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Abstract. This work studies how a generalized error bound (GEB) property in the ambient Euclidean space transfers to the
active manifold under C1 partial smoothness. The GEB generalizes the standard error bound, which upper bounds the distance to
a subset of critical points using first-order stationarity residuals, by allowing the distance to be composed with a gauge function. In
the ambient space, these residuals are measured by the subdifferential or the slope of the original function, while on the manifold
they are measured by the Riemannian gradient or the slope of the restricted function. We develop complementary geometric and
metric analyses to show that the ambient and manifold GEBs are equivalent with the same gauge function. The geometric argument
shows that the projection of the subdifferential onto the tangent space coincides with the Riemannian gradient, while the metric
approach combines slope estimates, identifiability, and a new uniform linear-growth result for C1 manifolds. We further extend
our analysis to establish the analogous equivalence for the Kurdyka– Lojasiewicz (KL) property, with the same desingularizer,
and separately characterize their connections with the GEB. Finally, for regularized optimization, we relate subdifferential and
proximal error bounds, thereby placing the previously established equivalence between proximal and manifold error bounds for
ℓ1-regularization within a broader framework.

1. Introduction. Active manifolds capture the local structure of many nonsmooth optimization problems,
such as the support of a sparse solution and the rank of a matrix solution. On an active manifold, the nonsmooth
function inducing the structure often becomes smooth. This viewpoint is formalized through partial smoothness
[27, 15] and is closely related to identifiability [44, 20, 21], which characterizes when a sequence approaching
a critical point eventually remains on an active manifold. This framework supports sensitivity analysis and
active-set algorithms, and enables local analysis of a nonsmooth problem through its smooth restriction.

To leverage this smooth reduction in convergence analysis, one needs to understand how quantitative
regularity transfers between the ambient space and the active manifold. Two prominent regularity properties,
the Kurdyka– Lojasiewicz (KL) property and the error bound (EB), have been central to such analyses; see, for
example, [37, 42, 41, 47, 1, 6]. The KL property relates a first-order stationarity residual to the objective-value
gap and uses a desingularizer function to quantify the relationship, whereas an EB upper bounds the distance
to a solution or critical-point set by this residual. Motivated in part by the flexibility of the desingularizer in
the KL property, we work with a generalized error bound (GEB) that replaces the linear dependence on the
distance in the standard EB by a possibly nonlinear gauge function. The desingularizing and gauge functions
allow us to compare the quantitative strength of the corresponding KL and GEB properties.

In [46], we established an error-bound equivalence for ℓ1-regularized problems of the form g(x) + λ∥x∥1
with g Lipschitz continuously differentiable, and used it to analyze a two-metric adaptive projection method.
We showed that the standard proximal EB at a nondegenerate minimizer is equivalent to the EB on the active
manifold determined by its support, with a linear gauge in both cases. This result motivates our question:

Does the same equivalence extend beyond ℓ1 regularization to general partly smooth problems, and does
restriction to the active manifold yield a sharper local error bound?

To answer the second part of the question, we adopt the generalization of the standard EB with a gauge function
for characterizing sharpness of the regularity condition and the resulting convergence rates.

Existing analyses provide mixed responses to this question. On one hand, one might expect restriction
to sharpen regularity. Indeed, a smooth loss can have a singular positive semidefinite Hessian in the ambient
space, while its restriction to the tangent space of the active manifold is positive definite. To illustrate this,
consider

f(x) = g(x) + |x1| + |x2|, g(x) = 0.5(x1 + 0.5x2 − 2)2.

At the nondegenerate minimizer x̄ = (1, 0), the active manifold is M = {x2 = 0}, and

∇2g ≡
(︃

1 0.5

0.5 0.25

)︃
, f(x1, 0) = 1.5 + 0.5(x1 − 1)2, (x1 > 0).

The ambient Hessian of g has the null direction (1,−2), whereas the second derivative of f |M is 1 near x̄.
Such a regularity condition on the active manifold has been used to design algorithms with provably fast local
convergence [3, 18], and to explain the empirically observed fast local convergence of existing methods [34].
Similarly, [25, 22, 11] assume on-manifold error-bound conditions to design their algorithms and establish local
superlinear convergence.

On the other hand, existing transfer results for other regularity properties suggest otherwise. Under suitable
assumptions, local minimality, strict local minimality, and quadratic growth are preserved upon restriction to an
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active manifold [27, 31, 15, 29]. In the other direction, [44, 20, 45] showed that quadratic growth propagates from
the active manifold to the ambient space in various settings, and [33] established manifold-to-ambient transfer
of the KL property under partial smoothness. Lewis and Tian [29] subsequently studied the equivalence of the
KL property with general desingularizers on identifiable sets in complete metric spaces. As discussed in detail
in Section 5, the ambient-to-identifiable-set implication requires additional care and fails in this generality,
which provides an additional motivation for our Euclidean analysis under C1 partial smoothness. Nevertheless,
the manifold-to-ambient transfers above already rule out sharpening under their respective hypotheses.

To resolve this tension, we aim at minimal assumptions and study the transferability of GEBs between
the ambient space and the active manifold. We therefore only assume that the underlying active manifold is
C1, the minimal regularity needed for the tangent space and the Riemannian gradient to be well defined. Such
manifolds arise, for example, in the following ℓp-norm ball constrained optimization problems with p ∈ (1, 2).

(1.1) min
x∈Rn

g(x) s.t. ∥x∥p ≤ r.

The active manifold at any x̄ with ∥x̄∥p = r is M = {x ∈ Rn : ∥x∥p = r}, and F (x) =
∑︁n

i=1 |xi|p − rp is a local
defining map for M on Rn \ {0}, where ∇F (x) = p(sgn(xi)|xi|p−1)ni=1 ̸= 0 is Hölder continuous with exponent
p− 1, so M is C1,p−1 but not C2, and this regularity is sharp at points of M with zero components.

Analyses in the literature regarding partly smooth functions often assume C2 smoothness so that the
nearest-point projection onto the manifold is single valued and well defined. Without these properties, we
develop new tools by constructing a retraction-like mapping through a local graph view of C1 manifolds. Our
results show that, under such minimal assumptions, the ambient and manifold GEBs hold with the same gauge
function, and we further confirm the same for the desingularizer of the KL property. Consequently, the answer
to the question raised above is affirmative in the first part, while negative in the second part: Restriction to
the active manifold does not sharpen the local EB or KL property in this sense, although the constants and
neighborhoods may differ. This negative result also suggests that the fast local convergence results observed in
existing works might hold regardless of identifying the active manifold, which is consistent with and provides a
complementary explanation to the recent discovery of [12] for degenerate situations.

More detailed contributions of this work are summarized below.
• We derive a uniform linear-growth estimate for nearby points off the active manifold under C1 partial

smoothness and nondegeneracy. The estimate requires only a C1 active manifold and a C1 restriction, and
supplies the local control needed for the transfer arguments without relying on a smooth nearest-point
projection available for C2 manifolds (Theorem 3.6).

• We establish the equivalence between ambient and manifold GEBs with the same gauge function under C1

partial smoothness and nondegeneracy, relative to subsets of critical points on which f is locally constant.
We give two complementary proofs: an intuitive geometric proof relating subdifferential residuals to the
Riemannian gradient (Theorem 4.10), and a slope- and identifiability-based metric proof that has the
potential to extend to more general settings (Theorem 4.11). For ℓ1-regularized problems, this result
recovers the known transferability of the error bound as a special case (Section 6.2).

• We show ambient-to-manifold transfer of the KL property under C1 partial smoothness and nondegen-
eracy for desingularizers locally concave near 0 (Theorem 5.3). Together with the known converse, this
yields equivalence with the same desingularizer in the Euclidean setting. We also provide counterexam-
ples (Section A) showing that the ambient-to-restricted implication may not hold when the identifiable
set fails to be a C1 manifold.

• We give sufficient conditions for a GEB to imply a KL inequality and quantify the relationship between
its gauge function and the resulting desingularizer (Proposition 5.2). This implication does not require
partial smoothness and is therefore of independent interest.

This paper is organized as follows. Section 2 presents the preliminaries, and Section 3 develops the tools
based on partial smoothness, identifiability, and linear growth. The GEB and KL transfer results are estab-
lished in Sections 4 and 5. In Section 6, we discuss regularized optimization and apply our results to the
motivating examples of ℓ1-regularization and ℓp-norm constraints. Some final comments appear in Section 7.
The appendices contain the metric-space counterexample and supplementary proofs.

