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Abstract

In a predictor–corrector arc-search method, a point on the predictor arc is first selected and
a corrector is then computed at that point. Since the Karush–Kuhn–Tucker (KKT) matrix
changes with the selected point, this correction may require a second factorization in each itera-
tion. We propose a one-factorization arc-search method (OFAS) for semidefinite programming
(SDP) that avoids this second factorization, retains the corrector after the arc step, and uses
only one KKT factorization per iteration. The key is a three-term decomposition of the comple-
mentarity mismatch at the selected point on the arc, which allows the correction to be assembled
from linear-system solutions using the factorization at the current iterate. We also propose a
curvature-amplified variant (CA-OFAS) that amplifies the second-order arc term. The proposed
methods are formulated with a homogeneous self-dual embedding. For a wide long-step neigh-
borhood, we prove that both methods reduce the homogeneous complementarity and residuals
below ε in O(n log(1/ε)) iterations for an n-by-n SDP matrix variable. Numerical experiments
show that the one-factorization structure and the correction after the arc step are associated
with reductions in computation time. Compared with the Mehrotra-type method, CA-OFAS
reduces the geometric-mean computation time by 17% on SDPLIB and 13% on neural network
verification SDP problems.

Keywords: Semidefinite programming · Interior-point method · Arc-search · One-factorization ·
Homogeneous self-dual embedding

1 Introduction

Semidefinite programs (SDPs) arise in control, combinatorial optimization, statistical modeling, and
convex relaxations for nonconvex problems [1, 2]. Primal–dual interior-point methods remain useful
when high-accuracy solutions are required, as illustrated by widely used implementations such as
SDPA, SDPT3, and SeDuMi [3–5]. Recent developments also include regularized SDP interior-
point algorithms and general conic solvers built around homogeneous embeddings [6, 7]. Their cost
is strongly influenced by the linear algebra for the Newton/Karush–Kuhn–Tucker (KKT) equations.
For SDP in particular, a Schur-complement or KKT factorization can dominate an iteration. This
motivates algorithms that control the number of matrix factorizations as well as the iteration count
[8].

Homogeneous self-dual (HSD) embeddings let primal–dual interior-point iterations start without
first constructing a feasible primal–dual pair. Self-dual LP formulations go back to Goldman and
Tucker [9], and Ye–Todd–Mizuno later gave an HSD interior-point algorithm for LP [10]. The
embedding combines the primal and dual systems in an augmented formulation; after normalization,
a limiting solution yields either an optimizer of the original problem or an infeasibility certificate.
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Homogeneous embeddings also underlie modern conic solvers such as Clarabel [7], where symmetric
cones are handled with Nesterov–Todd (NT) scaling in a primal–dual interior-point framework
[11, 12].

Arc-search interior-point methods incorporate local curvature by replacing a straight predictor
with an arc when tracking the central path or an analogous path for infeasible iterates. At the
current iterate Wk, denote the first two derivatives of a local path by Ẇk and Ẅk. With α as the
arc angle, the predictor has the familiar form

Wk(α) =Wk − Ẇk sinα+ Ẅk(1− cosα).

Arc-search methods were first developed as polynomial-time algorithms for convex quadratic pro-
gramming and LP [13, 14], and were later extended to infeasible interior-point methods, symmetric-
cone optimization, and SDP [15–20]. Other studies include a computationally efficient arc-search
method for infeasible LP [21], an extension to general convex optimization [22], a method combined
with Nesterov’s restarting strategy [23], an extension to nonlinear constrained problems [24], and
a method that solves Newton systems inexactly [25]. See also Yang [26] for further developments
of arc-search methods. We are not aware of an earlier arc-search analysis carried out directly in an
HSD formulation.

Some predictor–corrector arc-search methods first select a point on the arc and then compute
a separate corrector at that point, whereas other methods do not perform this additional correc-
tion [15, 21, 23]. In the former case, the KKT coefficient matrix changes with the scaling at the
selected point and may require another factorization. In the latter case, the coefficient matrix at
the current iterate can be reused. A detailed comparison of these computational structures is given
in Section 2.4.

Motivated by this factorization cost, we construct a one-factorization arc-search method (OFAS).
It keeps the corrector applied after the arc point is selected, but factors the KKT matrix only at the
current iterate. The central device is an exact decomposition of the selected-point complementarity
mismatch into three terms in the current NT coordinates. We solve for the associated correction
bases with the current KKT factorization and combine them only after the candidate values of the
arc angle α and the centering-recovery parameter ρ are fixed. Candidate changes therefore do not
trigger a new KKT factorization. In OFAS, the single factorization serves five algorithm-specific
right-hand sides. HSD and predictor–corrector methods commonly reuse a factorization across sev-
eral right-hand sides, as does Clarabel [7, 10]; here the three-term decomposition extends that reuse
to a post-arc corrector whose matrix would otherwise vary with the selected point.

We further introduce a curvature-amplified one-factorization arc-search method (CA-OFAS),
which selectively amplifies the arc term corresponding to the second-order direction. This modifica-
tion uses curvature information more aggressively while keeping the same one-factorization structure
as OFAS. The amplified candidates are constructed using the directions and correction bases al-
ready computed in OFAS and require no additional matrix factorization or linear-system solve. If
an amplified candidate is not accepted, the method uses an OFAS candidate. Thus, CA-OFAS
tests curvature-amplified candidates while retaining the worst-case iteration bound established for
OFAS.

The contributions are threefold.

(i) We develop OFAS for SDP, which retains a separate corrector after selecting the point on
the arc while requiring only one KKT matrix factorization per iteration. We also construct
CA-OFAS, a curvature-amplified method with the same one-factorization structure.

(ii) Using a wide long-step neighborhood, we establish the well-definedness of OFAS, finite ter-
mination of the candidate selection, and the existence of a uniform admissible window at
each iteration. The resulting iteration bound is O(ν log(1/ε)) for reducing the homogeneous
complementarity and residuals below ε, where ν = n+ 1 is the rank of the HSD cone. Under
Assumption 2.2, we also study the projectively normalized HSD sequence and prove that its
distance to the primal–dual optimal set tends to zero. Since CA-OFAS has an OFAS fallback
candidate, it inherits the same iteration bound.
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(iii) We implement OFAS and CA-OFAS in the HSD framework of Clarabel.jl and evaluate
them on SDPLIB and neural network verification SDP (NNV-SDP) problems. First, we
compare OFAS with Two-factorization, which refactorizes the KKT coefficient matrix after
selecting the point on the arc, and Corrector-free, which omits the separate corrector at that
point. These comparisons examine the contributions of factorization reuse and the corrector.
Among matched problems reaching the high-accuracy termination criterion, OFAS reduced
the computation time relative to Two-factorization by about 44% on SDPLIB and about
38% on NNV-SDP, and relative to Corrector-free by about 37% and 42%, respectively. We
then compare CA-OFAS with OFAS and observe that curvature amplification reduced the
computation time by about 4% and 19%, respectively. Finally, we compare the methods with
a Mehrotra-type method and the Liu-type method based on Liu–Liu (2012) [27, 28]. Among
matched problems reaching the high-accuracy termination criterion, CA-OFAS reduced the
computation time relative to the Mehrotra-type method by about 17% on SDPLIB and about
13% on NNV-SDP, and relative to the Liu-type method by about 20% and 12%, respectively.

Section 2 develops the HSD-SDP setting, NT scaling, the wide long-step neighborhood, and
the arc equations used later. Section 3 then introduces OFAS and CA-OFAS, while Section 4
establishes candidate-search termination, the iteration bound, and projective normalization for the
solvable case. Numerical results are reported in Section 5, followed by the conclusions in Section 6.

2 SDP with an HSD Embedding and the Foundations of Long-
Step Arc-Search

2.1 SDP and the HSD Formulation

Let n,m ∈ N. Write Sn for the space of real symmetric n×n matrices; its positive semidefinite and
positive definite cones are denoted by Sn+ and Sn++. For U, V ∈ Sn, the relations U ⪰ V and U ≻ V
mean U − V ∈ Sn+ and U − V ∈ Sn++, respectively. The problem data are C ∈ Sn, b ∈ Rm, and a
linear map A : Sn → Rm with adjoint A∗. We write U • V := tr(UV ) for the matrix inner product
and use I and O for the identity and zero matrices of order n. Unless a different norm is indicated,
vector norms are Euclidean and symmetric-matrix norms are Frobenius norms.

We consider the following primal SDP in equality standard form and its dual:

p∗ := min
X∈Sn

{C •X | A(X) = b, X ⪰ O}, d∗ := max
y∈Rm, S∈Sn

{bT y | A∗(y) + S = C, S ⪰ O}.

Assumption 2.1 (Surjectivity). The map A is surjective.

Assumption 2.1 is equivalent to linear independence of the equality constraints. In the setting
considered here, linearly dependent equality constraints can be removed in preprocessing, and we
assume that this preprocessing has been applied.

We embed the original primal–dual SDP into a homogeneous self-dual (HSD) system. The
basic idea of the HSD formulation goes back to Ye et al. [10] for linear programming. Self-dual
skew-symmetric embeddings and homogeneous interior-point methods for semidefinite programming
were studied by de Klerk et al. [29], Potra and Sheng [30]. When the quadratic objective term is
absent, the homogeneous embedding used in Clarabel reduces to the standard homogeneous self-dual
embedding [7]. Let the HSD variable be W = (X, y, S, τ, κ). We use the following system:

A(X)− bτ = 0, A∗(y) + S − Cτ = 0, C •X − bT y + κ = 0,

X ⪰ O, S ⪰ O, τ ≥ 0, κ ≥ 0.
(1)

Here, τ ∈ R homogenizes the primal–dual variables, and κ ∈ R is an auxiliary variable associated
with the primal–dual gap. We refer to this embedded system as the HSD-SDP formulation. The
pairs (X, τ) and (S, κ) are primal and dual cone variables over Sn+×R+, and their complementarity
is measured by X • S + τκ. If τ > 0, the original SDP variables are recovered by projective
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normalization, (X̄, ȳ, S̄) := (X/τ, y/τ, S/τ). For an exact HSD solution, the normalized point
satisfies the primal and dual equalities of the original SDP. At an exact HSD solution with τ = 0 and
κ > 0, we have C •X − bT y = −κ < 0, so at least one of C •X < 0 and bT y > 0 holds. The former
certifies dual infeasibility, while the latter certifies primal infeasibility. The present complexity
analysis focuses on the solvable case with τ > 0; iteration bounds for certificate recovery are outside
its scope. An infeasible interior-point method need not satisfy the equality part of (1) exactly at
every iteration. We therefore define the residuals Rp(W ) := A(X)− bτ , Rd(W ) := A∗(y)+S−Cτ ,
and Rg(W ) := C •X−bT y+κ. Let the residual space be F := Rm×Sn×R. We also let 0m ∈ Rm be
the zero vector and define the zero element of F by OF := (0m, O, 0). We collect the three residuals
in the HSD residual map

Ψ(W ) := (Rp(W ), Rd(W ), Rg(W )) ∈ F .

and equip F with the norm ∥(u, V, χ)∥F := (∥u∥2 + ∥V ∥2F + |χ|2)1/2. The map Ψ is linear, and
Ψ(W ) = OF is equivalent to the three linear equalities in the HSD system. In the interior-point
iterations below, we call an HSD point W = (X, y, S, τ, κ) strictly interior if X,S ≻ O and τ, κ > 0.

For the iteration-complexity analysis and Algorithms 1–2, we start from the standard HSD initial
point W0 := (I, 0, I, 1, 1). This point lies in the interior of the cone, but in general does not satisfy
Ψ(W0) = OF . We call W0 the standard initial point.

The next assumption is needed only for the analysis of normalized approximate solutions of the
original SDP. Define the primal, dual, and joint optimal sets by

P∗ := {X ⪰ O : A(X) = b, C •X = p∗},
D∗ := {(y, S) : A∗(y) + S = C, S ⪰ O, bT y = d∗},
Z∗ := {(X, y, S) : X ∈ P∗, (y, S) ∈ D∗}.

Assumption 2.2 (Solvability and bounded optimal solution sets of the primal–dual problem).
Both problems attain finite optimal values and strong duality holds, so d∗ = p∗ ∈ R. The sets P∗

and D∗ are bounded.

This assumption is not used in the homogeneous long-step analysis itself. It is needed only
when an HSD point is quantitatively converted into a normalized approximate solution of the
original SDP. More specifically, Assumption 2.1 is needed for nonsingularity of the KKT operator
at the current iterate, whereas Assumption 2.2 is used in Section 4.5 to exclude nonzero directions
that would make the primal or dual optimal solution set unbounded and to control the projective
scale. Therefore, the homogeneous iteration bounds in Theorem 4.7 and Corollary 4.8 do not require
Assumption 2.2. For the projective normalization introduced immediately after (1), the residual
identities are A(X̄)− b = Rp(W )/τ and A∗(ȳ)+ S̄−C = Rd(W )/τ whenever τ > 0. In Section 4.5,
under Assumption 2.2, we evaluate the relative scales of τk and the homogeneous progress measure
along the sequence generated by Algorithms 1–2. We then show that the normalized primal residual,
dual residual, complementarity, and duality gap converge to zero.

2.2 NT Scaling and Complementarity Geometry

Throughout this subsection, let R++ := {t ∈ R : t > 0}, and let λ(A) := (λ1(A), . . . , λn(A)) denote
the eigenvalues of A ∈ Sn, ordered as λ1(A) ≤ · · · ≤ λn(A). We use the direct-product Euclidean
Jordan algebra E := Sn × R for one positive semidefinite (PSD) block and the scalar HSD block.
For U = (UX , u) and V = (VX , v) in E , define the Jordan product by

U ◦ V :=

(
UXVX + VXUX

2
, uv

)
, U ◦ V = V ◦ U.

The identity and zero elements of E are Ī := (I, 1) and Ō := (O, 0), respectively, and the inner
product is ⟨U, V ⟩E := UX • VX + uv. The induced norm is written as ∥U∥E :=

√
⟨U,U⟩E . When

the arguments clearly belong to E , we omit the subscript E and write ⟨·, ·⟩ and ∥ · ∥. We also define
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TrE(U) := ⟨Ī , U⟩E and λmin(U) := min{λ1(UX), u}. For simplicity, we describe the method for
a single PSD block. The same construction applies to multiple PSD blocks over a direct-product
cone, as briefly discussed in Remark 4.12.

Since Sn+ × R+ is a symmetric cone, NT scaling applies to this product cone [11, 12]. We set
ν := n + 1 and define the average complementarity by µ(W ) := (X • S + τκ)/ν. For an HSD
interior point W with X,S ≻ O, τ > 0, and κ > 0, define λ(X,S) := λ(X1/2SX1/2) and h(W ) :=
(λ(X,S), τκ) ∈ Rν

++, and denote the ith component of h(W ) by hi(W ). The componentwise average
of h(W ) is µ(W ).

For the homogeneous analysis, we use the progress measure

Q(W ) := max{µ(W ), ∥Rp(W )∥, ∥Rd(W )∥, |Rg(W )|}

which combines the average complementarity and the HSD residuals. When τ > 0, we instead
measure the KKT accuracy for the original SDP by

QSDP(W ) := max

{
∥Rp(W )∥

τ
,
∥Rd(W )∥

τ
,
X • S
τ2

,
|C •X − bT y|

τ

}
.

This quantity measures the primal residual, dual residual, complementarity, and duality gap of the
normalized point (X/τ, y/τ, S/τ). To recover a solution of the original SDP, we use the stopping
condition QSDP(W ) ≤ δ for a tolerance δ > 0. The quantity Q(W ) is used for the homogeneous
progress analysis in Section 4. Section 4.5 shows that the normalized stopping condition is satisfied
after finitely many iterations.

For the PSD cone, we use the same NT scaling as in Clarabel.jl [7]. For an HSD interior point

Ŵ = (X̂, ŷ, Ŝ, τ̂ , κ̂), let M(Ŵ ) denote the inverse scaling matrix maintained at that point. For the
PSD block, an explicit symmetric NT choice is

M(Ŵ ) =
[
X̂−1/2

(
X̂1/2ŜX̂1/2

)1/2
X̂−1/2

]1/2
,

where all matrix square roots are the principal positive definite square roots. Indeed, with G :=
M(Ŵ )TM(Ŵ ), this choice gives GX̂G = Ŝ. Multiplying this identity by M(Ŵ )−T from the left

and by M(Ŵ )−1 from the right gives the equality of the primal and dual variables in the scaled
coordinates in (2). Thus,

M(Ŵ )X̂M(Ŵ )T =M(Ŵ )−T ŜM(Ŵ )−1 =: QNT
X (Ŵ ) ≻ O (2)

holds. We also define ξ(Ŵ ) :=
√
κ̂/τ̂ . For a generic HSD vector V = (VX , vy, VS , vτ , vκ), define its

NT coordinates with respect to the reference interior point Ŵ by

P (V ; Ŵ ) :=
(
M(Ŵ )VXM(Ŵ )T , ξ(Ŵ )vτ

)
,

R(V ; Ŵ ) :=
(
M(Ŵ )−TVSM(Ŵ )−1, ξ(Ŵ )−1vκ

)
.

(3)

In particular,
QNT(Ŵ ) := P (Ŵ ; Ŵ ) = R(Ŵ ; Ŵ ) =

(
QNT

X (Ŵ ),
√
τ̂ κ̂
)
.

We represent complementarity in the NT coordinates of the same reference point by the quadratic
map

Φ(V ; Ŵ ) := P (V ; Ŵ ) ◦R(V ; Ŵ ).

At the current iterate Wk, we use the abbreviations

Mk :=M(Wk), ξk := ξ(Wk), QNT
k := QNT(Wk).

Candidate points are evaluated in the NT coordinates determined by Wk.
The standard initial point W0 satisfies µ(W0) = 1 and Φ(W0;W0) = Ī. Let K := Sn+ × R+,

and denote the central-path parameter by µc. By the standard central-path theory for HSD-SDP
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[11, 12, 30], under Assumption 2.1, for every 0 < µc ≤ 1 there exists a unique interior point W c(µc)
satisfying

Ψ(W c(µc)) = µcΨ(W0), Φ(W c(µc);W
c(µc)) = µcĪ .

