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Abstract

In this paper, we study nonconvex stochastic optimization with decision-dependent distributions,
where the decision variable influences the underlying sampling distribution and only stochastic function-
value feedback is available. We address two challenges induced by decision-dependent distributions:
transport error in momentum-based gradient tracking and variance inflation in zeroth-order estima-
tion. We first develop a Polyak-momentum zeroth-order method that tracks the smoothed gradient
under decision-dependent distributions, and establish a sample complexity of O (dze_G) under first-order
smoothness. We then introduce implicit gradient transport (IGT) to mitigate the first-order trans-
port error in the tracking recursion, improving the sample complexity to O(d?e~*%) under second-order
smoothness. Finally, for a structured class of problems with decision-dependent distributions admitting a
common-latent-source representation, we develop a marginal-preserving coupled sampling framework that
exploits shared latent randomness between function evaluations to reduce estimator variance. Under this
coupled-sampling setting, the proposed methods achieve sample complexities O(d?*¢™*) and O(d?e™3%)
under first- and second-order smoothness, respectively. Numerical test results are also reported to show-
case the performances of proposed methods.

Keywords Stochastic optimization, decision-dependent distributions, zeroth-order optimization, gradi-
ent tracking, variance reduction

1 Introduction

In this paper, we study nonconvex stochastic zeroth-order optimization with decision-dependent distribu-
tions:

min  F(z) = Egupn (2, 6)] (L1)
z€Rd

Here, f : R? x Q — R is continuously differentiable and F' : R — R is nonconvex. Unlike classical stochastic
optimization with a fixed distribution D, decision-dependent distributions allow the underlying sampling
distribution to vary with the decision variable. Specifically, given a query point x, a stochastic oracle returns
a stochastic function value f(x,&) with £ ~ D(z). We consider a sample-only setting in which the density
Pz (&) of D(x) is unavailable, and the distribution can only be accessed implicitly through stochastic function
evaluations. Such decision-dependent stochastic optimization problems arise in a wide range of applications,

including strategic classification [20], reinforcement learning [8], and multiproduct pricing [10].
The study of decision-dependent distributions originates from the performative prediction framework |19}
20], where deployed decisions influence the future data-generating distribution. Early works mainly focused
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on strongly convex losses and equilibrium-type solution concepts. For example, Perdomo et al. [20] introduced
the notion of a performatively stable point, and subsequent studies investigated repeated risk minimization
and retraining procedures under strong convexity and distribution regularity assumptions [5,/19]. These
ideas have been further extended to various setting with decision-dependent distributions, including online
optimization, saddle-point problems, and learning systems [4}/141/16,[22]. However, the objective F(z) can
be nonconvex even when the sample loss f(z,§) is convex in z, as the distribution itself changes with the
decision. Moreover, exact first-order methods typically require access to the density or score function of
D(x). Under suitable regularity conditions, the gradient of the decision-dependent objective admits the
representation

VF(JS‘) = E&ND(%) [vzf(ma 5) + f(xa g)vz Ingx(g)]v (12)

where p.(§) denotes the density of D(x). Existing first-order methods for stochastic nonconvex optimization
with decision-dependent distributions [8,[10L|15] typically rely on unbiased gradient or score-function infor-
mation, which is unavailable in the sample-only oracle considered here. This motivates zeroth-order methods
that access the distribution only through stochastic function values.

For sample-only decision-dependent problems, existing zeroth-order methods have mainly focused on
improving stochastic estimators by exploiting distributional regularity and by developing smoothing or
variance-reduction techniques [9,|11}/12}/18/[21]. In particular, Hikima and Takeda [12] provided a unified
analysis of multi-direction zeroth-order estimators and showed that two-point Gaussian or spherical es-
timators achieve sample complexities O(d?¢~%) and O(d?¢~°) under first- and second-order smoothness,
respectively. They also introduced an adaptive parameter ¢, updated from historical samples, to reduce
the variance of one-point estimators without changing their expectation [11]. Recently, Liu et al. [17] devel-
oped an online-to-nonconvex (O2NC) reduction framework for sample-only zeroth-order optimization with
decision-dependent distributions, achieving sample complexities of O(d%¢=%) and O(d?¢=*%) under first-
and second-order smoothness, respectively. Their improved rates are obtained by converting Goldstein-
type stationarity guarantees into gradient-stationarity bounds under additional smoothness assumptions. In
contrast, we study the interaction between momentum-based zeroth-order methods and decision-dependent
distributions, focusing on gradient tracking and variance control under distribution shifts.

The first challenge concerns gradient tracking. Momentum-based methods recursively track gradient in-
formation across iterations, and their accuracy depends on how the target gradient varies between consecutive
iterates. With decision-dependent distributions, this variation also reflects changes in the induced distribu-
tion, introducing an additional first-order transport component that is not handled by standard zeroth-order
momentum schemes. To address this issue, we develop a zeroth-order implicit gradient transport (IGT)
mechanism that mitigates the the resulting tracking error. The second challenge concerns variance control.
In a two-point zeroth-order estimator, the two function evaluations are taken under different distributions
induced by the perturbed decisions. Naively sharing the same sample, as in the standard CRN technique,
may fail to preserve the correct marginals required by the two perturbed decisions. Independent sampling
preserves these marginals, but removes useful correlation and introduces an additional variance component.
We therefore propose a common-latent-source coupling framework that preserves the required marginals
while exploiting shared latent randomness to reduce the estimator variance.

Table [I| summarizes the comparison with existing zeroth-order methods. Different from the O2NC-based
reduction of Liu et al. |17], we directly address momentum tracking under decision-dependent distributions
and further exploit common-latent-source coupling to improve the complexity under coupled sampling.

1.1 Contributions

Our main contributions are summarized as follows. We provide a systematic development of zeroth-order
methods for stochastic optimization with decision-dependent distributions, moving from momentum-based
gradient tracking to implicit transport correction and marginal-preserving coupled sampling.

o Momentum tracking. We develop a momentum-based zeroth-order framework for stochastic optimiza-
tion under a sample-only oracle. Under first-order smoothness, we analyze gradient tracking under
decision-dependent sampling distributions and establish a sample complexity of O(d?e~°).



Reference Method Access model Smoothness Gradient Estimator Distribution Complexity

Liu et al |18 Z0-0G D(z) first-order one-point sensitivity O(d*G%%)
Hikima and Takeda [11] Z0O-OGVR D(x) first-order one-point sensitivity O(d*5¢%)
Hikima et al 9] Guided ZO D(x) first-order two-point sensitivity O(d®")
Hikima and Takeda |12 Z0-GA D(z) first- /second-order two-point - O(d?e=5)/O(d?°)
Liu et al. |17, Z0-02NC D(z) first- /second-order one-/two-point - O(d?e=8)/O(d?e 1)
This paper Z0O-PM D(x) first-order two-point - O(d*e %)
Z0-PM-IGT D(z) second-order two-point - O(d?e=49)
7Z0O-PM-CPL latent simulator T'(z, ¢) first-order two-point coupled-sampling assumptions O(d?*e™*)
ZO-PM-IGT-CPL latent simulator T'(z, () second-order two-point coupled-sampling assumptions O(d?e3)

Table 1: Comparison of existing zeroth-order methods for problem (L.I)). Here, G := max, ¢ |f(z,¢)| fol-
lows [18], and the sensitivity condition refers to the Wasserstein-1 continuity Wi(D(x),D(y)) < ellz — y|.
For consistency, we report only Gaussian smoothing-based results; other sampling directions, including
coordinate-wise and multiple-unit-sphere directions, are studied in [12].

o Implicit gradient transport. We identify a first-order transport component in the momentum tracking
recursion that arises from changes in the induced distribution. To address this issue, we develop an
implicit gradient transport (IGT) mechanism based on extrapolation. Under second-order smoothness,
IGT cancels this first-order transport term and leaves only a higher-order residual, leading to an
improved sample complexity of O(d?e=*5).

e Coupled sampling. We characterize a structured subclass of problems with decision-dependent distribu-
tions that admit a common-latent-source representation. By coupling two-point estimator evaluations
through shared latent randomness, the proposed framework preserves the required decision-dependent
marginal distributions while reducing the additional variance introduced by independent sampling. Un-
der this additional structure, we establish improved variance bounds and obtain sample complexities of
O(d?e=*) under first-order smoothness and O(d?¢~3®) when combined with IGT under second-order
smoothness.

Experiments on two decision-dependent applications and a controlled synthetic benchmark further vali-
date the proposed mechanisms.

