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Abstract

We consider the problem of minimizing a sparse quadratic function over the unit hypercube.
In binary quadratic programming, treewidth of the interaction graph is a central parameter for
tractability: bounded treewidth yields polynomial-time solvability. Motivated by this fact, we
investigate whether treewidth plays a similar role when the binary domain is replaced by the
unit hypercube. We show that the situation is strikingly different. If the interaction graph is
a forest, we give a strongly polynomial-time algorithm based on dynamic programming and a
structural analysis of the resulting univariate value functions, which are shown to be concave
and piecewise quadratic with linearly many pieces. However, the problem becomes strongly
NP-hard already when the interaction graph has treewidth two. We then identify substantially
more general polynomial-time solvable classes whose interaction graphs may have unbounded
treewidth. Our approach exploits the fact that there exists an optimal solution in which every
variable with a nonpositive coefficient for its square term is binary-valued, thereby separating the
problem into a combinatorial part and a genuinely continuous part. We show that tractability
can be recovered by controlling the complexity of these two parts and their interaction, rather
than the treewidth of the entire interaction graph.

Keywords: box-constrained quadratic programming, sparsity, treewidth, dynamic program-
ming, polynomial-time algorithm.

1 Introduction

We consider a box-constrained quadratic program:

min x>Qx+ c>x (QP)

s.t. x ∈ [0, 1]n,

where c ∈ Qn and Q = (qij) ∈ Qn×n is a symmetric matrix. It is well known that Problem (QP) is
NP-hard in general, as it contains the maximum cut problem as a special case [21]. In this paper,
we are interested in obtaining sufficient conditions under which Problem (QP) can be solved in
polynomial time. Throughout this paper, we consider the standard Turing bit model as our model
of computation. If the number of variables is fixed, then the problem can be solved in strongly
polynomial time using a simple face enumeration argument [40, 10]. If Q is positive semidefinite,
then Problem (QP) is a convex optimization problem, and can be solved in polynomial time using
the ellipsoid method [39]. If Q is positive semidefinite and tridiagonal, Pang and Han [31] give a
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strongly polynomial algorithm for Problem (QP). In [20], the authors prove that Problem (QP) can
be solved in polynomial time if the rank of Q is fixed. If qii ≤ 0 for some i ∈ [n] := {1, . . . , n}, then
it can be checked that there exists an optimal solution x∗ of Problem (QP) at which x∗i ∈ {0, 1}.
It then follows that if qii ≤ 0 for all i ∈ [n], to find an optimal solution of Problem (QP), we can
solve the binary quadratic program:

min x>Qx+ c>x (BQP)

s.t. x ∈ {0, 1}n.

Problem (BQP) has been extensively studied by the discrete optimization community [30, 8, 4].
If the objective function is submodular, i.e., qij ≤ 0 for all 1 ≤ i < j ≤ n, then Problem (BQP)
can be solved in strongly polynomial time [36]. An important line of research exploits the sparsity
of the objective function of Problem (BQP) to obtain sufficient conditions for its polynomial-time
solvability. To this end, we define, for Problem (QP) or Problem (BQP), the interaction graph as
the graph G = (V,E) with vertex set V := [n], containing one vertex i for each variable xi, and with
edge set E, where two distinct vertices i and j are adjacent if and only if qij 6= 0. The most general
result in this literature states that if the graph G has bounded treewidth, then Problem (BQP) can
be solved in strongly polynomial time [8]. In fact, the results of [5, 11] imply that bounded treewidth
is essentially a necessary and sufficient condition for polynomial-time solvability of Problem (BQP).
See [7, 28, 32, 9] for additional classes of polynomial-time solvable binary quadratic programs.

These results naturally raise the question of whether treewidth plays a similar role when the
binary domain is replaced by the unit hypercube. Our goal is therefore to understand the rela-
tionship between the treewidth of the interaction graph and the computational complexity of sparse
box-constrained quadratic programs. The work most closely related to ours is Khajavirad [22], who
studies polynomial-time solvability of sparse polynomial optimization problems over the unit hy-
percube. Specializing to quadratic objectives, the paper observes that variables with nonpositive
diagonal quadratic coefficients can be restricted to binary values at optimality, and exploits this
structure to separate the problem into a discrete part and a collection of continuous components.
The continuous components are eliminated individually under a condition controlling their degree
of nonconvexity, yielding a structured binary quadratic optimization problem. Polynomial-time
solvability is then obtained under suitable bounds on the treewidth of the resulting interaction
graph. In this paper, we substantially extend this result. See [24, 37, 33, 12, 23] for sufficient
conditions under which certain semidefinite programming relaxations of Problem (QP) are tight;
namely, the optimal value of the relaxation coincides with that of the original problem.

Our main contributions can be summarized as follows.

(i) We prove that Problem (QP) can be solved in strongly polynomial time if its interaction
graph has treewidth at most one, that is, if it is a forest. Our algorithm is based on dynamic
programming over the forest and a structural analysis of the resulting univariate value func-
tions, which are shown to be concave and piecewise quadratic with linearly many pieces. The
resulting algorithm performs O(n2) arithmetic operations and comparisons (see Theorem 1).

(ii) We prove that the above tractability result is essentially sharp with respect to treewidth: Prob-
lem (QP) is strongly NP-hard when the interaction graph has treewidth two. The hardness
result holds even when all coefficients are integral and uniformly bounded, namely ‖Q‖max ≤ 5
and ‖c‖∞ ≤ 4 (see Theorem 3).

(iii) We obtain more general sufficient conditions for polynomial-time solvability of Problem (QP)
that apply to interaction graphs of potentially unbounded treewidth. We first exploit the
fact that there exists an optimal solution in which every variable with a nonpositive diagonal
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quadratic coefficient is binary-valued, thereby separating the problem into a combinatorial
part and a continuous part. We then derive tractability conditions based on the complexity of
the connected components induced by these two parts and on the structure of their interaction
(see Theorem 4 and Theorem 6).

Our results reveal a sharp transition in the role of treewidth for box-constrained quadratic
programs: if the interaction graph is a forest, the problem is strongly polynomial-time solvable,
while strong NP-hardness already arises at treewidth two. This contrasts with binary quadratic
programming, which is polynomial-time solvable on graphs of bounded treewidth. This difference
can be attributed to the genuinely continuous part of the problem: variables with nonpositive square
coefficients can be chosen binary at optimality, whereas variables with positive square coefficients
cannot, in general, be reduced in this way. This simple observation separates the problem into a
combinatorial part and a genuinely continuous part. Our results then show that tractability can
be recovered by controlling the complexity of these two parts and their interaction, rather than
the treewidth of the entire graph. Perhaps surprisingly, our results indicate that, at treewidth two,
enlarging the feasible set from {0, 1}n to [0, 1]n while keeping the same quadratic objective function
can turn a polynomial-time solvable problem into a strongly NP-hard one.

It is important to note that all of the results in this paper extend directly to the mixed-binary
setting; that is, the problem of minimizing a quadratic function over xi ∈ [0, 1] for all i ∈ I1 and
xi ∈ {0, 1} for all i ∈ I2, where I1 and I2 partition [n]. Indeed, consider a binary variable xi
for some i ∈ I2. Replace qiix

2
i + cixi in the objective function by (qii + ci + 1)xi − x2i , and relax

xi ∈ {0, 1} to xi ∈ [0, 1]. Apply this transformation successively to all binary variables. It can be
checked that the set of optimal solutions of the original mixed-binary problem coincides with that
of the box-constrained quadratic program. The key to this transformation is that since we only
modify diagonal and linear coefficients, the interaction graph remains unchanged.

Organization. The remainder of the paper is structured as follows. In Section 2 we present
a strongly polynomial-time algorithm for box-constrained quadratic programs whose interaction
graph is a forest. In Section 3, we show that if the treewidth of the interaction graph is two, then
Problem (QP) is strongly NP-hard, in general. In Section 4 we obtain sufficient conditions for
polynomial-time solvability of box-constrained quadratic programs whose interaction graphs may
have unbounded treewidth.

Notation. Throughout the paper, we make use of the following notation. For two subsets S, S′ ⊆
[n], we denote by QS,S′ the submatrix of Q with rows indexed by S and columns indexed by S′,
and we abbreviate QS := QS,S for the principal submatrix of Q indexed by S. In particular, for
i ∈ [n], the vector QS,i is the column of Q indexed by i, restricted to the rows in S. For S ⊆ [n],
we denote by cS and xS the restriction of c and x, respectively, to the coordinates in S. Given a
graph G = (V,E) and S ⊆ V , we denote by GS the subgraph of G induced by S. We denote by 〈·〉
the lengths (also known as encoding lengths or sizes) of rational numbers, vectors and matrices, as
defined in [19, 35]; the input length of Problem (QP) is L := 〈Q〉+ 〈c〉. Throughout the paper, log
denotes the base-2 logarithm.

2 Treewidth one: A strongly polynomial-time algorithm

In this section, we focus on the case where the interaction graph G of Problem (QP) has treewidth
at most one, that is, G is a forest, and we present a strongly polynomial-time algorithm for it. Recall
that an algorithm is strongly polynomial when the number of arithmetic operations and comparisons
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that it performs is bounded by a polynomial in the number of input numbers, independently of
their values, and every intermediate number has length polynomial in the input length.

Theorem 1. Assume that the interaction graph G is a forest. Then an optimal solution of Prob-
lem (QP) can be found by a strongly polynomial algorithm that performs O(n2) arithmetic operations
and comparisons.

Theorem 1 is proved by a leaf-to-root dynamic programming algorithm whose univariate value
functions are concave and piecewise quadratic, with a number of arcs that adds, rather than
multiplies, at vertices with several children. The algorithm performs only arithmetic operations
(+,−,×,÷) and comparisons on rational numbers; throughout this section, an operation is one of
these. The value functions are described by rational numbers and by algebraic numbers of degree at
most two over Q, which are in general irrational and are represented exactly as τ0 + τ1

√
D with ra-

tional τ0, τ1, D; auxiliary numbers of degree at most four, represented by nested square roots, arise
while a single value function is computed and are discarded afterwards. No root is ever extracted:
comparing any two of these numbers takes O(1) operations.

We denote by f(x) the objective function of Problem (QP). Problem (QP) decomposes on the
connected components V1, . . . , Vk of G, and since G is a forest, each resulting subproblem is an
instance of Problem (QP) whose interaction graph is a tree. As these components can be identified
with O(n2) operations and

∑k
i=1 |Vi|2 ≤ n2, it suffices to prove Theorem 1 when G is a tree.

Henceforth, we assume that G is a tree, and we write T = (V,E) := G.
The rest of this section is organized as follows. Section 2.1 sets up the dynamic program;

Section 2.2 is a self-contained study of convex envelopes of piecewise quadratic functions with
concave kinks; Section 2.3 proves that the value functions are piecewise quadratic with a linear
number of arcs, whose coefficients are rationals of polynomial length; Section 2.4 shows how to
compute them exactly and proves Theorem 1. Section 2.5 relates our approach to the literature,
and in particular compares it with that of [1]. Finally, Section 2.6 shows that a similar tractability
result does not hold for higher degree polynomials; namely, minimizing a quartic over the unit
hypercube is strongly NP-hard even when the interaction graph is a path.

2.1 Value functions and the dynamic program

Root T at an arbitrary vertex r; for v 6= r, write p(v) for the parent of v, write ch(v) := {u ∈ V :
p(u) = v} for the set of children of v, and write Tv for the vertex set of the subtree rooted at v.
The depth of u is the number of edges on the path from u to r, and the height of v is the largest
number of edges on a path from v to a vertex of Tv. Separate f along the tree:

f(x) =
∑
v∈V

(
qvvx

2
v + cvxv

)
+
∑
v 6=r

2qp(v)v xp(v)xv.

We abbreviate sv := 2qp(v)v for v 6= r, which is nonzero since {p(v), v} is an edge of G, and set

sr := 0. For v ∈ V let ev ∈ RTv be the v-th unit vector, and define

Fv(y; t) := y>QTv y +
(
cTv + svt ev

)>
y, y ∈ RTv , t ∈ R. (1)

Then Fv(· ; t) is the objective of the subproblem on the subtree rooted at v, with the parent variable
set to t, and Fr(y; 0) = f(y). Since the sets Tj , j ∈ ch(v), partition Tv \ {v}, and the edges of T
between v and Tv \ {v} are the edges {v, j}, j ∈ ch(v), we have

Fv(y; t) =
(
qvvy

2
v + cvyv

)
+

∑
j∈ch(v)

Fj
(
yTj ; yv

)
+ sv t yv. (2)
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We define two families of univariate functions, by induction on the height of v: the value function
µv, one for each v 6= r, and an auxiliary function ϕv, one for each v ∈ V , given by

ϕv(x) := qvvx
2 + cvx+

∑
j∈ch(v)

µj(x), µv(t) := min
x∈[0,1]

[
ϕv(x) + sv t x

]
. (3)

The functions ϕv are defined on all of R, but only their restriction to [0, 1] enters (3).
We will need some terminology for univariate functions. We call a continuous function g : I → R

on an interval I ⊆ R (possibly unbounded) piecewise quadratic (pw-quadratic) if I splits into finitely
many nondegenerate intervals (arcs), each closed in I and possibly unbounded, on each of which g
is a polynomial of degree ≤ 2; the shared arc endpoints interior to I are breakpoints. We always take
the arcs to be maximal, so that no two consecutive ones carry the same polynomial; the breakpoints
are then exactly the points of I at which g fails to be a polynomial of degree ≤ 2 on a neighborhood,
and the decomposition into arcs is unique. A breakpoint x is a kink if g′(x−) 6= g′(x+); a kink is
concave if g′(x−) > g′(x+). An arc is strictly convex, affine, or strictly concave according to the
sign of its quadratic coefficient.

We first record a standard fact about concave functions; see Theorems 10.1 and 24.1 in [34],
applied to −g.

Lemma 1. A concave function g : R→ R is continuous, has one-sided derivatives everywhere, and
satisfies g′(x−) ≥ g′(x+) for every x.

Lemma 2. For every v ∈ V , the function ϕv of (3) is continuous on R. For every v 6= r and every
t ∈ R, the minimum in (3) is attained, and µv : R→ R is concave.

Proof. Induction on the height of v. Let v ∈ V and assume the lemma for all j ∈ ch(v), a vacuous
assumption if v is a leaf. Each µj is then continuous by Lemma 1, hence so is ϕv, and the minimum
in (3) is attained by compactness of [0, 1]. Moreover, µv is the pointwise minimum of the affine
functions t 7→ ϕv(x) + svtx, x ∈ [0, 1], and it is finite, hence concave.

The next lemma justifies the recursion (3).

Lemma 3. For every v 6= r and every t ∈ R,

µv(t) = min
{
Fv(y; t) : y ∈ [0, 1]Tv

}
,

and minx∈[0,1]n f = minx∈[0,1] ϕr(x).

Proof. Induction on the height of v. By (2), minimizing Fv(y; t) over y ∈ [0, 1]Tv amounts to fixing
yv = x ∈ [0, 1] and minimizing each Fj(· ;x) over [0, 1]Tj separately, the blocks Tj , j ∈ ch(v), being
disjoint; by the inductive hypothesis the j-th of these minima is µj(x), so that the whole minimum
equals minx∈[0,1][ϕv(x) + svtx] = µv(t) by (3). The root identity is this computation for v = r,
where sr = 0 and Fr(y; 0) = f(y).

2.2 The convex envelope of a piecewise quadratic function with concave kinks

This subsection is self-contained univariate convex analysis, with no reference to the tree: the
results below concern the class Q of pw-quadratic functions ϕ : [0, 1] → R all of whose kinks are
concave, and the symbols ϕ and µ no longer refer to the specific ϕv and µv of (3).

We recall that the convex envelope envϕ of a continuous function ϕ : [0, 1]→ R is the greatest
convex function ≤ ϕ on [0, 1], and we say that x0 ∈ [0, 1] is a contact point of ϕ if (envϕ)(x0) =
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ϕ(x0); the set of all contact points is the contact set of ϕ. The conjugate of a continuous function
g : [0, 1] → R is g∗(σ) := maxx∈[0,1]

(
σx − g(x)

)
, σ ∈ R, which is the Fenchel conjugate of g

extended by +∞ outside [0, 1]. These notions, and all the results of this subsection, hold verbatim
on an arbitrary compact interval [λ, ρ] with λ < ρ: the affine bijection x = λ+ (ρ− λ)x̂ onto [0, 1]
preserves convexity, arcs, kinks and their concavity.

We first collect the basic properties of the convex envelope and describe its contact set with ϕ;
we then use this description for the function obtained by minimizing ϕ(x) + stx over [0, 1], which
depends on ϕ only through envϕ (Lemma 9). We conclude with two facts used in Section 2.4:
where the minimum of a function of Q is attained (Lemma 10), and the replacement of strictly
concave arcs by their chords (Lemma 11).

