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Abstract

Stochastic Gradient Descent (SGD) is one of the most classical optimization algorithms with favorable
theoretical guarantees, yet its practical implementation differs subtly from its well-known form and is
often referred to as Shuffling Stochastic Gradient Descent (Shuffling SGD). A particularly popular strat-
egy in Shuffling SGD is Random Reshuffling (RR), which has achieved great empirical success. Despite
its strong performance, RR has long been considered a heuristic due to a lack of theoretical support.

Over the last decade, people have finally established provable convergence rates for RR, thus justifying
its observed superiority. However, for smooth convex optimization, two clouds over the convergence the-
ory of RR remain. According to current theory, Shuffling SGD under RR converges only when the stepsize
is smaller than a threshold proportional to 1/n, where n is the number of summands in the objective (or
the number of data points). Consequently, the optimally tuned theoretical rate of Shuffling SGD under
RR is strictly worse than that of SGD when the number of epochs is smaller than another threshold
proportional to n. These two restrictions heavily limit the applicability of existing theories and leave a
critical mismatch with practice.

In this work, for the first time, we prove that RR dominates SGD in smooth convex optimization
for any reasonable stepsize after any finite number of epochs, thereby addressing a longstanding open
question. Moreover, we establish new algorithm-dependent lower bounds for RR and SGD, respectively.
Altogether, these results yield (nearly) sharp worst-case characterizations of RR and SGD. Furthermore,
we develop a shuffling-based method to optimize functions satisfying the quadratic growth condition,
a strict relaxation of strong convexity, and derive a new complexity bound improving existing results
proved under stronger assumptions.

1 Introduction

One of the fundamental tasks in machine learning is to optimize functions in a finite-sum form, i.e.,
f(x) £ L5 | fi(x). Among different optimization algorithms, Stochastic Gradient Descent (SGD), pro-
posed in the seminal work of [Robbins and Monro| (1951)), is arguably one of the most classical methods.
Due to its easy implementation and computational efficiency, SGD is particularly popular when n is large,
the standard case nowadays. More importantly, the convergence guarantees of SGD have been extensively
studied, yielding provable rates in various settings (Polyakl, [1987; Bottou et al., 2018} |Lan, 2020)), thereby
providing a theoretical backbone for SGD.

However, compared with the standard form of SGD analyzed in theory, which uniformly samples a
function to perform a gradient descent step at each iteration (also known as with-replacement sampling),
the practical implementation differs subtly and is often referred to as Shuffling Stochastic Gradient Descent
(Shuffling SGD). In Shuffling SGD, the optimization procedure is divided into K epochs, and within each
epoch, the order in which functions are processed is determined by a permutation 7 of {1,...,n} (also known
as without-replacement sampling). A widely implemented strategy for generating = is Random Reshuffling
(RR), which, in each epoch, independently and uniformly draws a new permutation from all possible ones.

Although Shuffling SGD under RR has achieved great empirical success across numerous experiments, it
has long been considered a heuristic due to a lack of theoretical support. Over the last decade, beginning with
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the pioneering work of |Gurbiizbalaban et al.| (2021), people have finally established provable convergence
rates for RR, thereby justifying its observed superiority over standard SGD.

In particular for smooth convex optimization (i.e., each f; is convex and L—smootrﬂ), RR with a constant
stepsrz 1 is known to converge in expectation at the rate -7 + n?nLo? (e.g., Mishchenko et al.| (2020);
Nguyen et al.| (2021))), provided that the stepsize satisfies n S =7, where D denotes the distance between
the initial point and the optimal solution, and o2 is the gradient varrance at the minimizer. In comparison,
SGD under the same setting guarantees an in-expectation convergence rate —|—770 (Garrigos and Gower,
2023), but only requires n < ;7. Recently, two works (Cortlld et al. 2025, Attla et al., 2025) have further
extended the convergence theory for SGD to the regime n < #. To date, the best-known rate of SGD for

any 77 <j S 2o 17[[)‘)77"1( + o= nL)Q (Attia et al., 2025)). Clearly, RR converges faster than SGD in the regime

NS — Wthh has been recognized as theoretical evidence demonstrating the strong performance of RR.

Desplte the progress discussed above, some important issues remain unaddressed. The most critical
longstanding open question is that people still do not understand what happens to RR when 7 falls into the
regime 1 2 —. This point is critical because, given that n is typically large in modern tasks, the threshold
ﬁ can be extremely small or even vanish, whereas stepsizes used in practice are usually at a constant
level, thereby leaving a significant gap between theory and practice. More crucially, even if one temporarily
assumes that the existing rate for RR mentioned earlier could be extended to allow 1 < % (though no such
theory has been established), it would still fail to explain the advantage of RR over SGD, as the term n?nLo?
for RR is worse than the term no? for SGD when 7 > 2 =7+ This hints that an analysis different from existing
ones may be needed.

Another issue implied by the above discussion is that the optimally tuned rate for RR induced by the

Lan ) which is better than the best tuned rate T \‘;*T% for SGD only

when K is larger than a threshold proportional to n. Moreover, in the case of o, = 0 (i.e., all fl’b share a

existing bound is only LTDZ + (

common optimal solution), the rate of RR reduces to only LI?Q, which is even worse than the nT rate of
SGD by a factor of n.

The above restrictions on the stepsize 1 or the number of epochs K heavily limit the applicability of
existing theories and cannot fully explain the favorable performance of Shuffling SGD under RR compared
with standard SGD. Therefore, we are naturally led to the following question:

In smooth convex optimization, does RR dominate SGD without these two restrictions?

1.1 Owur Contributions

This work provides an affirmative answer to the above question.

min{1,pnL}no?

D2
@aLymK T (2-nl)?
for any stepsize satisfying n < % (see Theorem [1f for the formal version with nonuniform smoothness
parameters and dynamic stepsizes that depend on the epoch number). We highlight that this rate is
not only the first provable result for RR that allows 17 2 51, but also provably dominates the bound

= 77?;77”[( + (2 nL IE of SGD under any stepsize n < 7 It is noteworthy that this rate is not merely a

e Concretely, we show that Shuffling SGD under RR provably converges at a rate of

simple extension of the previously best bound for RR since the latter is slower than SGD when n 2 L,
as discussed before. Therefore, for the first time, we prove that RR dominates SGD in smooth convex
optimization for any reasonable stepsize after any finite number of epochs, resolving a longstanding
open question. Consequently, the optimall tuned rate for Shuffling SGD under RR is improved to

24
+ min{-Z== "*D ,(EZ57)5Y (see Corollary [1

m K for the forrnal version with nonuniform smoothness pa-

rameters), Wthh donnnates the best tuned bound £2- 4 \‘;ﬁ of SGD for any finite K. Moreover,

the rate reduces to nT when o, = 0 (i.e., the interpolation regime), improving upon the best known

result & T by a factor of %

1For simplicity, we adopt a uniform smoothness parameter in the discussion, as in most of the existing literature.
2We also use a constant stepsize in the discussion for convenience.



e In addition, we prove new algorithm-dependent lower bounds of Z—;—l—min {1,nnL} no? for Shuffling SGD

under RR in Theorem [2[ and n’z—; + no? for SGD in Theorem |3, Together with our new upper bound
for RR and the existing upper bound for SGD, these results establish (nearly) sharp worst-case char-
acterizations of the convergence of RR and SGD in the regime n < % (and, more generally, n < % for
any absolute constant C' € (0, 2)).

e Furthermore, building on the classical restart technique in the optimization literature, we develop a
restarted variant of Shuffling SGD termed Restarted Shuffling SGD. By applying the new upper bound
for RR mentioned above, we show that Restarted Shuffling SGD under RR can be used to optimize
functions satisfying the quadratic growth condition, which is strictly weaker than strong convexity. In
particular, we establish a new complexity bound under this weaker assumption, improving upon the
best known results for RR that require either strong convexity of f or strong convexity of each f;.
Moreover, our new bound is sharper than the corresponding bound for SGD across different parameter
regimes under the same setting.

1.2 Related Work

We provide a brief overview of Shuffling SGD under RR and defer further details to Appendix [A]

Over the past decades, the effectiveness of RR has been reported in many works (e.g., Bottou (2009}
2012); Bengio| (2012))). However, the theoretical understanding of it has long lagged behind. The first
breakthrough is by |Giirbiizbalaban et al.| (2021), which provides the first theoretical evidence that RR can
beat SGD in smooth strongly convex optimization under certain additional assumptions. Since then, RR has
been extensively studied (e.g., [Nagaraj et al.| (2019); Haochen and Sral (2019))). To date, the best known
rate in smooth convex optimization is D4 n?*nLo? under the condition 7 < -1~ (Mishchenko et al., [2020;

nmK ~ nL
24

Nguyen et al) 2021). The only existing lower bound in smooth convex optimization is (LZ;(I; )3, due to
Cha et al.| (2023), which holds for constant stepsizes n < ﬁ and a large number of epochs at least satisfying
K > nL?D?

~ g—? .
2 Preliminaries
Notation. N denotes the set of natural numbers (excluding 0). Given n € N, we write [n] = {1,...,n}.

|| and [-] denote the floor and ceiling functions, respectively. (-,-) is the standard Euclidean inner product,
and ||| £ /() is the £» norm. Given a real-valued differentiable function h : R? — R, Vh(x) denotes
the gradient at x € RY. The Bregman divergence induced by h is defined as By (x,y) = h(x) — h(y) —
(Vh(y),x —y), which is nonnegative if h is additionally convex.

Objective. We study the following finite-sum optimization problem in this work

x€R4

inf () 2 3" i),
=1

where n € N and each f; : R? — R is differentiable.

Remark 1. To ease notation, hereinafter we use B £ B ¢ and B; £B #; to denote the Bregman divergences
induced by f and f;, respectively.

Assumptions. Our analysis relies on the following three assumptions.
Assumption 1 (Minimizer). 3x, € R? such that f, £ f(x,) = infycpa f(x) € R.
Assumption 2 (Convexity). Fach f; is convex.

Assumption 3 (Smoothness). Fach f; is L;-smooth, i.e., AL; > 0 such that |V f;(x) = Vfi(y)|| < L; |x — y||,Vx,y €
R?.



All three of the above assumptions are standard and commonly adopted in the literature (Polyak, (1987}
Nesterov et al., 2018} [Bottou et al.l 2018} [Lan, |2020)). Notably, we do not impose any assumptions on the
difference between the individual gradient V f; and the full gradient V f, such as the popular finite variance
condition.

Next, we introduce three more notations to simplify the expressions in the subsequent sections. o2
denotes the variance of the gradient at the minimizer x,, and L (resp. I:) represents the average (resp.
maximum) smoothness parameter, i.e.,

1< _ " .
AgZWfZ x)|°, L2L1y" L, L%maxL,

We note that the quantity o2 is widely used in prior works on shuffling gradient methods (e.g., Ying et al.
(2019); Mishchenko et al.| (2020); Nguyen et al| (2021))) and remains invariant even when f has multiple
minimizers (see Lemma 4.17 of |Garrigos and Gower| (2023)). In particular, 02 = 0 corresponds to the case
in which all f; share a common optimal solution.

To finish this section, we state a classical result in convex optimization, known as the co-coercivity
property of smooth convex functions, which serves as a key tool in our analysis. As for its proof, see, for
example, Theorem 2.15 of Nesterov et al.| (2018).

Lemma 1 (Co-coercivity). Let h : R? — R be a differentiable convex function that is also L-smooth, then
we have, for any x,y € R?,

IVA(x) — VA()[® < 2LBu(x.y) and [Vh(x)— Vh(y)[® < L{Vh(x) - VA(y),x—y).

3 Shuffling Stochastic Gradient Descent

Algorithm 1 Shuffling Stochastic Gradient Descent (Shuffling SGD)
Input: initial point xi € RY, stepsize 1, > 0, number of epochs K € N
for k=1to K do
Generate a permutation 7 of [n]
for i =1ton do
Xyt =X, = eV fr (%7)
end for

end for

The method studied in this work, Shuffling Stochastic Gradient Descent (Shuffling SGD), is given in Algorithm
Compared with the standard SGD algorithm, which uniformly samples a function to process at each step,
Shuffling SGD determines the order in which functions are passed in each epoch based on a permutation. In
particular, three strategies for generating permutations are popular in practice, as illustrated in the following
examples, where S,, denotes the symmetric group of [n].

Example 1 (Random Reshuffling (RR)). Each 7y is drawn independently and uniformly from .S,,.
Example 2 (Single Shuffling (SS)). Each 7, = 7, a permutation drawn uniformly from S,,.

Example 3 (Incremental Gradient (IG)). Each m, = 7, a deterministic permutation from S,.