The second equation is the standard centrality condition based on the Jordan product on K. For
the PSD block, it is equivalent to S = µcX

−1, and for the scalar HSD block, to κ = µc/τ . We call
{W c(µc) : 0 < µc ≤ 1} the HSD central path. Along this path, µ(W c(µc)) = µc. We introduce
the central path only to describe the geometry behind the local tracking curve. Its use here does
not impose a solvability assumption for the original SDP on the homogeneous iteration bound in
Section 4. Projective normalization for the original SDP is treated in Section 4.5.

Since P (·; Ŵ ) and R(·; Ŵ ) are linear, Φ(·; Ŵ ) is quadratic. For an HSD interior point Ŵ and
HSD variables or directions V (1), V (2), define the associated cross term by

B(V (1), V (2); Ŵ ) := P (V (1); Ŵ ) ◦R(V (2); Ŵ ) + P (V (2); Ŵ ) ◦R(V (1); Ŵ ).

The map B(·, ·; Ŵ ) is symmetric and bilinear, and

Φ(V (1) + V (2); Ŵ ) = Φ(V (1); Ŵ ) + B(V (1), V (2); Ŵ ) + Φ(V (2); Ŵ ).

For an HSD direction D, define the linearized HSD KKT operator at the reference interior point
Ŵ by

L(Ŵ )[D] :=
(
Ψ(D),B(Ŵ ,D; Ŵ )

)
. (4)

2.3 Current-Iterate KKT System, Predictor Arc, and Wide Long-Step Neigh-
borhood

A general infeasible interior pointWk need not lie on the HSD central path. Following the infeasible
arc-search literature, we introduce a local path on which the HSD residual map and the NT-
coordinate complementarity are multiplied by the same scalar parameter [15, 23]. Its first two
derivatives determine the predictor arc.

Let an HSD direction be D = (DX , dy, DS , dτ , dκ). At the current iterate Wk, (3) becomes

P (D;Wk) =
(
MkDXM

T
k , ξkdτ

)
,

R(D;Wk) =
(
M−T

k DSM
−1
k , ξ−1

k dκ
)
.

(5)

Since P (Wk;Wk) = R(Wk;Wk) = QNT
k at the current iterate, B(Wk, D;Wk) = QNT

k ◦ {P (D;Wk) +

R(D;Wk)}. Therefore, the specialization of (4) to Ŵ =Wk is

L(Wk)[D] =


A(DX)− bdτ

A∗(dy) +DS − Cdτ
C •DX − bTdy + dκ

QNT
k ◦ {P (D;Wk) +R(D;Wk)}

 ∈ F × E . (6)

Thus, (6) gives the matrix representation of (4) at the current iterate. By Lemma 3.3, L(Wk) is
nonsingular under Assumption 2.1 and strict interiority of Wk. In this paper, “one factorization”
means that this matrix is factorized only once in each interior-point iteration and that the resulting
factorization is reused for multiple right-hand sides.

Using the NT scaling determined by Wk, consider a local curve Ŵk(t) near t = 1 satisfying

Ŵk(1) =Wk, Ψ(Ŵk(t)) = tΨ(Wk), Φ(Ŵk(t);Wk) = tΦ(Wk;Wk). (7)

The Jacobian with respect to W in (7) at (W, t) = (Wk, 1) is L(Wk). Since this operator is
nonsingular, the implicit function theorem gives a unique smooth curve locally around Wk. This
curve is distinct from the HSD central path. Along it, the parameter t scales both the residual map
and the NT-coordinate complementarity from their values at the current iterate.
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Let Ẇk and Ẅk be the first and second derivatives at t = 1, respectively. We call them the
first-order and second-order directions. Differentiating (7) once and using the linearity of Ψ and
the quadratic structure of Φ gives

L(Wk)[Ẇk] =
(
Ψ(Wk), Φ(Wk;Wk)

)
. (8)

Differentiating twice, the right-hand side has zero second derivative, and only the quadratic term
of Φ remains. Thus,

L(Wk)[Ẅk] =
(
OF , −2Φ(Ẇk;Wk)

)
. (9)

Hence, Ẇk and Ẅk are obtained from two right-hand sides with the same KKT coefficient matrix.
Using these directions, we define the predictor arc by

Wk(α) =Wk − Ẇk sinα+ Ẅk(1− cosα). (10)

We have Wk(0) =Wk, the tangent direction at α = 0 is −Ẇk, and the second derivative is Ẅk. The
minus sign reflects that the arc follows the local tracking curve as its parameter t decreases from 1.
We write Wk(αk) for the point corresponding to an accepted angle αk.

For the long-step analysis, we use the wide long-step neighborhood

Nlong(γ) :=

{
W = (X, y, S, τ, κ)

∣∣∣∣ X ≻ O, S ≻ O, τ > 0, κ > 0,
mini hi(W ) ≥ γµ(W )

}
, 0 < γ < 1,

which is independent of the particular scaling representation. This complementarity neighborhood
does not require HSD feasibility and therefore contains infeasible interior points. We test candidate
points in the NT coordinates of the current iterate Wk. At the current iterate, λmin(Φ(Wk;Wk)) =
mini hi(Wk). For a general candidate W , Lemma 4.2 shows that λmin(Φ(W ;Wk)) ≥ γµ(W ) implies
W ∈ Nlong(γ). Thus, the candidate search can be performed in the current iterate’s NT coordinates,
while the analysis uses a scaling-independent neighborhood.

2.4 Comparison of Corrector Structures in Existing Arc-Search Methods

To compare the computational structure of OFAS with existing methods, we first consider methods
that rebuild the NT scaling at the accepted point on the predictor arc and compute the corrector
there. In such methods, restoring centrality at the accepted point changes the coefficient matrix.
In Algorithm 3.1 of Yang and Yamashita [15] and Algorithm 1 of Iida and Yamashita [23], the
first-order and second-order directions are computed at the current iterate, whereas the corrector
system uses the selected point on the arc in its coefficient matrix. Below, we give an HSD-SDP
reference construction in NT coordinates that captures only this computational structure.

Assume that the accepted point Wk(αk) is strictly interior. Following the centering target used
in these LP methods, set µrefk := (1− sinαk)µ(Wk) and T

ref
k := µrefk Ī. Define the centering deviation

in the NT coordinates of the accepted point by ∆ref
k := Φ(Wk(αk);Wk(αk)) − T ref

k . A corrector

Dcor,ref
k that linearly removes this mismatch without changing the HSD residuals is obtained from

Ψ(Dcor,ref
k ) = OF , B(Wk(αk), D

cor,ref
k ;Wk(αk)) = −∆ref

k .

This corrector uses L(Wk(αk)), namely the KKT operator formed at the accepted point; in general
L(Wk(αk)) ̸= L(Wk). Thus, with a direct linear solver, constructing the predictor arc requires
one factorization of L(Wk), whereas the accepted-point corrector requires another factorization of
L(Wk(αk)).

Other methods incorporate centering information directly into the arc construction and do not
solve a separate corrector system at the accepted point. For example, Yang [21] uses the same
current-iterate coefficient matrix for the first-order and second-order directions, adds a centering
term to the right-hand side for the second-order direction, and directly updates to a point on
the resulting arc. Such a method can reuse the factorization at the current iterate for multiple
right-hand sides, but it does not apply a separate post-arc corrector based on the complementarity
mismatch at the accepted point. Reusing one coefficient-matrix factorization for several right-hand
sides is standard. The key distinction is that, when a method uses an accepted-point corrector,
updating the scaling at the accepted point changes the coefficient matrix.

7



3 Predictor–Corrector Arc-Search with Current-Iterate NT Scal-
ing and Curvature Amplification

In this section, we constructOFAS and CA-OFAS in the current-iterate NT coordinates introduced
in Section 2. We use Φ, B, L(Wk), the first-order direction Ẇk, the second-order direction Ẅk, and
the predictor arc Wk(α) defined there. For a general candidate angle α, we write σ := sinα and
ψ := 1− cosα throughout this section.

The main idea of OFAS is to retain an explicit post-arc correction while expressing its candidate-
dependent complementarity mismatch as an exact sum of three components that depend only on
the current iterate Wk. We precompute the correction response to each component using the
same KKT factorization at Wk. The dependence on the candidate parameters then appears only
through scalar coefficients, so the correction can be reconstructed without refactorizing the KKT
matrix at the accepted point. We first derive this three-term decomposition and the corresponding
one-factorization correction basis. We then describe the corrected candidates, candidate selection,
OFAS, and CA-OFAS, which uses the same basis.

3.1 Three-Term Decomposition of the Complementarity Mismatch on the Pre-
dictor Arc

Fix iteration k and define Uk(α) := Wk(α)−Wk = σ(−Ẇk) + ψẄk. The complementarity rows of
(8) and (9), together with the predictor arc (10), give

B(Wk,−Ẇk;Wk) = −Φ(Wk;Wk), B(Wk, Ẅk;Wk) = −2Φ(−Ẇk;Wk). (11)

Together with the quadratic structure of Φ(·;Wk), these identities give the following exact decom-
position.

Lemma 3.1 (Exact quadratic decomposition of complementarity on the predictor arc). For any α,

Φ(Wk(α);Wk) = (1− σ)Φ(Wk;Wk) + σψ B(−Ẇk, Ẅk;Wk)

+ ψ2{Φ(Ẅk;Wk)− Φ(−Ẇk;Wk)}.
(12)

Proof. A quadratic expansion of Φ(Wk + Uk(α);Wk), together with (11), gives

Φ(Wk(α);Wk) = (1−σ)Φ(Wk;Wk)+ (σ2− 2ψ)Φ(−Ẇk;Wk)+σψB(−Ẇk, Ẅk;Wk)+ψ2Φ(Ẅk;Wk).

Using σ2 = 2ψ − ψ2 gives (12).

For a centering-recovery parameter ρ ∈ [0, 1], define the corrector complementarity target by

Tk(α, ρ) := (1− σ){(1− ρ)Φ(Wk;Wk) + ρµ(Wk)Ī} (13)

and define the complementarity mismatch by

∆comp
k (α, ρ) := Φ(Wk(α);Wk)− Tk(α, ρ). (14)

Here, ρ specifies the fraction of the current centrality deviation to be corrected, while 1 − σ gives
the complementarity reduction produced by the predictor arc.

Proposition 3.2 (Three-term decomposition of the complementarity mismatch). For any α and
ρ ∈ [0, 1],

∆comp
k (α, ρ) = ρ(1− σ)∆cen

k + σψ∆mix
k + ψ2∆rem

k , (15)

where
∆cen

k := Φ(Wk;Wk)− µ(Wk)Ī ,

∆mix
k := B(−Ẇk, Ẅk;Wk),

∆rem
k := Φ(Ẅk;Wk)− Φ(−Ẇk;Wk).

(16)
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Proof. Rearranging (13) gives Tk(α, ρ) = (1 − σ)Φ(Wk;Wk) − ρ(1 − σ){Φ(Wk;Wk) − µ(Wk)Ī}.
Substituting this expression into (14) and applying Lemma 3.1 gives (15).

The three components in (15) correspond to the centrality deviation at the current iterate, the
cross term between the first- and second-order directions, and the quadratic remainder, respectively.
Thus, once Wk, Ẇk, and Ẅk are fixed, all three components are fixed. The candidate (α, ρ) enters
only through the scalar coefficients ρ(1− σ), σψ, and ψ2.

3.2 One-Factorization Correction Basis and Correction-Response Map

Lemma 3.3 (Unique solvability of the NT KKT operator). Under Assumption 2.1, the NT KKT

operator L(Ŵ ) is nonsingular at any HSD interior point Ŵ .

A proof is given in Appendix A.1.
For an HSD interior point Ŵ and ∆ ∈ E , define the correction-response map G(∆; Ŵ ) by

L(Ŵ )[G(∆; Ŵ )] =
(
OF ,−∆

)
. (17)

By Lemma 3.3, this map is well defined and G(·; Ŵ ) is linear. If D = G(∆; Ŵ ), then Ψ(D) = OF
and B(Ŵ ,D; Ŵ ) = −∆. Below, we use it with Ŵ =Wk.

Define the unit-complementarity direction by

L(Wk)[D
unit
k ] =

(
OF , Ī

)
, (18)

and define Dmix
k := G(∆mix

k ;Wk), D
rem
k := G(∆rem

k ;Wk), and D
cen
k := G(∆cen

k ;Wk). Each of Dunit
k ,

Dcen
k , Dmix

k , and Drem
k is an HSD residual-invariant direction; equivalently, Ψ(Dterm

k ) = OF for
term ∈ {unit, cen,mix, rem}. For Dmix

k and Drem
k , the right-hand sides in (17) can be formed directly

from Ẇk and Ẅk using (16). The centering direction Dcen
k can instead be recovered algebraically

by the following lemma, so it requires no additional linear-system solve.

Lemma 3.4 (Algebraic reconstruction of the centering correction).

Dcen
k = −Wk + Ẇk + µ(Wk)D

unit
k . (19)

Proof. Using (8) and L(Wk)[Wk] = (Ψ(Wk), 2Φ(Wk;Wk)), we obtain G(Φ(Wk;Wk);Wk) = −Wk +
Ẇk. Equation (18) also gives Dunit

k = G(−Ī;Wk). The identity then follows from the linearity of G
and ∆cen

k = Φ(Wk;Wk)− µ(Wk)Ī.

For any (α, ρ), define

Dcor
k (α, ρ) := ρ(1− σ)Dcen

k + σψDmix
k + ψ2Drem

k .

By Proposition 3.2 and the linearity of G,

L(Wk)[D
cor
k (α, ρ)] =

(
OF ,−∆comp

k (α, ρ)
)
. (20)

Thus, Dcor
k (α, ρ) is also an HSD residual-invariant direction.

Once the KKT matrix has been factorized, solving systems with additional right-hand sides
by reusing the existing factors is much less expensive than performing another factorization. At
each iteration, we factorize the matrix representation of L(Wk) only once and reuse its factors
for the five algorithm-specific right-hand sides associated with Ẇk, Ẅk, D

unit
k , Dmix

k , and Drem
k .

The direction Dcen
k is reconstructed from (19), and the amplification-specific direction used by CA-

OFAS below can also be reconstructed algebraically from Ẅk. Therefore, changing the candidate
parameters or testing an amplification candidate requires neither an additional KKT factorization
nor an additional algorithm-specific linear-system solve. Evaluating a candidate then requires only
linear combinations of precomputed directions, computation of auxiliary scalars, and evaluation of
the acceptance conditions.
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Remark 3.5 (Relation to the reduced KKT system in Clarabel.jl). The direct solver in Clarabel.jl
does not directly factorize the full matrix representation of (6). Instead, it eliminates the cone-
slack directions and the HSD scalar coupling, forms a reduced symmetric KKT system, and applies
a direct LDL factorization to the reduced matrix [7, Section 3]. Once the NT scaling at the
current iterate is fixed, the same reduced KKT matrix is used for Ẇk, Ẅk, D

unit
k , Dmix

k , and Drem
k ;

only the right-hand side changes. Thus, the abstract one-factorization construction in (6) can be
implemented in Clarabel.jl by reusing the factors of one reduced KKT matrix for multiple right-hand
sides.

3.3 Corrected Candidates and Candidate Selection with Theoretical Guarantees

We add the correction D = Dcor
k (α, ρ) in (20) to the point Wk(α) on the arc. Since the complemen-

tarity row gives B(Wk, D;Wk) = −∆comp
k (α, ρ), a quadratic expansion of Φ with the above Uk(α)

gives
Φ(Wk(α) +D;Wk)− Tk(α, ρ) = B(Uk(α), D;Wk)︸ ︷︷ ︸

arc–correction cross term

+ Φ(D;Wk)︸ ︷︷ ︸
quadratic correction term

. (21)

Thus, the current-iterate KKT correction exactly removes the complementarity mismatch linearized
at the current iterate. The only remaining terms in (21) are the cross term between the arc increment
and the correction and the quadratic term of the correction.

For a candidate angle α, define the target average complementarity by µtar := (1 − σ)µ(Wk).
For fixed (α, ρ), if

µ
(
Wk(α) +Dcor

k (α, ρ) + ζDunit
k

)
= µtar (22)

has a unique solution, denote it by ζk(α, ρ). The scalar ζk is not an independent candidate param-
eter; it is an auxiliary scalar for adjusting the average complementarity. Both Dcor

k and Dunit
k are

HSD residual-invariant directions. Lemma 4.1(ii) directly shows the orthogonality of residual-zero
directions. Hence, both the quadratic complementarity term of each residual-invariant direction
and the cross complementarity term between two such directions vanish. Therefore, the average
complementarity µ is exactly linear in ζ. With V0 :=Wk(α) +Dcor

k (α, ρ), we can then compute

ζk(α, ρ) =
µtar − µ(V0)

µ(V0 +Dunit
k )− µ(V0)

(23)

directly when the denominator is nonzero. Section 4 verifies this linearity and uniqueness. We
further define Dfull

k (α, ρ) := Dcor
k (α, ρ) + ζk(α, ρ)D

unit
k and use

W+(α, ρ, β) :=Wk(α) + βDfull
k (α, ρ), 0 < β ≤ 1 (24)

as the corrected candidate. The choice β = 1 gives the full correction, while 0 < β < 1 gives a
damped correction. Thus, β controls only the amount of correction.

Candidate selection uses only quantities that can be evaluated directly from an actual candidate
point. First, set ω0 := 1 and ωk+1 := (1−sinαk)ωk. For an HSD interior pointW and ω > 0, define
θ(W,ω) := µ(W )/ω and J (W,ω) := max{ω, ω/θ(W,ω), ω/θ(W,ω)2}. The quantity J is computed
directly from the candidate point and the known value of ω. Section 4 also uses it to control the
scale of the projective normalization. For a candidate angle with σ = sinα, set ω+ := (1− σ)ωk.

Fix σmax ∈ (0, 1), and let σpre ∈ (0, σmax] be the minimum value of σ = sinα allowed for
preliminary candidates. The threshold σpre is a fixed positive constant, independent of ν, used to
separate preliminary candidates from the successive-halving fallback search. The analysis requires
only that this threshold be positive, not any particular numerical value. We also set the centering-
recovery parameter used in the successive-halving fallback search to ρ0 := 1/8, and define Pρ :=
{1, 1/2, 1/4, ρ0} and WHSD := Sn+ × Rm × Sn+ × R+ × R+. A candidate triple (α, ρ, β) is called
OFAS-admissible if all of the following four conditions hold.

