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Abstract

In derivative-free optimization (DFO), one minimizes functions for which the gradient is
unavailable or expensive to compute. In many applications, objective function values and
gradients are noisy due to simulations or system randomness. A class of standard direct-
search methods for DFO accept a trial point when it decreases the objective function by an
amount proportional to the squared stepsize. However, when applied to complex landscapes,
such a requirement may trap the algorithm in a neighborhood of sub-optimal solutions. We
study a non-monotone direct-search alternative where the trial function value is compared
with the largest objective function obtained through the M most recent distinct iterates.
This max-M non-monotone condition permits temporary increases in the objective function
and can help navigate narrow curved valleys; however, its theoretical analysis is significantly
more challenging due to the lack of monotonic decrease. In this paper, we develop a compre-
hensive complexity theory for the max-M non-monotone direct-search in both deterministic
and stochastic DFO problems. For deterministic objectives, we establish a worst-case iter-
ation bound for a complete poll based on a positive spanning set and an expected iteration
bound for a probabilistic-descent poll. We then analyze a stochastic variant using inde-
pendent function estimates and show the expected iteration complexity under tail-bound
assumptions of the stochastic errors. All three results have the standard complexity of
O(e~?%), which matches the iteration complexity of monotone direct-search methods. Our
theory is enabled by a new family of merit functions that correct the stored objective values
by ordered multiples of the squared stepsize, together with a renewal-reward stopping-time
argument for the probabilistic methods. Numerical experiments on CUTEst problems indi-
cate that when comparing with monotone direct search, the max-M non-monotone method
is particularly helpful on problems exhibiting negative curvature.

1 Introduction

In this paper, we consider unconstrained optimization problems of the form

min f(z),
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whose derivatives are assumed to be unavailable and costly to approximate. Besides, the objec-
tive function f is assumed to be L-smooth and bounded below by f*. We will first consider the
case in which optimization algorithms have access to a zeroth-order oracle f(x). Then, we will
consider the case in which optimization algorithms have access to a stochastic zeroth-order oracle
F(x,&), which provides noisy observations of its deterministic counterpart f(x) (and where £ de-
notes a random estimator). The absence of derivative information is a common feature in many
simulation-based optimization problems and constitutes the primary focus of derivative-free op-
timization (DFO). In this setting, access to the objective function f is limited to evaluations
via a zeroth-order oracle, which are often computationally expensive. Consequently, the central
objective of DFO is to obtain high-quality solutions with few such oracle queries.

Trust-region, direct-search, and line-search methods constitute three major classes of algo-
rithms in DFO. Trust-region methods construct local surrogate models of f, which are then used
to generate trial steps and determine their acceptance. In contrast, direct-search methods probe
the search space using a set of directions or polling points without relying on explicit models.
Bridging these two paradigms, line-search methods approximate descent directions, typically via
finite differences, and perform searches along these directions. For a comprehensive overview of
these classes of DFO methods, we refer the reader to, e.g., [1, 9, 24]. A representative example
within direct-search methods is the probabilistic descent approach proposed in [20]. Unlike other
classical direct-search methods that rely on a positive spanning set (see, e.g., [9]) to guarantee
a descent direction (requiring at least n + 1 function evaluations), this method incorporates
randomness to obtain a descent direction with a sufficiently large probability using only one
or two function evaluations. It is shown in [20] that, for deterministic objective functions, the
method achieves a zeroth-order oracle complexity of O(n/€?) to find an e-approximate first-order
stationary point x defined by ||V f(z)|| <e.

It is recognized in [8, 11, 21] that enforcing the monotonicity of the function values may
considerably slow the convergence of optimization algorithms, particularly in the presence of
narrow curved valleys. To alleviate this phenomenon, a non-monotone technique was proposed
in [21] for line-search algorithms, with reported favorable numerical results. Roughly speaking,
such a non-monotone line search relaxes the Armijo condition (see, e.g., [27]) and allows some
non-monotonicity by using the maximum of objective function values at M + 1 past and current
iterate points, as follows

1
flag + agdy) < 02}2’54 flor—j) + iakvf@?k)—rdk,

where dj, is a descent direction, V f(z)"dy < 0, and oy, > 0 is a stepsize parameter. From this
design, a non-monotone line search [29] may avoid creeping along the bottom of a narrow curved
valley and can generally obtain better numerical results.

1.1 Literature review

We first review some theoretical results that have been obtained for non-monotone line search. In
the original paper [21], non-monotone line search was proven to converge globally, meaning that
it converges for an arbitrary starting iterate point xg, for smooth non-convex functions. Later,
in [10], it was shown to exhibit a linear rate for uniformly convex functions. One variant using
a moving average of past objective function values instead of their maximum was proposed and
investigated in [29], where it was shown to converge globally for smooth non-convex functions



and to exhibit linear rates for strongly convex functions. For smooth non-convex functions,
non-monotone line search was proven in [7] to find an e-approximate first-order stationary point
in at most O(e~2) function and gradient evaluations.

Another interesting application setting for non-monotone algorithms is when deterministic
noise occurs in the objective function. The deterministic noise in the objective function may
destroy the benign geometry of the objective function and cause many spurious local minima,
even when the algorithm is still far from stationarity. To handle this problem, especially when
noise is bounded, the authors in [3] add a constant non-monotonicity term e; > 0 to the Armijo
condition as follows:

flap + ogdy) < flxg) + %aka(:rk)Tdk + €.

Similarly, to handle bounded deterministic noises, the authors in [6] consider the following
acceptance condition in trust-region methods

flan) = flan+sp) +7
mi(er) — mg (g +sx)

where 771 > 0 is a parameter, s; is a candidate point, my is a local model, and r > 0 is also a
constant non-monotonicity parameter term. Different variants and analyzes following this lead
can be found, for example, in [4, 23].

Now let us also review what has been proposed so far in non-monotone (derterministic)
methods for DFO. The first non-monotone DFO algorithm known to us is a line-search algorithm
that was proposed and shown in [13] to converge globally. At the beginning of one iteration
in their linesearch algorithm, a set of search directions Dy is computed, and a stepsize « is set
to 1. Then the algorithm repeatedly shrinks the stepsize until the following sufficient decrease
condition is satisfied for one of the directions d in Dy,

< : —a?
fzp 4+ ad) < Ogl%%f(xk—g) + i — o B,

where {n, > 0} satisfies > ;2 mp < oo and {8 > 0} is selected in a way that for all infinite
subsets of indices K C N, one has limge g O = 0 = limge g Vf(zr) = 0. Therefore, at the end of
each iteration, under appropriate assumptions, a distinct x4 is always found. Direct search and
line search are very similar algorithms, but the stepsize in direct search is maintained adaptively
across different iterations. This distinction then requires a slightly different analysis for these
two algorithms. Other non-monotone derivative-free algorithms include a parallel and sequential
algorithm [15] using a space decomposition scheme for box constrained optimization problems,
an inexact line-search algorithm [22] constructing search directions by combining coordinate
rotations with simplex gradients, and a direct-search algorithm [14] for linearly constrained
minimization problems. Although these derivative-free non-monotone methods have generally
been shown to converge globally, their iteration complexity results have yet to be established.
While finishing this paper we became aware of a new paper [16] establishing a worst-case com-
plexity result for non-monotone direct search, where f(zy) in the sufficient decrease condition is
replaced by f(z) + ng, with n; > 0 chosen to satisfy Y p- o7, < co. This condition is different
from the max-M acceptance rule that it requires a user-specified sequence 7 to control the
non-monotonicity at each iteration k. In practice, parameter tuning is often needed to find the
best values for 7 as these values usually depends on the scale of the objective function and the
problem.