2. Notation and Preliminaries. In this paper, ⟨·, ·⟩ denotes the Euclidean inner product on Rn, ∥·∥ the
induced Euclidean norm, and d the Euclidean distance between two points, namely d(x, y) = ∥x−y∥. For a set
C ⊂ Rn, riC denotes its relative interior, aff C its affine hull, and parC the subspace of Rn parallel to aff C. We
write dist(x,C) := infy∈C ∥x−y∥ as the distance between x and C, and use PC(x) for the Euclidean projection
onto C whenever it is well defined and single valued. We follow the convention to set dist(x,C) = +∞ when
C = ∅. For any given point x, the Euclidean open ball centered at x with radius ϵ is denoted by Bϵ(x). The
unit sphere is denoted by Sn−1 := {v ∈ Rn : ∥v∥ = 1}. The extended real number is defined as R := R∪{+∞},
and the nonnegative real number is denoted by R+. For an extended-real-valued function f : Rn → R, its
domain is denoted by dom f := {x ∈ Rn : f(x) < +∞}. The sublevel set of f at level α is denoted by
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[f ≤ α] := {x ∈ Rn : f(x) ≤ α}, and we also use [α ≤ f ≤ β] to denote the set {x ∈ Rn : α ≤ f(x) ≤ β}. We
write xk →f x for (xk, f(xk)) → (x, f(x)). We let Id to denote the identity map.

2.1. Manifolds. We follow the standard definition and notation for manifold-related concepts in [7]. All
manifolds M are assumed throughout to be embedded in Rn and we consider the tangent and normal spaces
to M as subspaces of Rn. A non-empty set M ⊂ Rn is a Cp-smooth embedded submanifold of dimension m if
around any x ∈ M there exists an open neighborhood U ⊂ Rn of x and a Cp-smooth map F : U → Rn−m such
that M∩U = F−1(0), and for all y ∈ U , the Jacobian matrix ∇F (y) has full rank n−m. We call such an F a
local defining map for M. The tangent space of M at x is defined as TxM := ker∇F (x). Another definition of
the tangent space is that TxM consists of all tangent vectors to smooth curves on M passing through x, i.e.,
γ̇(0) for all C1-smooth curves γ : (−ϵ, ϵ) → M with γ(0) = x. The normal space NxM of M at x is defined as

the orthogonal complement of TxM, i.e., NxM := (TxM)
⊥

= Range
(︁
∇F (x)⊤

)︁
.

When M is C2-smooth, the nearest-point projection PM is well defined, single valued, and C1-smooth in
a neighborhood of M, and thus M being C2-smooth is the standard assumption in the literature for partial
smoothness or identifiability (c.f. [15, 28, 29]). On the contrary, this work tries to relax the C2-smoothness
condition to C1 for accommodating more general applications like those we discussed in Section 1. In this
scenario, projection may not be well defined or smooth, and we therefore develop new tools that do not resort
to the projection.

For a Cp-smooth manifold M, a function f : M → R is said to be Cp-smooth if for each x ∈ M there exists
an open neighborhood U ⊂ Rn of x and a Cp-smooth function f̃ : U → R such that f̃ |M∩U = f |M∩U . The
function f̃ is called a Cp-smooth extension of f around x.

It is convenient to equip each tangent space of the manifold M with an inner product ⟨·, ·⟩x : TxM×TxM →
R. If this inner product varies smoothly with x, then M is called a Riemannian manifold and the inner product
is called a Riemannian metric. When M is an embedded submanifold of Rn, the tangent space TxM is a
subspace of Rn. It is therefore natural to choose the restriction of the Euclidean inner product on Rn to TxM
as the Riemannian metric, i.e., ⟨η, ξ⟩x := ⟨η, ξ⟩ for all η, ξ ∈ TxM. In this case, we call M a Riemannian
submanifold of Rn, and consequently, the distance measure in this work is also the ambient Euclidean distance.

For a Riemannian manifold M, we can define the Riemannian gradient of a smooth function f : M → R
as follows. The Riemannian gradient ∇Mf(x) ∈ TxM is the unique tangent vector satisfying

⟨∇Mf(x), ξ⟩x = Df(x)[ξ] =
d

dt
f(γ(t))

⃓⃓
t=0

, ∀ξ ∈ TxM,

where Df(x)[ξ] is the directional derivative of f at x along ξ and γ : (−ϵ, ϵ) → M is any smooth curve
satisfying γ(0) = x and γ̇(0) = ξ. If M is a Riemannian submanifold of Rn, then the Riemannian gradient can
be computed via the projection of the Euclidean gradient onto the tangent space, i.e.,

∇Mf(x) = PTxM∇f̃(x)

where f̃ : U → R is any smooth extension of f around x. We slightly abuse the notation and write ∇Mf(x)
for both f : Rn → R and f |M as well when f is smooth on M, even if f is not smooth on Rn.

The following result from [38, Thm. 2.2, Cor. 2.3] is critical for our analysis. Its proof is a simple application
of the inverse function theorem, and we include it in Section B for completeness. More details about the inverse
function theorem for manifolds can be found in [26, Thm. 4.5].

Lemma 2.1 (Manifold locally as a graph). Let M ⊂ Rn be a Cp-smooth embedded submanifold around
x̄ ∈ M for some p ≥ 1. Then, there exist a neighborhood U of x̄, ρ > 0 and a Cp map

h : Tx̄M∩Bρ(0) → Nx̄M

such that h(0) = 0, ∇h(0) = 0, and

M∩ U = {x̄+ u+ h(u) : u ∈ Tx̄M∩Bρ(0)} .

Consequently, for all y sufficiently close to x̄ with decomposition y−x̄ = u+v for some u ∈ Tx̄M and v ∈ Nx̄M,

Rx̄(y) := x̄+ u+ h(u) ∈ M

is well defined, and Rx̄ = Id on M around x̄.

We use the notation Rx̄(y) due to its retraction-like behavior locally. A point y near x̄ admits a unique
decomposition y = x̄+ u+ w with u ∈ Tx̄M and w ∈ Nx̄M, and Rx̄ maps y to x̄+ u+ h(u) ∈ M. Moreover,
the curve c(t) := x̄+ tu+ h(tu) satisfies c(0) = x̄ and c′(0) = u.
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2.2. Slope and Variational Analysis. We use standard definitions and notation of variational analysis
following [40]. For an extended-real-valued function f : Rn → R, ∂̂f(x̄) denotes its Fréchet subdifferential at
x̄ ∈ dom f , ∂f(x̄) the limiting subdifferential and ∂P f(x̄) the proximal subdifferential, and it is well-known that

∂P f(x̄) ⊆ ∂̂f(x̄) ⊆ ∂f(x̄). The limiting critical-point set is defined as

crit f := {x ∈ dom f : 0 ∈ ∂f(x)}.

We say f is subdifferentially regular at x̄ if ∂̂f(x̄) = ∂f(x̄), and prox-regular at x̄ for v̄ ∈ ∂f(x̄) if there exist
ϵ > 0 and ρ ≥ 0 such that

f(x′) ≥ f(x) + ⟨v, x′ − x⟩ − ρ

2
∥x′ − x∥2,

∀x′ ∈ Bϵ(x̄), x ∈ Bϵ(x̄) ∩ [f < f(x̄) + ϵ], v ∈ ∂f(x) ∩Bϵ(v̄).

If f is prox-regular at x̄ for all v̄ ∈ ∂f(x̄), we simply say it is prox-regular at x̄. Prox-regularity implies that for
all (x, v) ∈ gph ∂f close enough to (x̄, v̄) with f(x) close enough to f(x̄), v is a proximal subgradient of f at x.

The following proposition shows that the Riemannian gradient is the projection of any Fréchet subgradient
onto the tangent space of the manifold. Similar results for C2 manifolds can be found in [27, Prop. 2.2] and [8,
Prop. 12]. We provide the proof of this result in Section B for completeness.

Proposition 2.2. Suppose that M is a C1-smooth manifold containing x, and that for a given function f ,
the restriction f |M is C1-smooth around x. Then,

(2.1) par ∂̂f(x) ⊆ NxM,

and for every g ∈ ∂̂f(x), the Riemannian gradient of f |M satisfies

(2.2) ∇Mf(x) = PTxM(g).