Lemma 4. Let ϕ : [0, 1] → R be continuous and H := envϕ. Then H is continuous on [0, 1],
H(0) = ϕ(0), H(1) = ϕ(1), and

H(x) = min
{
ωϕ(x1) + (1− ω)ϕ(x2) : ω ∈ [0, 1], x1, x2 ∈ [0, 1], ωx1 + (1− ω)x2 = x

}
. (4)

On every maximal open interval on which H < ϕ, H is affine, and H = ϕ at the endpoints of that
interval.

Proof. Extend ϕ by +∞ outside [0, 1], so that H is the convex hull of ϕ in the sense of [34]. By
Corollary 17.1.5 in [34], applied with n = 1, H(x) is the infimum of ωϕ(x1) + (1 − ω)ϕ(x2) over
all ω ∈ [0, 1] and x1, x2 ∈ [0, 1] with ωx1 + (1 − ω)x2 = x, and the infimum is attained since ϕ is
continuous on the compact interval [0, 1]; this is (4). Since ϕ is real-valued and continuous on the
compact set [0, 1], Corollary 17.2.1 in [34] shows that H is a closed proper convex function, and
[0, 1] is a segment, hence a locally simplicial subset of the effective domain of H; by Theorem 10.2
in [34], H is continuous relative to [0, 1]. In (4) with x = 0, every point carrying a positive weight
equals 0, since 0 is an extreme point of [0, 1]; hence H(0) = ϕ(0), and similarly H(1) = ϕ(1).

Now let (α, β) be a maximal open interval with H < ϕ, and x0 ∈ (α, β). Let (ω, x1, x2) attain
the minimum in (4) at x = x0, labelled so that x1 ≤ x2; then ω ∈ (0, 1) and x1 < x0 < x2,
since otherwise H(x0) = ϕ(x0). Let ` be the affine function with `(xi) = ϕ(xi), i = 1, 2; then
H(x0) = `(x0). By (4), for every x ∈ [x1, x2], H(x) ≤ `(x) (take the combination of x1, x2 realizing
x), while `(x0) = H(x0) ≤ ωH(x1) + (1 − ω)H(x2) ≤ ωϕ(x1) + (1 − ω)ϕ(x2) = `(x0) forces
H(x1) = ϕ(x1), H(x2) = ϕ(x2), and, by the equality case of convexity at the interior point x0,
H = ` on [x1, x2]. In particular x1 ≤ α and x2 ≥ β, as x1, x2 are contact points, so H is affine on
[α, β]; and H = ϕ at α and β by the maximality of (α, β) and the continuity of H and ϕ.

By Lemma 4, for continuous ϕ the contact set is closed, being the zero set of the continuous
function ϕ − envϕ, and its complement in [0, 1] is an at most countable union of open intervals
on each of which envϕ is affine; we call the closures of these intervals bridges. If moreover ϕ is
pw-quadratic, we call contact piece any nonempty intersection of a maximal interval of the contact
set of ϕ with an arc of ϕ; a contact piece is degenerate if it is a single point.

Lemma 5. Let λ < ξ < ρ, let g : [λ, ρ] → R be continuous, and set H1 := env
(
g|[λ,ξ]

)
, H2 :=

env
(
g|[ξ,ρ]

)
and H := env(g). Then there exist η ∈ [λ, ξ] and ζ ∈ [ξ, ρ] such that H = H1 on [λ, η],

H is affine on [η, ζ], and H = H2 on [ζ, ρ]. Moreover, let w ∈ (λ, ξ] be such that H ′1(w
−) is finite,

and let `0 be the line through (w,H1(w)) with slope H ′1(w
−). Then H = H1 on [λ,w] if and only if

`0 ≤ g on [ξ, ρ].

Proof. By Lemma 4 we have H1(ξ) = g(ξ) = H2(ξ), so the function H̃ equal to H1 on [λ, ξ] and to
H2 on [ξ, ρ] is well defined and continuous. We claim env H̃ = H. Indeed H̃ ≤ g, so env H̃ ≤ H;
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conversely H is convex with H ≤ g, so its restriction to [λ, ξ] is a convex function ≤ g|[λ,ξ], and

therefore H ≤ H1 there, and similarly H ≤ H2 on [ξ, ρ], that is H ≤ H̃, so H ≤ env H̃.
Apply now Lemma 4 to H̃: on every maximal open interval on which H < H̃, the function H

is affine and agrees with H̃ at the endpoints. Suppose such a component (α1, β1) were contained in
[λ, ξ]. Then H is the chord of H1 over [α1, β1], and since H1 is convex that chord is at least H1 = H̃
on [α1, β1], contradicting H < H̃ there. The same argument excludes components contained in
[ξ, ρ]. Hence every such component contains ξ, so there is at most one; taking [η, ζ] to be its
closure, or η = ζ = ξ if there is none, proves the first part.

For the second part, suppose first that `0 ≤ g on [ξ, ρ]. By convexity, `0 ≤ H1 on [λ, ξ],
and `0 ≤ H2 on [ξ, ρ] since `0 is affine and `0 ≤ g there; so `0 ≤ H̃ and hence `0 ≤ H; thus
H(w) = H1(w). If w > η, then H is affine on [η, w] and agrees with the convex function H1 ≥ H at
η and w, so H = H1 on [η, w]; in either case H = H1 on [λ,w]. Conversely, suppose that H = H1

on [λ,w], and let ` be a supporting line of H at w, which exists as w < ρ. Its slope is at least
H ′(w−) = H ′1(w

−), and `(w) = `0(w), so `0 ≤ ` ≤ H ≤ g on [w, ρ] ⊇ [ξ, ρ].

Lemma 6. Let ϕ ∈ Q, let H := envϕ, and let x0 ∈ (0, 1) be a contact point of ϕ. Then

ϕ′(x−0 ) ≤ m ≤ ϕ′(x+0 ) for every m ∈ ∂H(x0). (5)

In particular, ϕ and H are differentiable at x0, with H ′(x0) = ϕ′(x0).

Proof. The function H is convex and finite on [0, 1] and x0 ∈ (0, 1), so ∂H(x0) 6= ∅ by Theorem 23.4
in [34]. Let m ∈ ∂H(x0) and let `(x) := H(x0) + m(x − x0) be the corresponding supporting
line, so that ` ≤ H ≤ ϕ, and `(x0) = H(x0) = ϕ(x0) because x0 is a contact point. Hence
ϕ(x)−ϕ(x0) ≥ m(x− x0) for every x ∈ [0, 1]; dividing by x− x0 and letting x→ x0 on either side
yields (5), the one-sided derivatives existing because ϕ is pw-quadratic.

Since ∂H(x0) 6= ∅, (5) forces ϕ′(x−0 ) ≤ ϕ′(x+0 ). A kink of a function of Q is concave, that is, it
satisfies ϕ′(x−0 ) > ϕ′(x+0 ); so x0 is not a kink, and ϕ is differentiable at x0. The two bounds in (5)
then coincide, so ∂H(x0) is the singleton {ϕ′(x0)}; by Theorem 25.1 in [34], H is differentiable at
x0 with H ′(x0) = ϕ′(x0).

Lemma 7. Let ϕ ∈ Q. Then no contact point of ϕ lies in the interior of a strictly concave arc.

Proof. Write H := envϕ and suppose, for a contradiction, that some contact point x0 lies in the
interior of an arc on which ϕ(x) = ax2 + bx + d with a < 0; let N ⊆ (0, 1) be a neighborhood
of x0 contained in that arc. By Lemma 6, m := ϕ′(x0) is a subgradient of H at x0, so H(x) ≥
ϕ(x0) + m(x − x0) for all x ∈ [0, 1], as H(x0) = ϕ(x0). For x ∈ N \ {x0}, since ϕ is quadratic on
N , ϕ(x)−H(x) ≤ ϕ(x)− ϕ(x0)−m(x− x0) = a(x− x0)2 < 0, contradicting H ≤ ϕ.

Lemma 8. Let ϕ ∈ Q, H := envϕ, and let A be an arc of ϕ with nonnegative quadratic coefficient.
If x1 < x2 are contact points of ϕ in A, then H = ϕ on [x1, x2]. Consequently, the contact set of
ϕ meets every arc with nonnegative quadratic coefficient in a single (possibly empty or degenerate)
closed interval.

Proof. Suppose, for a contradiction, that H(x0) < ϕ(x0) for some x0 ∈ (x1, x2), and let (α, β) be
the maximal open interval containing x0 on which H < ϕ. Since x1 and x2 are contact points,
neither belongs to (α, β), so that

x1 ≤ α < x0 < β ≤ x2,

and in particular [α, β] ⊆ [x1, x2] ⊆ A. By Lemma 4, H is affine on [α, β] and H = ϕ at α and at
β; that is, H coincides on [α, β] with the chord of ϕ over that interval. But ϕ is convex on A, so its
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chord over [α, β] is at least ϕ there. Hence H ≥ ϕ on (α, β), contradicting H < ϕ there. The final
sentence follows, since the contact set is closed and, by the first assertion, its intersection with an
arc of nonnegative quadratic coefficient is convex.

Lemma 9. Let ϕ ∈ Q have K arcs, let H := envϕ, let s ∈ R \ {0}, and define

µ(t) := min
x∈[0,1]

[
ϕ(x) + stx

]
, t ∈ R.

Then µ is a concave pw-quadratic function on R with at most K + 2 arcs. Specifically, µ(t) = ϕ(0)
for −st ≤ H ′(0+), µ(t) = ϕ(1) + st for −st ≥ H ′(1−), and, for each nondegenerate contact piece
[w1, w2] inside a strictly convex arc on which ϕ(x) = ax2 + bx+ d,

µ(t) = −(st+ b)2

4a
+ d for all t with − st ∈ [ 2aw1 + b, 2aw2 + b ]. (6)

These ranges of t cover R except for finitely many points, at most one for each maximal nondegen-
erate interval on which H is affine.

Proof. We first observe that

µ(t) = − max
x∈[0,1]

[
(−st)x− ϕ(x)

]
= −ϕ∗(−st) = −H∗(−st).

The last equality holds because an affine function lies below ϕ if and only if it lies below H:
extending ϕ by +∞ outside [0, 1], its closed convex hull is H, and Corollary 12.1.1 in [34] applies.
Hence ϕ∗ = H∗, and it suffices to describe H∗.

By Lemma 4 and Lemmas 6–8, H is convex and pw-quadratic: it coincides with ϕ on the
contact set (which meets each arc with nonnegative quadratic coefficient in at most one interval
and avoids the interiors of strictly concave arcs and all kinks) and is affine on the bridges in
between. By Lemma 6, every contact point in (0, 1) is a point at which ϕ is differentiable and H
is differentiable with H ′ = ϕ′; on bridges H is affine; hence H is differentiable on (0, 1) and H ′

is continuous and nondecreasing, strictly increasing on contact pieces inside strictly convex arcs
(where H ′(x) = 2ax+ b) and constant on intervals on which H is affine.

Fix σ ∈
(
H ′(0+), H ′(1−)

)
. Since H ′ is continuous and nondecreasing on (0, 1), σ = H ′(x) for

some x ∈ (0, 1), and x lies in a nondegenerate contact piece inside a strictly convex arc or in a
maximal nondegenerate interval on which H is affine, as H is affine on bridges and on contact
pieces inside affine arcs, and an isolated contact point in (0, 1) lies between two bridges, which
have the same slope by Lemma 6. The maximum of the concave function x 7→ σx − H(x) is
attained exactly on {x : σ ∈ ∂H(x)} = {x : H ′(x) = σ}. If σ lies in the interior of the slope range
[2aw1 + b, 2aw2 + b] of a contact piece inside a strictly convex arc, the maximizer x = (σ − b)/2a
is unique, and since H = ϕ there, H∗(σ) = σx − (ax2 + bx + d) = (σ−b)2

4a − d: one quadratic arc
of H∗ per such contact piece. If σ is the slope of a maximal nondegenerate interval on which H is
affine, the maximizer set is that interval, which equals ∂H∗(σ) by Corollary 23.5.1 in [34]; thus σ
contributes no arc of H∗, and is a kink of H∗. Distinct such intervals and distinct contact pieces
occupy slope ranges with disjoint interiors, consecutively ordered, since H ′ is nondecreasing; so the
arcs of H∗ on

(
H ′(0+), H ′(1−)

)
are exactly one per nondegenerate strictly convex contact piece.

For σ ≤ H ′(0+), x = 0 is a maximizer and H∗(σ) = −H(0) = −ϕ(0); for σ ≥ H ′(1−), x = 1 is a
maximizer and H∗(σ) = σ −H(1) = σ − ϕ(1) (using Lemma 4 for the endpoint values): the two
unbounded affine arcs.

Thus H∗ is convex pw-quadratic, with at most two arcs more than the number of strictly convex
arcs of ϕ, each of which contains at most one contact piece by Lemma 8, hence with at most K+ 2
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arcs. Substituting σ = −st and negating yields the statement, including (6); concavity of µ is
immediate since t 7→ H∗(−st) is convex.

Lemma 10. Let ϕ ∈ Q have arcs [ξj−1, ξj ], j ∈ [K], where 0 = ξ0 < ξ1 < · · · < ξK = 1, with
ϕ(x) = ajx

2 + bjx + dj on the j-th arc. Then ϕ attains its minimum over [0, 1] at 0, at 1, or at
−bj/(2aj) for some j with aj > 0 and −bj/(2aj) ∈ [ξj−1, ξj ].

Proof. LetM be the set of minimizers of ϕ over [0, 1], which is nonempty and compact by continuity,
and let x? := maxM. If x? ∈ {0, 1} we are done, so assume x? ∈ (0, 1). Then x? is not a kink
of ϕ: all kinks are concave, that is ϕ′(x?−) > ϕ′(x?+), whereas minimality in the interior gives
ϕ′(x?−) ≤ 0 ≤ ϕ′(x?+). Hence ϕ is differentiable at x? and ϕ′(x?) = 0. Let [ξj−1, ξj ] be the arc
immediately to the right of x?, that is, the arc with ξj−1 = x? if x? is a breakpoint and the arc
containing x? in its interior otherwise; thus 2ajx

? + bj = 0. If aj < 0 then ϕ is strictly decreasing
immediately to the right of x?, contradicting minimality; if aj = 0 then bj = 0 and ϕ is constant on
that arc, so every point of [x?, ξj ] is a minimizer, contradicting the maximality of x?. Hence aj > 0
and x? = −bj/(2aj) ∈ [ξj−1, ξj ].

The last result of this subsection allows us to dispense with strictly concave arcs when computing
convex envelopes.

Lemma 11. Let ϕ ∈ Q have arcs [ξj−1, ξj ], j ∈ [K], where 0 = ξ0 < ξ1 < · · · < ξK = 1, and let ϕ̂
be obtained from ϕ by replacing every strictly concave arc by its chord. Then ϕ̂ ∈ Q, ϕ̂ is strictly
convex or affine on each [ξj−1, ξj ], ϕ̂(ξj) = ϕ(ξj) for every j, and env(ϕ̂|[0,ξj ]) = env(ϕ|[0,ξj ]) for
every j ∈ [K].

Proof. Clearly ϕ̂ is continuous, agrees with ϕ at every ξj , and is strictly convex or affine on each
[ξj−1, ξj ]; its breakpoints are among the ξj . On a strictly concave arc [α, β], the slope γ of the
chord satisfies ϕ′(α+) > γ > ϕ′(β−). Hence at every breakpoint ξ of ϕ the left derivative of ϕ̂ is
at least ϕ′(ξ−) and the right derivative is at most ϕ′(ξ+); as ϕ′(ξ−) ≥ ϕ′(ξ+), every kink of ϕ̂ is
concave, and ϕ̂ ∈ Q. Finally fix j. Since ϕ̂ ≤ ϕ, we have env(ϕ̂|[0,ξj ]) ≤ env(ϕ|[0,ξj ]). Conversely,
env(ϕ|[0,ξj ]) is convex and at most ϕ = ϕ̂ at the endpoints of every arc, hence at most every chord,
and so at most ϕ̂ on [0, ξj ]; therefore env(ϕ|[0,ξj ]) ≤ env(ϕ̂|[0,ξj ]).

2.3 Structure of the value functions

We now apply the results of Section 2.2 to the value functions of (3). We write Kv for the number
of arcs of ϕv|[0,1].

Proposition 1. For every v ∈ V , the restriction of ϕv to [0, 1] is pw-quadratic with Kv ≤ 2|Tv|−1
arcs and all its kinks are concave; that is, ϕv|[0,1] ∈ Q. Moreover, for every v 6= r, the value function
µv is a concave pw-quadratic function on R with at most 2|Tv|+ 1 arcs.