1.2 Owur contributions

In this paper, we develop and analyze max-M non-monotone direct-search methods for deter-
ministic and stochastic DFO. We replace the usual sufficient decrease condition

flae + 6kdy) < flar) — o,

with the following acceptance rule

f(l‘k + 6k’dk’) < max <f($%;c7lk)’ AR f(miucc,k)’ f(l?k)) - 051%,
where ¢ > 0, §; > 0 is the adaptive stepsize, dy is a search direction, xlsu e 18 the i-th latest
successful iterate from xx, and M > 1 is a chosen memory length. The method may therefore
accept a trial point whose objective value exceeds f(xy), but it still requires a decrease of order
513 compared to the largest function value in a window of M past iterates.

For deterministic objectives, we show theoretical analysis for direct-search methods with
this acceptance rule: one based on a positive spanning set and one based on probabilistic
descent directions. For the former, we establish a worst-case bound on the number of iterations
required to produce an iterate xj satisfying |V f(xr)|| < €, while for the latter, we establish
an expected iteration bound. Both analysis recover the standard O(e~2) dependence on the
stationary tolerance e for monotone direct-search methods. In addition, we propose a stochastic
max-M direct-search algorithm where acceptance test uses independent stochastic estimates
of the objective values at xp + drdi, xx, and xiucck fort =1,...,M — 1. Under conditional
probabilistic assumptions on the sampling error and on a probabilistic descent direction, we
show an O(e~2) bound on the expected number of iterations for the proposed stochastic method.
Finally, we show a competitive, sometimes better performance of deterministic and stochastic
max-M algorithms compared to their monotone counterparts on two sets of CUTEst problems.

To the best of our knowledge, this is the first work that analyzes the non-monotone method
in stochastic DFO, and also the first work that analyzes the max-M acceptance rule for direct
search. The main technical challenge in our analysis is the construction of a merit function
adapted to the max-M non-monotone decrease condition. The most natural, naive merit func-
tion consists of the maximum objective value among M prior iterates and a multiple of the
squared stepsize, however, it may not decrease after a successful iteration because the stepsize
is increased. To overcome this difficulty, we subtract ordered terms of the squared stepsize from
the objective values before taking their maximum. These corrections are carefully chosen to ac-
count both for the shift of merit function per iteration and for the change in the stepsize. Most
importantly, this merit function allows for a decrease which only depends on the acceptance
condition at the current iteration. This local dependence makes such merit function feasible for
the analysis of the subsequent stochastic algorithm.

2 Merit function design for max-) non-monotone direct search

Our convergence theory is based on the development of an appropriate merit (Lyapunov) func-
tion, and we would like to discuss the main properties of such functions that guided our efforts.
Merit functions are commonly seen in constrained optimization [27] and are used in the analy-
ses of many algorithms for continuous optimization of non-linear functions. They are designed
to evaluate the progress of an iterative algorithm. They are usually bounded from below and



expected to decrease by a non-negligible amount at each iteration of an algorithm before a sta-
tionary point is found. Such properties of merit functions allow us to use them for the derivation
of asymptotic global convergence or iteration complexity bounds. As optimization algorithms
become more advanced and complicated, merit functions provide an intuitive and simplified
approach to analyze these methods (e.g., [5] provides an framework for analyzing stochastic
objective functions).

For monotone direct search, the objective value itself is a natural progress measure because
every successful iteration satisfies

flzrer) < flaw) — i

This argument is unavailable for max-M direct search. The accepted point is compared with
the largest objective value among the current and M — 1 most recent distinct iterates, and hence

F(w11) may exceed f(ay).
The most immediate and natural candidate for a merit function is

&\)k = Imax (f(x%c_c}k)a SRR f(xiucc,k% f(xk)) - f* + 775]%7

where 1 > 0 is a constant parameter. This candidate is bounded below, but it does not neces-
sarily decrease at each iteration. In fact, suppose that iteration k is successful and that

max (F(23022) o F@hes)s () = Flih),
then we have
®py1 =max (f(x%;c}kﬂ), e f e 1) f($k+1)) + 001 —
—max (f(@M22), o S (@), Fanin)) + 20t = f
> max (F@32), o flaw)) +m20E =

> max (f(l'%;c,lk)v s af(léucc,k)v f($k)> + 7]725% - f*

Since v > 1, </ng increases by at least n(y% — 1)6,% in this case. Therefore, &)k does not offer a

decrease, and we need a new merit function design for the max-M non-monotone condition.
Let 0 < ¢1 < -+ < cpr—1 < 7m be an increasing sequence of constants. Our main design

assigns different stepsize correction CZ-(S,% to each prior objective value f (xiucc’k) as follows:

M—
@y = max (f(@l2h) = 10 f@heer) = 10}, f(ack)) — f* +nd2, (2.1)
This merit function is non-negative, and the oldest stored value receives the largest correction.
We note that ® reduces to &, when ¢y = --- = ¢cpy—1 = 0. On a successful iteration, the

memory window shifts, the current iterate becomes a past iterate, and the stepsize is enlarged.
The ordered corrections ¢; > 0 are carefully chosen so that the quantity ¢;v2 — ¢;_1 is positive
and the change in the merit function generates a decrease. On an unsuccessful iteration, the past
points remain unchanged and the stepsize contracts; hence choosing 7 sufficiently large relative
to cpr—1 makes the decrease in 77(5,% dominate the change in the corrected maximum. Balancing
these two cases yields constants for which

2
Qp — Ppy1 > vy,



for some constant v > 0.

For the direct-search method based on a positive spanning set, we utilize a simpler merit
function, as this algorithm allows for a lower bound on the stepsize. As a result, the dynamic
stepsize d; was replaced by a constant threshold d.. In contrast, for the latter cases where the
search direction is random and the function potentially contains noise, the stepsize does not
admit a lower bound, which makes the analyis of the merit function much more challenging. For
stochastic DFO, our analysis obtains a bound on the expected decrease of the merit function,
instead of a deterministic bound.

3 Non-monotone direct search for deterministic functions

3.1 Max-M non-monotone direct search with positive spanning set

The first method in our consideration (presented in Algorithm 1) replaces the sufficient decrease
condition in standard direct search with positive spanning set [9] by the max-M non-monotone
condition. Without loss of generality, let D be a positive spanning set with cosine measure
1/y/n, eg., D = {*ey,...,+e,}. The algorithm searches for a direction dy € D such that
f(z + Ordy) satisfies the decrease condition (3.1). If the algorithm finds a successful direction,
the polling point becomes the next iterate and the stepsize is enlarged by ~y; if no direction in
D is successful, the iterate is retained and the stepsize is reduced by 6.

Algorithm 1 Max-M Non-monotone Direct Search Based on Positive Spanning Set

1: Initialization. Choose integer M > 1, ¢ > 0, xq, do, 6 € (0,1), v € (1, 00).

2: for k=0,1,... do

3:  For i € NT, if there is an i-th latest successful iterate point from xj, then record it
with a:i,ucc’k,. Otherwise let a:iucc’k be xg.

4:  if there exists di € D such that

max (f(x%c_c?k)? B f(x;ucc,k)ﬂ f(%k)) - f(xk + 5kdk> 2 65137 (31)
then
5: Set xx+1 = xk + Oxdy, and dp1 = . This iteration is successful.
6: else
7 Set xx+1 = xx and dx41 = 09y. This iteration is not successful.
8: end if
9: end for

The goal of our analysis is to bound the number of iterations T defined as follows
T =inf{k > 0: |V f(xr)| < €}

We first assume that the objective function has a lower bound and its gradient is Lipschitz
smooth, which are standard assumptions in first-order complexity analyses of smooth, non-
convex direct-search methods.

Assumption 3.1 The objective function f(x) is bounded below by f*.



