k−1∏

j=π̊n−1
k +1

(1− ηβπj
k
)

(x1
k[1] + η

√
n

2
σ⋆

)
+

≥

 n∏
j=1

(1− ηβπj
k
)

(x1
k[1] + η

√
n

2
σ⋆

)
+

.

Finally, we plug (37) back into (36) to have
n∑

i=1

βπi
k
(zik[1])+ ≥ ρ

n−2∑
i=1

βi

(
x1
k[1] + η

√
n

2
σ⋆

)
+

1
[
Ei

k

]
,

which implies that

E

[
n∑

i=1

βπi
k
(zik[1])+

]
≥ ρ

n−2∑
i=1

βiE

[(
x1
k[1] + η

√
n

2
σ⋆

)
+

1
[
Ei

k

]]
(d)
= ρ

n−2∑
i=1

βi Pr
[
Ei

k

]
E

[(
x1
k[1] + η

√
n

2
σ⋆

)
+

]
(19),(35)

=
ρnβ̄

6
E

[(
x1
k[1] + η

√
n

2
σ⋆

)
+

]
,
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where (d) follows from the independence of πk and x1
k.

The third inequality. Using an argument similar to that for the second inequality, we obtain

E

[
n∑

i=1

(n− i)βπi
k
(zik[1])+

]
≥ ρ

n−2∑
i=1

βiE
[
(n− π̊i

k)1
[
Ei

k

]]
E

[(
x1
k[1] + η

√
n

2
σ⋆

)
+

]

=
ρn(n− 1)β̄

12
E

[(
x1
k[1] + η

√
n

2
σ⋆

)
+

]
,

where the last step is due to (19) and the fact that, for any i ∈ [n− 2],

E
[
(n− π̊i

k)1
[
Ei

k

]]
= nPr

[
Ei

k

]
− E

[̊
πi
k1
[
Ei

k

]] (35)
=

n

6
− E

[̊
πi
k1
[
Ei

k

]]
=

n

6
−

n−1∑
l=2

l(l − 1)(n− l)

n(n− 1)(n− 2)
=

n− 1

12
.

Analysis when n = 2. We now turn to the case n = 2. Compared with the case n ≥ 3, the construction
and analysis are considerably simpler, as the problem involves only two component functions and the effect
of the random permutation can be characterized explicitly. This allows us to establish the desired lower
bound through a direct calculation.

Theorem 10. Given d ∈ N, n = 2, D > 0, {Li > 0}ni=1, and σ⋆ ≥ 0, suppose RR is employed with
{ηk = η}Kk=1 for η > 0, let x̄K ≜ 1

nK

∑K
k=1

∑n
i=1 x

i
k denote the average iterate generated by Shuffling SGD

(Algorithm 1), initialized at x1
1 = 0, over K ∈ N epochs, then we have

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳ min
{
1, ηnL̄

}
ησ2

⋆ when KηnL̄ ≥ 1.

Proof. W.l.o.g., we assume L1 ≥ L2 in the following proof. We first define

β ≜ min

{
1

ηn
, L̄

}
= min

{
1

2η
, L̄

}
. (38)

Next, we introduce

f1(x) ≜ β
(x[1])

2

2
− σ⋆x[1] and f2(x) ≜ σ⋆x[1].

The corresponding finite-sum objective is

f(x) ≜
f1(x) + f2(x)

2
=

β

4
(x[1])

2 (38)
=

min
{

1
nη , L̄

}
(x[1])

2

4
. (39)

As before, one can verify that f ∈ F(d, n,D,L1:n, σ⋆).
Again, we consider two cases:

Case 1. K ≥ 2. In this case, a direct calculation gives us

E
[
x1
k+1[1]

]
= (1− ηβ)E

[
x1
k[1]
]
+

η2βσ⋆

2
, ∀k ∈ [K] .

Since x1
1 = 0, unrolling this recursion yields

E
[
x1
k[1]
]
=

ησ⋆

2
(1− (1− ηβ)k−1), ∀k ∈ [K + 1] . (40)
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Next, we observe

E
[
x2
k[1]
]
=

(
1− ηβ

2

)
E
[
x1
k[1]
] ηβ≤ 1

2

≥ 3

4
E
[
x1
k[1]
]
. (41)

Therefore, we can obtain that

E [x̄K [1]] =
1

2K

K∑
k=1

2∑
i=1

E
[
xi
k[1]
] (41)

≥ 7

8K

K∑
k=1

E
[
x1
k[1]
] (40)

≥ 7ησ⋆

16K

K∑
k=1

1− (1− ηβ)k−1

≥ 7ησ⋆

16K

K∑
k=1

1− exp(−ηβ(k − 1)) ≥ 7ησ⋆

16K

K∑
k=⌈K/2⌉+1

1− exp(−ηβ(k − 1))

≥ 7ησ⋆

16
· ⌊K/2⌋

K
· (1− exp(−Kηβ/2))

K≥2

≥ 7ησ⋆

48
(1− exp(−Kηβ/2))

(a)

≥
7min

{
1− exp(−1/2),min

{
K
2 ,

KηnL̄
2

}
/4
}

48
√
2

η
√
nσ⋆ ≥

7min
{
1,KηnL̄

}
384

√
2

η
√
nσ⋆,

(42)

where (a) follows from n = 2, 1 − exp(−x) ≥ min {1− exp(−1/2), x/2} , ∀x ≥ 0, and Kηβ
(38)
=

min
{

K
2 ,KηL̄

} n=2
= min

{
K
2 ,

KηnL̄
2

}
. Hence, we have

E [f(x̄K)− f⋆] ≥ f(E [x̄K ])− f⋆
(39)

≥
min

{
1
nη , L̄

}
(E [x̄K [1]])

2

4
(42)

≳ min
{
1, ηnL̄

} (
min

{
1,KηnL̄

})2
ησ2

⋆,

where the first step is by Jensen’s inequality.

Case 2. K = 1. In this case, we know x̄K [1] = x̄1[1] =
x1
1[1]+x2

1[1]
2

x1
1[1]=0
=

x2
1[1]
2 and

Pr
[
x2
1[1] = ησ⋆

]
= Pr

[
x2
1[1] = −ησ⋆

]
=

1

2
.

Hence, we have

E [f(x̄K)− f⋆]
(39)

≥
min

{
1
ηn , L̄

}
E
[
(x̄K [1])

2
]

4
=

min
{

1
ηn , L̄

}
η2σ2

⋆

16

n=2
=

min
{
1, ηnL̄

}
ησ2

⋆

32
≳ min

{
1, ηnL̄

}
ησ2

⋆

≥ min
{
1, ηnL̄

} (
min

{
1,KηnL̄

})2
ησ2

⋆.

Combining the two cases above, we conclude that, for n = 2,

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳ min
{
1, ηnL̄

} (
min

{
1,KηnL̄

})2
ησ2

⋆.

Consequently, for n = 2,

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳ min
{
1, ηnL̄

}
ησ2

⋆ when KηnL̄ ≥ 1.

Final proof. With Theorems 9 and 10 in place, we can immediately prove Theorem 8.

Proof of Theorem 8. The result follows directly from Theorems 9 and 10.
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5.3 Proof of Theorem 2
The preceding results allow us to establish Theorem 2 now.

Proof of Theorem 2. Combining Theorems 7 and 8 completes the proof.

6 Theoretical Analysis: Lower Bound for SGD
In this section, we prove the algorithm-dependent lower bound for SGD with a fixed stepsize η, i.e., Theorem
3. Our proof proceeds by constructing a family of quadratic finite-sum problems tailored to η and showing
that, for any such stepsize, SGD necessarily incurs an optimization error of the desired order. Similar to the
previous proof for RR, the construction separates the effects of D (the initial distance to the minimizer) and
σ2
⋆ (the variance of the gradient at the optimum), allowing us to derive the corresponding lower-bound terms

individually and then combine them.
Compared with the analysis of the lower bound for RR, the case of SGD is relatively straightforward

because the sampled indices are independent across iterations, making the calculations much easier. Never-
theless, the result is of independent interest: to the best of our knowledge, it provides the first algorithm-
dependent lower bound for SGD that explicitly characterizes its performance for each prescribed stepsize η.
In particular, rather than optimizing over the stepsize in advance, our lower bound holds for every fixed
stepsize and thus directly captures the stepsize-dependent limitations of SGD.

Proof of Theorem 3. For simplicity, we write the update rule of SGD as

xt+1 = xt − η∇fπt(xt), ∀t ∈ [T ] where T ≜ nK,

where x1 = 0, η > 0, and πt is sampled independently and uniformly from [n]. In the following proof, v
denotes an arbitrary unit vector in Rd.

We first define
βi ≜ min

{
1

2ηT
, L̄

}
Li

L̄
, ∀i ∈ [n] .