We now introduce the slope |∇f |(x), a central tool in this paper. We follow the definition in [29, Def. 2.1],
and it is easy to see that this definition is equivalent to the classical one in, for example, [13, Def. 2.2.1], [24,
Def. 3.2] and [14, Sec. 2].

Definition 2.3 (Slope; [29, Def. 2.1]). For a function f : Rn → R, the slope of f at x̄ ∈ Rn is defined as

|∇f |(x̄) :=

⎧⎪⎨⎪⎩
∞ if x̄ /∈ dom f,

0 if x̄ is a local minimizer of f,

lim supx→x̄, x̸=x̄
f(x̄)−f(x)

d(x̄,x) otherwise.

We recall several basic properties of the slope from [24, Prop. 8.3, 8.5], [13, Prop. 2.3.3], and [10, Observa-
tion 4.3].

Proposition 2.4. For any closed function f : Rn → R, we always have
• 0 ≤ dist(0, ∂f(x)) ≤ |∇f |(x) ≤ dist(0, ∂̂f(x)) for all x.
• If f is subdifferentially regular at x, then |∇f |(x) = dist(0, ∂f(x)).

The following lemma from [30, Ex. 2.1] that relates the quantities |∇(f |M)|(x) and ∥∇Mf(x)∥ will be
useful in our analysis. For completeness, we provide a concise proof in Section B.

Lemma 2.5. Suppose that M is a C1-smooth embedded submanifold around x and that f |M is C1-smooth
around x, then

|∇(f |M)|(x) = ∥∇Mf(x)∥.

3. Partial Smoothness, Identifiability and Linear Growth. This section develops tools essential to
the main results of this paper. We first introduce the definitions of partial smoothness and identifiability. The
following is the definition of partial smoothness from [15, 29].1

Definition 3.1 (Cp-Partial smoothness). Given a closed function f : Rn → R, a point x̄ ∈ dom f , and a
Cp-smooth manifold M containing x̄ for some p ≥ 1. f is Cp partly smooth at x̄ for a subgradient ȳ ∈ ∂f(x̄)
relative to M if it satisfies the following properties:

Prox-regularity: the function f is prox-regular at x̄ for ȳ.2

Restricted smoothness: the restriction f |M is Cp-smooth around x̄.

1 For the part of inner semicontinuity, our results only need it to hold for the Fréchet subdifferential ∂̂f , instead of the limiting
subdifferential ∂f in the standard definition of partial smoothness stated here.

2 This definition differs slightly from the original one in [27], which uses subdifferential regularity instead of prox-regularity
(and treats prox-regularity as an additional, independent assumption).
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Sharpness: the subspace par ∂̂f(x̄) is just the normal space Nx̄M.
Inner semicontinuity: for all y ∈ ∂f(x̄) near ȳ and every sequence xr → x̄ in M, there exists a sequence

yr ∈ ∂f(xr) converging to y.

This manifold M is often called the active manifold of f at x̄.
Notice that ∂̂f(x) is nonempty for every x ∈ M sufficiently close to x̄ if the function f is Cp-partly smooth

at the point x̄ for 0 relative to M. Otherwise, there would be a sequence xr → x̄ in M with ∂̂f(xr) = ∅. Inner
semicontinuity at the subgradient 0 then provides vr ∈ ∂f(xr) with vr → 0. Since f(xr) → f(x̄), prox-regularity

at x̄ for 0 would imply vr ∈ ∂P f(xr) ⊆ ∂̂f(xr) for all large r, a contradiction.
For a partly smooth function, the sharpness condition in Definition 3.1 is stable: it also holds at all nearby

points on the active manifold. A similar result has been established in [27, Prop. 2.10] for C2-partly smooth
functions with a slightly different definition.

Proposition 3.2. If the function f is Cp-partly smooth for some p ≥ 1 at the point x̄ for 0 relative to M,
then all x ∈ M sufficiently close to x̄ satisfy

(3.1) par ∂̂f(x) = NxM

Proof. From (2.1), we always have par ∂̂f(x) ⊆ NxM. Suppose now that the reverse inclusion fails, then
there exist points xr ∈ M converging to x̄ and unit vectors

zr ∈ Nxr
M∩

(︁
par ∂̂f(xr)

)︁⊥
.

Passing to a subsequence and using the continuity of the normal spaces of a C1 manifold, we may assume that
zr → z ∈ Nx̄M with ∥z∥ = 1.

Prox-regularity at x̄ for 0 implies 0 ∈ ∂P f(x̄) ⊆ ∂̂f(x̄). Let u, v ∈ ∂̂f(x̄) be sufficiently close to 0. By
the inner semicontinuity condition in Definition 3.1, there exist ur, vr ∈ ∂f(xr) such that ur → u and vr → v.
Since f |M is continuous, we also have f(xr) → f(x̄). Therefore, by prox-regularity at x̄ for 0, we get that for

all sufficiently large r, ur, vr are proximal subgradients, and hence belong to ∂̂f(xr). Consequently,

⟨zr, ur − vr⟩ = 0.

Letting r → ∞ then yields ⟨z, u− v⟩ = 0.

Finally, because ∂̂f(x̄) is convex and contains 0, its intersection with any neighborhood of 0 has the same

parallel space as ∂̂f(x̄). Thus the preceding identity shows that

z ∈
(︁
par ∂̂f(x̄)

)︁⊥
.

The sharpness condition at x̄ gives par ∂̂f(x̄) = Nx̄M. This contradicts the facts that z ∈ Nx̄M and ∥z∥ = 1.
Hence (3.1) holds for all x ∈ M sufficiently close to x̄.

Partial smoothness is closely related to the concept of identifiability. We follow the definition from [16, 29].

Definition 3.3 (Identifiability; Modulus of Identifiability). For a closed function f : Rn → R, consider
a point x̄ ∈ dom f with 0 ∈ ∂̂f(x̄) and a set M ⊂ Rn containing x̄. M is identifiable at x̄ if

η := lim inf
x→f x̄,x/∈M

dist(0, ∂f(x)) > 0.

The value η is called the modulus of identifiability.

Remark 3.4. When M is a Cp manifold for some p ≥ 1, since a Cp manifold M is locally closed, [29,
Prop. 3.12, Cor. 3.14] indicated that

η = lim inf
x→f x̄,x/∈M

|∇f |(x).

It is shown in [15, Thm. 10.12] and [29, Thm. 8.5] that if f is C2-partly smooth at x̄ for zero relative to M
with the nondegeneracy condition

(3.2) 0 ∈ ri ∂̂f(x̄)

holds, then M is identifiable at x̄. We relax the condition from C2 to C1-partial smoothness in Lemma 3.5
below. Throughout the remainder of this section, we impose the following assumption.

Assumption 1. The function f is proper, closed, and C1-partly smooth at x̄ for 0 relative to M ∋ x̄, with
0 ∈ ri ∂̂f(x̄).

Lemma 3.5. For a function f under Assumption 1, M is identifiable at x̄ for 0 in the sense of Defini-
tion 3.3.
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Proof. Assume that the conclusion does not hold, then there exists a sequence xr →f x̄ with xr /∈ M such
that yr ∈ ∂f(xr) → 0 ∈ ∂f(x̄) as r → ∞. Since M is C1, we can use Lemma 2.1 to write M around x̄ as a C1

graph over Tx̄M with graph map h : Tx̄M∩ Bϵ(0) → Nx̄M satisfying h(0) = 0 and ∇h(0) = 0. For each xr,
we have the decomposition xr − x̄ = pr + qr with pr ∈ Tx̄M and qr ∈ Nx̄M, and we define

x′r := x̄+ pr + h(pr) ∈ M.

Then x′r → x̄, xr ̸= x′r for all large r, and for all such r we have

ur :=
xr − x′r

∥xr − x′r∥
=

qr − h(pr)

∥qr − h(pr)∥
∈ Nx̄M.

By taking a subsequence if necessary, we can assume that ur → u ∈ Nx̄M with ∥u∥ = 1. Sharpness and

nondegeneracy conditions imply that there exists δ > 0 small enough such that δu ∈ ∂̂f(x̄) ⊆ ∂f(x̄) and δu lies
in the neighborhood of 0 where the inner semicontinuity condition holds. Then, inner semicontinuity of ∂f at
x̄ for 0 on M implies that there exists zr ∈ ∂f(x′r) such that zr → δu as r → ∞. By prox-regularity of f at x̄
for 0, there exists ρ ≥ 0 such that for all sufficiently large r, we have{︄

f(xr) ≥ f(x′r) + ⟨zr, xr − x′r⟩ −
ρ
2∥xr − x′r∥2,

f(x′r) ≥ f(xr) + ⟨yr, x′r − xr⟩ − ρ
2∥xr − x′r∥2.