3.1 New Rate for RR

We are now ready to provide the first main result, Theorem [I} a new convergence rate for RR.
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then Shuffling SGD (Algorithm 1) guarantees that
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Remark 2. As in the conference Version (Liu 2026), we can also consider the weighted average iterate

XKx = Zk 1 il nhe x&, where HK = Zk 1 Mk, and prove a similar rate to that in Theorem (1} with
2— kL replaced by 2 — nL, where /) 2 maxye[K] k-

Proof. The proof is deferred to Subsection [£.4] O

To the best of our knowledge, in smooth convex optimization, Theorem [1] [I] shows the first convergence rate
for RR under any reasonable stepsize, i.e., ni < 2/ L, thereby improving existing results in different aspects.
Sheg 'flk”L o2

2
"Ek{(:r Mk i Tx
the condition 7 <

Previously, the best known convergence rate for RR is (where D = ||x1 — Xy H under

< 1/(n\/ﬁ) (Liu and Zhoul, [2024; |Cai et al., [2024). However, this requirement on 7 is
highly unrealistic, as n is typically pretty large in modern machine learning tasks, meaning that the stepsize
has to be extremely small or even vanishing. This contradicts the constant-level stepsizes commonly used in
practice and leads to a gap between theory and practice.

In comparison, Theorem || not only allows the stepsize to lie in the constant regime 7 < 2/ L but also
shows a fundamental improvement rather than a mere extension of the previously best known rate, since the
latter becomes slower than SGD once n; > 1/(nL) (the rate of SGD is stated below), while our Theorem
never does.

In addition, compared with the rate TSE (D; 5 + % 1 ’Z;/(s L")"L) o2 of standard SGD (Attia et al.,
k=1 k k k=1 k

2025) l our Theoreml 1] is never worse for any reasonable stepsize (i.e., 7, < 2/L), and is strictly better when

e < 1/(nL). This feature has an important implication: if both methods employ their own optlrnally tuned
0.D
VnK

stepsizes, Shuffling SGD under RR provably achieves a better upper bound that dominates the £ 77( +
rate of SGD after any finite number of epochs, as evidenced by Corollary [I] below.

Corollary 1 Under the same setting as in Theoreml, with the optimally tuned constant stepsize {n = n*}k 1
where n, < Shuff/lng SGD (Algomthml) guamntees that

1
% Lxt - x| oo |lxt—x Lo?|lxt — x,.]|*\ ®
i) - 15 AL i 2 *H’< e *H>

Proof. The proof is deferred to Subsection [£.4] O

T 2 4
+ (LZ KL; )#. To better understand

the differences among these optimally tuned rates, let Ordersgp (K ) and OrderQy (K) denote the dominant
terms in the existing optimally tuned rates for SGD and Shuffling SGD under RR, respectively, i.e.,

LD?* o.D LLD? [Lo2D*\?
OrderSGD(K)émaX{ ’ } and  Ordergy (K )émax{r ,( % ) }

In contrast, the known optimally tuned rate for RR is only LLD

nK  /nk K nKk?

3The work of |Attia et al.| (2025) does not provide a rate for dynamic stepsizes. However, their proof can be directly extended
to this setting. For completeness, we include a separate theorem and prove it in Appendix B




Similarly, Orderpg”(K) denotes the dominant term in the rate obtained in Corollary [1] i.e.,

LD? o.D (Lo2D"\?
d New A . * * )
Ordergr" (K) = max{ e ,mm{m,< e > }}

In the nondegenerate case o, # 0 (which implies that n > 2), the following comparisons hold:

Orderye"(K) = Ordersgp (K) < Orderdd(K), K < %EDQ’

OrderNew(K) OrderSGD(K) < Ordergn (K), "L D K< ”LLD ,

OrderNeW(K) Order0|d(K) < Ordersep(K), ™LD® < [ < w

Orderye” (K) = Orderg (K) < Ordersgp(K), K > 7”’21/20%3/2/32,
where (a) becomes an equality if and only if K = ”L;QD *and L =L, (b) becomes an equality if and only if
K = ”LULD and (c) becomes an equality if and only if K = w As one can see, unlike the existing

optimally tuned bound for RR in the literature, which can be slower than standard SGD when K < "LLD
the new result in Corollary [ is never worse than the optimally tuned rate of standard SGD and strlctly
beats it once K > ”L D ”LLD to ”L2D2.

Moreover, in the speaal case where all f;’s share a common minimizer, or equivalently when o, = 0,

Corollary (1 I achieves the same % rate as SGD. However, the prior bound for RR can only be reduced to

a slower rate in the order of -~ EI§D2 due to the stepsize restriction 7 < 1/(nV Eli), as discussed before.

Formally, once n > 2, we have

, thereby improving the threshold from

Orderhe"(K) = Ordersgp(K) < Orderr (K),VK € N.

In summary, Theorem [I] and Corollary [I] together imply that RR dominates SGD in smooth convex
optimization under any reasonable stepsize after any finite number of epochs.

3.2 New Lower Bounds for RR and SGD

The careful reader may notice that our previous comparison focuses only on upper bounds, which alone may
not fully substantiate the claim that RR dominates SGD. Motivated by this, we establish new algorithm-
dependent lower bounds for both RR and standard SGD under a constant stepsize {n; = 77}sz1‘

Before stating these lower bounds, we introduce some notation for clarity. Given d € N, n > 2, D > 0,
Ly, ={L; > 0}?:1, and o, > 0, we let

Ix, € R? such that f, £ f(x,) = infycpe f(x) and [|x,.| < D,
F(d,n,D,Lyp,0,) 24 f= Z fi: each f; : R — R is differentiable, convex, and L;-smooth,

%Z?:l ||sz‘(x*)|\2 < o2

In words, the class F(d,n, D, L., 0,) contains all finite-sum objectives satisfying the required assumptions.
We are now ready to present the new lower bounds. The first is Theorem [2] a new lower bound for
Shuffling SGD with RR.

Theorem 2. Given d € N, n > 2, D > 0, {L; >0}, and o, > 0, suppose RR is employed with

{me = n}k form >0, let xK £ L Zszl i X} denote the average iterate generated by Shuffling SGD
(Algorithmi) initialized at x1 = 0, over K € N epochs, then we have

sup E[f(xx)— fd 2 when KnnL > 1.

feF(d,n,D,Lin,04)




Remark 3. Although the theorem is stated under the condition KnnL > 1, our proof applies to any 1 > 0
and K € N. We restrict our attention to the regime KnnL > 1, since our analysis indicates that, in the
regime KnnL < 1, SUD fe 7 (dn, D, Liim,oy) B [f(XK) = f4] 2 LD?, suggesting that no meaningful convergence
occurs for RR in this situation.

Proof. The proof is deferred to Subsection [5.3] O

Theorem [2] provides a new algorithm-dependent lower bound for RR, extending the existing lower bound
2 4
(2%87)5 for {L; = L}, under the conditions n < 1/(nL) and K > nL2D?/o2 (Cha et al} 2023) to

2 ~
evggf prespecified 7 > 0 and K € N for nonuniform {L;};_, satisfying KnnL > 1, the meaningful regime
discussed in Remark [3] Importantly, this allows a direct comparison with stepsize-dependent upper bounds
and provides a finer characterization of the limitations of RR. As one can observe, there remains a gap
between the upper and lower bounds by factors polynomial in 1/(2 — nﬁ) when n < 2/ L, and resolving this
discrepancy is left for future work.

We highlight that Theorem [2] accommodates nonuniform smoothness parameters, therefore requiring a
more careful analysis. At a high level, the analysis is divided into two parts. In the first part, we establish the
772—; to capture the error induced by the initial distance between x} and x,. In the second part, inspired
by [Rajput et al.|(2020); Yun et al.| (2022);|Cha et al.| (2023), we also construct asymmetric piecewise quadratic
functions that allow us to explicitly track the RR iterates and establish the second term min {1, nnf/} no?,

which captures the lower bound arising from 2. For more details, please refer to Section

term

Theorem 3. Givend € N,n>2, D >0, {L; >0}, and o, > 0, suppose a constant stepsize {ny = 77}1{-{:1
forn > 0 is employed, let Xz = nLK Zszl i, X} denote the average iterate generated by SGD (Algorithm
with 7, sampled independently and uniformly from [n]), initialized at x = 0, over K € N epochs, then
we have

2

sup Elf(xx) — fil 2 +no? when KnnL > 1.

FEF(dn,D,L1m,0) ik

Remark 4. Similar to Theorem [2, we focus on the regime K nné > 1, since our proof suggests that, for SGD
as well, SUp re 7 (an,p.L1.,0,) Ef(XK) — fu] 2 LD? when KnnL < 1.

Proof. The proof is deferred to Section [f] O

Theorem [3] establishes a new algorithm-dependent lower bound for SGD, which, again, holds for every
prespecified n > 0 and K € N satisfying KnnL > 1. As in the case of RR, the lower bound in Theorem
also differs from the upper bound in Theorem |11]| by factors polynomial in 1/(2 — nﬁ) when n < 2/ L, and
closing this gap remains open.

The proof of Theorem [3]is relatively simpler than that of Theorem [2] due to the additional independence
in the sampling process. In particular, leveraging this independence, we can analyze the iterates of SGD
via a direct recursion and evaluate it in expectation, without having to track the dependence induced by
sampling without replacement. For more details, we refer the interested reader to Section [6]

3.3 Worst-Case Characterization

Combining the new upper and lower bounds, we obtain (nearly) sharp worst-case characterizations for both
RR and SGD with a constant stepsize 7 in smooth convex optimization. Concretely, given Alg € {RR,SGD},
K eN,ne(0,1/L),and f € F(d,n,D, Ly.n,04), whered € N,n > 2, D >0, {L; > 0},_,, 0, > 0, we define

Rateﬁ‘l’gg(K,n,f) £ f(XK) — fo

where, as before, X = # Zszl >, xi denotes the average iterate generated by Alg, initialized at x} = 0,
over K epochs.

Remark 5. For simplicity, we restrict our attention to the regime 7 € (0, l/f/] to drop the term 1/(2 — nf/)
in the upper bounds for RR (see Theorem [I)) and SGD (see Theorem [11]).



With this notation, Theorems [I] and [2] for RR, together with Theorems [3] and [I1] for SGD, give

sup E [Rateﬁygg(K,n, f)} = Ratep'®® (K, 5),VK € N,n € (0,1/L], KnnL > 1, 2)
feF(d,n,D,L1.p,04)

where

D? . = 9
+ 1,nnL , Alg =RR,
Rateﬁ]’ggJE(K7 n) & { ek 0N { nn } nos g

D +no?, Alg = SGD.

immediately yields that, under the stated conditions,

sup E [Rateé‘ég(K,n,f)} < sup E {Rateéé%([(,n,f)} )
FEF(dn,D,Ly.n,04) FEF(dn,D,Lin,04)

To the best of our knowledge, Theorem 7 of Haochen and Sra| (2019)E| is the only analogous worst-case
dominance result in the literature. Their result considers a different setting in which each f; is p;-strongly
convex and L;-smooth, all f;’s share a common minimizer (equivalently, o, = 0), and the stepsize satisfies
n € (0,min;ep,) 2/(Ls + pi)]. Under these conditions, their theorem states that the worst-case squared-
distance error of RR is no larger than that of SGD after any number of iterations.

Discussion of |De Sa| (2020). Readers familiar with the literature of RR may notice that, at first glance,
our result appears to contradict the work of De Sa (2020), which shows that RR is not uniformly better than
SGD. We note that this apparent discrepancy arises from the use of different convergence measurements.
Similarly, for Alg € {RR,SGD}, K € N, n € (0, 1/ﬁ], and f € F(d,n,D, Ly.p,0,), we introduce

Rateps' (K, 7, f) £ f(x3) = fu

Under this notation, the finding of De Sa (2020) should be understood as an instance-dependent result.
Concretely, Section 5 of De Sal (2020) constructs a function f € F(d = 3,n =4,D,{L; = (2+/3)/2, Ly =
1+ cos(n/7),Ls = Ly = 2},0, = 0), where D > 0 can be arbitrary, such that

Pr [Rate',;aRSt(K, 1/L,f) > 0,YK € N} =1 and Pr [Rateggsg(K, 1/L,f) =0 eventually} =1

We emphasize two subtle points here. First, the above result is established for the last iterate rather than the
average iterate considered above. Second, and more importantly, this almost-sure convergence dominance
does not necessarily imply, even for the constructed f, either

E |Ratel®t (K, 1/1L, f)} <E [Ratek?{t(K,l/ﬁ, f)} or E [Rateéé%(l{,l/ﬁ, f)} <E [Rate’;;f(K,l/ﬁ, Al

Therefore, the conclusion of De Sal (2020) does not contradict ours, as the two results concern fundamentally
different settings: worst-case comparison versus instance-dependent comparison.

3.4 Application to Functions with Quadratic Growth

In this part, we provide an application of our new Theorem [I] to functions satisfying the quadratic growth
condition in Assumption [4] below.