2 Preliminaries

In this section, we introduce the basic notation, assumptions, and zeroth-order tools used throughout the
paper. Unless otherwise specified, || - || denotes the Euclidean norm for vectors and the induced spectral
norm for matrices. We denote Fiys := inf,cga F'(x) > —oo. Throughout the paper, we assume that F' is
bounded below and G-Lipschitz continuous, A point & is called an e-stationary point if |[VF(Z)|| < e. The
following assumptions are used in the convergence analysis.

Assumption 2.1 (Bounded variance). There ezists a constant o > 0 such that, for allz € RY, E¢p ) [(f(z,€)—
F(z))?] < o2

Assumption 2.2 (First-order smoothness). Function F' is continuously differentiable and has L-Lipschitz
continuous gradients on R?.

Assumption 2.3 (Second-order smoothness). Function F' is twice continuously differentiable and has H -
Lipschitz continuous Hessians on R?.

Assumptions [2.1] and are the basic conditions required for our zeroth-order analysis, The second-
order smoothness assumption is additionally required only for the IGT-based methods to obtain improved
complexity bounds.



2.1 Gaussian smoothing and zeroth-order approximation

To exploit zeroth-order information, we introduce a smooth approximation of the objective function F. Let
u~ N(0,1;) and p > 0 be a smoothing parameter. The Gaussian-smoothed objective is defined as

1 1 2
- - =z llull -
Fule) = gy [ Pla-t e 3100 du = B, (Plo + o),
By construction, F,(x) > Fiys. Moreover, the Gaussian smoothing preserves the first-order smoothness: if
F is L-smooth, then F}, is L,-smooth with L, = L. The smoothing bias is controlled as follows.

LEMMA 2.1. 2] Assume that F is L-smooth, then |VF,(z) — VF(z)| < VduL, and |VF(2)|* <
2V, (@) + 24212,

For a static distribution, the forward and backward evaluations in a two-point estimator may reuse the
same sample, e.g. f(z+“u’£)2:Lf(w_“u’€)u. The shared sample induces correlation between the two evaluations,
allowing part of the sampling noise to cancel and reducing the estimator variance. In contrast, when the
sampling distribution depends on the decision variable, the forward and backward evaluations correspond
to different distributions, e.g. D(x + pu) and D(x — pu). To obtain an unbiased estimator of the smoothed
gradient, each evaluation must follow its corresponding marginal distribution [18]. Independent sampling
preserves these marginals, but removes the correlation needed for noise cancellation and therefore loses the

variance-reduction effect available in the static-distribution setting.

2.2 Momentum and implicit gradient transport

Variance-reduced methods such as STORM |[3] and SPIDER [6] control stochastic gradient differences at
nearby iterates by reusing common randomness. In the decision-dependent setting, however, different iterates
induce different sampling distributions, so such estimator differences also contain distribution-shift errors.
This makes such recursive constructions difficult to implement and analyze under the sample-only oracle
considered here.

Polyak momentum Given a stochastic gradient estimator g;, Polyak momentum forms the exponential
moving average

my = (1 — Be)my—1 + Bege, B: € (0,1].

This recursion does not require stochastic gradient differences and can therefore be applied under decision-
dependent sampling.

Implicit gradient transport Implicit gradient transport (IGT) [1] evaluates the stochastic estimator at
the extrapolated point

1l -«
- Y@y — moo1), oy € (0,1]. (2.1)
t

wy = Ty +

While existing analyses of IGT mainly consider stochastic optimization with static distributions, the role
of extrapolation in correcting distribution-induced tracking errors remains unexplored.

3 Zeroth-order methods with independent sampling

In this section, we first analyze a Polyak-momentum zeroth-order method under first-order smoothness and
then introduce an IGT-based normalized variant under second-order smoothness.



3.1 Two-point zeroth-order estimator with decision-dependent distributions

Motivated by the discussion in Section we define a two-point estimator for optimization with decision-
dependent distributions. In this setting, the two queried points x4 puu and x — pu correspond to two different
distributions, D(x + pu) and D(x — pu). Therefore, to preserve unbiasedness for the smoothed gradient, the
forward and backward samples must be drawn from their corresponding distributions. For a queried point
x, let u® ~ N(0,14), i =1,..., N, and randomly generate

4 ~D(x +pu'), € ~D(a - pu').

Let U := {u'}¥, 2t i= {¢L1} N Jand 22 := {¢29}) . The two-point zeroth-order estimator is defined as

—_1 — 1 f(x+Muz7£1,z) _f(x_’uu’t’€271) i
Gu(x,:l,:27U) ::NZ u’.

3.1
2 o (3.1)

This construction avoids the bias issue that may arise if one reuses a single sample drawn from only
one perturbed decision-dependent distribution for both function evaluations. Indeed, conditioned on U, the
marginal distributions of ¢% and ¢2% are exactly D(x + pu') and D(z — put), respectively. Hence, by the
tower property,

F(z+ pu) — F(x — pu)
2p

Ezi =2 17 [Gu(x,El,E27 U)] =Ey

, u| = VI (2),

where the last equality follows from the standard Gaussian smoothing identity. Thus, Gu(x,El,EQ,U)
is an unbiased estimator of VF), (). Since the forward and backward samples are drawn independently
from different distributions, the classical noise cancelation effect obtained by reusing the same sample is no
longer available. This leads to a sample-noise term amplified by the smoothing parameter p, producing the
unfavorable p~2-dependence in the variance bound below.

LEMMA 3.1. Suppose that Assumptions[2.1] and [2.3 hold. Then

20%d  dL?p? 12d
2 4 —_—
u2N+ N (d+2)(d+4)+ N

Ezi =20 “|Gu(%517527(]) - VFM(JJ)HQ} < IVF(z)|.

Proof. The proof follows from the standard variance decomposition for two-point Gaussian estimators; see,
e.g., Lemma 12 of [12]. O

3.2 A Polyak-momentum stochastic zeroth-order algorithm

We first use the estimator in (3.1]) with Polyak momentum for Algorithm [3.1} which serves as a baseline for
subsequent IGT construction.
To analyze Algorithm we define &; := m; — VF,(z¢), and

20%d  dL?p? 12dG?
5= d+2)(d+4) + ——)"?
where G is the Lipschitz constant of F'. It is obvious that
Ezi oy U\Gu(a:, =122 ) - VFM(a:)HQ} < 52 (3.2)

due to ||[VF(z)| < G. The following lemmas give the corresponding momentum-tracking recursion and the
descent estimate of the smoothed objective.



Algorithm 3.1 Zeroth-Order SGD with Polyak Momentum (ZO-PM)

Input: Maximum iteration number T, stepsizes {n;}7_;, momentum parameters {,Bt}'tT:_Ol with By = 1,
smoothing radius u, batch size N, and initial iterate x;.
1: Set mg =20
2: fort=1,...,T do
3. Generate i.i.d. samples uj ~ N(0,14),i=1,...,N
4: Sample i.i.d. samples &° ~ D(z; + pul) and £ ~ D(xy — pui),i =1,...,N
5. Compute the zeroth-order estimator G, (z4,Zf,Z7,U;) as (3.1))
6: Update my = (1 — ﬁtfl)mtfl + ﬂt,lG#(xt, E%, E?, Ut)
7
8:

Update x4y =z — nymy
end for
Output: z,, chosen uniformly at random from {x;}7_;.

LEMMA 3.2 (Momentum-tracking recursion). Suppose that Assumptions and hold. Then for any
t > 1, we have

L2
2 2 _
Elllectall”] < (1 = Bo)E[lle]"] + ﬁ*fﬂ*lllxm —a||* + Bia?, (3.3)

where & = (i‘gj\‘]l + dL;HQ (d+2)(d+4) + 127\7G2)1/2-

Proof. Let F; denote the filtration generated by all randomness up to iteration t. Since x;y; and m; are
Fi-measurable and the new oracle samples are generated independently at iteration ¢ + 1, the estimator
satisfies

ElGu(241,E1 415 B 1, U )| Fe] = VFu(w41).