Summing the two inequalities up gives

0 ≥ ⟨zr − yr, xr − x′r⟩ − ρ∥xr − x′r∥2.

Therefore, for all r large enough, since ∥xr − x′r∥ > 0, we have

ρ∥xr − x′r∥ ≥ ⟨zr − yr, ur⟩.

Taking limits on both sides as r → ∞ gives the following contradiction.

0 ≥ ⟨δu− 0, u⟩ = δ∥u∥2 = δ > 0,

By the lower semicontinuity of f , Lemma 3.5 implies there exist ϵ, ν, η > 0 such that

dist(0, ∂f(x)) > η, ∀x ∈ Bϵ(x̄) ∩ [f ≤ f(x̄) + ν] \M.

We close this section by providing a linear growth for identifiable manifolds. When an identifiable set M is
a C2-smooth manifold, its nearest-point projection is locally well defined and single valued. [9, Thm. D.2] states
that in this case, f grows at least linearly around x̄ in the normal direction of M, i.e., there exist constants
δ, ϵ > 0 such that

f(x) ≥ f(PM(x)) + δd(x, PM(x)), ∀x ∈ Bϵ(x̄).

Their result leverages the nearest-point projection and therefore does not extend easily to the C1 setting, where
the nearest-point projection needs not be locally well defined. Motivated by the sharp-minimizer result on C2

manifolds in [27, Thm. 6.1], we develop in Theorem 3.6 a linear-growth result for C1 manifolds.

Theorem 3.6 (Linear growth under C1-partial smoothness). Consider f : Rn → R satisfying Assump-
tion 1 and set

U := Tx̄M, V := Nx̄M,

then there are neighborhoods U0 ⊆ U and V0 ⊆ V of 0 and a C1 map v : U0 → V such that v(0) = 0, ∇v(0) = 0,
and

(3.3) x̄+ u+ w ∈ M ⇐⇒ w = v(u)

for all u ∈ U0 and all w ∈ V0. Moreover, there exists a constant κ > 0 such that

(3.4) f(x̄+ u+ w) ≥ f(x̄+ u+ v(u)) + κ∥w − v(u)∥

for all u ∈ U0 and all w ∈ V0.
Consequently, every point y sufficiently close to x̄ can be written uniquely as y = x̄+u+w with u ∈ U and

w ∈ V , and there exists a point
Rx̄(y) := x̄+ u+ v(u) ∈ M

that satisfies
f(y) ≥ f(Rx̄(y)) + κ∥y −Rx̄(y)∥ ≥ f(Rx̄(y)) + κ dist(y,M).
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Proof. The part of (3.3) follows directly from Lemma 2.1, and we thus focus on proving (3.4). If V = {0},
then w = v(u) = 0 in the local representation and the conclusion is immediate. We therefore suppose V ̸= {0}.
Similarly, we also assume w ̸= v(u) below.

Since 0 ∈ ri ∂̂f(x̄) and par ∂̂f(x̄) = V , there exists δ > 0 such that

(3.5) Bδ(0) ∩ V ⊆ ∂̂f(x̄) ⊆ ∂f(x̄).

By prox-regularity of f at x̄ for 0, there exist τ > 0 and ρ ≥ 0 such that

(3.6) f(z) ≥ f(y) + ⟨s, z − y⟩ − ρ

2
∥z − y∥2

whenever y, z ∈ Bτ (x̄), f(y) < f(x̄) + τ , and s ∈ ∂f(y) ∩ Bτ (0). For any α ∈ (0, δ), we claim that there is a
neighborhood W of x̄ such that

(3.7) dist(αd, ∂f(y)) ≤ α

4
, ∀y ∈W ∩M, ∀d ∈ Sn−1 ∩ V.

Indeed, if this fails, there must exist sequences yk → x̄ in M and dk ∈ Sn−1 ∩ V and d ∈ Sn−1 ∩ V such that

(3.8) dist(αdk, ∂f(yk)) >
α

4
, lim

k→∞
dk = d.

Since αd ∈ ∂f(x̄) by (3.5) and that α < δ, the inner semicontinuity condition gives points sk ∈ ∂f(yk) with
sk → αd, which contradicts (3.8) and thus (3.7) holds.

Now we select the neighborhood U0 and ϵ > 0 small enough so that: (a) y := x̄+u+ v(u) ∈ M∩W for the
W defined in the previous paragraph and satisfies f(y) < f(x̄) + τ for all u ∈ U0 (such U0 exists by Lemma 2.1
and the continuity of f |M), (b) x̄ + u + w ∈ Bτ (x̄) and y ∈ Bτ (x̄) whenever u ∈ U0 and w ∈ Bϵ(0) ∩ V , and
(c) ∥v(u)∥ < ϵ for all u ∈ U0. When ρ > 0, we also require

(3.9) 2ϵ ≤ α/(2ρ)

We then fix u ∈ U0 and w ∈ Bϵ(0) ∩ V with w ̸= v(u), set

d =
w − v(u)

∥w − v(u)∥
∈ Sn−1 ∩ V, y = x̄+ u+ v(u) ∈ M,

and choose α ∈ (0, δ) small enough and s ∈ ∂f(y) satisfying (3.7) so that ∥s∥ ≤ ∥s − αd∥ + ∥αd∥ < 2α < τ .
We can thus apply (3.6) with z := x̄+ u+ w and y and obtain

f(x̄+ u+ w) − f(x̄+ u+ v(u)) ≥ ⟨s, w − v(u)⟩ − ρ

2
∥w − v(u)∥2.(3.10)

Since ∥d∥ = 1,

⟨s, w − v(u)⟩
∥w − v(u)∥

= ⟨s, d⟩ ≥ (⟨s− αd, d⟩ + α) ≥ (α− ∥s− αd∥) ≥ 3α

4
.

When ρ > 0, our choice for U0 and ϵ yields ∥w − v(u)∥ ≤ 2ϵ, so we get from (3.10), the inequality above, and
(3.9) that

f(x̄+ u+ w) − f(x̄+ u+ v(u)) ≥ α

2
∥w − v(u)∥.

Thus, (3.4) holds with κ = α/2. Finally, every point near x̄ has a unique decomposition in the fixed orthogonal
splitting Rn = U⊕V , and the last assertion follows because y−Rx̄(y) = w−v(u) and dist(y,M) ≤ ∥y−Rx̄(y)∥.

Instead of the nearest-point projection, Theorem 3.6 uses the map Rx̄ constructed from a local graph represen-
tation of M in Lemma 2.1, which needs not be a nearest-point projection.

A related abstract linear-growth result is given in [29, Thm. 4.5] under normal embedding of the identifiable
set, continuity of the restricted function and its slope, and the existence of an approximate projection. Under
Assumption 1, these conditions can be verified using our Rx̄ constructed using the local graph view. Their
result, however, is localized in both distance and objective value, whereas Theorem 3.6 gives a uniform estimate
throughout a sufficiently small spatial neighborhood under the direct geometric assumptions of C1 partial
smoothness and nondegeneracy.
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4. Transferability of Error Bound. In this section, we present our main result of whether an error
bound in the ambient space Rn is equivalent to the corresponding error bound on an active manifold M under
C1 partial smoothness. We investigate this question from two complementary perspectives. Throughout this
section, we assume that f : Rn → R is proper and closed.

Our first perspective is a geometric one that deals with a formulation of the error bound based on subdiffer-
ential and Riemannian-gradient residuals. These residuals are commonly used to measure first-order stationarity
respectively in nonsmooth and manifold optimization. We first give the definition of such error bounds in the
ambient space and on the manifold. Our definitions use a gauge function ϕ to describe the relation. We call
a function ϕ : R+ → R+ a gauge function if it is continuous, strictly increasing, and satisfies ϕ(0) = 0 and
limt→∞ ϕ(t) = ∞.3 The definitions of local generalized error bounds on (Rn, d) and (M, d) are given below.