Assumption 4 (Quadratic growth). f satisfies the p-quadratic growth condition, i.e., f(x)—f, > %distz(x, X,),Vx €
R for some > 0, where X, = arg minycra f(x) and dist(x, X,) £ infy, ex, [|[x — X.||-

The quadratic growth condition has a long history in the optimization literature (loffe} [1994; Bonnans
and loffel 1995 [Anitescul, |2000; [Necoara et al.; |2019)). It is a strict relaxation of strong convexity, i.e., every
strongly convex function satisfies the quadratic growth condition, whereas the converse does not hold. It
is also closely related to several other well-known conditions, including the Polyak-fojasiewicz inequality
(Polyaki 1963)), error bounds (Luo and Tseng, |1993)), and the restricted secant inequality (Zhang and Yin,

4The theorem numbering follows the arXiv version of [Haochen and Sral (2019).



2013). We refer the interested reader to, e.g., [Karimi et al. (2016 and |Guille-Escuret et al.| (2021) for
systematic studies of these relationships.

Algorithm 2 Restarted Shuffling Stochastic Gradient Descent (Restarted Shuffling SGD)
Input: initial point x; € R%, stepsize n > 0, number of epochs K € N, number of restarts 7' € N
fort=1to T do
x¢4+1 = Shuffling SGD(x¢, 1, K), where x;41 is constructed based on
end for

To handle Assumption inspired by the classical restart technique in the literature, e.g., Nesterov| (1983)),
we consider a restarted variant of Shuffling SGD, termed Restarted Shuffling SGD, as presented in Algorithm
Specifically, we use Shuffling SGD as a subroutine and restart it after several epochs. At each restart,
the output of the previous stage is used as the initialization for the next run. Theorem [ below provides a
general convergence guarantee for this restarted scheme.

Theorem 4. Under Assumptions @ @ and suppose RR is employed by Shuffling SGD with n < % and

K=K,2 m, then Restarted Shuffling SGD (Algorithml%) guarantees that

< pdist? (x1,X,)  min {1, gL} no?

E [f(XTJrl) - f*} 2T (2 _ nﬁ)?

Proof. The proof is deferred to Subsection [7.1] O

Theorem [] shows that, with a constant stepsize 7 and a suitable choice of the number of epochs K
between restarts, Restarted Shuffling SGD with RR reduces the function value gap at a linear rate up to an
additive stochastic error. In particular, when o, = 0, i.e., the interpolation regime, the function value gap
E [f(x7+41) — fi] converges linearly to zero, and consequently so does E [dist® (x711,X,)].

At a high level, the intuition behind Theorem [4] is as follows. At each restart stage, Theorem [I] allows
us to upper bound E[f(xt+1) — fi] in terms of E [dist2(xt,X*)] up to an additive error. The quadratic
growth condition, in turn, lower bounds f(xs41) — f. by dist?(x;41,X,). With an appropriate choice of the
restart period, these two inequalities yield a constant-factor contraction of E [distQ(xt,X*)] at each stage.
Repeating this argument leads to the geometric decay stated in Theorem [4] while keeping the stochastic
error at the same order as in Theorem [l

Corollary 2. Under the same setting as in Theorem |4, given 0 < & < udistQ(xl,X*) sufficiently small,
with n = 1, = min{%,max{a%,a%,/%}} and T = T, & {log2 m-‘, Restarted Shuffling SGD
(Algorithm@ guarantees that

E[f(xr+1) = fi] Se

using the following number of individual gradient evaluations:

é—!—min U—z &\/@ lo —udistQ(xl,X*)
i e’ Ve & € '

Proof. The proof is deferred to Subsection [7.2] O

With Theorem [] in hand, we further establish Corollary [2] which provides the number of individual
gradient evaluations required to reach an e-accurate solution. To the best of our knowledge, when each f;
is smooth and convex, our sample complexity bound is the sharpest currently available among shuffling-
based methods, improving upon the best known results obtained under assumptions strictly stronger than

the quadratic growth condition: <"”MLLA + % ”ELB> log (M> for p-strongly convex f (Liu and

€

Zhou, 2024)), where A < \/log ( vfﬁ log (/J‘distz(sx17x*))> and B = \/log (c;* n% log (/ﬂiistr"(:hx*))) and




M for p-strongly convex f; (Mishchenko et al.,[2020), both of which are achieved

Loz ) tog
by Shuffling SGD with RR.

We would like to emphasize that, although our bound has a better order, it is achieved through a restarted
scheme, namely Restarted Shuffling SGD. In contrast, the results of |Liu and Zhou (2024)) and Mishchenko
et al.| (2020) mentioned above do not require restarts. Therefore, an interesting direction for future work is
to determine whether Shuffling SGD without restarts can achieve a similar guarantee for functions satisfying
the quadratic growth condition.

For SGD, as far as We know the best sample complexity bound in the literature that applies to our setting

is %log M —|— , as implied by Corollary 3 of [Khaled and Richtarik (2023). Since pdist?(x1,X,) <

fx1) — fo and [T L, their first term AlogM is hence worse than the correspondmg term
pdist? (xl,X ) .

% log

2 = .
regimes with our min {Z;, ‘;*\/”EL} log M, our bound is better both in the low-accuracy regime

ist2 i ist? . . . .
M < % % < ¢ and asymptotically in the high-accuracy regime as ¢ — 0.

Taken together, these comparisons indicate that our Corollary [2|improves on the best known bound for SGD
under the quadratic growth condition in different regimes.

when log

4 Theoretical Analysis: Upper Bound for RR

In this section, we lay the groundwork for proving Theorem [I] and complete its proof at the end. The section
is organized into four parts. First, we provide the three most important lemmas in Subsection Next,
in Subsection we establish an upper bound in Theorem [5] which indicates that Shuffling SGD under RR
never converges more slowly than SGD under any reasonable stepsize. Then, Theorem [6] in Subsection [£.3]
presents an alternative convergence rate for Shuffling SGD under RR, which demonstrates that Algorithm
under RR provably converges faster than SGD when the stepsize is sufficiently small. Finally, in Subsection
we conclude Theorem [I] and then use it to prove Corollary

4.1 Three Core Lemmas

This subsection contains three core lemmas, all of which are critical to our analysis.
Before presenting the lemmas, we introduce two notions. Given a permutation 7 of [n] and two indices
i,j € [n] satisfying j < i, we define the following new permutation

m(i,j) & (7', ..., 07wt a et et ). (3)

In words, 7(i,j) is the permutation generated by exchanging the elements 7* and 77 in 7. Equipped with
the notion of 7 (4, j), we introduce the following virtual sequence, for any given k € [K],

l+1( a]) X%(’L,]) - nkvfﬂfc(i,j)(xgc(iaj))7VZ € [77,], where Xllg(zaj) £ Xllc' (4)

This means that the sequence xfg(i,j),Vl € [n+ 1] denotes the trajectory of the k-th epoch starting from
x},, produced by Algorithm [1} but under the permutation (i, j). This virtual iterate can be viewed as a
coupled sequence of the real output and, to the best of our knowledge, was first introduced by [Sherman et al.
(2021). It plays a fundamental role in our proof, as will become clear.

With these two concepts in hand, we proceed to state the three core lemmas. The first is Lemma [2]
which is based on Lemma 2 of |Sherman et al.| (2021). For completeness, we reproduce the proof of Lemma

in Appendix [C]

Lemma 2. Given an arbitrary finite-sum function ((x) = = >°7" | £;(x), suppose RR is employed, then for
any k € [K] and i € [n], Shuffling SGD (Algorithm [1)) guamntees that

E [0(x}) — Ly (x})] = ZE[ (xi(0: ) = Ly (x1)]

10



where x,(i, j) is defined in ({).
In the analysis of shuffling gradient methods, a well-known major challenge is to properly bound the term
E [ (i) — fﬂi (x}c)} , unlike in SGD, which no longer equals 0 due to the nature of shuffling-based algorithms.

Lemma [2| provides a possible approach by relating the term we want to control (in a slightly more general
form, applicable to any finite-sum function ¢) to another quantity involving the virtual sequence introduced
earlier in .

For the convenience of the discussion, temporarily assume ¢; = f; in Lemma[2] Then, under the smooth-
ness assumption, one would expect the difference between ZW?; (xi(i,7)) and gﬁi (x%) to be small whenever

xi (i, j) and x}, are close. This observation naturally leads us to another core Lemma [3| stated below.

Lemma 3. Under Assumptions and@ suppose np < %,Vk € [K], then for any k € [K], i € [n], and
j € i — 1], Shuffling SGD (Algom'thm guarantees that

i (i) = i < e [V k) = V1 ()|

where xi (1, ) is defined in .

Lemma [3]quantifies how close the virtual iterate and the true trajectory can be, under the widely required
condition of n < 2/ L in smooth optimization. Although the inequality does not directly offer a bound on
the distance between X}'€ (i,74) and x}; that depends only on deterministic terms (e.g., the stepsize n;), it is
sufficient for our proof when combined with a careful analysis.

The proof of Lemma (3| is given in Appendix |C| and relies on the co-coercivity property (i.e., Lemma
, which is closely related to the nonexpansiveness of the update rule in gradient methods (Polyak, 1987}
Nesterov et al., [2018]).

Equipped with Lemmas [2] and [3] we are ready to present the final core result, Lemma [4]

)

K
Lemma 4. Under Assmnpzfions@r andH suppose RR is employed with {ﬂk < %}k , then for any k € [K]
=1

and i € [n], Shuffling SGD (Algorithm [1)) guarantees that
. . . — 1) N
E [B(x},x.)] < 2E {B“i (x}c,x*)} + — ZIE [Bﬁi (Xi,x*)} + =2 Lo?.
Remark 6. We make no effort to optimize the constants in the bounds obtained in this work.

To the best of our knowledge, we are the first to obtain an inequality in such a form. Intuitively, Lemma
says that each E [B(x},x,)] (which now equals E [f(x}) — f.] because Vf(x,) = 0) differs from its

stochastic counterpart E B (xt, X*)} by at most a multiplicative constant, together with an average of the

preceding terms E [Bﬂjk- (xi, x*)} satisfying j < i (not an exact average due to the coefficient 64/n), plus an
additional term involving ¢2. In particular, summing the inequality in Lemma [4| from i = 1 to n yields a
meaningful lower bound on E [ELI B (xt, x*)} based on E [ | B(x},x,)| and o2.

The proof of Lemma [4]is rather technical, so we skip the discussion here. For details, we kindly refer the
interested reader to Appendix [C]

4.2 Bound I: Never Worse than SGD under Reasonable Stepsize
In this subsection, we give the first bound for Shuffling SGD under RR, stated in Theorem [5| below.

K
Theorem 5. Under Assumptions@r andH suppose RR is employed with {nk < %}k ¥ then Shuffling SGD
(Algorithm[1)) guarantees that -

PR e D >y 7 L8 O

E[f(xx) — fi] < 7 [
[f(XK) — fil nszzl(Q—ﬂkL)nk Zszl(Q—nkL)ﬂk

where X 1s defined in .
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Discussion on Theorem To the best of our knowledge, Theorem [5] offers the first theoretical evidence
that Shuffling SGD under RR shares surprising similarities with SGD, as reflected in the two aspects elaborated
below.

First, Theoremlstates that, similar to SGD, Shuffling SGD under RR does converge under any reasonable
stepsize (i.e., mx < 2/ L) In contrast, as far as we know, all prior works that provide provable rates of
multi-epoch RR for smooth convex optimization require the stepsize 7 to be smaller than a threshold
proportional to 1/n, with only one exception (Nagaraj et all |2019)), which, however, assumes that each
fi is additionally Lipschitz, thereby limiting the applicability of their theory and even excluding common
quadratic optimization problems over R?.

Second, we highlight that Theorem [5| gives the same convergence upper bound (up to constant factors)
as SGD (Garrigos and Gower, |2023) in smooth convex optimization, while allowing a stepsize that depends
on the epoch number. This result thus fills a gap in the literature.

Putting these together, Theorem [5| indicates that, for smooth convex optimization, RR under any rea-
sonable stepsize never converges more slowly than SGD.

Analysis. In the following, we present the analysis for Theorem [5] and finally prove it. The core idea
underlying the proof is, as one might expect, to analyze Shuffling SGD in a manner analogous to SGD.
In other words, we aim to quantify the progress made by Algorithm [I] at each iteration. Although this
perspective is natural, it has been less explored in prior studies. The main reason is that, as discussed
earlier, the permutation in Shuffling SGD causes the most important property of SGD, unbiasedness, to no
longer hold. To overcome this barrier, we develop a novel analysis that avoids any additional assumptions,
such as Lipschitz continuity considered in Nagaraj et al.| (2019).

