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Abstract

When linearizing binary quadratic programs, the most usual way is to

replace bilinear products with additional variables constrained to take on

consistent values in any feasible solution. In this setting, column genera-

tion is a principally desirable solution technique, for instance because the

number of such additional linearization variables may be large while many

of them may turn out to be zero in an optimal solution. Even more, the

consistency constraints of the most customary linearization technique add

significantly to the degeneracy of the basic solutions traversed when solv-

ing the continuous relaxation with the simplex algorithm. At the same

time, solving this relaxation by column generation poses difficulties. The

foremost one is that essentially all linearization variables with a negative

objective coefficient need to be incorporated in order to deduce a valid

lower bound for minimization from such a procedure in general, with only

rare exceptions where an actual decreasing effect on the objective might be

ruled out by other means than reoptimization. This translates accordingly

to positive coefficients for upper bounds when maximizing the objective.

To resolve this, we present a column generation approach built upon a

strategic combination of classical techniques such as boolean complemen-

tation and continuous Rhys forms in order to maintain dual feasibility

and thus to provide a valid dual bound at any time.

1 Introduction

Quadratic Unconstrained Binary Optimization (QUBO) consists in finding a
solution x ∈ {0, 1}n that minimizes the quadratic function f(x) := xTQx+ cTx

for a given symmetric matrix Q ∈ R
n×n and a given vector c ∈ R

n. It is
NP-hard in general [8].

A common approach to this problem that is also the basis of some state-
of-the-art solvers like [4, 15] is via linearization: Exploiting that x2

i = xi
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for xi ∈ {0, 1}, define first c′i := ci + qii for all i ∈ {1, . . . , n}. Then, de-
fine E := {(i, j) : i, j ∈ {1, . . . , n}, i < j, qij 6= 0} and introduce a variable wij ,
supposed to represent the product xi · xj , with associated objective coefficient
dij = qij + qji for all (i, j) ∈ E. Now, QUBO may be reformulated as the
following binary linear program which is often referred to as the “standard”
linearization:

(StdLin) min
∑

(i,j)∈E

dijwij +
n
∑

i=1

c′ixi

s.t. wij − xi ≤ 0 for all (i, j) ∈ E (1)

wij − xj ≤ 0 for all (i, j) ∈ E (2)

xi + xj − wij ≤ 1 for all (i, j) ∈ E (3)

wij ≥ 0 for all (i, j) ∈ E (4)

xi ∈ {0, 1} for all i ∈ {1, . . . , n}

This linear reformulation goes back to Fortet [7] and Glover and Woolsey [9],
and the inequalities (1)–(4) also appear as the convex envelopes described by
McCormick [14] for the special cases of products of binary variables.

Despite the restriction of the set E to products with non-zero off-diagonal
entries in Q, in general, the number of linearization variables and associated
constraints may be costly to handle as an explicit part of the program. In addi-
tion, the linearization constraints introduce a considerable level of degeneracy
into the linear programming (LP) relaxation of (StdLin). At the same time,
QUBO instances frequently admit an optimum solution, likely to both (StdLin)
and its relaxation, in which may w-variables take the value zero.

The aforementioned aspects strongly motivate a column generation (CG)
approach to solve the LP relaxation of (StdLin) in a natural way: Work with a
restricted collection of linearization variables and constraints associated with a
subset E′ ⊆ E, assuming wij = 0 for all (i, j) ∈ E\E′, and alter E′ dynamically
until optimality is proven. The program comprising only the selected variables
and constraints is then referred to as a restricted master program (RMP), and
the task of determining a so far neglected variable that could still improve the
solution value (if any) is called pricing [6].

However, while CG approaches for binary quadratic programs have been
devised in other contexts as referenced in Section 2, particularly in terms of
applying a Dantzig-Wolfe reformulation [6], we are not aware of any literature
addressing a conventional CG approach for solving the LP relaxation of (StdLin)
or some other QUBO linearization as an RMP.