Clearly, each βi satisfies 0 < βi ≤ Li. Moreover, we write

β̄ ≜
1

n

n∑
i=1

βi = min

{
1

2ηT
, L̄

}
. (43)

We then fix R ∈ [0, D] and ν ∈ [0, σ⋆], both of which will be decided later, and define

fi(x) ≜
βi ∥x−Rv∥2

2
+ χiν ⟨v,x⟩ ,∀i ∈ [n] ,

where χi ≜

{
1 i ≤ n is odd
−1 i ≤ n is even

for even n, and χi ≜


1 i ≤ n− 1 is odd
−1 i ≤ n− 1 is even
0 i = n

for odd n. The corresponding

finite-sum objective is

f(x) ≜
1

n

n∑
i=1

fi(x) =
β̄ ∥x−Rv∥2

2
. (44)

Note that x⋆ = Rv ⇒ ∥x⋆∥ = R ≤ D, each fi is differentiable, convex, and Li-smooth (since βi ≤ Li), and
1
n

∑n
i=1 ∥∇fi(x⋆)∥2 = 1

n

∑n
i=1 χ

2
i ν

2 ≤ σ2
⋆. Therefore, f belongs to the class F(d, n,D,L1:n, σ⋆).

We then have
∇fπt(xt) = βπt(xt −Rv) + χπtνv,∀t ∈ [T ] ,

which implies that
xt+1 = (1− ηβπt)xt + η(βπtR− χπtν)v,∀t ∈ [T ] .

26



Since x1 = 0, unrolling the recursion yields that

xt =

[(
1−

t−1∏
s=1

(1− ηβπs
)

)
R−

t−1∑
s=1

χπs

t−1∏
r=s+1

(1− ηβπr
)ην

]
v, ∀t ∈ [T ] .

Therefore, we have

x̄K =
1

T

T∑
t=1

xt =

[(
1− 1

T

T∑
t=1

t−1∏
s=1

(1− ηβπs
)

)
R− 1

T

T−1∑
t=1

χπt

T∑
s=t+1

s−1∏
r=t+1

(1− ηβπr
)ην

]
v. (45)

Next, we consider two cases:

Case 1. R = D and ν = 0. In this case, we have

x̄K
(45)
=

(
1− 1

T

T∑
t=1

t−1∏
s=1

(1− ηβπs
)

)
Dv

⇒ E [x̄K ] =

(
1− 1

T

T∑
t=1

t−1∏
s=1

(1− ηβ̄)

)
Dv =

(
1− 1− (1− ηβ̄)T

ηβ̄T

)
Dv. (46)

Therefore, we know

E [f(x̄K)− f⋆]
(a)

≥ f(E [x̄K ])− f⋆
(44),(46),∥v∥=1

=
(1− (1− ηβ̄)T )2D2

2η2T 2β̄

ηβ̄∈[0,1]

≥ (1− exp(−Tηβ̄))2D2

2η2T 2β̄
(b)

≥ β̄D2

8

(43)
=

D2

8
min

{
1

2ηT
, L̄

}
≥ D2

16ηT
min

{
1, TηL̄

}
=

D2

16ηnK
min

{
1,KηnL̄

}
,

where (a) is due to Jensen’s inequality and (b) follows from 1 − exp(−x) ≥ x
2 , ∀x ∈

[
0, 1

2

]
and

0 ≤ Tηβ̄
(43)

≤ 1
2 .

Case 2. R = 0 and ν = σ⋆. In this case, we have

x̄K
(45)
= − 1

T

T−1∑
t=1

χπt

T∑
s=t+1

s−1∏
r=t+1

(1− ηβπr
)ησ⋆v = − 1

T

T−1∑
t=1

χπt
αtησ⋆v, (47)

where αt ≜
∑T

s=t+1

∏s−1
r=t+1(1− ηβπr

), ∀t ∈ [T ]. Therefore, we know

E [f(x̄K)− f⋆]
(44),(47),∥v∥=1

=
β̄E
[
(
∑T−1

t=1 χπt
αt)

2
]
η2σ2

⋆

2T 2

(c)
=

β̄
∑T−1

t=1 E
[
χ2
πt
α2
t

]
η2σ2

⋆

2T 2

(d)

≥
∑T−1

t=1 (1− exp(−(T − t)ηβ̄))2σ2
⋆

3β̄T 2

(e)

≥ (1− exp(−Tηβ̄/2))2σ2
⋆

9β̄T

(f)

≥ ησ2
⋆

144
· Tηβ̄

(43)
=

ησ2
⋆

144
min

{
1

2
, TηL̄

}
≥ ησ2

⋆

288
min

{
1, TηL̄

}
=

ησ2
⋆

288
min

{
1,KnηL̄

}
,

where (c) is due to E
[
χπtχπt′αtαt′

]
= 0,∀t ̸= t′ ∈ [T − 1], (d) is by the independence of χ2

πt
and

α2
t , E

[
χ2
πt

]
=

{
1 n is even
n−1
n n is odd

≥ 2
3 since n ≥ 2, and

E
[
α2
t

]
≥ (E [αt])

2
=

(
T∑

s=t+1

s−1∏
r=t+1

(1− ηβ̄)

)2

=
(1− (1− ηβ̄)T−t)2

η2β̄2

ηβ̄∈[0,1]

≥ (1− exp(−(T − t)ηβ̄))2

η2β̄2
,

27



(e) holds by

T−1∑
t=1

(1− exp(−(T − t)ηβ̄))2 ≥
⌊T

2 ⌋∑
t=1

(1− exp(−(T − t)ηβ̄))2

≥
⌊
T

2

⌋
(1− exp(−Tηβ̄/2))2

T=nK≥2

≥ T

3
(1− exp(−Tηβ̄/2))2,

and (f) follows from 1− exp(−x) ≥ x
2 , ∀x ∈

[
0, 1

2

]
and 0 ≤ Tηβ̄

2

(43)

≤ 1
2 .

Combining the two cases above, we conclude that

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳

(
D2

ηnK
+ ησ2

⋆

)
min

{
1,KnηL̄

}
.

Consequently,

sup
f∈F(d,n,D,L1:n,σ⋆)

E [f(x̄K)− f⋆] ≳
D2

ηnK
+ ησ2

⋆ when KηnL̄ ≥ 1.

7 Theoretical Analysis: Application of RR
In this section, we first prove Theorem 4, which provides a convergence guarantee for Restarted Shuffling SGD
with RR for functions satisfying the quadratic growth condition and serves as an application of our new
Theorem 1. We then invoke Theorem 4 to establish Corollary 2, which gives the sample complexity, measured
by the number of individual gradient evaluations, required to obtain an ε-accurate solution, i.e., to find a
point x ∈ Rd such that E [f(x)− f⋆] ≲ ε.

7.1 Proof of Theorem 4
Proof of Theorem 4. Note that f is real-valued. Hence, under Assumptions 1 and 2, X⋆ = argminx∈Rd f(x)
is a nonempty closed convex set. Therefore, for any x ∈ Rd, the problem infx⋆∈X⋆ ∥x− x⋆∥ admits a
unique solution, which we denote by [x]⋆ ≜ argminx⋆∈X⋆

∥x− x⋆∥ in the following. Moreover, we let
Ft ≜ σ(permutations used in the first t restart stages), i.e., the σ-algebra generated by the permutations
in the first t restarts.

By Theorem 1, given t ∈ [T ] and any Ft−1-measurable x⋆ ∈ X⋆,

E [f(xt+1)− f⋆ | Ft−1] ≲
∥xt − x⋆∥2

(2− ηL̂)ηnK
+

min
{
1, ηnL̄

}
ησ2

⋆

(2− ηL̂)2
.

Note that xt is Ft−1-measurable, and hence [xt]⋆ is also Ft−1-measurable. We can therefore replace x⋆ with
[xt]⋆ in the above inequality to obtain

E [f(xt+1)− f⋆ | Ft−1] ≲
dist2(xt,X⋆)

(2− ηL̂)ηnK
+

min
{
1, ηnL̄

}
ησ2

⋆

(2− ηL̂)2

⇒ E [f(xt+1)− f⋆] ≲
E
[
dist2(xt,X⋆)

]
(2− ηL̂)ηnK

+
min

{
1, ηnL̄

}
ησ2

⋆

(2− ηL̂)2
.

Let C > 0 denote the hidden numerical constant in the above inequality (equivalently, the hidden constant
in Theorem 1). When K = ⌈4CK⋆⌉ =

⌈
4C

(2−ηL̂)ηnµ

⌉
, we have

E [f(xt+1)− f⋆] ≤
µE
[
dist2(xt,X⋆)

]
4

+ C
min

{
1, ηnL̄

}
ησ2

⋆

(2− ηL̂)2
. (48)
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Next, by Assumption 4,
µ

2
dist2(xt+1,X⋆) ≤ f(xt+1)− f⋆,

which implies that

E
[
dist2(xt+1,X⋆)

]
≤

E
[
dist2(xt,X⋆)

]
2

+ 2C
min

{
1, ηnL̄

}
ησ2

⋆

µ(2− ηL̂)2
.

Unrolling the above recursion gives

E
[
dist2(xt,X⋆)

]
≤ dist2(x1,X⋆)

2t−1
+ 4C

min
{
1, ηnL̄

}
ησ2

⋆

µ(2− ηL̂)2
, ∀t ∈ [T + 1] . (49)

Finally, we plug (49) back into (48) to obtain that

E [f(xt+1)− f⋆] ≲
µdist2(x1,X⋆)

2t
+

min
{
1, ηnL̄

}
ησ2

⋆

(2− ηL̂)2
, ∀t ∈ [T ] .