We start with the following Lemma |5, which characterizes the per-iterate progress of Shuffling SGD (or
SGD). Lemma [5| is inspired by Theorem 8 of |Attia et al| (2025), which was established only for SGD. In
contrast, our result slightly generalizes and tightens their bound. Indeed, if 7}, is sampled uniformly from [n],
after taking expectations on both sides and dropping the nonnegative term B (x*,xk) Lemma |5 recovers
their result. We include the proof of Lemma[5]in Appendix D

Lemma 5. Under Assumptions @ and@ suppose M, < = Vk € [K], then for any k € [K] and i € [n],
Shuffling SGD (Algomthml) guarantees that

2 — L : : : 2+ L 2
%nkBﬂi(x}wx*)§||xfc—x*H2—fol—x*Hz—l—;i (AEESI
; 2 — L
— 2y, <Vfw;‘€ (%), X}, — X*> - %%B (Xxs XJ,)-

In SGD, the uniform sampling scheme ensures that E |:B7.rli€ (x}‘c,x*)] = E [B(x},x.)] = E[f(x})— f]
and E [<Vf7ri (x4), X, —x*>} =E [<Vf(x*),x}; —X*ﬂ = 0. In contrast, the analysis of Shuffling SGD
presents two challenges. The first is to relate E {B (i, X*)} to E [B(x},x.)], which can be handled by the

previous Lemma [ The second, and the main remaining difficulty, is to derive a suitable upper bound on
E |:_ <vf7ri (X*)v X%c - X*>]
We address this latter challenge by establishing the following novel inequality in Lemma [0}

K
Lemma 6. Under Assumptions@, andH, suppose RR is employed with {nk < %}k g then for any k € [K]
and i € [n], Shuffling SGD (Algorithm[1) guarantees that -

B[ (St x)] < 2 S o e ] 200 20E

Lemma |§| provides a novel inequality to upper bound E [— <V fﬂi (X4), Xt — x*>} by the second moment
of the stochastic gradients up to time i. Note that the second term on the R.H.S. can be absorbed by the

12



R.H.S. of the inequality in Lemma [5} For the remaining term, the coefficient 7 /n is key to the final proof,
which ensures that the accumulated error in one epoch is controlled by E[n, > "1, |V fri (xi)[1?].

The proof of Lemma |§| builds on the two core results, Lemmas [2] and [3 presented before. To save space,
we defer it to Appendix [D

Final proof. With Lemmas [f] and [f] stated above, we are ready to prove Theorem

Proof of Theorem[5 We sum the inequality in Lemma [5| from i = 1 to n and use Xk+1 = XkJr to obtain

that
2 — nkL 2

2

n 2+ L
e > B (ke x0) < |k —[* = [Ixhys —xa] _73k kZHwﬂ (x,)

=1

n

_277’92<va (x,),x —x*> _ 2_2nkL77kZB’Ti(X*’XZ)'

=1

Take expectations on both sides and note that E [HV i (%)

2
} = 02 to yield that

2+ L 2 2

2— L
= <E [[lxh =[] = E [k —xlf"] + 2o
— kL

ZB xk,x*

2

z n

+ 20y, ZE { <Vf7T (x4), Xk —X*>:| _2 _2nkL77kZE {B,T;C(X*,Xi;)} .

i=1
(5)
Next, we invoke Lemma [f] and sum it up from i = 1 to n to have
771eL ; 2 + 3, L 2
E{ <V7T X, X—X*>i|_ IE{ (X4, % }—l—iA no,. 6
Z f )X}, Z ) 2 — el Mk (6)
Combine and @ to obtain that
2 — nkf; " ; 2 2 6+ 7nkf,
PEmE |3 By (kx| <E [HX; — x| } _E [HX;H — x| } o 252 (7)
i=1 2—mL
One more step, we observe that, by Lemma [4]
n ) n ) n )
E ZB(x;,x*)] <66E | Y B (x},x,) | +6ninLol < 66E | B (x},x,) | + 12nn07, (8)
i=1 i=1 i=1

where the last step is due to n; < 2,

Finally, we plug back into @, use L < 2, sum over k = 1 to K, divide both sides by nZkK:1(2 —
i L)nk, apply the convexity of f, and use the definition of X in to conclude. O

4.3 Bound II: Always Better than SGD under Small Stepsize
This subsection presents the other rate of Shuffling SGD under RR, as shown in Theorem [f] below.

K
Theorem 6. Under Assumptwnsl @r andH suppose RR is employed with {nk < = } , then Shuffling SGD
(Algomthml) guarantees that

i — x| I Yoiey minL/(2 — miL) o2
K 2 O
n Y et (2= m L)y Zk 12— 77kL)
where X 1s defined in .
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Discussion on Theorem [6} Readers familiar with the literature on shuffling gradient methods may
readily figure out that the rate given in Theorem [f] perfectly matches the known bound for Shuffling SGD
under RR in smooth convex optimization (e.g., [Mishchenko et al.| (2020); |[Nguyen et al.| (2021)). However,
we emphasize a key difference here, that is, the stepsize in our Theorem [6]is allowed to satisfy n, < 2/ i, in
contrast to all existing results that require 7y to be at most inversely proportional to n.

More importantly, in the setting of nonuniform L; considered in this work, the largest threshold on the

stepsize in the literature that guarantees a rate similar to Theorem |§| is in the order of 1/ (n\/ﬁ) (Liu and
Zhoul, 2024 [Cai et al., |2024). But as indicated by our Theorem @ the superiority of RR over SGD already
exists once 1, < 1/(nL). Especially, this improvement can be significant when a dominant smoothness
parameter exists, leading to L ~nL.

Therefore, Theorem [f] is the first result to extend the known bound in smooth convex optimization to
any reasonable stepsize while preserving the favorable property of Algorithm [1] i.e., Shuffling SGD under RR
provably converges faster than SGD when the stepsize is sufficiently small.

Analysis. The roadmap for establishing Theorem [g] differs substantially from that used before to prove
Theorem [l This time, our proof strategy is to check how close Shuffling SGD can be to Gradient Descent.
More concretely, we will view each epoch of Algorithm [1| (containing n iterations) as a single step and
analyze the progress made by it at once. This kind of approach has appeared in different previous works
(e.g., Mishchenko et al.| (2020); Nguyen et al.| (2021)) and always yields a convergence rate in the order of
1/(n'/3K?/3), faster than SGD when K is large.

However, all works that follow the idea described above share the same issue, that is, they require the
stepsize to be in the order of 1/n, which is, however, not enough for our purpose. In the following, we develop
a new analysis to bypass this critical obstacle.

We now formally begin the analysis by introducing another virtual sequence, defined as follows, for any
ke [K),

Vit & yh = Vi (k) Vi€ ], yh, 2ypt, where yi £ x,. (9)

Under the above definition, and noting that V f(x.) = 0, one can find
Y =y —me Y Ve (%) = yi —menVf(x) = yi, Yk € [K].

Combine the above line and y% = x, as defined in @ to have
yitl =y = x,,Vk € [K]. (10)

The above virtual sequence is inspired by the work of Mishchenko et al.| (2020), which, as far as we know,
was the first to propose a similar term under the constant stepsize. Here, we slightly extend their idea to
accommodate the case where the stepsize can depend on the current epoch number.

Remark 7. We note that [Mishchenko et al,| (2020) introduced the virtual sequence to handle the case of
individual strong convexity, i.e., each f; is required to be strongly convex. However, in our setting, only
individual convexity is assumed. This means that their proof cannot be applied. As such, our analysis
substantially departs from the existing approach.

Equipped with the new virtual sequence introduced above, we first present the following Lemma [7]

Lemma 7. Under Assumptzonsl @ and@ suppose 1 < = 2 Vk € [K], then for any k € [K|, Shuffling SGD
(Algomthml) guarantees that

4—2ml & S
2+7ZfL ZB (k) < [l = x| = [fchr = x| + n§L2nZ

i 2
i
- x|

where yi is defined in (@)
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As discussed earlier, we intentionally treat each epoch of Shuffling SGD as a single step. Hence, compared
with Lemma 5] used to prove the first bound, Lemma [7] has a different flavor, which shows the progress made
by Algorithm [I] over an entire epoch. Based on the form of Lemmal7] two tasks naturally arise. The first is
to lower bound the term »7" | B.i (x},x,) on the L.H.S. by 37" B(x},x.) = >_;; f(x}) — fi. The second

— X*H on the R.H.S.
Fortunately, the first task can be directly addressed by summing the inequality in Lemma 4| over ¢ € [n].

is to upper bound the residual term Y ", L

— x*||2 in Lemma |7}, which is bounded

Therefore, we only need to focus on the residual term Y ;- ; Ly
in Lemma [ below.
Lemma 8. Under Assumptions and@ suppose RR is employed, then for any k € [K]|, Shuffling SGD
(Algom'thm guarantees that

=36,

2 ZE 2
—X*H ] leng 0*7

where yi is defined in (@

Lemma [ can be derived in a relatively easy way, as it can be deduced from existing works. In particular,
thanks to |Liu and Zhou/ (2024), we obtain a bound that depends only on the average smoothness parameter
L rather than the maximum smoothness parameter L.

Final proof. Armed with Lemmas [7] and [§] above, we are finally able to prove Theorem [6]

Proof of Theorem[f First, we invoke Lemma [7] to have

3By ) < o = = ki =+ ”’;Lgn ZL%

4 — QT]kL
2+ k:L

b

where y? is defined in @ Take expectations on both sides and apply Lemma |8 to yield

4 — 2’17kL
24+ nkL

4+ n2L2 _
ZB (X %) 1 <E Mx,lC - X*HZ} -E [Hx,lwrl - X*HQ} + ﬁ%ni’nQLaf. (11)
k

Next, we multiply both sides of the inequality in Lemma I by 4 2’7’€L = 1)k and sum it up from i =1 to n
to obtain
4-2 L 4 — 2L = , 24 —12mL 5 -
el et ZB xix) | 66— P2 pE |3 B (x| + B pinlo?
24+ n,L 2+ L = " 2+ L

4 — 2L - , 24 — 12 5 o-
< 667mim€IE ZBﬂ.i (X}, %) | + 777517,§n2Laf, (12)
24+ niL el k 24 niL

where the last step is due to L < nL. Combine and l) to have

4 — 2L LN 12(2 — nxL)? + 22(4 + R L? _
By I ] R e )
which implies that, by nkj) <2,

E lZ(Q nkL)nkB(xk,x*)] < 132E [|xt — x.|*] = 182E [||xh0 — x.|*] + 1212"’:7”;“ o?

i=1
L n2L
=E Z (2 —miL) nkB(xk,x*)] <132 ||x1 —X*H + 1122 i o2
=1 =1 k=14 """k L

Finally, we observe that B(x},x,) = f(x}) — f, divide both sides by anZl(Q — neL)ne, apply the
convexity of f, and use the definition of Xk in to conclude. O
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4.4 Proofs of Theorem [1] and Corollary
With the previous preparation, Theorem [I] follows immediately.

Proof of Theorem[], Combine Theorems [5] and [f] to conclude. O
We next derive Corollary [1] directly from Theorem
Proof of Corollary[1, With a constant stepsize i = n < %,Vk € [K], Theorem [l reduces to

||x} _X*H2 min{l,nnﬁ}naf.

E X — Jx 5 2 [
[f(xK) — fi (2 — nL)nmmK (2 —nL)?

Optimizing the R.H.S. of the above inequality over 0 < n < % yields the desired result. O

5 Theoretical Analysis: Lower Bound for RR

In this section, our goal is to prove Theorem Our strategy is again to separate the analysis into two
complementary parts. In Subsection we study the error arising from D, the initial distance between x1
and x,, and derive the corresponding lower bound. In Subsection we turn to the stochastic error induced
by o2, the variance of the gradient at x,, and establish the second lower bound. Finally, in Subsection
we combine these two lower bounds to complete the proof of Theorem [2]

5.1 Bound I: Induced by the Initial Distance

In this subsection, we prove the first lower bound in Theorem [7] showing that the error induced by the initial
distance D cannot decay faster than n?% under the condition KnnL > 1. Importantly, this lower bound
applies to any shuffling strategy, rather than being specific to RR.

To prove the result, we construct a simple quadratic hard instance whose smoothness parameters for the
individual components are chosen according to the prescribed stepsize 1 and parameters Lq,...,L,. The
resulting dynamics can be tracked explicitly, allowing us to analyze the iterates under an arbitrary ordering

of the component functions and derive the claimed lower bound.

Theorem 7. Givend € N, n > 2, D > 0, {L; > 0}?:1: and o, > 0, suppose any shuffling strategy is

employed with {n; = n}fi)for n>0,let xx £ A= Zszl S, xi denote the average iterate generated by

Shuffling SGD (Algorithm 1)), initialized at x1 = 0, over K € N epochs, then we have

2

sup E[f(xk) — fx] 2 when KnnL > 1.

FEF(dn,D,Li.p,0) K

Remark 8. In fact, the lower bound is stronger than stated: for the constructed hard instance, the lower
bound holds for every sample path, rather than merely in expectation. See the proof for details.

Proof. In the following proof, v denotes an arbitrary unit vector in R%. We first let

1 -1 L; .
B & min{QnK,nL} n—E,VZ € [n].