One potential reason for this may be that one encounters several severe
obstructions when trying to solve the LP relaxation of (StdLin) directly in this
way. In particular, as long as there exists a pair (i, j) ∈ E \E′ with qij < 0, the
RMP with respect to E′ does not guarantee a valid lower bound on the optimum
value of f for x ∈ {0, 1}n. To the contrary, the canonical extension of the current
RMP solution that keeps the newly introduced primal and dual variables at
zero preserves primal feasibility and destroys dual feasibility with dij being the
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according reduced cost of wij , as is exposed in detail in the appendix, Section A.
In other words, every variable wij , with (i, j) ∈ E\E′ and qij < 0, is indicated as
an entering candidate with a potential improvement of the objective. Moreover,
only in very specific cases and when investing additional effort, it is possible
to certify or rule out an actual strict decrease in the optimal objective when
incorporating such wij without reoptimization. So in general, one may expect
that deriving a valid lower bound will require to include a large subset of the
pairs (i, j) ∈ E \ E′ with qij < 0. Consequently, there is little algorithmic
control over the effectiveness of a customary CG approach for a “standard”
linearized QUBO, rather it depends on the given sign pattern and coefficient
distribution of the matrix Q and the vector c.

In this paper, we propose a column generation approach for an equivalent
QUBO linearization that resolves the aforementioned issues, that provides a
valid lower bound at any time, and that can be solved in a suitable way so as
to iteratively reach the lower bound provided by the complete LP relaxation of
(StdLin). Rather uncommonly for a minimization problem, our CG approach
is thus designed so as to increase the optimum objective value of the RMPs
solved successively, providing the additional possibility of early termination.
The enabling key ingredients for our technique are the concepts of boolean
complementation and continuous Rhys forms [16, 10], which we address in the
upcoming section. Combining these strategically, we devise a well-defined and
computationally attractive pricing mechanism that preserves dual feasibility as
well as a monotone behavior of the objective function respectively lower bound.
We discuss the key concepts and relevant technicalities to implement our method
and provide a demonstrating computational example in Section 3. The paper
closes with a brief conclusion in Section 4 and the subsequent appendix.

2 Preparations, Preliminaries, and Related Work

In this section, we briefly introduce the major prevalent techniques that our col-
umn generation approach is based on, and reference some different CG methods
that have been designed for binary quadratic programs.

In all conscience, the most closely related literature on column generation
for (unconstrained as well as constrained) binary quadratic optimization has so
far mainly focused on Dantzig–Wolfe reformulations [3, 2, 13] and approaches
based on alternative reformulations with an exponential number of variables [1].
In [13], Mauri and Lorena first partition the set of variables to construct (lin-
earized) QUBO subproblems to which a Dantzig–Wolfe reformulation is sub-
sequently applied, while the linking constraints are handled by means of La-
grangian relaxation. Moreover, Bettiol et al. [2] develop relaxations based
on Dantzig–Wolfe reformulations in matrix space and extend them to block-
decomposable binary quadratic programs. Ceselli, Létocart and Traversi [3],
in turn, develop a systematic framework combining Dantzig–Wolfe reformula-
tions with quadratic convex reformulations for constrained binary quadratic
programs. Finally, Bayani et al. [1] develop a cost-splitting reformulation with
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exponentially many variables and exploit its structure through a decomposition-
based column generation scheme.

In this sense, a fundamental difference of the present work is that it devises a
column generation approach for the linearized original problem respectively its
continuous relaxation, thereby addressing and resolving the issues that occur
if such an approach was followed (too) straightforwardly for the “standard”
linearization.

To prepare for this, we first partition the set E from Section 1 into the
subsets

P := {(i, j) : i, j ⊆ {1, . . . , n}, i < j, qij > 0}

respectively
N := {(i, j) : i, j ⊆ {1, . . . , n}, i < j, qij < 0}

of index pairs with positive and negative coefficients in Q. Moreover, for any
vector x ∈ R

n, 0 ≤ x ≤ 1, we define its complement vector x̄ := 1−x of the same
dimension. The next ingredient is the observation, attributed to Rhys [16] by
Hammer, Hansen and Simeone in [10], that, using complemented and uncom-
plemented variables, one may reformulate f into a quadratic function p in the
variables x and x̄ such that all the coefficients associated with quadratic terms
are non-negative. In fact, we may simply obtain p(x, x̄) from f(x) by replacing
any term xixj for (i, j) ∈ N with (1 − x̄i)xj = xj − x̄ixj , i.e.:

p(x, x̄) :=
∑

(i,j)∈P

pijxixj +
∑

(i,j)∈N

pij x̄ixj +

n
∑

i=1

piixi

where pii =
(

ci + qii +
∑

(j,i)∈N 2qji

)

, and pij =

{

2qij , if (i, j) ∈ P

−2qij, if (i, j) ∈ N
.