In particular, taking t = T in the above inequality yields the desired result.

7.2 Proof of Corollary 2
Proof of Corollary 2. By Theorem 4, we have

E [f(xT+1)− f⋆] ≲
µdist2(x1,X⋆)

2T
+

min
{
1, ηnL̄

}
ησ2

⋆

(2− ηL̂)2
.

When T = T⋆ =
⌈
log2

µdist2(x1,X⋆)
ε

⌉
, we have

µdist2(x1,X⋆)

2T⋆
≤ ε.

When η = η⋆ = min
{

1
L̂
,max

{
ε
σ2
⋆
, 1
σ⋆

√
ε
nL̄

}}
, we observe

min
{
1, η⋆nL̄

}
η⋆σ

2
⋆

(2− η⋆L̂)2

η⋆L̂≤1

≤ min
{
1, η⋆nL̄

}
η⋆σ

2
⋆.

Next, we use η⋆ ≤ max
{

ε
σ2
⋆
, 1
σ⋆

√
ε
nL̄

}
to obtain that

min
{
1, η⋆nL̄

}
≤ min

{
1,max

{
nL̄ε

σ2
⋆

,

√
nL̄ε

σ⋆

}}
= min

{
1,

√
nL̄ε

σ⋆

}
and

η⋆σ
2
⋆ ≤ max

{
ε, σ⋆

√
ε

nL̄

}
.

The above three inequalities together imply that

min
{
1, η⋆nL̄

}
η⋆σ

2
⋆

(2− η⋆L̂)2
≤ max

{
ε, σ⋆

√
ε

nL̄

}
min

{
1,

√
nL̄ε

σ⋆

}
≤ ε.

Therefore, we know
E [f(xT⋆+1)− f⋆] ≲ ε.

Finally, for sufficiently small ε such that K⋆ ≥ 1, the number of individual gradient evaluations is

nKT⋆ ≍ nK⋆T⋆ ≍ n · 1

(2− η⋆L̂)η⋆nµ
· log µdist2(x1,X⋆)

ε

η⋆L̂∈[0,1]
≍ 1

η⋆µ
log

µdist2(x1,X⋆)

ε

≍

(
L̂

µ
+min

{
σ2
⋆

µε
,
σ⋆

µ

√
nL̄

ε

})
log

µdist2(x1,X⋆)

ε
.
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8 Conclusion and Future Work
In this work, we prove that Shuffling SGD under RR dominates standard SGD in smooth convex optimization
under any reasonable stepsize after any finite number of epochs. Our Theorem 1 follows from combining
two novel convergence results, whose analysis may each be of independent interest. We also establish new
algorithm-dependent lower bounds for RR and SGD in Theorems 2 and 3. Together, these results provide
(nearly) sharp worst-case characterizations of RR and standard SGD. Moreover, we combine our new con-
vergence result with a restart framework and apply it to functions satisfying the quadratic growth condition,
yielding a new convergence rate in Theorem 4 and a better sample complexity bound in Corollary 2 that
improves upon the best known results, even those established under stronger assumptions.

Our work suggests several new directions for future research. First, our current proof of Theorem 1 is
split into two distinct parts. It is therefore worthwhile to investigate whether Theorem 1 can be proved
via a unified analysis. Second, the current upper and lower bounds for both RR and SGD differ by factors
polynomial in 1/(2 − ηL̂), and closing this gap remains an important direction. Finally, our results under
the quadratic growth condition rely on a restart scheme. It would be interesting to determine whether
Shuffling SGD can achieve comparable finite-time convergence guarantees without restarting.

Timeline and AI Disclosure
The improved stepsize threshold of 2/L̂ for the upper bounds in Theorem 1 and its application to quadratic-
growth functions in Theorem 4 were obtained in March 2026 without any assistance from AI, shortly after the
submission of the conference version (Liu, 2026), whose results were likewise proved without AI assistance.
The lower bounds for RR and SGD in Theorems 2 and 3 were obtained in July 2026. The former was derived
with assistance from GPT-5.6 Sol (particularly in establishing Theorem 8, a key intermediate result used
in the proof of Theorem 2), whereas the latter was developed without AI assistance. GPT-5.6 Sol was also
used to polish and refine the presentation during the final preparation of this extended version in September
2026.

References
Kwangjun Ahn, Chulhee Yun, and Suvrit Sra. Sgd with shuffling: optimal rates without component

convexity and large epoch requirements. In H. Larochelle, M. Ranzato, R. Hadsell, M.F. Balcan, and
H. Lin, editors, Advances in Neural Information Processing Systems, volume 33, pages 17526–17535. Cur-
ran Associates, Inc., 2020. URL https://proceedings.neurips.cc/paper_files/paper/2020/file/
cb8acb1dc9821bf74e6ca9068032d623-Paper.pdf.

Mihai Anitescu. Degenerate nonlinear programming with a quadratic growth condition. SIAM Journal
on Optimization, 10(4):1116–1135, 2000. doi: 10.1137/S1052623499359178. URL https://doi.org/10.
1137/S1052623499359178.

Amit Attia, Matan Schliserman, Uri Sherman, and Tomer Koren. Fast last-iterate convergence of sgd in the
smooth interpolation regime. In D. Belgrave, C. Zhang, H. Lin, R. Pascanu, P. Koniusz, M. Ghassemi,
and N. Chen, editors, Advances in Neural Information Processing Systems, volume 38, pages 104951–
104987. Curran Associates, Inc., 2025. URL https://proceedings.neurips.cc/paper_files/paper/
2025/file/97335d45cab57ecb52727c4380ca14a4-Paper-Conference.pdf.

Yoshua Bengio. Practical Recommendations for Gradient-Based Training of Deep Architectures, pages 437–
478. Springer Berlin Heidelberg, Berlin, Heidelberg, 2012. ISBN 978-3-642-35289-8. doi: 10.1007/
978-3-642-35289-8_26. URL https://doi.org/10.1007/978-3-642-35289-8_26.

Joseph Frédéric Bonnans and Alexander Ioffe. Second-order sufficiency and quadratic growth for nonisolated
minima. Mathematics of Operations Research, 20(4):801–817, 1995. doi: 10.1287/moor.20.4.801. URL
https://doi.org/10.1287/moor.20.4.801.

30

https://proceedings.neurips.cc/paper_files/paper/2020/file/cb8acb1dc9821bf74e6ca9068032d623-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2020/file/cb8acb1dc9821bf74e6ca9068032d623-Paper.pdf
https://doi.org/10.1137/S1052623499359178
https://doi.org/10.1137/S1052623499359178
https://proceedings.neurips.cc/paper_files/paper/2025/file/97335d45cab57ecb52727c4380ca14a4-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2025/file/97335d45cab57ecb52727c4380ca14a4-Paper-Conference.pdf
https://doi.org/10.1007/978-3-642-35289-8_26
https://doi.org/10.1287/moor.20.4.801


Léon Bottou. Curiously fast convergence of some stochastic gradient descent algorithms. In Proceedings of
the symposium on learning and data science, Paris, volume 8, pages 2624–2633. Citeseer, 2009.

Léon Bottou. Stochastic Gradient Descent Tricks, pages 421–436. Springer Berlin Heidelberg, Berlin, Hei-
delberg, 2012. ISBN 978-3-642-35289-8. doi: 10.1007/978-3-642-35289-8_25. URL https://doi.org/
10.1007/978-3-642-35289-8_25.

Léon Bottou, Frank E. Curtis, and Jorge Nocedal. Optimization methods for large-scale machine learn-
ing. SIAM Review, 60(2):223–311, 2018. doi: 10.1137/16M1080173. URL https://doi.org/10.1137/
16M1080173.

Xufeng Cai and Jelena Diakonikolas. Last iterate convergence of incremental methods as a model of for-
getting. In Y. Yue, A. Garg, N. Peng, F. Sha, and R. Yu, editors, International Conference on Learning
Representations, volume 2025, pages 102613–102647, 2025. URL https://proceedings.iclr.cc/paper_
files/paper/2025/file/fea9f93f4cec99f65a8b4d575fc353a8-Paper-Conference.pdf.

Xufeng Cai, Cheuk Yin Lin, and Jelena Diakonikolas. Tighter convergence bounds for shuffled sgd via
primal-dual perspective. In A. Globerson, L. Mackey, D. Belgrave, A. Fan, U. Paquet, J. Tomczak, and
C. Zhang, editors, Advances in Neural Information Processing Systems, volume 37, pages 72475–72524.
Curran Associates, Inc., 2024. doi: 10.52202/079017-2310. URL https://proceedings.neurips.cc/
paper_files/paper/2024/file/84d395725a9b40cb4a49d84478ac24c7-Paper-Conference.pdf.

Jaeyoung Cha, Jaewook Lee, and Chulhee Yun. Tighter lower bounds for shuffling SGD: Random permu-
tations and beyond. In Andreas Krause, Emma Brunskill, Kyunghyun Cho, Barbara Engelhardt, Sivan
Sabato, and Jonathan Scarlett, editors, Proceedings of the 40th International Conference on Machine
Learning, volume 202 of Proceedings of Machine Learning Research, pages 3855–3912. PMLR, 23–29 Jul
2023. URL https://proceedings.mlr.press/v202/cha23a.html.