According to my 1 = (1 — Be)my + BiGu(@iq1, E,Lrh E%H, Uiy1), we obtain

Efller41]|°]
=E[|[mes1 — VEF,u(@er)||]
=E[||(1 — B)me + BiGu(@e1,Ely 1, B i1 Urg) — VFu(xtH))HZ}
=(1 = B)*Elllme — VEu (@4 |”] + B2E]|G (@11, 1. E241, Unr) — VEu(mi41)|)]
+ (1= B)BE[(my — VEu(2041), Gu(@es1, By, Br, Usi) = VEL(2641))]
=(1= B Elllms — VEu(wer )] + BE|Gulwrsr, iy, By, Unt) — VE, ()| ]
=(1 = B)°Ellmy — VF,(x¢) + VEu(21) — VF,u(2441)])%]
+ BPE[| G (xes1, Ehy1. Z41, Unnt) = VEu(@41) ]
<(1 = B)°(1+ Q)E[[Jme — VFu ()] + (1 = B)°(1 + é)E[HVFu(ﬂ?t) — VF,u (1))

—_ —_ 2
+ BPE[|G (@1, B, E2 1, Urpn) — VEL(2401))]] 7],

where the cross term vanishes due to the conditional unbiasedness of the zeroth-order estimator, and the
last inequality follows from Young’s inequality

1
la+ 0" < (14 a)llal® + (1 + —)[b]*

where o > 0. Choosing a = 5 ftﬁr and using the L,-smoothness of F), together with the variance bound
in , we obtain (3.3). The variance bound follows from the G-Lipschitz continuity of F'. O



LEMMA 3.3 (Descent estimate). Suppose that Assumption holds, then

Ui

1— Lunt
]. — L,unt

2
vt > 1.
41y, llet]] Z

Fi(wi1) < Fu(xe) — @1 — ze]|® +

Proof. According to the smoothness of the function F},, we have
L, 9
Fu(zev1) < Fu(we) + (VEL(24), o1 — 24) + 7||$t+1 — x|

L
=Fu(we) + (VEL (1) — my, g1 — o) + (Mg, Teq1 — 24) + 7#\|$t+1 — zg)?

1 L
=Fu(x1) + (VEu(2) — muy, Tpp1 — 24) — (n*(mtﬂ —T4), Tey1 — Ty) + #\\xtﬂ — x|
t
1 L, 2
=Fu(we) + (VE (1) — mu, Tpy1 — o) — (777 - 7)||35t+1 — x|
t
1 « 1-L
< Fpu(ze) + 7||VFu($t) —m|? + §||=’Et+1 —z]® - T;ﬂ?t”xtﬂ — x|
t

2 1_Lu77t

=F
47715

u(xt) +

HVF (z¢) — mu| [EE

1— L
where the last inequality is from the Young inequality, and we choose the parameter o« = %ﬁ’:m for the last
equality. O

The previous two lemmas show that Polyak momentum can be incorporated into the decision-dependent
zeroth-order framework without changing the basic structure of the analysis. The following result shows
that Algorithm matches the best known sample complexity under first-order smoothness.

THEOREM 3.1. Suppose that Assumptions[2-1] and [2.9 hold. Let

1 3nL,

=——" t=1,....,T
ﬂt 1—Lu’r]7 ) s Ly

Ne="1n=
AL, + /30y 52

where & is defined in Lemma[3.9. Then the following inequality holds:

T
C1L,® Cor/L, ®
Z (IVF(z))?] < = L (21) , & \/“Tm)&wu%?d, (3.4)

’ﬂ \

where ®(x1) = Fj(x1) — Fing + 50— E [lm1 — VF,(21)?] and C1 and Ca are positive absolute constants.
W
Proof. We first establish a relation between the step size and the stationarity measure. Firstly, we have

Tt — Tt41
VFM(J)t) =My — &t = 7]7 — &,
t

where &; := m; — VF,(z;) and the update rule, i.e., 441 = @y — nymy. Using the inequality ||a + b|* <
2||a||* + 2]|b|?, we obtain

2
IV E, ()] < 2 || 2L

2

+2|le]|* = nﬁ\lﬂitﬂ = @¢]|* + 2]l (3-5)
¢

Taking expectations and defining A, := E[||e;]|?], we obtain

Bl — o)) > " (BIIVE ()2 - 20). (3.6)



Next, we consider the following Lyapunov function
O (x¢) == E[F,,(x¢) — Fing] + Ay,

where ¢ = &(;;7;17;1711) Combining Lemmas and we derive

1-L cL?
(b(l't+1) S E[Fﬂ(xt) — -Finf] — <4M,’7t _ H) ]E[Hért+1 — {L’t||2} + (1_"715 —+ C(]_ — ﬁt)) At + C/8t26-2

Tt Bt L;ﬂ]t

CL

1-L
Define Hy := — 21 —
Nt

into above inequality glves

. By the choice of ¢, we have H; = - L“m Substituting the lower bound .

2
w%m<Emmm—mﬂ—%?mva@mﬂ+(m+drwm+mﬁ)&+w%? (3.7)

1— Lunt
We next choose the momentum parameter as 5, = f’_"iii‘m Then ¢ = % and the coefficient of A
in (3.7)) satisfies 1_2;7“ +c(1—B;)+ Hym? <0, provided that n; < fu. Therefore, dropping the non-positive
error term and using H, = = L’mt yields

H 2
(wr41) < D(ae) — —SE[|VE(2)|?] + 875>
1-L
gwwwﬂiﬁgﬂQHWFumu 50
3
< ®(w) — SE[VE) ) + S Lo, (3.8)
where the last inequality uses 1 — L,n; > § and cf8? = S(ILLL“m) < % 7L, by the settings of 7, and SB.

Then summing ) from ¢t = 1 to T with n; = 1, we obtain

3 _
E[|[VEu(@)IP] < ®(1) = @(zr41) + 5T0*Lu0”.

@‘w
-3
(]~

~
Il
-

Since ®(2741) > 0, we have + Zthl E[||[VF,(z4)]]?] < 64@ 0”1) + 32nL,5%. From the stepsize choice n =
———L— there exist C1,Cy > 0 such that
4L, + ﬁﬂ
d o, Lu® (1) L,®(z1)
1 _
fz IV EL(ze)lP] < HT +Cs #\L/T 7,
It then follows from ||V F (z4)|?> < 2||VE,(z¢)]|* + 2dp?L? that (3.4) holds. O

Corollary 3.2. Suppose that the assumptions of Theorem hold. If p = ed="? and N = d?¢=*, then
Algorithm outputs an e-stationary point with iteration complexity in order of O(e=2) and total sample
complexity in order of O(d?e").

Proof. Note that by p = ed~/? and N = d?¢*, the smoothing error satisfies du?L? = €2, and the variance
term satisfies & = O(ﬁ). Substituting these choices into the convergence bound yields 7 Zthl E[|VF(z)|?] =

O(e?) after T = O(e2). Thus, we derive

E[|VF(z,)ll] < EIVF(z,)|* = O(e)

with the total sample complexity O(T'N) = O(d?¢~%). O



3.3 A Polyak-momentum stochastic zeroth-order algorithm with IGT

The Polyak-momentum method matches the best known sample complexity O(d?e~%), but its tracking recur-
sion still contains a first-order tracking error between consecutive gradients. Under second-order smoothness,
we introduce implicit gradient transport to replace this term with a second-order residual and thereby im-
prove the complexity. Under Assumption there is

IVF(z) = VF(y) = V2F(y)(z - y)l| < Hllz — yl|*, (3.9)

for any z,y € R%. Furthermore, the Gaussian smoothing bias admits the sharper bound [2], |VF,(z) —
VF(z)|| < du?H, and hence
IVE@)I| < [V Fu ()| + duH. (3.10)

Define the second-order remainder
Z,(z,y) == VE,(z) — VF,(y) 7V2F#(y)(zfy). (3.11)

Since Gaussian smoothing preserves the second-order smoothness constant, the same bound holds for F},, so
that || Z,(z,y)|| < H|lz—yl|/*. The following lemma gives the corresponding variance bound for the two-point
zeroth-order estimator.

LEMMA 3.4. Suppose that Assumptions[2.1] and[2.3 hold. Then, we have

Eyz = [|Gu(e, 2 22,0) - VE,@)] < 8%(),

where &(x) = (258 + T4 d(d + 2)(d + 4)(d + 6) + S| VF(x)|*) /2.

Proof. The proof follows from the standard variance decomposition for two-point Gaussian estimators; see,
e.g., Lemma 13 of [12]. O

Although Lemma provides a sharper p-dependence in the variance bound than Lemma this
improvement alone does not enhance the final sample complexity of Algorithm[3.1] The remaining bottleneck
arises from the momentum-tracking recursion. Let &, = m;—VF},(z,) denote the tracking error. Its recursion
is given by

ir1 = (1= Bles + B(Gy — VFu(2)) + (1 = B)(VEu (1) — VFu(2e41)).

The last term is the transport error caused by the changing evaluation point. With decision-dependent
distributions, the gradient variation reflects both the movement of the decision variable and the induced
distribution shift, resulting in an additional first-order transport component that is not explicitly handled
by standard zeroth-order momentum schemes. The IGT mechanism evaluates the momentum correction at
an extrapolated point to cancel this first-order component. Under second-order smoothness, the remaining
transport error is reduced to a higher-order residual, leading to an improved complexity bound.