This reformulation now gives rise to an alternative linearization, called dis-
crete Rhys form in [10], which removes the complements again. Its set of feasible
solutions and also the lower bound provided by its LP relaxation coincide with
(StdLin) [10], but the crucial difference is that the linearization variables, which
are now denoted by yij , represent either products of the form xixj for (i, j) ∈ P

or x̄ixj for (i, j) ∈ N , while the respective consistency is enforced via linear
constraints in the uncomplemented variables. In [10], the discrete Rhys form
is stated for a maximization problem, while we state it here for minimization.
This is reflected by replacing the upper bounding pendant constraints of (1) and
(2) in [10] with the lower bounding pendant constraints (5) respectively (7) of
(3) and (4) as shown subsequently.
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min
∑

(i,j)∈P

pijyij +
∑

(i,j)∈N

pijyij +

n
∑

i=1

piixi

s.t. xi + xj − yij ≤ 1 for all (i, j) ∈ P (5)

yij ≥ 0 for all (i, j) ∈ P (6)

xj − xi − yij ≤ 0 for all (i, j) ∈ N (7)

yij ≥ 0 for all (i, j) ∈ N (8)

xi ∈ {0, 1} for all i ∈ {1, . . . , n}

Indeed, (5) coincides with (3) while (7) is essentially (3) as well but with xi

replaced with 1 − xi, and (6) and (8) just replicate (4). In the context of this
relation, it is well known that – equivalently – in (StdLin) and its LP relaxation,
the inequalities (1)–(2) can be restricted to the cases (i, j) ∈ N while (3)–(4)
can be restricted to the cases (i, j) ∈ P , in the sense that these inequalities are
necessarily satisfied at an optimum solution [5].

3 A Column Generation Approach for linearized QUBO

We now present our column generation approach for linearized QUBO. We start
with introducing our version of the primal and dual continuous Rhys forms
related to the discrete one as defined in Section 2. Then, we derive the key
results regarding the validity of the provided lower bounds as well as the pricing
of so far neglected linearization variables. Finally, we demonstrate the addition
of variables with an example.

3.1 Building Continuous Rhys Forms

From the discrete Rhys form presented in Section 2, we first build the following
according LP relaxation, subsequently referred to as (primal) continuous Rhys
form in analogy to [10]. Thereby, we now treat the lower bound constraints on
the linearization variables as simple variable bounds.

min
∑

(i,j)∈P

pijyij +
∑

(i,j)∈N

pijyij +

n
∑

i=1

piixi (9)

s.t. yij − xi − xj ≥ −1 for all (i, j) ∈ P [uij ] (10)

yij + xi − xj ≥ 0 for all (i, j) ∈ N [uij ] (11)

−xi ≥ −1 for all i ∈ {1, . . . , n} [zi] (12)

xi ≥ 0 for all i ∈ {1, . . . , n} (13)

yij ≥ 0 for all (i, j) ∈ P ∪N (14)

As in the discrete version, the variables yij here represent the product xi · xj if
(i, j) ∈ P and the product x̄i · xj if (i, j) ∈ N . Observe that one may read off
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the valid lower bound

fNL :=
∑

pii<0

pii = min

{

n
∑

i=1

piixi : (12), (13)

}

on the optimum value of f for x ∈ {0, 1}n from this linear program. Indeed, we
might start with an RMP consisting only of the variables xi, and an initial set
of constraints (12)–(13), such that fNL is the value of an optimum solution to
the so restricted continuous Rhys form.

The inequalities of the continuous Rhys form are attached with a naming of
according dual variables, as we will also work with the dual continuous Rhys
form:

max −
∑

(i,j)∈P

uij −
n
∑

i=1

zi (15)

s.t.
∑

(i,j)∈N

uij −
∑

(i,j)∈P

uij −
∑

(j,i)∈P∪N

uji − zi ≤ pii for all i ∈ {1, . . . , n} [xi] (16)

uij ≤ pij for all (i, j) ∈ P ∪N [yij ] (17)

uij ≥ 0 for all (i, j) ∈ P ∪N (18)

zi ≥ 0 for all i ∈ {1, . . . , n} (19)

By linear programming duality, we have

fNL = max

{

−
∑

i

zi : −zi ≤ pii for all i ∈ {1, . . . , n}, (19)

}

and
fLP := max {(15) : (16)–(19)} = min {(9) : (10)–(14)} .