Daniel Cortild, Lucas Ketels, Juan Peypouquet, and Guillaume Garrigos. Bias-optimal bounds for sgd: A
computer-aided lyapunov analysis. arXiv preprint arXiv:2505.17965, 2025.

Christopher De Sa. Random reshuffling is not always better. In H. Larochelle, M. Ranzato, R. Had-
sell, M.F. Balcan, and H. Lin, editors, Advances in Neural Information Processing Systems, volume 33,
pages 5957–5967. Curran Associates, Inc., 2020. URL https://proceedings.neurips.cc/paper_files/
paper/2020/file/42299f06ee419aa5d9d07798b56779e2-Paper.pdf.

Guillaume Garrigos and Robert M Gower. Handbook of convergence theorems for (stochastic) gradient
methods. arXiv preprint arXiv:2301.11235, 2023.

Charles Guille-Escuret, Manuela Girotti, Baptiste Goujaud, and Ioannis Mitliagkas. A study of condition
numbers for first-order optimization. In Arindam Banerjee and Kenji Fukumizu, editors, Proceedings of
The 24th International Conference on Artificial Intelligence and Statistics, volume 130 of Proceedings of
Machine Learning Research, pages 1261–1269. PMLR, 13–15 Apr 2021. URL https://proceedings.mlr.
press/v130/guille-escuret21a.html.

Mert Gürbüzbalaban, Asu Ozdaglar, and Pablo A Parrilo. Why random reshuffling beats stochastic gradient
descent. Mathematical Programming, 186:49–84, 2021.

Jeff Haochen and Suvrit Sra. Random shuffling beats SGD after finite epochs. In Kamalika Chaudhuri and
Ruslan Salakhutdinov, editors, Proceedings of the 36th International Conference on Machine Learning,
volume 97 of Proceedings of Machine Learning Research, pages 2624–2633. PMLR, 09–15 Jun 2019. URL
https://proceedings.mlr.press/v97/haochen19a.html.

Alexander Ioffe. On sensitivity analysis of nonlinear programs in banach spaces: The approach via composite
unconstrained optimization. SIAM Journal on Optimization, 4(1):1–43, 1994. doi: 10.1137/0804001. URL
https://doi.org/10.1137/0804001.

31

https://doi.org/10.1007/978-3-642-35289-8_25
https://doi.org/10.1007/978-3-642-35289-8_25
https://doi.org/10.1137/16M1080173
https://doi.org/10.1137/16M1080173
https://proceedings.iclr.cc/paper_files/paper/2025/file/fea9f93f4cec99f65a8b4d575fc353a8-Paper-Conference.pdf
https://proceedings.iclr.cc/paper_files/paper/2025/file/fea9f93f4cec99f65a8b4d575fc353a8-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2024/file/84d395725a9b40cb4a49d84478ac24c7-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2024/file/84d395725a9b40cb4a49d84478ac24c7-Paper-Conference.pdf
https://proceedings.mlr.press/v202/cha23a.html
https://proceedings.neurips.cc/paper_files/paper/2020/file/42299f06ee419aa5d9d07798b56779e2-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2020/file/42299f06ee419aa5d9d07798b56779e2-Paper.pdf
https://proceedings.mlr.press/v130/guille-escuret21a.html
https://proceedings.mlr.press/v130/guille-escuret21a.html
https://proceedings.mlr.press/v97/haochen19a.html
https://doi.org/10.1137/0804001


Hamed Karimi, Julie Nutini, and Mark Schmidt. Linear convergence of gradient and proximal-gradient
methods under the polyak-łojasiewicz condition. In Paolo Frasconi, Niels Landwehr, Giuseppe Manco,
and Jilles Vreeken, editors, Machine Learning and Knowledge Discovery in Databases, pages 795–811,
Cham, 2016. Springer International Publishing. ISBN 978-3-319-46128-1.

Ahmed Khaled and Peter Richtárik. Better theory for SGD in the nonconvex world. Transactions on Ma-
chine Learning Research, 2023. ISSN 2835-8856. URL https://openreview.net/forum?id=AU4qHN2VkS.
Survey Certification.

Vladimir Kibardin. Decomposition into functions in the minimization problem. Automation and Remote
Control, 1979, 01 1979.

Tomer Koren, Roi Livni, Yishay Mansour, and Uri Sherman. Benign underfitting of stochastic gra-
dient descent. In S. Koyejo, S. Mohamed, A. Agarwal, D. Belgrave, K. Cho, and A. Oh, ed-
itors, Advances in Neural Information Processing Systems, volume 35, pages 19605–19617. Cur-
ran Associates, Inc., 2022. URL https://proceedings.neurips.cc/paper_files/paper/2022/file/
7bc4f74e35bcfe8cfe43b0a860786d6a-Paper-Conference.pdf.

Guanghui Lan. First-order and stochastic optimization methods for machine learning. Springer, 2020.

Zijian Liu. Random reshuffling dominates stochastic gradient descent. In Steve Hanneke and Tor Lattimore,
editors, Proceedings of Thirty Ninth Conference on Learning Theory, volume 336 of Proceedings of Machine
Learning Research, pages 4859–4882. PMLR, 29 Jun–03 Jul 2026. URL https://proceedings.mlr.
press/v336/liu26d.html.

Zijian Liu and Zhengyuan Zhou. On the last-iterate convergence of shuffling gradient methods. In Ruslan
Salakhutdinov, Zico Kolter, Katherine Heller, Adrian Weller, Nuria Oliver, Jonathan Scarlett, and Felix
Berkenkamp, editors, Proceedings of the 41st International Conference on Machine Learning, volume
235 of Proceedings of Machine Learning Research, pages 32471–32508. PMLR, 21–27 Jul 2024. URL
https://proceedings.mlr.press/v235/liu24cg.html.

Zijian Liu and Zhengyuan Zhou. Improved last-iterate convergence of shuffling gradient methods for non-
smooth convex optimization. In Aarti Singh, Maryam Fazel, Daniel Hsu, Simon Lacoste-Julien, Felix
Berkenkamp, Tegan Maharaj, Kiri Wagstaff, and Jerry Zhu, editors, Proceedings of the 42nd Interna-
tional Conference on Machine Learning, volume 267 of Proceedings of Machine Learning Research, pages
40152–40193. PMLR, 13–19 Jul 2025. URL https://proceedings.mlr.press/v267/liu25ct.html.

Zhi-Quan Luo and Paul Tseng. Error bounds and convergence analysis of feasible descent methods: a general
approach. Annals of Operations Research, 46(1):157–178, 1993.

Konstantin Mishchenko, Ahmed Khaled, and Peter Richtarik. Random reshuffling: Simple analysis
with vast improvements. In H. Larochelle, M. Ranzato, R. Hadsell, M.F. Balcan, and H. Lin,
editors, Advances in Neural Information Processing Systems, volume 33, pages 17309–17320. Cur-
ran Associates, Inc., 2020. URL https://proceedings.neurips.cc/paper_files/paper/2020/file/
c8cc6e90ccbff44c9cee23611711cdc4-Paper.pdf.

Dheeraj Nagaraj, Prateek Jain, and Praneeth Netrapalli. SGD without replacement: Sharper rates for gen-
eral smooth convex functions. In Kamalika Chaudhuri and Ruslan Salakhutdinov, editors, Proceedings
of the 36th International Conference on Machine Learning, volume 97 of Proceedings of Machine Learn-
ing Research, pages 4703–4711. PMLR, 09–15 Jun 2019. URL https://proceedings.mlr.press/v97/
nagaraj19a.html.

Ion Necoara, Yu Nesterov, and Francois Glineur. Linear convergence of first order methods for non-strongly
convex optimization. Mathematical programming, 175(1):69–107, 2019.

Angelia Nedic and Dimitri P. Bertsekas. Incremental subgradient methods for nondifferentiable optimization.
SIAM Journal on Optimization, 12(1):109–138, 2001. doi: 10.1137/S1052623499362111. URL https:
//doi.org/10.1137/S1052623499362111.

32

https://openreview.net/forum?id=AU4qHN2VkS
https://proceedings.neurips.cc/paper_files/paper/2022/file/7bc4f74e35bcfe8cfe43b0a860786d6a-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2022/file/7bc4f74e35bcfe8cfe43b0a860786d6a-Paper-Conference.pdf
https://proceedings.mlr.press/v336/liu26d.html
https://proceedings.mlr.press/v336/liu26d.html
https://proceedings.mlr.press/v235/liu24cg.html
https://proceedings.mlr.press/v267/liu25ct.html
https://proceedings.neurips.cc/paper_files/paper/2020/file/c8cc6e90ccbff44c9cee23611711cdc4-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2020/file/c8cc6e90ccbff44c9cee23611711cdc4-Paper.pdf
https://proceedings.mlr.press/v97/nagaraj19a.html
https://proceedings.mlr.press/v97/nagaraj19a.html
https://doi.org/10.1137/S1052623499362111
https://doi.org/10.1137/S1052623499362111


Yurii Nesterov. A method for unconstrained convex minimization problem with the rate of convergence o
(1/kˆ 2). In Doklady an ussr, volume 269, pages 543–547, 1983.