Clearly, each ; satisfies 0 < §; < min {%, Li}. Moreover, we write
Felyg—mn{ Lz (13)
= = ; = min<{ ——, )
n — 2mK
Next, we define
i |x — Dv||?
o) 2 B PV g ¢ gy,
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The corresponding finite-sum objective is

Fo) 2 L3 fi = XV (14)

Note that x, = Dv = ||x*|| = D, each f; is differentiable, convex, and L;-smooth (since 8; < L;), and
Ly ||Vfl(x*)|\ =0 < o2. Therefore, f belongs to the class F(d,n, D, Li.,, 0y).
Now we can find that ‘
Vi (xh) = By (xh — Dv), Yk € [K] i € [n],
which implies that
X = (1= 1B )X, + 1B DV, VE € [K] i € [n].

Since x1 = 0, unrolling the recursion yields

x, = (1-p" ] = 1Byy) | Dv,Vk € [K] i € [n],

where
AT nﬂie[o,l],we[n] 1 1
= 1 —np; 2 - i =1-—n 21*727. 1
ﬁf nB:) > niﬁ 5% 25 (15)
As such, we have
1 K n 1 K n i—1
Sio= 22 xe= | 1o 2 /T 0w | Dy (16)
k=11i=1 k=1 i=1 j=1

Finally, we know

_ - 2
f ,,\|v|\=1 B (25:1 Pt Dict Hj:ll(l - nﬂ%)) D? (;) (1 — exp(—Knnp3))2D?

f(XK) - Jx M2 K2 = 8772”2](25
® BD* @ D? D2 ] _
> 32 - 3277nK mln{ KnnL} = Gagnk mln{LKnnL} ,
where (a) is due to
i—1 n
[T -n8.,) =] -n8) D ), viem),
j=1 j=1
which implies that
n i—1 K 15 n K 17 (1 _ NEK B B —
k-1 nnp) 1 — exp(—Knnp)
SVED 91 (ERTMEH SR 0 STETE mH) , 1= owl_Kmd)
=1 j5=1 k=1 2 k=1 2775 2776

and (b) follows from 1 —exp(—z) > §,Vz € [ ,5] and 0 < Knnf3 < % Therefore, for the constructed

f e F(d,n,D,Ly.,,04), any shuffling strategy satisfies

2

fxw) = 1.2 2

min {I,Knnf/} .

Consequently,

2
sup E[f(Xk) — fi] = when KnnL > 1.

fEF(dn,D,Ly.pn,04) m
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5.2 Bound II: Induced by the Gradient Variance at the Optimum

This subsection establishes the second lower bound in Theorem [8) which captures the stochastic error o2
induced by the variance of the gradient at x,. In contrast to the first lower bound in Theorem [7, which
holds for any shuffling strategy, Theorem [§]is specific to RR and exploits the randomness of the permutation
within each epoch.

Theorem 8. Given d € N, n > 2, D > 0, {L; >0}, and o, > 0, suppose RR is employed with

A

{me = 77}?: orm >0, let xx = L Zle S xi denote the average iterate generated by Shuffling SGD
(Algorithm , initialized at x1 = 0, over K € N epochs, then we have

sup E[f(xx) — f] Z min {1,pnL} no? when KnnL > 1.
fe€F(dn,D,L1:n,04)

The analysis required for Theorem [§] is considerably more involved. We therefore treat the cases n > 3
and n = 2 separately, establishing the corresponding results in Theorems [9] and [I0] below, respectively.

At a high level, the proof is based on carefully designed hard instances whose dynamics under RR can be
analyzed explicitly. For n > 3, a key ingredient is the asymmetric piecewise quadratic structure, allowing the
randomness of the permutation to generate a persistent drift across epochs. Together with the nonuniform
smoothness parameters of each component, this structure makes the effect of the random ordering analytically
tractable. In contrast, the case n = 2 admits a simpler direct analysis. In both cases, the key is to quantify
how the stochastic effect introduced within each epoch accumulates under RR and remains nonnegligible in
the average iterate, ultimately yielding the claimed lower bound.

Analysis when n > 3. The key part of the proof is to design n asymmetric piecewise quadratic functions
inspired by Rajput et al.[(2020); Yun et al.| (2022));(Cha et al.|(2023), in which sampling without replacement
generates a persistent bias even when the algorithm starts at x,. Controlling this bias across epochs then
yields the desired term min {1,pnL} no?.

The most important technical component of our proof builds on Lemma 10 of Rajput et al (2020)),
Lemma 13 of [Yun et al.| (2022)), and Lemma B.4 of [Cha et al.| (2023). Concretely, given k € [K], we couple
the true iterates {xi};jll

with {sz}zrll generated by {h;},_, (see ), the symmetric counterpart of {f;}.—,, and then apply a novel

comparison lemma (see Lemma E[) to derive a recursion in expectation for the true iterates. However, the
existing analyses consider only uniform smoothness parameters, i.e., L; = L,Vi € [n]. Therefore, our proof
requires several modifications to accommodate the nonuniform case. Moreover, for our purpose, we must
explicitly track the dependence on the stepsize 7.

generated by the asymmetric piecewise quadratic hard instance {f;}!_; (see )

Theorem 9. Given d € N, n > 3, D > 0, {L; >0}, and o, > 0, suppose RR is employed with

A

{me = 77}15.(: orm >0, let xx = L Zszl i X} denote the average iterate generated by Shuffling SGD
(Algorithm , initialized at x1 = 0, over K € N epochs, then we have

sup E[f(xk) — f«] 2 min{1,nnL} no? when KnnL > 1.
feF(dn,D,Ly.p,04)

Proof. W.l.o.g., we assume Ly > Ly > --- > L, 1 > L, in the following proof. We first define .S S Z?:_f L;

and note that _
nlL

3525+Ln71+Ln:nf/:Sz?. (17)
We now introduce
ind L Ly 4 _
5 2 mln{zn,S} ¢ i€n—2] . (18)
0 ie{n—1,n}

By construction, each f3; satisfies 0 < 3; < min{ 1, L; ¢ and at least one f3; is positive since n > 3. Moreover,
n

N , 1 sy @ | 1 L 1 (1 -
= — Z: P — YRGS 2 Y 77L N ]'
Ié] n;B mm{2nn - min 2’3 3 min p (19)
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We then define

2
fi(x) & <5Z—]1[ (1] < 0]+ ﬁl 1[x[1] > 0}) @ -|—Xi\/§0*x[1],w € [n], (20)
0 i€n—2
where x; £ { —1 i=n—1 . The corresponding finite-sum objective is
1 1=n
. 1 n B B B (X[l])2 min {n%’i} (X[l])2
CERICE (et <o+ Sy = o) B0 S i R CT)

Note that x, = 0 € arg minxeRd f(x) = ||x*|| = 0 < D, each f; is differentiable, convex, and L;-smooth
since Bl <Bi<Ljand LY IV fi (x| = 13" X?0? = o2, Therefore, f € F(d,n,D, L1.;,0.).

Next we introduce )
hi(x) = Bi@ + Xi\/ga*x[l],w € [n]. (22)

Moreover, given k € [K|, we recursively define

7, £z}, —nVh, (2}),¥i € [n] where z} 2 x]. (23)

Furthermore, we let ) , )
L £ xi[1] — 2z, [1], Vi € [n].

We use induction to prove that, for all i € [n + 1],

i—1 i—1
ALz 3> By T (1-nsy), (24)
j=1 I=j+1

where (), £ 21 [z > 0]. Wheni = 1, is true by the definition of z; = x}. Suppose (24) holds for some
i € [n], then for the index i + 1, we have

X[ <1 — B 1 [x[1] < 0] — T)/B;i 1 [xp[1] > O]) x[1] - X, \/ZU*’

i (122),(23) i n
70 B (k1) g [

which together imply that

, : (@) : : ® 5 < , :
AP = (L= B )AL+ 3 (D4 2 (L—nBe) AL+ 2B )4 2 3 - By @4 [] 0 -nbay),
Jj=1 I=j+1

where (a) is due to A} > 0 (by the inductive hypothesis) and the monotonicity of (-);, and (b) is by

(L8]
1-nB = 1— % > 0 and the inductive hypothesis. Therefore, we complete the induction.

By li we have

i—1 i—1 i—1
2y 223 By @M [T 1 =nsy) =378, (#l1)s Vi€ n+ 1], (25)
j=1 I=j+1 Jj=1

where
nBi€[0,1],Vi€[n]

1\3\)—1

p2 ] -n8) 1—n25i=1—nn51— { ,775}

i=1 i=1
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Taking expectations on both sides of yields that, for all k € [K] and i € [n + 1],

i—1 i—1 1—1
E[xi[1] > E[z[1)] + BB | Y8, @)+ | =E | -n8,) | E (k] + 5B | D8, =)+ | |
j=1 j=1 j=1

(27)
where the last step is due to the first equation in Lemma [0
Finally, we consider two cases:

Case 1. K > 2. In this case, we take i =n + 1 in to obtain, for all k € [K],

n

E[x}n U] =E[x (1] 2 E [ [J1-n8,p) | E[xil)]) + 5B

n

S 6. <z:;m>+]

=1

j=1

S5, <zzm>+]
=1

> pE [x;[1] + pQI’;BE KXHH + 17\/20*> J 7

where the last step is by the second inequality in Lemma @ Since x} = 0, a simple induction
gives that E [x}[1]] > 0,Vk € [K], which further implies that, for any k € [K],

B

pE [x4[1] + %]E

2 9 %_ . B 2,202 % .
E [X}H_l[l]] > pE [x,lﬁ[lﬂ + '0771271\/50 > (1—nnp)E [X;lﬂ[l]] + P PO 77125\%0 )

Unrolling this recursion yields

E [xL[1]] > ”2;72\/\?;*(1 — (1 — )Y & nvno, (1-(1—mmp)* ) Vke[K].  (28)

Next, we invoke (27) and drop the second nonnegative term to have

i—1 1
, E |x;|1
B 28 | [0 -8, | bt 2 0 ek se vy, o)
j=1
i1 0<nB<1,Vi€[n] n
where the last step is due to E [x;[1]] > 0,Vk € [K] and [T= (1= nﬂﬂi) > -, (-

(26)
nB,;) = 3. Therefore, we can find that
k

K n K K
il = e 303 Ebll] 2 5 Y i) e > o1 - (1=

. K
Bl Z 1 —exp(—nnpB(k — 1)) > T/ Z 1~ exp(=nnp(k ~1))

> >
962K k=1 96v2K k=[K/2]+1
nvno. | K/2] _ K22 q/no, _
> — —— . (1—exp(—Knnp/2)) > ——=(1—exp(—Knnp/2
2 56vz K ( p(—KnnfB/2)) > 288\/5( p(—Knnp/2))
() min { 1 — exp(—1/2), min { & KnnL /4 in{1. KnnL
> { e }n\/ﬁa* L min{L R} o (o)

288+/2 34561/2
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where (a) follows from 1—exp(—z) > min {1 — exp(—1/2),2/2},Vz > 0 and Knnp3 ! {%, Kon

Hence, we have

E[f(xx) = fi] 2 F(E[XK]) = fx =
" min {1,77nf/} (min {l,Knnf/})znaf,

where the first step is by Jensen’s inequality.

Case 2. K =1. In this case, we take £ =1 in and use x; = 0 to obtain

E [x}] >—IE Zﬂﬂ{ (Z][1]) 4| ,Vie[n+1]. (31)

Therefore, we can find that

il = Bfll] = 1 Y8 ) 2 523 Zﬁﬁ A
@ p*n(n —1)8

_ g im—iwﬁ(zium] > B —FE (X“”*”\/Z"*)J

<=0 P’ (n — 1)V/nfo, @ n’(n—1)\/nbo, "~12% 1Pni o,
B 24y/2 - 96v/2 - 192v2
9 ny/nmin {1,nnL} o

32
576v/2 (3
Hence, we have
1 7 = 2
7 7 mln{m,L} (E [%x[1]))
E[f(xx) ~ f:] > fE[xx]) ~ = h
_ _ _ _
> (min {17 nnL})3 no? K= min {1, nnL} (min {1, KnnL})2 no
where the first step is by Jensen’s inequality.
Combining the two cases above, we conclude that, for n > 3,
sup E[f(Xx) — fi] 2 min {1,nnL} (rnin{1,[(7771[_,})21702
feEF(d,n,D,Ly.p,04)
Consequently, for n > 3,
sup E[f(Xx)— f] 2 min{1,npnL} no? when KnnL > 1.
feF(d,n,D,L1.y,,04)
O

Lemma|§| collects three technical results that characterize key properties of the auxiliary sequence {z}C }?;1
and serve as important ingredients for proving Theorem [J] In particular, these results provide the identities
and lower bounds needed to control the drift induced by RR within each epoch.

Lemma 9. Let {h;}!"_, be defined as in and, for a fized k € [K], let {z;‘c}:;l be defined as in ,

then we have

21



o E [2}[1] = E [[[,Z}(1 - n8,)| E[xh[1] Vi € [+ 1),
o B[S0 B (2 (1)1 | > 2228 [(x} 1] +ny/F0) |
o B[S0 (n = 0By (1)) 2 240K [ (k1] 4+ ny/Fon) .