The analysis of Algorithm [3.2] has two ingredients, including momentum tracking recursion and the
descent estimate of smoothed objective function. Denote

515 = Gu(wt, E%,Etz, Ut) - VFH(U}t),
which satisfies E[[|&%] < 52 (w;) by Lemma and

2%, Hu'
u2N N

6dG>
N

d(d+2)(d +4)(d+6) + )2, (3.12)

6max = (

which satisfies that E[||&;]|?] < 62, due to ||VF(w;)|| < G. With the choice oy = f3; in (2.1)), the first-order

_ max
Hessian transport terms in the momentum-tracking recursion cancel, leaving only a second-order residual,

as formalized in Lemma



Algorithm 3.2 Zeroth-Order SGD with Polyak Momentum and Implicit Gradient Transport (ZO-PM-IGT)

Input: Total iterations T, stepsizes {n;}~ ;, momentum parameters {Bt}tT:_Ol with 5y = 1, extrapolation
parameter «, smoothing radius pu, batch size N, and initial iterates zg = ;.
1: Initialize mg =0
2: fort=1,...,T do
3:  Set wy =z + 1;?” (e — x4—1).
4:  Generate i.i.d. samples u} ~ N(0,14),i=1,...,N
5. Sample iid. & ~ D(w, + pul) and €' ~ D(wy — pui),i =1,...,N
6:  Compute the zeroth-order estimator G, (w¢, Z¢, =2, U;) as
7 Update my = (]. - ﬁtfl)mtfl + ﬂt,lGﬂ(wt, E%, E%, Ut)
8.
9:

Update 441 = x¢ — Ut%
end for
Output: z, chosen uniformly at random from {x;}7_;.

LEMMA 3.5 (Momentum tracking recursion). Suppose that Assumptz'ons and hold, we set ay = By =
B €(0,1) and ny = n for allt > 1. Then it holds that

2Hn*(1 - )
B2 ’

Proof. Let &1 := G (weq1, E}H, E,?Jrh Uit1) — VF,(wi1). Using the momentum update and e, = my —
VE,(x¢), we have

E[HEtJrlH] < (1 - 5)t&max + \/Bémax + t> 0. (313)

erp1 = (1= Be)er + Bioyr + (1= ) (VEu () — VE,(2111))
+ B (VF;L(wt+1) - VFy(l't+1))~ (3.14)

By the definition of Z,,, obtaining

VE (1) = VFu(241) = V2Fu(@e01) (@0 — 2e41) + Zu (@, 2141),

VF,(wi1) = VFu(2141) = V2 Fu(@e41) (wegr — e41) + Zu (Wi, Tos1)-

1—oy
at

Since w11 — Ty = (i1 — x¢), setting ay = By = B gives
(1= B) (@ — zt41) + Blwipr — z441) = 0.
Hence, the first-order Hessian terms in cancel, and we derive
ery1 = (1 — Ber + BEry1 + ret1, (3.15)

where 7y = (1= 8)Zu (24, ®e41) + B2, (Wig1,Te41). Because F, has an H-Lipschitz Hessian, || Z,(z,y)| <
H||z—y|?>. The normalized update gives ||z¢1—¢|| <7, and therefore ||wsy1—x41] < %n. Consequently,
we bound the norm of .41 as follows

2
16) 0 = 1-5 Hn?. (3.16)

2(1-5)
r <(1-p)Hn*+ H< =—Hp<——=
l[reall < ( B)Hn™ + B 3 3 n 3
Unrolling (3.15)), we yield

t+1 t+1

eip1 = (1—B)ler + ﬂZ(l —B)tt=ss, + Z(l _ Byt
5=2 s=2
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Let Fs denote the sigma-field generated by all randomness up to iteration s. Since the query point w; is
Fs—1-measurable and the zeroth-order estimator is conditionally unbiased, there is E[5|Fs—1] = 0. Therefore,
E(és,&;) =0,Vj < s, as &; is Fs_1-measurable. Therefore, we obtain

t+1 t+1
E[ D (1= B) o) = D (1 = B IE[|&7).
s=2 5=2

Applying Jensen’s inequality, we further have

t+1 t+1 1/2 5
B[] Y (1 -8l < (Zu - m?““—%[nésnﬂ) < =
5=2 s=2 1-— (1 — ﬂ)
where the last inequality is from max; E[||&;]|?] < 62,,.. Moreover, it follows from m; = G, (w1,=1,Z%,U;)

that e, = &1, thus E[le1]|] < /E[[e1]]? < Gmax- And by (B:10), it holds that S>°FL(1 — g)it1=s||r,|| <

2Hn*(1-4)

52 . Then combining these bounds gives
N B N 2Hn*(1 - B)
E € S 1 - tamax + —Umax + - 59 -
el < (1= B) — e
Finally, from \/ﬁ = ,/% < /B, we derive the conclusion. O

We focus on the descent estimate of F,(x) under the second-order smoothness.

LEMMA 3.6 (Descent estimate). Suppose that Assumption holds, we have

L 2
Fu(@er) = Fu(@e) < =l VE (a0l + 2mle] + 242 (3.17)

T F,(x1)—Fin L,T T
Ifne=n, then S [VE, (w,)|| < Del=loe 4 Ll 49 57 ey,

my/|lmell, me # 0,

Proof. Let g, := VF,(x;), and define d; = {0 . By the L,-smoothness of F},, we have

5 m¢ = 0.
Lw?
Fu(ze41) < Fu(ze) = melge, de) + =5~ (3.18)
If m; # 0, then, it holds from g; = m; — &; that
(¢, my)
(ge, de) = |lme]| — 2 [lmell = lleell = llgell — 2lleell.
[[me]|
If my = 0, then d; = 0 and ||g:|| = ||e¢||, so we have (g;,d;) = 0 > ||g:|| — 2|le¢]|]. Thus, in both cases,
(gt,de) > |lgell — 2|le¢]]. We then derive (3.17)) from (3.18]). Summing over ¢ and using Fj,(x741) > Fins
further proves the second claim. O
Combining Lemmas [3.5] and we obtain the following convergence result.
THEOREM 3.3. Suppose that Assumptions and [2-3 hold, and
) R5/7 R ) R4/7H2/7 )
m=n= mm{T5/7H1/7531gx7 TL, }, Br=ar=p= mm{iT‘*”&ﬁ{;; }7
where R := F, (x1) — Fing. Then the iterates generated by Algorithm satisfy
T 47 137
1 RLM R2/7H1/7Umax Omax
*ZE[HVFM(xt)”] <Cy + Cy T/ +03R4/7H2/7T3/7, (3.19)

r= VT
where C1,Cy, C3 > 0 are numerical constants independent of T, d, p, and N, and Gmax s defined in (3.12)).
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Proof. By (3.13)), summing the inequality over t = 1,...,T and using ZtT:l(l - Bt < % for 1 -8 <1, we
obtain

T _
Fmax . 2T Hn?(1 —
SE[eul] < T 4 7/ Bl + L)
pat B B
Combining this bound with Lemma [3.6] gives
T _
R L,T max . 2T Hn?
SCEIVE @l < =+ 2 42 (" + T\ Bmax + J) - (3:20)
P U 2 s B
By the definition of 1, we consider two cases. If n = T—Z, then % + @ = 3,/RL,T. Otherwise,

= 7%/75?;:&;4,{; , and since 1) < \/R/(TL,), we have £ 4 LI < 3 g2/Tg1/750/T T5/7, Thus the following

inequality holds:

3=

L,T
% + —“2 "< g (\/er R2/7H1/7&§1/ij5/7) .

By the choice of 3, we bound the other terms of (3.20)) as follows

THn?
~ 2/7 py1/7 =47 5/7 2/7 py1/7 =47 5/7
T\/B Gumax < RYTHY 54T T5/7, 7gR/H/am/wT/,
5 513/7Tp4/7 . R .
and Zuex < i Therefore, we arrive at the conclusion as shown in (3.19). O

Corollary 3.4. Suppose that the assumptions of Theorem hold. If y?d = € and N = d?e%/2, Algo-
rithm returns an e-stationary point, i.e., B[||VF(x.)|] < € with iteration complexity and total sample
complexity of order O(e=2) and O(d*e=*5), respectively.

Proof. With p?d = € and N = d%¢5/2, the variance bound in gives Gmax = O(e/*). Taking T =
O(e7?%), the above inequality yields + 23:1 E[||VF,(z)||] = O(e). Moreover, using the smoothing error
bound ||[VF(z)| < |[VE.(z)|| + du?*H shown in and du? = €, we obtain E[|VF(z,)|]] = O(e).
Finally, the total sample complexity is TN = O(e~2) - O(d?*¢~°/?) which is in order O(d?¢~*®). The proof is
completed. O

4 Zeroth-order methods with coupled sampling

Although IGT reduces the momentum-tracking error, the two-point estimator still suffers from an addi-
tional variance term caused by independently sampling from different decision-dependent distributions. In
particular, independent sampling prevents the two finite-difference evaluations from exploiting shared ran-
domness for variance reduction, as reflected in the variance bound in Lemma To address this limitation,
we consider a structured subclass of problems with decision-dependent distributions admitting a common-
latent-source representation and develop coupled sampling estimators. Such structures naturally arise in
simulation-based models with decision-dependent distributions, where decisions affect observations through
transformations of shared underlying randomness. Unlike the general sample-only setting considered above,
this additional structure enables shared latent randomness across different decisions while preserving their
corresponding marginal distributions.