Yurii Nesterov et al. Lectures on convex optimization, volume 137. Springer, 2018.

Lam M. Nguyen, Quoc Tran-Dinh, Dzung T. Phan, Phuong Ha Nguyen, and Marten van Dijk. A unified
convergence analysis for shuffling-type gradient methods. Journal of Machine Learning Research, 22(207):
1–44, 2021. URL http://jmlr.org/papers/v22/20-1238.html.

Boris T. Polyak. Introduction to optimization. New York, Optimization Software, 1987.

B.T. Polyak. Gradient methods for the minimisation of functionals. USSR Computational Mathematics and
Mathematical Physics, 3(4):864–878, 1963. ISSN 0041-5553. doi: https://doi.org/10.1016/0041-5553(63)
90382-3. URL https://www.sciencedirect.com/science/article/pii/0041555363903823.

Shashank Rajput, Anant Gupta, and Dimitris Papailiopoulos. Closing the convergence gap of SGD without
replacement. In Hal Daumé III and Aarti Singh, editors, Proceedings of the 37th International Conference
on Machine Learning, volume 119 of Proceedings of Machine Learning Research, pages 7964–7973. PMLR,
13–18 Jul 2020. URL https://proceedings.mlr.press/v119/rajput20a.html.

Shashank Rajput, Kangwook Lee, and Dimitris Papailiopoulos. Permutation-based SGD: Is random optimal?
In International Conference on Learning Representations, 2022. URL https://openreview.net/forum?
id=YiBa9HKTyXE.

Herbert Robbins and Sutton Monro. A Stochastic Approximation Method. The Annals of Mathematical
Statistics, 22(3):400 – 407, 1951. doi: 10.1214/aoms/1177729586. URL https://doi.org/10.1214/aoms/
1177729586.

Itay Safran and Ohad Shamir. How good is sgd with random shuffling? In Jacob Abernethy and Shivani
Agarwal, editors, Proceedings of Thirty Third Conference on Learning Theory, volume 125 of Proceedings
of Machine Learning Research, pages 3250–3284. PMLR, 09–12 Jul 2020. URL https://proceedings.
mlr.press/v125/safran20a.html.

Itay Safran and Ohad Shamir. Random shuffling beats sgd only after many epochs on ill-conditioned
problems. In M. Ranzato, A. Beygelzimer, Y. Dauphin, P.S. Liang, and J. Wortman Vaughan,
editors, Advances in Neural Information Processing Systems, volume 34, pages 15151–15161. Cur-
ran Associates, Inc., 2021. URL https://proceedings.neurips.cc/paper_files/paper/2021/file/
803ef56843860e4a48fc4cdb3065e8ce-Paper.pdf.

Ohad Shamir. Without-replacement sampling for stochastic gradient methods. In D. Lee, M. Sugiyama,
U. Luxburg, I. Guyon, and R. Garnett, editors, Advances in Neural Information Processing Systems,
volume 29. Curran Associates, Inc., 2016. URL https://proceedings.neurips.cc/paper_files/paper/
2016/file/c74d97b01eae257e44aa9d5bade97baf-Paper.pdf.

Uri Sherman, Tomer Koren, and Yishay Mansour. Optimal rates for random order online opti-
mization. In M. Ranzato, A. Beygelzimer, Y. Dauphin, P.S. Liang, and J. Wortman Vaughan,
editors, Advances in Neural Information Processing Systems, volume 34, pages 2097–2108. Cur-
ran Associates, Inc., 2021. URL https://proceedings.neurips.cc/paper_files/paper/2021/file/
107030ca685076c0ed5e054e2c3ed940-Paper.pdf.

Bicheng Ying, Kun Yuan, Stefan Vlaski, and Ali H. Sayed. Stochastic learning under random reshuffling
with constant step-sizes. IEEE Transactions on Signal Processing, 67(2):474–489, 2019. doi: 10.1109/
TSP.2018.2878551.

Chulhee Yun, Shashank Rajput, and Suvrit Sra. Minibatch vs local SGD with shuffling: Tight convergence
bounds and beyond. In International Conference on Learning Representations, 2022. URL https://
openreview.net/forum?id=LdlwbBP2mlq.

Hui Zhang and Wotao Yin. Gradient methods for convex minimization: better rates under weaker conditions.
arXiv preprint arXiv:1303.4645, 2013.

33

http://jmlr.org/papers/v22/20-1238.html
https://www.sciencedirect.com/science/article/pii/0041555363903823
https://proceedings.mlr.press/v119/rajput20a.html
https://openreview.net/forum?id=YiBa9HKTyXE
https://openreview.net/forum?id=YiBa9HKTyXE
https://doi.org/10.1214/aoms/1177729586
https://doi.org/10.1214/aoms/1177729586
https://proceedings.mlr.press/v125/safran20a.html
https://proceedings.mlr.press/v125/safran20a.html
https://proceedings.neurips.cc/paper_files/paper/2021/file/803ef56843860e4a48fc4cdb3065e8ce-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2021/file/803ef56843860e4a48fc4cdb3065e8ce-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2016/file/c74d97b01eae257e44aa9d5bade97baf-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2016/file/c74d97b01eae257e44aa9d5bade97baf-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2021/file/107030ca685076c0ed5e054e2c3ed940-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2021/file/107030ca685076c0ed5e054e2c3ed940-Paper.pdf
https://openreview.net/forum?id=LdlwbBP2mlq
https://openreview.net/forum?id=LdlwbBP2mlq


A Additional Related Work
This section provides additional discussion of the related work. We mainly focus on smooth convex optimiza-
tion under RR. As for nonsmooth convex optimization under RR/SS/IG, the reader could refer to Kibardin
(1979); Nedic and Bertsekas (2001); Koren et al. (2022); Liu and Zhou (2025). See also Shamir (2016) for
RR under structured problems.

The first breakthrough on RR is by Gürbüzbalaban et al. (2021) for smooth strongly convex optimization,
which, however, requires each fi to be quadratic or to have a Lipschitz Hessian. Since then, extensive studies
have emerged. Among them, a series of works continues to study the convergence behavior of RR in smooth
strongly convex optimization for quadratic objectives or under other additional conditions (Ying et al., 2019;
Haochen and Sra, 2019; Safran and Shamir, 2020; Rajput et al., 2020; Ahn et al., 2020; Safran and Shamir,
2021; Rajput et al., 2022).

To the best of our knowledge, the first work that drops the strong convexity assumption is Nagaraj
et al. (2019), which provides a convergence rate of D2

ηnK + ηG2 under the requirement η ≤ 2
L for L-smooth

G-Lipschitz convex fi, where we remind the reader that D denotes the distance between the initial point and
the optimal solution, η represents the stepsize, and K is the number of epochs. However, this rate cannot
reflect any advantage of RR over standard SGD. Subsequently, two works (Mishchenko et al., 2020; Nguyen
et al., 2021) further remove the extra Lipschitz assumption and establish the bound D2

ηnK + η2nLσ2
⋆ under

the condition η ≲ 1
nL , where σ2

⋆ is the gradient variance at the optimal solution. This rate is faster than
standard SGD under its required regime and remains the best bound so far. In fact, it is unimprovable for
small η ≲ 1

nL and large K ≳ nL2D2

σ2
⋆

due to the lower bound of (Lσ2
⋆D

4

nK2 )
1
3 by Cha et al. (2023). Recently, Liu

and Zhou (2024) and Cai and Diakonikolas (2025) extend the above rate from the average iterate to the last
iterate (up to additional polylogarithmic factors).

B Summary of Notation
For readability, we recall and summarize the notation used in the paper.

• f = 1
n

∑n
i=1 fi is the objective, where each fi : Rd → R is differentiable and convex.

• x⋆ denotes the minimizer of f . f⋆ = f(x⋆) is the optimal function value. σ2
⋆ = 1

n

∑n
i=1 ∥∇fi(x⋆)∥2 is

the variance of the gradient at the optimal solution.

• Li > 0 is the smoothness parameter of fi. L̄ = 1
n

∑n
i=1 Li is the average smoothness parameter.

L̂ = maxi∈[n] Li is the maximum smoothness parameter.

• Bh(x,y) = h(x) − h(y) − ⟨∇h(y),x− y⟩ denotes the Bregman divergence induced by a real-valued
differentiable function h (not necessarily convex). We write B (resp. Bi) as shorthand for Bf (resp.
Bfi).

C Missing Proofs of Core Lemmas
This section contains the missing proofs of the three core lemmas presented in Subsection 4.1.

Before providing the proofs, we recall two notions introduced in (3) and (4), respectively. Given a
permutation π of [n] and two indices i, j ∈ [n] satisfying j ≤ i, π(i, j) is the permutation generated by
exchanging the elements πi and πj in π, i.e.,

π(i, j) =
(
π1, . . . , πj−1, πi, πj+1, . . . , πi−1, πj , πi+1, . . . , πn

)
. (50)

For any given k ∈ [K], xl
k(i, j), ∀l ∈ [n+ 1] denotes the trajectory of the k-th epoch starting from x1

k,
produced by Shuffling SGD, but under the permutation πk(i, j), i.e.,

xl+1
k (i, j) = xl

k(i, j)− ηk∇fπl
k(i,j)

(xl
k(i, j)), ∀l ∈ [n] , where x1

k(i, j) = x1
k. (51)
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C.1 Proof of Lemma 2
Proof. Given k ∈ [K] and i ∈ [n], we first have the decomposition

ℓ(xi
k)− ℓπi

k
(xi

k) =
1

n

i−1∑
j=1

ℓπj
k
(xi

k)− ℓπi
k
(xi

k) +

n∑
j=i

ℓπj
k
(xi

k)− ℓπi
k
(xi

k)

 .