3.2 Maintaining Dual Feasibility, Pricing, Reoptimization

Starting from fNL, our goal is to improve the bound to fLP by successively
adding a typically restricted subset of the initially missing variables and con-
straints. Thereby, any restricted subset leads to a minimum primal respectively
maximum dual objective value that is a valid lower bound. We prove this with
an intermediate lemma as follows.

Lemma 1. Consider an optimum (basic feasible) solution to the restricted
dual continuous Rhys form associated with the variable index sets P ′ ⊆ P and
N ′ ⊆ N in addition to the z-variables. Then for every (i, j) ∈ (P∪N)\(P ′∪N ′),
there is a (basic) feasible solution with the same objective value for the dual pro-
gram that results from adding the variable and constraint associated with (i, j).

Proof. Setting uij = 0 (non-basic) gives a feasible extended solution, satisfying
the new instances of (17) and (18), as well as the accordingly appended instance
of (16). Choose the new slack variable of (17) to be basic with value pij . The
objective value remains unchanged.
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Proposition 1. Consider an optimum (basic feasible) solution to the restricted
primal or dual continuous Rhys form associated with the variable index sets
P ′ ⊆ P and N ′ ⊆ N in addition to the x- respectively z-variables. Then its
objective value is a valid lower bound on the optimum value of f for x ∈ {0, 1}n.

Proof. For the restricted dual continuous Rhys form, by Lemma 1, there is a
feasible solution with the same objective value for any so far missing variable
(i, j) ∈ (P ∪N)\(P ′∪N ′). Thus an optimum (maximum value) feasible solution
of this program can only have an equal or larger objective value. By LP duality,
the value of an optimum solution of the so appended restricted primal continuous
Rhys form can only be equal or larger as well. Thus, the objective value prior
to the extension is a valid lower bound.

Besides providing a means of dual feasible extension, Lemma 1 also per-
mits to append dual variables in a a computationally effective way, in particular
supporting a continuation from the respective current LP solution (“warmstart-
ing”). We now employ this to derive a reasonable pricing procedure for the
primal continuous Rhys form and analyze which variables are entering candi-
dates of interest.

Proposition 2. Let P ′ ⊆ P and N ′ ⊆ N be the index sets describing the vari-
ables and constraints present in the restricted primal continuous Rhys form in
addition to the x-variables. Then including the variable and constraint associ-
ated with a variable yij for (i, j) ∈ (P ∪N)\ (P ′∪N ′) can increase the optimum
objective value only if (i, j) ∈ P and xi+xj > 1 or if (i, j) ∈ N and xj −xi > 0.

Proof. Consider to append the according dual variable uij and its associated
constraints to the restricted dual continuous Rhys form, in the way described
in the proof of Lemma 1, to first obtain an extended dual feasible solution of
the same objective value. By definition (choosing signs so that feasible slacks
are non-negative), the reduced cost of uij is then equal to the negated slack of
its respective primal constraints, i.e., it is equal to xi + xj − yij − 1 if (i, j) ∈ P

and equal to xj − xi − yij if (i, j) ∈ N . In other words, it is positive if and
only if its corresponding primal constraint (10) respectively (11) is violated by
the extended primal solution that emerges from “keeping” yij = 0 as before.
Thus, uij is a candidate to enter the current basis if and only if xi + xj > 1
respectively xj − xi > 0. Otherwise, the constructed dual solution remains
feasible and optimal with uij = 0, and so does then the primal one with yij = 0,
leaving the previous objective value unchanged.

Together with Lemma 1, the Propositions 1 and 2 express formally that our
corresponding CG approach resolves the issues that one may encounter with
a conventional one for (StdLin) as exposed in the appendix, Section A: Given
the straightforward preservation of dual feasibility, the objective value of each
restricted program is always a feasible lower bound that may only improve
during the further course. Moreover, the proof of Proposition 2 provides an
accurate “reverse” pricing mechanism that answers which variable to append in
order to (potentially) increase the current optimum. Since this only involves to
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evaluate the reduced cost quantities xi+xj−1 for (i, j) ∈ P \P ′ and xj −xi for
(i, j) ∈ N\N ′ with respect to the current primal solution (without actually truly
extending the dual one beforehand), the pricing procedure is also comparably
cheap from a computational point of view. Choosing for instance a variable
that has the maximum (strictly positive) dual reduced cost is an analogue of
Dantzig’s pricing rule. Likewise, choosing the first one with strictly positive
dual reduced costs is an analogue to Bland’s pricing. After selecting a variable
and according constraint to be appended to the primal program, the variable
remains non-basic at value zero while the negative slack variable of the added
constraint enters the basis. Starting from the so extended basis, the program can
be reoptimized (“warmstarted”) with the dual simplex algorithm. Alternatively,
one may append the dual program in the feasible way described in the proof
of Lemma 1 and resolve it then with the primal simplex algorithm. Moreover,
incorporated linearization variables may of course also become redundant and
be removed again from the program during the further course.