Definition 4.1 (Generalized Error Bound (GEB) on (Rn, d)). Let S ⊆ Rn be a set and let x̄ ∈ S. We say
that f satisfies the local (subdifferential) generalized error bound (GEB) property around x̄ (on (Rn, d)) relative
to S if there exist ϵ, ν, θ > 0 and a gauge function ϕ such that

(4.1) ϕ(dist(x, S)) ≤ θ dist(0, ∂̂f(x)), ∀x ∈ Bϵ(x̄) ∩ [f ≤ f(x̄) + ν].

Definition 4.2 (Generalized Error Bound (GEB) on (M, d)). Let S ⊆ Rn be a set, M be a C1 manifold,
and let x̄ ∈ S ∩M. We say that f satisfies the local (subdifferential) generalized error bound (GEB) property
around x̄ on (M, d) relative to S if there exist ϵ, ν, θ > 0 and a gauge function ϕ such that

(4.2) ϕ(dist(x, S ∩M)) ≤ θ ∥∇Mf(x)∥ , ∀x ∈ (Bϵ(x̄) ∩ [f ≤ f(x̄) + ν]) ∩M.

The complementary perspective considers a metric approach starting from a formulation of the GEB based
on the slopes |∇f | and |∇(f |M)| respectively for the ambient space and the manifold M.

Definition 4.3 (Generalized Error Bound (GEB) on (Rn, d)). Let S ⊆ Rn be a set and let x̄ ∈ S. We
say that f satisfies the local (slope) generalized error bound (GEB) property around x̄ relative to S if there exist
ϵ, ν, θ > 0 and a gauge function ϕ such that

(4.3) ϕ(dist(x, S)) ≤ θ|∇f |(x), ∀x ∈ Bϵ(x̄) ∩ [f ≤ f(x̄) + ν].

Definition 4.4 (Generalized Error Bound (GEB) on (M, d)). Let S,M ⊆ Rn be two sets and let x̄ ∈
S ∩M. We say that f satisfies the local (slope) generalized error bound (GEB) property around x̄ on (M, d)
relative to S if there exist ϵ, ν, θ > 0 and a gauge function ϕ such that

(4.4) ϕ(dist(x, S ∩M)) ≤ θ|∇(f |M)|(x), ∀x ∈ (Bϵ(x̄) ∩ [f ≤ f(x̄) + ν]) ∩M.

More concretely, the set S above is often taken as either crit f or argmin f in the literature as well as in our
analysis.

Remark 4.5. In the literature, error bounds and related conditions are often stated without our sublevel
restriction [f ≤ f(x̄) + ν]. In other cases, they are usually assumed in a neighborhood of S, or in a region
where a stationarity residual is small (as in [37, 42, 33, 43]). A main reason is that we need such restrictions to
invoke prox-regularity and identifiability, both of which are stated only at points whose objective value is close
to f(x̄). When f is (weakly) convex, as is often assumed alongside such error bounds, these properties already
hold at all nearby points and the restriction can be dropped.

These two formulations are tightly connected. In particular, on the manifold, Lemma 2.5 gives |∇(f |M)|(x) =
∥∇Mf(x)∥. In the ambient space, equivalence between (4.1) and (4.3) for the standard linear error bound
(ϕ = Id) is proven in [14, Remark 3.6]; the same approximation argument, together with the continuity of
ϕ, extends directly to our generalized formulation after possibly shrinking the neighborhood and the sublevel
parameter. We thus refer to both as the GEB in most situations, but when we need to distinguish them, we
will refer to the first one as the subdifferential GEB and the second one as the slope GEB.

Despite this connection, the two approaches reveal different mechanisms behind the transfer of error bounds.
The geometric approach identifies the common tangential projection of nearby Fréchet subgradients with the
Riemannian gradient on M. The metric approach instead relies on identifiability, an off-manifold lower bound
for the slope, and the linear-growth result of Theorem 3.6. We develop the two approaches separately to make
these mechanisms explicit. The four formulations and the relations we develop in this section are summarized
in Figure 1.

Our ambient error bounds are closely related to the generalized metric subregularity recently introduced by
Li, Mordukhovich, and Zhu [32, Def. 3.1], which states that for S ⊆ crit f , there exist ϵ, θ > 0 and an admissible

function ϕ̂ : R+ → R+ (meaning ϕ̂(0) = 0 and ϕ̂(t) → 0 only if t→ 0) such that

(4.5) ϕ̂(dist(x, S)) ≤ θ dist(0, ∂f(x)), ∀x ∈ Bϵ(x̄).

3 The part of ϕ(t) → ∞ is not required in this section as the error bound is a local property. We only need it for simplifying
the relation between the error bound and the KL property in Section 5, and this condition can be omitted otherwise.
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dist(0, ∂̂f)
Definition 4.1

∥∇Mf∥
Definition 4.2

|∇f |
Definition 4.3

|∇(f |M)|
Definition 4.4

Ambient space Active C1 manifold

Geometric residual

Metric residual

Theorem 4.10

Theorem 4.11

Lemma 2.5
[14, Remark 3.6]
(same argument)

Fig. 1. Relation between the four formulations of generalized error bounds.

From Proposition 2.4, we have dist(0, ∂f(x)) ≤ |∇f |(x), and hence (4.5) implies both (4.1) and (4.3) with
ν = ∞, that is, without the sublevel restriction discussed in Remark 4.5.

In our analysis, we often make the following assumption of proper separation of isocost surfaces, which is
commonly assumed in nonconvex settings for analyses involving the Luo–Tseng error bound [37] for the critical
set in the literature [42, 33, 43]. We will see in Section 6 that our generalized error bound condition is equivalent
to a generalization of the Luo–Tseng error bound in the context of regularized optimization.

Assumption 2. We say that f has the proper separation of isocost surfaces property on S at x̄ if there
exists σ > 0 such that

(4.6) f(y) = f(x̄) whenever y ∈ S and ∥y − x̄∥ ≤ σ.

Assumption 2 holds automatically when S = argmin f and also holds true for S = crit f of a convex function
f . This mild condition, or rather its conclusion that f is constant on S near x̄, is also reminiscent of the
assumption needed for the uniformized KL property in [6, Lemma 6]. A sufficient condition for Assumption 2
is that f has only finitely many critical values and is continuous on crit f at x̄. The former condition is satisfied
by the broad class of tame functions (see [23, Thm. 5.2] and [4, Cor. 9]), which is the canonical example on
which the Kurdyka– Lojasiewicz property holds.

The following lemma will be useful in both perspectives.

Lemma 4.6. Consider f satisfying Assumptions 1 and 2 with x̄ ∈ S ∩ M and S ⊆ crit f . Then, for all
x ∈ M near x̄,

(4.7) dist(x, S) = dist(x, S ∩M).

Proof. The inequality “≤” is immediate. If it is strict, there exists y ∈ S\M with d(x, y) < dist(x, S∩M) ≤
d(x, x̄), and thus d(y, x̄) ≤ d(y, x) + d(x, x̄) ≤ 2d(x, x̄). Assumption 2 then gives f(y) = f(x̄) for x close
enough to x̄. However, Lemma 3.5 and the lower semicontinuity of f imply that there exists η > 0 such that
dist(0, ∂f(y)) > η for all y /∈ M near x̄ with f(y) near f(x̄), contradicting with that y ∈ crit f .

4.1. Main Result: Geometric Perspective. We start from the formulation of error bounds defined by
the Fréchet subdifferential and the Riemannian gradient. We adapt results from [38, 8] in Lemmas 4.7 to 4.9
below. Although the definition of partial smoothness in [38, 8] is slightly different from Definition 3.1, their
proofs are still valid with minor modifications. For completeness, we provide proofs in Section C. For a function
f C1-partly smooth at x̄ for 0 relative to M, we have from Definition 3.1 and Proposition 3.2 that

par ∂̂f(x) = NxM, (NxM)⊥ = TxM

for all x ∈ M near x̄.

Lemma 4.7. If f is proper, closed, and C1-partly smooth at x̄ for 0 relative to M, then for any x in
M near x̄, the projection of a Fréchet subgradient onto TxM is independent of its choice. More precisely,
PTxM(g) = Paff ∂̂f(x)(0) for every g ∈ ∂̂f(x).

Our next lemma extends the results in [38, Lemma 2.11, Thm. 2.12] and [8, Lemma 20] to C1 partial
smoothness.