Assumption 3.2 The gradient of the objective function f(x) is Lipschitz continuous (with con-
stant L > 0).

As the objective is Lipschitz smooth, we show (using well known arguments) that before the
gradient norm approaches ¢, there exists a threshold J. that any stepsize below d. produces a
successful iteration.

Lemma 3.1 Let Assumption 3.2 hold and let 6. = m For Algorithm 1, if 6 < ¢ and

k < T, then iteration k is successful.

Proof. Tt is well known (see, for example, [26, Lemma 1.2.3]) that Assumption 3.2 implies for
any z,y from R" that

F@) ~ £) 2 V@) (@~ y) - 2 e~y

After substituting = x and y = xy, + dxdy, since ||di|| = 1, we obtain

L
flxg) — f(l'k + 0dy) > —Vf(xk)T(ékdk) - 5(52 (32)
Since the cosine measure of D is 1/4/n, by definition of cosine measure, we have

max ——Vf(:zzk)Tdk > i
axeD [V f(@p)llldell — v

Note that k < T, implies ||V f(x)|| > €. Together with (3.3) and ||dg|| = 1, there exists d € D
such that

(3.3)

1 €0,
T k
- Opdy) > — di |0k > —=. 3.4
Viar) Ordr) = —=IIV.f (i)l drllor > NG (3-4)
After combining (3.2) and (3.4), we have: when 0, < . = m and k < T, there exists

di € D such that

max (f@ol)s o F(@heen): F(2)) = Flan + Gude) = f(on) = Fln + Ond)

L
> == = S0 > ey,

SI

which means iteration k is successful. O

From the result of Lemma 3.1, we show that all the stepsizes in Algorithm 1 admit a lower
bound as follows.

Lemma 3.2 Let Assumption 3.2 hold. In Algorithm 1, suppose that d. < §g and k < T.. We
have

5 > 66..



Proof. We prove this by induction. For k£ = 0, we have dy > 6. > 0., and the conclusion holds.
We assume for induction that ¢ < T, and §; > 06, for some arbitrary ¢ > 0. Then it suffices
to prove that ¢t +1 < T, implies d;+1 > 0d.. We prove this by cases. If §; > J., then by the
algorithm mechanism, we have d;41 > 0d.. Otherwise, we have 85, < §; < .. Since t +1 < T,
implies t < T, using Lemma 3.1 shows that iteration ¢ is successful. Therefore, the algorithm
mechanism indicates that §;41 = vd; > 6 > 0d., which concludes the proof. O

We are interested in the number of successes before iteration k, denoted by Ngyccr. The
stepsize mechanism of Algorithm 1 implies

5k‘ — 50,7Nsucc,k Hk_Nsucc,k .

The following lemma shows a relation between Ny and the total number of iteration k.

Lemma 3.3 Let Assumption 3.2 hold. In Algorithm 1, suppose that §. < &y and k < T.. We
have

[
In 5% + Nsyce,r In .

1
hlg

Proof. From Lemma 3.2, we have d; > 66.. The result is obtained after using the fact that
8 = 0gyNeuce.k gk~ Nsucek and rearranging. O

Let the merit function for Algorithm 1 be defined as
¢ = max (f(x%cfc?k) —ep10%62, ... ,f(a:iucc’k) — ¢16%62, f(a:k)> - f

where 0 < ¢1 < -+ < cpr—1 < 1. Note that this function is slightly different from ®; in (2.1)
which uses the squared stepsize 513. Now we are ready to present the decrease lemma for ¢;. after
a successful iteration.

Lemma 3.4 Let Assumption 3.2 hold. Let ¢; = ﬁ'c, 1<i< M-—1. In Algorithm 1, suppose
that 6. < 09 and k < T.. From the satisfaction of the sufficient decrease condition (3.1) at
iteration k, we have

max (f(xé\g;:,lk) —cp10%02, .., f(x;ucc,k) — 10%62, f(xk))

~ max ( F@M2) = enro10%62, . f (@) — 26762, f(an) — 16762, f () + 5kdk))

> %9252.
Proof. For ease of notation, we denote that

Bj, = max (f(xé\;[;:}k) —ep10%02, ..., f(:ciucc’k) — 10%62, f(:ck.)> :
Since ¢;, 1 <i < M — 1, are monotonically increasing, one has
By = max (f(x%;c}k) — e 10262, F(@h ) — 16262, f(xk)>
> max (f(:c%cjk) —cp10%62, ... ,f(a:;ucc’k) — 10762, fxy) — CM—1‘9253)

ax (f(stuc_c,lk)a ceey f(xiucc,k)a f(xk)> - CM_1025€27

I
=)



which, together with (3.1) and Lemma 3.2, implies

By, — f(xk + ddx) > max (f(wﬁﬁ;c}k), oo f e f(ﬂfk)> — en10%67 — f(xy + Ody)
> 67 — cpr_10%62
€ p2¢2
> — . .
> 6 (3.5)
Note that
By, — max (f(xi\/ul(;?k) — e 10702, f(@hyee ) — 20707, f () — 10767, f(an + 5I<:dk:))

= Bk + min (CM—192562 — f(a;M_2 ), e 7619252 — f(l’k), —f(xk + 5kdk)>

suce,k

— min (Bk + e 10%02 — f(2M72), . By + c10%0% — f(x1), Br — flap + 6kdk)) )

succ,k

Using the definition of By and (3.5) gives

min (Bk + CM_192(5€2 — f((IZM_2 ), ey Bk -+ 6102(562 — f(xk), Bk — f(l'k + (Skdk))

succ,k
> min (CM,IQQ(SE 28282, 20282 — 16262, 160252, ﬁe%f)
c
- M926€2,
which concludes the proof. O

As the merit function decrease a fixed amount after each successful iteration, the following
theorem bounds the number of successful iterations before the function value is reduced to
optimality. As a result, we obtain a bound on the total number of iterations for Algorithm 1.

Theorem 3.5 Let Assumption 3.1 and 3.2 hold. Let ¢; = ﬁc, 1<i¢< M-—1. In Algorithm 1,
suppose that d. < dg. We have
f(xo) — f~

]\'/Ysucc,T6 S £02(52 .
M €

Furthermore,

T<IHW In ¥ nM (L + 2c)?
T Iny Inj  4cf2e

(f (o) = f7)-

Proof. Let s; denote the index of the k-th successful iteration in Algorithm 1. Lemma 3.4 and
the mechanism of Algorithm 1 give

Y Gr—dk)= Y (bs —bs1)
0<k<T. {j:0<s;<T.}
€ p2¢2
{k:0<s,<T:}

> Y %9253

{k:0<s, <Tc—1}

C
2¢2
suce,Te Ma 56 .



We note that > oy (9k — Pk+1) = o — é1.41 < ¢o. Therefore, we have

Cc

]Vsucc,T6 M

0262 < ¢p.

Note that, by definition, z°

M—1 . . .
suce.0 = " = Tgueeo = 0, Which implies ¢o = f(xo) — f*. Then,

applying Lemma 3.3 with k = T, delivers the claimed result after substituting . = N O

2¢

L+2¢)"

The complexity of Algorithm 1 is O(ne~?2), which matches the complexity of standard direct-
search methods in number of iterations.

3.2 Max-M non-monotone direct search with probabilistic descent

In this section, we present Algorithm 2, which replaces the complete positive-spanning-set poll
by a single random direction. This practice was first used in the probabilistic-descent assump-
tion [20], reducing the search cost per iteration at the expense of guaranteeing a useful direction
only with a sufficiently large probability. In contrast to the monotone method in [20], Algo-
rithm 2 uses the maximum of the last M distinct iterates in the decrease condition and chooses
one random direction Dy, in each step. We note that a practical version of Algorithm 2 searches
for a direction from { Dy, —Dy} where Dy, is sampled uniformly at random from the unit sphere.