Proof. Induction on the height of v. Let v ∈ V and assume the proposition for all j ∈ ch(v), a
vacuous assumption if v is a leaf. Each µj is then pw-quadratic on R with at most 2|Tj | breakpoints,
so ϕv|[0,1] is pw-quadratic and its breakpoints are among the breakpoints of the µj lying in (0, 1),
of which there are at most

∑
j∈ch(v) 2|Tj | = 2(|Tv| − 1); hence Kv ≤ 2|Tv| − 1. At every breakpoint,

the jump of ϕ′v is the sum of the jumps of the µ′j , each nonpositive by Lemmas 2 and 1; so every
kink of ϕv is concave, and ϕv|[0,1] ∈ Q.

Let now v 6= r. By (3), µv is the function µ of Lemma 9 for (ϕ, s) = (ϕv|[0,1], sv), where sv 6= 0.
Hence µv is a concave pw-quadratic function with at most Kv +2 ≤ 2|Tv|+1 arcs, which completes
the induction.
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Remark 1. The bounds of Proposition 1 are attained, even when Q � 0. For n ≥ 2 and wi := 4i−1,
let the objective of Problem (QP) be

∑n−1
i=1 wi(xi − 3xi+1 + 1)2 + wn(xn − 1

2)2 minus its constant
term, so that the interaction graph is the path 1, 2, . . . , n, which we root at n. It can be checked
that every ϕi is strongly convex and every breakpoint of µi lies in (0, 1), and hence that Ki = 2i−1
for every i ∈ [n] and µi has 2i+ 1 arcs for every i < n. In particular,

∑
v∈V Kv = n2.

We next show that all arcs produced by the recursion (3) have rational coefficients.

Lemma 12. Every arc of every µv, v 6= r, and of every ϕv|[0,1] has rational coefficients. Every
breakpoint τ of µv is a root of π1 − π2, where π1 6= π2 are the polynomials of the two arcs of µv
meeting at τ ; this is a nonzero polynomial of degree at most two with rational coefficients, which we
call the defining quadratic of τ . Every breakpoint of ϕv|[0,1] is a breakpoint of some µj, j ∈ ch(v),
and we take its defining quadratic to be that of this breakpoint of µj.

Proof. By Proposition 1 these functions are pw-quadratic. We argue by induction on the height
of v. Each arc of ϕv|[0,1] coincides on a nondegenerate subinterval, and hence as a polynomial,
with the sum of qvvx

2 + cvx and of one arc of each µj , j ∈ ch(v), so it has rational coefficients by
induction; and the breakpoints of ϕv|[0,1] are breakpoints of the µj . By Lemma 9, each arc of µv is

ϕv(0), or ϕv(1) + svt, or − (svt+b)2

4a + d with (a, b, d) the coefficients of an arc of ϕv; since ϕv(0) and
ϕv(1) are values of arcs of ϕv at 0 and 1, and sv ∈ Q, it has rational coefficients. Let now τ be a
breakpoint of µv and let π1, π2 be the polynomials of the two arcs of µv meeting at τ . They have
rational coefficients by what we just proved, and π1 6= π2 because arcs are maximal. By continuity
of µv, π1(τ) = π2(τ), so τ is a root of the nonzero polynomial π1−π2, which has rational coefficients
and degree at most two.

We represent a real number τ of degree at most two over Q by rationals τ0, τ1, D with D ≥ 0 and
τ = τ0 + τ1

√
D, and call (τ0, τ1, D) a representation of τ . If τ is a root of a nonzero polynomial π of

degree at most two with rational coefficients, a representation of τ is obtained from the coefficients
of π by the quadratic formula with O(1) operations, once it is known which root of π is τ ; this fixes
the sign of τ1.

We next record an observation that holds for every box-constrained quadratic program, not
only on trees; in it, the empty matrix is regarded as positive definite. It is implicit in the proof of
NP membership of quadratic programming by Vavasis [40].

Lemma 13. Let Q ∈ Rn×n be symmetric and c ∈ Rn. Then min{x>Qx+ c>x : x ∈ [0, 1]n} has an
optimal solution x? such that QS � 0, where S := {i ∈ [n] : 0 < x?i < 1}.

Proof. Write f(x) := x>Qx + c>x. Among the optimal solutions, which exist by compactness,
let x? have the largest number of coordinates in {0, 1}, and let S be as in the statement. For
every d ∈ Rn with d[n]\S = 0, the point x? + td is feasible for all t in a neighborhood of 0, and

f(x? + td) = f(x?) + t∇f(x?)>d+ t2 d>SQSdS ; optimality of x? forces ∇Sf(x?) := (∇f(x?))S = 0
and d>SQSdS ≥ 0, so QS � 0. If QS were singular, pick 0 6= dS ∈ kerQS , extended by zero outside
S. Then f(x? + td) = f(x?) for every t. Let t̄ be the largest t ≥ 0 with x? + td ∈ [0, 1]n, which
is finite as d 6= 0; then x? + t̄d is an optimal solution with more coordinates in {0, 1} than x?, a
contradiction. Hence QS � 0.

We now give a closed-form description of the arcs of the value functions, which bypasses the
recursion, along which lengths could a priori double at every level. In it, S collects the coordinates
that are left free, while the coordinates outside S are fixed at the bounds prescribed by β.
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Lemma 14. For every v 6= r, every arc of µv coincides, as a polynomial in t, with the function

t 7−→ min
{
Fv(y; t) : y ∈ RTv , yTv\S = β

}
(7)

for some S ⊆ Tv with QS � 0 and some β ∈ {0, 1}Tv\S.

Proof. For S ⊆ Tv with QS � 0 and β ∈ {0, 1}Tv\S , denote by F̄S,β the function (7). The restriction
of Fv(· ; t) to {y : yTv\S = β} is a strictly convex quadratic in yS whose coefficients are affine in t,
so F̄S,β is a polynomial in t of degree at most two.

Now fix t ∈ R. By Lemma 13, applied to the matrix QTv and the vector cTv +svtev, the problem
min{Fv(y; t) : y ∈ [0, 1]Tv} has a minimizer y? with QS � 0 for S := {u ∈ Tv : 0 < y?u < 1}; put
β := y?Tv\S ∈ {0, 1}

Tv\S . Since y? is a minimizer and y?S lies in the interior of [0, 1]S , we have

∇SFv(y?; t) = 0; as QS � 0, the point y? minimizes Fv(· ; t) over {y ∈ RTv : yTv\S = β}, so
µv(t) = Fv(y

?; t) = F̄S,β(t) by Lemma 3.
Finally, let π be an arc of µv, a polynomial of degree at most two that coincides with µv on a

nondegenerate interval I. As there are finitely many pairs (S, β) and infinitely many t ∈ I, some
pair satisfies π(t) = F̄S,β(t) for infinitely many t, and then π = F̄S,β as polynomials.

We can now bound the lengths of all the numbers that describe the value functions.

Lemma 15. All arc coefficients of all µv and ϕv|[0,1], and the coefficients of the defining quadratics
and the representations of their breakpoints, are rationals of length polynomial in L.

Proof. All the quantities in question are rational by Lemma 12; it remains to bound their lengths.
We use that sums and products of polynomially many rationals of length polynomial in L have
length polynomial in L.

Consider first an arc of a value function µv with v 6= r, and let S and β be as furnished by
Lemma 14. Fixing yTv\S = β in (1) and separating the terms according to whether they involve
the free block or not, we obtain

Fv(y; t) = y>SQS yS +
(
θ + tψ

)>
yS +

(
γ0 + γ1t

)
for every y ∈ RTv with yTv\S = β,

where, for u ∈ S,

θu = cu +
∑

w∈Tv\S
{u,w}∈E

2quw βw, ψ =

{
sv (ev)S v ∈ S,
0 v /∈ S,

and γ0, γ1 are obtained from the data and from β in the same manner. Each βw lies in {0, 1}, so
each entry of θ, ψ, γ0 and γ1 is, up to a factor two, a sum of at most 2n2 entries of Q and c, and
therefore has length polynomial in L.

Since QS � 0, the minimum in (7) is attained at yS = −1
2Q
−1
S (θ + tψ), and the arc formula is

min
{
Fv(y; t) : y ∈ RTv , yTv\S = β

}
= γ0 + γ1t− 1

4

(
θ + tψ

)>
Q−1S

(
θ + tψ

)
. (8)

By Corollary 3.2a in [35], the entries of Q−1S have length polynomial in the length of QS , a submatrix
of Q, and hence polynomial in L. Expanding (8), each coefficient of the arc is a sum of at most
n2 + 1 products of at most three such rationals, and therefore has length polynomial in L. The
same bound holds for the arcs of ϕv, since by (3) each of them is a sum of the quadratic qvvx

2 +cvx
and of at most n arc formulas of value functions. Finally, by Lemma 12 the defining quadratic
of a breakpoint is the difference of two arc polynomials, so its coefficients have length polynomial
in L as well, and so do the rationals of a representation, which are obtained from them by O(1)
operations.
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2.4 Exact computation of the value functions

Computing the value functions requires comparing their breakpoints, and also auxiliary numbers,
obtained from them by one further square root, that arise while a single value function is computed
(Lemma 17). The next lemma covers both; it is folklore, and we include a proof for completeness.

Lemma 16. Let k and d be fixed positive integers. Let E1 ∈ Q and, for i = 2, . . . , k, let Ei be a
polynomial of total degree at most d with rational coefficients in

√
E1, . . . ,

√
Ei−1, where every Ei

is a nonnegative real number. Then the sign of a polynomial of total degree at most d with rational
coefficients in

√
E1, . . . ,

√
Ek can be determined with O(1) arithmetic operations and comparisons

on rational numbers, starting from E1 and the coefficients of the given polynomials.

Proof. Using
√
Ei

2
= Ei, every such polynomial α can be written as α = P +R

√
Ek, where P and

R are polynomials with rational coefficients in
√
E1, . . . ,

√
Ek−1; recursively, α is represented by 2k

rational numbers, and sums and products of such numbers cost O(1) operations. As all the given
polynomials have total degree at most d, these representations are obtained with O(1) operations.
We argue by induction on k, the case k = 0 being a comparison of a rational number with zero.
Let k ≥ 1 and determine the signs of P and R by induction. If R = 0, or if P and R are both
positive or both negative, the sign of α is that of P . If P = 0 6= R, the sign of α is the product of
the signs of R and Ek, and the sign of Ek is determined by induction. Otherwise P and R have
opposite signs, and

sign
(
P +R

√
Ek
)

= sign(P ) · sign
(
P 2 −R2Ek

)
,

since for P > 0 > R we have P + R
√
Ek > 0 if and only if P > −R

√
Ek, that is P 2 > R2Ek, and

symmetrically for P < 0 < R. As Ek is a polynomial in
√
E1, . . . ,

√
Ek−1, so is P 2 − R2Ek, and

its sign is determined by induction. Altogether the number of operations is bounded by a constant
depending only on k and d.

We compute a value function from the corresponding function ϕ in two steps: first the convex
envelope of ϕ, then the value function itself. For ϕ ∈ Q with arcs [ξj−1, ξj ], let ϕ̂ be as in Lemma 11,
so that envϕ = env ϕ̂. By Lemmas 4 and 6–8, applied to ϕ̂, this envelope is determined by the
contact pieces of ϕ̂, consecutive ones being either adjacent or joined by a bridge. We call envelope
list of ϕ the list of these contact pieces in increasing order, each given by the index j of the arc
containing it and by its two endpoints; the carrier of such a contact piece is the polynomial of
degree at most two that coincides with ϕ̂ on the arc j, that is, the polynomial of the arc j of
ϕ, or its chord if that arc is strictly concave. The sweep in the proof below follows the scheme
of the linear-time convex envelope algorithm of Gardiner and Lucet [17] for univariate piecewise
linear-quadratic functions, which is designed for real arithmetic. What the next lemma adds is
that, for functions of Q with rational data, the sweep can be organized so that every endpoint it
computes is obtained from the data with at most two nested square roots; this is what allows it to
be carried out exactly, with O(1) operations on rational numbers per step.

Lemma 17. Let ϕ ∈ Q have K arcs with rational coefficients and breakpoints given by representa-
tions. Then the envelope list of ϕ can be computed with O(K) arithmetic operations and comparisons
on rational numbers. Each endpoint in it is given as a polynomial with rational coefficients in at
most two square roots, nested to depth at most two.

Proof. Throughout, every comparison performed is the determination of the sign of a polynomial
of bounded degree with rational coefficients in a bounded number of square roots, nested to depth
at most two, of the kind described in the next paragraph; each of them costs O(1) operations and
comparisons on rational numbers by Lemma 16, and we do not repeat this below. Some of these
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tests involve quotients, such as slopes of lines through two stored points; their signs are obtained
from those of numerators and denominators.

Write 0 = ξ0 < · · · < ξK = 1 for the endpoints of the arcs of ϕ, with representations ξi = ξi,0 +
ξi,1
√
Di, and (aj , bj , dj) ∈ Q3 for the coefficients of its j-th arc. We work with ϕ̂ throughout, which

is strictly convex or affine on each arc, and represent the convex envelopes Hj := env(ϕ|[0,ξj ]) =
env(ϕ̂|[0,ξj ]) computed below by lists of contact pieces of ϕ̂|[0,ξj ], as in the envelope list. Every carrier
is determined by the index of its arc, so no new coefficients are stored; the chord of a strictly concave
arc j is used only through the points (ξj−1, ϕ(ξj−1)) and (ξj , ϕ(ξj)). The endpoints are of three
kinds: breakpoints ξi of ϕ; abscissae of the tangency points of a common tangent of two parabolas
with rational coefficients, which are again of the form τ0 + τ1

√
D with τ0, τ1, D ∈ Q; and abscissae

η of the tangency point of the tangent from a point (ξi, ϕ(ξi)) to a parabola y = ax2 + bx+ d with
rational coefficients, which satisfy aη2 − 2aξiη + ϕ(ξi) − bξi − d = 0 and are therefore of the form
η = ξi ±

√
∆ with ∆ a polynomial with rational coefficients in ξi, hence in

√
Di. We store every

endpoint as such an expression. It is then a polynomial with rational coefficients in at most two
square roots nested to depth at most two, and every test below is a polynomial in the square roots of
O(1) endpoints, which can be ordered so that each radicand is a polynomial in the preceding ones,
as Lemma 16 requires. Every endpoint is computed from the arc coefficients and the breakpoints
of ϕ alone, never from previously computed endpoints, so the depth of nesting never exceeds two.
The endpoints computed during the sweep may have degree four over Q.

We compute H1, . . . ,HK in turn by a sweep over the arcs from left to right; HK = envϕ. The
envelope H1 is ϕ̂ on the arc 1. For the update, apply Lemma 5 to g := ϕ̂|[0,ξj+1] with ξ := ξj ; the
three envelopes of that lemma are then Hj , the restriction of ϕ̂ to the arc j + 1, which is convex,
and Hj+1. Hence there are η ≤ ξj ≤ ζ with

Hj+1 = Hj on [0, η], Hj+1 affine on [η, ζ], Hj+1 = ϕ̂ on [ζ, ξj+1].

In particular the update deletes the contact pieces and bridges of Hj lying to the right of η and
leaves the rest untouched. The arc j + 1, which we call the incoming arc, is the graph of a strictly
convex parabola or a segment. We scan the contact pieces of Hj from right to left. Let P be the
rightmost contact piece, lying in the arc i, and let w be its left endpoint. If w = 0, then P survives.
Otherwise let `0 be the line through (w,Hj(w)) with slope H ′j(w

−), which is the line of the bridge
ending at w if there is one, and the tangent to the preceding contact piece at w otherwise. By
Lemma 5, Hj+1 = Hj on [0, w] if and only if `0 lies below the incoming arc, a test of O(1) sign
determinations: a line lies below the graph of a strictly convex parabola or of an affine function
over a compact interval if and only if it does so at the two endpoints and, for a parabola, at the
point of the interval where the two slopes agree, if there is one. If it does, P survives. Otherwise
Hj+1 differs from Hj somewhere on [0, w], so η < w, and P is popped, together with the bridge
ending at w if there is one; the scan then continues with the preceding contact piece.

If P survives, the new bridge is the common supporting line ` from below of the carrier of P over
[w, ξi] and of the incoming arc, both of which are the graph, over a compact interval, of a strictly
convex parabola with rational coefficients or of an affine function. Indeed, the line of Hj+1 on [η, ζ]
lies below Hj ≤ ϕ̂ and below the incoming arc, and touches both; and a line with these properties
is unique, since between its two contact points it coincides with the convex envelope of the union
of the two graphs, unless both contacts are at a common endpoint ξi = ξj , in which case η = ζ and
no bridge is needed. The line ` touches each of them at an interior point, where it is tangent, or
at an endpoint, and it is found among O(1) candidates by O(1) sign determinations: the common
tangent of the two parabolas; the tangent from an endpoint (ξj , ϕ(ξj)) or (ξj+1, ϕ(ξj+1)) of the
incoming arc to the parabola carrying P ; the tangent from (ξi, ϕ(ξi)), or from (0, ϕ(0)) if w = 0,
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to the incoming parabola; and the line through one of these points on each side. Here a contact
with the carrier of P at a point of (0, ξi) is a tangency, even at w, because such a point is a contact
point of Hj , where Hj is differentiable by Lemma 6. If ` touches the carrier of P or the incoming
arc on a nondegenerate interval, which happens only if that carrier or arc is affine, we take η as
large and ζ as small as possible, that is, η = ξi or ζ = ξj in the respective case, so that the contact
pieces stored are maximal. In every case ` touches the carrier of P at a point η ∈ [w, ξi] and the
incoming arc at a point ζ, both endpoints of the three kinds listed above; moreover η ∈ P , since `
lies below Hj and `(η) = ϕ̂(η), so that η is a contact point of Hj , and, by Lemma 8, the contact
set of ϕ̂|[0,ξj ] meets the arc i only in P . Then P is replaced by [w, η], the incoming arc contributes
the contact piece [ζ, ξj+1], and ` is the bridge between them, unless η = ζ, in which case no bridge
is stored; this completes the update.