Note that E
[
ℓπj

k
(xi

k)
]
= E

[
ℓπi

k
(xi

k)
]

holds for any j ∈ {i, . . . , n} under RR, since ℓπj
k
(xi

k) and ℓπi
k
(xi

k) are

equal in distribution conditioning on π1
k to πi−1

k and π1 to πk−1. Therefore, we obtain

E
[
ℓ(xi

k)− ℓπi
k
(xi

k)
]
=

1

n

i−1∑
j=1

E
[
ℓπj

k
(xi

k)− ℓπi
k
(xi

k)
]
. (52)

For any fixed j ∈ [i], it is known that πk equals πk(i, j) in distribution (e.g., Lemma C.3 of Liu and Zhou
(2025)), which implies that (πk,xk) also equals (πk(i, j),xk(i, j)) in distribution, since the trajectory of the
k-th epoch generated by Shuffling SGD is deterministically determined by the permutation and stepsize. This
implies that

E
[
ℓπj

k
(xi

k)
]
= E

[
ℓπj

k(i,j)
(xi

k(i, j))
]
= E

[
ℓπi

k
(xi

k(i, j))
]
,

where the last step is due to πj
k(i, j) = πi

k from its definition (3). Hence, we finally obtain

E
[
ℓ(xi

k)− ℓπi
k
(xi

k)
]
=

1

n

i−1∑
j=1

E
[
ℓπi

k
(xi

k(i, j))− ℓπi
k
(xi

k)
]
.

C.2 Proof of Lemma 3
Proof. By the definition of π(i, j) in (3), we know

πl
k(i, j) = πl

k, ∀l /∈ {i, j} ⇒ ∇fπl
k(i,j)

= ∇fπl
k
, ∀l /∈ {i, j} . (53)

Therefore, given l /∈ {i, j}, by the definition of xk(i, j) (see (4)) and the update rule of Shuffling SGD, we
have ∥∥xl+1

k (i, j)− xl+1
k

∥∥2 =
∥∥∥xl

k(i, j)− xl
k − ηk

(
∇fπl

k(i,j)
(xl

k(i, j))−∇fπl
k
(xl

k)
)∥∥∥2

(53)
=
∥∥∥xl

k(i, j)− xl
k − ηk

(
∇fπl

k
(xl

k(i, j))−∇fπl
k
(xl

k)
)∥∥∥2

=
∥∥xl

k(i, j)− xl
k

∥∥2 + η2k

∥∥∥∇fπl
k
(xl

k(i, j))−∇fπl
k
(xl

k)
∥∥∥2

− 2ηk

〈
∇fπl

k
(xl

k(i, j))−∇fπl
k
(xl

k),x
l
k(i, j)− xl

k

〉
(a)

≤
∥∥xl

k(i, j)− xl
k

∥∥2 +(η2k − 2ηk
Lπl

k

)∥∥∥∇fπl
k
(xl

k(i, j))−∇fπl
k
(xl

k)
∥∥∥2

(b)

≤
∥∥xl

k(i, j)− xl
k

∥∥2 , (54)

where (a) is due to Lemma 1 and (b) holds by ηk ≤ 2
L̂
⇒ η2k − 2ηk

L
πl
k

≤ 0.

Apply (54) from l = j + 1 to l = i− 1 to obtain∥∥xi
k(i, j)− xi

k

∥∥2 ≤
∥∥∥xj+1

k (i, j)− xj+1
k

∥∥∥2
=
∥∥∥xj

k(i, j)− xj
k − ηk

(
∇fπj

k(i,j)
(xj

k(i, j))−∇fπj
k
(xj

k)
)∥∥∥2

(c)
=η2k

∥∥∥∇fπj
k(i,j)

(xj
k)−∇fπj

k
(xj

k)
∥∥∥2 (3)

= η2k

∥∥∥∇fπi
k
(xj

k)−∇fπj
k
(xj

k)
∥∥∥2 ,
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where (c) holds by xj
k(i, j) = xj

k, since xl
k(i, j) = xl

k, ∀l ∈ [j] implied by (54) and x1
k(i, j)

(4)
= x1

k together.

C.3 Proof of Lemma 4
Proof. Expanding the definitions of B and Bπi

k
, we know

B(xi
k,x⋆)− Bπi

k
(xi

k,x⋆) =f(xi
k)− f(x⋆)−

〈
∇f(x⋆),x

i
k − x⋆

〉
−
(
fπi

k
(xi

k)− fπi
k
(x⋆)−

〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉)
=f(xi

k)− fπi
k
(xi

k)− f(x⋆) + fπi
k
(x⋆)

−
〈
∇f(x⋆)−∇fπi

k
(x⋆),x

i
k − x⋆

〉
.

Since E
[
fπi

k
(x⋆)

]
= f(x⋆) and E

[
∇fπi

k
(x⋆)

]
= ∇f(x⋆) under RR, after taking expectations on both sides,

we obtain that

E
[
B(xi

k,x⋆)− Bπi
k
(xi

k,x⋆)
]
= E

[
f(xi

k)− fπi
k
(xi

k)−
〈
∇f(x⋆)−∇fπi

k
(x⋆),x

i
k

〉]
. (55)

Now, we denote by ℓi(x) ≜ fi(x) − ⟨∇fi(x⋆),x⟩ , ∀i ∈ [n] and ℓ(x) ≜ 1
n

∑n
i=1 ℓi(x) = f(x) − ⟨∇f(x⋆),x⟩.

Then, (55) implies that

E
[
B(xi

k,x⋆)− Bπi
k
(xi

k,x⋆)
]
= E

[
ℓ(xi
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k
(xi

k)
]

(a)
=

1

n
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E
[
ℓπi

k
(xi

k(i, j))− ℓπi
k
(xi

k)
]
, (56)

where (a) holds by Lemma 2.
Note that ℓπi

k
is Lπi

k
-smooth by its definition and Assumption 3, we therefore have, for any j ∈ [i− 1],

ℓπi
k
(xi
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k
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i
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∥∥∥2 , (57)

where (b) is by Cauchy-Schwarz inequality and AM-GM inequality, (c) is due to Lemma 1, and (d) holds by
Lemma 3. Furthermore, we can bound∥∥∥∇fπi

k
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k
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k
(xj

k)−∇fπi
k
(x⋆)

∥∥∥2 + 4
∥∥∥∇fπj

k
(xj

k)−∇fπj
k
(x⋆)

∥∥∥2 + 4
∥∥∥∇fπi

k
(x⋆)

∥∥∥2 + 4
∥∥∥∇fπj

k
(x⋆)

∥∥∥2
≤8Lπi

k
Bπi

k
(xj

k,x⋆) + 8Lπj
k
Bπj

k
(xj

k,x⋆) + 4
∥∥∥∇fπi

k
(x⋆)

∥∥∥2 + 4
∥∥∥∇fπj

k
(x⋆)

∥∥∥2 ,
where the last step is by Lemma 1 again. Plug the above inequality back into (57) and use ηk ≤ 2

L̂
to have

ℓπi
k
(xi

k(i, j))− ℓπi
k
(xi

k) ≤Bπi
k
(xi

k,x⋆) + 32Bπi
k
(xj

k,x⋆) + 32Bπj
k
(xj

k,x⋆)

+ 4η2kLπi
k

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 + 4η2kLπi
k

∥∥∥∇fπj
k
(x⋆)

∥∥∥2 . (58)
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Combine (56) and (58) to obtain

E
[
B(xi

k,x⋆)− Bπi
k
(xi

k,x⋆)
]
≤ 1

n

i−1∑
j=1

E
[
Bπi

k
(xi

k,x⋆) + 32Bπi
k
(xj

k,x⋆) + 32Bπj
k
(xj

k,x⋆)
]

+
4η2k
n

i−1∑
j=1

E
[
Lπi

k

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 + Lπi
k

∥∥∥∇fπj
k
(x⋆)

∥∥∥2] .
When j < i, we observe that E

[
Bπi

k
(xj

k,x⋆)
]
= E

[
Bπj

k
(xj

k,x⋆)
]

and the following two inequalities hold

E
[
Lπi

k

∥∥∥∇fπi
k
(x⋆)

∥∥∥2] = ∑n
l=1 Ll ∥∇fl(x⋆)∥2

n
≤ L̂σ2

⋆,

E
[
Lπi

k

∥∥∥∇fπj
k
(x⋆)

∥∥∥2] = ∑n
l=1

nL̄−Ll

n−1 ∥∇fl(x⋆)∥2

n
≤ 2L̄σ2

⋆ ≤ 2L̂σ2
⋆.

Put everything together, rearrange terms, and use i− 1 ≤ n to conclude the desired inequality.