Algorithm 2 Max-M Non-monotone Direct Search Based on Probabilistic Descent
1: Initialization. Choose integer M > 1, ¢ > 0, Xo, Ag, 6 € (0,1), v € (1, 00).
2: for k=0,1,... do
3:  Uniformly select a random direction Dy, from the unit sphere.
4:  For i € NT, if there is an i-th latest successful iterate point from X, then record it

with X;ucck. Otherwise let Xéucck be Xj.
5: if
max (f(Xé\;[c_c,lk)v e 7f(Xslucc,k)7 f(Xk)> - f(Xk + Aka) > CA% (36>
then
6: Set Xp1+1 = X + AgDy and Ay = yAg. This iteration is successful.
7. else
8: Set Xi11 = X and Ak = 0Ag. This iteration is not successful.
9: end if
10: end for

i

For the purpose of the merit-function analysis, we record the successful stepsizes Al .

associated with the i-th latest successful iterate Xﬁucc i for i € N*. Hence Aiucc r = Qg for
;'uch = Xo. We also use the notations Xguch = X} and Agucc’k = Ay, for convenience.

To formalize conditioning on the past, let F; denote the o-algebra generated by randomness
up to the end of iteration k — 1. For Algorithm 2, the randomness is from the previous polling
directions Dy, ..., Di_1. Similar to [20], we assume the following probabilistic-descent condition
on the random directions.

10



Assumption 3.3 The sequence Dy is p-probabilistically k-descent, i.e., there exist k € (0,1]
and p € (0,1] such that, for every k < T,

where cm(a, b) denotes the cosine measure for the vectors a,b € R™.

Assumption 3.3 states that the cosine measure of the random direction and the descent direction
is favorable for some probability p. Hence, it is verifiable and independent of the algorithmic
construction. For example, if Dy is uniformly generated from a unit sphere, the direction is
descent with k > 1/(7y/n) for a sufficiently large probability [20]. This assumption enables the
acceptance of the non-monotone decrease condition, which we demonstrate below.

Lemma 3.6 Let Assumptions 3.2 and 3.3 hold and define

2Ke€
L+ 2¢

de =
Then, for every k < T,

P (maX (f(Xfﬁ;}kL o F (X duee)s f(Xk)) — f(Xk + AxDy) > cAj | fk) Tia,<s.y = Plia,<sy-

Proof. Using the argument in Lemma 3.1 we have

L

F(Xx) = f(Xx + ApDy) > =V f(Xy) " (AxDy) — §Ai- (3.7)

Using the cosine measure in Assumption 3.3, |V f(Xg)|| > € and ||Dg|| = 1, we have
L, 2
F(Xk) = f(Xi + ApDy) 2 wely — 5 Af 2 Ay,
where the last line follows from the fact that A < §.. Hence, the max-M acceptance condition

holds for every k < T¢. Taking conditional probabilities proves the result. ]

Recall from (2.1) that the non-negative merit function sequence is defined by
®), = max (f(ng;C}k) — 17 - [(Xdyeer) — 1AF, f(Xk)> — f* + AL, (3.8)

where 0 < ¢1 < -+ < epr—1 < 1. The following lemma specifies the constants {¢;} and bounds
the change in the first term of this merit function when the iteration is successful.

Lemma 3.7 Let ¢; = 7%%, 1<i< M—1. In Algorithm 2, from the satisfaction of the
sufficient decrease condition (3.6) at iteration k, we have

max (f(Xé]\gc_c,lk) - CM—1A27 sy f(Xslucc,k) - Clsz f(Xk)>

— max (f(Xfﬁ;?k) — e VAL (X eer) — AL f(Xk) — aiy® AR, F(Xk + Ak;Dk)>
1—~y2

Z g 2N

A2

11



Proof. Denote By = max (f(XM_1 ) —epm1AZ, .. f(X]

suce,k succ,k

) — clAi,f(Xk)) Since ¢;, 1 <

i < M — 1, are monotonically increasing, one has
By, = max (F(XM20) = a1, (X b o) — 1AL F(X0)
> max (f(Xff;,lk) —em1A%, - F(Xueen) — er—18%, F(X) — cM_1Ai>
= max (XU f(Kheei)s (X)) = enr 1 A2,
which, together with (3.6), implies

succe,k

Z (C — CM_1)Az. (3.9)

By, — f(Xk‘ + Aka) 2 max (f(XM_l )7 ) f(Xslucc,k)v f(Xk)) - CM—IA% - f(Xk + Aka)

Note that
By, — max (f(Xé\z{c;,Qk) - CM—172A%a BRI f(Xslucc,k) - 0272A%7 f(Xk) — CIVQA% f( Xk + Aka))
= By, + min (CM—l'YzAi — XM, e AL — f(Xg), — (X + Aka)>

suce,k

— min (Bk +emV? AL — F(XM2), L B+ av? AL — f(Xk), B — f(Xk + Aka)) :

succ,k

Using the definition of By and (3.9) gives

min (Bk + CM_l’)/ZA% — f(XM_2 ), e, B+ nyQA% — f(Xk), By — f(Xk + Aka)>

succe,k
> min (ep—172 A7 — er—2A%, .., AL — al AL, e A, (e — en—1) A7)
which concludes the proof after some basic calculations. O

We present the sufficient decrease lemma for the merit function of Algorithm 2 below.

. 1— —2i . c 72_92_(1_92)72—2]%
Lemma 3.8 There exist constants ¢; = 7‘3217,7_2]%, I1<i<M-1,n= (72(177—2M)(72792) );

and v = 082__71,)2(1%[)?27_;;4 > 0 such that

Oy — Dpyy > VAL

Proof. We consider separately whether iteration k is successful or not. Using the mechanism
of the algorithm and Lemma 3.7, if iteration k is successful, then (3.6) holds and

O — Pp1q

= max (F(XMh) = 1AL (X i) — A, (X)) + (1 = 4)A

— Inax (f(Xé\gc;,Qk) - CM—172A%7 B f(Xslucc,k) - 0272Ai7 f(Xk) — CIFVQA% f( Xk + Aka))
1-— '7_2

> <01—72M +n(l - 72)) A}

= VA7,
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We will use the facts that max(a, b, c) = max(c, max(a, b)) and that if x < y, then max(a,z) —
max(a,y) > x —y. Also note that a —max(b,c) = min(a—b,a—c). These observations, together
with the mechanism of the algorithm, imply that, if iteration k is not successful, then

Dp — Bpr =max (F(XMTL) = enr 1A F(X ) — 1A, F(Xk) ) + (1 — 6%)A7
—max (f(XJoh) — em—10°A%, - F(Xucer) — 0192A2,f(Xk)>
max (F(XM25) = enr 1A%, o (X ) — 1 AD)) + (1 = 0)A7
—max(f (Xowe) — et 10°A7, o f (X eer) — Cl@QA%)

succk
>min (0% — L)ear—1, .- ., (02 — Der) A} +n(1 — 0%) A,
=(0° = Denr—1AF + (1 — 6%)AF
=vAZ.

Therefore, from the algorithm, one has

Dp — Dpy 1 = (P — Pry1)(1{iteration k is successful} 4+ 1{iteration k is not successful})
> vAZ(1{iteration k is successful} 4 1{iteration k is not successful})
= VAL

O

We now explain how the stopping-time framework of Blanchet et al. [5] applies. This frame-
work relies on the two following conditions.

1. There exists a fixed threshold d. such that for Ax < §. and k < T, the stepsize is multiplied
by v with conditional probability at least p and otherwise is multiplied by 6. This is proved
in Lemma 3.6. In addition, we assume that plog~y + (1 — p)log6 > 0, which prevents the
method from spending too many iterations at stepsizes much smaller than J..