Lemma 4.8. If Assumption 1 holds for a function f , then PTxM(g) ∈ ri ∂̂f(x) for all x ∈ M near x̄ and

every g ∈ ∂̂f(x).

Combining Lemmas 4.7 and 4.8 with (2.2) yields the following result.

Lemma 4.9. Under the setting of Lemma 4.8, for all x ∈ M near x̄, we have

∇Mf(x) = P∂̂f(x)(0) and dist(0, ∂̂f(x)) = ∥∇Mf(x)∥.
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We are now ready for our main result of the geometric proof of the error bound transferability.

Theorem 4.10. Consider a function f with Assumption 1 holds, S ⊆ crit f , and x̄ ∈ S ∩M, and assume
that Assumption 2 holds. Then the subdifferential GEB property around x̄ relative to S on (Rn, d) is equivalent
to the subdifferential GEB property around x̄ relative to S on (M, d) for the same gauge function ϕ.

Proof. For x ∈ M near x̄, by Lemma 4.9, we have

(4.8) dist(0, ∂̂f(x)) = ∥∇Mf(x)∥.

Moreover, by Lemma 3.5 and lower semicontinuity of f , there exist ϵ0, ν0, η > 0 such that

(4.9) dist(0, ∂̂f(x)) ≥ dist(0, ∂f(x)) > η, ∀x ∈ (Bϵ0(x̄) ∩ [f ≤ f(x̄) + ν0]) \M.

We now prove the two implications. Suppose first that the ambient GEB holds with parameters (ϵ, ν, θ, ϕ).
Shrink ϵ so that ϵ ≤ ϵ0 and Bϵ(x̄) ∩M ⊆ [f ≤ f(x̄) + ν]. Then, for every x ∈ Bϵ(x̄) ∩M,

ϕ(dist(x, S ∩M)) = ϕ(dist(x, S))

≤ θ dist(0, ∂̂f(x)) = θ∥∇Mf(x)∥,

where the first equality follows from (4.7) and the last (4.8). This is exactly the GEB on (M, d).
Conversely, suppose now that the GEB on (M, d) holds with parameters (ϵ, ν, θ, ϕ). We shrink ϵ small

enough so that ϵ ≤ ϵ0 and (by the continuity of ϕ)

ϕ(∥x− x̄∥) ≤ θη, ∀x ∈ Bϵ(x̄).

Set ν̂ := min{ν, ν0} and consider any x ∈ Bϵ(x̄) ∩ [f ≤ f(x̄) + ν̂]. If x ∈ M, then (4.7) and the manifold GEB
give

ϕ(dist(x, S)) = ϕ(dist(x, S ∩M)) ≤ θ∥∇Mf(x)∥ = θ dist(0, ∂̂f(x)).

When x /∈ M, then since dist(x, S) ≤ ∥x− x̄∥, we have from (4.9) that

ϕ(dist(x, S)) ≤ ϕ(∥x− x̄∥) ≤ θη < θ dist(0, ∂̂f(x)).

Combining the two cases proves the ambient GEB with parameters (ϵ, ν̂, θ, ϕ).

4.2. Main Result: Metric Perspective. We now turn to the metric formulation of error bounds
formulated via slope. In Theorem 4.11 below, we establish the equivalence between the slope GEB property on
(Rn, d) and its restriction to the active manifold (M, d) under C1-partial smoothness and nondegeneracy (3.2).

Theorem 4.11. Consider a function f with Assumption 1 holds, S ⊆ crit f , and x̄ ∈ S ∩M, and assume
that Assumption 2 holds. Then the slope GEB property around x̄ relative to S on (Rn, d) is equivalent to the
slope GEB property around x̄ relative to S on (M, d) for the same gauge function ϕ.

Proof. By Lemma 3.5 and Remark 3.4, there exists η > 0 such that

(4.10) dist(0, ∂f(x)) > η and |∇f |(x) > η

for all x /∈ M near x̄ with f(x) near f(x̄). We now prove the two directions respectively.

Case 1: GEB on (M, d) implies GEB on (Rn, d).
We first assume that GEB on (M, d) holds at x̄ with constants ϵ, ν, θ > 0 and function ϕ. Fix any x ∈
Bϵ(x̄) ∩ [f ≤ f(x̄) + ν]. If x ∈ M, by the definition of GEB on (M, d) and the definition of the respective
slopes, we have

ϕ(dist(x, S)) ≤ ϕ(dist(x, S ∩M)) ≤ θ|∇(f |M)|(x) ≤ θ|∇f |(x).

On the other hand, if x /∈ M, (4.10) gives |∇f |(x) > η. After shrinking ϵ if necessary, we have ϕ(d(x, x̄)) ≤ θη,
and thus

ϕ(dist(x, S)) ≤ ϕ(d(x, x̄)) ≤ θη < θ|∇f |(x).

Case 2: GEB on (Rn, d) implies GEB on (M, d).
Now suppose that GEB on (Rn, d) holds with constants ϵ, ν, θ > 0 and function ϕ. By shrinking ϵ if necessary,
we have dist(x, S) = dist(x, S ∩M) for all x ∈ M ∩ Bϵ(x̄) from (4.7), and Bϵ(x̄) ∩M ⊆ [f ≤ f(x̄) + ν] and
ϕ(dist(x, S)) ≤ θ for all x ∈ Bϵ(x̄) from that f |M is continuous around x̄.

If dist(x, S) = 0, the desired GEB inequality on (M, d) is trivially true by (4.7). Thus, we assume
dist(x, S) > 0 onward. By GEB on (Rn, d), |∇f |(x) ≥ θ−1ϕ(dist(x, S)) > 0. Hence, the definition of slope
indicates that there exists a sequence xr → x with xr ̸= x such that

(4.11)
1

2
ϕ(dist(x, S)) ≤ θ

f(x) − f(xr)

d(x, xr)
⇐⇒ 1

2
ϕ(dist(x, S))d(x, xr) ≤ θ(f(x) − f(xr)).



EB AND KL UNDER C1 PARTIAL SMOOTHNESS 11

From Theorem 3.6, there is κ > 0 such that, for all sufficiently large r, with vr := Rx̄(xr) ∈ M

(4.12) f(xr) ≥ f(vr) + κd(xr, vr).

Substituting (4.12) into (4.11) gives

θ(f(x) − f(vr)) ≥ 1

2
ϕ(dist(x, S))d(x, xr) + θκd(xr, vr).

As ϕ(dist(x, S)) ≤ θ, we further obtain

θ(f(x) − f(vr)) ≥
(︃

1

2
d(x, xr) + κd(xr, vr)

)︃
ϕ(dist(x, S)).

Since xr ̸= x and dist(x, S) > 0, the inequality above implies that f(vr) < f(x), and hence vr ̸= x for all r, so
division by d(x, vr) is always valid. Let γ := min{1/2, κ}, then the triangle inequality gives

θ
f(x) − f(vr)

d(x, vr)
≥ γϕ(dist(x, S)).

The local graph representation in Lemma 2.1 shows that near x̄, Rx̄ is continuous and Rx̄ = Id on M, so

vr = Rx̄(xr) → Rx̄(x) = x.

Therefore, we get
ϕ(dist(x, S)) ≤ γ−1θ|∇(f |M)|(x).

Since dist(x, S) = dist(x, S ∩M), we conclude that GEB indeed holds on (M, d) around x̄ with γ−1θ.

Remark 4.12. The proof of Theorem 4.11 in the manifold-to-ambient direction does not utilize any property
beyond identifiability. It is hence applicable to any identifiable set in a complete metric space. On the contrary,
the geometric approach in Theorem 4.10 uses Riemannian gradient and thus does not extend beyond C1 active
manifolds.

When S = argmin f , Assumption 2 holds automatically, and we get the following corollary.

Corollary 4.13. Consider the case that S = argmin f and let x̄ ∈ S ∩ M. Suppose that Assumption 1
holds. Then the GEB property around x̄ relative to S on (Rn, d) is equivalent to the GEB property around x̄
relative to S on (M, d), i.e., Definition 4.1 ⇔ Definition 4.2 and Definition 4.3 ⇔ Definition 4.4.

5. The KL Property. We now turn to the Kurdyka– Lojasiewicz (KL) property. We first recall the
slope formulation of the KL property from [5, 29]. A function ψ : R+ → R+ is called a desingularizer if it is
continuous on R+, is continuously differentiable with ψ′(t) > 0 on (0,∞), and satisfies ψ(0) = 0 and ψ(t) → ∞
as t→ ∞.