It remains to count the operations. Each contact piece is created once and popped at most once
during the whole sweep, and each survival test, pop, and bridge computation costs O(1) arithmetic
operations and O(1) comparisons on rational numbers, so the sweep costs O(K) of each.

The second step reads off the value function from the envelope list.

Lemma 18. Let ϕ ∈ Q have K arcs with rational coefficients and breakpoints given by represen-
tations, and let s ∈ Q \ {0}. Then the arcs of µ(t) = minx∈[0,1][ϕ(x) + stx] can be computed exactly
with O(K) arithmetic operations and comparisons on rational numbers. The arcs produced have
rational coefficients, and each breakpoint produced is given by its defining quadratic and a represen-
tation. Moreover the arcs of µ are produced in the order of their breakpoints, increasing if s < 0
and decreasing if s > 0.

Proof. By Lemma 17, the envelope list of ϕ, which describes H := envϕ, can be computed with
O(K) operations; as there, every comparison below costs O(1) operations by Lemma 16. We read
off µ from H by Lemma 9, applied to the function ϕ̂ of Lemma 11, which has the same convex
envelope and the same values at 0 and 1 as ϕ, hence the same µ: each nondegenerate contact
piece contained in a strictly convex arc j, with coefficients (aj , bj , dj), nondegeneracy being one

comparison, contributes the arc µ(t) = − (st+bj)
2

4aj
+ dj ; each bridge, and each contact piece in the

list that is degenerate or whose carrier is a segment, contributes at most a breakpoint; and the
two unbounded arcs are µ(t) = ϕ(0) and µ(t) = ϕ(1) + st. This yields the arcs of µ, in order and
with rational coefficients, with O(K) further operations. Consecutive arcs produced carry distinct
polynomials, so no two need to be merged: two consecutive quadratic arcs come from contact
pieces either in consecutive arcs of ϕ, which carry distinct polynomials, or separated by an interval
on which H is affine, whose line is tangent to both parabolas at two distinct points, so that the
parabolas differ; a quadratic arc has t2-coefficient −s2/(4aj) 6= 0, while the two unbounded arcs are
affine and distinct as s 6= 0. A breakpoint τ of µ separates two consecutive arcs with polynomials
π1 6= π2, and by continuity of µ it is a root of π1 − π2, which we call its defining quadratic, as
in Lemma 12. Moreover τ = −σ/s, where σ is the slope of H at the corresponding endpoint in
the envelope list, or on the corresponding bridge, so deciding which root of π1 − π2 equals τ is one
comparison, after which a representation of τ is obtained with O(1) operations; the nested radicals
are then discarded. Lastly, the contact pieces in the envelope list are ordered by increasing x, hence
in increasing order of the slope σ = H ′, and the arc of µ that a contact piece contributes is indexed
by t = −σ/s; the arcs of µ are therefore produced in the order of their breakpoints, increasing if
s < 0 and decreasing if s > 0.

It remains to recover an optimal solution of Problem (QP).
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Lemma 19. Problem (QP) admits an optimal solution x? ∈ Qn, with 〈x?〉 polynomial in L,
computable by backtracking from the functions ϕv of (3) with O

(∑
vKv

)
additional operations.

Proof. Consider first the root problem minx∈[0,1] ϕr(x). By Lemma 10, applied to ϕr|[0,1] ∈ Q, the
minimum is attained at one of the at most Kr + 2 points listed there, which we call candidates.
Each candidate is 0, 1, or is obtained from the coefficients of one arc by O(1) operations, and
whether it belongs to its arc is decided by two comparisons against the endpoints of the arc, which
are given by representations. Evaluating ϕr at the admissible candidates and comparing the values
exactly selects x?r .

Now descend. Given the value already chosen for the parent, t? := x?p(v), we choose x?v as

a minimizer of ϕv(x) + svt
?x over [0, 1]. Since adding an affine function changes no one-sided

derivative jump, x 7→ ϕv(x) + svt
?x lies in Q, with the same arcs as ϕv|[0,1] and with b replaced

by b + svt
? on each arc, so Lemma 10 applies to it, and x?v is selected as at the root. The total

operation count is O
(∑

vKv

)
.

The resulting x? is optimal. Indeed, by induction on the height of v 6= r, the point x?Tv
minimizes Fv(· ;x?p(v)) over [0, 1]Tv : by (2), the inductive hypothesis and Lemma 3, Fv(x

?
Tv

;x?p(v)) =

ϕv(x
?
v) + svx

?
p(v)x

?
v, which equals µv(x

?
p(v)) by the choice of x?v and (3). At the root, the same

computation with sr = 0 gives f(x?) = Fr(x
?; 0) = ϕr(x

?
r) = minx∈[0,1] ϕr(x), which is the optimal

value by Lemma 3.
All candidates are rational. To bound their lengths, write h(α) := max{dlog2(|ν|+1)e, dlog2(δ+

1)e} for a rational α = ν/δ in lowest terms, so that 〈α〉 ≤ 2h(α) + 2. By Lemma 15, the arc
coefficients have h bounded by some κ polynomial in L, and we may take κ so large that h(sv) ≤
κ for all v. At the root, every candidate therefore has h = O(κ). At a child, writing t? =
ν/δ, the candidate −(b + svt

?)/(2a) is a quotient of integers whose absolute values are at most
2O(κ) max{|ν|, δ} and 2O(κ)δ, so its h exceeds h(t?) by O(κ). Hence h(x?v) = O(nκ) for every v, and
〈x?〉 is polynomial in L, and so are the values compared when selecting each x?v, which are obtained
from the candidates, t? and the arc coefficients by O(1) operations.

We are now ready to prove Theorem 1.

Proof of Theorem 1. We first bound the number of operations. Process vertices leaf-to-root, and
let dv := |ch(v)| denote the number of children of v. Let mv denote the total number of breakpoints
of the µj , j ∈ ch(v); by Proposition 1, mv ≤

∑
j∈ch(v) 2|Tj | = 2(|Tv| − 1). By Lemma 18 the arcs of

each child value function µj are produced in the order of their breakpoints, up to a global reversal
according to the sign of sj , so that the dv breakpoint lists are available in increasing order, after
reversing some of them, at a cost of O(mv). Forming ϕv amounts to merging them, discarding the
breakpoints outside (0, 1); each comparison of two breakpoints costs O(1) operations by Lemma 16.
We merge by a single scan that repeatedly selects the smallest among the dv current heads, at a cost
of O(dvmv) comparisons, while maintaining the sum of the arc coefficients incrementally: crossing
a breakpoint of a child µj updates the running sum by subtracting the coefficients of the arc of µj
that ends there and adding those of the arc that begins, at a cost of O(1) operations, the initial
sum costing O(dv). Several children may have a breakpoint at the same point, in which case all
their updates are performed there; and consecutive intervals of the merged list carrying the same
polynomial are coalesced, so that the arcs of ϕv are maximal. The merge thus costs O(dvmv + dv)
operations and comparisons, including the O(mv) for reversing. For v 6= r, computing µv then costs
O(Kv) operations by Lemma 18 applied to (ϕv|[0,1], sv); its hypotheses hold because ϕv|[0,1] ∈ Q
(Proposition 1), its arcs have rational coefficients and its breakpoints are breakpoints of the µj
(Lemma 12), whose representations are provided by Lemma 18, and sv = 2qp(v)v ∈ Q \ {0}. By
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Proposition 1, Kv ≤ 2|Tv| − 1, and∑
v∈V
|Tv| =

∑
u∈V

(
depth(u) + 1

)
≤ n2,

because depth(u) ≤ n−1 for every u; hence
∑

v∈V Kv = O(n2). The merging is equally cheap: since
mv ≤ 2(|Tv|−1) ≤ 2n and

∑
v∈V dv = n−1, we have

∑
v∈V (dvmv +dv) ≤ (2n+1)(n−1) = O(n2).

Adding the O(
∑

vKv) operations of the backtracking of Lemma 19, the total is O(n2) arithmetic
operations and comparisons. Lemma 19 then returns an optimal solution.

We now bound the lengths of the numbers involved. The following rationals have length poly-
nomial in L: the entries of Q and c; the arc coefficients of the ϕv and µv, the coefficients of their
defining quadratics and the rationals of the representations of their breakpoints, by Lemma 15;
the partial sums of at most n arc coefficients formed during a merge, as sums of at most n such
rationals; and the coordinates of x? and the values compared when selecting them, by Lemma 19.
Every other number computed by the algorithm is obtained from these by O(1) arithmetic oper-
ations: this holds for the rationals representing the auxiliary nested radicals of Lemma 17, since
every endpoint there is computed from arc coefficients and breakpoints alone, and for the rationals
computed within a sign determination of Lemma 16. Hence every number computed has length
polynomial in L.

Finally, the operation count depends on n alone and every intermediate number has length
polynomial in the input length, so the algorithm is strongly polynomial.

2.5 Relation to the literature

Kolmogorov, Pock and Rolinek [25] consider problems over a tree of the form

min
{∑
v∈V

gv(xv) +
∑
v 6=r

hv
(
xv − xp(v)

)
: x ∈ RV

}
,

and solve them by dynamic programming when the terms hv are (truncated) total variation terms;
Kuric, Ahmetspahic and Pock [27] extend this type of algorithm to piecewise quadratic gv and
hv, motivated by total generalized variation models. Up to the fact that in [27] these terms are
finite on R, Problem (QP) is of this form when its interaction graph is a tree: by the identity
svxp(v)xv = 1

2sv(x
2
p(v) + x2v) − 1

2sv(xv − xp(v))
2, one can take hv(d) = −1

2svd
2, and gv(x) =

(
qvv +∑

u:{u,v}∈E quv
)
x2 + cvx on [0, 1] and gv(x) = +∞ elsewhere. The message sent from v to p(v)

by the dynamic program of [27] is then µv(t) − qp(v)vt
2. For nonconvex terms, the algorithm

of [27] has exponential worst-case time and memory complexity, whereas, for the terms arising
from Problem (QP), the value functions have linearly many arcs (Proposition 1), and Theorem 1
gives a strongly polynomial algorithm performing O(n2) operations.

A second, more closely related, line of work concerns convex quadratic optimization with indi-
cator variables, that is, the problem

min
{

1
2x
>Qx+ c>x+ λ>z : xi(1− zi) = 0 for i ∈ [n], x ∈ Rn, z ∈ {0, 1}n

}
,

where Q � 0 and λ > 0. When the interaction graph of Q is a tree, Bhathena, Fattahi, Gómez
and Küçükyavuz [1] give an O(n2) algorithm based on a parametric analysis of the value functions
of a dynamic program over the tree. For positive definite Q whose interaction graph has bounded
treewidth, the same authors give a parametric dynamic program over a tree decomposition [2],
whose complexity depends on structural and numerical parameters, including treewidth, volume
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growth, conditioning and a margin parameter, and is linear in n when the relevant parameters are
bounded appropriately; Problem (QP), instead, is strongly NP-hard already when the interaction
graph has treewidth two (Theorem 3). The technique of [1] is closely related to ours.

Similarities. Both algorithms process the tree from the leaves to the root. Their parametric cost
at v, the optimal value of the subproblem on the subtree rooted at v as a function of xv, plays the
role of our ϕv, and their recursion is the analogue of (3): for v 6= r, minimizing the parametric
cost at v plus qp(v)v xp(v)xv over xv yields a function of xp(v), expressed in [1] through a Fenchel
conjugate, which corresponds to our value function µv. Both analyses isolate a class of piecewise
quadratic functions preserved by the recursion, their consistent functions, up to an indicator term,
and our class Q, and share three ingredients: conjugation adds at most two arcs ([1, Proposition 1]
and Lemma 9); the conjugate is computed by a linear-time sweep ([1, Proposition 2, Theorem 3]
and Lemmas 17 and 18); and every arc has a closed form ([1, Lemma 1] and Lemma 14). In both,
the number of arcs adds at vertices with several children, which yields O(n2) operations.

Differences. The two works differ in the problem solved, in the role of convexity, and in the
model of computation; the last two are where the main difficulties of our analysis lie.

(i) Problem structure. Neither problem is a special case of the other. The problem of [1] is
mixed-integer, with unbounded continuous variables whose support is chosen by the binary
variables and penalized by λ>z; Problem (QP) is continuous, with variables confined to a box.
Accordingly, the coordinates that are not free in Lemma 14 sit at either endpoint of their
range, whereas in [1] they are all equal to zero.

(ii) Nonconvexity. In [1], Q � 0, so every arc of every parametric cost, up to the indicator term,
is a strongly convex quadratic [1, Lemma 1], and this is why consistency is preserved along
the recursion. We make no assumption on Q: an arc of ϕv may be strictly convex, affine
or strictly concave, and consistency fails. What survives is the weaker property that every
kink is concave (Proposition 1), which defines Q and holds for the restriction to [0, 1] of every
consistent function. Contact must then be excluded from the interior of strictly concave arcs
(Lemma 7), and the sweep must replace every strictly concave arc by its chord (Lemma 11);
both steps are vacuous in the convex setting. The count of at most one arc of µv per arc of ϕv
(Lemmas 7 and 8) is the analogue of the monotonicity of their indexing function [1, Lemma 5],
and holds here for arcs of any curvature. Finally, the positive definiteness of the free block
becomes a conclusion instead of a hypothesis: in Lemma 14, QS � 0 follows from Lemma 13,
which makes the length bounds of Lemma 15 available.

(iii) Model of computation. The bound O(n2) of [1] counts arithmetic operations on real numbers
and does not estimate the lengths of the numbers; already the normalization qii = 1 made
there, by xi ← xi/

√
qii, takes the data out of Q. We work in the Turing model. In both

settings the breakpoints are irrational already for rational data, for instance slopes of common
tangents to two parabolas; we compute and compare them exactly, with O(1) operations on
rational numbers and no root extraction (Lemma 16), whereas [1, Section 4] reports that
in floating-point arithmetic their computation becomes unstable on large trees and gives a
correction step. That the numbers produced along the recursion have polynomial length is
not evident from the recursion itself; we obtain it from the closed form of Lemma 14, which
exhibits every arc as the value of an unconstrained quadratic minimization with a positive
definite matrix (Lemma 15).
We believe that our techniques can be applied to prove that the algorithm of [1] is in fact
strongly polynomial, once we remove the normalization qii = 1. Namely, by [1, Lemma 1], every
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arc of their parametric costs is also the value of an unconstrained quadratic minimization with
a positive definite matrix, so the argument of Lemma 15 bounds the lengths of its coefficients,
and their breakpoints can be computed and compared exactly as in Lemma 16.

2.6 Higher degree box-constrained polynomial optimization

Theorem 1 shows that a box-constrained quadratic program can be solved in strongly polynomial-
time when the interaction graph is a forest. It is therefore natural to ask whether a similar tractabil-
ity result continues to hold for polynomials of higher degree under the same sparsity assumption.
The next result shows that this is not the case: already for quartic objectives, the problem becomes
strongly NP-hard even when the interaction graph is a path. Thus, the quadratic structure of
Problem (QP), and not only the acyclicity of its interaction graph, is essential to our tractability
result.

Let f(x) =
∑

α∈Zn
≥0
cαx

α be a polynomial, where xα :=
∏n
i=1 x

αi
i . We define the interaction

graph of f as the graph G = (V,E) with vertex set V = [n], containing one vertex for each variable
xi, and with {i, j} ∈ E for some i 6= j ∈ [n] if and only if there exists α with cα 6= 0 such that
αi > 0 and αj > 0. Namely, two distinct vertices are adjacent if and only if the corresponding
variables appear together in a monomial with nonzero coefficient.

Theorem 2. Minimizing a polynomial of degree four with integer coefficients over the unit hyper-
cube is strongly NP-hard even when its interaction graph is a path.

Proof. Consider the decision version of the problem: given a degree four polynomial f(x) with
integer coefficients and γ ∈ Q, decide whether

min{f(x) : x ∈ [0, 1]n} ≤ γ.