2. For k < T, the merit function satisfies E[®) — $pp1|Fi] > yAz for some values v > 0.
This is proved in Lemma 3.8.

With these two conditions, the framework in [5, 12] studies a renewal-reward martingale process
generated by the stepsize Ay and shows an upper bound for the expected stopping time E[T]
of the algorithm. We note that Blanchet et al. [5] analyzed the standard case with v0 = 1 and
p > %, while Ding et al. [12] subsequently stated the corresponding bound for a general success
probability and multiplicative factors that satisfy plog~y + (1 — p)log6 > 0.

Theorem 3.9 (expected number of iterations) Let Assumptions 3.1, 3.2, and 3.3 hold, let
de = 2ke/(L + 2¢), and suppose that plny+ (1 —p)Inf > 0. Then

1 d 1 &g (L + 2¢)?
E[T.-1] < il =0 tl 2ol + 2¢)
plny+ (1 —p)lnf v6252 plny+ (1 —p)lnf  4vh2k2e?

where the first bound follows from the stopping-time framework [5]. Consequently, the expected
iteration complexity of Algorithm 2 is O(e~2).
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The explicit constant v in Lemma 3.8 decreases geometrically with M, so the resulting bound
contains a factor of order v2™. In contrast, the complete-poll analysis gives linear dependence
on M. The geometric factor is a consequence of the particular feasible correction coefficients used
here, not a lower bound for every max-M method; hence, the possibility of sharper coefficients
is open.

We note that another merit function Wy for Algorithm 2 can be constructed differently
from ¥y, which we present in detail in Appendix A. When extending to the stochastic objec-
tive functions, ¥y has a disadvantage. Specifically, the decrease of Wy relies on the exactness
of M sufficient decrease condition evaluations; therefore, error control in the algorithm for the
stochastic objective function becomes relatively difficult when the stepsize is adaptive. The
benefit of @, is that its decrease depends merely on the current sufficient decrease condition
evaluation and extends more naturally to the stochastic case, as shown in the next section.

4 Non-monotone direct search for stochastic functions

A challenge in the stochastic setting arises when the past and the current stochastic function
estimates in the decrease condition are not independent. A common technique to overcome
this challenge is resampling the random estimates in new iterations. We propose a stochastic
max-M non-monotone direct-search algorithm, following this principle. Let f(z) be the objective
function of our interest and let F'(x, ) be its stochastic oracle. Our method extends Algorithm 2
by replacing the exact objective value in the non-monotone condition with an independent
stochastic estimate, which we presented in Algorithm 3 as follows.

Algorithm 3 Stochastic Max-M Non-monotone Direct Search

1: Initialization. Choose integer M > 1, ¢ > 0, Xo, Ag, 6 € (0,1), v € (1, 00).

2: for k=0,1,... do

3:  Uniformly select a random direction Dy, from the unit sphere.

4:  For i € NT, if there is an i-th latest successful iterate point from X}, then record it
with Xsucc - Otherwise let X . be Xo. Let X,f = X + A D, be the candidate point.

5:  Query the stochastic oracle at Xsucck, 1<i< M-—-1, Xi, and X,‘j. Denote the query
results by F(X;ucc,k,fkvl), 1<i<M-1, F(Xg,&2), and F(Xg,fk’g). Here the random
variables f,i 1 1< <M —1, &2, and {3 are independent.

succe,

6: if max (F(Xé\gcclk’ ,1_1)’ e 7F( succ k> gk 1) (ka fk,Q)) - F(Xg’ 5’%3) > CA%’ then
7 Set Xpy1 = Xk and Ayy1 = yAyg. This iteration is successful.

8: else

9: Set Xxy1 = X and Ag1 = 0Ay. This iteration is not successful.

10:  end if

11: end for

We denote the following quantities for the analysis of Algorithm 3.

Gy = max (F(XU 7, F(X e €60 P (X 60.2) ) = FIXE €0),

Hy = max ( FOXM) o F(X o) f(Xk>) - F(XP),
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€k :Gk—Hk.

Here, ¢}, is the sampling noise of G when estimating Hjy. Hence, the random sources in the
algorithm are {Dj} and {ex}. Similar to the previous section, we let Fj be the o-algebra
generated by randomness up to the end of iteration k£ — 1. In addition, let F /5 denote the o-
algebra generated by randomness up to Dy. Therefore, X g and Hy are Fy 1 /o-measurable; G,
Xk+t1, and Apqq are Fpqi-measurable. We denote the event Ay := 1(iteration k is successful).
Similar to the deterministic setting, we aim to bound 7 for a given threshold ¢ > 0. We impose
the following assumption on the sampling error e.

Assumption 4.1 The stochastic oracle is accurate such that the distribution of e, satisfies for
each k

P(eg > 0[Fpy1/2) = po
PAL
b )

N

P(Ek > b’fk+1/2) < vb > 0.
Assumption 4.1 controls the two ways in which sampling error can affect the acceptance decision.
The first condition ensures with probability at least pg that the estimated decrease does not
understate the true decrease, while the second condition bounds the upper tail of the error. We
note that this assumption concerns the error bound between H} and its stochastic estimate Gy,
not for each function observation taken individually. The first condition can be attained for
po = 1/2 if the individual errors are symmetric. In the case of non-symmetric errors, the value
of pyp depends on the distribution of those errors. In general, our analysis does not require a
lower bound on pg and thus the first condition is very mild. The second condition is a one-sided
tail bound, which is common in the stochastic direct search literature [28]. In Appendix B, we
show that this condition can be satisfied when the number of samples are O(A,;‘l). We note that
this order of samples is also standard in the literature [28] to ensure the same (deterministic)
iteration complexity for stochastic direct search.

We also need Assumption 3.3, which assumes good behavior of the random direction and
therefore is independent of the stochastic oracles. By Lemma 3.6, for every k < T, we have

P (Hy, 2 cAY | Fi) La,<sy 2 Pliag<s.)- (4.1)

Independence between the direction and the subsequent oracle samples allows this probability
and the probability in Assumption 4.1 to combine into ppg in the following lemma.

Lemma 4.1 Let Assumptions 3.2, 3.3, and 4.1 hold and 6. = L2~I:§c‘ For anye >0 and k < T,
we obtain

P(Ay = 1|Fk)1ia, <53 = PPolia,<s.)-
Proof. Note that {H), > cA2} N {Gy — H, > 0} C {A), = 1}. Therefore, we have
P(A, = 1|F) > P ({Hx > eAF} N {Gx — Hi > 0}|F)

Using the tower property of conditional expectation and the definition of €, from Assumption 4.1,
we have

P(A = 1F) 2B g, 50n2y P (Gr — Hi > 0| Fpy1/2) |7l
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=By, >cn2y P (ek = 01Fjy1/2) [ Fi]
> B[, >cn2yp0l Fk]
=poP (Hk > cAz|]:k) )
Together with the bound (4.1), we have
P(Ar = 1Fi)1ia,<s.3 =poP (Hi, > eAF|Fi) Lia, <o)
>ppolia,<s.}-
O

The merit function @y, is defined similarly as in (3.8). The next Lemma establishes the
coefficients and the expected decrease of @ as follows.

Lemma 4.2 Let Assumption 4.1 hold for = l( —cpr—1)(1—6%) > 0. There exist cpr—1 > 0,
—21

%CM 1, 1<i<M-2,n>cpy—_1, and v > 0 such that

Cizl

E[®), — ®py1|Frp10] > VAR

Proof. Selecting cpr—1 > 0, n > cpr—1, and v > 0 such that

v -1 1
V=T em-1 - ) = 50— ear1)(1 = 67)
and
c=cyp10% +ny? — nh (4.2)

This gives

(29° =02 =11 —~*72M)

CM-1=C¢C
aux
_ 292 — 24 (1 — 0%)(1 — 4272M)
aux
1— 02 2 1 2—2M
1= )02 = 1
aux

where aux = 6%(27? — 62 —1)(1 —v?72M) 4+ (v2 = 6?) (24% — 2+ (1 — 62)(1 — 4*72M)) is positive.