4.1 Coupled sampling with a common latent source

We assume that there exist a probability space (Z,F, Py) and a measurable mapping 7 : R x Z — = such
that, for any decision z, the distribution D(z) is the law of

§:T(Ivc)7 CNPO-

12



This representation allows function evaluations at different decisions to be coupled by sharing the same
latent random variable. Unlike classical CRN in fixed-distribution stochastic optimization, the coupling
must preserve the decision-dependent marginal distributions at perturbed decisions, while exploiting the
correlation induced by shared randomness. For each random direction u?, we draw (! ~ Py and generate

=T+, ("), €' =T(r—pu',(").

Although the marginal distributions remain £+% ~ D(x + pu®), €% ~ D(x — pu'), the two samples are
correlated through the shared latent variable ¢*. Let U = {u'}}¥;. The resulting coupled two-point estimator
is defined as

N i ey _ P R A

Under this coupled sampling oracle, the forward and backward function evaluations can be generated
using the same latent randomness. The optimization updates remain identical to Algorithms [3.1] and [3.2}
only the estimator construction is modified. Specifically, for a query center z;, where z; = x; for ZO-PM-CPL
and 2z; = w; for ZO-PM-IGT-CPL, the coupled two-point estimator Gf,(, {¢YN 1 U) (%) is generated by
the above procedure.

Algorithm 4.1 Coupled two-point sampling procedure

1: Given query center z;.

2: fori=1,...,N do

3. Draw uj ~ N(0,14) and ¢ ~ Py

4 Set &7 = T(z + pui, (), & = Tz — puf, ().
5: end for

6

- Return GS (2, {¢{}/L,, Uy) defined in (4.1).

We impose the regularity assumptions for the coupled-sampling framework.

Assumption 4.1. There exists a measurable function Ly : Z — Ry such that for all z,y € RY and
CE€Z|T(x,¢) = T(y, Oll < Lr(Qllx — yll and E¢cop[L7(C)?] < 07 < o0.

Assumption 4.2. There exist constants Ly, L¢ > 0 such that for every x,y € R and £,¢' € =, |f(x,€) —
fW, 0| < Lellz — yll and [f(2,8) — f(2,8)] < Lell§ — ¢'l]-

These assumptions control the variation of individual sample paths under shared latent randomness and
the resulting loss values, whereas Wasserstein sensitivity conditions characterize distributional shifts only
through marginal distributions. The common-latent-source representation naturally covers location-shift
models proposed in [21]. For example, consider the location-shift model T'(x, () = ¢ + Az, then

1T (2, ¢) = T(y, Ol < |Allllx = wll;

with the constant choice Lr(¢) = ||A||. Under Assumptions and the composite sample-path loss
x — f(z,T(x,()) is Lipschitz continuous for each fixed latent realization . More specifically, for every
x,y € R%, we obtain

[f (@, T(z,¢)) = fy, T(y, O) < [f (&, T2, C)) = fy, T, ) + [ f(y, T(=,¢)) = f(y, Ty, Q)]

<|f
< (Le + Le L (O) |z — yll. (4.2)

To compare the coupled estimator with the ideal finite-sample Gaussian finite-difference estimator, we
define

1in+,uu F(m—uui)ui
i=1 'u '
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The following lemma shows that, under the common-latent-source structure, the coupled estimator remains
unbiased and its sample noise admits a variance bound without the unfavorable p~2-dependent term. This
improvement is obtained by exploiting stronger sample-path regularity assumptions enabled by the latent
representation, rather than relying only on distribution-level variance control.

LEMMA 4.1. Under Assumptions[].1] and[[.3, we have
B¢y [Gh(e ACHL, U) | U] = G(a),

c 7 L?d d+2
By e 1G5 (@, {¢H1,U) = G ()] < #

where L? := E¢p, [(Le + Le L7 (€))?].

Proof. The marginal distributions of £*+% and ¢ % are given by D(z+ pu’) and D(z — pu?), respectively. Since
the coupling preserves these marginal distributions, the conditional expectation of the coupled estimator
coincides with that of the ideal finite-difference estimator. Therefore, the coupled estimator is conditionally
unbiased given U. For the variance bound, we define

Conditioned on U, we have

ul.

- 1 H(z,u", (") — E H(xz,u", ()
N F _ y Wy ¢ s Uy
GZ(Iv{Cl}vth)*G/L (q:) - Nzl ZM
1=
Since the samples {¢?} are independent and the centered terms have zero conditional mean given U, expand-
ing the squared norm and eliminating the cross terms yields

. 1 XN . .
E[|GS (2, {¢'}E,, U) — Gy (0) 1] = e ZE (||| Vare (H (2, u", ()]
=1

L2 s
< N2 E[J[|],
i=1
where L? := E[(L, + L¢ L1 (¢))?]. The inequality follows from the path-Lipschitz condition (4.2), which gives
|H (z,u,¢)| < 2u(Ly + LeLr(¢))||ul| and Vare(H(z,u,¢)) < E¢[H(x,u,()?]. Thus, it holds that

Vare(H(x,u, Q) < E¢[H(w,u,¢)?] < 44 L||ul|*.
The result then follows from E[||u’||*] = d(d + 2). O

By the conditional unbiasedness established above, the coupled estimator error satisfies the same condi-
tional zero-mean property used in Lemma [3.5] Therefore, the tracking analysis can be directly extended to
the coupled setting.

4.2 Convergence of ZO-PM-CPL

We replace the independent estimator G, in Algorithm with the coupled estimator returned by Proce-
dure resulting in the ZO-PM-CPL method. The following result establishes the conditional unbiasedness
and variance bound of the coupled estimator used in ZO-PM-CPL. Under the common-latent-source struc-
ture, this variance bound does not contain the unfavorable y~2-dependent term that arises under independent
sampling.

14



LEMI(\/U; 4.262 Suppose Assumptions and hold. Then the coupled estimator (4.1)) satisfies E[G,(z, {¢HN,,0))z] =
VE,(z) an

E (|65 (@, (¢ U) = VE@)[*] < o2(a),

where oo(r) = (KUE2 4 402 (41 9)(d + 4) + S|V F () [2) /2.
Proof. Using the decomposition
G (2 ACHLU) = VEu(2) = (G (e ¢, U) — GE (@) + (G (x) — VE, (@),
we obtain
E (IG5 (2. (¢}, U) = VEL(@)] =E[IIGS (2, (¢}, U) — GE (@)|2] +E [|IGE (2) - VEu ()],

where the cross term vanishes due to the conditional unbiasedness of the coupled estimator given U. The first
term is bounded by Lemma while the second term follows from the standard Gaussian finite-difference
variance bound [12]. Combining the two bounds gives the desired result. O

We note that

_2L%d(d+2) | dLPp?
G = gv x N

Similar to the analysis of Theorem The following result shows the sample complexity ZO-PM-CPL under
first-order smoothness.

THEOREM 4.1. Suppose Assumptions[2.2, and [{-3 hold, and let

_ 1 5= 3L,
AL, ++\/TL,/®(x1)5, 1-L,n

12dG?
N

(d+2)(d+4) + W2 > gu(zy), V.

n (4.3)

where ®(x1) = Fj(x1) — Finr + %E[Hml ~VE,(x1)||?]. If p = ed™/? and N = d*>¢2, then ZO-PM-CPL
outputs x, satisfying E[||VF(x,)|]] < € with iteration complezity of order O(e~2) and total sample complexity
of order O(d?e™4).

Proof. The proof follows the Lyapunov analysis of Theorem Define the Lyapunov function as follows

®(z¢) = E[F,(2;) — Fing] + 8j‘zﬂﬂi[lletllgh

where ¢, = m; — VF,(2;). By Lemma the coupled estimator satisfies that
E[||G5, (1) = VFu(x0)|*] < 72,

which replaces the variance bound used in Lemma Therefore, applying the same momentum tracking
recursion as Lemma [3.2] we obtain

Ellleer1]1?] < (1 = B)*E[llec|?] + %57 + Crn® LLE[||V Fyu (1) |%).
Combining the above inequality with the descent inequality in Lemma [3.3] gives

T
]. 2 L;LCD(xl) Lu(I)(SL'l) _
T;E[HVF#(JQ)H <O ==+ O

Using the choice of parameters as (4.3)), we derive the desired convergence bound. Finally, choosing p =

ed™'/? and N = d?¢2 gives 6. = O(¢) and therefore T = O(e~?), and the total sample complexity is
TN = O(d2e). O
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4.3 Convergence of ZO-PM-IGT-CPL

ZO-PM-IGT-CPL is obtained by applying the same coupled sampling procedure at the extrapolated query
point wy in Algorithm 3.2. The following lemma gives the corresponding variance bound for the two-point
zeroth-order estimator under second-order smoothness and coupled-sampling regularity. The proof is similar
to Lemma [£.2] thus we omit the proof here.