Definition 5.1 (KL property on a metric space [29, Def. 5.8]). Let (Y, d̄) be a metric space. We say that
a closed function g : Y → R has the KL property at ȳ ∈ dom g with desingularizer ψ if there exist constants
ϵ, δ > 0, such that

(5.1) |∇(ψ(g(·) − g(ȳ)))|(y) ≥ δ, ∀y ∈ Bϵ(ȳ) ∩ [g(ȳ) < g < g(ȳ) + ϵ],

where both the slope and the ball radius are computed using the metric d̄ on Y .

As noted in [29, Sec. 5], we also have the following equivalent form for (5.1).

(5.2) ψ′(g(y) − g(ȳ)) |∇g|(y) ≥ δ, ∀y ∈ Bϵ(ȳ) ∩ [g(ȳ) < g < g(ȳ) + ϵ].

In [33, Thm. 3.7], Li and Pong showed that in Euclidean spaces, if the KL property holds on the active
manifold at a point for which f is partly smooth, it also holds in the ambient space with the same exponent
α ∈ [0, 1). Lewis and Tian studied in [29, Thm. 5.12] the equivalence between the KL property in a complete
metric space and the KL property with the same desingularizer on an identifiable set (not necessarily a manifold)
using a linear-growth property established in [29, Thm. 4.2]. Their linear-growth property states that for a
closed function f on a complete metric space (Y, d̄), a point x̄ with |∇f |(x̄) = 0, and an identifiable set M ∋ x̄,
for any ϵ > 0 smaller than the modulus of identifiability and any sequence xr →f x̄, there is a sequence vr →f x̄
in M such that

(5.3) f(xr) ≥ f(vr) + ϵd̄(xr, vr), ∀r large.

Compared with Theorem 3.6, their estimate has more flexibility in the linear growth parameter and applies in
a more general space to a more general identifiable set. It is, however, pointwise: it holds only at the reference



12 HANJU WU, CHING-PEI LEE AND YUE XIE

point x̄ rather than uniformly at nearby points of the identifiable set. Such a pointwise estimate is insufficient
for transferring the ambient slope inequality to f |M at an arbitrary nearby point x ∈ M, and we therefore
develop Theorem 3.6. In particular, in (4.11) and (4.12), we considered a point x near x̄ but with a positive
slope, and thus (5.3) does not apply. The proof of [29, Thm. 5.12] encounters precisely the same issue in the
ambient-to-restricted direction. Indeed, as our counterexample in Section A shows, this implication does not
hold in such generality (while the manifold-to-ambient direction remains valid), and additional regularity of
M and f |M is needed. Utilizing the results developed in this paper, we consider two ways to recover the
ambient-to-manifold direction of [29, Thm. 5.12] under C1 partial smoothness in Euclidean space.

The first approach utilizes the developed equivalence of the GEB property in the ambient space and on
the C1 active manifold and shows that GEB implies the KL property on both the ambient space and the active
manifold. We in particular deduce the relation between the function ϕ in GEB and the desingularizer ψ in KL.
The implication of GEB to KL does not rely on partial smoothness, and is therefore of independent interest.
In our second approach, we use Theorem 3.6 to directly show that if f is C1-partly smooth at x̄ for 0 relative
to M, then the KL property around x̄ on (Rn, d) is equivalent to the KL property around x̄ on (M, d).

5.1. GEB Implies KL. For the first approach, the following proposition shows that the GEB property
for crit f together with the separation of isocost surfaces property and prox-regularity implies the KL property.
For this proposition, we need to define prox-regularity for the restriction of a function to a manifold on which
it is differentiable. We say f |M is prox-regular at x̄ if there are ϵ′ > 0 and ρ ≥ 0 such that

(5.4) f |M(y) ≥ f |M(x) + ⟨∇Mf(x), y − x⟩ − ρ

2
∥y − x∥2, ∀x, y ∈ Bϵ′(x̄) ∩M.

Proposition 5.2. Consider a closed function f : Rn → (−∞,∞] and a point x̄ ∈ S ⊆ crit f .
(a) Assume there are ϵ, ν, θ > 0 and a gauge function ϕ such that the GEB property (4.3) holds around x̄

on (Rn, d), Assumption 2 holds, and f is prox-regular at x̄ for 0 with constant ρ ≥ 0. Let

(5.5) Φ(t) := t ϕ−1(θt) +
ρ

2
ϕ−1(θt)2, ψ(t) :=

∫︂ t

0

ds

Φ−1(s)
.

If the improper integral above is finite for some t > 0, then f has the KL property around x̄ with
desingularizer ψ.

(b) Consider a C1-embedded submanifold M ⊆ Rn around x̄ ∈ M such that f |M is C1-smooth around x̄.
Assume there are ϵ, ν, θ > 0 and a gauge function ϕ such that the GEB property (4.4) holds around x̄
on (M, d), Assumption 2 holds, and f |M is prox-regular at x̄ with constant ρ ≥ 0. Define Φ and ψ by
(5.5) with the present ϕ, θ, ρ. If the improper integral defining ψ is finite for some t > 0, then f |M has
the KL property around x̄ on (M, d) with desingularizer ψ.

Since ϕ is continuous, strictly increasing, and strictly positive on (0,∞), it is straightforward to verify that Φ
is well defined and satisfies these properties of ϕ.

Proof. (a). We first decrease ϵ, if necessary, so that ϵ ≤ ν in (4.3), 2ϵ ≤ σ for the σ in (4.6), and the
prox-regularity inequality holds on B2ϵ(x̄) with subgradients in B2ϵ(0) with constant ρ. We now fix this ϵ and
choose

η :=
1

2
min{ϵ,Φ(ϵ)} > 0.

We will prove the KL property on
Bη(x̄) ∩ [f(x̄) < f < f(x̄) + η],

while retaining ϵ as the threshold separating the two slope cases.
Fix x in this set. If |∇f |(x) = ∞, the KL property is immediate, so we assume |∇f |(x) <∞.
Suppose first that |∇f |(x) < ϵ. Since ∂f(x) is nonempty and closed, we can choose v ∈ argmins∈∂f(x) ∥s∥.

Then by Proposition 2.4, we have ∥v∥ ≤ |∇f |(x) < ϵ, so this subgradient lies in the range required by prox-
regularity.

Consider a sequence yr ∈ S such that d(x, yr) → d(x, S). Since x̄ ∈ S,

d(x, S) ≤ d(x, x̄) < η ≤ ϵ/2.

After discarding finitely many terms, we may assume d(x, yr) < ϵ for all r. Consequently, d(x̄, yr) ≤ d(x̄, x) +
d(x, yr) < η + ϵ < 2ϵ ≤ σ, and thus f(yr) = f(x̄) for all r by (4.6). Moreover, x, yr ∈ B2ϵ(x̄) and f(x) <
f(x̄) + η < f(x̄) + ϵ. The prox-regularity inequality thus gives

f(x) − f(x̄) = f(x) − f(yr)

≤ −⟨v, yr − x⟩ +
ρ

2
d(x, yr)2

≤ ∥v∥d(x, yr) +
ρ

2
d(x, yr)2.(5.6)
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Using Proposition 2.4 again and taking the limit as r → ∞, we obtain

(5.7) f(x) − f(x̄) ≤ |∇f |(x)d(x, S) +
ρ

2
d(x, S)2.

Since η ≤ ϵ ≤ ν, the error bound (4.3) applies at x and yields

d(x, S) ≤ ϕ−1(θ|∇f |(x)).

Substituting this into (5.7) gives

(5.8) f(x) − f(x̄) ≤ |∇f |(x)ϕ−1(θ|∇f |(x)) +
ρ

2
ϕ−1(θ|∇f |(x))2 = Φ(|∇f |(x)).

Next, suppose that |∇f |(x) ≥ ϵ. Our choice of η gives

(5.9) f(x) − f(x̄) < η < Φ(ϵ) ≤ Φ(|∇f |(x)).

Combining (5.8) and (5.9) and applying the increasing map Φ−1, we conclude that

Φ−1(f(x) − f(x̄)) ≤ |∇f |(x), ∀x ∈ Bη(x̄) ∩ [f(x̄) < f < f(x̄) + η].

Therefore,

ψ′(f(x) − f(x̄)) |∇f |(x) =
|∇f |(x)

Φ−1(f(x) − f(x̄))
≥ 1.