To prove the statement, it suffices to show that this decision problem is strongly NP-hard. We give
a polynomial-time reduction from the strongly NP-complete Product Partition problem [29].
Given positive integers a1, . . . , an, the Product Partition problem asks whether there exists a
subset S ⊆ [n] such that ∏

i∈S
ai =

∏
i∈[n]\S

ai. (9)

Define P :=
∏n
i=1 ai, introduce the variables x1, . . . , x2n ∈ [0, 1], and let x0 := 1. Consider the

polynomial

f(x) :=

n∑
i=1

(aixi − xi−1)2 (10)

+

n∑
i=1

(xn+i − xn+i−1)2(xn+i − a2ixn+i−1)2 (11)

+ (x2n − 1)2. (12)

Clearly, f(x) is a polynomial of degree four with integer coefficients. We first prove that the
minimum of f(x) over [0, 1]2n is zero if and only if the given Product Partition instance is
feasible. First, suppose that x ∈ [0, 1]2n satisfies f(x) = 0. Since every term in (10)–(12) is
nonnegative, every squared term must vanish. From (10) we obtain aixi = xi−1 for all i ∈ [n].
Using x0 = 1 recursively gives

xi =
1∏i

j=1 aj
, ∀i ∈ [n]. (13)
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and in particular

xn =
1

P
. (14)

Next, from (11), for every i ∈ [n] we obtain

(xn+i − xn+i−1)(xn+i − a2ixn+i−1) = 0.

Hence, for each i ∈ [n], either xn+i = xn+i−1 or xn+i = a2ixn+i−1. Let S ⊆ [n] be the set of indices
for which xn+i = a2ixn+i−1. Using (14), we obtain

x2n =
1

P

∏
i∈S

a2i . (15)

Moreover, from (12) we obtain x2n = 1, implying that∏
i∈S

a2i = P =
∏
i∈[n]

ai =
(∏
i∈S

ai

)( ∏
i∈[n]\S

ai

)
.

Since all ais are positive, we deduce that
∏
i∈S ai =

∏
i∈[n]\S ai. Thus S solves the Product

Partition instance.
Conversely, suppose that S ⊆ [n] satisfies (9). Define

xi :=
1∏i

j=1 aj
, ∀i ∈ [n]. (16)

Since aj ≥ 1 for all j ∈ [n], we have xi ∈ (0, 1] for all i ∈ [n]. For each i ∈ [n], define

xn+i :=
1

P

∏
j∈S
j≤i

a2j . (17)

Since aj ≥ 1, we have
∏
j∈S, j≤i a

2
j ≤

∏
j∈S a

2
j . From (9) it follows that

∏
j∈S a

2
j = P . Therefore,

0 < xn+i ≤ 1, for all i ∈ [n]. We then have x ∈ [0, 1]2n. From (16) it follows that

aixi − xi−1 = 0 ∀i ∈ [n],

implying that every term in (10) vanishes. Furthermore, from (17) it follows that

xn+i =

{
a2ixn+i−1, i ∈ S,
xn+i−1, i /∈ S,

∀i ∈ [n].

Therefore, every term in (11) also vanishes. Finally, by construction we have x2n = 1, so (12)
vanishes as well. Therefore f(x) = 0.

We next examine the interaction graph of f(x). Expanding the objective function gives

f(x) =
n∑
i=1

(
a2ix

2
i − 2aixi−1xi + x2i−1

)
+

n∑
i=1

(
x4n+i − 2(a2i + 1)xn+i−1x

3
n+i + (a4i + 4a2i + 1)x2n+i−1x

2
n+i − 2a2i (a

2
i + 1)x3n+i−1xn+i + a4ix

4
n+i−1

)
+ x22n − 2x2n + 1,
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where x0 := 1. It is then simple to see that the interaction graph of f(x) is the path x1−x2−· · ·−x2n.
Finally, we verify strong NP-hardness. The polynomial f(x) has 2n variables and O(n) mono-

mials after expansion. Let amax := maxi∈[n] ai. It follows from the above expansion that every
coefficient of f(x) has absolute value at most 6a4max. Since Product Partition is strongly NP-
complete [29], we may restrict attention to instances for which amax is polynomially bounded in
n. Hence all numerical coefficients of the constructed instance are polynomially bounded in its
number of variables. The box bounds are 0 and 1, and we set the decision threshold to γ := 0. The
construction is clearly polynomial in the encoding length of the Product Partition instance.
Therefore, the decision problem is strongly NP-hard.

3 Treewidth two: Strong NP-hardness

In this section, we show that Problem (QP) is strongly NP-hard even when the interaction graph
has treewidth two. This result in turn implies that Theorem 1 is sharp with respect to the treewidth.
Let us first give a formal definition of treewidth. Given a graph G = (V,E), a tree decomposition
of G is a pair (X , T ), where X = {X1, . . . , Xm} is a family of subsets of V , called bags, and T is a
tree with m vertices, the i-th vertex being associated with the bag Xi, such that:

1. V =
⋃
i∈[m]Xi.

2. For every edge {u, v} ∈ E, there is a bag Xi, i ∈ [m], with u, v ∈ Xi.
3. For each vertex v ∈ V , the set of all bags containing v induces a connected subtree of T .

The width of a tree decomposition (X , T ) is the size of its largest bag Xi minus one. The treewidth
tw(G) of a graph G is the minimum width among all possible tree decompositions of G.

We are now ready to present our NP-hardness result.

Theorem 3. Problem (QP) is strongly NP-hard even when the interaction graph has treewidth
two. Moreover, the result holds for instances satisfying

Q ∈ Zn×n, c ∈ Zn, ‖Q‖max ≤ 5, ‖c‖∞ ≤ 4,

where ‖Q‖max := maxp,q |Qpq| and n is the number of variables of the instance.

It is well-known that quadratic programming is in NP [40]. Therefore, Theorem 3 implies that
Problem (QP) is strongly NP-complete, even if the interaction graph has treewidth two.

Proof. Consider the decision version of Problem (QP): given symmetric Q ∈ Qn×n, c ∈ Qn, and
γ ∈ Q, decide whether

min
{
x>Qx+ c>x : x ∈ [0, 1]n

}
≤ γ.

To prove the statement, it suffices to show that this decision problem is strongly NP-hard. We
give a polynomial-time reduction from Subset Sum [18]. Throughout this proof, n denotes the
number of items of the Subset Sum instance, and N the number of variables of the constructed
instance of Problem (QP). Given integers a1, . . . , an ∈ Z≥0 and a target T ∈ Z≥0, the Subset
Sum asks whether there exists x ∈ {0, 1}n such that

n∑
i=1

aixi = T.
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s1 s2 sn−1 sn
· · ·

z1` z2` zn`

B1 B2 Bn

· · ·

w` w`−1 w1
· · ·

(a)

zi1 zi2 zi3 zi,`−1

zi`

xi1 xi2 xi3 xi`

· · ·

· · ·

si−1 si

(b)

Figure 1: The interaction graph of the instance of Problem (QP) constructed in the proof of
Theorem 3, drawn for bik = 1 for all i ∈ [n] and k ∈ [`]; if bik = 0, the two edges of xik incident to
zi,k−1 and zik are absent. In (a), the vertices s1, . . . , sn form a path, the vertices w1, . . . , w` form
a path attached to sn, and, for i ≥ 2, the vertex zi` forms a triangle with si−1 and si, while z1` is
adjacent to s1 alone. In either case zi` is the unique vertex through which the block Bi, depicted
in (b), is attached to the rest of the graph, and the two edges leaving zi` upwards lead to zi,`−1 and
xi`.

Define

U :=
n∑
i=1

ai.

The cases with T = 0, U = 0, and T > U can be decided trivially. We therefore assume that
1 ≤ T ≤ U . Define

` := dlog2(U + 1)e and D := 2`.

In particular, we have D > U . For each i ∈ [n], write the binary expansion of ai as

ai =
∑̀
k=1

bik2
k−1, bik ∈ {0, 1}. (18)

Similarly, write the binary expansion of T as

T =
∑̀
k=1

tk2
k−1, tk ∈ {0, 1}. (19)

We construct an instance of Problem (QP) as follows. Introduce the following variables:

� si ∈ [0, 1] for all i ∈ [n],
� wk ∈ [0, 1] for all k ∈ [`],
� xik, zik ∈ [0, 1] for all i ∈ [n] and all k ∈ [`].
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We further define zi0 := 0 for all i ∈ [n], s0 := 0, and w0 := 0. Consider the following quadratic
function:

Ψ(x, z, s, w) :=
n∑
i=1

(
xi1(1− xi1) +

∑̀
k=2

(xik − xi,k−1)2
)

(20)

+

n∑
i=1

∑̀
k=1

(2zik − zi,k−1 − bikxik)2 (21)

+
n∑
i=1

(si − si−1 − zi`)2 (22)

+
∑̀
k=1

(2wk − wk−1 − tk)2 (23)

+ (sn − w`)2. (24)

See Figure 1 for the interaction graph of the resulting instance. Every term in (20)–(24) is non-
negative over the unit box. Consequently, Ψ(x, z, s, w) ≥ 0 for every feasible point. We first show
that the minimum of Ψ is zero if and only if the original Subset Sum instance is feasible. Suppose
that Ψ(x, z, s, w) = 0. Since all the terms in (20)–(24) are nonnegative over the unit box, each of
them vanishes. The first term in (20) implies that xi1 ∈ {0, 1} for all i ∈ [n]. The remaining terms
in (20) imply that

xik = xi,k−1 ∀i ∈ [n], k ∈ {2, . . . , `}.

Thus, for every i, there exists x̄i ∈ {0, 1} such that

xik = x̄i ∀k ∈ [`].

From (21), we get zik = 1
2(zi,k−1 + bikx̄i) for all i ∈ [n] and all k ∈ [`], which together with zi0 = 0

implies that

zik =
x̄i
2k

k∑
r=1

bir2
r−1 ∀i ∈ [n], k ∈ [`].

In particular, from (18) it follows that

zi` =
aix̄i
D

. (25)

Similarly, from (23) we get wk = 1
2(wk−1 + tk) for all k ∈ [`], which together with w0 = 0 implies:

wk =
1

2k

k∑
r=1

tr2
r−1 ∀k ∈ [`].

In particular, from (19) it follows that

w` =
T

D
. (26)

From (22) we get si = si−1 + zi` for all i ∈ [n]. Using s0 = 0 and (25), we obtain

sn =
n∑
i=1

zi` =
1

D

n∑
i=1

aix̄i. (27)
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Finally, from (24) we deduce that
sn = w`. (28)

Combining (26), (27), and (28) gives
∑n

i=1 aix̄i = T . Hence x̄ ∈ {0, 1}n is a solution of the Subset
Sum instance.

Conversely, suppose that x̄ ∈ {0, 1}n satisfies
∑n

i=1 aix̄i = T . Set xik := x̄i for all i ∈ [n] and
all k ∈ [`], and define

zik :=
x̄i
2k

k∑
r=1

bir2
r−1 ∀i ∈ [n], k ∈ [`]

wk :=
1

2k

k∑
r=1

tr2
r−1 ∀k ∈ [`]

si :=
1

D

i∑
j=1

aj x̄j ∀i ∈ [n].

It can be checked that substituting these values in (20)–(24), we get Ψ = 0. They also belong to
the unit box. Indeed, for every i and k,

0 ≤ zik ≤
1

2k

k∑
r=1

2r−1 = 1− 1

2k
< 1,

and the same argument applies to wk. Moreover, 0 ≤ si ≤ U
D < 1. We have established that the

minimum value of Ψ(x, z, s, w) is zero if and only if the Subset Sum instance is feasible.
We next express the objective function in the form required by Problem (QP), which does not

include an additive constant. The only constant terms produced by expanding Ψ occur in (23).
Since tk ∈ {0, 1}, their sum is

C :=
∑̀
k=1

t2k =
∑̀
k=1

tk.

Define F (x, z, s, w) := Ψ(x, z, s, w)− C. After expansion, F can be written as

F (y) = y>Qy + c>y

for a symmetric integral matrix Q and an integral vector c, where y ∈ [0, 1]N collects all the
introduced variables. Note that Q is integral because every product of two distinct variables arises
from squaring an affine expression and therefore has an even coefficient in F . We then have

min
y∈[0,1]N

F (y) = −C

if and only if the original Subset Sum instance is feasible. Thus, we define the decision threshold
as γ := −C.

We now verify strong NP-hardness. The constructed instance of Problem (QP) has N =
2n`+ n+ ` variables. Since

` = dlog2(U + 1)e = O

(
log n+ max

i=1,...,n
log(ai + 1)

)
,
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the constructed instance has length polynomial in the length of the Subset Sum instance. More-
over, all numerical coefficients in the resulting quadratic optimization problem are bounded inde-
pendently of the Subset Sum instance. To see this, observe that each squared affine expression has
coefficients in {−1, 0, 1, 2}, and every variable occurs in only a constant number of such expressions.
A direct inspection of (20)–(24) gives ‖Q‖max ≤ 5 and ‖c‖∞ ≤ 4. Furthermore, |γ| = C ≤ ` ≤ N .
Thus every number appearing in the constructed instance is bounded by a polynomial in the number
of variables, and the decision version of Problem (QP) is therefore strongly NP-hard [18].

It remains to establish the treewidth bound. We describe a tree decomposition for a graph
that contains the interaction graph of Problem (QP) as a subgraph. Since deleting edges cannot
increase treewidth, this suffices even if some quadratic coefficients cancel after expansion. For each
i ∈ [n], define the bag

Ai := {si−1, si, zi`} \ {s0}.

Arrange these bags in the path A1 −A2 − · · · −An. For each i ∈ [n] and k ∈ [`], define the bag

Pik := {zi,k−1, zik, xik} \ {zi0}.

Moreover, for each i ∈ [n] and k ∈ [`− 1], define the bag

Rik := {zik, xik, xi,k+1}.

For each fixed i, arrange these bags in the path Pi1−Ri1−Pi2−Ri2−· · ·−Ri,`−1−Pi`, and attach
Pi` to Ai. Define the bags

Hk := {wk−1, wk} \ {w0}, ∀k ∈ [`],

and arrange these bags in the path H1 −H2 − · · · −H`. Finally, introduce the bag E := {sn, w`},
and attach E to both An and H`. First, it is simple to check that every variable x, z, s, w appears in
at least one of the bags defined above, implying that Property 1 of a tree decomposition is satisfied.
Second, the variables corresponding to every quadratic term in Ψ are contained in at least one
of these bags, implying that Property 2 of a tree decomposition is satisfied. It remains to verify
Property 3. We do so by explicitly identifying, for each variable, all bags in which it occurs. The
following cases arise:

(i) variables xik, i ∈ [n], k ∈ [`]: if k = 1 and ` ≥ 2, then xi1 occurs in the bags Pi1 and Ri1, which
are adjacent along a path. For 2 ≤ k ≤ ` − 1, the variable xik occurs in Ri,k−1, Pik and Rik.
These three bags occur consecutively along a path as Ri,k−1 − Pik − Rik. Finally, xi` occurs
exactly in Ri,`−1 and Pi`, which are adjacent. If ` = 1, then xi1 occurs only in Pi1, and the
claim is immediate.

(ii) variables zik, i ∈ [n], k ∈ [`]: for 1 ≤ k ≤ ` − 1, zik occurs in the three bags Pik, Rik, and
Pi,k+1, which appear consecutively as Pik − Rik − Pi,k+1. The variable zi` occurs in Pi` and
Ai. By construction, Pi` is adjacent to Ai.

(iii) variables si, i ∈ [n]: for i ∈ [n− 1], the variable si occurs in the two bags Ai and Ai+1, which
are adjacent along the path A1 − A2 − · · · − An. The variable sn occurs in An and E which
are adjacent by construction.

(iv) variables wk, k ∈ [`]: for k ∈ [`−1], the variable wk occurs in Hk and Hk+1, which are adjacent
in the path H1 −H2 − · · · −H`. The variable w` occurs in H` and E which are adjacent by
construction.

Hence property 3 of the tree decomposition holds. Every bag has cardinality at most three, and
therefore the interaction graph has treewidth at most two and this completes the proof.
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Remark 2. The machinery in the proof of Theorem 3 is needed to establish strong NP-hardness.
If one were interested only in NP-hardness, a substantially simpler construction would suffice.
Indeed, given a Subset Sum instance a1, . . . , an, T , one may set U :=

∑n
i=1 ai, introduce only

variables xi, si ∈ [0, 1], with s0 := 0, and consider the problem of minimizing

(Usn − T )2 +

n∑
i=1

(Usi − Usi−1 − aixi)2 +

n∑
i=1

xi(1− xi).

The objective function has minimum value zero if and only if the Subset Sum instance is feasi-
ble, and its interaction graph has treewidth at most two, with bags {si−1, si, xi}, i ∈ [n]. This
construction, however, uses the integers ai and U directly as coefficients and therefore establishes
only weak NP-hardness. The bit-serial construction used in the proof of Theorem 3 replaces these
large numerical coefficients by polynomially many local relations with bounded coefficients, thereby
transferring the information contained in the binary representations of the input integers from coef-
ficient magnitude to the combinatorial structure of the instance. This idea is closely related to the
bounded-coefficient encoding used by Eisenbrand et al. [16] in their study of integer programming
(Section 5.2 of [16]).