D Missing Proofs of Lemmas for Bound I
In this section, we provide the missing proofs of the lemmas presented in Subsection 4.2, which were used
to prove the first convergence rate in Theorem 5.

D.1 Proof of Lemma 5
Proof. Given k ∈ [K] and i ∈ [n], by the update rule of Algorithm 1, we have∥∥xi+1

k − x⋆

∥∥2 =
∥∥∥xi

k − x⋆ − ηk∇fπi
k
(xi

k)
∥∥∥2

=
∥∥xi

k − x⋆

∥∥2 + η2k

∥∥∥∇fπi
k
(xi

k)
∥∥∥2 − 2ηk

〈
∇fπi

k
(xi

k),x
i
k − x⋆

〉
. (59)

Note that ηk < 2
L̂
⇒ 2− ηkLπi

k
> 0, we hence can bound

∥∥∥∇fπi
k
(xi

k)
∥∥∥2 ≤

(
1 +

2− ηkLπi
k

2ηkLπi
k

)∥∥∥∇fπi
k
(xi

k)−∇fπi
k
(x⋆)

∥∥∥2 +(1 + 2ηkLπi
k

2− ηkLπi
k

)∥∥∥∇fπi
k
(x⋆)

∥∥∥2
=

2 + ηkLπi
k

2ηkLπi
k

∥∥∥∇fπi
k
(xi

k)−∇fπi
k
(x⋆)

∥∥∥2 + 2 + ηkLπi
k

2− ηkLπi
k

∥∥∥∇fπi
k
(x⋆)

∥∥∥2
≤

2 + ηkLπi
k

2ηk

〈
∇fπi

k
(xi

k)−∇fπi
k
(x⋆),x

i
k − x⋆

〉
+

2 + ηkLπi
k

2− ηkLπi
k

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 , (60)

where the last step is due to Lemma 1.
We plug (60) back into (59) to obtain that

∥∥xi+1
k − x⋆

∥∥2 ≤
∥∥xi

k − x⋆

∥∥2 − 2− ηkLπi
k

2
ηk

〈
∇fπi

k
(xi

k)−∇fπi
k
(x⋆),x

i
k − x⋆

〉
− 2ηk

〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉
+

2 + ηkLπi
k

2− ηkLπi
k

η2k

∥∥∥∇fπi
k
(x⋆)

∥∥∥2
=
∥∥xi

k − x⋆

∥∥2 − 2− ηkLπi
k

2
ηk

(
Bπi

k
(xi

k,x⋆) + Bπi
k
(x⋆,x

i
k)
)

− 2ηk

〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉
+

2 + ηkLπi
k

2− ηkLπi
k

η2k

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 .
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After rearranging terms, we have

2− ηkLπi
k

2
ηkBπi

k
(xi

k,x⋆) ≤
∥∥xi

k − x⋆

∥∥2 − ∥∥xi+1
k − x⋆

∥∥2 + 2 + ηkLπi
k

2− ηkLπi
k

η2k

∥∥∥∇fπi
k
(x⋆)

∥∥∥2
− 2ηk

〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉
−

2− ηkLπi
k

2
ηkBπi

k
(x⋆,x

i
k).

Therefore, we conclude the proof after applying

2− ηkL̂ ≤ 2− ηkLπi
k

and
2 + ηkLπi

k

2− ηkLπi
k

≤ 2 + ηkL̂

2− ηkL̂
,

both of which hold by Lπi
k
≤ L̂.

D.2 Proof of Lemma 6
Proof. Note that ∇f(x⋆) = 0 now, which implies that

−
〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉
=
〈
∇f(x⋆)−∇fπi

k
(x⋆),x

i
k − x⋆

〉
.

Since E
[
∇fπi

k
(x⋆)

]
= ∇f(x⋆) under RR, after taking expectations on both sides, we obtain that

E
[
−
〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉]
= E

[〈
∇f(x⋆)−∇fπi

k
(x⋆),x

i
k

〉]
. (61)

Now, we denote by ℓi(x) ≜ ⟨∇fi(x⋆),x⟩ , ∀i ∈ [n] and ℓ(x) ≜ 1
n

∑n
i=1 ℓi(x) = ⟨∇f(x⋆),x⟩. Then, (61) implies

that

E
[
−
〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉]
= E

[
ℓ(xi

k)− ℓπi
k
(xi

k)
]

(a)
=

1

n

i−1∑
j=1

E
[
ℓπi

k
(xi

k(i, j))− ℓπi
k
(xi

k)
]
, (62)

where (a) holds by Lemma 2.
Note that, for any j < i, we have

ℓπi
k
(xi

k(i, j))− ℓπi
k
(xi

k) =
〈
∇fπi

k
(x⋆),x

i
k(i, j)− xi

k

〉
≤
∥∥∥∇fπi

k
(x⋆)

∥∥∥∥∥xi
k(i, j)− xi

k

∥∥
(b)

≤ ηk

∥∥∥∇fπi
k
(x⋆)

∥∥∥∥∥∥∇fπi
k
(xj

k)−∇fπj
k
(xj

k)
∥∥∥ ,

where (b) follows from Lemma 3. Furthermore, we can bound∥∥∥∇fπi
k
(xj

k)−∇fπj
k
(xj

k)
∥∥∥ ≤

∥∥∥∇fπi
k
(xj

k)−∇fπi
k
(x⋆)

∥∥∥+∥∥∥∇fπj
k
(xj

k)−∇fπj
k
(x⋆)

∥∥∥+∥∥∥∇fπi
k
(x⋆)

∥∥∥+∥∥∥∇fπj
k
(x⋆)

∥∥∥ ,
which implies that

ℓπi
k
(xi

k(i, j))− ℓπi
k
(xi

k)

≤ηk

∥∥∥∇fπi
k
(x⋆)

∥∥∥∥∥∥∇fπi
k
(xj

k)−∇fπi
k
(x⋆)

∥∥∥+ ηk

∥∥∥∇fπi
k
(x⋆)

∥∥∥∥∥∥∇fπj
k
(xj

k)−∇fπj
k
(x⋆)

∥∥∥
+ ηk

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 + ηk

∥∥∥∇fπi
k
(x⋆)

∥∥∥∥∥∥∇fπj
k
(x⋆)

∥∥∥ . (63)

By AM-GM inequality, the following three inequalities hold

ηk

∥∥∥∇fπi
k
(x⋆)

∥∥∥∥∥∥∇fπi
k
(xj

k)−∇fπi
k
(x⋆)

∥∥∥ ≤ 4η2kL̂

2− ηkL̂

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 + 2− ηkL̂

16L̂

∥∥∥∇fπi
k
(xj

k)−∇fπi
k
(x⋆)

∥∥∥2 ,
ηk

∥∥∥∇fπi
k
(x⋆)

∥∥∥ ∥∥∥∇fπj
k
(xj

k)−∇fπj
k
(x⋆)

∥∥∥ ≤ 4η2kL̂

2− ηkL̂

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 + 2− ηkL̂

16L̂

∥∥∥∇fπj
k
(xj

k)−∇fπj
k
(x⋆)

∥∥∥2 ,
ηk

∥∥∥∇fπi
k
(x⋆)

∥∥∥∥∥∥∇fπj
k
(x⋆)

∥∥∥ ≤ ηk
2

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 + ηk
2

∥∥∥∇fπj
k
(x⋆)

∥∥∥2 .
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Plug the above inequalities back into (63) to have

ℓπi
k
(xi

k(i, j))− ℓπi
k
(xi

k) ≤
2− ηkL̂

16L̂

∥∥∥∇fπi
k
(xj

k)−∇fπi
k
(x⋆)

∥∥∥2 + 2− ηkL̂

16L̂

∥∥∥∇fπj
k
(xj

k)−∇fπj
k
(x⋆)

∥∥∥2
+

(
8ηkL̂

2− ηkL̂
+

3

2

)
ηk

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 + ηk
2

∥∥∥∇fπj
k
(x⋆)

∥∥∥2
≤2− ηkL̂

8
Bπi

k
(x⋆,x

j
k) +

2− ηkL̂

8
Bπj

k
(x⋆,x

j
k)

+

(
8ηkL̂

2− ηkL̂
+

3

2

)
ηk

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 + ηk
2

∥∥∥∇fπj
k
(x⋆)

∥∥∥2 , (64)

where the last step is by Lemma 1, Lπi
k
≤ L̂ and Lπj

k
≤ L̂.

Combine (62) and (64) to obtain that

E
[
−
〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉]
≤ 1

n

i−1∑
j=1

E

[
2− ηkL̂

8
Bπi

k
(x⋆,x

j
k) +

2− ηkL̂

8
Bπj

k
(x⋆,x

j
k)

]

+
1

n

i−1∑
j=1

E

[(
8ηkL̂

2− ηkL̂
+

3

2

)
ηk

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 + ηk
2

∥∥∥∇fπj
k
(x⋆)

∥∥∥2] .
We observe that E

[
Bπi

k
(x⋆,x

j
k)
]
= E

[
Bπj

k
(x⋆,x

j
k)
]
, ∀j < i and E

[∥∥∥∇fπi
k
(x⋆)

∥∥∥2] = E
[∥∥∥∇fπj

k
(x⋆)

∥∥∥2] = σ2
⋆.

Put everything together to conclude the desired inequality.