Proof. By definition,
i (22), (23) i n .
2T 1] €2.£3 (1 = nBri)zi[1] — X \/;a*,w € [n].

Unrolling this recursion yields

%

A1 = | [T -n8,) | xb - fU*ZXJ T[ (= nfoo).vi€ ). (33)

j=1 l=j+1

The first equation. For {a,b} C [n], we define the operator Toesp : Sn — Sn,0 = Tawb(0), where
Tawsb(0) is obtained by swapping the positions of a and b in o € S,,. Recall that §,—1 = 3, (see (18))) and

0 ien-—2]

Xi =4 —1 i=mn-—1 , we therefore have, for any 1 < j <i < n,
1 i=n
i i i
Xﬁ—l(—)n(ﬂ'k) H ( 1767; 1<—>n(7rk)) —1lon (Trk) H (1 - anL) - _Xﬂ”’]‘ H (1 B 77/877;6).
I=j+1 I=j+1 I=j+1
Consequently,

Elxg [T Q=n8)| =B lxp o I Q=87 )| =E|x IT @=n8a)|, (39)

I=j+1 I=j+1 I=j+1

where the last step holds because, when 7y, is uniformly sampled from S,,, 7 equals T;,—1.n(mk) in distri-
bution. Hence, implies that

1
El|xg [[ Q-na)|=0vi<j<i<n
I=j+1

Finally, we plug the above equation back into to have
Elz 1] =E || [T -n8.) | <] =B [T -n8.)| E[xi1]] Vi € [n],

Jj=1 Jj=1

where the last step follows from the independence of 7 and x,lc. Relabeling the indices completes the proof.

The second inequality. In what follows, for i € [n], let 7 € [n] denote the unique index such that

wg’“ = i. In other words, 7, is the inverse permutation of 7, and hence is also uniformly distributed over S,,.
Moreover, we introduce the event Ei £ {frg_l <7l < WZ} ,Vi € [n — 2]. Since 7y is a random permutation,
we have

Pr[E}] = %m’ €n-2]. (35)

Now, we observe that
n n ; n—2 o )
> B (@1 =Y iz 1)+ 2 Z Bilzr (1)) > > Bilzp (1)1 [E] (36)
i=1 i=1 i=1
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where (a) follows from 3,1 = 8, = 0 (see (18])). Next, given i € [n

sy ([fo-w]
j=1

where (b) holds because, under the event E}, X = 0forall j € {1, ce Ty

— 2], we can find that

Wk—l

wk—l
\/>O'*ZX7

+

—J+1
7rk71
5 0 H1 (1-nBu)| 1[E]
I=Fp " 41 N

p (bl + n\/fo*)+ 1[E]. 7

U LA 1)

and Xni = —1 when j = 7?271, and (c) follows from combining the following two cases:
Case 1. x;[1] > 0. In this case, we have
wk—l ﬂk—l
H (L=nB) | xi[1] + n\/g o ~ )
= wk +
[#i—1 #i—1
n
| TL - =t emfae. TT (-ns)
_j:l = Wz i1
> ([Ta—=n8.0)| (<l +7 50+ = [T =8| (xil]+n 50+ )
o1 i +
Case 2. x1[1] < 0. In this case, we have

7 —1 ﬂ'k 1
H (1=nB) | xx[1] + n\/;f* (1—nBg)
I=7," n
71 i ! -
=| T a-mp| (| TLa - | =t a5
_]:7?;}71-1-1 j=1 +
fr,icfl ] n
n
> I a-28.) ( R[]+ n\[ ) [T -n8, (Xi[l} + 77\/;0*) :
Lj=; " +1 _ e i
Finally, we plug back into to have
n . n—2 n )
> B (zi1])4 > pZBz (xk 50+ ) 1[E;],
i=1 +

which implies that

E

Zﬁ (z[1 +] >PZ@
i=1
i)PZ@'P
i=1

.63 by
N 6

(Xi[1]+n\/za*)+11 o
(x,ﬁ[l] + ﬂ\/ZJ*) J
(bt + n\/za*>+] ,
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where (d) follows from the independence of m;, and xj.

The third inequality. Using an argument similar to that for the second inequality, we obtain

(xi[l] + 77\/20*) J
(Xiﬂ]+nvﬁ;n)+],

where the last step is due to and the fact that, for any ¢ € [n — 2],

B |30 )y a0 +]>pz@ - #i)1 [BL] E

~pn(n—1)8 E
N 12

3

E [(n — #)1 [£{]] = nPr 5] ~E [#2 [5]) B © [+ (5]

D Ul-Dn-1) n-1

nin—1)(n-2) 12

=2

O

Analysis when n = 2. We now turn to the case n = 2. Compared with the case n > 3, the construction
and analysis are considerably simpler, as the problem involves only two component functions and the effect
of the random permutation can be characterized explicitly. This allows us to establish the desired lower
bound through a direct calculation.

Theorem 10. Given d € N, n = 2, D > 0, {L; >0}_,, and o, > 0, suppose RR is employed with
N

{me = n}k form >0, let xK L Zszl i X} denote the average iterate generated by Shuffling SGD
(Algorithmi) initialized at x1 = 0, over K € N epochs, then we have

sup E[f(xk) — f] 2 min{1,nnL} no? when KnnL > 1.
feF(d,n,D,L1in,04)

Proof. W.l.o.g., we assume Lj > Loy in the following proof. We first define
P A 1 2
B=min{ —,Ly=min —,L ;. (38)
nm 2n

(x[1))*
2

Next, we introduce
A0 2P o x1) and fo(x) £ oux(1].

The corresponding finite-sum objective is

o Ly (x[1])?
fi(x) + fa(x) B 2 @) MM L
flx) & === = (x[1])" = { } (39)
2 4 4
As before, one can verify that f € F(d,n, D, L1.,,04).
Again, we consider two cases:
Case 1. K > 2. In this case, a direct calculation gives us
1 1 n*Bos
E [k (1] = (1 nB)E [xb{1] + 7% vk € [K].
Since x1 = 0, unrolling this recursion yields
o _
E[xi[1] = 51— (1 - nB)* "), ¥k € [K +1]. (40)

2
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Next, we observe

Efxll] = =SS B0 S 2 S E ] S TS 1 (1 gy

k=11:=1 k=1 k=1
o K o X
> * . o _ > * _ — —
> Toe 21— exp(=nB(k = 1) = T > 1—exp(-np(k—1))
k=1 k=[K/2]+1
o, |K/2 K22 Tno
> 7176*.%.(1%@(4@75/2)) > ZS*(lfexp(fKnM))

(a) 7min{1—exp(—1/2)7min{§,K"Q"E}/él} Vi >
nvnoy =

7 min {1, Knni}

>

- 482 3844/2

Tl\/ﬁﬂ*,

(42)

where (a) follows from n = 2, 1 — exp(—2) > min{l —exp(—1/2),z/2},Vx > 0, and Knp

. Fy n=2 . L
min {%,KnL} =" min {%, KZ"L}. Hence, we have

., min{nln,f/}ll(ﬂi % [1]]))°

E[f(xx) — fi] = f(E[XK])
142)

~

min {1, nnf/} (min {1, Knnf/})z no?,
where the first step is by Jensen’s inequality.

X (11 xiU=0 %3] 9

Case 2. K =1. In this case, we know xg[1] = X;1[1] = 5

Pr [x31] = o] = Pr [x301] = o] =

Hence, we have

min{nin,f/}E [()’(K[l])ﬂ min{nin,f/} n?o?

E[f(xx)~ f.] > . -

n;2 mln{lvnni}na* > mln{l nni}’qu
~ ? *

32
> min {1, nnf/} (min {1, Knnf/})z no?.

Combining the two cases above, we conclude that, for n = 2,

sup E[f(xx) — f] 2 min {1,pnL} (min {I,Knni})z no?.
feF(d,n,D,Ly.p,04)

Consequently, for n = 2,

sup E[f(xk) — f] Z min{1,nL} no; when KnnL > 1.
FEF(dn,D,Ly.n,0)

Final proof. With Theorems [J] and [I0]in place, we can immediately prove Theorem

Proof of Theorem[8 The result follows directly from Theorems [9] and [I0]
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5.3 Proof of Theorem [2]

The preceding results allow us to establish Theorem [2] now.

Proof of Theorem[4 Combining Theorems [7] and [ completes the proof. O

6 Theoretical Analysis: Lower Bound for SGD

In this section, we prove the algorithm-dependent lower bound for SGD with a fixed stepsize 7, i.e., Theorem
[Bl Our proof proceeds by constructing a family of quadratic finite-sum problems tailored to n and showing
that, for any such stepsize, SGD necessarily incurs an optimization error of the desired order. Similar to the
previous proof for RR, the construction separates the effects of D (the initial distance to the minimizer) and
o2 (the variance of the gradient at the optimum), allowing us to derive the corresponding lower-bound terms
individually and then combine them.

Compared with the analysis of the lower bound for RR, the case of SGD is relatively straightforward
because the sampled indices are independent across iterations, making the calculations much easier. Never-
theless, the result is of independent interest: to the best of our knowledge, it provides the first algorithm-
dependent lower bound for SGD that explicitly characterizes its performance for each prescribed stepsize 7.
In particular, rather than optimizing over the stepsize in advance, our lower bound holds for every fixed
stepsize and thus directly captures the stepsize-dependent limitations of SGD.

Proof of Theorem[3 For simplicity, we write the update rule of SGD as
Xip1 = X¢ — NV fr,(%¢),Vt € [T] where T = nK,

where x; = 0, n > 0, and 7, is sampled independently and uniformly from [n]. In the following proof, v
denotes an arbitrary unit vector in R,
We first define . I
= min{QnT,L} %,Vi € [n].
Clearly, each ; satisfies 0 < 8; < L;. Moreover, we write

A1 E o 1 -

We then fix R € [0, D] and v € [0, 0], both of which will be decided later, and define

lx — RvII?
filx) = M + xiv (v, x),Vi € [n],
1 < is odd 1 i <n-—1isodd
1<niso
where y; £ { T for even n, and x; £ { =1 i <n —1is even for odd n. The corresponding
—1 ¢ <niseven )
0 t=n
finite-sum objective is
1 Blx— Rv]|?
flx) = - Z fi(x) = 5 : (44)
i=1

Note that x, = Rv = ||x.|| = R < D, each f; is differentiable, convex, and L;-smooth (since 8; < L;), and
%Z?:l ||Vfi(x*)|\2 = %2?21 X?v? < 2. Therefore, f belongs to the class F(d,n, D, L1.n, 0%).
We then have
V fri(Xt) = Br, (Xt — BV) + X, vV, Vt € [T],

which implies that
Xt+1 = (1 - nBﬂ't)Xt + W(ﬁmR - Xﬂ'f,l/)v?Vt € [T] .

26



Since x; = 0, unrolling the recursion yields that

t—1 t—1

Xy = [<I—H(1—nﬂﬂg > me H l—nﬁm)m/] v,Vt € [T].
s=1 r=s+1

Therefore, we have

1 & 1 &

(1 —nBx,) 771/] V. (45)

t=1s=1 s=t+1
Next, we consider two cases:
Case1l. R =D and v = 0. In this case, we have
@ !
o @ (12 Tl o) oo
t=1s=1
T t—1 3
) 1 3 1-(1—np)"
=>Exg]=|1- = (1—np8) Dv:(l— Dv. (46)
T tz:; s=1 TlﬁT
Therefore, we know
_ (a) . ._ Ivi=1 (1 = (1 —nB)T)2D? nB<l01] (1 — exp(—TnB))2D?
E — [ E > =
[f(XK) f] f( [ ]) 2772T26 = 2772T2B
® BD? D? 1 - D? -
2 Q — miny ——, L > min{l,TnL} =
8 2nT 16nT 16

where (a) is due to Jensen’s inequality and (b) follows from 1 — exp(—z) > £,Vz € [0, 3] and

2

NI

@
OSTnﬂgé

Case 2. R =0 and v = o,. In this case, we have

Z Xy Z H 1 - ﬁﬁm Noxv = —— Z X, OtNo 4V (47)

s=t+1r=t+1

X
N
|

where a; = Z; 1 1= t+1( —1PBx,), Vt € [T]. Therefore, we know

3 T-1 2|, 2 2 _ _
@@ i1 PB (S5 x| od ) BTV E [\ af] o
272 272
@ S0 (1= exp(=(T — t)nB))*o? © (1 — exp(~TnB/2))%0? D) no?
= 35T2 - 95T = 144

@ 0 i lLny 1
23 Lk 1.TnL
144 3Tl 2 gopmin{1,Tyl} = 288

E[f(iK) - f*]

-Tnf

where (c) is due to E [, Xr, cuay | =0,Vt # t' € [T — 1], (d) is by the independence of x2, and

1 n is even .
a? E [Xm] =9 1 s odd > % since n > 2, and
== niso
n

T s—1 2 NT—t nBEo, — exp(— — 3
mﬂz@mw<2 Huwﬂﬂ‘“ﬂ@Tfﬂﬁ”ﬂ p((T = nf)?