Cifuentes and Parrilo [6] show that checking the feasibility of quadratic polynomial systems is
NP-hard even when the interaction graph is a path, using a reduction from Subset Sum (Exam-
ple 1 in [6]). Their construction retains the potentially large Subset Sum integers as coefficients
and therefore yields only weak NP-hardness. Note that the technique used in the proof of The-
orem 3 does not directly strengthen their result while preserving treewidth at most one: each
bit-serial relation induces a triangle in the associated graph. Namely, the resulting construction
has treewidth two. However, interestingly, the proof technique of Theorem 2 can be used to prove
that checking the feasibility of quadratic polynomial systems is strongly NP-hard even when the in-
teraction graph is a path. There is also a close connection between our result and the construction of
Bienstock and Muñoz [3]. Their construction yields weak NP-hardness for a polynomial-feasibility
problem whose interaction graph has treewidth two. In fact, replacing the large coefficients in the
Bienstock–Muñoz construction by the bit-serial encoding used in Theorem 3, we deduce that their
polynomial-feasibility problem is strongly NP-hard.

4 Larger treewidths: A polynomial-time solvable class

In this section, we obtain sufficient conditions for the polynomial-time solvability of Problem (QP)
for classes of instances whose interaction graphs may have unbounded treewidth. The key idea
is that there always exists an optimal solution to Problem (QP) in which every variable with a
nonpositive quadratic coefficient is binary. This allows us to separate the problem into a combina-
torial part and a continuous part, and to exploit the tractability of the corresponding components
together with suitably simple interactions between them. We first introduce some terminology and
tools that will be used in the proofs of our results.

We make use of the following celebrated result in discrete optimization that is concerned with
tractability of binary optimization problems whose interaction graph has bounded treewidth. In
the following, by poly(x, y) we mean a polynomial function in x, y.

Proposition 2 ([8]). Consider a binary optimization problem

min
x∈{0,1}V

m∑
`=1

f`(xS`
),
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where S` ⊆ V and f` : {0, 1}S` → Q for every ` ∈ [m]. Define the interaction graph G = (V,E)
by letting {i, j} ∈ E whenever i, j ∈ S` for some ` ∈ [m]. If tw(G) = κ, then the problem can be
solved by dynamic programming in 2O(κ)poly(|V |,m) operations, provided that the functions f` can
be evaluated in polynomial time. In particular, if κ ∈ O(log poly(|V |,m)), then the problem can be
solved in polynomial time.

4.1 Hyperplane arrangements and the essential rank

Hyperplane arrangements [38] are a useful geometric tool to partition the space into finitely many
polyhedral regions. When the geometry of the hyperplanes is sufficiently low-dimensional, the
number of such regions can be polynomial rather than exponential. We use this idea to reduce the
number of cases that must be considered in our algorithm. In the following, we provide a brief
overview of the results that we need to prove our result.

Let H = {H1, . . . ,HM} be a collection of hyperplanes in Rd, where Hi = {x ∈ Rd : a>i x = bi}
and ai 6= 0. The arrangement generated by H, denoted by A(H), is the collection of connected
components of

Rd \
M⋃
i=1

Hi.

The elements of A(H) are called the cells of the arrangement. For every cell R ∈ A(H), the sign
of a>i x− bi is constant on R for every i ∈ [M ]. Consequently,

R =
M⋂
i=1

{x ∈ Rd : σi(a
>
i x− bi) > 0}

for suitable signs σi ∈ {−1,+1}. In particular, every cell is an open polyhedron. Moreover, by
Lemma 2.5 in [14] the number of cells satisfies

|A(H)| ≤
d∑
r=0

(
M

r

)
∈ O(Md). (29)

By Theorem 3.3 in [14], an arrangement A(H) of hyperplanes in Rd can be constructed in time
O(Md). This implies that if d ∈ O(1), then the cells of the arrangement can be computed in
polynomial time. The upper bound on the number of cells given by (29) can be improved using the
concept of essential rank. The essential rank ofH, denoted by ρ, is the dimension of the linear space
spanned by the normals of the hyperplanes in the arrangement [38]. DefineW := span{ai : i ∈ [M ]}.
We then have ρ := dim(W ). An arrangement is essential when ρ is equal to the dimension of the
ambient space. It then follows that HW := {H ∩ W : H ∈ H} is an essential arrangement in
W . Stanley [38] shows that the number of cells of H is equal to the number of cells of HW . This
together with (29) implies that

|A(H)| = |A(HW )| ≤
ρ∑
r=0

(
M

r

)
∈ O(Mρ).

4.2 A sufficient condition for polynomial-time solvability

Let G = (V,E) be a graph. Recall that for a subset S ⊆ V , we denote by GS the subgraph of G
induced by S. Consider a vertex v ∈ V . We define the neighborhood of v in G as

NG(v) :=
{
u ∈ V : {u, v} ∈ E

}
. (30)
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(a) (b)

Figure 2: Two families of interaction graphs illustrating the application of Theorem 4. In both
cases, V + consists of a single black vertex, the vertices in NG(V +) are depicted in gray, and
the remaining vertices are depicted in white. Moreover, we assume that |NG(V +)| ∈ Θ(|V |).
In (a), each connected component D of GV − is a path. Therefore, tw(GV −) = 1 and for each
connected component D we have |D ∩ NG(V +)| = 2. Thus all the assumptions of Theorem 4
are satisfied. In (b), GV − is connected with a unique connected component D, and therefore
|D ∩ NG(V +)| = |NG(V +)| ∈ Θ(|V |), implying that Theorem 4 does not apply. Part (a) also
satisfies the assumptions of Corollary 3 because |V +| = 1.

Similarly, for a subset S ⊆ V , we define the neighborhood of S in G as:

NG(S) :=
( ⋃
v∈S

NG(v)
)
\ S. (31)

We are now ready to present the main result of this section. Figure 2 demonstrates the appli-
cation of the theorem.

Theorem 4. Let G = (V,E) be the interaction graph of Problem (QP). Define V + := {i ∈ V :
qii > 0}, and V − := V \ V +. Suppose that the following conditions hold:

1. tw(GV −) ∈ O(log |V |) and for every connected component D of GV −, we have

|D ∩NG(V +)| ∈ O(log |V |).

2. For every connected component C of GV + and every d ∈ QC , the optimization problem

min
xC∈[0,1]C

(
x>CQCxC + d>xC

)
can be solved in time polynomial in L+ 〈d〉.

3. rank(QV +,NG(V +)) ∈ O(1).

Then Problem (QP) can be solved in time polynomial in the input length.

Proof. It can be checked that there exists an optimal solution x∗ of Problem (QP) with x∗i ∈ {0, 1}
for all i ∈ V −. Therefore, it suffices to solve the following mixed-binary quadratic program:

min x>Qx+ c>x (32)

s.t. 0 ≤ xi ≤ 1, ∀i ∈ V +

xi ∈ {0, 1}, ∀i ∈ V −.
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Denote by f(x) the objective function of Problem (32). Let D1, . . . , Dp denote the connected
components of GV − and for each k ∈ [p], define Ak := Dk ∩ NG(V +) and Fk := Dk \ Ak. Since
D1, . . . , Dp are the connected components of GV − , there are no bilinear terms xixj in f(x) with
i ∈ Dk, j ∈ D` with k 6= ` ∈ [p]. Hence the objective function can be written as:

f(x) = f+(xV +) +

p∑
k=1

(
gk(xDk

) + 2
∑
i∈Ak

xiQ
>
V +,ixV +

)
,

where
f+(xV +) := x>V +QV +xV + + c>V +xV + ,

and
gk(xDk

) := x>Dk
QDk

xDk
+ c>Dk

xDk
.

Now fix xV + ∈ [0, 1]V
+

. Then minimizing over the binary variables xV − decomposes over the
connected components Dk, k ∈ [p]:

min
xV−∈{0,1}V

−
f(xV + , xV −) = f+(xV +) +

p∑
k=1

θk(xV +),

where
θk(xV +) := min

xDk
∈{0,1}Dk

(
gk(xDk

) + 2
∑
i∈Ak

xiQ
>
V +,ixV +

)
.

Fix k ∈ [p]. For each z ∈ {0, 1}Ak , define

µk(z) := min
w∈{0,1}Dk\Ak

gk(z, w), (33)

where gk(z, w) denotes the value of gk(xDk
) after letting xAk

= z and xDk\Ak
= w. More explicitly,

gk(z, w) = w>QFk
w + (cFk

+ 2QFk,Ak
z)>w + z>QAk

z + c>Ak
z.

Therefore, the interaction graph of the binary quadratic optimization problem in (33) is GFk
. Since

GFk
is a subgraph of GDk

, from assumption 1 it follows that tw(GFk
) ≤ tw(GDk

) ≤ tw(GV −) ∈
O(log(|V |)). Therefore, by Proposition 2, for every fixed z ∈ {0, 1}Ak , the value µk(z) can be
computed in time polynomial in the input length. Moreover, since by assumption 1, we have
|Ak| ∈ O(log |V |), all values of µk(z), z ∈ {0, 1}Ak can be computed in time polynomial in |V |.
Finally, since p ≤ |V |, values of µk(z), z ∈ {0, 1}Ak for all k ∈ [p] can be computed in polynomial
time.

For each z ∈ {0, 1}Ak , define

bk(z) := 2
∑
i∈Ak

ziQV +,i. (34)

Then we have
θk(xV +) = min

z∈{0,1}Ak

(
µk(z) + bk(z)

>xV +

)
.

Therefore, Problem (32) is equivalent to the following optimization problem:

min
xV +∈[0,1]V +

(
f+(xV +) +

p∑
k=1

min
z∈{0,1}Ak

(
µk(z) + bk(z)

>xV +

))
. (35)

So far, for k ∈ [p], we denoted by z a point in {0, 1}Ak . From now on, it will be useful to keep
explicitly the dependence on k and we denote it instead by zk.

28



Claim 1. We can compute in time polynomial in |V | a set

Z ⊆ {0, 1}A1 × · · · × {0, 1}Ap

of cardinality polynomial in |V | such that Problem (35) is equivalent to the following optimization
problem:

min
(z1,...,zp)∈Z

(
min

xV +∈[0,1]V +

(
f+(xV +) +

p∑
k=1

(
µk(zk) + bk(zk)

>xV +

)))
. (36)

Proof of claim. The function θk(xV +) is the minimum of finitely many affine functions of xV + .
We partition RV +

into regions over which, for each k ∈ [p], the minimizing affine function is fixed.
Such changes can occur only at points where two affine functions become equal. Therefore, for each
k ∈ [p] and every distinct pair zk, z

′
k ∈ {0, 1}Ak , we define the hyperplane

Hk,zk,z
′
k

:=
{
y ∈ R|V

+| : µk(zk) + bk(zk)
>y = µk(z

′
k) + bk(z

′
k)
>y
}
. (37)

If bk(zk) = bk(z
′
k) then Hk,zk,z

′
k

either defines the empty set or is all of RV +
, and therefore does not

create a cell boundary. Hence, in the arrangement, we keep only the pairs for which bk(zk) 6= bk(z
′
k).

Thus, let

H :=
{
Hk,zk,z

′
k

: k ∈ [p], zk, z
′
k ∈ {0, 1}Ak , zk 6= z′k, bk(zk) 6= bk(z

′
k)
}
. (38)

Define
L := span

{
QV +,i : i ∈ NG(V +)

}
⊆ RV

+
.

Then
dim(L) = rank(QV +,NG(V +)) =: r.

For any zk 6= z′k ∈ {0, 1}Ak , from (34) it follows that

bk(zk)− bk(z′k) = 2
∑
i∈Ak

(zi − z′i)QV +,i.

Since Ak ⊆ NG(V +), it follows that bk(zk) − bk(z′k) ∈ L. Thus, every hyperplane normal in the
arrangement belongs to L, implying that the essential rank ρ ofH is upper bounded by r. Therefore,
by Lemma 2.5 in [14] and Section 1.1 of [38] it follows that

|A(H)| ≤
r∑
i=0

(
|H|
i

)
∈ O(|H|r).

From (37) and (38), it follows that |H| ≤
∑p

k=1

(
2|Ak|

2

)
. Since by assumption 1, we have |Ak| ∈

O(log |V |) for all k, and p ≤ |V |, we deduce that |H| ∈ |V |O(1). Moreover, by assumption 3, we
have r ∈ O(1). Therefore, the number of cells of A(H) is polynomial in |V |. Let W denote the
linear space spanned by the normals of the hyperplanes in H. Then dim(W ) = ρ ≤ r. By the
essentialization argument given above, the cells of A(H) are in one-to-one correspondence with the
cells of the essentialized arrangement HW := {H ∩W : H ∈ H}. Since ρ ∈ O(1) and |H| ∈ |V |O(1),
by Theorem 3.3 in [14], applied to the arrangement HW in the ρ-dimensional space W , these cells
can be computed in time polynomial in |V |.
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Next, fix one cell R ∈ A(H). By definition of the arrangement, for every k ∈ [p], the ordering of
the affine functions µk(zk) + bk(zk)

>xV + , z ∈ {0, 1}Ak , is constant on R. Hence, for every k ∈ [p],
there exists z̃k ∈ {0, 1}Ak such that

min
z∈{0,1}Ak

(
µk(zk) + bk(zk)

>xV +

)
= µk(z̃k) + bk(z̃k)

>xV + ∀xV + ∈ R.

For each cell R ∈ A(H) we then add (z̃1, . . . z̃p) ∈ {0, 1}A1 × · · · × {0, 1}Ap to the set Z. Since
|Z| ≤ |A(H)|, it follows that |Z| ∈ |V |O(1) and since ρ ∈ O(1), the cells and hence Z can be
computed in polynomial time. We now show that this construction of Z yields the equivalence
between Problems (35) and (36). Fix xV + ∈ [0, 1]V

+
. Define

ϕ(xV +) := f+(xV +) +

p∑
k=1

θk(xV +),

and

ψz(xV +) := f+(xV +) +

p∑
k=1

(
µk(zk) + bk(zk)

>xV +

)
,

for z = (z1, . . . , zp) ∈ Z, so that ϕ is the objective value of Problem (35) and ψz, for z ∈ Z, is the
inner objective value of Problem (36). For every k ∈ [p] and every zk ∈ {0, 1}Ak , by definition of
θk we have

µk(zk) + bk(zk)
>xV + ≥ θk(xV +).

Summing over k and adding f+(xV +) gives ψz(xV +) ≥ ϕ(xV +) for all z ∈ Z. Denote by R the
closure of the cell R. Since

[0, 1]V
+ ⊆

⋃
R∈A(H)

R,

there is a cell R with xV + ∈ R. Let z̃ = (z̃1, . . . , z̃p) ∈ Z be the tuple added to Z for this cell R,
which by construction satisfies θk(y) = µk(z̃k) + bk(z̃k)

>y for all y ∈ R and for all k ∈ [p]. Both
sides of this identity are continuous functions of y, so the identity extends from R to its closure R,
and in particular it holds at y = xV + . Hence ϕ(xV +) = ψz̃(xV +). Therefore,

ϕ(xV +) = min
z∈Z

ψz(xV +) ∀xV + ∈ [0, 1]V
+
. (39)

Taking the minimum with respect to xV + ∈ [0, 1]V
+

on both sides, and using that Z is finite so
that the minimum over xV + and the minimum over z ∈ Z can be interchanged, we obtain

min
xV +∈[0,1]V +

ϕ(xV +) = min
xV +∈[0,1]V +

min
z∈Z

ψz(xV +) = min
z∈Z

min
xV +∈[0,1]V +

ψz(xV +),

which is exactly the statement that Problems (35) and (36) are equivalent. �

Therefore, for every z = (z1, . . . , zp) ∈ Z, we solve the inner box-constrained quadratic program
in (36), namely:

min
xV +∈[0,1]V +

(
f+(xV +) +

p∑
k=1

(
µk(zk) + bk(zk)

>xV +

))
, (40)

and we denote by f∗z its optimal value. For fixed z ∈ Z, define

dz := cV + +

p∑
k=1

bk(zk), ez :=

p∑
k=1

µk(zk).
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Then Problem (40) can be written as

ez + min
xV +∈[0,1]V +

(
x>V +QV +xV + + d>z xV +

)
.

Let C1, . . . , Cs denote the connected components of GV + . Since there are no bilinear terms xixi′

with i ∈ Cj and i′ ∈ C` for j 6= `, we have

x>V +QV +xV + + d>z xV + =

s∑
j=1

(
x>Cj

QCjxCj + (dz)
>
Cj
xCj

)
.

Therefore, the optimal value f∗z of Problem (40) is given by

f∗z = ez +
s∑
j=1

min
xCj
∈[0,1]Cj

(
x>Cj

QCjxCj + (dz)
>
Cj
xCj

)
.