(C1) Well-definedness: µtar > 0, and (22) has a unique solution ζk(α, ρ).
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(C2) Interiority: W+(α, ρ, β) ∈ intWHSD and µ(W+) > 0.

(C3) Neighborhood condition: λmin(Φ(W
+;Wk)) ≥ γµ(W+).

(C4) Local progress:

Q(W+) ≤
(
1− σ

4

)
Q(Wk), J (W+, ω+) ≤

(
1− σ

4

)
J (Wk, ωk).

Condition (C3), together with Lemma 4.2, guarantees that W+ ∈ Nlong(γ). Condition (C4) is a
local progress condition introduced to obtain a uniform contraction factor and an iteration bound.
The three-term decomposition, the current-iterate correction basis, and the candidate construction
in (24) do not depend on (C4). Moreover, the one-factorization reconstruction itself does not require
evaluation of J . The numerical implementation in Section 5 uses the same candidate formulas and
conditions (C1)–(C4), together with ordered preliminary candidates and a finite safeguarded version
of the fallback search. Section 5 lists the numerical search safeguards and fixed parameter values
used to make the candidate search more efficient. Since (C4) uses only quantities computed from
the candidate point, checking it requires neither an additional KKT factorization nor an additional
algorithm-specific linear-system solve.

Candidate selection has two stages. First, we evaluate at most Npre = O(1) ordered preliminary
candidates satisfying σpre ≤ sinα ≤ σmax, ρ ∈ Pρ, and 0 < β ≤ 1, and accept the first admissible
candidate. The preliminary rule is implementation-oriented; the worst-case analysis below uses only
that at most Npre = O(1) preliminary candidates are tested before the fallback search. If no such
candidate is accepted, we fix ρ = ρ0 and use the dyadic fallback grid

σj := σmax2
−j , αj := arcsinσj , βℓ := 2−ℓ, j, ℓ = 0, 1, . . . .

The fallback candidates are examined in stages as specified in Algorithm 1. In Section 4, we show
that this search reaches an admissible candidate with σ = Θ(1/ν), β = Θ(1/ν), and ρ = ρ0.

3.4 The OFAS Algorithm

Algorithm 1 summarizes OFAS with the candidate-selection rule above. In Section 5, we implement
and evaluate this algorithm on the HSD interior-point framework of Clarabel.jl. For the original
SDP, termination is based on the accuracy test QSDP(Wk) ≤ δ. Under Assumption 2.2, Subsec-
tion 4.5 shows that this condition is satisfied after finitely many iterations. In contrast, neither the
HSD candidate selection nor the contraction analysis of the homogeneous progress measure Q uses
this assumption.

Algorithm 1 One-Factorization Arc-Search Method (OFAS)

Require: SDP data (A, b, C), tolerance δ > 0, γ ∈ (0, 1), 0 < σpre ≤ σmax < 1, and a preliminary
candidate rule

1: W0 ← (I, 0, I, 1, 1), ω0 ← 1, k ← 0
2: while QSDP(Wk) > δ do
3: Compute the current-iterate NT scaling and factorize the corresponding KKT matrix once
4: Reuse the same factorization for the five right-hand sides defining Ẇk, Ẅk, D

unit
k , Dmix

k , Drem
k ;

see (8)–(9), (18), and (17).
5: Reconstruct Dcen

k from (19)
6: Test the ordered preliminary candidates from Subsection 3.3
7: If none is admissible, set ρ = ρ0 and, for m = 0, 1, . . ., test the fallback pairs (j, ℓ) satisfying

max{j, ℓ} = m, in increasing order of j and then ℓ, until an admissible candidate is found
8: Set the accepted triple to (αk, ρk, βk) and Wk+1 ←W+(αk, ρk, βk)
9: ωk+1 ← (1− sinαk)ωk, k ← k + 1

10: return Wk
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3.5 CA-OFAS: Curvature-Amplified Candidates

Fix an iteration k. For quantities specific to the OFAS and amplified candidates, we omit the
iteration index k when there is no risk of confusion. We retain k for directions computed at the
current iterate, complementarity targets, and quantities used to decide whether to evaluate the
amplification branch, so that their relation to the current iterate remains explicit.

At each iteration, CA-OFAS first obtains an OFAS candidate (αOFAS, ρOFAS, βOFAS) accepted
by the OFAS candidate-selection rule, together with the corresponding pointW+

OFAS. It then evalu-
ates a different family of curvature-amplified arcs using the same current-iterate KKT factorization
and correction basis. Here, αOFAS is the accepted angle obtained from theOFAS candidate-selection
rule; it is not the maximum admissible angle on the regular arc Wk(α). Therefore, the progress
guarantee of OFAS is preserved even if no amplified candidate is accepted.

Let σOFAS := sinαOFAS. For a fixed amplification factor η > 1 and increment ∆σ > 0, define

σCA := min{σmax, σOFAS +∆σ}, αCA := arcsinσCA, ψCA := 1− cosαCA.

The value σCA is a trial value for testing an amplified candidate with greater progress than the
OFAS candidate. The amplified candidate does not simply extend αCA farther along the regular
arc; instead, it uses a different arc family in which the second-order direction is amplified by η > 1.
We represent the decision to evaluate the amplification branch by eamp

k ∈ {0, 1}. This quantity is
determined only from values already computed at the current iterate. The activation condition is
an implementation choice and does not enter the complexity analysis.

If eamp
k = 1 and σCA > σOFAS, define the amplified arc by

Warc,CA :=Wk − σCAẆk + ηψCAẄk. (25)

This curve is not obtained by simply extending the regular arcWk(α) beyond αOFAS. Since Ẅk is an
HSD residual-invariant direction, this change requires no additional KKT linear-system solve. The
residual reduction factor of the candidate remains 1− σCA. For the centering-recovery parameter,
we use the OFAS value ρOFAS.

When η ̸= 1, simply scaling the OFAS three-term decomposition by η is not sufficient because
an additional complementarity mismatch proportional to Φ(−Ẇk;Wk) appears. Define

Tk,CA := (1− σCA){(1− ρOFAS)Φ(Wk;Wk) + ρOFASµ(Wk)Ī} (26)

and ∆comp
CA := Φ(Warc,CA;Wk) − Tk,CA. Also define camp

CA := (η − 1)ψCA{(η + 1)ψCA − 2}. The
following proposition gives the additional term caused by the amplification.

Proposition 3.6 (Exact decomposition of the amplified complementarity mismatch). Using ∆cen
k ,

∆mix
k , and ∆rem

k defined in (16), we have

∆comp
CA = ρOFAS(1− σCA)∆

cen
k + ησCAψCA∆

mix
k + η2ψ2

CA∆
rem
k +∆amp

CA ,

∆amp
CA := camp

CA Φ(−Ẇk;Wk).
(27)

Therefore, the only additional term beyond the OFAS three-term decomposition is ∆amp
CA . In par-

ticular, when η = 1, we have camp
CA = 0, and the expression reduces to the OFAS three-term decom-

position for the same (αCA, ρOFAS).

Proof. Expanding (25) quadratically and using (11) and (16) gives

Φ(Warc,CA;Wk) = (1− σCA)Φ(Wk;Wk) + ησCAψCA∆
mix
k + η2ψ2

CA∆
rem
k

+ {σ2CA − 2ηψCA + η2ψ2
CA}Φ(−Ẇk;Wk).

Since σ2CA = 2ψCA − ψ2
CA, the last coefficient is (η − 1)ψCA{(η + 1)ψCA − 2} = camp

CA . On the other
hand, (26) can be written as Tk,CA = (1 − σCA)Φ(Wk;Wk) − ρOFAS(1 − σCA)∆

cen
k . Taking the

difference gives (27).
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By Proposition 3.6, the same directions Dcen
k , Dmix

k , and Drem
k can be reused for the amplified

correction. Thus, the only new algebraic quantity in CA-OFAS is the response to the amplification-
specific term ∆amp

CA . This response can also be reconstructed from the already computed direction
Ẅk.

Lemma 3.7 (Algebraic reconstruction of the amplification-specific correction).

Damp
k,CA := G(∆amp

CA ;Wk) =
camp
CA

2
Ẅk. (28)

Therefore, no additional linear-system solve is required for Damp
k,CA.

Proof. Equation (9) gives L(Wk)[Ẅk] = (OF ,−2Φ(Ẇk;Wk)). Using Φ(−Ẇk;Wk) = Φ(Ẇk;Wk) and
the linearity of L(Wk), (9) gives

L(Wk)

[
camp
CA

2
Ẅk

]
=
(
OF ,−camp

CA Φ(−Ẇk;Wk)
)
=
(
OF ,−∆amp

CA

)
.

Therefore, the uniqueness of the correction-response map gives (28).

Combining the correction directions corresponding to the components of the amplified comple-
mentarity mismatch with the same coefficients gives the amplified corrector direction

Dcor
k,CA = ρOFAS(1− σCA)D

cen
k + ησCAψCAD

mix
k + η2ψ2

CAD
rem
k +

camp
CA

2
Ẅk. (29)

By linearity and Lemma 3.7, L(Wk)[D
cor
k,CA] =

(
OF ,−∆comp

CA

)
. Therefore, the amplification branch

reuses the current-iterate KKT factorization and the five linear-system solves already performed for
OFAS.

The average complementarity is adjusted in the same way as in OFAS. First, define µtar,CA :=
(1− σCA)µ(Wk). If the equation in the scalar ζ

µ
(
Warc,CA +Dcor

k,CA + ζDunit
k

)
= µtar,CA (30)

has a unique solution, denote it by ζCA. The scalar ζCA can also be computed directly by the same
two-point linear formula as in (23), with no additional KKT linear-system solve. If the solution is
not unique, we do not construct the amplified candidate. Next, for a damping factor βCA ∈ (0, 1],
define the corrected amplified candidate by

W+
CA(βCA) :=Warc,CA + βCA

(
Dcor

k,CA + ζCAD
unit
k

)
.

For the amplification branch, conditions (C1)–(C4) are evaluated by replacing the corresponding
OFAS quantities with µtar,CA, ζCA, W

+
CA(βCA), and ω+

CA := (1 − σCA)ωk. We evaluate, in a
prescribed order, at most Namp = O(1) damping values fixed in advance, and accept the first βCA

for which the amplified candidate satisfies conditions (C1)–(C4). If no such βCA exists, we use the
already accepted OFAS point W+

OFAS.
In summary, CA-OFAS first obtains the guaranteed OFAS candidate of Algorithm 1 and then

tests the amplification branch before updating W+
OFAS. An amplified candidate is accepted only

if it also satisfies conditions (C1)–(C4); otherwise, the method uses the OFAS candidate. There-
fore, Section 4 can establish the same invariant conditions and iteration bound as for OFAS. The
numerical implementation in Section 5 combines the same amplified-candidate construction with
implementation-oriented search rules and safeguards. Rather than repeating the complete proce-
dure, Algorithm 2 lists only the changes from OFAS.

13



Algorithm 2 CA-OFAS: Changes from OFAS
Require: The inputs of Algorithm 1, an amplification factor η > 1, an increment ∆σ > 0, an activation condition,

and at most Namp = O(1) prescribed damping values for amplification
1: Run the current OFAS iteration until an admissible OFAS candidate (αOFAS, ρOFAS, βOFAS) and W+

OFAS are
obtained, and postpone the update

2: Set σOFAS ← sinαOFAS and σCA ← min{σmax, σOFAS +∆σ}, and evaluate the amplification activation condition
3: if amplification is activated and σCA > σOFAS then
4: Construct Warc,CA and Dcor

k,CA from the directions already computed in the OFAS iteration using (25), (28),
and (29)

5: If (30) has a unique solution ζCA, evaluate the prescribed amplification damping values βCA in order
6: If any W+

CA(βCA) satisfies (C1)–(C4), accept the first such candidate as Wk+1

7: If no amplified candidate is accepted, set Wk+1 ←W+
OFAS

8: If an amplified candidate was accepted, set ωk+1 ← (1−σCA)ωk; otherwise set ωk+1 ← (1−σOFAS)ωk, and proceed
to the next iteration

4 Long-Step Analysis of OFAS and CA-OFAS

In this section, we give a long-step analysis of OFAS and CA-OFAS using the candidate-selection
rule defined in Algorithms 1 and 2 of Section 3. Throughout this section, ε > 0 denotes the target
accuracy for the homogeneous progress measure, and δ > 0 denotes the normalized KKT accuracy
for the original SDP. Our goal is to preserve strict interiority, membership in the wide long-step
neighborhood, and uniform progress without solving a new corrector system at the accepted point.
The candidate-dependent correction is instead reconstructed in the NT coordinates of the current
iterate. The homogeneous analysis has four parts. We first derive exact identities for the OFAS
update and a certificate in the current-iterate NT coordinates. We then establish NT direction
estimates in the wide long-step neighborhood. Next, we construct a uniform admissible window
with sinα = Θ(1/ν) and β = Θ(1/ν). Finally, we prove finite termination of the candidate search
and an iteration bound of O(ν log(1/ε)). We then use projective normalization to evaluate the
accuracy for the original SDP.

We use the notation of Sections 2–3. Assumption 2.1 is used for unique solvability of the KKT
operator at the current iterate. Assumption 2.2, however, is not used until Subsection 4.5; it is
imposed only when recovering a solution of the original SDP by projective normalization. For the
standard initial point W0, let Q0 := Q(W0). The condition Q(W ) ≤ ε measures the accuracy of
the homogeneous HSD quantities and is distinguished from the stopping condition QSDP(W ) ≤ δ
for the original SDP.

To construct the uniformly guaranteed window, we use ρ0 = 1/8 defined in Subsection 3.3.
If all preliminary candidates are rejected, the method fixes ρ = ρ0 and moves to the successive-
halving fallback search in the angle and damping. The particular outcomes for the preliminary
values ρ ∈ Pρ = {1, 1/2, 1/4, ρ0} therefore do not affect the worst-case argument. Therefore, for
the worst-case analysis, it is enough to show that this successive-halving fallback search contains an
admissible candidate with sinα = Θ(1/ν) and β = Θ(1/ν).

Below, we analyze the number of outer iterations and use the results of Section 3 for the numbers
of matrix factorizations and linear-system solves per iteration. As in Yang and Yamashita [15], the
basic proof structure consists of bounds on products of directions, the existence of an O(1/ν) step,
and a uniform cumulative decrease rate.

4.1 Exact Identities for the OFAS Update and a Current-Iterate Certificate

In the following local calculations, we focus on iteration k and write Ẇ := Ẇk and Ẅ := Ẅk for
brevity. We also set σ := sinα and ψ := 1 − cosα. The HSD residual map Ψ is linear. The
first- and second-order directions satisfy Ψ(Ẇ ) = Ψ(W ) and Ψ(Ẅ ) = 0, respectively. Define the
total complementarity, combining the PSD block and the scalar HSD block, by C(W ) := X • S +
τκ = νµ(W ). For HSD variations U = (UX , uy, US , uτ , uκ) and V = (VX , vy, VS , vτ , vκ), define the
polarization of C by

Γ(U, V ) := UX • VS + VX • US + uτvκ + vτuκ.
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Then C(U + V ) = C(U) + Γ(U, V ) + C(V ). Here, Γ is the cross term of the scaling-independent
scalar complementarity C. This is different from the Jordan-product cross term B(·, ·;Wk) in the
current-iterate NT coordinates; see Section 2.

Lemma 4.1 (Exact identities for the OFAS update). The following statements hold.

(i) The predictor arc Wk(α) =W − σẆ +ψẄ satisfies Ψ(Wk(α)) = (1− σ)Ψ(W ). This identity
is unchanged if the second-order direction is multiplied by any scalar.

(ii) For any residual-invariant direction D = (DX , dy, DS , dτ , dκ) satisfying Ψ(D) = 0, DX •DS+
dτdκ = 0. Moreover, for any two residual-invariant directions D1, D2, we have Γ(D1, D2) = 0.
Here D denotes an arbitrary residual-invariant direction.

(iii) Suppose that Dcor
k (α, ρ) and Dunit

k are residual-invariant directions, and define

µtar := (1− σ)µ(W ),

Dζ := Γ(Wk(α), D
unit
k ),

Nζ := νµtar − C(Wk(α))− Γ(Wk(α), D
cor
k (α, ρ)).

If Dζ ̸= 0, then ζ =
Nζ

Dζ
is the unique scalar for which the fully corrected point corresponding to

β = 1 in (24), Wk(α) +Dcor
k (α, ρ) + ζDunit

k , satisfies µ
(
Wk(α) +Dcor

k (α, ρ) + ζDunit
k

)
= µtar.

(iv) Let

Dfull
k (α, ρ) := Dcor

k (α, ρ) + ζDunit
k , W+(β) :=Wk(α) + βDfull

k (α, ρ), 0 ≤ β ≤ 1.

Then

Ψ(W+(β)) = (1− σ)Ψ(W ), (31)

µ(W+(β)) = (1− β)µ(Wk(α)) + β(1− σ)µ(W ). (32)

Proof. For (i), linearity of Ψ gives

Ψ(Wk(α)) = Ψ(W )− σΨ(Ẇ ) + ψΨ(Ẅ ) = (1− σ)Ψ(W ).

Multiplying Ẅ by any scalar does not change this identity because Ψ(Ẅ ) = 0.
For (ii), the orthogonality relation follows from the skew-adjoint structure of the HSD constraint

system. The same structure appears in the HSD formulation for LP [10], but we derive it directly
here from the SDP-HSD residual equations used in this paper. The condition Ψ(D) = 0 means
A(DX) = bdτ , A∗(dy) +DS = Cdτ , and C •DX − bTdy + dκ = 0. Taking the inner product of the
second equation with DX and using the first equation gives

DX •DS = dτ (C •DX − bTdy) = −dτdκ.

Hence, C(D) = 0. Since the residual-invariance equations are linear, D1 + D2 is also residual-
invariant. Therefore, 0 = C(D1 + D2) = C(D1) + Γ(D1, D2) + C(D2), which gives Γ(D1, D2) = 0.
This proof uses only the matrix inner product and adjoint relations; it is not specific to LP.

For (iii), both Dcor
k (α, ρ) and Dunit

k are residual-invariant. Part (ii) therefore gives

C(Dcor
k (α, ρ)) = C(Dunit

k ) = 0, Γ(Dcor
k (α, ρ), Dunit

k ) = 0.