We will use similar arguments as in Lemma 3.8. In particular, we note again that if x < y,
then max(a,z) — max(a,y) > = — y and that a — max(b,c¢) = min(a — b,a — ¢). Therefore, if
iteration k is not successful, then, from the mechanism of the algorithm,

Oy — Pjyq =max (f(ngcclk) 1A% f(Xdeer) — AT, f(Xk.)> +nA}

—max (f(XML) — ep 10287, F(X k) — cﬁ%i,f(xk))—ne?Ai

suce, k

> mac (FOXAL) = enr 1A (X ) — 1AF) + A7

suce,k

— max ( FXM=LY e 16272 ,f(XsucC B) — 0102A%> —nh*A2

suce, k
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> min ((02 —Depr1,.-., (0% — 1)er) A7 +nAZ —nh* A2
=(n— ear-1)(1 = )AL

Also using the definition of Hy, the mechanism of the algorithm and a — max(b,¢) = min(a —
b,a — ¢), if iteration k is successful, then (note also that ¢; < cpr—1)

Dy — Ppyq
= max (f(Xé\z{cclk) eM—18%, s F(Xgueok) — ClA%,f(Xk)> + A7
— max (f(X;\gcczk) — CM,172A2, v f(XE) — 1P A2, f(Xd)) — n’yQAQ
> min (CM_lv Ak — CM_QA%, . ,CQVQA% — clA%, chQA%, Hi —cp— 1Ak) +n(l— )Az

2
: 71
=min (MHMCM_IA%’ oy, — CM—lAz> + 77( )AQ

Based on the arguments above, one is able to bound below ®; — ®,;, which is Fgyi-
measurable, by Ay and Hy, which are F/o-measurable, when Ay equals 0 and 1 separately.
Therefore, one has

E®p—Ppi1|Frr1/2) = E[( Pk — Ppi1) 1(Ar = D[ Fppay2] + E[( P — Ppei1) 1(Ag = 0)[Fp1 2]
. 21
Z <m1n <1’_Y,Y2—2]WCM_1Az7Hk — CM_]_A2> + 7](]. — VZ)A]%> P(Ak = 1’fk+1/2)+
(n— err—1)(1 = 0°) AR P(A), = 0| Fis12)
: v -1 2 2 2\ A2
= | min mCM—lAIwHk — CM—lAk + 77(1 -y )Ak P(Ak = 1’fk+1/2)+
(n—en—1)(1 = 0°)AF(1 = P(Ap = 1 Fjs1/2))
_ . ’72 —1 2 2 2\ A2 2 _
= | min mcM_lAk + 185 He | +1n(1 = )AL —en—1Ay | P(Ag = 1|fk+1/2)+
(n— er—1)(1 = 0°)AF(1 — P(Ap = 1 Fji1/2))
72 —’72 M 2 2 2 2\ A 2
N (min <1—fy2—2MCM_1Ak’Hk> 6" —m” = ey >Ak> P(Ak = 1 Fpr/2)+

(= ear—1) (1 — 6%)Af.

2 2—2M 2_.2-2M
Note that S} = {w : Hj, > 1,72721\,01\4 1A2} and S? = {w : Hy < HWCM 1A%}
are two disjoint JFj 1 /o-measurable events such that S,}: U S,g = Q. It suffices to prove E[®) —

DPpr 1| Frrr/2) > I/A2 for these two scenarios separately.

2 2—-2M
Case 1. First, we consider the case S} = {w: H > 177272MCM 1A2}. Then one has

2

0 1

(n—em—1)(1 = 0°)AFP(A), = 0| Fkt1/2)151

: 21
2> min <1’_y,y2_2MCM—1Ai +n(l— VQ)A%a (n—em-1)(1— 92)Ai) 15;
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_ 2

2 2—2M
Case 2. Otherwise, we consider S7 = {w : Hy < MWCM 1A2}. Then one has

E[‘I)k — q’k+1‘fk+1/2}1s£ Z (Hk + (77(92 - 77’}/2 — CM_192)Az) P(Ak = 1‘fk+1/2)152+
(= ear—1)(1 - 6%)Af1g. (4.3)

Since 0 < § < 1 < =, from the definition of ¢ in (4.2), one can check that
2-2M

gtel 2 _ A2
Hk < WCMflAk < CA.IC'

Then, from Assumption 4.1, the choice of 8 = (n — cpr—1)(1 — 62), and (4.2),

P(Ay = 1|Fy1/2)1sz = P(Gy > cAf|Fiyr/2)1s2
= P(e > cA} — H| Frer1/2)1s2
1(n—cm- 1)(1 — )AL,
2 cAz — Sk
1 (- CM—l)(l —02)A%
2 Hy, + (62 — 2 — enr—102) A7

<

1327
which gives, from (4.3),
1
B[® — Oy Frpapllsz 2 50— ep—1)(1 — 0*)Aflge = vAflg.

0

Similar to Theorem 3.9, we apply the stopping time framework [5, 12]. In this case,
Lemma 4.1 shows the success probability ppy instead of p, and Lemma 4.2 bounds the expected
decrease of the merit function. We have the following Theorem.

Theorem 4.3 (expected number of iterations) Let Let Assumptions 3.1, 3.2, and 3.3 hold
and 8¢ = 2rke/(L + 2¢). In addition, let Assumption 4.1 hold for B = 3(n — cpr—1)(1 — 62) > 0
and suppose that ppoIn~y + (1 — ppp)Inf > 0. Then

In~y ol In~y O (L + 2¢)?

ET -1 < . = .
[ I= ppolny + (1 —ppo)In€ v6262  ppolny+ (1 —ppo)Inh  4vh2k2€?

where the first bound follows from the stopping-time framework [5]. Consequently, the expected
iteration complexity of Algorithm 3 is O(e=2).

5 Experiment results

5.1 Experimental setup

In this section, we assess the numerical performance of max-M non-monotone direct search on
two sets of problems from the CUTEst collection [18]. The first set consists of 38 problems
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suggested by [17], with dimensions in {5,10,100}. These problems exhibit a range of structural
properties, including non-linearity, non-convexity, and partial separability. The second set con-
sists of 53 problems selected from [17, 19], with dimensions ranging from 2 to 50. For each
problem in this set, negative curvature was detected by running one of the second-order meth-
ods reported in [2]. The names and corresponding dimensions of such problems are reported in
Appendix C.

We summarize the performance of all methods across the problems using performance pro-
files [25], which are briefly reviewed below. Let S be the set of solvers, P be the set of test
problems, and t, s > 0 the performance measure obtained by solver s € § on problem p € P
(smaller t, ¢ is better). We define the performance ratio ry, s and the performance profile p,(c)

as follows
tp7s

s T min{t,s | s € S}’

I
ps(a) = ﬁsme{p EP|rps < a}.

If a solver s fails to satisfy the convergence test on a problem p, we set r, s = 2max, s, s. We
plot ps() as a curve over . The solver associated with the highest curve is the one with the
best performance. In particular, ps(1) is the fraction of problems for which solver s performs
the best, and the value ps(«) for large « represents the fraction of problems solved by solver s.
These quantities provide measures of relative efficiency and robustness, respectively.