LEMMA 4.3. Suppose Assumptions and hold, then the coupled estimator (4.1)) satisfies
E[GS (2, {C' Yy, U)lz] = VE,(x) and

E|[|Gs e, {¢HL, Ula) - VE(@)|*] < 2@

where 5.(z) = (252d13d+2) + va,# d(d+2)(d +4)(d + 6) + 8| VF(z)|?)'/2 and L? is defined in Lemma .
Proof. The proof follows the same decomposition as Lemma Specifically,
G (x, {CYL U) = VEu(2) = (G (e, {C'}L,. U) = G (x)) + (G (2) = VEu()) -

The first term is bounded by Lemma while the second term follows from the standard Gaussian finite-
difference variance bound under second-order smoothness. Combining the two bounds yields the desired
result. O

Define the coupled estimator error as follows
;—fg =G (wt7 {Ct i=1 ) VEF, ( )
Then, we have E[||£5]|?] < 62(w;) according to Lemma We note that

Z &c(wt)a Vt7

max

20%d(d+2) H' 64G>\ ?
5 -—( §v+>+ ~—d(d+2)(d+4)(d+6) + >

Similar to the analysis of Theorem The following result shows the improved sample complexity under
second-order smoothness.

THEOREM 4.2. Suppose that Assumptions and [{-3 hold, and choose

. R5/7 'R . RA/T 2/
= {T5/7Hl/7((}rcnax)4/77 ﬁ}’ f = min {T4/7(&rcnax)6/7 ’ 1}’

where R := Fj,(x1) — Fins. If p = ed=2 and N = d?¢=3/2, then the output of ZO-PM-IGT-CPL satisfies
E[||VF(x,)|]] < € with iteration complexity in order O(e=?) and total sample complezity in order O(d?e=3).

Proof. The proof follows the IGT-based Lyapunov analysis of Theorem [3.3] By Lemma [£.3] the coupled
estimator satisfies E[||€5]|?] < (6¢,,,)%. Compared with the analysis of Theorem the IGT update remains
unchanged, and hence the first-order transport cancellation argument is identical. The only difference is that
the stochastic estimator error term is controlled by ¢ .. instead of G.x. Following the tracking recursion

in Lemma we obtain

max

c c e Ho?
Ellefall] < (1= 8)'E[lle5ll] + Crv/Bépax + G2 g5
Combining this bound with the descent inequality of Lemma [3.6] yields
T . .
1 RLM R2/7H1/7(Urc‘xlax)4/7 (UICrlaX)13/7
TZE[HVFM(%)”] < Ch T + O T2/7 +Cs RA/TE2/TT3/7°
t=1
With = ed='/2, N = d?e¢ 3/, we have ¢, = O(¢*/*). The above inequality gives E[||VF(z,)|] < e. With
the iteration complex1ty T= (9( 2) and the total sample complexity TN = O(d?e=3). O
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Remark 4.1. Coupled sampling reduces estimator variance and yields the complezity O(d*e¢=*) for ZO-
PM-CPL. However, it does not address the first-order tracking error in the momentum-tracking recursion.
The further improvement of ZO-PM-IGT-CPL is therefore attributed to IGT, which replaces the first-order
transport term with a second-order residual.

5 Experiments

Following 9], we conduct experiments on multiproduct pricing [11] and strategic classification [13] to evaluate
the proposed methods in realistic decision-dependent applications. We further include a controlled continuous
location-shift synthetic experiment to isolate the effect of coupled sampling under the exact common-latent-
source structure. All methods use only stochastic function-value feedback and do not explicitly use the
closed-form distribution D(x). Detailed problem settings, parameter choices, and evaluation procedures are
provided in Appendix

5.1 Setup and compared methods
We implemented the following methods.

e Z0O-OG: a zeroth-order method with a one-point gradient estimator, which is analogous to the zeroth-
order method proposed in [18].

e ZO-OGVR: a zeroth-order method using a one-point gradient estimator with a variance reduction
parameter [11].

e ZO-GA: a zeroth-order method with a Gaussian-smoothed two-point gradient estimator, which is
analogous to the method proposed in [12].

e ZO-O2NC-I & ZO-0O2NC-II: the two variants of the O2NC-based zeroth-order method proposed by
Liu et al. [17]. ZO-O2NC-I uses a two-point estimator, whereas ZO-O2NC-II uses a one-point residual
estimator that reuses the previous function evaluation.

e ZO-PM & ZO-PM-IGT: the momentum-based zeroth-order methods corresponding to Algorithms[3.1]
and [3:2] respectively.

e ZO-PM-CPL: the coupled variant of ZO-PM, obtained by replacing the independent two-point esti-
mator in Algorithm with the coupled estimator generated by Procedure

e ZO-PM-IGT-CPL: the coupled variant of ZO-PM-IGT, obtained by applying Procedure at the
extrapolated query point w; in Algorithm

The CPL variants exploit common-latent sampling by reusing the same latent realization across paired
perturbed evaluations, whereas the remaining methods follow their original sampling constructions without
common-latent coupling.

5.2 Multiproduct pricing application

We consider a multiproduct pricing problem following [7,/11], where a seller sets the prices of ten products
for forty buyers. The demand ¢ follows a multinomial logit model whose distribution depends on the price
vector x € R0, and the objective is the negative expected profit.
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5.2.1 Setting and metrics

All methods are initialized at zg = 0.5 - 1, where 1 denotes the all-ones vector, and terminated after 10,000
function evaluations. For the final output z, we estimate the objective using 1,000 independent samples from
D(Z). Results are averaged over 20 random seeds, and lower values are better. We consider two regimes. The
standard regime uses g = 0.19 and N = 10 for overall performance comparison, while the small-smoothing
regime uses © = 0.02 and N = 2 to emphasize the variance sensitivity of independently sampled two-point
estimators and assess the benefit of common-latent coupling.

Estimator variance We examine the variance-reduction effect of common-latent coupling using an offline
stage-wise diagnostic. Along a representative ZO-PM-IGT-CPL trajectory, we report the average conditional
variance over multiple query points from the early, middle, and final stages. We compare PM-IND, PM-CPL,
and ZO-O2NC-I; PM-IND/PM-CPL isolates the coupling effect, while ZO-O2NC-I serves as an independent-

sampling reference in the small-u regime.

5.2.2 Results

We evaluate the proposed methods from three perspectives: the benefit of IGT over plain momentum, the
effect of coupled sampling under small smoothing, and the resulting variance reduction of the zeroth-order
estimator.

Effect of IGT Table[2|compares the proposed momentum-based methods with existing zeroth-order base-
lines. Both ZO-PM and ZO-PM-IGT consistently outperform the one-point methods ZO-OG and ZO-OGVR.
Compared with ZO-PM, ZO-PM-IGT achieves lower objective values on seven of the eight weekly instances,
suggesting that the IGT mechanism improves the finite-budget performance of momentum-based zeroth-
order optimization. ZO-O2NC-I also performs strongly and achieves the best result on several instances,
providing a competitive baseline in the standard regime.