Thus, for any scalar ζ,
C
(
Dcor

k (α, ρ) + ζDunit
k

)
= 0.

Moreover, the same quadratic expansion gives

C
(
Wk(α) +Dcor

k (α, ρ) + ζDunit
k

)
= C(Wk(α)) + Γ(Wk(α), D

cor
k (α, ρ)) + ζDζ .
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Hence, the average complementarity after the full correction is exactly affine in ζ. Equating it to
νµtar gives ζ = Nζ/Dζ .

For (iv), write Dfull := Dfull
k (α, ρ). By part (ii), C(Dfull) = 0. Hence, for every 0 ≤ β ≤ 1,

C(Wk(α) + βDfull) = C(Wk(α)) + βΓ(Wk(α), D
full).

At β = 1, part (iii) gives
C(Wk(α)) + Γ(Wk(α), D

full) = νµtar.

Eliminating the cross term between these two identities yields

C(Wk(α) + βDfull) = (1− β)C(Wk(α)) + βνµtar.

Dividing by ν gives (32). Likewise, linearity of Ψ and Ψ(Dfull) = 0 give Ψ(Wk(α) + βDfull) =
Ψ(Wk(α)), which is (31) by part (i).

This lemma does not require strict interiority of the predictor arc, so the same algebra also
applies to the amplified arc of CA-OFAS. However, positivity and membership in the wide long-
step neighborhood for an amplified candidate are checked separately by the acceptance conditions.
Also, when β < 1, in general µ(W+) ̸= (1 − σ)µ(W ). The iteration analysis below therefore does
not rely on this equality.

The next lemma connects the current-iterate NT certificate in acceptance condition (C3) of
Section 3 with the scaling-independent wide long-step neighborhood.

Lemma 4.2 (Wide Long-Step Neighborhood Certificate in the Current-Iterate NT Coordinates).
For a strictly interior candidate Wcand, if λmin

(
Φ(Wcand;Wk)

)
≥ γµ(Wcand), then Wcand ∈ Nlong(γ).

Proof. Write Wcand = (Xcand, ycand, Scand, τcand, κcand). Apply the current-iterate NT coordinates
in (3) to Wcand and define the PSD blocks by PX = MkXcandM

T
k and RX = M−T

k ScandM
−1
k .

Then PXRX = MkXcandScandM
−1
k , so PXRX is similar to X

1/2
candScandX

1/2
cand and therefore has the

same positive real eigenvalues. Symmetrization of the noncommutative complementarity product is
standard in the analysis of Monteiro–Zhang-type search directions for SDP, and the NT direction is
also treated in this framework [31, 32]. Let λ∗ be the smallest eigenvalue of PXRX , and let v be a
corresponding real unit eigenvector. Since PX and RX are symmetric, vT (PX ◦RX)v = vTPXRXv =
λ∗. The Rayleigh quotient therefore gives

λmin(PX ◦RX) ≤ λ∗ = λmin(X
1/2
candScandX

1/2
cand).

For the scalar HSD block, (ξkτcand)(ξ
−1
k κcand) = τcandκcand. Therefore, the lower bound in (C3) also

holds for the true complementarity spectrum of both the PSD block and the scalar block of Wcand.
Hence, Wcand ∈ Nlong(γ).

This certificate is sufficient but not necessary. For a general candidate, PX and RX need not
commute, and the smallest eigenvalue of PX ◦ RX can be smaller than the smallest value in the
true complementarity spectrum. Thus, the test can be performed entirely in the current-iterate NT
coordinates, although it can be conservative.

4.2 NT Direction Estimates in the Wide Long-Step Neighborhood

This subsection collects the direction estimates needed later for the arc remainder and the guar-
anteed candidate. We use the product Euclidean Jordan algebra E = Sn × R defined in Section 2,
whose rank is ν = n + 1. Fix an iteration and write W := Wk ∈ Nlong(γ). We use the following
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local NT notation:

Q := QNT(W ), H := Q ◦Q = Φ(W ;W ), µ := µ(W ),

LQ(U) := Q ◦ U,
(Ṗ , Ṙ) := (P (Ẇ ;W ), R(Ẇ ;W )),

(P̈ , R̈) := (P (Ẅ ;W ), R(Ẅ ;W )),

(P term
k , Rterm

k ) := (P (Dterm
k ;Wk), R(D

term
k ;Wk)),

term ∈ {cen,mix, rem,unit}.

(33)

By (3), the spectrum of the PSD block of H is λ(X,S), while the scalar HSD block is τκ. Since
W ∈ Nlong(γ), every spectral value of H is at least γµ, and their sum is X • S + τκ = νµ.

We use the standard theory of NT scaling on self-scaled cones [11, 12] and derive the esti-
mates needed here in the present notation. Similar estimates for scaled directions are also used
in arc-search methods for SDP [17, 18]. We also need their relation to the orthogonality of HSD
residual-invariant directions. The NT congruence transformation preserves the primal-dual cross
inner product. Thus, for a direction D with NT components (PD, RD), ⟨PD, RD⟩ = DX •DS+dτdκ.
Hence, by Lemma 4.1(ii), ⟨PD, RD⟩ = 0 for every HSD residual-invariant direction.

Proposition 4.3 (NT-scaled direction estimates for OFAS). Let W ∈ Nlong(γ). Then the NT
components of the first- and second-order directions satisfy

∥Ṗ∥2 + ∥Ṙ∥2 = νµ, ∥Ṗ ◦ Ṙ∥ ≤ νµ

2
, (34)

∥P̈∥2 + ∥R̈∥2 ≤ ν2

γ
µ, ∥Ṗ ◦ R̈+ P̈ ◦ Ṙ∥ ≤ ν3/2

√
γ
µ,

∥P̈ ◦ R̈∥ ≤ ν2

2γ
µ.

For the centering right-hand side,

∥L−1
Q (H − µĪ)∥2 ≤ ν(γ−1 − 1)µ.

Let (P∆, R∆) be the NT components of the residual-invariant solution D = G(∆;W ) whose only
complementarity right-hand side is −∆. Then

LQ(P∆ +R∆) = −∆, ⟨P∆, R∆⟩ = 0,

and therefore √
∥P∆∥2 + ∥R∆∥2 = ∥L−1

Q (∆)∥.

Moreover, for any two pairs (P,R) and (P̂ , R̂),

∥P ◦ R̂+ P̂ ◦R∥ ≤
√
∥P∥2 + ∥R∥2

√
∥P̂∥2 + ∥R̂∥2, ∥P ◦R∥ ≤ 1

2
(∥P∥2 + ∥R∥2).

In particular, the four correction-basis directions defined in Section 3 satisfy√
∥P cen

k ∥2 + ∥Rcen
k ∥2 ≤

√
ν(γ−1 − 1)µ,√

∥Pmix
k ∥2 + ∥Rmix

k ∥2 ≤
ν3/2

γ

√
µ,√

∥P rem
k ∥2 + ∥Rrem

k ∥2 ≤ 1 + γ

2γ3/2
ν2
√
µ,√

∥P unit
k ∥2 + ∥Runit

k ∥2 ≤
√

ν

γµ
.
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Proof. For NT scaling on self-scaled cones, we use the standard Jordan-product bound ∥U ◦ V ∥ ≤
∥U∥∥V ∥ and the inverse-operator estimate obtained from the spectral decomposition [11, 12]. Since
every spectral value of H = Q ◦ Q is at least γµ, every spectral value of Q is at least

√
γµ. If the

spectral values of Q on the PSD block are denoted by qi, the eigenvalues of LQ are (qi + qj)/2; on
the scalar HSD block, LQ is multiplication by the scalar component of Q. These are eigenvalues
of the linear operator LQ : Sn → Sn, not the ordinary matrix eigenvalues of QX . Indeed, if
QX = U Diag(q1, . . . , qn)U

T , then in the induced symmetric-matrix basis the mode associated with
indices (i, j) is multiplied by (qi + qj)/2 (with value qi when i = j). Therefore, for every U ∈ E ,

∥L−1
Q (U)∥ ≤ 1

√
γµ
∥U∥. (35)

The standard Jordan-product bound and Cauchy–Schwarz also give, for any two pairs (P,R)
and (P̂ , R̂),

∥P ◦ R̂+ P̂ ◦R∥ ≤
√
∥P∥2 + ∥R∥2

√
∥P̂∥2 + ∥R̂∥2, ∥P ◦R∥ ≤ 1

2
(∥P∥2 + ∥R∥2).

We first establish orthogonality of the first-order direction, which does not follow directly from
residual invariance. For U = (UX , uy, US , uτ , uκ) and V = (VX , vy, VS , vτ , vκ), direct substitution
into the HSD residual equations gives

Γ(U, V ) = UX •Rd(V )− uTyRp(V ) + uτRg(V )

+ VX •Rd(U)− vTy Rp(U) + vτRg(U).

Since Ψ(Ẇ ) = Ψ(W ), we obtain Γ(W, Ẇ ) = C(W ) + C(Ẇ ). On the other hand, taking the inner
product of the first-order complementarity equation LQ(Ṗ + Ṙ) = H with Ī gives Γ(W, Ẇ ) =
⟨Q, Ṗ + Ṙ⟩ = ⟨Ī , H⟩ = C(W ). Thus, C(Ẇ ) = 0, and preservation of the cross inner product under
the NT congruence transformation gives ⟨Ṗ , Ṙ⟩ = 0. Also, LQ(Ṗ + Ṙ) = LQ(Q) implies Ṗ + Ṙ = Q.
Therefore,

∥Ṗ∥2 + ∥Ṙ∥2 = ∥Q∥2 = νµ.

Using ∥U ◦ V ∥ ≤ ∥U∥∥V ∥ and 2ab ≤ a2 + b2, we obtain

∥Ṗ ◦ Ṙ∥ ≤ ∥Ṗ∥∥Ṙ∥ ≤ 1

2
(∥Ṗ∥2 + ∥Ṙ∥2) = νµ

2
,

which is the product bound in (34).
The second-order direction satisfies Ψ(Ẅ ) = OF . Hence, Lemma 4.1(ii) gives ⟨P̈ , R̈⟩ = 0.

Moreover, LQ(P̈ + R̈) = −2(Ṗ ◦ Ṙ). Using (35) and (34),

∥P̈ + R̈∥ ≤ 2
√
γµ
∥Ṗ ◦ Ṙ∥ ≤ ν

√
γ

√
µ.

By orthogonality, the square of the left-hand side equals ∥P̈∥2 + ∥R̈∥2, which gives the stated
second-order bound. The standard Jordan-product bound and Cauchy–Schwarz then give

∥Ṗ ◦ R̈+ P̈ ◦ Ṙ∥ ≤
√
∥Ṗ∥2 + ∥Ṙ∥2

√
∥P̈∥2 + ∥R̈∥2 ≤ ν3/2

√
γ
µ,

∥P̈ ◦ R̈∥ ≤ 1

2
(∥P̈∥2 + ∥R̈∥2) ≤ ν2

2γ
µ.

We next estimate the centering right-hand side. Let the spectral decomposition of H be H =
µ
∑ν

i=1 tici, where {ci}νi=1 is a Jordan frame of mutually orthogonal primitive idempotents. Then
Ī =

∑
i ci and Q =

√
µ
∑

i

√
tici, with ti ≥ γ and

∑
i ti = ν. Hence,

∥L−1
Q (H − µĪ)∥2 = µ

ν∑
i=1

(ti − 1)2

ti
= µ

(
ν∑

i=1

t−1
i − ν

)
≤ ν(γ−1 − 1)µ.
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Finally, for the residual-invariant solutionD = G(∆;W ), LQ(P∆+R∆) = −∆ and ⟨P∆, R∆⟩ = 0.
Therefore,

∥P∆∥2 + ∥R∆∥2 = ∥P∆ +R∆∥2 = ∥L−1
Q (∆)∥2.

By the definitions in Section 3 and the product bounds above,

∥∆mix
k ∥ ≤

ν3/2
√
γ
µ,

∥∆rem
k ∥ ≤ ∥P̈ ◦ R̈∥+ ∥Ṗ ◦ Ṙ∥

≤ ν2

2γ
µ+

ν

2
µ ≤

(
1

2γ
+

1

2

)
ν2µ =

1 + γ

2γ
ν2µ.

The last inequality uses ν ≥ 1. Applying (35) to this estimate gives the factor (1 + γ)/(2γ3/2) in
Proposition 4.3. Combining these estimates with (35), and applying the centering estimate above
to ∆cen

k = H − µĪ, gives the stated bounds for Dcen
k , Dmix

k , and Drem
k . The bound for Dunit

k follows
from Dunit

k = G(−Ī;W ) and ∥Ī∥ =
√
ν.

These are the scaled estimates needed later for the arc remainder and the OFAS correction. The
detailed constants are collected in Appendix A.2 and are used only where needed.

4.3 Uniformly Guaranteed Candidates and Candidate Selection

Throughout this subsection, let σ := sinα and ψ := 1− cosα. At iteration k, the current iterate W
has primal and dual factors P = R = Q in NT coordinates. Using the same current-iterate scaling,
write the primal and dual factors at a point on the predictor arc as

P (α) = Q− σṖ + ψP̈ , R(α) = Q− σṘ+ ψR̈.

Thus, P (α) − Q and R(α) − Q are the NT-coordinate displacements from W to the predictor-arc
point. Combining ψ ≤ σ2 with Proposition 4.3 yields the next arc estimate.

Lemma 4.4 (Wide-neighborhood arc displacement and remainder). Let ∆P (α) := P (α)−Q and
∆R(α) := R(α)−Q. If 0 ≤ σ ≤ min{1, c/ν}, then

∥∆P (α)∥+ ∥∆R(α)∥ ≤ dγ(c)
√
µ(W )

ν
, dγ(c) :=

√
2c+

√
2

γ
c2.

Moreover,
P (α) ◦R(α) = (1− σ)H + Earc(α), (36)

where
Earc(α) = −ψ2(Ṗ ◦ Ṙ)− σψ(Ṗ ◦ R̈+ P̈ ◦ Ṙ) + ψ2(P̈ ◦ R̈),

and

∥Earc(α)∥ ≤ rγ(c)
µ(W )

ν3/2
, rγ(c) :=

c3
√
γ
+
c4

2
+
c4

2γ
. (37)

For the average complementarity, we also have

|µ(Wk(α))− (1− σ)µ(W )| ≤ rγ(c)
µ(W )

ν2
. (38)

Proof. Throughout this proof, µ denotes µ(W ), consistently with the local notation in (33). From
ψ ≤ σ2 and Proposition 4.3,

∥∆P (α)∥+ ∥∆R(α)∥ ≤ σ
√
2νµ+ σ2

√
2/γ ν

√
µ ≤ dγ(c)

√
µ/ν.
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Expanding P (α) = Q − σṖ + ψP̈ and R(α) = Q − σṘ + ψR̈, and using Q ◦ (Ṗ + Ṙ) = H,
Q ◦ (P̈ + R̈) = −2Ṗ ◦ Ṙ, and σ2 − 2ψ = −ψ2, gives (36). Therefore, using the three product
estimates in Proposition 4.3, together with ψ ≤ σ2 and σ ≤ c/ν, we obtain

∥Earc(α)∥ ≤ ψ2 νµ

2
+ σψ

ν3/2
√
γ
µ+ ψ2 ν

2

2γ
µ ≤ rγ(c)

µ

ν3/2
,

which proves (37). Finally, from (36), C(Wk(α)) = ⟨Ī , P (α) ◦ R(α)⟩E , and C(W ) = ⟨Ī , H⟩E = νµ,
we have

µ(Wk(α))− (1− σ)µ(W ) =
1

ν
⟨Ī , Earc(α)⟩E .

Since ∥Ī∥ =
√
ν, the Cauchy–Schwarz inequality and (37) give

|µ(Wk(α))− (1− σ)µ(W )| ≤ 1√
ν
∥Earc(α)∥ ≤ rγ(c)

µ

ν2
,

which proves (38).

To preserve strict interiority and the wide long-step neighborhood, the correction damping
parameter β must be sufficiently small. At the same time, this damping must not destroy HSD
progress if we are to obtain a long-step iteration bound. We first show that the arc itself gives
O(1/ν) progress and that a damped correction preserves this uniform decrease.

We first establish uniform progress for a small angle. Let W ∈ Nlong(γ), and let 0 < c ≤ 1/2
satisfy rγ(c) ≤ c/4 and c/(2ν) < σ ≤ c/ν. Choose ζ so that the fully corrected point has average
complementarity (1−σ)µ(W ). Combining Lemma 4.4 with the damping interpolation in Lemma 4.1,
we obtain, for every 0 ≤ β ≤ 1,

µ(W+(β)) ≤
(
1− σ +

rγ(c)

ν2

)
µ(W ) ≤

(
1− c

4ν

)
µ(W ). (39)

The last inequality uses σ > c/(2ν), rγ(c) ≤ c/4, and ν ≥ 1. Combining the exact residual
identity (31) with the average complementarity bound (39) gives Q(W+(β)) ≤ (1− c/(4ν))Q(W ).
This estimate does not use a positive lower bound on β. Later, we impose β = Θ(1/ν) for the
neighborhood argument, not for progress. The upper bound on β preserves strict interiority, while
the positive lower bound provides enough correction to recover the wide long-step neighborhood.

We next collect the constants required for a uniformly guaranteed candidate. For the fixed
branch ρ = ρ0 = 1/8, Appendix A.2 explicitly constructs positive constants bγ , cγ > 0 that depend
only on γ, ρ0, and σmax, and not on ν or the problem data. They are chosen so that, for σ =
Θ(1/ν) and β = Θ(1/ν), the well-definedness of ζ, strict interiority, recovery of the wide long-step
neighborhood, and the local progress condition below all hold. The appendix gives the explicit
constants and verifies the required estimates. Here, we use only the resulting uniform admissible
window.

Combining these results, every candidate triple with σ and β in suitable intervals of width
proportional to 1/ν satisfies (C1)–(C3). It also gives a uniform decrease in bothQ and the projective
scale measure J . The next proposition gives an admissible window of positive width that the
successive-halving fallback search is guaranteed to reach.