For all methods, we set v = 2, § = 0.5, and ¢ = 1. We compare different choices of M in
max-M non-monotone direct search where M takes values in {2,5,10,20} and impose a budget
of 1000 function evaluations per run. For every solver-problem pair, we perform 10 runs using
random seeds 0,1,...,9 and report the average objective-value. In all the experiments, we
sample a direction d uniformly from the unit sphere. If this direction does not yield a successful
point, we proceed with the the opposite direction —d before generating a new random direction.
Since M = 2 provides the strongest overall performance among the tested values, we use this
choice when comparing the max-M non-monotone to monotone methods.

5.2 Deterministic results

In this section, we present the results for the case where function values are deterministic. The
left panel of Figure 5.1 displays the performance profiles comparing the max-M non-monotone
direct search (Algorithm 2) for different values of M € {2,5,10,20}. Across both problem sets,
the max-2 variant clearly dominates the others in terms of both efficiency and robustness. While
our empirical and theoretical results confirm that the max-M method converges for different
values of M, its performance deteriorates as the memory size M increases. This observation is
not surprising as historical function values are generally high, which leads to more acceptances
and more steps to find good function decrease.

The right panel of Figure 5.1 compares the max-2 non-monotone method against standard
monotone direct search. For Set 1, the monotone method demonstrates better efficiency, while
the max-2 non-monotone algorithm is more robust. For Set 2, the max-2 non-monotone method
shows competitive efficiency and achieves a better robustness compared to the monotone ap-
proach. Hence, non-monotone method yields good performance overall, especially when the
problem has negative curvature as in Set 2.
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Figure 5.1: Performance profiles for two problem sets in the deterministic case.

5.3 Stochastic results

For the stochastic experiments, we perturb the objective values with Gaussian noise and choose
the number of samples of order O(5}). We implement Algorithm 3 where the stochastic function
values at prior successful iterates are resampled independently. As a result, in this theoretical
scenario, the max-M method requires M + 1 stochastic function estimates per iteration, which is
higher than the two estimates for the monotone method. Alternatively, we implement a practical
scenario, where only the stochastic function value at the candidate point Xg is resampled in
each iteration. Hence, the per-iteration costs of max-M non-monotone and monotone methods
are the same (one stochastic evaluation), while the random estimates used in the acceptance
test are no longer independent.

In the theoretical scenario (Figure 5.2), where all values are resampled, the monotone direct
search outperforms the max-2 non-monotone one on Set 1, while on Set 2, max-2 non-monotone
is better. This is consistent with the observation in the deterministic case that max-2 non-
monotone offers significant improvement when the problems have negative curvature. In the
practical scenario (Figure 5.3), where only the new point is sampled and the per-iteration cost
is the same for both methods, the performance of max-2 non-monotone algorithm is better than
the monotone one in both initial efficiency and eventual robustness.

A natural question arises whether the non-monotone condition should use the most recent
function values from all iterations or only those associated with successful iterates. Our experi-
ments indicate that the two choices yield broadly comparable performance for the two problem
sets in both deterministic and stochastic settings, therefore, we omit the results.
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Figure 5.2: Performance profiles for two problem sets in the stochastic case, theoretical scenario:
all stochastic function values are resampled.
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Figure 5.3: Performance profiles for two problem sets in stochastic case, practical scenario: only
sample the value of stochastic function at X ,f.

Overall, the stochastic results indicate that the max-2 non-monotone method performs con-
sistently well on problems with negative curvature, but resampling all historical function values
can offset its benefits when stochastic evaluations are expensive.

6 Conclusions and future work

We studied direct-search methods in which a trial point is compared with the largest objective
value among the M most recent distinct iterates, rather than with the current value alone. This
acceptance rule permits temporary objective increases while retaining a quantified decrease
relative to the recent function values. We developed complexity analyses for three settings:
deterministic complete polling, deterministic probabilistic descent, and probabilistic descent
with stochastic function estimates. Together, these results provide a comprehensive complexity
theory for non-monotone derivative-free optimization. We also conducted thorough experiments
to compare max-M non-monotone direct search with the monotone method. Our experiment
offers insights into the advantages of the practical choice M = 2 and the option of using historical
values instead of resampling.
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While both max-M non-monotone and monotone direct search converge and have competi-
tive empirical performance, future work could identify the problem geometries (such as suitable
classes of curved valleys) for which non-monotone acceptance has a provable advantage. A non-
monotone technique using the averages of objective values at recent iterates could also be an
interesting topic.

On the other hand, we expect that merit function design developed in this paper can be
adapted to establish complexity bounds for line-search and trust-region methods. In a line-
search framework, the usual monotone sufficient-decrease condition could be replaced by one
based on the maximum objective value over a finite window of recent iterates. The analysis
would then combine probabilistically accurate function and gradient estimates with a Lyapunov
function that accounts for all the recent objective values. For trust-region methods, the actual
reduction in the acceptance ratio could analogously be measured from the largest recent objective
value. Developing such line-search and trust-region extensions, and determining whether non-
monotonicity yields similar practical gains in those settings, are promising directions for future
work.
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Appendix

A An alternative merit function for Algorithm 2

This appendix presents the alternative merit function ¥, mentioned in Section 2. The first
lemma below shows that the maximum function values of M successful iterates is monotonically
increasing when the index is shifted to more recent iterates. This property is helpful later to
analyze the merit function.

Lemma A.1 (Monotonicity) In Algorithm 2, for each j > 0, we have

max (F(XIET), s PO 0 (X o)) < max (XN, s XIS 0 (XD )

Proof. Fix any integer j > 0. We consider two cases.

First, suppose that there are at least j 4+ 1 successful iterations from iteration 0 through
iteration k. Then the (j + 1)-st successful iteration in reverse order exists, and the successful-
iteration condition gives

. L . 2 L
J J+t Jj+1 7+
f(Xsucc,k) < 122)](\/[ f(Xsucc,k) —C (Asucc,k) < 122)](\/[ f(Xsucc,k)‘ (Al)
Moreover,
Jtioy < Jti
1§Ii%%(—1 f(Xsucc,k) — 122)](\/[ f(Xsucc,k’)' (A2)

Combining (A.1) and (A.2), we obtain the desired result.

Now suppose that there are at most j successful iterations from iteration 0 through itera-
tion k. By the convention used to define the reverse sequence beyond the available successful
iterations, o

X7t = X, i=1,...,M.

succ,k

Consequently,
o8 f(Xouoe ) = F(Xo) = maxt f(Xjuee)-

0

In the second lemma below, we show a lower bound for the smallest stepsize among the
previous M successful iterations in term of the current stepsize.

Lemma A.2 In Algorithm 2, we have

2

. i 2 Ak
R (O
Proof. There are at most M — 1 successes between the past M — 1 successful iterations in
reverse order at iteration k and the k-th iteration. Recall that if the i-th success in reverse order
at iteration k does not exist, then Al . = A;;ic - Therefore, from the stepsize mechanism of

Algorithm 2, we have for each 0 <¢ < M —1

Ai < ,sz—Q( i )2‘

suce,k
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Therefore, we have
2 2M—2 : i 2
Ak S Y min {( Zsucc,lc) } )

which proves the result after rearranging.

Let us denote the following merit function for Algorithm 2:

M—-1
W= max (FOCA e FXEL ), (X)) = M+ A%
=0

:wk_Mf*—’_T/Aza

where n > 0 is a constant. While ¥, does not need to include the correcting parameters c;,
i=1,...,M — 1 as in P, it instead has the sum of M prior maximum function values terms.
As a result, the decrease of ¥, depends on M sufficient decrease conditions, as demonstrated in
the following lemma.