The length of dz is polynomial in the input length, since dz is obtained by summing polynomially
many rational vectors whose entries are coefficients of the objective function. Hence, by assump-
tion 2, each of the above box-constrained quadratic programs can be solved in time polynomial in
the input length. Since s ≤ |V |, it follows that f∗z can be computed in polynomial time for every
z ∈ Z. The optimal value f∗ of Problem (35) is then given by

f∗ = min
z∈Z

f∗z .

Since |Z| ∈ |V |O(1), we conclude that Problem (QP) can be solved in polynomial time in the input
length.

The three assumptions of Theorem 4 control three different sources of complexity in Prob-
lem (QP). Assumption 1 concerns the combinatorial part of the problem. The subgraph induced
by the binary variables has logarithmic treewidth, and each of its connected components D in-
teracts with the continuous variables through only |D ∩ NG(V +)| ∈ O(log |V |) binary variables.
Consequently, after fixing these interface variables, the remaining binary subproblem on each com-
ponent can be solved in polynomial time. Assumption 2 concerns the continuous part. Once
the binary choices are fixed, the problem over V + decomposes over the connected components C
of GV + , and the box-constrained quadratic problem associated with each such component must
remain polynomial-time solvable under an arbitrary perturbation of its linear term. Finally, as-
sumption 3 controls the interaction between the binary and continuous parts. Although the binary
variables may interact with many variables in V +, the vectors describing these interactions span
a space of constant dimension. This low-dimensional coupling is what allows the exponentially
many possible combinations of binary choices to be reduced, through the hyperplane-arrangement
argument, to polynomially many relevant combinations. Assumptions 1 and 3 of Theorem 4 are
structural conditions that can be verified directly from the interaction graph and the matrix Q,
respectively. In contrast, assumption 2 is less explicit, as it requires polynomial-time solvability
of a family of box-constrained quadratic programs for every choice of the linear term. A simple
sufficient condition for assumption 2 is QC � 0 for every connected component C of GV + , in which
case each of these problems is convex. We next identify additional sufficient conditions under which
assumption 2 holds. To this end, we use the following result from [22].
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Lemma 20 ([22]). Consider Problem (QP) and let κ ∈ {0, . . . , n− 1} be the smallest integer such
that every (n − κ) × (n − κ) principal submatrix of Q is positive semidefinite. If no such integer
exists, set κ := n. Then Problem (QP) can be solved in time

O
(

(κ+ 1)
(2en

κ

)κ
poly(L)

)
(41)

if κ ≥ 1, and in time poly(L) if κ = 0.

Notice that κ = 0 in Lemma 20 corresponds to the convex case, while if κ ≥ 1, then Prob-
lem (QP) is not convex. Lemma 20 implies that if κ ∈ O(1), then Problem (QP) can be solved in
polynomial time. We then obtain the following corollary of Theorem 4.

Corollary 1. Let G = (V,E) be the interaction graph of Problem (QP). Define V + := {i ∈ V :
qii > 0}. Let C1, . . . , Cs denote the connected components of GV +. For each j ∈ [s], let κj be the
parameter defined in Lemma 20 for the matrix QCj . Suppose that assumptions 1 and 3 of Theorem 4
are satisfied. Moreover, assume that for each j ∈ [s], at least one of the following conditions holds:

(a) rank(QCj ) ∈ O(1)
(b) GCj is a tree

(c) κj log
(

1 +
|Cj |
κj

)
∈ O(log |V |), where we define 0 log(1 +

|Cj |
0 ) := 0.

Then Problem (QP) can be solved in time polynomial in the input length.

Proof. To prove the statement, it suffices to verify assumption 2 of Theorem 4. Fix j ∈ [s] and an
arbitrary d ∈ QCj , and consider the problem

min
xCj
∈[0,1]Cj

(
x>Cj

QCjxCj + d>xCj

)
. (42)

If part (a) holds; i.e., rank(QCj ) ∈ O(1), then by Theorem 1 in [20], Problem (42) can be solved
in polynomial time. If part (b) holds; i.e., GCj is a tree, then by Theorem 1, Problem (42) can be
solved in polynomial time. Suppose now that condition (c) holds. Notice that κj depends only on
the quadratic matrix QCj and is therefore unchanged when the linear coefficient is replaced by the
arbitrary vector d. If κj = 0, Lemma 20 implies that Problem (42) can be solved in time polynomial
in L+ 〈d〉. Suppose that κj ≥ 1. By Lemma 20, Problem (42) can be solved in time

O

(
(κj + 1)

(
2e|Cj |
κj

)κj
poly(L+ 〈d〉)

)
.

Since κj ≤ |Cj |, we have κj + 1 ≤ 2κj ≤
(

1 +
|Cj |
κj

)κj
. Moreover, setting t := |Cj |/κj ≥ 1, we have

2et ≤ 8t ≤ (1 + t)3, and hence
(
2e|Cj |
κj

)κj
≤
(

1 +
|Cj |
κj

)3κj
. Therefore,

(κj + 1)

(
2e|Cj |
κj

)κj
≤
(

1 +
|Cj |
κj

)4κj

.

By condition (c),
(

1 +
|Cj |
κj

)4κj
∈ |V |O(1). It then follows that for every j ∈ [s] and every d ∈ QCj ,

Problem (42) can be solved in time polynomial in L+〈d〉, implying that assumption 2 of Theorem 4
is satisfied and this completes the proof.
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Consider condition (c) of Corollary 1. As detailed in [22], this condition has a natural in-
terpretation in terms of the value of κj relative to the size of Cj . In particular, condition (c) is
automatically satisfied if |Cj | ∈ O(log |V |), regardless of the value of κj , and it is also automatically
satisfied if κj ∈ O(1) regardless of the size of |Cj |.

Clearly, assumption 3 of Theorem 4 depends on the matrix Q. We next obtain a sufficient
condition that is independent of the coefficients of the objective function. Let H be the bipartite
graph with bipartition V + and NG(V +) and edge set

E(H) :=
{
{i, j} ∈ E : i ∈ V +, j ∈ NG(V +)

}
. (43)

Thus, the edges of H correspond to the nonzero entries of QV +,NG(V +). Let ν(H) denote the
cardinality of a maximum matching of H. By Theorem 1 in [15], we have

rank(QV +,NG(V +)) ≤ ν(H).

Since H is bipartite, König’s theorem (see Theorem 2.1.1 in [13]) implies ν(H) = τ(H), where τ(H)
denotes the minimum cardinality of a vertex cover of H. Therefore, we obtain the following result:

Corollary 2. Let G = (V,E) be the interaction graph of Problem (QP). Define V + := {i ∈ V :
qii > 0}. Let H be the bipartite graph with bipartition V + and NG(V +) and with the edge set defined
by (43). Suppose that assumptions 1 and 2 of Theorem 4 are satisfied. Moreover, suppose that the
minimum cardinality τ(H) of a vertex cover of H satisfies τ(H) ∈ O(1). Then Problem (QP) can
be solved in time polynomial in the input length.

By construction we have
rank(QV +,NG(V +)) ≤ |V +|.

Therefore, in the special case where |V +| ∈ O(1), the assumptions of Theorem 4 can be simplified
to obtain the following result:

Corollary 3. Let G = (V,E) be the interaction graph of Problem (QP). Define V + := {i ∈
V : qii > 0}. Suppose that |V +| ∈ O(1) and that assumption 1 of Theorem 4 is satisfied. Then
Problem (QP) can be solved in time polynomial in the input length.

Proof. It suffices to show that assumptions 2 and 3 of Theorem 4 are satisfied. Since |V +| ∈
O(1), every connected component C of GV + has constant size. Hence, by Lemma 20 the box-
constrained quadratic problem associated with C can be solved in polynomial time for every linear
coefficient, and assumption 2 of Theorem 4 is satisfied. Finally, rank(QV +,NG(V +)) ≤ |V +| ∈ O(1),
so assumption 3 is also satisfied. The result then follows.

The following results are concerned with special cases where the vertex sets V + and V − are
highly structured.

Corollary 4. Let G = (V,E) be the interaction graph of Problem (QP). Suppose that V + := {i ∈
V : qii > 0} is a vertex cover of G. Suppose that assumptions 2 and 3 of Theorem 4 are satisfied.
Then Problem (QP) can be solved in time polynomial in the input length.

Proof. It suffices to show assumption 1 of Theorem 4 holds. Since V + is a vertex cover, V − :=
V \ V + is a stable set. Hence, every connected component D of GV − consists of a single vertex,
implying that tw(GV −) = 0 and |D ∩NG(V +)| ≤ 1 for every connected component D of GV − .
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Corollary 5. Let G = (V,E) be the interaction graph of Problem (QP). Suppose that V + := {i ∈
V : qii > 0} is a stable set of G. Suppose that assumptions 1 and 3 of Theorem 4 are satisfied.
Then Problem (QP) can be solved in time polynomial in the input length.

Proof. It suffices to show that assumption 2 of Theorem 4 is satisfied. Since V + is a stable set,
every connected component C of GV + consists of a single vertex. The result then follows.

Consider a bipartite graph G with bipartition V +, V −. Then both V + and V − are stable sets,
and every connected component of both GV + and GV − consists of a single vertex. Therefore, the
following result is immediate from Corollary 1.

Corollary 6. Let G = (V,E) be the interaction graph of Problem (QP). Define V + := {i ∈
V : qii > 0} and V − := V \ V +. Suppose that G is bipartite with bipartition V +, V − and
rank(QV +,NG(V +)) ∈ O(1). Then Problem (QP) can be solved in time polynomial in the input
length.

The next result considers the case where every vertex in V − has degree at most two in G.

Corollary 7. Let G = (V,E) be the interaction graph of Problem (QP). Define V + := {i ∈
V : qii > 0} and V − := V \ V +. Suppose that every vertex in V − has degree at most two in G.
Moreover, assume that assumptions 2 and 3 of Theorem 4 are satisfied. Then Problem (QP) can
be solved in time polynomial in the input length.

Proof. It suffices to show that assumption 1 of Theorem 4 is satisfied. Let D1, . . . , Dp denote the
connected components of GV − and as before, for each k ∈ [p], define Ak := Dk ∩ NG(V +). Since
every vertex in V − has degree at most two in G, every connected component Dk of GV − is either
a path, a cycle, or an isolated vertex. If Dk is a cycle, then every vertex of Dk has two neighbors
in Dk. Therefore, no vertex of Dk can be adjacent to a vertex in V +, since otherwise its degree in
G would be at least three. Hence, in this case Ak = ∅. If Dk is a path, then only the endpoints of
the path can be adjacent to vertices in V +. Indeed, every internal vertex of the path already has
two neighbors in Dk and therefore cannot have an additional neighbor in V +. Hence, in this case
|Ak| ≤ 2. Finally, if Dk is an isolated vertex, then |Ak| ≤ 1. Therefore, |Ak| ≤ 2 for all k ∈ [p].
Moreover, since every Dk is a path, a cycle, or an isolated vertex, we have tw(GV −) ≤ 2. Therefore,
assumption 1 of Theorem 4 is satisfied and this completes the proof.

The following example demonstrated that our sufficient conditions establish polynomial-time
solvability of some class of nonconvex box-constrained quadratic programs for which the Hessian
is full-row rank and the treewidth of the interaction graph is unbounded.

Example 1. For each m ≥ 1, consider an instance of Problem (QP) with

Q =

(
Im Jm
Jm −Im

)
,

where Im is an m ×m identity matrix, Jm is an m ×m matrix of all ones, and c is an arbitrary
rational vector. It can be checked that Q is indefinite and has full-row rank 2m. The interaction
graph in this case is the complete bipartite graph Km,m with bipartition V + and V −. We then
have tw(Km,m) = m. Moreover, QV +,V − = Jm, implying that rank(QV +,V −) = 1. Therefore, all
assumptions of Corollary 6 are satisfied and hence, Problem (QP) can be solved in polynomial time
in the input length.
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4.3 A more general scheme

In [22], the author obtains a sufficient condition under which Problem (QP) can be solved in
polynomial time. Next we state this result in a slightly more general form. The proof however
follows directly from the proof of Theorem 1 in [22].

Theorem 5 ([22]). Let G = (V,E) be the interaction graph of Problem (QP). Define V + := {i ∈
V : qii > 0} and V − := V \ V +. Let C1, . . . , Cs denote the connected components of GV +. Let Ḡ
be the graph on V − obtained from GV − by making NG(Cj) a clique for every j ∈ [s]. Suppose that
the following conditions hold:

1. tw(Ḡ) ∈ O(log |V |).
2. For each j ∈ [s] and every d ∈ QCj , problem (42) can be solved in time polynomial in L+ 〈d〉.

Then Problem (QP) can be solved in time polynomial in the input length.

Remark 3. Theorems 4 and 5 are incomparable. First, assumption 2 of Theorem 4 and that of
Theorem 5 are identical. Second, assumption 1 of Theorem 5 implies that |NG(Cj)| ∈ O(log |V |)
for all j ∈ [s]. To see this, observe that each NG(Cj) is a clique in Ḡ and hence we have |NG(Cj)| ≤
tw(Ḡ)+1 ∈ O(log |V |). That is, all continuous components have small neighborhoods, an assumption
that does not need to hold in Theorem 4. To see this, for each m ≥ 1, let V + = {u} and V − =
{v1, . . . , vm}. Assume that V − is a stable set and u is adjacent to every vertex in V −. The connected
components of GV − are the singletons {vi}, and hence tw(GV −) = 0 and |D ∩ NG(V +)| = 1 for
every connected component D of GV − . The unique connected component of GV + is the singleton
{u}, and rank(QV +,NG(V +)) ≤ 1. Thus, all assumptions of Theorem 4 are satisfied. Now consider
Theorem 5. We have NG(V +) = NG(u) = V −, implying that Ḡ = Km. Therefore, tw(Ḡ) = m− 1,
so assumption 1 of Theorem 5 is violated. Consequently, Theorem 4 does not follow from Theorem 5.
Conversely, for each m ≥ 1, let V + := {p1, . . . , pm} and V − := {z1, . . . , zm+1}. Let GV − be the
path z1 − z2 − · · · − zm+1, let V + be a stable set, and let pi be adjacent to zi and zi+1 for every
i ∈ [m]. The connected components of GV + are the singletons Ci := {pi}, and NG(Ci) = {zi, zi+1}.
Since {zi, zi+1} is already an edge of GV − , making NG(Ci) a clique adds no edge to GV − . Hence
Ḡ = GV − , and therefore tw(Ḡ) = 1. Moreover, each Ci is a singleton, so assumption 2 of Theorem 5
is satisfied. Thus, Theorem 5 applies. On the other hand, GV − is connected, so it has a single
connected component D = V −. Moreover, every vertex of V − is adjacent to a vertex in V +, and
hence D ∩ NG(V +) = V −. Therefore, |D ∩ NG(V +)| = m + 1 = Θ(|V |), and assumption 1 of
Theorem 4 is violated. Consequently, Theorem 5 does not follow from Theorem 4.

The proof techniques of Theorems 4 and 5 are fundamentally different. To prove Theorem 4, we
first eliminate each binary component Dk \Ak, k ∈ [p] and subsequently add a clique on Ak. This
is a polynomial-time operation thanks to the two key facts in assumption 1. In contrast, to prove
Theorem 5, the author first eliminates each continuous component Cj , j ∈ [s] and subsequently
adds a clique NG(Cj) to graph G. This step can be performed in polynomial time, because from
assumption 1 of Theorem 5, it follows that |NG(Cj)| ∈ O(log |V |) for all j ∈ [s]. The incomparability
of Theorems 4 and 5 suggests combining the two elimination schemes. Namely, for an instance of
Problem (QP) that does not satisfy the assumptions of either theorem, we first eliminate a subset
of continuous components Cj of GV + with |NG(Cj)| ∈ O(log |V |) using the technique of Theorem 5
and then apply Theorem 4 to the remaining graph.

Theorem 6. Let G = (V,E) be the interaction graph of Problem (QP). Define V + := {i ∈ V :
qii > 0} and V − := V \V +. Let C1, . . . , Cs denote the connected components of GV +. Suppose that
the following conditions hold:
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1. There exists a subset J ⊆ [s] such that, letting R := V + \
⋃
j∈J Cj and letting Ĝ be the graph

on V − obtained from GV − by making NG(Cj) a clique for every j ∈ J , we have:

(i) tw(Ĝ) ∈ O(log |V |), and |D ∩NG(R)| ∈ O(log |V |) for every connected component D of Ĝ
(ii) rank

(
QR,NG(R)

)
∈ O(1).

2. For every j ∈ [s] and every d ∈ QCj , the optimization problem (42) can be solved in time
polynomial in L+ 〈d〉.

Then Problem (QP) can be solved in time polynomial in the input length.