Proposition 4.5 (Uniform admissible window for OFAS candidate selection). Let W ∈ Nlong(γ)
and ω > 0, and use the notation of Section 3. Let bγ and cγ be the positive constants constructed in
Appendix A.2, specifically in (54)–(55); in particular, 0 < cγ ≤ min{σmax, 1/2}. For any candidate
satisfying

cγ
2ν

< σ ≤ cγ
ν
, ρ = ρ0 =

1

8
,

bγ
4ν
≤ β ≤ bγ

ν
,

we have µtar > 0 and Dζ ≥ ν/2 > 0, so ζ is well-defined. The corrected point W+ is strictly interior
and satisfies λmin(Φ(W

+;W )) ≥ γµ(W+), and hence W+ ∈ Nlong(γ). Moreover, if ω+ := (1−σ)ω,
then the local progress condition (C4) of Section 3 holds. Therefore, every candidate triple (α, ρ, β)
in the three ranges above satisfies conditions (C1)–(C4).
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Proof. Since cγ ≤ 1/2, we have µtar = (1 − σ)µ(W ) > 0. The bound Dζ ≥ ν/2, strict interiority,
and the current-iterate NT certificate follow from Lemma A.1, Lemma A.2, Lemma A.3, and the
choices of cγ and bγ used there. Thus, (C1)–(C3) hold.

For (C4), the small-angle progress estimate above gives Q(W+) ≤ (1 − cγ/(4ν))Q(W ). Since
σ ≤ cγ/ν, we have 1− cγ/(4ν) ≤ 1− σ/4, which gives (C4) for Q.

Next, let aγ := rγ(cγ)/(1− σmax). By the definition of cγ in Appendix A.2, specifically (55),

rγ(cγ) ≤ r̄γc3γ , c2γ ≤
1− σmax

64r̄γ
.

Hence

aγ =
rγ(cγ)

1− σmax
≤

r̄γc
3
γ

1− σmax
≤ cγ

64
.

Using the average complementarity estimate in Lemma A.3 and ω+ = (1− σ)ω, set θ := µ(W )/ω
and θ+ := µ(W+)/ω+. Then ∣∣∣∣θ+θ − 1

∣∣∣∣ ≤ aγ
ν2
≤ cγ

64ν2
.

Hence θ+/θ ≥ 1− aγ/ν2. Using also σ > cγ/(2ν), the three ratios that define J satisfy

max

{
ω+

ω
,
ω+/θ+

ω/θ
,
ω+/(θ+)2

ω/θ2

}
≤ 1− cγ/(2ν)

(1− aγ/ν2)2
≤ 1− cγ

4ν
≤ 1− σ

4
.

The middle inequality follows from(
1− cγ

4ν

)(
1− aγ

ν2

)2
−
(
1− cγ

2ν

)
≥ cγ

4ν
− 2aγ

ν2
> 0.

Thus, (C4) also holds for J .

From now on, let αk be the angle of the candidate accepted by OFAS, and write σk := sinαk.
Define the positive constant

cfbγ :=
1

2
min{cγ , σmaxbγ}.

Theorem 4.6 (Well-definedness of the OFAS search and a lower bound on the accepted angle).
Suppose that Wk ∈ Nlong(γ). Even if none of the preliminary candidates is admissible, the search
of Section 3 finds a candidate satisfying (C1)–(C4) after finitely many candidate tests. Moreover,
if a candidate is accepted by this search, then σk > cfbγ /ν.

Proof. Let Jν be the smallest nonnegative integer satisfying σJν ≤ cγ/ν, and let Lν be the smallest
nonnegative integer satisfying βLν ≤ bγ/ν. Since σj = σmax2

−j → 0 and βℓ = 2−ℓ → 0, both indices
are finite. Moreover, cγ ≤ σmax by Proposition 4.5. The defining inequality gives σJν ≤ cγ/ν. If
Jν > 0, minimality and the halving rule give σJν > cγ/(2ν). If Jν = 0, the same lower bound follows
from σ0 ≥ cγ . Hence

cγ
2ν

< σJν ≤
cγ
ν
.

Similarly, bγ ≤ 1 = β0 implies that Lν is finite and

bγ
2ν

< βLν ≤
bγ
ν
.

In particular, βLν ≥ bγ/(4ν), and therefore Proposition 4.5 shows that (σJν , ρ0, βLν ) satisfies (C1)–
(C4).

Set Mν := max{Jν , Lν}. By construction, the staged fallback search has tested every pair (j, ℓ)
with 0 ≤ j, ℓ ≤Mν by the end of stage Mν . Hence it must accept a candidate no later than the test
of (Jν , Lν). If (j, ℓ) is the accepted fallback pair, then j ≤ Mν , and therefore σk = σj ≥ σMν . If
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Mν = Jν , then σMν = σJν > cγ/(2ν). IfMν = Lν , then σMν = σmax2
−Lν = σmaxβLν > σmaxbγ/(2ν).

Thus, in either case,

σk ≥ σMν >
1

2ν
min{cγ , σmaxbγ} =

cfbγ
ν
.

Finally,

Jν ≤
⌈
log2

σmaxν

cγ

⌉
, Lν ≤

⌈
log2

ν

bγ

⌉
.

Hence Mν = O(log ν), and at most (Mν + 1)2 = O((log ν)2) fallback pairs are tested before
termination.

4.4 Iteration Complexity of OFAS and CA-OFAS

For the homogeneous progress analysis, we temporarily omit the stopping test based on QSDP in
Algorithms 1–2. We consider the theoretical sequence obtained by continuing the same update rule.
If the actual algorithm terminates earlier, the theoretical sequence need not be continued beyond
that point. In Subsection 4.5, we use this sequence to derive an iteration bound for the actual
algorithm by showing that the condition QSDP ≤ δ is satisfied after finitely many iterations.

Set caccγ := min{σpre, cfbγ }, ĉγ := caccγ /4, and qγ := 1 − ĉγ/ν, where σpre > 0 is the lower bound
for the preliminary candidates in Section 3. By construction, 0 < ĉγ < ν, so qγ ∈ (0, 1).

If a preliminary candidate is accepted, then σk ≥ σpre. Otherwise, Theorem 4.6 gives σk > cfbγ /ν.
Thus, in both cases,

σk ≥
caccγ

ν
. (40)

Together with condition (C4), this bound gives a uniform contraction estimate.

Theorem 4.7 (Well-definedness and iteration complexity of OFAS). Consider the theoretical se-
quence obtained by continuing the update rule of Algorithm 1 from the standard initial point. Every
iteration is well defined, and, for all k ≥ 0,

Wk ∈ Nlong(γ), Q(Wk) ≤ qkγQ0, J (Wk, ωk) ≤ qkγ .

For 0 < ε < Q0, define

Kε :=

⌈
log(Q0/ε)

− log qγ

⌉
≤
⌈
ν

ĉγ
log
Q0

ε

⌉
Then Q(WKε) ≤ ε. Since γ, σpre, σmax, and the initial scale Q0 are independent of ε, we obtain
Kε = O(ν log(1/ε)) as ε ↓ 0.

Proof. At k = 0, all complementarity eigenvalues of the standard initial point W0 = (I, 0, I, 1, 1)
are equal to 1. Thus W0 ∈ Nlong(γ) and µ(W0) = 1. Since ω0 = 1, we also have θ(W0, ω0) = 1 and
J (W0, ω0) = 1.

Suppose that Wk ∈ Nlong(γ) at iteration k. If an admissible preliminary candidate exists, the
algorithm accepts one. Otherwise, Theorem 4.6 guarantees that the successive-halving fallback
search produces an admissible candidate. Hence every iteration is well defined. The accepted
candidate satisfies (C1)–(C4). Condition (C3) and Lemma 4.2 imply Wk+1 ∈ Nlong(γ), while
condition (C4) and (40) give

Q(Wk+1) ≤
(
1− σk

4

)
Q(Wk) ≤ qγQ(Wk),

J (Wk+1, ωk+1) ≤
(
1− σk

4

)
J (Wk, ωk) ≤ qγJ (Wk, ωk).

Induction then gives Q(Wk) ≤ qkγQ0 and J (Wk, ωk) ≤ qkγ for all k.
Finally, qγ = 1− ĉγ/ν and − log(1− x) ≥ x give

− log qγ ≥
ĉγ
ν
,

1

− log qγ
≤ ν

ĉγ
.

This proves the bound on Kε.
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Corollary 4.8 (Iteration-bound inheritance for CA-OFAS). Consider the theoretical sequence ob-
tained by continuing the update rule of Algorithm 2 from the standard initial point. Every iteration
is well defined, and, for all k ≥ 0,

Wk ∈ Nlong(γ), Q(Wk) ≤ qkγQ0, J (Wk, ωk) ≤ qkγ .

Hence the iteration bound in Theorem 4.7 also holds for CA-OFAS, and Kε = O(ν log(1/ε)) as
ε ↓ 0.

Proof. At each iteration, CA-OFAS first applies the OFAS candidate-selection rule and obtains
an OFAS candidate W+

OFAS satisfying (C1)–(C4). If a preliminary candidate is accepted, then
σOFAS ≥ σpre; otherwise, Theorem 4.6 gives σOFAS > cfbγ /ν. Thus the OFAS candidate satisfies
the same uniform lower bound as in (40) and preserves the three inductive invariants used in
Theorem 4.7.

An amplified candidate is accepted by Algorithm 2 only if it also satisfies (C1)–(C4). The
amplification branch evaluates such a candidate only when σCA > σOFAS. Hence the uniform lower
bound (40) for the OFAS candidate also gives σCA ≥ caccγ /ν. Hence Lemma 4.2 and condition (C4)
show that the amplified candidate preserves the same three invariants and the same contraction
factor qγ . If no amplified candidate is accepted, CA-OFAS uses the OFAS candidate W+

OFAS.
Therefore the induction in Theorem 4.7 applies in either branch and gives the same iteration bound.
No additional guarantee is required concerning the admissibility of an amplified candidate, its
maximum admissible angle, or the existence of an amplified angle larger than the OFAS angle.

4.5 Projective Normalization and Recovery of a Solution to the Original SDP

For an HSD point with τ > 0, the standard normalization for homogeneous embeddings of SDP and
general conic programs recovers the primal-dual variables of the original problem as (X/τ, y/τ, S/τ)
[7, 29]. Here we derive the control of τ needed to translate the homogeneous progress measure
Q(W ) into a bound on the normalized KKT accuracy.

Proposition 4.9 (Finite-accuracy HSD normalization). Suppose that W = (X, y, S, τ, κ) is an
interior HSD point with τ > 0 and Q(W ) ≤ ε. Let X̄ = X/τ , ȳ = y/τ , and S̄ = S/τ . Then

∥A(X̄)− b∥ ≤ ε

τ
, ∥A∗(ȳ) + S̄ − C∥ ≤ ε

τ
, (41)

X̄ • S̄ ≤ νε

τ2
, |C • X̄ − bT ȳ| ≤ ε

τ
+
νε

τ2
. (42)

Consequently, QSDP(W ) ≤ ε/τ + νε/τ2.

Proof. Since Q(W ) ≤ ε, each of the three HSD residual norms is at most ε. Dividing the primal
and dual residual equations by τ gives (41). Also, X • S + τκ = νµ(W ) ≤ νε, so X̄ • S̄ ≤ νε/τ2.
Finally, the gap residual satisfies

C • X̄ − bT ȳ =
C •X − bT y

τ
=
Rg(W )− κ

τ
.

Therefore,

|C • X̄ − bT ȳ| ≤ |Rg(W )|
τ

+
κ

τ
≤ ε

τ
+
τκ

τ2
≤ ε

τ
+
νε

τ2
,

which proves the second inequality in (42).

For ωk defined in Section 3, the predictor arc multiplies all three HSD residuals by 1 − σk,
whereas the correction directions leave them unchanged. Hence

Ψ(Wk) = ωkΨ(W0), ωk =
k−1∏
i=0

(1− σi). (43)
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For the remainder of this subsection, write

Qk := Q(Wk), θk :=
µ(Wk)

ωk
, Rmax

0 := max{∥Rp(W0)∥, ∥Rd(W0)∥, |Rg(W0)|}.

At the standard initial point, µ(W0) = 1. Thus the initial progress scale is Q0 = Q(W0) =
max{1,Rmax

0 }. Therefore,
Qk = ωk max(θk,Rmax

0 ).

By the definition of J and Rmax
0 ≤ Q0,

max

(
Qk

θk
,
Qk

θ2k

)
≤ Q0J (Wk, ωk) ≤ Q0q

k
γ .

Fix Z∗ = (X∗, y∗, S∗) ∈ Z∗ and define

δrec(Z
∗) := inf

{
∥A(DX)∥+ ∥A∗(dy) +DS∥+ S∗ •DX +X∗ •DS :

DX , DS ⪰ O, dy ∈ Rm, trDX + trDS = 1

}
. (44)

Appendix A.3 shows that δrec(Z
∗) > 0. Define also

D∗ := 1 +
∥b∥+ ∥C∥
δrec(Z∗)

, H∗ :=
3 + ∥y∗∥+ ∥X∗∥

δrec(Z∗)
+ 1 + ∥y∗∥+ ∥X∗∥.

Both are positive constants depending only on the fixed problem and Z∗. The next lemma gives
two scale estimates used to establish boundedness and accuracy after normalization.

Lemma 4.10 (Projective scale estimates). Under Assumptions 2.1–2.2, for every k,

trXk + trSk ≤
(∥b∥+ ∥C∥)τk + (3 + ∥y∗∥+ ∥X∗∥)Qk

δrec(Z∗)
, (45)

τk ≥
νθk − H∗Qk

D∗
,

Qk

θk
≤ ν

2H∗
=⇒ τk ≥

νθk
2D∗

. (46)

Proof. See Appendix A.3.

For a primal-dual triple Z = (X, y, S), define the product-space norm ∥Z∥pd := (∥X∥2F +∥y∥2+
∥S∥2F )1/2. The distance from Z to the optimal solution set Z∗ is

distpd(Z,Z∗) := inf
Z∗∈Z∗

∥Z − Z∗∥pd.

Theorem 4.11 (Recovery of an original SDP solution and iteration bound after normalization).
Under Assumptions 2.1–2.2, consider the theoretical sequence of OFAS or CA-OFAS defined in
the preceding subsection. Then

max

(
Qk

θk
,
Qk

θ2k

)
≤ Q0q

k
γ . (47)

Let X̄k := Xk/τk, ȳk := yk/τk, S̄k := Sk/τk, and Zk := (X̄k, ȳk, S̄k). Then {Zk} is bounded and

distpd(Zk,Z∗)→ 0. (48)

Moreover, for δ > 0, define

∆δ := min

{
Q0,

ν

2H∗
,
δν

4D∗
,
δν

8D2
∗

}
.

The four terms in ∆δ have separate roles. The first keeps the threshold no larger than the initial
envelope Q0. For the remaining three, if Q0q

k
γ ≤ ∆δ, then (47) gives Qk/θk ≤ ∆δ and Qk/θ

2
k ≤
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∆δ. The bound ∆δ ≤ ν/(2H∗) permits the second estimate in (46), namely τk ≥ νθk/(2D∗).
Consequently,

Qk

τk
≤ 2D∗

ν
∆δ,

νQk

τ2k
≤ 4D2

∗
ν

∆δ.

The bounds ∆δ ≤ δν/(4D∗) and ∆δ ≤ δν/(8D2
∗) make these two quantities at most δ/2, respectively;

Proposition 4.9 then gives QSDP(Wk) ≤ δ. Then, with

Kδ :=

⌈
log(Q0/∆δ)

− log qγ

⌉
≤
⌈
ν

ĉγ
log
Q0

∆δ

⌉
, (49)

the theoretical sequence satisfies QSDP(Wk) ≤ δ for every k ≥ Kδ. Therefore, unless they terminate
earlier, Algorithms 1 and 2 satisfy their stopping criterion no later than iteration Kδ. Since Q0,
D∗, and H∗ are independent of δ, as δ ↓ 0,

Kδ = O

(
ν log

1

δ

)
. (50)

In addition, C •X̄k → p∗ and bT ȳk → d∗ = p∗. If Z∗ is a singleton, the normalized iterates converge
to that point.

Proof. Equation (47) implies Qk/θk → 0 and Qk/θ
2
k → 0. Thus (46) applies for all sufficiently large

k, and

Qk

τk
≤ 2D∗

ν

Qk

θk
→ 0,

νQk

(τk)2
≤ 4D2

∗
ν

Qk

θ2k
→ 0.

Proposition 4.9 then shows that the primal residual, dual residual, complementarity, and duality
gap of the normalized point all converge to zero.

Next, dividing (45) by τk gives

tr X̄k + tr S̄k ≤
∥b∥+ ∥C∥
δrec(Z∗)

+
3 + ∥y∗∥+ ∥X∗∥

δrec(Z∗)

Qk

τk
.

Hence {X̄k} and {S̄k} are bounded. Moreover, A∗(ȳk) = C − S̄k +Rd(Wk)/τk has a bounded right-
hand side. Assumption 2.1 makes A∗ injective, so {ȳk} is also bounded. Thus {Zk} is bounded.

By closedness of the PSD cone and convergence of the KKT residuals, every accumulation point
is primal-dual feasible and has zero duality gap. Hence every accumulation point belongs to Z∗. A
standard subsequence argument for bounded sequences then gives (48).

Now suppose that Q0q
k
γ ≤ ∆δ. Equation (47) and ∆δ ≤ ν/(2H∗) allow us to apply (46), giving

Qk

τk
≤ 2D∗

ν
∆δ ≤

δ

2
,

νQk

(τk)2
≤ 4D2

∗
ν

∆δ ≤
δ

2
.

Proposition 4.9 then gives QSDP(Wk) ≤ δ. The definition of Kδ in (49) guarantees Q0q
k
γ ≤ ∆δ for

every k ≥ Kδ. The upper bound in the same equation follows from qγ = 1−ĉγ/ν and− log(1−x) ≥ x.
For a fixed problem, ∆δ = Θ(δ) as δ ↓ 0, which proves (50).

Finally, by (48) and compactness of Z∗, choose a nearest point Z∗
k ∈ Z∗ to Zk. Then ∥Zk −

Z∗
k∥pd → 0, which gives convergence of the objective values. If Z∗ is a singleton, the normalized

iterates converge to its unique point.