3.3 Demonstrating Example

We consider a QUBO instance with

Q =









0 3 −1 −5
3 0 1 −4
−1 1 0 0
−5 −4 0 0









and cT =
(

0 3 2 6
)

.

Therefore, f(x) = 3x2 + 2x3 + 6x4 + 6x1x2 − 2x1x3 − 10x1x4 + 2x2x3 − 8x2x4,
with P = {(1, 2), (2, 3)} and N = {(1, 3), (1, 4), (2, 4)}. Building the according
function in complemented and uncomplemented variables from Section 2 such
that all the coefficients of quadratic terms are non-negative, we obtain

p(x, x̄) = 3x2 − 12x4 + 6x1x2 + 2x̄1x3 + 10x̄1x4 + 2x2x3 + 8x̄2x4.

The primal continuous Rhys form is then:

min 3x2 − 12x4 + 6y12 + 2y13 + 10y14 + 2y23 + 8y24

s.t. y12 − x1 − x2 ≥ −1 [u12]

y13 + x1 − x3 ≥ 0 [u13]

y14 + x1 − x4 ≥ 0 [u14]

y23 − x2 − x3 ≥ −1 [u23]

y24 + x2 − x4 ≥ 0 [u24]

− x1 ≥ −1 [z1]

− x2 ≥ −1 [z2]

− x3 ≥ −1 [z3]

− x4 ≥ −1 [z4]

x1, x2, x3, x4 ≥ 0

y12, y13, y14, y23, y24 ≥ 0
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An optimum solution is x1 = x2 = x4 = 1
2 and all other variables equal to

zero. The objective function value fLP is −4 1
2 while the optimum binary value

is −4 attained with x1 = x4 = 1 and all other variables equal to zero.
The dual continuous Rhys form is as follows:

max −u12 − u23 − z1 − z2 − z3 − z4

s.t. − u12 + u13 + u14 − z1 ≤ 0 [x1] (20)

− u12 − u23 + u24 − z2 ≤ 3 [x2] (21)

− u13 − u23 − z3 ≤ 0 [x3] (22)

− u14 − u24 − z4 ≤ −12 [x4] (23)

u12 ≤ 6 [y12 = x1 · x2] (24)

u13 ≤ 2 [y13 = x̄1 · x3] (25)

u14 ≤ 10 [y14 = x̄1 · x4] (26)

u23 ≤ 2 [y23 = x2 · x3] (27)

u24 ≤ 8 [y24 = x̄2 · x4] (28)

u1, u2, u3, u4 ≥ 0

u12, u13, u14, u23, u24 ≥ 0

Suppose that we start with the restricted primal program for P ′ ∪N ′ = ∅

min {3x2 − 12x4 : 0 ≤ x1, x2, x3, x4 ≤ 1}

to compute fNL. We then clearly obtain fNL = −12 by setting x4 to one and
all other x-variables to zero. This is reflected in the first row labeled “sol” (for
primal solution) in Table 1. The next step is to check whether we can improve
this lower bound by means of the “reverse” pricing described in Section 3.2.
To this end, we first observe that, in accordance with (the proof of) Lemma 1,
it is feasible to extend the current dual solution by setting uij = 0 for any
(i, j) ∈ P∪N , because the right-hand side of any constraint of the form (17), i.e.,
here the constraints (24)–(28), is positive by construction, and the constraints
of the form (16), here (20)–(23), remain unaffected from this choice. Thus,
the objective value is unaffected as well. Given a so extended dual solution, the
dual reduced cost (the gain in the dual objective per unit of increase) of the new
variable uij is, under the current assumption that yij = 0, equal to xi+xj −1 if
(i, j) ∈ P \P ′ and equal to xj−xi if (i, j) ∈ N \N ′, see Proposition 2. Clearly, if
the maximum of these values over all (i, j) ∈ (P ∪N)\ (P ′∪N ′) is non-positive,
we are certified that no increase of the (dual, and thus also the primal) objective
is possible. Otherwise, we have at least one entering candidate uij which directly
translates to the according entering candidate yij for the primal problem. For
the currently considered solution, the dual reduced costs are displayed in the
first row labeled “drc” in Table 1. Moreover, the feasible amount of increase of
uij is clearly bounded by (at most) pij due to (17). The course of the follow-up
iterations, until reaching optimality (primal and dual feasibility), when choosing
y14 to enter first, is shown in the further rows of Table 1. As is also visible, the
optimum is reached without having introduced all linearization variables.
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obj x1 x2 x3 x4 y12 y13 y14 y23 y24
sol −12 0 0 0 1
drc −1 0 1 −1 1
sol −12 1 0 0 1 0
drc 0 −1 −1 1
sol −9 1 1 0 1 0 0
drc 1 −1 0