E Missing Proofs of Lemmas for Bound II
In this section, we provide the missing proofs of the lemmas presented in Subsection 4.3, which were used
to prove the second convergence rate in Theorem 6.

Before presenting the proofs, we recall the notion introduced in (9). For any k ∈ [K], the virtual sequence
yi
k, ∀i ∈ [n+ 1] follows the equations

yi+1
k = yi

k − ηk∇fπi
k
(x⋆), ∀i ∈ [n] , y1

k+1 = yn+1
k , where y1

1 = x⋆. (65)

As shown in (10), the virtual sequence satisfies that

yn+1
k = y1

k = x⋆, ∀k ∈ [K] . (66)

E.1 Proof of Lemma 7
Proof. Given k ∈ [K] and i ∈ [n], by the update rule of Algorithm 1 and the definition of yi+1

k (see (65)),
we have ∥∥xi+1

k − yi+1
k

∥∥2 =
∥∥∥xi

k − yi
k − ηk

(
∇fπi

k
(xi

k)−∇fπi
k
(x⋆)

)∥∥∥2
=
∥∥xi

k − yi
k

∥∥2 + η2k

∥∥∥∇fπi
k
(xi

k)−∇fπi
k
(x⋆)

∥∥∥2 + 2ηk

〈
∇fπi

k
(x⋆)−∇fπi

k
(xi

k),x
i
k − yi

k

〉
. (67)

Note that, by Lemma 1, we can find that∥∥∥∇fπi
k
(xi

k)−∇fπi
k
(x⋆)

∥∥∥2 ≤ Lπi
k

〈
∇fπi

k
(xi

k)−∇fπi
k
(x⋆),x

i
k − x⋆

〉
=Lπi

k

〈
∇fπi

k
(xi

k)−∇fπi
k
(x⋆),y

i
k − x⋆

〉
+ Lπi

k

〈
∇fπi

k
(xi

k)−∇fπi
k
(x⋆),x

i
k − yi

k

〉
≤
2− ηkLπi

k

4

∥∥∥∇fπi
k
(xi

k)−∇fπi
k
(x⋆)

∥∥∥2 + L2
πi
k

2− ηkLπi
k

∥∥yi
k − x⋆

∥∥2 + Lπi
k

〈
∇fπi

k
(xi

k)−∇fπi
k
(x⋆),x

i
k − yi

k

〉
,
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where the last step is due to Cauchy-Schwarz inequality, AM-GM inequality, and ηk < 2
L̂
⇒ 2− ηkLπi

k
> 0.

Rearrange terms in the above inequality to obtain that

∥∥∥∇fπi
k
(xi

k)−∇fπi
k
(x⋆)

∥∥∥2 ≤
4L2

πi
k

4− η2kL
2
πi
k

∥∥yi
k − x⋆

∥∥2 + 4Lπi
k

2 + ηkLπi
k

〈
∇fπi

k
(xi

k)−∇fπi
k
(x⋆),x

i
k − yi

k

〉
. (68)

Next, we plug (68) back into (67) to have

∥∥xi+1
k − yi+1

k

∥∥2 ≤
∥∥xi

k − yi
k

∥∥2 + 2ηk
2− ηkLπi

k

2 + ηkLπi
k

〈
∇fπi

k
(x⋆)−∇fπi

k
(xi

k),x
i
k − yi

k

〉
+

4η2kL
2
πi
k

4− η2kL
2
πi
k

∥∥yi
k − x⋆

∥∥2
=
∥∥xi

k − yi
k

∥∥2 + 2ηk
2− ηkLπi

k

2 + ηkLπi
k

(
Bπi

k
(yi

k,x⋆)− Bπi
k
(yi

k,x
i
k)− Bπi

k
(xi

k,x⋆)
)
+

4η2kL
2
πi
k

4− η2kL
2
πi
k

∥∥yi
k − x⋆

∥∥2
(a)

≤
∥∥xi

k − yi
k

∥∥2 + 2ηk
2− ηkLπi

k

2 + ηkLπi
k

(
Bπi

k
(yi

k,x⋆)− Bπi
k
(xi

k,x⋆)
)
+

4η2kL
2
πi
k

4− η2kL
2
πi
k

∥∥yi
k − x⋆

∥∥2
(b)

≤
∥∥xi

k − yi
k

∥∥2 − 2ηk
2− ηkLπi

k

2 + ηkLπi
k

Bπi
k
(xi

k,x⋆) +
4 + η2kL

2
πi
k

4− η2kL
2
πi
k

ηkLπi
k

∥∥yi
k − x⋆

∥∥2 , (69)

where we use Bπi
k
(yi

k,x
i
k) ≥ 0 in (a) and Bπi

k
(yi

k,x⋆) ≤
L

πi
k

2

∥∥yi
k − x⋆

∥∥2 in (b).
Finally, we sum up (69) from i = 1 to n, use x1

k+1 = xn+1
k and yn+1

k = y1
k = x⋆ (see (66)), and rearrange

terms to obtain

2ηk

n∑
i=1

2− ηkLπi
k

2 + ηkLπi
k

Bπi
k
(xi

k,x⋆) ≤
∥∥x1

k − x⋆

∥∥2 − ∥∥x1
k+1 − x⋆

∥∥2 + n∑
i=1

4 + η2kL
2
πi
k

4− η2kL
2
πi
k

ηkLπi
k

∥∥yi
k − x⋆

∥∥2 .
Therefore, we conclude the proof after applying

2− ηkL̂

2 + ηkL̂
≤

2− ηkLπi
k

2 + ηkLπi
k

and
4 + η2kL

2
πi
k

4− η2kL
2
πi
k

≤ 4 + η2kL̂
2

4− η2kL̂
2
,

both of which hold by Lπi
k
≤ L̂.

E.2 Proof of Lemma 8
Proof. Note that we have

Lπi
k

∥∥yi
k − x⋆

∥∥2 (66)
= Lπi

k

∥∥yi
k − y1

k

∥∥2 (65)
= η2kLπi

k

∥∥∥∥∥∥
i−1∑
j=1

∇fπj
k
(x⋆)

∥∥∥∥∥∥
2

.

Therefore, we can bound

E

[
n∑

i=1

Lπi
k

∥∥yi
k − x⋆

∥∥2] = η2kE

 n∑
i=1

Lπi
k

∥∥∥∥∥∥
i−1∑
j=1

∇fπj
k
(x⋆)

∥∥∥∥∥∥
2
 ≤ η2kn

2L̄σ2
⋆

3
,

where the last step is due to Lemma E.1 of Liu and Zhou (2024) (the constant here is slightly better, since
∇f(x⋆) = 0 in our setting leads to a provable improvement).
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F Rate for SGD
In this section, we present a convergence rate for standard SGD with epoch-dependent stepsizes. The proof
relies on Lemma 5, a direct extension of Theorem 8 of Attia et al. (2025), as discussed previously.

Theorem 11. Under Assumptions 1, 2, and 3, suppose ηk < 2
L̂
, ∀k ∈ [K], then SGD (Algorithm 1, with πi

k

sampled independently and uniformly from [n]) guarantees that

E [f(x̄K)− f⋆] ≤
2
∥∥x1

1 − x⋆

∥∥2
n
∑K

k=1(2− ηkL̂)ηk
+

8
∑K

k=1 η
2
k/(2− ηkL̂)∑K

k=1(2− ηkL̂)ηk
σ2
⋆,

where x̄K is defined in (1).

Proof. We invoke Lemma 5 and drop the nonpositive term − 2−ηkL̂
2 ηkBπi

k
(x⋆,x

i
k) to have, for any k ∈ [K]

and i ∈ [n],

2− ηkL̂

2
ηkBπi

k
(xi

k,x⋆) ≤
∥∥xi

k − x⋆

∥∥2 − ∥∥xi+1
k − x⋆

∥∥2 + 2 + ηkL̂

2− ηkL̂
η2k

∥∥∥∇fπi
k
(x⋆)

∥∥∥2 − 2ηk

〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉
.

(70)
Note that πi

k is now sampled uniformly from [n] and is independent from the history. Combining with the
fact that ∇f(x⋆) = 0, this implies that

E
[
Bπi

k
(xi

k,x⋆)
]
= E

[
f(xi

k)− f⋆
]
, E

[∥∥∥∇fπi
k
(x⋆)

∥∥∥2] = σ2
⋆, E

[〈
∇fπi

k
(x⋆),x

i
k − x⋆

〉]
= 0.

Therefore, after taking expectations on both sides of (70), multiplying both sides by 2, and using ηkL̂ ≤ 2,
we obtain that

(2− ηkL̂)ηkE
[
f(xi

k)− f⋆
]
≤ 2E

[∥∥xi
k − x⋆

∥∥2]− 2E
[∥∥xi+1

k − x⋆

∥∥2]+ 8η2k
2− ηkL̂

σ2
⋆.

Finally, a direct calculation yields the rate

E [f(x̄K)− f⋆] ≤
2
∥∥x1

1 − x⋆

∥∥2
n
∑K

k=1(2− ηkL̂)ηk
+

8
∑K

k=1 η
2
k/(2− ηkL̂)∑K

k=1(2− ηkL̂)ηk
σ2
⋆.
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