Remark 4.12 (Multiple PSD blocks). For simplicity, this paper uses a single PSD block, but the
same analysis extends to multiple PSD blocks through the standard product-cone treatment. NT
scaling and the Jordan-algebra operations are applied blockwise [11, 12]. If the J PSD blocks have
sizes n1, . . . , nJ , the rank of the product cone is ν = 1+

∑J
j=1 nj . Hence the analysis in this section

and the iteration bound O(ν log(1/ε)) extend directly to the multiple-block case.
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5 Numerical Experiments

The numerical experiments address two questions. First, we examine the computational effects
of the post-arc corrector, the one-factorization structure, and curvature amplification. Second, we
compare the resulting CA-OFAS method with the standard Mehrotra-type predictor–corrector
method in Clarabel.jl [7, 27] and a Liu-type method, namely, our HSD/NT implementation based
on the wide-neighborhood second-order corrector method of Liu–Liu (2012) [28]. We use 54 test
problems in total: 18 SDPLIB problems and 36 NNV-SDP problems. We report the number
of successful problems including Low Accuracy, the number reaching Full Accuracy, computation
times, outer iteration counts, and performance profiles.

5.1 Experimental Setting and Compared Methods

Our implementation is built on the HSD interior-point framework of Clarabel.jl. We compare
six methods: OFAS, CA-OFAS, Two-factorization, Corrector-free, Mehrotra, and the Liu-type
method. Two-factorization follows essentially the same arc-search rule as OFAS, but after selecting
the OFAS arc point, it updates the NT scaling and refactorizes the KKT coefficient matrix at
that point before computing the post-arc corrector. Corrector-free is a one-factorization reference
method without an independent post-arc corrector, and its centering parameter is fixed at 0.10.
For the overall comparison, we use Mehrotra, the standard method in Clarabel.jl, and an HSD/NT
adaptation of the wide-neighborhood second-order corrector method of Liu–Liu (2012). We refer to
the latter as the Liu-type method throughout this section.

The experiments were run with Julia 1.12.6 on a Linux node equipped with two 2.90 GHz Intel
Xeon Gold 6226R processors and 192 GB RAM. Julia itself ran with one thread, whereas BLAS and
OpenMP each used eight threads. We used CHOLMOD for direct linear solves and disabled chordal
decomposition. The six methods shared the same high-accuracy gap and feasibility tolerances of
10−8 and a 3600-second limit per instance.

The computational experiments are designed to isolate the effect of the proposed step-selection
strategy within a common implementation framework. All Clarabel-based methods therefore use the
same linear-algebra backend and solver settings, and the reported computation times are intended
for relative comparison among these methods.

We use MathOptInterface (MOI) termination statuses. Following the terminology used in the
numerical evaluation of Clarabel [7], we classify OPTIMAL as Full Accuracy and ALMOST OPTIMAL

as Low Accuracy. Low Accuracy or better is regarded as success, while pairwise comparisons of
computation time and outer iterations use only problems for which both methods reached Full
Accuracy. Detailed termination criteria are given in Appendix B.

To reduce timing variability, all six methods were run three times on each eligible problem,
and we report the median computation time and outer iteration count. Repetition was used only
when all six methods succeeded in the first run, all computation times exceeded one second, and
the maximum computation time was below 120 seconds; otherwise, only one run was used. We
also prespecified that a problem would be excluded from the computation-time comparison if any
successful method finished in one second or less. None of the final 54 problems met this exclusion
condition.

The computation times and outer iteration counts in Tables 3 and 4 are geometric means over
the problems successfully solved by each method, including Low Accuracy results. These values
summarize the overall behavior on each problem set. For pairwise speed comparisons without mixing
different accuracy levels, we instead use geometric means of paired ratios over problems for which
both methods reached Full Accuracy. In the following, tA/tB and kA/kB denote the geometric
means of the computation-time ratio and outer-iteration ratio, respectively, over these matched
Full Accuracy problems. In mathematical subscripts, CA denotes CA-OFAS. Problem-by-problem
computation times, outer iteration counts, and termination states are given in Appendix B.

For OFAS and CA-OFAS, we set the wide long-step neighborhood parameter to γ = 0.01.
For CA-OFAS, we additionally used η = 1.75 and ∆σ = 0.10 for all benchmark problems. The
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CA-OFAS amplification parameters were selected using a 12-problem NNV-SDP core set and then
kept unchanged for the other reported problems.

The OFAS and CA-OFAS implementations use the same candidate formulas and acceptance
conditions (C1)–(C4) as in Section 3. The theoretical algorithms use the successive-halving fallback
search without an a priori limit in order to obtain the worst-case guarantee, whereas the numerical
code uses a finite safeguarded version. The implementation details of this search are given in
Appendix B.

5.2 Test Problem Sets

We use two types of semidefinite programming test problems. The first consists of 18 standard
benchmark problems from SDPLIB [33]. These 18 problems were fixed before the reported bench-
mark runs by selecting problems whose preliminary computation times were between 1 and 3600
seconds.

The second consists of 36 NNV-SDP problems arising from neural network verification. The SDP
construction and the ellipsoid and rectangle input sets are taken from Azuma–Kim–Yamashita [34].
Let r = n0 = n1 denote the network width used to generate each problem. The order of the main
PSD block is nPSD = 1+2r. In SDPA standard form, the number of equality constraints ism = 3r+2
for the ellipsoid family and m = 4r + 1 for the rectangle family. We use both dense and identity
settings for the weight matrices. The ranges of (nPSD,m) are (81, 122)–(113, 170) for ellipsoid/dense,
(65, 129)–(97, 193) for rectangle/dense, and (81, 161)–(129, 257) for rectangle/identity. Problem-by-
problem specifications and results are reported in Appendix B.

5.3 Numerical Comparison of Algorithmic Components

Table 1 compares computation time and outer iterations on the instances where both methods
attained Full Accuracy in each component experiment. On these identical instance sets, we ad-
ditionally record KKT factorization counts, linear-solve counts, and the time used by those two
linear-algebra operations.

We first compare OFAS with Corrector-free to examine the role of the post-arc corrector. The
corrector requires an additional linear-system solve in each outer iteration. On both problem sets,
OFAS consequently used more linear-system solves than Corrector-free, but required fewer outer
iterations and KKT factorizations.

For the matched Full Accuracy problems, these reductions were accompanied by lower total
computation times. The geometric-mean computation time of OFAS was about 37% lower on
SDPLIB and about 42% lower on NNV-SDP; OFAS was faster on 10 of the 11 matched SDPLIB
problems and on all 25 matched NNV-SDP problems. Thus, on the tested problems, the additional
solve per outer iteration did not increase the overall computational cost, while the number of outer
iterations was reduced.

We next compare OFAS with Two-factorization to evaluate the one-factorization structure.
Although OFAS required slightly more outer iterations on SDPLIB and more outer iterations on
NNV-SDP, it was faster on every matched problem in both problem sets. The geometric-mean
computation time was reduced by about 44% on SDPLIB and about 38% on NNV-SDP.

This difference is also reflected in the linear-algebra operations. Relative to Two-factorization,
OFAS reduced the number of KKT factorizations and the factorization time by about 48% on
SDPLIB and about 40% on NNV-SDP. The number of linear-system solves was about 13% smaller
on SDPLIB and nearly unchanged on NNV-SDP. These results support the computational benefit
of reusing a single KKT factorization for the post-arc corrector.

Finally, we compare CA-OFAS with OFAS to assess the additional effect of curvature ampli-
fication. On SDPLIB, the change was modest: the geometric-mean ratios for outer iterations and
computation time were 0.964 and 0.963, respectively. On NNV-SDP, the corresponding ratios were
0.808 and 0.811, showing reductions of about 19% in both measures. CA-OFAS was faster on 7 of
the 11 matched SDPLIB problems and on 28 of the 31 matched NNV-SDP problems. The similar
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Table 1: Paired comparisons on problems solved to Full Accuracy by both methods

Problem set Comparison A/B Matched tA/tB kA/kB

SDPLIB 18 OFAS/Corrector-free 11 0.629 0.597
OFAS/Two-factorization 11 0.557 1.048
CA-OFAS/OFAS 11 0.963 0.964

NNV-SDP 36 OFAS/Corrector-free 25 0.575 0.548
OFAS/Two-factorization 26 0.623 1.202
CA-OFAS/OFAS 31 0.811 0.808

Matched gives the number of problems for which both methods reached Full Accuracy. tA/tB and kA/kB are
the geometric means of the computation-time ratio and iteration-count ratio, respectively, over these problems.
A ratio below one favors the method in the numerator.

iteration and time ratios on NNV-SDP suggest that most of the observed reduction in computation
time came from fewer outer iterations, while the average cost per outer iteration remained similar.

5.4 Comparison with Existing Methods

We next compare CA-OFAS with Mehrotra and the Liu-type method to assess its overall perfor-
mance relative to these methods. Table 2 reports the paired computation-time and outer-iteration
ratios on problems for which both methods reached Full Accuracy.

Table 2: Paired comparisons of CA-OFAS with Mehrotra and the Liu-type method on problems
for which both methods reached Full Accuracy

Problem set Comparison A/B Matched tA/tB kA/kB

SDPLIB 18 CA-OFAS/Mehrotra 14 0.830 0.804
CA-OFAS/Liu-type 14 0.797 0.766

NNV-SDP 36 CA-OFAS/Mehrotra 31 0.869 0.848
CA-OFAS/Liu-type 33 0.882 0.864

Matched gives the number of problems for which both methods reached Full Accuracy. tA/tB and kA/kB are
the geometric means of the computation-time ratio and iteration-count ratio, respectively, over these problems.
A ratio below one favors CA-OFAS.

5.4.1 SDPLIB

Table 3 summarizes the results for CA-OFAS, Mehrotra, and the Liu-type method. All three
methods succeeded on all 18 SDPLIB problems, so their geometric means of computation time and
outer iteration count are based on the same problem set. CA-OFAS reached Full Accuracy on
16 problems, while Mehrotra and the Liu-type method each reached Full Accuracy on 15. The
geometric-mean computation time was 151.6 seconds for CA-OFAS, compared with 178.7 seconds
for Mehrotra and 249.9 seconds for the Liu-type method. On the matched Full Accuracy problems,
CA-OFAS reduced the geometric-mean outer iteration count by about 20% relative to Mehrotra
and about 23% relative to the Liu-type method, with corresponding computation-time reductions
of about 17% and 20%, respectively. It was also faster than the Liu-type method on all 14 matched
problems. Thus, for these SDPLIB problems, the lower computation times of CA-OFAS are
accompanied by fewer outer iterations.

5.4.2 NNV-SDP

Table 4 summarizes the results for the 36 NNV-SDP problems. The Liu-type method succeeded on
35 of the 36 problems, compared with 34 for both CA-OFAS and Mehrotra. The geometric-mean
computation time over each method’s successful problems was 605.7 seconds for CA-OFAS, 734.7
seconds for Mehrotra, and 709.9 seconds for the Liu-type method; because the success sets are not
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Table 3: Aggregated results for 18 SDPLIB problems

Method Success Full Accuracy Time (s) Iterations

CA-OFAS 18/18 16/18 151.6 16.21
Mehrotra 18/18 15/18 178.7 20.06
Liu-type 18/18 15/18 249.9 28.44

Success includes Low Accuracy, and Full Accuracy gives the number of problems with status OPTIMAL. Time
and Iterations are geometric means over the problems successfully solved by each method, including Low
Accuracy results. For SDPLIB, the three methods have the same success set, so these geometric means are
based on the same 18 problems.

Table 4: Aggregated results for 36 NNV-SDP problems

Method Success Full Accuracy Time (s) Iterations

CA-OFAS 34/36 33/36 605.7 27.37
Mehrotra 34/36 33/36 734.7 32.50
Liu-type 35/36 35/36 709.9 32.15

Success includes Low Accuracy, and Full Accuracy gives the number of problems with status OPTIMAL. Time
and Iterations are geometric means over the problems successfully solved by each method, including Low
Accuracy results. Pairwise comparisons with Mehrotra and the Liu-type method use the matched Full
Accuracy ratios in Table 2.

identical, these aggregate times are descriptive and are not used for direct pairwise comparison.
On the matched Full Accuracy problems, CA-OFAS reduced the geometric-mean outer iteration
count by about 15% relative to Mehrotra and about 14% relative to the Liu-type method. The
corresponding computation-time reductions were about 13% and 12%, and CA-OFAS was faster
on every matched problem in both comparisons. The similar reductions in iteration count and
computation time indicate that the time advantage on the matched NNV-SDP problems is closely
associated with the smaller number of outer iterations.

5.5 Performance Profiles for Iteration Count and Computation Time

We complement the paired tables with performance profiles in the sense of Dolan–Moré [35]. An
earlier ratio-to-best display of Tits and Yang [36, pp. 1442–1443] plotted cumulative counts against a
logarithmic performance-ratio axis. Dividing those counts by the number of test instances yields the
same empirical cumulative form as a performance profile. The paired tables compare identical Full
Accuracy instance sets directly; the profiles instead summarize iteration and time ratios across the
entire test set and also incorporate Low Accuracy successes. All six implementations are included.
Let I be the problem set, and let Sp be the set of methods that reached Low Accuracy or better on
problem p ∈ I. Let kp,s and tp,s denote the outer iteration count and computation time, respectively,
for method s. When Sp ̸= ∅, define

riterp,s =


kp,s

mins′∈Sp kp,s′
, s ∈ Sp,

+∞, s /∈ Sp,
rtime
p,s =


tp,s

mins′∈Sp tp,s′
, s ∈ Sp,

+∞, s /∈ Sp.

If all methods fail on a problem, we set all performance ratios to +∞ and still include that problem
in |I|. For q ∈ {iter, time}, the performance profile is

ϱqs(ϑ) =
1

|I|
∣∣{p ∈ I : rqp,s ≤ ϑ}

∣∣, ϑ ≥ 1.

Hence ϱqs(1) gives the share of instances where method s attains the best observed value of measure
q. As ϑ becomes large, the profile approaches the success fraction of that method.

Figure 1 shows the profiles for the 18 SDPLIB problems. For CA-OFAS, the time profile is more
concentrated near a performance ratio of one than the iteration profile, indicating that differences
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in outer iteration count do not translate directly into the same differences in total computation
time. CA-OFAS was fastest on 9 of the 18 problems and required no more than 1.11 times the best
time on every problem. Thus, the profile complements the paired comparisons by showing that its
computation time remains close to the best observed performance throughout the SDPLIB set.

1 2 4 8 16
Performance ratio

0.0

0.2

0.4

0.6

0.8

1.0

Fr
ac

tio
n 

of
 p

ro
bl

em
s

Iteration count

1 2 4 8 16
Performance ratio

0.0

0.2

0.4

0.6

0.8

1.0

Fr
ac

tio
n 

of
 p

ro
bl

em
s

Computation time

OFAS CA-OFAS Two-factorization Corrector-free Mehrotra Liu-type

Figure 1: Performance profiles for the six implementations on 18 SDPLIB problems (success includes
Low Accuracy; left: outer iteration count; right: computation time; the performance ratio is +∞
for unsuccessful problems; logarithmic horizontal axis)

Figure 2 shows the profiles for the 36 NNV-SDP problems. CA-OFAS was fastest on 31 prob-
lems and required no more than 1.03 times the best time on all 34 problems that it successfully
solved; its iteration profile is likewise concentrated near one. The Liu-type method succeeded on
35 problems, compared with 34 for CA-OFAS, and therefore has a slightly higher limiting profile
value. These profiles complement the aggregate results by showing that CA-OFAS remains close
to the best observed performance on its successful problems, while the Liu-type method succeeds
on one additional problem.
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Figure 2: Performance profiles for the six implementations on 36 NNV-SDP problems (success
includes Low Accuracy; left: outer iteration count; right: computation time; the performance ratio
is +∞ for unsuccessful problems; logarithmic horizontal axis)

The paired comparisons clarify the contributions of the proposed design. OFAS already provides
substantial reductions in computation time over the structural reference methods: 44% and 38%
relative to Two-factorization, and 37% and 42% relative to Corrector-free, on SDPLIB and NNV-
SDP, respectively. Furthermore, CA-OFAS reduces computation time relative to OFAS by an
additional 4% on SDPLIB and 19% on NNV-SDP through curvature amplification. CA-OFAS
also improves on the Mehrotra-type and Liu-type methods: its computation time is reduced by
17% and 13% relative to Mehrotra, and by 20% and 12% relative to Liu, on SDPLIB and NNV-
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SDP, respectively. These results show substantial gains from the one-factorization structure and
post-arc correction, while curvature amplification provides a further improvement, particularly on
NNV-SDP.

6 Conclusion

This work introduced OFAS, a one-factorization arc-search method that keeps both the post-arc
correction and flexible candidate selection without refactorizing the KKT matrix at the accepted
point. The method and its analysis are formulated within an HSD embedding. We also introduced
CA-OFAS, which selectively amplifies the arc term associated with the second-order direction while
keeping the same one-factorization structure. If an amplified candidate is not accepted, CA-OFAS
falls back to an OFAS candidate and therefore inherits the same theoretical guarantees as OFAS.

For the theoretical analysis, we derived direction and centering estimates in a wide long-step
neighborhood. Based on these estimates, we showed that the guaranteed candidate-selection rule
finds an admissible candidate after finitely many halvings of the angle and damping parameter.
We also established an iteration bound of O(ν log(1/ε)) for both OFAS and CA-OFAS. Under
Assumption 2.2, the distance from the projectively normalized HSD sequence to the primal–dual
optimal set was also shown to converge to zero. This analysis also gave a relative lower bound on
the HSD scaling variable τk with respect to the homogeneous scale θk.

In the numerical experiments, we compared six methods on SDPLIB and NNV-SDP. Relative
to Two-factorization, OFAS reduced both the KKT factorization count and factorization time by
about 48% on SDPLIB and 40% on NNV-SDP. CA-OFAS further improved upon OFAS for many
of the tested problems. These results indicate practical benefits from factorization reuse, post-arc
correction, and curvature amplification.

Future work includes adaptive curvature amplification based on local curvature information,
sparse SDP processing based on chordal decomposition and positive definite matrix completion, and
evaluation of these ideas in high-performance implementations [37–39]. Another direction is to study
the relationship between the conditioning of the HSD KKT systems and practical computational
performance.

A Proofs of Technical Lemmas

A.1 Nonsingularity of the Current-Iterate KKT Operator

We prove Lemma 3.3.