Table 2: Standard-regime results on the multiproduct pricing problem. Values report the mean objective
and standard deviation over 20 matched random seeds; lower objective values are better.

date 7Z0-PM Z0-PM-IGT 7Z0-GA Z0-0G ZO-OGVR ZO-02NC-I ZO-O2NC-II
obj sd obj sd obj sd obj sd obj sd obj sd obj sd

2/21-2/27 -12.17 0.84 -12.85 0.76 -12.11 0.84 1.70 5.21 -6.66 1.77 -12.73 0.75 -12.24 0.76
3/21-3/27 -11.84 0.88 -12.53 0.74 -11.76 0.96 -0.24 2.00 -7.45 1.58 -12.54 0.76 -12.08 0.77
5/23-5/29 -16.07 0.77 -15.68 0.86 -15.93 0.81 -0.44 1.64 -4.92 1.48 -15.98 0.79 -15.76 0.94
6/20-6/26 -8.82 1.08 -9.09 097 -8.79 1.07 224 3.18 -6.83 1.82 -10.00 0.79 -9.57 1.10
7/18-7/24 -8.00 1.02 -819 094 -797 1.03 685 9.19 -411 1.84 -8.96 0.91 -8.64 0.88
8/08-8/14 -15.72 0.72 -15.87 0.76 -15.64 0.71 -1.23 1.12 -6.94 1.54 -15.79 0.76 -15.33 0.79
9/19-9/25 -r.17 121 -726 1.16 -7.15 1.21 746 8.15 -391 263 -7.92 1.03 -7.59 1.16
12/05-12/11 -7.53 1.05 -7.69 1.00 -7.50 1.08 4.60 6.41 -4.11 2.25 -8.51 0.98 -819 1.00

Effect of coupled sampling Table|3|evaluates coupled sampling in the small-smoothing regime, where es-
timator variance becomes more pronounced. Both ZO-PM-CPL and ZO-PM-IGT-CPL consistently improve
upon their uncoupled counterparts, with lower objective values and generally smaller standard deviations
across all weekly instances. They also outperform the ZO-O2NC baselines. Notably, ZO-PM-IGT-CPL
achieves the best objective value on all eight instances, showing that coupling and IGT provide complemen-
tary gains under small smoothing.
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Table 3: Small-smoothing coupling results on the multiproduct pricing problem. Values report the mean
objective and standard deviation over 20 matched random seeds; lower objective values are better.

date ZO-PM  ZO-PM-CPL ZO-PM-IGT ZO-PM-IGT-CPL ZO-O2NC-I ZO-O2NC-IT
obj sd obj sd obj sd obj sd obj sd  obj sd

2/21-2/27 -8.73 1.93 -1255 0.93 -13.05 0.83 -13.24 0.79 -10.32 1.69 -9.13 2.38
3/21-3/27 -777 242 -1239 1.21 -12.84 0.87 -12.99 0.85 -9.60 2.01 -8.00 3.32
5/23-5/29 -9.70 2.60 -16.02 0.85 -16.11 0.78 -16.65 0.74 -743 2.62 -7.70 2.54
6/20-6/26 -6.37 251 -9.92 0.89 -10.28 0.82 -10.40 0.83 -9.45 1.26 -8.83 1.78
7/18-7/24 -5.90 1.92 -9.07 0.81 -9.18 0.80 -9.29 0.79 -7.96 1.90 -7.27 2.24
8/08-8/14  -10.66 2.22 -15.86 0.69 -15.96 0.79 -16.33 0.74 -9.64 2.11 -8.05 3.12
9/19-9/25 -6.42 1.8 -7.97 119 -824 1.01 -8.37 0.95 -7.50 199 -7.32 1.52
12/05-12/11 -6.78 1.87 -8.48 0.93 -8.80 0.93 -8.83 0.89 -8.03 1.49 -7.59 147

Estimator variance Figure [I] reports the stage-wise estimator variance along a representative optimiza-
tion trajectory. PM-CPL consistently reduces variance relative to PM-IND across stages and smoothing
radii, with larger gains as u decreases, confirming the benefit of common-latent coupling in the small-
smoothing regime. ZO-O2NC-I, as an independent-sampling reference, exhibits variance sensitivity for small
1, indicating that independent sampling remains a source of variance amplification.
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Figure 1: Stage-wise estimator variance of PM-IND, PM-CPL, and ZO-O2NC-I under different smoothing
radii in the multiproduct pricing problem. Each value is averaged over multiple fixed query points within
the corresponding optimization stage.

5.3 Strategic classification

We further evaluate the proposed methods on strategic classification, following [9,/13]. In this setting, a
decision maker deploys a linear classifier, while agents strategically modify their observable features after
observing the classifier. Consequently, the distribution of reported features depends on x. Given a reported
feature vector &g, the predicted probability is

Pa(€r) = 1/(1+ exp(—ajép — 212)).
The objective is to minimize the expected logistic loss:

min F(z) = B¢, 0)y~p (@) [ L1og pz(§r) — (1 — L) log(1 — p2(§r))].

T

where D(z) is induced by the strategic response to the deployed classifier.
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5.3.1 Setting and metrics

We use the processed credit-card default dataset considered in [9|13], containing 11 features and a binary
default label. All methods are initialized at zo = 1 € R'? and use the same stochastic function-evaluation
budget. We report training loss, test loss, test AUC, and test accuracy, with lower losses and higher
AUC/accuracy indicating better performance. We consider two strategic-response settings. The standard
setting uses 7 = 1.0 for overall performance comparison, while the 7 = 5.0 setting is used to evaluate coupled
sampling under an alternative strategic-response regime. All methods based on random-direction zeroth-
order estimators use N = 10 directions. The smoothing radius p is method-dependent and follows the tuned
or sensitivity-validated choices reported in Appendix

5.3.2 Results

We evaluate the proposed methods from two perspectives: the effect of implicit gradient transport under the
standard strategic classification setting and the effect of coupled sampling under a high-variance strategic-
response setting.

Effect of IGT Table[dreports the results in the standard setting. The proposed momentum-based methods
achieve lower losses than the existing zeroth-order baselines. ZO-PM-IGT attains the best mean value on all
four metrics, while ZO-O2NC-I remains less competitive in test loss under its sensitivity-validated smoothing
radius. These results support the finite-budget benefit of IGT in this application.

Table 4: Results on strategic classification with 7 = 1.0. The reported values are mean and standard
deviation over 20 random seeds.

metric 7ZO-PM-IGT 7Z0-PM 7Z0-GA 70-0G 7Z0O-OGVR 7Z0O-02NC-1  ZO-0O2NC-II

mean sd  mean sd  mean sd  mean sd  mean sd  mean sd  mean sd
train loss ({) 0.742 0.050 0.748 0.047 0.795 0.071 1.069 0.159 0.890 0.075 0.878 0.281 2.506 0.972
test loss ({) 0.741 0.073 0.754 0.073 0.799 0.094 1.085 0.143 0.899 0.088 0.895 0.328 2.508 0.997
test accuracy (1) 0.605 0.032 0.599 0.043 0.601 0.041 0.506 0.022 0.585 0.042 0.589 0.043 0.537 0.066
test AUC (1) 0.655 0.037 0.653 0.045 0.652 0.050 0.518 0.048 0.643 0.039 0.644 0.050 0.550 0.106

Effect of coupled sampling Table [5| reports the results under the high-variance strategic-response set-
ting. Coupled sampling substantially improves both momentum-based methods. The coupled variants also
outperform ZO-O2NC-I with its sensitivity-validated smoothing radius across the reported metrics, with
ZO-PM-IGT-CPL achieving the best overall performance.

Table 5: Results of coupled sampling under the high-variance strategic-response setting. The reported values
are mean and standard deviation over 20 random seeds.

metric Z0O-PM-IGT ZO-PM-IGT-CPL 7Z0-PM 7Z0-PM-CPL  ZO-O2NC-I  ZO-O2NC-I1

mean sd  mean sd mean sd mean sd mean sd mean sd
train loss () 0.958 0.176 0.701 0.039 2.902 1.734 0.745 0.052 1.535 0.477 2.018 0.250
test loss ({) 0.973 0.190 0.703 0.048 2.870 1.750 0.753 0.060 1.550 0.487 2.028 0.284
test accuracy (1) 0.593 0.032 0.639 0.042 0.560 0.063 0.638 0.031 0.527 0.066 0.444 0.027
test AUC (1) 0.638 0.045 0.692 0.039 0.586 0.090 0.689 0.030 0.530 0.108 0.397 0.043

5.4 Ablation study on coupled sampling

To isolate the effect of coupled sampling, we construct a synthetic decision-dependent phase retrieval bench-
mark with an explicit common-latent representation. Specifically, the sample associated with decision x is
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generated as £ = T'(z,¢) = (a(x, (), y(C)), where the same latent variable ¢ can be shared by the forward and
backward evaluations in the two-point estimator while preserving the correct decision-dependent marginals.
We use the phase retrieval loss

2

F6) = (@0 ~)’, Fla) = Elf(@, T(, Q)]

This benchmark is therefore well suited for isolating the variance-reduction effect of common-latent coupling.
The detailed construction is provided in Appendix

5.4.1 Setting and metrics

We use d = 10 and initialize all methods at xg = 0.3 - 1. Each method is run for 10,000 stochastic function
evaluations, and results are averaged over 50 independent random seeds. We report the excess objective
F(z) — F(zk;) and the gradient norm ||[VF(z)||, where x7.; is a high-accuracy numerical reference solution;
lower values are better. Details on the parameter generation and reference-solution computation are provided

in Appendix [B:3]

5.4.2 Results

Figure[2] compares the coupled and uncoupled variants under the same function-evaluation budget. Common-
latent coupling improves both ZO-PM and ZO-PM-IGT, yielding lower excess objective values and gradient
norms than their uncoupled counterparts. The gain is most pronounced for ZO-PM-IGT-CPL, which achieves
the lowest final objective gap and stationarity error among the four methods. These results support the role
of common-latent coupling in reducing sampling-induced variability.
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Figure 2: Convergence curves for the decision-dependent phase retrieval ablation study. The plots show
the mean excess objective value and mean gradient norm over 50 random seeds as functions of cumulative
stochastic function evaluations. Lower values are better.