sol − 9
2

1
2

1
2 0 1

2 0 0 0
drc − 1

2 − 1
2

Table 1: Course of our CG procedure for the example instance.

4 Conclusion

In this paper, we have presented a resolution of the obstructions encountered
when devising a conventional column generation approach for the most com-
monly used (“standard”) linearization of binary quadratic programs. Our ap-
proach is based on a reformulation of the unconstrained binary quadratic opti-
mization problem using boolean complementation and continuous Rhys forms.
Strategically combining these classical concepts, we devise a principle to treat
linearization variables as optional columns in a suitable way, along with a pricing
mechanism that ensures the efficient maintenance of a valid dual bound through-
out the entire optimization procedure. As opposed to that, a conventional ap-
proach generally requires to integrate a significant portion of the linearization
variables with negative (positive) coefficients for minimization (maximization).

Several research directions emanate from this fundamental starting point.
For instance, an analysis of the efficiency of different pricing rules that can be
designed based on information beyond the reduced costs, and the determina-
tion of strategies to identify a well-defined and effective initial set of columns.
Another possible and interesting subject of investigation is the presence and
handling of further linear or linearized constraints. More generally, the here
presented principal idea of handling linearization variables based on the sign
of their objective coefficients might be transferable to other linearization tech-
niques, see e.g. [11, 12] for further according references and an example method
that exploits the presence of additional constraints and applies boolean comple-
mentation as well (if necessary).
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A Obstacles in Column Generation directly applied to the

Standard Linearization

In this section, we elucidate some critical obstructions that one may and typ-
ically will encounter when devising a conventional CG approach for (StdLin)
directly.

Since these obstructions remain when restricting the inequalities of the LP
relaxation of (StdLin) to those that are relevant for the sets P and N (see
also Section 2), and since this facilitates a comparison with our approach as
presented in Section 3, we first rewrite the relaxation accordingly.

min
∑

(i,j)∈P∪N

dijwij +

n
∑

i=1

c′ixi

s.t. − wij + xi ≥ 0 for all (i, j) ∈ N [vN1
ij ] (29)

− wij + xj ≥ 0 for all (i, j) ∈ N [vN2
ij ] (30)

− xi − xj + wij ≥ −1 for all (i, j) ∈ P [vP1
ij ] (31)

wij ≥ 0 for all (i, j) ∈ P [vP2
ij ] (32)

− xi ≥ −1 for all i ∈ {1, . . . , n} [zi]

xi ≥ 0 for all i ∈ {1, . . . , n}

When treating the linearization variables as free variables, i.e., (32) is not
considered as a variable bound but rather as a usual constraint (that only applies
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to P ), the dual is then as follows:

max −
∑

(i,j)∈P

vP1
ij −

n
∑

i=1

zi

s.t.
∑

(i,j)∈N

vN1
ij +

∑

(j,i)∈N

vN2
ji

−
∑

(j,i)∈P

vP1
ji −

∑

(i,j)∈P

vP1
ij − zi ≤ c′i for all i ∈ {1, . . . , n} [xi] (33)

vP1
ij + vP2

ij = dij for all (i, j) ∈ P [wij ] (34)