Proof. Fix an arbitrary interior HSD point and denote it by Wk. We show that the homogeneous
system L(Wk)[D] = (OF , Ō), D = (DX , dy, DS , dτ , dκ) has only the zero solution D = 0. For
brevity, set P := P (D;Wk), R := R(D;Wk). Since P (Wk;Wk) = R(Wk;Wk) = QNT

k , the
complementarity row is B(Wk, D;Wk) = QNT

k ◦ (P +R) = Ō. Since QNT
k ∈ Sn++ ×R++, the Jordan

multiplication operator LQNT
k

: U 7→ QNT
k ◦ U is invertible. Indeed, let q1, . . . , qn > 0 be the

eigenvalues of the PSD block QX,k. After an orthogonal diagonalization of QX,k, LQNT
k

multiplies

each matrix component by the positive scalar (qi + qj)/2. On the scalar block, it also acts by
multiplication with a positive scalar. Therefore,

P +R = Ō. (51)

The three HSD residual rows give

A(DX)− bdτ = 0,

A∗(dy) +DS − Cdτ = 0,

C •DX − bTdy + dκ = 0.
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The second equation gives DS = Cdτ − A∗(dy). Hence, using the first equation and the adjoint
relation,

DX •DS = dτC •DX −DX • A∗(dy) = dτC •DX −A(DX)Tdy

= dτ{C •DX − bTdy} = −dτdκ.

Thus, DX •DS + dτdκ = 0. Moreover, by the definition of the NT coordinates in (5) and cyclicity
of the trace,

⟨P,R⟩E = tr
(
MkDXM

T
k M

−T
k DSM

−1
k

)
+ (ξkdτ )(ξ

−1
k dκ)

= DX •DS + dτdκ = 0.

Equation (51) gives R = −P , so 0 = ⟨P,R⟩E = −∥P∥2E . Hence, P = R = Ō. Since Mk and
ξk are invertible, we obtain DX = DS = O and dτ = dκ = 0. The dual residual row then gives
A∗(dy) = O. By Assumption 2.1, A∗ is injective, and therefore dy = 0. Thus, kerL(Wk) = {0}. The
current-iterate KKT system is finite-dimensional and square. Hence, injectivity implies bijectivity,
and L(Wk) is nonsingular.

A.2 Technical Estimates for Uniformly Guaranteed OFAS Candidates

This subsection gives the technical estimates for the fixed choice ρ0 = 1/8 used in Proposition 4.5.
We separate the constant estimates from the main argument and verify three facts: (i) Dζ is
uniformly bounded away from zero, (ii) strict interiority is preserved for β = Θ(1/ν), and (iii) the
wide long-step neighborhood is recovered on the same damping scale. The constants below depend
only on γ, the fixed value ρ0, and the prescribed upper bound on the angle. They are independent
of ν and the problem data.

The candidate set in Algorithm 1 contains ρ ∈ {1, 1/2, 1/4, 1/8}. The choice ρ0 = 1/8 is used
only to construct a theoretical guarantee and does not exclude the other values of ρ. For the finite-
termination proof, we fix the smallest value ρ0 and show that the successive-halving fallback search
reaches an admissible candidate when β is on the O(1/ν) scale, while retaining an O(1/ν) angle.
This search requires no additional KKT solve. It uses only linear combinations of the correction
directions already constructed and the unit-complementarity direction.

Throughout this subsection, fix iteration k and use the abbreviations

W :=Wk, µ := µ(Wk), Q := QNT
k , H := Q ◦Q,

σ := sinα, ψ := 1− cosα, µtar := (1− σ)µ.

In the NT coordinates defined by the current iterate Wk, write the predictor-arc factors and their
displacements as

P (α) := P (Wk(α);Wk), R(α) := R(Wk(α);Wk),

∆P (α) := P (α)−Q, ∆R(α) := R(α)−Q.

We also write ∆arc(α) := Wk(α)−Wk and Harc(α) := P (α) ◦ R(α). The quantities Dζ , Nζ , and ζ
are defined as in Lemma 4.1(iii) with ρ = ρ0. We use the notation dγ(c), rγ(c), and Earc(α) from
Lemma 4.4.

Let 0 < c ≤ 1/2 and assume σ ≤ c/ν. For the correction direction Dcor
k (α, ρ0), define its NT

components by
(P cor, Rcor) :=

(
P (Dcor

k (α, ρ0);Wk), R(D
cor
k (α, ρ0);Wk)

)
.

By the definition in Section 3, this correction direction is

Dcor
k (α, ρ0) = ρ0(1− σ)Dcen

k + σψDmix
k + ψ2Drem

k .

Therefore, using the three squared-norm bounds in Proposition 4.3,√
∥P cen

k ∥2 + ∥Rcen
k ∥2 ≤

√
ν(γ−1 − 1)µ,
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√
∥Pmix

k ∥2 + ∥Rmix
k ∥2 ≤

ν3/2

γ

√
µ,

√
∥P rem

k ∥2 + ∥Rrem
k ∥2 ≤ 1 + γ

2γ3/2
ν2
√
µ,

and the inequality ∥P∥+ ∥R∥ ≤
√
2
√
∥P∥2 + ∥R∥2, we obtain

∥P cor∥+ ∥Rcor∥ ≤
√
2

(
ρ0(1− σ)

√
ν(γ−1 − 1)µ+ σψ

ν3/2

γ

√
µ+ ψ2 1 + γ

2γ3/2
ν2
√
µ

)
.

Since 0 ≤ ψ = 1− cosα ≤ sin2 α = σ2, σ ≤ c/ν, and ν ≥ 1, it follows that

∥P cor∥+ ∥Rcor∥ ≤ Aγ(c)
√
νµ,

where

Aγ(c) :=
√
2

(
ρ0
√
γ−1 − 1 +

c3

γ
+

1 + γ

2γ3/2
c4
)
.

This gives the required bound for the correction direction Dcor
k (α, ρ0).

Let (P unit
k , Runit

k ) be the NT components of the unit-complementarity direction Dunit
k . Define

also the complementarity-row target for Dcor
k (α, ρ0) by T0(α) := (1 − σ)

(
(1 − ρ0)H + ρ0µĪ

)
. This

is exactly Tk(α, ρ) from Section 3 with ρ = ρ0. The following exact cancellations show that Dζ

remains close to ν and that ζ is small.

Lemma A.1 (Cancellation in ζ for the fixed-ρ0 corrector). For Dcor
k (α, ρ0), the following identities

hold exactly:

Dζ = ν + ⟨∆P (α), Runit
k ⟩+ ⟨P unit

k ,∆R(α)⟩,
Nζ = −⟨∆P (α), Rcor⟩ − ⟨P cor,∆R(α)⟩.

Proof. For the scalar denominator Dζ defined in Lemma 4.1(iii), the unit-complementarity direc-
tion gives Ī in the complementarity row in the current-iterate NT coordinates. Hence, its cross
complementarity with Wk is Γ(W,Dunit

k ) = TrE(Ī) = ν. Using the arc displacement ∆arc(α) defined
above and bilinearity, we obtain

Dζ = Γ(Wk(α), D
unit
k ) = Γ(W,Dunit

k ) + Γ(∆arc(α), D
unit
k )

= ν + ⟨∆P (α), Runit
k ⟩+ ⟨P unit

k ,∆R(α)⟩.

Thus, only the two arc-displacement cross terms perturb the denominator from ν.
By (17), the linearity of G(·;W ), and (15),

B(W,Dcor
k (α, ρ0);W ) = −∆comp

k (α, ρ0)

= T0(α)− Φ(Wk(α);W ).

Taking TrE and using TrE(Φ(V ;W )) = C(V ), TrE(B(U, V ;W )) = Γ(U, V ), and TrE(T0(α)) = νµtar
gives

Γ(W,Dcor
k (α, ρ0)) = νµtar − C(Wk(α)).

On the other hand, the exact numerator of ζ is

Nζ = νµtar − C(Wk(α))− Γ(Wk(α), D
cor
k (α, ρ0))

= νµtar − C(Wk(α))− Γ(W,Dcor
k (α, ρ0))− Γ(∆arc(α), D

cor
k (α, ρ0)).

The first three terms cancel exactly by the identity above, and hence Nζ = −Γ(∆arc(α), D
cor
k (α, ρ0)).

Expanding this cross complementarity in the current-iterate NT coordinates gives

Γ(∆arc(α), D
cor
k (α, ρ0)) = ⟨∆P (α), Rcor⟩+ ⟨P cor,∆R(α)⟩.

Therefore,
Nζ = −⟨∆P (α), Rcor⟩ − ⟨P cor,∆R(α)⟩.
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We now use the following bounds for the arc displacement and the unit-complementarity direc-
tion:

∥∆P (α)∥+ ∥∆R(α)∥ ≤ dγ(c)
√
µ

ν
, ∥P unit

k ∥+ ∥Runit
k ∥ ≤

√
2ν

γµ
.

Applying Cauchy–Schwarz to Dζ−ν = ⟨∆P (α), Runit
k ⟩+⟨P unit

k ,∆R(α)⟩ gives |Dζ−ν| ≤ dγ(c)
√
2/γ.

Hence, if dγ(c)
√
2/γ ≤ 1/2, then ν ≥ 1 implies Dζ ≥ ν − 1/2 ≥ ν/2.

Similarly, using the full-corrector bound ∥P cor∥+∥Rcor∥ ≤ Aγ(c)
√
νµ, and the arc-displacement

bound above to Nζ = −⟨∆P (α), Rcor⟩ − ⟨P cor,∆R(α)⟩ gives |Nζ | ≤ dγ(c)Aγ(c)µ. Therefore,

|ζ| ≤ 2dγ(c)Aγ(c)
µ

ν
.

Let Dfull := Dcor
k (α, ρ0)+ ζDunit

k be the full composite correction, and define its NT components by
(P full, Rfull) := (P (Dfull;Wk), R(D

full;Wk)). Then,

∥P full∥+ ∥Rfull∥ ≤ Bγ(c)
√
νµ, (52)

where

Bγ(c) := Aγ(c)

(
1 + 2dγ(c)

√
2

γ

)
. (53)

For use in Lemmas A.2 and A.3, define

d̄γ :=
√
2 +

√
2/γ, r̄γ := γ−1/2 +

1 + γ−1

2
,

Aγ :=
√
2

(
ρ0
√
γ−1 − 1 +

1

8γ
+

1 + γ

32γ3/2

)
, Bγ := Aγ

(
1 + 2d̄γ

√
2/γ
)
.

Moreover, set

bγ := min

{
1,

√
γ

8Bγ

,
ρ0(1− γ)
64B

2
γ

}
> 0, (54)

and

cγ := min

{
σmax,

1

2
,

√
γ

4d̄γ
,
ρ0(1− γ)
384d̄γBγ

,

(
bγρ0(1− γ)

128r̄γ

)1/3

,

√
1− σmax

64r̄γ
,

1

2
√
r̄γ

}
> 0. (55)

These constants depend only on γ, the fixed value ρ0, and σmax, and are independent of ν and the
problem data. For dγ(c) =

√
2c+

√
2/γ c2 and rγ(c) = c3/

√
γ + c4/2 + c4/(2γ) from Lemma 4.4, if

0 < c ≤ 1/2, then dγ(c) ≤ d̄γc and rγ(c) ≤ r̄γc
3. Also, c3 ≤ 1/8 and c4 ≤ 1/16 imply Aγ(c) ≤ Aγ .

Substituting dγ(c) ≤ d̄γc ≤ d̄γ into Bγ(c) = Aγ(c)(1 + 2dγ(c)
√

2/γ) gives Bγ(c) ≤ Bγ . The
three bounds in (54) control, respectively, the damping range, strict interiority, and the quadratic
correction term in neighborhood recovery. The seven bounds in (55) control, in order, the angle
limit, the condition c ≤ 1/2, Dζ and strict interiority, the mixed-correction error, the cubic arc
remainder, the projective quantity J , and small-angle progress. In particular, this choice gives
rγ(cγ) ≤ cγ/4.

Lemma A.2 (Strict interiority under fixed ρ0 and O(1/ν) damping). Let W ∈ Nlong(γ), let 0 <
σ ≤ cγ/ν, and set ρ = ρ0. Assume further that

bγ
4ν
≤ β ≤ bγ

ν
.

Then the uncorrected arc and the damped corrected point W+(β) = Wk(α) + βDfull are strictly
interior.
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Proof. The current-iterate NT factors of the uncorrected arc are P (α) = Q +∆P (α), R(α) =

Q+∆R(α). We use the arc-displacement estimate ∥∆P (α)∥+ ∥∆R(α)∥ ≤ dγ(cγ)
√

µ
ν for σ ≤ cγ/ν.

For the full composite correction Dfull = Dcor
k (α, ρ0) + ζDunit

k , (52) and (53) give

∥P full∥+ ∥Rfull∥ ≤ Bγ(cγ)
√
νµ ≤ Bγ

√
νµ.

Therefore, the two NT factors of the damped corrected point W+(β) = Wk(α) + βDfull, P+(β) =
P (α) + βP full, R+(β) = R(α) + βRfull, satisfy, using β ≤ bγ/ν,

∥P+(β)−Q∥ ≤ ∥∆P (α)∥+ β∥P full∥

≤
(
dγ(cγ) + bγBγ

)√µ

ν
,

∥R+(β)−Q∥ ≤ ∥∆R(α)∥+ β∥Rfull∥

≤
(
dγ(cγ) + bγBγ

)√µ

ν
.

Since dγ(c) ≤ d̄γc and cγ ≤
√
γ/(4d̄γ), we have dγ(cγ) ≤

√
γ
4 . Also, bγ ≤

√
γ/(8Bγ) gives bγBγ ≤

√
γ
8 .

Using ν ≥ 1, each factor perturbation is therefore bounded by(
dγ(cγ) + bγBγ

)√µ

ν
≤

3
√
γ

8

√
µ

ν
≤ 3

8

√
γµ <

1

2

√
γµ.

Since W ∈ Nlong(γ), the current complementarity product H = Q ◦ Q satisfies λmin(H) ≥ γµ.
Hence, the current-iterate NT factor satisfies λmin(Q) ≥ √γµ. Applying the spectral perturbation
inequality λmin(Q+∆) ≥ λmin(Q)−∥∆∥ to P+(β) = Q+(P+(β)−Q) and R+(β) = Q+(R+(β)−Q)
gives λmin(P

+(β)), λmin(R
+(β)) > 1

2

√
γµ > 0. Thus,W+(β) is strictly interior. The same argument

with β = 0 shows that P (α) and R(α) are positive definite. Hence, the uncorrected arc is also strictly
interior.

Let H+(β) denote the complementarity product of the damped point in the current-iterate NT
coordinates. To prove neighborhood recovery, we decompose H+(β) into a leading centering term
and higher-order error terms. The full-corrector equation gives

H+(β) = (1− β)Harc(α) + β(T0(α) + ζĪ) + β
(
∆P (α) ◦Rfull +P full ◦∆R(α)

)
+ β2P full ◦Rfull, (56)

where T0(α) = (1 − σ)
(
(1 − ρ0)H + ρ0µĪ

)
. Define T̃ (β) := (1 − σ)

(
(1 − βρ0)H + βρ0µĪ

)
. This

is the leading target after damping reduces the centering strength from ρ0 to βρ0. Substituting
Harc(α) = (1− σ)H + Earc(α) from Lemma 4.4 into (56), we define the remaining error by

Edamp(β) := H+(β)− T̃ (β).

The next lemma shows that this error is smaller than the positive spectral margin of T̃ (β).

Lemma A.3 (Damped neighborhood recovery with fixed ρ0). Let W ∈ Nlong(γ), and suppose that

0 < σ ≤ cγ
ν
, ρ = ρ0 =

1

8
,

bγ
4ν
≤ β ≤ bγ

ν
.

Then

∥Edamp(β)∥ ≤
(
rγ(cγ) + 3bγdγ(cγ)Bγ +

1

4
b2γB

2
γ

)
µ

ν
.

Moreover, ∣∣µ(W+(β))− (1− σ)µ
∣∣ ≤ rγ(cγ) µ

ν2
. (57)

Therefore, in the NT coordinates defined by the current iterate Wk,

λmin

(
Φ(W+(β);Wk)

)
≥ γµ(W+(β)).

In particular, W+(β) ∈ Nlong(γ).
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Proof. The complementarity product after damping is

H+(β) = (1− β)Harc(α) + β(T0(α) + ζĪ) + β
(
∆P (α) ◦Rfull + P full ◦∆R(α)

)
+ β2P full ◦Rfull,

where
T0(α) = (1− σ)

(
(1− ρ0)H + ρ0µĪ

)
, Harc(α) = (1− σ)H + Earc(α).

Hence, using T̃ (β) defined above, we have H+(β) = T̃ (β) + Edamp(β), where

Edamp(β) = (1− β)Earc(α) + βζĪ + β
(
∆P (α) ◦Rfull + P full ◦∆R(α)

)
+ β2P full ◦Rfull. (58)

We bound the four terms in (58). The arc remainder, arc displacement, full composite correction,
and ζ satisfy

∥Earc(α)∥ ≤ rγ(cγ)
µ

ν3/2
,

∥∆P (α)∥+ ∥∆R(α)∥ ≤ dγ(cγ)
√
µ

ν
,

∥P full∥+ ∥Rfull∥ ≤ Bγ(cγ)
√
νµ ≤ Bγ

√
νµ,

|ζ| ≤ 2dγ(cγ)Aγ(cγ)
µ

ν
≤ 2dγ(cγ)Bγ

µ

ν
.

Also, ∥Ī∥ =
√
ν and β ≤ bγ/ν. For the mixed Jordan-product term, we use

∥P ◦ R̂+ P̂ ◦R∥ ≤
√
∥P∥2 + ∥R∥2

√
∥P̂∥2 + ∥R̂∥2

with (P,R) = (∆P (α),∆R(α)) and (P̂ , R̂) = (P full, Rfull). For the quadratic term, we use

∥P full ◦Rfull∥ ≤ ∥P full∥∥Rfull∥ ≤ 1

4

(
∥P full∥+ ∥Rfull∥

)2
,

These estimates give the following bounds for the four terms in (58):

(1− β)∥Earc(α)∥ ≤ rγ(cγ)
µ

ν
,

β|ζ|∥Ī∥ ≤ 2bγdγ(cγ)Bγ
µ

ν
,

β∥∆P (α) ◦Rfull + P full ◦∆R(α)∥ ≤ bγdγ(cγ)Bγ
µ

ν
,

β2∥P full ◦Rfull∥ ≤ 1

4
b2γB

2
γ

µ

ν
.