202 - 202 ’
s=t+1r=t+1 n ﬂ n ﬂ
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(e) holds by

,_
S|
[

T-—1
> (1= exp(—(T = t)nB))*> = > (1 — exp(—(T — t)nf3))*
t=1 t=1

T=nK2>2

> || a-ememasmp TET Lo - eat-ras/p,

,_
no| N

‘m

N[

({43)
and (f) follows from 1 — exp(—z) > £,Vz € [0, 3] and 0 < Tg 2

Combining the two cases above, we conclude that

D? -
sup Elf(xx) = fi] 2 ( + naf) min {1, KnnL) .
FEF(dn,D,Lim,0s) i { J
Consequently,
2
sup E[f(xx) — fi] 2 +no? when KnnL > 1.
FEF(dn,D,Lyon,ow) i

7 Theoretical Analysis: Application of RR

In this section, we first prove Theorem [4] which provides a convergence guarantee for Restarted Shuffling SGD
with RR for functions satisfying the quadratic growth condition and serves as an application of our new
Theorem[I} We then invoke Theorem [4]to establish Corollary[2] which gives the sample complexity, measured
by the number of individual gradient evaluations, required to obtain an e-accurate solution, i.e., to find a
point x € R? such that E [f(x) — f.] S e.

7.1 Proof of Theorem [

Proof of Theorem[]] Note that f is real-valued. Hence, under Assumptions[l]and [2} X, = arg minycpa f(x)
is a nonempty closed convex set. Therefore, for any x € R the problem infy,ex, [|[x — x| admits a
unique solution, which we denote by [x], £ argminy,cx, ||[x — X,/ in the following. Moreover, we let
Fi £ o(permutations used in the first ¢ restart stages), i.e., the o-algebra generated by the permutations
in the first ¢ restarts.

By Theorem |1}, given ¢ € [T] and any JF;_j-measurable x, € X,,

E [f(xt+1) — f* | ftfl] < th _AX*||2 mln{l,nn?} ?’]O’E
~ (2-nL)mK (2 —nl)?

Note that x; is F;_1-measurable, and hence [x¢], is also F;_;-measurable. We can therefore replace x, with
[x¢], in the above inequality to obtain

dist®(x¢,X,)  min{1,gnL} no?

E[f(xt41) = fo | Fi1] S

(2 = nL)ygnK (2—nl)?
E [dist2 (x¢,X,)]  min{1,gnL} no?
= B = (2 = nL)ymK 2-nlp2

Let C > 0 denote the hidden numerical constant in the above inequality (equivalently, the hidden constant

in Theorem. When K = [4CK, ] = [%—‘, we have

pE [dist? (x;, X,)] L omin {1, 9L} no?

4 (2 -nl)? )

E[f(xt41) — fu] <
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Next, by Assumption [4]
%distz(le,X*) < f(Xeg1) = S
which implies that
E [dist®(x¢, X,)] 90 min {1,nnL} no? .

E [dlSt2 (Xt+1, X*)] S =
2 (2 —nL)?

Unrolling the above recursion gives
diStz(:ill’ X,) e min {1, nnEA} no?
2 w2 —nL)?
Finally, we plug back into to obtain that
pdist?(x;,X,)  min{1,nnL} no?
2 (- oLy
In particular, taking ¢ = T in the above inequality yields the desired result.

IN

E [dist® (x4, X,.)] Ve [T +1].

Elf(xe41) = fi] £

Yt e [T].

7.2 Proof of Corollary
Proof of Corollary[4 By Theorem [ we have

pdist? (x1,X,)  min{1,gnL} no?
E — 1] S . .
[f(x7+1) = il S oT + (2 i)

When T =T, = {logQ M—‘ , we have

.2
pdist 2(;f1,X*) <e

When n =17, = min{%,max{%,%ﬁ/ﬁ}}, we observe

min {1,n,nL} n.o? n.L<1
(2 - L) B

min {1, n*ni} n*af.

Next, we use 1, < max {ﬁ, U—l*, /n%} to obtain that

- Le VnL L
min{l,n*nL}gmin{l,max{n;,M}}min{l, n 6}

o2 Oy Oy

N0y SMAX{E,Ox | —= ¢ -
\/ n

The above three inequalities together imply that

i 17 * I_/ * E E
mm{ nnA}na Smax{e,a* 6}min 1, nee <e.
(2 - n.L)? VnL o

Therefore, we know

and

E[f(xr,+1) = fi] Se.
Finally, for sufficiently small € such that K, > 1, the number of individual gradient evaluations is

1 dist®(x1,X,) neo1] 1 dist?(x1, X,
nKT, <xnK, T, <n- - -lo pist” (x1, X,) i[ ]—logw

(2 = nL)nenp € Ny €

= é~$—min 0—3 &\/@ lo 7MdiSt2(Xl’X*)
“\u pe’ uw Vo€ & € '
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8 Conclusion and Future Work

In this work, we prove that Shuffling SGD under RR dominates standard SGD in smooth convex optimization
under any reasonable stepsize after any finite number of epochs. Our Theorem [I] follows from combining
two novel convergence results, whose analysis may each be of independent interest. We also establish new
algorithm-dependent lower bounds for RR and SGD in Theorems [2] and Together, these results provide
(nearly) sharp worst-case characterizations of RR and standard SGD. Moreover, we combine our new con-
vergence result with a restart framework and apply it to functions satisfying the quadratic growth condition,
yielding a new convergence rate in Theorem [4] and a better sample complexity bound in Corollary [2] that
improves upon the best known results, even those established under stronger assumptions.

Our work suggests several new directions for future research. First, our current proof of Theorem [I] is
split into two distinct parts. It is therefore worthwhile to investigate whether Theorem [I] can be proved
via a unified analysis. Second, the current upper and lower bounds for both RR and SGD differ by factors
polynomial in 1/(2 — nL), and closing this gap remains an important direction. Finally, our results under
the quadratic growth condition rely on a restart scheme. It would be interesting to determine whether
Shuffling SGD can achieve comparable finite-time convergence guarantees without restarting.

Timeline and Al Disclosure

The improved stepsize threshold of 2/ L for the upper bounds in Theorem [1|and its application to quadratic-
growth functions in Theorem [4] were obtained in March 2026 without any assistance from Al, shortly after the
submission of the conference version (Liul 2026), whose results were likewise proved without AI assistance.
The lower bounds for RR and SGD in Theorems [2 and [3] were obtained in July 2026. The former was derived
with assistance from GPT-5.6 Sol (particularly in establishing Theorem (8] a key intermediate result used
in the proof of Theorem , whereas the latter was developed without Al assistance. GPT-5.6 Sol was also
used to polish and refine the presentation during the final preparation of this extended version in September
2026.
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A Additional Related Work

This section provides additional discussion of the related work. We mainly focus on smooth convex optimiza-
tion under RR. As for nonsmooth convex optimization under RR/SS/IG, the reader could refer to Kibardin
(1979); Nedic and Bertsekas| (2001)); Koren et al.| (2022); [Liu and Zhou| (2025)). See also [Shamir| (2016) for
RR under structured problems.

The first breakthrough on RR is by |Glirbiizbalaban et al.[(2021) for smooth strongly convex optimization,
which, however, requires each f; to be quadratic or to have a Lipschitz Hessian. Since then, extensive studies
have emerged. Among them, a series of works continues to study the convergence behavior of RR in smooth
strongly convex optimization for quadratic objectives or under other additional conditions (Ying et al., 2019;
Haochen and Sra, [2019; |Safran and Shamir, 2020} Rajput et al., |2020; |Ahn et all 2020} Safran and Shamir]
2021; [Rajput et al. 2022).

To the best of our knowledge, the first work that drops the strong convexity assumption is [Nagaraj
et al[ (2019), which provides a convergence rate of D et nG? under the requirement 7 < 2 for L-smooth
G-Lipschitz convex f;, where we remind the reader that D denotes the distance between the mltlal point and
the optimal solution, n represents the stepsize, and K is the number of epochs. However, this rate cannot
reflect any advantage of RR over standard SGD. Subsequently, two works (Mishchenko et al.| 12020; Nguyen
et al.l |2021]) further remove the extra Lipschitz assumption and establish the bound % TN 2nLo? under

the condition n < L, where o2 is the gradient variance at the optimal solution. Thls rate is faster than
standard SGD under its required regime and remains the best bound so far. In fact, it is unimprovable for

small n $ — and large K 2 ”L D” due to the lower bound of ( ) by [Cha et al.| (2023). Recently, [Liu

and Zhou (2024) and |Cai and Dlakonlkolas (2025)) extend the above rate from the average iterate to the last
iterate (up to additional polylogarithmic factors).

B Summary of Notation

For readability, we recall and summarize the notation used in the paper.

o f= % >y fi is the objective, where each f; : R? — R is differentiable and convex.

e x, denotes the minimizer of f. f, = f(x.) is the optimal function value. 02 = L 3" | V£ ()17 i
the variance of the gradient at the optimal solution.

e L; > 0 is the smoothness parameter of f;. L = %Z?:l L; is the average smoothness parameter.

L = max;c[,) L; is the maximum smoothness parameter.

e By(x,y) = h(x) — h(y) — (Vh(y),x —y) denotes the Bregman divergence induced by a real-valued
differentiable function h (not necessarily convex). We write B (resp. B;) as shorthand for By (resp.

By.).

C Missing Proofs of Core Lemmas

This section contains the missing proofs of the three core lemmas presented in Subsection

Before providing the proofs, we recall two notions introduced in and , respectively. Given a
permutation 7 of [n] and two indices i,j € [n] satisfying j < 4, 7 (¢,7) is the permutation generated by
exchanging the elements 7; and 7; in 7, i.e.,

(i, j) = (7r1,...,7rj71,7ri,7rj+1,...,7ri71,7rj,7ri+1,...,7r”) . (50)

For any given k € [K], x,(i,7),Vl € [n+ 1] denotes the trajectory of the k-th epoch starting from x},
produced by Shuffling SGD, but under the permutation (i, j), i.e

X (6,4) = X (1,5) = MV fat 1,5y (%3,(6,0)), VL€ [, where x}(i, j) = xj. (51)
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C.1 Proof of Lemma [2

Proof. Given k € [K]| and i € [n], we first have the decomposition

1—1 n
i i 1 i i i i
U(xp) = L (x}) = " Z&ri‘ (1) = Lri (x3) + Z&ri‘ (x1.) = Lri (%)
i=1 i=i

Note that E {E’Ti (x}c)} =E [Eﬂ;c (xz)] holds for any j € {i,...,n} under RR, since £, (x},) and £ (xj,) are

equal in distribution conditioning on 7} to w,i_l and 7 to m,_1. Therefore, we obtain
i i 1N i i
E [tc}) = £y (ch)| = = DE (£ (k) — oy ()] - (52)
1

For any fixed j € [i], it is known that 7 equals 7 (4, ) in distribution (e.g., Lemma C.3 of [Liu and Zhou
(2025)), which implies that (7, xx) also equals (7 (i, 7), Xk (7, 4)) in distribution, since the trajectory of the
k-th epoch generated by Shuffling SGD is deterministically determined by the permutation and stepsize. This
implies that

B[ )] = [0, (4 .9)] = B [t (1.6.9))]
where the last step is due to wi (i,7) = m from its definition . Hence, we finally obtain

B [6(xd) — £y 01)] = £ S [t (60) - 6]

Jj=1

C.2 Proof of Lemma [3|
Proof. By the definition of 7 (4, j) in , we know

Therefore, given [ ¢ {i,j}, by the definition of x(i,) (see ([{)) and the update rule of Shuffling SGD, we
have

ok ) — P = ki) ek = e (9 g0y Ok ) — 9 £ 0 ||
[5kti.3) =k = e (9 g ek .3 — 9 £ ()|
= k. 3) — b1 52 |9 g Ok . 90) — Vg b
— 20 (Vo ($4.5,1)) = Vg (54), %4(0,5) — 1)

(a) 2 - 2
< HX;C(’L,.])—XZHQ-F (77/%—[/77]:> vaﬂ'fc(xgc(laj))_vfﬂc(xgc)H
T

(b)
< ||k (i, ) — =4 |7, (54)

where (a) is due to Lemma |l|and (b) holds by 7 < % = 07 — 277’“ <0.
Apply froml=j4+1tol=1i—1 to obtain

2
i+1/. - i+1
x (i) = x|

ek ) = k" < |
= i) — = (Vo (06 0230) — VA )|

() . .12 @) . .12
D900 000 = V1 6D @ 0 |9 0 = 97, D)

)
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where (c) holds by xJ,(i,j) = xJ,, since x} (i, 5) = x},VI € [j] implied by and xj (i, j) = x;, together. O