Proof. We first eliminate the continuous components Cj , j ∈ J , using the proof technique of

Theorem 1 in [22]. Since NG(Cj) is a clique in Ĝ, assumption 1 implies that |NG(Cj)| ∈ O(log |V |)
for every j ∈ J . Therefore, by assumption 2, all such components can be eliminated in polynomial
time. We are then left with an optimization problem of the form

min
xR∈[0,1]R

xV−∈{0,1}
V−

{
x>RQRxR + c>RxR + g(xV −) + 2

∑
i∈NG(R)

xiQ
>
R,ixR

}
,

where g is a binary objective function whose interaction graph is Ĝ. We now apply the proof
technique of Theorem 4, with R in place of V +. The only difference is that the binary objec-
tive g(xV −) need not be quadratic. However, when the variables in D ∩ NG(R) are fixed, for a
connected component D of Ĝ, the remaining binary subproblem has interaction graph contained
in ĜD. Hence, by assumption 1 and Proposition 2, each such subproblem can still be solved in
polynomial time. Since |D ∩ NG(R)| ∈ O(log |V |), all required values can be computed in poly-
nomial time. The remainder of the proof of Theorem 4 applies unchanged: condition 1(ii) yields
the required constant-rank bound for the hyperplane-arrangement argument, while assumption 2
guarantees polynomial-time solvability of the remaining continuous components under arbitrary
linear perturbations. Therefore, Problem (QP) can be solved in polynomial time.

Theorems 4 and 5 are special cases of Theorem 6. Namely, letting J = ∅, we get Ĝ = GV − and
R = V +; therefore, Theorem 6 reduces to Theorem 4. Alternatively, letting J = [s], we get R = ∅
and Ĝ = Ḡ. So assumption (i) reduces to tw(Ḡ) ∈ O(log |V |) and assumption (ii) becomes vacuous.
We thus recover Theorem 5. Notice that the key to the power of Theorem 6 is a careful selection
of the subset J . A simple rule is to let J consist of the index set of all continuous components
with a logarithmic-size neighborhood. The following example shows that this rule is not sufficient.
Namely, in general, among the continuous components having logarithmic-size neighborhoods, it
may be necessary to eliminate only a proper subset in the first phase.

Example 2. Let G = (V,E) be the interaction graph of Problem (QP). For each integer m ≥ 4,
let ` := dlog2me. Let W := {w1, . . . , wm} and suppose that GW is the path w1 − w2 − · · · − wm.
Moreover, for each i ∈ [`], let Di := {vi1, . . . , vi`} and suppose that GDi is the path vi1−vi2−· · ·−vi`.
Assume that W,D1, . . . , D` are pairwise disjoint and define V − := V \ V + = W ∪D1 ∪ · · · ∪D`.
Moreover, suppose that W,D1, . . . , D` are the connected components of GV − . Define V + := {u, c}∪
{b1, . . . , bm}, and suppose that V + is a stable set. In addition to the edges of GV − specified above,
suppose that G contains exactly the following edges: {bj , wj} for every j ∈ [m], {u,w1}, {u, vij}
for every i, j ∈ [`], and {c, vi1} for every i ∈ [`]. We then have |V | = 2m+ `2 + 2 = Θ(m), implying
that ` = Θ(log |V |), while m /∈ O(log |V |). We first show that neither Theorem 4 nor Theorem 5
applies to this instance. Consider first Theorem 4. Recall that W = {w1, . . . , wm} is a connected
component of GV − and every wj is adjacent to bj ∈ V +. Hence W ∩NG(V +) = W , and therefore
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|W ∩ NG(V +)| = m /∈ O(log |V |). Thus assumption 1 of Theorem 4 is violated. Next consider
Theorem 5; By construction, NG(u) = {w1} ∪D1 ∪ · · · ∪D`, and hence |NG(u)| = 1 + `2. In the
graph Ḡ, the set NG(u) is a clique. Therefore, tw(Ḡ) ≥ |NG(u)| − 1 = `2. Since ` = Θ(log |V |), we
have `2 /∈ O(log |V |), and hence Theorem 5 does not apply.

We now consider the strategy of first eliminating every connected component C of GV + satis-
fying |NG(C)| ∈ O(log |V |) and then applying Theorem 4. Since V + is a stable set, its connected
components are {u}, {c}, {b1}, . . . , {bm}. For every j ∈ [m], NG(bj) = {wj}, while NG(c) =
{v11, v21, . . . , v`1}. Hence |NG(bj)| = 1 and |NG(c)| = ` = O(log |V |). On the other hand,
|NG(u)| = 1 + `2 /∈ O(log |V |). Thus this strategy eliminates {bj}, j ∈ [m], together with {c},
while retaining {u}. Eliminating {bj} creates no interaction between distinct binary variables,
since NG(bj) = {wj}. We next consider the elimination of c. In this case, {v11, . . . , v`1} becomes
a clique in the resulting graph Ḡ and therefore the components D1, . . . , D` are joined into a single
connected component D∗ := D1 ∪ · · · ∪ D`. Since u is adjacent to every vertex in D∗, we have
|D∗ ∩NG(u)| = |D∗| = `2 = Θ((log |V |)2). Thus the resulting instance still violates assumption 1
of Theorem 4.

Finally, consider eliminating only the collection E := {{bj} : j ∈ [m]}. Since each bj has
the single neighbor wj , eliminating these components creates no interaction between distinct bi-
nary variables. Hence the connected components of the resulting binary interaction graph remain
W,D1, . . . , D`. We then have |W ∩NG({u, c})| = 1 and |Di ∩NG({u, c})| = |Di| = ` = O(log |V |)
for every i ∈ [`]. Moreover, GW and GDi , i ∈ [`] are paths, and hence tw(GV −) = 1. Thus assump-
tion 1 of Theorem 4 is satisfied. The retained positive components {u} and {c} are singletons, so
assumption 2 of Theorem 4 is satisfied. Finally, rank

(
Q{u,c},NG({u,c})

)
≤ 2, and hence assumption 3

is satisfied as well. Thus, eliminating all continuous components having logarithmic-size neighbor-
hoods does not suffice, whereas eliminating the proper subset E and then applying Theorem 4 yields
a polynomial-time algorithm for solving Problem (QP).

The next proposition indicates that the subset J whose existence is required in condition 1 of
Theorem 6 can be constructed in polynomial time.

Proposition 3. Under the notation of Theorem 6, whenever condition 1 of that theorem holds, a
subset J ⊆ [s] satisfying condition 1 can be found in time polynomial in the input length.

Proof. Let n := |V |. Since condition 1 of Theorem 6 holds, there exist constants α, β > 0 and
r ∈ Z≥0, independent of n, and a subset J∗ ⊆ [s] such that, with R∗ := V + \ ∪j∈J∗Cj and with Ĝ∗

defined as in Theorem 6, we have tw(Ĝ∗) ≤ α log n, |D ∩ NG(R∗)| ≤ β log n for every connected
component D of Ĝ∗, and rank(QR∗,NG(R∗)) ≤ r. Set k := dα log ne and h := dβ log ne. For every
j ∈ [s], define

Lj := span{Qv,V − : v ∈ Cj}.

Moreover, for every I ⊆ [s] with |I| ≤ r, define

LI := span
{
Qv,V − : v ∈

⋃
i∈I

Ci

}
,

where we define L∅ := {0}. We consider only subsets I for which dim(LI) ≤ r. For each such I,
define

JI := {j ∈ [s] : Lj 6⊆ LI},

and let
RI := V + \

⋃
j∈JI

Cj .
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Let ĜI be the graph on V − obtained from GV − by making NG(Cj) a clique for every j ∈ JI . By
the definition of JI , if Cj ⊆ RI , then Lj ⊆ LI . Hence span{Qv,V − : v ∈ RI} ⊆ LI . Conversely, for
every i ∈ I we have Li ⊆ LI , and therefore i /∈ JI . Thus Ci ⊆ RI for every i ∈ I, which implies
LI ⊆ span{Qv,V − : v ∈ RI}. Therefore,

span{Qv,V − : v ∈ RI} = LI . (44)

Since RI is a union of connected components of GV + , there are no edges between RI and V + \RI .
Consequently, NG(RI) ⊆ V −. Moreover, every column of QRI ,V − indexed by V − \NG(RI) is zero.
Hence, using (44), we get:

rank
(
QRI ,NG(RI)

)
= rank(QRI ,V −) = dim(LI) ≤ r. (45)

The algorithm considers every set I ⊆ [s] with |I| ≤ r and dim(LI) ≤ r. For each such I, it
computes the connected components of ĜI . The candidate is discarded if |D ∩ NG(RI)| > h for
some connected component D of ĜI . For every remaining candidate, it applies the treewidth
algorithm of [26] to ĜI with parameter k. That algorithm runs in time 2O(k)n and either returns a
tree decomposition of width at most 2k+ 1 or determines that tw(ĜI) > k. If a tree decomposition
is returned, the algorithm outputs JI . By construction every subset returned in this way satisfies
the requirements of condition 1 of Theorem 6.

It remains to show that, whenever condition 1 of Theorem 6 holds, the algorithm returns a
subset J ⊆ [s]. Recall the subset J∗ whose existence follows from condition 1, and set

L∗ := span{Qv,V − : v ∈ R∗}.

Since the columns of QR∗,V − outside NG(R∗) are zero, the rank assumption on J∗ gives dim(L∗) =
rank

(
QR∗,NG(R∗)

)
≤ r. Choose a basis of L∗ consisting of rows of QR∗,V − , and let I∗ be the set of

indices of the components containing these basis rows; take I∗ = ∅ if L∗ = {0}. Then |I∗| ≤ r. Since
R∗ is a union of components Cj , every Ci with i ∈ I∗ is contained in R∗. Hence all rows associated
with these components belong to L∗, whereas the chosen basis rows span L∗. Consequently,

LI∗ = L∗. (46)

We next claim that
JI∗ ⊆ J∗. (47)

Indeed, if j /∈ J∗, then Cj ⊆ R∗, and therefore Lj ⊆ L∗ = LI∗ by (46). Hence j /∈ JI∗ , proving (47).
By (44) and (46),

span{Qv,V − : v ∈ RI∗} = span{Qv,V − : v ∈ R∗}.

Fix u ∈ V −. By the definition of the interaction graph, u ∈ NG(RI∗) if and only if Qvu 6= 0 for
some v ∈ RI∗ . By the equality of the two spans, this holds if and only if the u-th coordinate is
nonzero in some vector of span{Qv,V − : v ∈ R∗}, which is equivalent to u ∈ NG(R∗). Therefore,

NG(RI∗) = NG(R∗). (48)

By (47), every clique added to construct ĜI∗ is also added to construct Ĝ∗. Thus ĜI∗ is a subgraph
of Ĝ∗, and hence

tw(ĜI∗) ≤ tw(Ĝ∗) ≤ k.

Furthermore, every connected component DI of ĜI∗ is contained in some connected component D∗

of Ĝ∗. By (48),
|DI ∩NG(RI∗)| ≤ |D∗ ∩NG(R∗)| ≤ h.
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Therefore the candidate I∗ satisfies |DI ∩NG(RI∗)| ≤ h for every connected component DI of ĜI∗ .
Moreover, tw(ĜI∗) ≤ k. Hence the treewidth algorithm returns a decomposition for ĜI∗ , and the
algorithm outputs JI∗ . Finally, the number of sets I considered is at most

min{r,s}∑
`=0

(
s

`

)
≤

r∑
`=0

s` = sO(r).

Since r is fixed, this is polynomial in n. For each candidate, all required linear-algebra and graph
operations take polynomial time in L, while the treewidth algorithm takes 2O(k)n time. Since
k = O(log n), the total running time is polynomial in the input length.

Proposition 3 shows that the subset J in Theorem 6 need not be given explicitly, since a
suitable choice can be found in polynomial time whenever condition 1 holds. For certain graph
classes, however, a suitable choice of J can be identified directly from the graph structure. The
following corollary gives such a class. Recall that a graph is a cactus graph (resp. block graph) if
each of its maximal biconnected components (blocks) is an edge or a cycle (resp. clique). Moreover,
a graph is a block-cactus graph if each of its maximal biconnected components is either a clique or
a cycle.

Corollary 8. Let G = (V,E) be the interaction graph of Problem (QP). Define V + := {i ∈
V : qii > 0}. Suppose that G is a block-cactus graph with the clique number ω(G) ∈ O(log |V |).
Moreover, suppose that GV + is a forest. Let R be the union of the connected components of GV +

containing at least one cut vertex of G. Suppose that the following conditions hold:

1. For every connected component D of GV \R, we have |D ∩NG(R)| ∈ O(log |V |).
2. rank(QR,NG(R)) ∈ O(1).

Then Problem (QP) can be solved in time polynomial in the input length.

Proof. Let C1, . . . , Cs denote the connected components of GV + , and define

J := {j ∈ [s] : Cj contains no cut vertex of G}.

By the definition of R, we have R = V + \
⋃
j∈J Cj . We apply Theorem 6 with this choice of J .

Fix j ∈ J . Since no vertex of Cj is a cut vertex of G, all vertices of Cj belong to the same block
B of G. Moreover, every neighbor of Cj also belongs to B. Indeed, a non-cut vertex of a graph
belongs to a unique block, and the connectedness of Cj therefore forces all vertices of Cj and all
edges incident to them to belong to the same block. Since G is a block-cactus graph, B is either
a clique or a cycle. If B is a clique, then NG(Cj) is already a clique. If B is a cycle, then Cj is
a path, since GV + is a forest, and therefore |NG(Cj)| ≤ 2. The latter follows since every non-cut
vertex of a cycle block has degree two. Therefore, making NG(Cj) a clique either adds no edge or
adds the edge joining the two ends of the path through Cj .

We first verify that assumption 1 of Theorem 6 holds. Let Ĝ be the graph on V − obtained
from GV − by making NG(Cj) a clique for every j ∈ J . In a clique block, this operation adds no
edge. In a cycle block, the added edge, if any, can be obtained by contracting the path through Cj .

Consequently, Ĝ is a minor of GV \R and hence also a minor of G. The treewidth of a block-cactus
graph is the maximum of the treewidths of its blocks. A clique block has treewidth one less than its
cardinality, while a cycle block has treewidth at most two. Therefore, tw(G) ≤ max{ω(G)−1, 2} ∈
O(log |V |), and hence tw(Ĝ) ∈ O(log |V |). Since R is a union of connected components of GV + ,
NG(R) ⊆ V −. For every connected component D of GV \R, replacing each Cj , j ∈ J , by a clique
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on NG(Cj) preserves connectivity among the vertices of D ∩ V −. Consequently, the connected

components of Ĝ are precisely the nonempty sets D ∩ V −, where D ranges over the connected
components of GV \R. Since NG(R) ⊆ V −, we have (D ∩ V −) ∩ NG(R) = D ∩ NG(R). It follows

from assumption 1 that every connected component D̂ of Ĝ satisfies |D̂∩NG(R)| ∈ O(log |V |). Thus
assumption 1 of Theorem 6 is satisfied. Finally, since GV + is a forest, every connected component
Cj of GV + is a tree. Hence, by Theorem 1, for every j ∈ [s] and every d ∈ QCj , the optimization
problem (42) can be solved in polynomial time. Thus assumption 2 of Theorem 6 is satisfied.
Finally, assumption 2 of the corollary is precisely condition 1(ii) of Theorem 6, and this completes
the proof.

Remark 4. Corollary 8 is not implied by either Theorem 4 or Theorem 5. To see this, consider the
following family of instances. For each m ≥ 3, let V + := {r, b1, . . . , bm} and V − := {w1, . . . , wm} ∪
{z1, . . . , zm}. Let w1, . . . , wm induce a cycle, let bj be adjacent only to wj for every j ∈ [m], and
let r be adjacent to w1 and to every zi, i ∈ [m]. There are no other edges. It can be checked that
the graph G is a cactus, and V + is a stable set. The only cut vertex of G belonging to V + is r.
Hence, with the notation of Corollary 8, we have R = {r}. The connected components of GV \R
consist of the component {w1, . . . , wm}∪{b1, . . . , bm}, and the isolated vertices z1, . . . , zm. Each of
these components intersects NG(r) in exactly one vertex. Therefore, assumption 1 of Corollary 8
is satisfied. Moreover, rank(QR,NG(R)) ≤ 1, so Corollary 8 applies. However, Theorem 4 does
not apply. Indeed, the cycle D := {w1, . . . , wm} is a connected component of GV − and, since wj
is adjacent to bj ∈ V + for every j ∈ [m], we have D ∩ NG(V +) = D. Thus |D ∩ NG(V +)| =
m = Θ(|V |), violating assumption 1 of Theorem 4. Finally, Theorem 5 does not apply because
NG(r) = {w1, z1, . . . , zm}. In the graph obtained by making the neighborhood of every continuous
component a clique, NG(r) therefore induces a clique of cardinality m + 1. Hence the resulting
graph has treewidth at least m, and assumption 1 of Theorem 5 is violated. Thus, Corollary 8
contains families of instances that are covered by neither Theorem 4 nor Theorem 5.
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