Here we used ν−3/2 ≤ ν−1 because ν ≥ 1. Adding these four inequalities gives

∥Edamp(β)∥ ≤
(
rγ(cγ) + 3bγdγ(cγ)Bγ +

1

4
b2γB

2
γ

)
µ

ν
.

Next, we estimate the average complementarity. Since the residual-invariant full correction
Dfull satisfies µ(Wk(α) + Dfull) = (1 − σ)µ, damping gives the exact interpolation µ(W+(β)) =
(1− β)µ(Wk(α)) + β(1− σ)µ. Also,

Harc(α) = (1− σ)H + Earc(α), µ(Wk(α)) =
1

ν
TrE(Harc(α)), TrE(H) = νµ.

Therefore,

µ(W+(β))− (1− σ)µ =
1− β
ν

TrE(Earc(α)).

Using TrE(Z) = ⟨Ī , Z⟩, ∥Ī∥ =
√
ν, and ∥Earc(α)∥ ≤ rγ(cγ)µ/ν3/2, we obtain∣∣µ(W+(β))− (1− σ)µ

∣∣ ≤ √ν
ν
rγ(cγ)

µ

ν3/2
= rγ(cγ)

µ

ν2
,
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which proves (57).
Finally, since W ∈ Nlong(γ) and λmin(H) ≥ γµ,

λmin(T̃ (β)) ≥ (1− σ)
(
(1− βρ0)γµ+ βρ0µ

)
= (1− σ)

(
γ + βρ0(1− γ)

)
µ.

Moreover, (57) and ν ≥ 1 give

γµ(W+(β)) ≤ γ(1− σ)µ+ γrγ(cγ)
µ

ν
.

Thus, by the spectral perturbation inequality, it is enough to show

λmin(T̃ (β))− γ(1− σ)µ ≥ ∥Edamp(β)∥+ γrγ(cγ)
µ

ν
.

For the left-hand side, σ ≤ cγ/ν ≤ 1/2 and β ≥ bγ/(4ν) imply

λmin(T̃ (β))− γ(1− σ)µ ≥
32

256
bγρ0(1− γ)

µ

ν
.

On the other hand, the definitions of bγ and cγ , together with dγ(c) ≤ d̄γc and rγ(c) ≤ r̄γc3, give

1

4
b2γB

2
γ ≤

bγρ0(1− γ)
256

,

3bγ d̄γcγBγ ≤
bγρ0(1− γ)

128
,

(1 + γ)r̄γc
3
γ ≤

bγρ0(1− γ)
64

.

Hence the right-hand side above is at most

7

256
bγρ0(1− γ)

µ

ν
.

Since 7/256 < 32/256, the required inequality holds. Therefore,

λmin(H
+(β)) ≥ λmin(T̃ (β))− ∥Edamp(β)∥ ≥ γµ(W+(β)),

where H+(β) = T̃ (β) + Edamp(β) = Φ(W+(β);Wk).
The preceding positivity result also gives strict interiority of W+(β). The estimate above is the

current-iterate NT certificate

λmin

(
Φ(W+(β);Wk)

)
≥ γµ(W+(β)).

By Lemma 4.2, the true complementarity spectrum of the candidate therefore satisfies the wide
long-step condition. Hence W+(β) ∈ Nlong(γ).

A.3 Quantitative Scale Estimates for Projective Normalization

This subsection proves the projective scale estimates used in Subsection 4.5.
By (43), Dinv

k := Wk − ωkW0 is a residual-invariant direction. Applying Lemma 4.1(ii) to Dinv
k

and using W0 = (I, 0, I, 1, 1), ν = n+ 1, and µ(Wk) = θkωk, we obtain

trXk + trSk + τk + κk = ν(θk + ωk). (59)

Let Z∗ = (X∗, y∗, S∗) ∈ Z∗ be the point fixed in Subsection 4.5, and let δrec(Z
∗) be defined

by (44).
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Lemma A.4 (Positive recession-direction margin). Under Assumptions 2.1–2.2, δrec(Z
∗) > 0. The

boundedness part of Assumption 2.2 excludes a nonzero direction along which a primal or dual
optimal solution can be extended indefinitely while remaining optimal.

Proof. The set of (DX , DS) satisfying DX , DS ⪰ O and trDX + trDS = 1 is compact. Moreover,
Assumption 2.1 implies that A∗ is injective. A finite-dimensional injective linear map is bounded
away from zero on the unit sphere. Since DS is bounded on the compact set above, it follows that
∥A∗(dy) +DS∥ → ∞ as ∥dy∥ → ∞. Hence the infimum in (44) is attained.

Suppose, to the contrary, that δrec(Z
∗) = 0. Then an attaining minimizer satisfies A(DX) = 0,

A∗(dy) +DS = O, S∗ •DX = 0, and X∗ •DS = 0. If DX ̸= O, dual feasibility of (y∗, S∗) gives
C = A∗(y∗) + S∗, and therefore

C •DX = y∗TA(DX) + S∗ •DX = 0.

Together with A(DX) = 0 and DX ⪰ O, this shows that the ray X∗ + tDX , t ≥ 0, remains primal
feasible and satisfies C•(X∗+tDX) = C•X∗. Every point on this ray is therefore primal optimal. If
DX = O, the normalization trDX +trDS = 1 implies DS ̸= O. Using primal feasibility A(X∗) = b
and A∗(dy) +DS = O, we obtain

bTdy = X∗ • A∗(dy) = −X∗ •DS = 0.

Consequently, (y∗+ tdy, S
∗+ tDS) stays dual feasible for all t ≥ 0, while bT (y∗+ tdy) = bT y∗. Hence

the entire ray consists of dual optimal points. Either case contradicts the boundedness condition
in Assumption 2.2.

We now prove Lemma 4.10. Set T tr
k := trXk + trSk > 0. Applying the definition of δrec(Z

∗) to
the normalized direction (Xk, yk, Sk)/T tr

k gives

δrec(Z
∗)T tr

k ≤ ∥A(Xk)∥+ ∥A∗(yk) + Sk∥+ S∗ •Xk +X∗ • Sk.

The HSD residual relations give the following bound for the first two terms: (∥b∥+ ∥C∥)τk + 2Qk.
Primal-dual optimality also gives

S∗ •Xk +X∗ • Sk = C •Xk − bT yk − y∗TRp(Wk) +X∗ •Rd(Wk).

Using C •Xk − bT yk = Rg(Wk)− κk and κk ≥ 0, we obtain the upper bound (1+ ∥y∗∥+ ∥X∗∥)Qk.
This proves (45).

The same identity gives 0 ≤ κk ≤ (1 + ∥y∗∥+ ∥X∗∥)Qk. By (59) and ωk ≥ 0,

νθk ≤ T tr
k + τk + κk ≤ D∗τk + H∗Qk.

This proves the first lower bound in (46). If, in addition, H∗Qk ≤ νθk/2, the second lower bound
follows immediately.

B Per-Instance Numerical Results

This appendix reports the computation time, the number of outer iterations, and the termination
status for each of the 54 problems used in Section 5. Each cell shows “computation time (sec-
onds)/number of outer iterations.” Computation times are displayed to one decimal place, while
the unrounded values are used for the aggregated results.

We use MathOptInterface (MOI) termination statuses throughout the experiments. The Clara-
bel.jl statuses SOLVED and ALMOST SOLVED correspond to OPTIMAL and ALMOST OPTIMAL in MOI,
respectively. See Goulart and Chen [7, Sec. 2.6] for the termination criteria of Clarabel. Under our
experimental settings, OPTIMAL requires

κ

τ
≤ 1, (gapabs < 10−8 or gaprel < 10−8), rp < 10−8, rd < 10−8.
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Here gapabs and gaprel denote Clarabel.jl’s absolute and relative duality-gap measures. Its normal-
ized residual measures for primal and dual feasibility are denoted by rp and rd. If these full-accuracy
conditions are not satisfied before termination due to the iteration limit, time limit, numerical error,
or insufficient progress, the solution is checked again using the relaxed tolerances

κ

τ
≤ 1, (gapabs < 5× 10−5 or gaprel < 5× 10−5), rp < 10−4, rd < 10−4.

If these conditions hold, the status is ALMOST OPTIMAL. Following the numerical evaluation of Clara-
bel [7], we classify OPTIMAL as Full Accuracy and ALMOST OPTIMAL as Low Accuracy. The statuses
TIME LIMIT and SLOW PROGRESS correspond to MAX TIME and INSUFFICIENT PROGRESS in Clara-
bel.jl, respectively, when the relaxed conditions are also not satisfied.

The label SUCCESS MIXED ACCURACY is not a termination status of Clarabel.jl or MOI. For a
problem–method pair with repeated runs, this label is used when the runs include both OPTIMAL and
ALMOST OPTIMAL. The success count including Low Accuracy includes OPTIMAL, ALMOST OPTIMAL,
and SUCCESS MIXED ACCURACY. The Full Accuracy success count includes only OPTIMAL.

For the finite safeguarded candidate search used in the numerical implementation of OFAS
and CA-OFAS, we set σmax = 0.95. The angle backtracking factor was 0.5, with at most 50
backtracking steps. We used the centering-recovery schedule ρ ∈ {1, 1/2, 1/4, 1/8} and damped
the corrector by a factor of 0.5 down to βmin = 1/64. Warm starts, refinement, recovery, and
amplification-activation safeguards were used only in the numerical search; the candidate formulas
and acceptance conditions (C1)–(C4) are unchanged.

Table B.1 reports linear-algebra ratios of OFAS to Two-factorization for problems solved to
Full Accuracy by both methods.

Table B.1: Linear-algebra ratios of OFAS to Two-factorization for problems solved to Full Accuracy
by both methods

Problem set Matched Factorizations Factorization time Linear solves Solve time

SDPLIB 11 0.524 0.523 0.873 0.894
NNV-SDP 26 0.601 0.606 1.001 1.053

Each entry is the geometric mean of the OFAS/Two-factorization ratio over problems solved to Full Accuracy by
both methods. Ratios below one favor OFAS.

A cell without a superscript denotes OPTIMAL. We use the superscripts A for ALMOST OPTIMAL,
M for SUCCESS MIXED ACCURACY, TL for TIME LIMIT, and SP for SLOW PROGRESS. For TIME LIMIT,
the displayed time may slightly exceed 3600 seconds because an ongoing linear-algebra operation is
not interrupted.

Table B.2 reports the results for the 18 SDPLIB problems, and Table B.3 reports those for the
36 NNV-SDP problems. In the NNV-SDP problem names, ellipsoid and rectangle denote the
input sets considered in Sections 5.2 and 5.3 of Azuma–Kim–Yamashita [34], respectively. The labels
dense and identity describe the structure of the first-layer weight matrix W 0, where identity

means W 0 = I. This corresponds to Assumption 5.7 of that paper for rectangular inputs. The
label nXX denotes the network width r = n0 = n1, and s701, s702, and s703 denote random seeds
701, 702, and 703, respectively. Thus, three seeds are used for each problem family and network
width. In Table B.3, the problems are ordered by increasing r. For the same r, they are ordered by
problem family, weight-matrix structure, and seed. In both tables, the shortest computation time
and the smallest number of outer iterations among the successful methods are shown in bold for
each problem.
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Table B.2: Per-instance results for the 18 SDPLIB problems

Problem OFAS CA-OFAS
Two-

factorization
Corrector-

free Mehrotra Liu-type

control4 4.7/27 4.5/25 8.7/27 9.2/59 5.0/32 6.0/38

control5 18.3/32 20.3/35 39.6/37 52.0/100 19.3/36 23.0/43

control6 59.1/34 55.2/31 109.6/33 125.8/77 63.6/38 70.6/42

gpp100 854.4/26M 634.3/19 1296.1/21M 3621.4/117M 708.7/21M 708.9/22M

gpp124-1 3496.0/30M 2602.9/22 3701.3/16M 3658.8/31M 3435.8/29 3546.7/30

gpp124-2 2595.8/22M 2823.3/24 3703.0/16M 3702.1/32M 3361.3/29 3134.5/27

gpp124-3 3452.4/29 2486.2/21 3699.1/16M 3654.1/31M 3317.6/28 3634.8/31

mcp100 325.9/9 313.8/9 548.0/8 310.6/9 387.4/11 371.8/11

mcp124-1 1125.0/9 1115.9/9 2102.9/9 1330.2/11 1552.0/13 1669.2/14

mcp124-2 1114.1/9 1115.3/9 1887.0/8 1246.5/10 1442.9/12 1330.1/11

mcp124-3 1116.4/9 1137.4/9 1938.4/8 1236.5/10 1609.0/13 1492.0/12

mcp124-4 1134.9/9 1110.9/9 1917.6/8 1241.1/10 1437.3/12 1356.4/11

qap6 2.6/30M 1.9/21 5.3/34M 4.3/56M 2.3/30M 13.4/180M

qap7 12.2/29M 12.9/30M 18.6/24M 39.9/105M 14.4/37M 193.6/515M

theta1 4.5/10 4.5/10 8.2/10 5.1/12 5.0/12 5.8/14

theta2 382.5/11 366.1/11 661.9/10 410.8/12 349.4/10 393.8/12

truss5 4.6/17 4.5/16M 7.8/16 34.2/147 4.4/18 13.0/56

truss8 417.4/20M 336.6/16 679.2/18M 3407.3/173 413.2/20 396.3/20
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Table B.3: Per-instance results for the 36 NNV-SDP problems (in ascending order of network width
r)

Problem OFAS CA-OFAS
Two-

factorization
Corrector-

free Mehrotra Liu-type

rectangle dense n32 s701 82.0/37 66.3/30 131.4/32 136.0/68 70.6/34 70.6/34
rectangle dense n32 s702 81.2/37 62.8/29 126.7/31 150.0/74 69.7/34 68.8/33
rectangle dense n32 s703 77.9/36 60.2/28 118.4/29 132.5/67 67.1/33 64.2/31

ellipsoid dense n40 s701 403.1/46 283.0/31 666.1/39 774.7/92 350.4/39 337.6/39
ellipsoid dense n40 s702 391.9/44 293.0/33 597.2/35 872.5/104 330.1/38 343.0/40
ellipsoid dense n40 s703 385.0/44 284.4/32 628.3/36 991.0/116 341.0/39 318.8/37
rectangle dense n40 s701 463.8/51 329.5/37 712.6/42 825.7/98 158.9/18SP 378.5/43
rectangle dense n40 s702 440.7/48 315.4/35 754.7/43 773.0/91 380.7/44 356.2/41
rectangle dense n40 s703 466.8/51 332.4/37 753.8/43 957.0/113 378.1/43 361.6/41
rectangle identity n40 s701 165.6/18 162.9/18 268.3/15 217.7/25 176.4/20 173.5/19
rectangle identity n40 s702 170.3/18 165.0/18 264.3/15 214.2/24 197.4/22 181.2/20
rectangle identity n40 s703 147.9/16 147.9/16 247.2/14 212.0/24 178.6/20 182.1/20

rectangle dense n44 s701 690.3/43 550.4/34 1160.8/37 1459.5/94 618.7/39 586.5/37
rectangle dense n44 s702 398.5/24SP 203.6/12SP 438.0/14SP 557.2/35SP 168.9/10SP 3205.9/207SP

rectangle dense n44 s703 760.2/48 573.3/36 1209.4/39 1369.1/89 627.2/40 609.9/39

ellipsoid dense n48 s701 1053.2/41 772.9/29 1655.7/32 2660.2/106 901.9/35 864.6/34
ellipsoid dense n48 s702 1454.7/54 875.9/32A 2371.3/46 3329.3/130 1196.1/46 1145.4/44
ellipsoid dense n48 s703 1077.2/39A 923.6/33 1998.9/38 2545.6/99 995.8/38 1046.5/40
rectangle dense n48 s701 1222.6/46 842.6/32 2029.6/39 2495.3/97 1098.9/41 996.1/37
rectangle dense n48 s702 1519.0/56 1061.3/39 2377.7/45 3001.0/117 1227.6/47 1149.5/43
rectangle dense n48 s703 1217.9/44 844.2/30 2003.8/38 2359.7/92 988.8/36 962.0/35
rectangle identity n48 s701 534.7/20 484.7/18 821.7/16 702.9/27 602.4/22 602.7/22
rectangle identity n48 s702 517.3/19 530.8/19 844.8/16 714.4/27 614.4/23 627.9/23
rectangle identity n48 s703 519.2/19 521.7/19 830.1/15 740.7/28 537.8/20 561.1/20

ellipsoid dense n52 s701 2267.5/54 1686.2/39 3643.2/44A 3608.9/86TL 2043.7/49 2006.5/48
ellipsoid dense n52 s702 2099.2/49A 1482.2/34SP 3621.8/43A 3628.9/88TL 2002.0/48 1922.9/45
ellipsoid dense n52 s703 2018.7/48 1531.1/36 3621.6/43 3642.2/89TL 1885.4/45 1755.5/41

ellipsoid dense n56 s701 2627.9/39 1975.0/29 3651.5/28TL 3638.1/56TL 2041.8/31 2048.5/31
ellipsoid dense n56 s702 3630.4/54TL 3245.4/48 3665.4/28TL 3660.8/55TL 3609.5/54A 3446.7/53
ellipsoid dense n56 s703 3543.4/54 2436.0/36 3614.1/27TL 3650.8/56TL 2992.8/45 2818.2/43
rectangle identity n56 s701 1411.9/21 1316.2/19 2234.2/17 1885.8/28 1469.3/22 1565.4/23
rectangle identity n56 s702 1511.0/22 1383.3/20 2229.3/17 2146.7/32 1534.3/23 1628.3/24
rectangle identity n56 s703 1362.3/20 1271.8/19 2206.5/17 1864.3/28 1546.6/23 1546.1/23

rectangle identity n64 s701 3296.7/22 3101.7/21 3850.8/13TL 3702.4/25A 3279.2/22 3420.5/23
rectangle identity n64 s702 3248.5/22 2832.7/19 3796.9/13TL 3644.2/25TL 3444.3/23 3640.3/25
rectangle identity n64 s703 3312.1/22 2968.3/20 3864.0/13TL 3714.8/25TL 3239.8/22 3360.6/23
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