− vN1
ij − vN2

ij = dij for all (i, j) ∈ N [wij ] (35)

vP1
ij , vP2

ij ≥ 0 for all (i, j) ∈ P

vN1
ij , vN2

ij ≥ 0 for all (i, j) ∈ N

zi ≥ 0 for all i ∈ {1, . . . , n}

Suppose now that we have solved a restricted version of the primal LP relax-
ation that consists of a strict subset of the linearization variables and constraints
for N . For simplicity, we can assume that we have solved the one comprising
only the x-variables,

min

{

n
∑

i=1

c′ixi : 0 ≤ xi ≤ 1 for all i ∈ {1, . . . , n}

}

,

while N 6= ∅. Consider now incorporating (i, j) ∈ N which means to add wij

and the according constraints (29) and (30) to the primal program. In the dual
program, we add vN1

ij , vN2
ij , and the according equation (35). However, while the

canonical extension with wij = 0 preserves primal feasibility, the dual solution
canonically extended with vN1

ij = vN2
ij = 0 is infeasible and assigns to wij , via

its violated dual constraint (35), a reduced cost of dij + vN1
ij + vN2

ij < 0.
As a consequence, for every so far neglected (i, j) ∈ N , the variable wij is

indicated as an entering candidate to potentially reduce the primal objective
(move towards a valid lower bound), generally requiring subsequent pivoting
with the primal simplex algorithm to deduce whether a strict decrease actually
takes place. If xi > 0 and xj > 0 in the current primal solution, then we
even have an immediate certificate that the current objective is not a valid
lower bound because setting wij = min{xi, xj} gives a primal feasible extension
with a strictly lower objective. In every other case, i.e., considering a so far
neglected (i, j) ∈ N with xi = 0 or xj = 0 (or both) in the current primal
solution, additional effort (to avoid or do pivoting) is inevitable in order to rule
out a potential strict decrease of the objective without reoptimization. More
concretely, one can only avoid pivoting by testing whether dual feasibility can be
retained by means of altering only the variables vN1

ij and vN2
ij , as this will keep

the dual objective unchanged, which then implies that the reoptimized primal
objective cannot be strictly smaller. Otherwise, reoptimization is necessary to
validate the optimum objective value. To make this explicit, retaining dual
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feasibility means that we have to assign values to vN1
ij and vN2

ij such that (35)
is satisfied and the instances of (33) associated with i and j remain satisfied
as well. To be able to do this, we thus need that the current (non-negative)
slacks of these two constraints, say si and sj , satisfy si + sj ≥ −dij . In this
case, the quantity −dij can be accordingly distributed by setting vN1

ij = t and

vN2
ij = −dij − t for any t ∈ [max{0,−dij − sj},min{si,−dij}], which is feasible
and does not affect the dual objective. However, if si + sj < −dij , then we
have to alter at least one of the variables zi and zj . This can only mean to
increase zi or zj in order to allocate additional slack in the respective instances
of (33) which can then be consumed by vN1

ij respectively vN2
ij . Since the latter

variables do not contribute to the objective function, but the z-variables do with
coefficient −1, this inevitably causes the dual objective to decrease. Specifically,
a resolution with minimum decrease is as follows:

vN1
ij = si

vN2
ij = −dij − si

znewi = zi

znewj = zj − dij − si − sj

The objective value then decreases by exactly −dij − si− sj > 0. Alternatively,
one may exhaust the slack of the other instance of (33) and let zi absorb the
resulting deficit while the objective deterioration is the same. So in either
case, reoptimization will then be necessary in order to deduce whether the old
objective value could be restored. In fact, a corresponding situation with si +
sj < −dij is natural to occur which is particularly easy to see when temporarily
neglecting the dual P -variables. Then, for instance if c′i ≤ 0 and c′j ≤ 0, one
must have zi = −c′i, zj = −c′j and thus no slack that can be consumed by
(further) dual N -variables. Similarly, if c′i > 0 (or c′j > 0) but also −dij > c′i
(or −dij > c′j), zi respectively zj has to be increased in order to obtain enough
slack in the respective instance of (33). Naturally, such situations may already
occur when starting from the restricted primal LP with only x-variables.

Overall, we conclude that we may be forced to introduce the variables and
constraints for several (i, j) ∈ N , with little control on their actual number,
before arriving at a valid lower bound. Moreover, dual feasibility is inevitably
lost by the canonical extension of the primal and dual bases that results from
keeping the introduced variables at zero. Only in very specific situations, we
may deduce rather cheaply whether introducing some (i, j) ∈ N will either
definitely render the current objective value invalid as a lower bound or can be
safely treated so as to not decrease the current objective. In any case, one pair
(i, j) of the first category or one that does not belong to the second category
suffices in order to cause additional reoptimization effort towards obtaining a
valid lower bound.
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