6 Conclusions

We studied nonconvex stochastic zeroth-order optimization with decision-dependent distributions under
a sample-only function-value oracle. The proposed framework provides a systematic development from
momentum-based gradient tracking to implicit transport correction and coupled sampling. We first developed
a Polyak-momentum zeroth-order method with sample complexity O(d?e¢~%) under first-order smoothness,
and showed that decision-dependent sampling distributions introduce a first-order transport component in
the momentum-tracking recursion. We then introduced implicit gradient transport (IGT), which reduces
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this component to a higher-order residual and improves the complexity to O(d?¢=*®) under second-order
smoothness. For structured problems with decision-dependent distributions admitting a common-latent-
source representation, we further developed a marginal-preserving coupled-sampling framework that reduces
the variance caused by independent two-point sampling, yielding complexities O(d?¢~*) and O(d?*e=3?)
under first- and second-order smoothness, respectively. Experiments on multiproduct pricing, strategic
classification, and a synthetic benchmark support the effectiveness of the proposed mechanisms. Future
work includes relaxing the coupled-sampling assumptions, reducing the dependence on unknown problem
parameters, and extending the framework to broader settings with decision-dependent distributions.

A Gradient representation under density access

LeEmMMA A.1 (Differentiability and gradient representation). Suppose that, for every x € R4, the distm’bution
D(x) admits a density p,(§) > 0 with respect to a reference measure d§. Let F(x f_ x,&)ps(§) dE.
Assume that f(x,&) and p,(§) are differentiable in x for almost every &. In addztwn assume that for every
compact set KK C R, there exists an integrable function My : = — [0,00) such that

Ve f(2,8)pa(§) + f(2,§)Vapa (§)I| < Mi(§),  VzeK,
for almost every £&. Then F s differentiable, and its gradient is given by
VF(z) = E¢np(a) [fo(l’ &) + f(2,8)Valogpa ()]

Proof. Define H(z,£) := f(z,8)pe(§). Then F(z) = |2 H(x,&)d¢. By assumption, H(z,§) is differentiable
in x for almost every &, and we have

Vo H(2,§) = Vo f(,8)pa(§) + f(2,§) Vapa (§).

Moreover, for every compact set K C RY, we have |V, H (z,&)|| < Mx(£),Yo € K, where My € L'(df).
Therefore, by the dominated convergence theorem, differentiation can be exchanged with integration. Hence,
F is differentiable and there is

VE(@) =V, / H(x,€) dé = / V. H (x, €) de.
Substituting the expression of V,H (z, ), we derive

VF(z) = Vol (z,8)p(&) + f(2,8)Vape(&)] dE.

Since p,(§) > 0, we have Vp.(§) = p.(§) V., log p,(£). Therefore, we conclude

VF(z) = E¢nna) [Vof (2,8) + f(2,6) Ve logpa (§)] -
This proves both the differentiability of F' and the claimed gradient representation. O

T

B Additional experimental details

B.1 Multiproduct Pricing
The stochastic objective is defined through the negative profit f(z,£) = — >, z:& + Y 1y ¢i(&), where ;

is the price of product ¢ and &; is its realized demand. The production cost is modeled as
Zwigia gi < li7
ci(&) = qwi(& — 1) + 2wil;, li <& < wui,
3w (& — wi) +wi(u; — I;) + 2wils, & > ;.

We set I; = 0.5m/n, u; = 1.5m/n, and w; = p;0;, where p; ~ Unif[0.25,0.5] and 6; is the normalized
historical average selling price.
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Decision-dependent demand model The demand distribution D(z) is induced by a multinomial logit
model. Each buyer chooses product ¢ with probability

exp(7i(0; — ;) po(x) = aog
ao+ Y, exp(y;(0; — z;))” " ao + 35—y exp(v;(0; — ;)

pi(z) =

where po(x) denotes the probability of no purchase. We use v; = o = 0.1n. Conditioned on z, the

s
0560, ¢
demand vector follows a multinomial distribution with parameters (m,po(z),p1(z),...,pn(z)).

Estimator variance evaluation For the multiproduct pricing variance diagnostic, we use a representative
ZO-PM-IGT-CPL trajectory in the small-y regime. We select K = 5 query points from each of the early,
middle, and final stages, uniformly over [0,2000], [4000,6000], and [8000,10000] in cumulative function
evaluations. At each point x; ;, we generate R = 200 independent estimator realizations and compute

R
— 1 - _
Var(Gu(tsk)) = 57— > NG (@) = Gulas)|I?,
r=1

where Gu (2s,%) is the sample mean. The reported stage-level variance is averaged over the K points, with

standard errors across them. We compare PM-IND, PM-CPL, and ZO-O2NC-I for 1 € {0.005,0.01,0.02,0.05,0.10,0.19}.
PM-IND and PM-CPL differ only in independent versus shared latent realizations, while ZO-O2NC-I is an
independent-sampling reference.

B.2 Strategic classification

We follow the strategic response model in [9l[13]. Each agent has a true feature vector &y ue € R and label
L € {0,1}. Given classifier parameter 2 € R'2, the reported feature vector {f is obtained by solving

2
€F S arggﬂelﬂ%{g {T(f, 'T) - THS - gtrue”g} y

where

2, x &+ a0 >0,
7’(5733) = Zgl]g e
0, m[ll]g + x15 < 0.

Here, 7 > 0 controls the cost of strategic manipulation; larger 7 discourages feature modification. The pair
(&r, L) induces the decision-dependent distribution D(x).

Parameter settings We consider 7 = 1.0 for the standard setting and 7 = 5.0 for the coupled-sampling
experiment. In the standard setting, ZO-PM and ZO-PM-IGT use u = 0.7, ZO-GA and ZO-OGVR use
= 1.0, and ZO-OG uses u = 0.3. In the 7 = 5.0 setting, ZO-PM and ZO-PM-CPL use u = 0.12,
whereas ZO-PM-IGT and ZO-PM-IGT-CPL use p = 0.175. For the O2NC baselines, we performed a
lightweight pre-specified sensitivity check over u. ZO-O2NC-I uses the validated radii g4 = 1.0 and g = 0.35
in the two settings, respectively. ZO-O2NC-II retains the matched radius because alternative choices either
degrade AUC/accuracy or do not significantly improve test loss. For the CPL variants, the two perturbed
evaluations share the same latent realization ¢ = (£ue, L), whereas the uncoupled variants use independent
latent realizations for the two evaluations.

B.3 Decision-dependent phase retrieval

Let ¢ = (ao, ), ag ~ N(0,1;) and € ~ N(0,0?%). Given a decision z, define

a(z,() = ag + paaAz, y(¢) = (a()TxSig)2 +e,
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where A € R4 is fixed, pga > 0 controls the strength of decision dependence, and ||z*|| = 1. The induced
sample is £ = T'(z,() = (a(x,(),y(()), and the loss is f(z, &) = i((aTx)z — y)z. The case paa = 0 reduces
to standard stochastic phase retrieval, whereas pgq > 0 introduces decision dependence through the sensing
distribution. The uncoupled variants use independent latent realizations for the two perturbed evaluations,
whereas the coupled variants reuse the same latent realization. To isolate the coupling effect, we compare
only paired methods that differ in their sampling construction; O2NC is therefore omitted.

Parameter settings. We set pgq = 0.25, ¢ = 0.1, p = 0.02, and N = 2. For each random seed,
A =Udiag(0.2,...,1.0)V' T, where U,V are obtained from the SVD of a Gaussian random matrix, and z°&
is sampled from a standard Gaussian distribution and normalized. ZO-PM and ZO-PM-CPL use (1, 8) =
(5 x 1075,0.2), while ZO-PM-IGT and ZO-PM-IGT-CPL use (1, 3,a) = (6 x 1074,0.2,0.5).

Evaluation details. The population objective F'(z) and gradient VF(z) are evaluated using Gaussian
moment identities. For each instance, z}, is computed by BFGS using the exact objective and gradient
from multiple deterministic starting points and is used only for numerical evaluation. The convergence
curves record F(z) — F(z% ;) and | VF(x)|| every 500 stochastic function evaluations up to a total budget of
10,000, using the same algorithmic parameters and random seeds across methods.
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