Lemma A.3 In Algorithm 2, the M — 1 last satisfactions of the sufficient decrease condition
and the satisfaction of the current sufficient decrease condition (3.6) at iteration k imply that

v v z e min {(Bhee)’

0<i<M -1

Proof. For 0 < j < M — 2, because of the j 4+ 1-th satisfied sufficient decrease condition in
reverse order at iteration k, it follows that

. ) . . . 2
+M +2 +1 +1
max (f(Xgucc,k)’ te ’f(Xgucc,k)’ f(Xgucc k)) - f(qucc,k) >c (Aiucc,k) .

For ease of notation, let us denote that By = max (f(Xf%c_,f), e ,f(Xé\gc_clk)). Together with
Lemma A.1, one has that for each 0 < j < M — 2

By, — f(Xgucc,k)
. . . . . 2
> max (f(XZLJCV,[k% ce 7f(ngj_ch,k)7 f(ngj_ch)) B f(Xgucc,k) zc (Ai;fclc,k> : (AS)

The satisfaction of the current sufficient decrease condition gives

— 2
max (f(Xi\gcc}k)7 R f(Xslucc,k)? f(Xgucc,k)> - f(Xgucc,k+1) >c (Agucc,k) :

Then Lemma A.1 implies that

By, — f(Xgucc,kJrl)
— 2
> max (f(X;\;[cC}k)a ) f(Xslucc,k)7 f(Xgucc,k)) - f(Xgucc,k—‘rl) >c (Agucc,k) : (A4)

From (A.3) and (A.4), we obtain

M-1

1/% - warl = Z max (f(X;Ié:;{gl% R f( ;ucc,k)> -

-1
=0 i=0

max (f(X;chgk__:l)v s 7f( ;ucc,k—s—l))
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M-1 -1

= > max (S, (X)) = D max (PO, (X))
i=1

Il
o

[
— max (f(Xé‘gc_c?k)a ) f(Xgucc,k)7 f(Xgucc,k+1))

:Bk — max (f(Xé\gc;?k)v cee 7f(X2ucc,k)7 f(Xgucc,k-l—l))

= min (Bk - f(XSJ\;[(;;?k)a SERE) Bk - f(Xgucc,k)> Bk - f(Xgucc,kJrl))

>c _min {( éucc,k)z} :

0<i<M—1
O

The final lemma specifies the parameter 1 and shows a deterministic decrease property for
the merit function as follows.

Lemma A.4 Let Ny denote the number of successes before iteration k. Suppose that Ngyeer >

M—1. Letn = m. There exists v = #ﬂ% such that, in Algorithm 2, we have

\I/k — \IJkJrl > I/Az

Proof. Let Aj, = 1{iteration k is successful}. Since Ngyeer > M —1, it follows from Lemma A.3
and then Lemma A.2 that A = 1 implies

Up — Upy1 = g — Y1 + nAL(L =72

. . 2 9 9
ZCo {(Azsuccﬁk) } +nAi(1 =)

C
> A} <'y2M2 +n(1— 72))

Also note that A = 0 implies that

Uy — Vg = Pp — g1 +nAL(1 - 6?)
=nAZ(1-6%)

2
= VAk.
Therefore, we conclude that

U =V = (Wi — Wig1) Ar + (U — Vpgr ) (1 — Ag)
> vAF AL +vAL(1 — A)

A2
= vA;.

0

Finally, from this descent lemma, one can apply similar stopping time arguments as in and
Theorem 3.9 to obtain a bound on E(T¢).
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B Sampling complexity

In this appendix, we demonstrate how the tail-bound error in Assumption 4.1 can be satisfied for
a standard setting where the stochastic function oracle is estimated from a number of samples.
In more detail, we suppose that at iteration k, the oracle ﬁ(m) estimates the function value at
point = using N, independent samples as follows

~

1
fr(z) = EZF(%@J)?
j=1

where E[F(z,¢)] = f(z) and F(x,¢) — f(z) is sub-Gaussian with variance proxy o2. This
estimation is independent of the filtration Fy_q/o.

Lemma B.1 (A sufficient batch size) Let us compute the stochastic oracles in Algorithm 3
as described. The second condition of Assumption 4.1 holds if

o (M + 1)

N> ———— (B.1)
7]

Thus Ny = O(A;A‘) is sufficient to guarantee the satisfaction of this condition.

Proof. Let us denote ag = F(Xj),a; = F(Xgucc,k) fori € {1,...,M —1},a4 = F(X}), and

€o, €;'s, eq be the corresponding errors when estimating these quantities. Hence
er = G — Hy, = [max(a; + €;) — (ag + €4)] — [maxa; — ag] = max(a; + ;) — max(a;) — egq.
(] (2 K] K3
And we have

e = |max(a; + ;) — max(a;)| + leq| < max|e;| + [eq| < > el + ledl.

7

As the eg, €;’s, eq are estimated with V. independent samples and each sample has Gaussian
error with variance proxy o2, the errors e, e;s, eq are sub-Gaussian with variance proxy o2 /Nj.

This implies the bound
E [leil | Fierrj] < \/Ble? | Frono) € —=. (B.2)
vV N

As a result
(M +1)o
V Ni

where the last inequality follows from the sample size condition. Markov’s inequality gives, for
every b > 0,

Elle| | Fiapal < Y Elleil | Firaal + Elleal | Figayal < < BAY,

Ellek| | Fri1/2) = BA2
P(lex] > b | Fi o) < ; /2 < .

Since {e > b} C {|ex| > b}, this proves the second condition of Assumption 4.1. O
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C Problem Set Details

In the experiment, we use two problem sets from the CUTEst collection [18]. We describe the

problem names and their corresponding dimensions below.

Problems Dimensions | Problems Dimensions | Problems Dimensions
ARGLINA 10 ARGTRIGLS 10 ARWHEAD 100
BDEXP 100 BOXPOWER 10 BROWNAL 10
COSINE 10 CURLY10 100 DIXON3DQ 10
DQRTIC 10 ENGVALI1 100 EXTROSNB 10
FLETBV3M 10 FLETCBV3 10 FLETCHBV 10
FLETCHCR 10 FREUROTH 10 INDEFM 10
MANCINO 10 MOREBV 10 NONCVXU2 10
NONCVXUN 10 NONDIA 10 NONDQUAR 100
PENALTY?2 10 POWER 10 QING 5
QUARTC 100 SENSORS 10 SINQUAD 100
SCOSINE 10 SCURLY10 10 SPARSINE 10
SPARSQUR 10 SSBRYBND 10 TRIDIA 10
TRIGON1 10 TOINTGSS 10

Table C.1: Problem set 1.
Problems Dimensions | Problems Dimensions | Problems Dimensions
ALLINITU 4 BARD 3 BIGGS6 6
BOX3 3 BROYDNTD 10 BRYBND 10
CUBE 2 DENSCHND 3 DENSCHNE 3
DIXMAANA 15 DIXMAANB 15 DIXMAANC 15
DIXMAAND 15 DIXMAANE 15 DIXMAANF 15
DIXMAANG 15 DIXMAANH 15 DIXMAANI 15
DIXMAANJ 15 DIXMAANK 15 DIXMAANL 15
ENGVAL2 3 ERRINROS 25 EXPFIT 2
FMINSURF 16 GROWTHLS 3 GULF 3
HAIRY 2 HATFLDD 3 HATFLDE 3
HEARTG6LS 6 HEARTSLS 8 HELIX 3
HIELOW 3 HIMMELBB 2 HIMMELBG 2
HUMPS 2 KOWOSB 4 LOGHAIRY 2
MARATOSB 2 MEYER3 3 MSQRTALS 4
MSQRTBLS 9 OSBORNEA 5 OSBORNEB 11
PENALTY3 50 SNAIL 2 SPMSRTLS 28
STRATEC 10 VIBRBEAM 8 WATSON 12
WOODS 4 YFITU 3

Table C.2: Problem set 2.
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