C.3 Proof of Lemma [4]
Proof. Expanding the definitions of B and B i, we know

Bick ) = By (k. ) =f(05) = 1) - <Vf(x*) b
~ (fnp(x x.) = (Vg (x.). x4 = %))

F0xk) = £ (xk> f(x*>+f7,;,<x*>

- <Vf(x*) — Vi ()% %)

Since E [fﬂi (x*)} = f(x4«) and E {Vfw,i (x*)] = Vf(x,) under RR, after taking expectations on both sides,
we obtain that

E [B(x}, %) = By (ks x0)| =B [F(x1) = frg (1) = (TS (x0) = T frg (x0), %0 )| (55)

Now, we denote by £;(x) £ fi(x) — (Vfi(x,),x),Vi € [n] and £(x) £ % i li(x) = f(x) = (Vf(x,),%x)
Then, implies that

B [Blxh ) — By (xko )| = B [106) — £ 60 @ 2B [0 (k60 — 6 0] (60

where (a) holds by Lemma
Note that &,;‘C is Lﬂi -smooth by its definition and Assumption [3| we therefore have, for any j € [i — 1],

. . o N\ L. . _
oy (64 (0:)) = g (k) < (Vg (1), 34 (527) = x4 ) + =5 [k (5.) = i
= (Vg (51 = Vg (2, X06,7) = X1) (i.5) — xi||”

0 [V 506 - V)|

A A

i (Z7]) - X;€||2
() = Vi (]|

where (b) is by Cauchy-Schwarz inequality and AM-GM inequality, (c) is due to Lemma and (d) holds by
Lemma [3] Furthermore, we can bound

2

S Bﬂ'i (X;.m X*) + nl%LTr}c i (57)

|97, 0 V5, 6|

. 2 . 2 2 2
<A |V ) = Vi )|+ 4| Vg ) = Vg )|+ 4 [T )|+ 4| 91 )

2

. . 2
SSLWiBwi(xg,x*)+8LwiBwi(x7€,x*)+4va(x*) —|—4HVf7TJk-(x*) :

where the last step is by Lemma |1| again. Plug the above inequality back into ( and use n < £ to have
£ (%01 ) — £ (xh) <B. (xh,x.) +32B,, <xk,x*> +32B, (3, x.)

xd (%)

2
+ 4 Ly

vari (X*)

+ 4T]k,‘Lﬂ'1k

(58)
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Combine and to obtain

i—1

E [B(x}'wx*) — B (X};,X*)] g% ZE {B (xh,%,) +32B: (xk,x*) +32B_; (x,wx*)}

Jj=1
9 i—1

4’17k 2
+ — E E|L_: i (Xx + L

w (%)

1

When j < ¢, we observe that E [Bﬂ)‘; (xf;7 x*)] =E [Bwjk- (Xi, x*)} and the following two inequalities hold

2 n LIV 2 N
. [Lw (%6 } -k Hn L
2 'ﬂi nl_J—LL v 1(x 2 B N
E [L,rl 1 (x2) } _ 2 “*1n” fils )l <2Lo? < 2Lo2.
Put everything together, rearrange terms, and use ¢ — 1 < n to conclude the desired inequality. O

D Missing Proofs of Lemmas for Bound I

In this section, we provide the missing proofs of the lemmas presented in Subsection [£.2] which were used

to prove the first convergence rate in Theorem [f]

D.1 Proof of Lemma [
Proof. Given k € [K] and i € [n], by the update rule of Algorithm |1} we have

i 2 i N
[ESAREE N ka—X*—leVfw;c(Xk)H
i 2 i|I? i\ i
=[xk = |* 2 [V )| = 2 (9 (k) xh — ) (59)
Note that n, < 2 = 2 — L. > 0, we hence can bound
L T
.2 1 2 — T]kL v v 2 1 277}‘3[/7"12 v 2
i (x5 < _ « P i (X
] e e 7 [V £ (k) = Vg )|+ (14 5= i Vs )
2+ nk‘Lﬂ.i v ; v 2 2+ ’r]kLﬂ.z v 2
= W fri (%) = Vi (x| + W ‘ Jri (%)
24+ nkL”i i i 2+ leLw',g 2
=T o <Vfw;(xk) - Vfw;;(x*)axk - X*> + m van;(x*) ) (60)

where the last step is due to Lemmal[T]
We plug back into to obtain that

- nkLTri

i !

(9 O) = P )~ . )

i 2+ L w2
— 20k <Vf7r;; (x4), %}, — X*> + ﬁ

2 .
=" <l - x|

2

ANECN

2 2- nkLTri
2

— 2m, <Vf7r;; (%), X, — X*> *

e (Bry (ko x.) + By (%,

2"'77/<:L7r,c 2
L o

=[xk = x|

2
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After rearranging terms, we have

2 —nkLyi 2+ neLyi 2
#’MB : (xkx) < [, —X*H = [l = x| 2_7’” P HVfw (x4)
. 2 — nkL .
=2 (Vg (6,56 = %) = —— LBy (0, x}).
Therefore, we conclude the proof after applying
X 2+ MLy <2 L
2_77kL§2_77kL7r;'€ and = +nkA,
2— nkLﬂ—i 2 —niL
both of which hold by Ly < L. O

D.2 Proof of Lemma
Proof. Note that V f(x,) = 0 now, which implies that

— <Vf7,i (x*),x}; — x*> = <Vf(x*) — Vfwi (x*),xfC — x*> .

Since E [Vfw;‘c (X*)} = V f(x4) under RR, after taking expectations on both sides, we obtain that

E {— <Vf7r2 (x,),xt — x*>] =E [<Vf(x*) =V (x*),xfcﬂ . (61)

Now, we denote by £;(x) £ (V f;(x,),x),Vi € [n] and £(x) & L 3°" | £;(x) = (Vf(x.),x). Then, implies

that
i—1

B[~ (Vi e)xd - )] =E[xd) — 6 )] € SR [ 000 — £y 0], 62)

=1
where (a) holds by Lemma
Note that, for any j < i, we have
£ (X100 )) = g (1) = (V firg (00, X0 ) = Xk ) < ||V g (x2)

< e |[Vr6x)

3¢ (i,.7) — x|

(NEZCARRZACoA]

where (b) follows from Lemma [3} Furthermore, we can bound

95240 = V12300 < [94.050 = 94
which implies that
Ui (%3,(4, 7)) = Ui (X5
e |Vt (0| | Vg O61) = Vg ()

)

+HVf (xh) — V5 (x.)

([ Vg 0

+HVf (%)

Hv Fri (50) = V frg ()

+ 1k vami(x*)

2
e [V || |9 ) ||| 00 (63)
By AM-GM inequality, the following three inequalities hold
; 4n2L 2 2L : 2
i (X i (x1) — i (X)) || < — k= = i (x2) — i (X
e | g Ge)|| |91y 06 = W1y )| < 7 A ML ] I HVfﬂgxk) Vi ()|
. 4n2L 2 2L 2
i (X i(x]) — J(x)|| € —2 —
8 e AT R O | e MECTC It (ERTC AR ATC]
2 Nk 2
e [V )| |9 00| < 5 | W mg 0|+ 22 ([0 (x0)
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Plug the above inequalities back into to have

by (4 (0,) = ey (ch) < 216’7;L [ ) - Vfﬂ;<x*>2+216”f |95, 060 - s 0
(3 )l % foaaoo]
2ombp ey 22y )
8 f 8 m

where the last step is by Lemmal (1} L, < L and L < L.
Combine ) and (| . ) to obtain that

i—1
E[—<Vfﬂ£(x*) —x*>}<iZE[2 mlp (x*,xg;)ju2_877’“LBW_Z;(X*,X;;)1
Jj=1

14 8l
= [(2 T3 >mHVfw (x.)

Jj=1

&=

9 ()

2]

2 2

} —E {Hwﬁ.; (%) } = o2,
Put everything together to conclude the desired inequality. O

We observe that E [Bﬁz (X4, xi)] =E [B”i (%4, X?c)} ,Vj<iand E [vaﬁi (x4)

E Missing Proofs of Lemmas for Bound II

In this section, we provide the missing proofs of the lemmas presented in Subsection [I.3] which were used
to prove the second convergence rate in Theorem [6]

Before presenting the proofs, we recall the notion introduced in @ For any k € [K], the virtual sequence
yi,Vi € [n+ 1] follows the equations

Vi =Yk = mV (k). ¥i€ 0], yiy, =y, where yi =x,. (65)
As shown in , the virtual sequence satisfies that
i = yi =%,k € [K]. (66)

E.1 Proof of Lemma [T
Proof. Given k € [K] and i € [n], by the update rule of Algorithm |1| and the definition of y”’1 (see ),

we have

it — z+1H ‘

e (V) Vg )|
— ||xi = yil|* + 2 va ()~ Vg ||+ 20 (Vhg ()~ Vg () xh - ¥2). (67
Note that, by Lemma [T} we can find that
. 2 ) )
Hwﬂ,i () = Vi ()| < Ly (Vg (k) = Vif (). %1 — %)

Lot (Vg (1) = Vf g (50, ¥h = X0 ) + Loy (Vfis (6h) = Vg (%0, %% — )
2—77;€L
- 4

2 L2, ) .
1 (xh) — Vf (%) +7||yk K| Loy (VFg (64) = Vg (30X = 91 )

ML
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where the last step is due to Cauchy-Schwarz inequality, AM-GM inequality, and 7, < % s =>2- nkL > 0.
Rearrange terms in the above inequality to obtain that

2 2, ) 4L . .
HY;C_ ||2+7<Vfﬂ' ( ) Vfrrlic(x*)7x;c_y;c>' (68)

|V £ (xk) = V £y (x2) >t L

i

< 'k

— 272
4— nchﬂi

Next, we plug back into @ to have

i+1 i+1|2 i 02 2 — ML i\ i i 47]’%L72f?; i 2
||Xk - Y H < ka - YkH + QTikm <Vfﬂ;'€(x*) - Vfﬂ,g (x3,), X}, — Yk> + m HYk - X*H
T k ﬂr;
i if2 2—nulny i i i i 477’%L3f£ i
= ka - YkH + QUkW (Bﬂ]ic(Yk:vX*) - Bw}c(Ykan) - Bw;(xmx*)) + W HYk
3 k

@ e 2 — i L ; ; Ly 2

< ||Xk - YkH + QUkW (Bw; (Yks Xx) — Bﬂ'i(xkﬂx*)> W HYk - X*H

®, — neLs , A+ 2L2,

< ||X}q - Y}cHz - WB (X;c,x*) + ﬁnkka - X*H (69)
where we use B (yk,xk) >0in (a) and B (yk,x*) S —k ||yk X*H2 in (b).

Finally, we sum up from ¢ = 1 to n, use X,H_1 = X"Jrl and y"Jrl =yi = X, (see l@) and rearrange
terms to obtain

203 by ) < ok~ e~ )5 ”’;L’; g I~
Therefore, we conclude the proof after applying
2—mL 2=kl and 4+ gLz, - 44 n2l?
24+ mL ~ 2+ nkLq A—mgl2, ~ 4—n2L?
both of which hold by Ly < L. O

E.2 Proof of Lemma
Proof. Note that we have

2

i—1
x| B L v - B | v, 0
j=1

Therefore, we can bound

2

. 2 QE 2
R USRS R

n
E|> L
=1

where the last step is due to Lemma E.1 of |Liu and Zhou| (2024) (the constant here is slightly better, since
Vf(x4) = 0 in our setting leads to a provable improvement). O
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F Rate for SGD

In this section, we present a convergence rate for standard SGD with epoch-dependent stepsizes. The proof
relies on Lemma [p], a direct extension of Theorem 8 of |Attia et al.| (2025)), as discussed previously.

Theorem 11. Under Assumptz'ons @Y and |5, suppose mi, < %,Vk € [K], then SGD (Algom'thm with
sampled independently and uniformly from [n]) guarantees that

2xf — xS /@)

E[f(xx) — f < : [
[f&e) = £ D ONRICEIN AU DA R AU

where X is defined in .

Proof. We invoke Lemma |5{ and drop the nonpositive term —2=2:L 77"LnkB (x*,xz) to have, for any k € [K]
and ¢ € [n],
2 — L 2+ nkL

—2mi (Vi ()% = %)

(70)
Note that 7}, is now sampled uniformly from [n] and is independent from the history. Combining with the
fact that V f(x,) = 0, this implies that

vaﬂ' X*)

WB. (xkx) < [~ [ 4 2

B [Bry ()] =B (76— 2] [0

2] =02 E [<Vfﬂi (%), Xk — x*>} =0.

Therefore, after taking expectations on both sides of , multiplying both sides by 2, and using nkﬁ <2,
we obtain that

R . X 8n?
2= mLymE [£() — £.] < 2B [xh — ][] = 2B [ = |*] + B2,
2—77kL

Finally, a direct calculation yields the rate

2“"%_’(*“2 +82k /(2 — L) o2
o2

E iK - Jx S ~
) = 14 nS e 2—mLyme (2 —m L),
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