This proves (5.2) with neighborhood parameter η and δ = 1.
It remains to verify that ψ is a desingularizer. The assumptions on ϕ clearly imply that Φ−1 is well defined,

continuous and strictly increasing on R+, and is positive on (0,∞). Finiteness of the improper integral defining
ψ at some positive endpoint implies its finiteness at every finite endpoint and limt↓0 ψ(t) = 0. Consequently,
ψ is continuous at 0 with ψ(0) = 0, and ψ′(t) = 1/Φ−1(t) > 0 for all t > 0. Finally, since ϕ−1(θt) → ∞, there
exists T > 0 such that ϕ−1(θt) ≥ 1 and thus Φ(t) ≥ t for t ≥ T , or equivalently Φ−1(s) ≤ s for s ≥ Φ(T ). It
follows that, for t ≥ Φ(T ),

ψ(t) ≥ ψ(Φ(T )) +

∫︂ t

Φ(T )

ds

s

t→∞−→ ∞.

Thus ψ satisfies all the requirements of a desingularizer.
(b). The proof is similar to part (a), and since the Riemannian gradient is continuous, we do not need to

consider the case that the slope is larger than the prox-regularity threshold.

The condition (5.4) might seem unnatural at first glance. However, Lemma 4.9 shows that it holds automatically
under Assumption 1 (prox-regularity is implied by partial smoothness).

Proposition 5.2 recovers the widely seen power-type KL property with desingularizers ψ(t) = ct1−α. For
a gauge ϕ(t) = tq, ρ > 0 with q ∈ (0, 2) yields the KL exponent α = max{q/(q + 1), q/2}, covering α ∈ (0, 1)
while ρ = 0 gives α = q/(q + 1) for all q > 0. By using regular-variation techniques for inverse-integral
constructions in [36], we can also obtain explicit asymptotic forms of desingularizers beyond the KL exponent
type. For example, when ρ > 0 and ϕ(t) = t2(log(1/t))β near 0 with β > 1, the construction in (5.5) yields a
desingularizer of order (log(1/t))1−β as t ↓ 0.

Due to the term involving ϕ−1(θt)2 (arising from prox-regularity) in Φ, the conversion from ϕ to ψ in
Proposition 5.2 may lose some sharpness, and we can often get faster convergence rate guarantees from analyzing
through the GEB property than through the KL property. This is consistent with the observation in [32, Sec. 5].

With Proposition 5.2, Theorem 4.11 implies that if f is C1-partly smooth at x̄ for 0 relative to M and f |M
satisfies (5.4), then under (3.2) and Assumption 2, GEB for either f or f |M on S ⊆ crit f around x̄ implies the
KL property for both f and f |M around x̄ with the desingularizer ψ defined in (5.5), provided the improper
integral defining ψ is finite.

Given the result of Proposition 5.2, one might wonder if the reverse implication holds, i.e., whether the
KL property implies the generalized error bound property. For this direction, [14, Thm. 3.7] shows that if the
KL property (with ψ(t) = tα for α ∈ (0, 1)) holds on U ∩ [f∗ < f < r] for some f∗ < r and some open set U ,
then it implies a generalized error bound condition in the form of (4.3), but relative to the set S = [f ≤ f∗],
which may not be a subset of crit f . Rebjock and Boumal [39] established equivalence for C2 functions near
local minima, with KL exponent 1/2. Except for these special cases, the reverse implication from KL to GEB
is generally not true. The reason is clear: the KL property controls the behavior of only x with f(x) > f(x̄),
while the (generalized) error bound also includes those x with f(x) < f(x̄) beyond the region governed by the
KL property.
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5.2. Ambient-to-Manifold for KL Under C1-Partial Smoothness. Our second approach takes a
direct fix for the ambient-to-manifold direction of the KL equivalence of Lewis and Tian [29, Thm. 5.12] in the
Euclidean setting under C1-partial smoothness and nondegeneracy through Theorem 3.6. For completeness and
for contrasting the two directions, we also include in the theorem statement the correct manifold-to-ambient
part from [29, Thm. 5.12].

Theorem 5.3. Let ψ be a desingularizer satisfying

(5.10) lim inf
t↓0

ψ′(t) > 0.

(a) Let f : Rn → R satisfy Assumption 1. If f satisfies the KL property at x̄ with desingularizer ψ on
(Rn, d), then f |M satisfies the KL property at x̄ with the same desingularizer on (M, d).

(b) On a complete metric space (Y, d̄), consider a closed function f that has slope zero at a point x̄ and let
M be an identifiable set at x̄.4 If f |M has the KL property at x̄ with desingularizer ψ on (M, d̄), then
f also has the KL property at x̄ with the same desingularizer on (Y, d̄).

Proof. We only prove (a), as the proof in [29, Thm. 5.12] for (b) is valid. Without loss of generality, we
may assume f(x̄) = 0. Thus (5.1) becomes

|∇(ψ ◦ f)|(x) ≥ δ, ∀x ∈ Bϵ(x̄) ∩ [0 < f < ϵ].

After shrinking ϵ and δ if necessary, (5.10) implies

(5.11) ψ′(t) > δ, ∀t ∈ (0, ϵ).

Theorem 3.6 gives a constant κ > 0, a neighborhood W of x̄, and a continuous map Rx̄ : W → M such that

(5.12) f(z) ≥ f
(︁
Rx̄(z)

)︁
+ κ∥z −Rx̄(z)∥, ∀z ∈W.

Moreover, Rx̄(z) = z for all z ∈ W ∩M. Therefore, through shrinking ϵ if necessary so that Bϵ(x̄) ⊂ W , we
have Rx̄(x) = x for any x ∈ M∩Bϵ(x̄) ∩ [0 < f(x) < ϵ].

Now we pick an arbitrary x ∈ M∩Bϵ(x̄)∩ [0 < f(x) < ϵ]. By the definition of slope, there exists a sequence
xr → x with xr ̸= x such that

(5.13) ψ(f(x)) − ψ(f(xr)) >
1

2
δd(x, xr) > 0, ∀r ≥ 0.

We first show that 0 < f(xr) < ϵ for all sufficiently large r. Since ψ is strictly increasing, we have f(xr) <
f(x) < ϵ for all r. By (5.12), let vr = Rx̄(xr), then vr ∈ M and vr → Rx̄(x) = x. Since f |M is continuous
from partial smoothness, we have f(vr) → f(x). Hence, 0 < f(vr) < ϵ for all sufficiently large r. By (5.12),
we have 0 < f(vr) ≤ f(xr) < ϵ for all sufficiently large r. By (5.13) and the mean value theorem, there exists
ξr ∈ [f(vr), f(xr)] such that

ψ(f(x)) − ψ(f(vr)) >
1

2
δd(x, xr) + ψ(f(xr)) − ψ(f(vr))

=
1

2
δd(x, xr) + ψ′(ξr)

(︁
f(xr) − f(vr)

)︁
.

As ξr ∈ [f(vr), f(xr)] ⊂ (0, ϵ) for all sufficiently large r, (5.11) holds. By inserting (5.11) and (5.12) into the
inequality above and defining γ := δmin{1/2, κ}, we obtain

ψ(f(x)) − ψ(f(vr)) >
1

2
δd(x, xr) + ψ′(ξr)κd(xr, vr)

≥ 1

2
δd(x, xr) + δκd(xr, vr)

≥ γd(x, vr).(5.14)

From the first inequality in (5.14) and that xr ̸= x, we get ψ(f(x)) − ψ(f(vr)) > 0, and thus vr ̸= x, for all
sufficiently large r. Combining this with vr ∈ M and vr → x, we conclude that

|∇(ψ ◦ f |M)|(x) ≥ γ.

4 The definition of identifiability in a complete metric space (Y, d̄) replaces the distance dist(0, ∂f(x)) with the slope |∇f |(x)
and the Euclidean distance with d̄.
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6. Discussion and Application. We now illustrate the application of our main results on error bounds
with the two motivating examples discussed in Section 1. We first treat the ℓp-norm ball constrained problem
in (1.1) whose active manifold is not C2, and then show that for the ℓ1-regularized case, our result recovers the
proximal error bound equivalence in [46] as a special case.

6.1. An ℓp-ball Constrained Example. Consider (1.1) with a differentiable g, and let x̄ be the non-
degenerate critical point of interest. Whenever x̄ is sparse, the active manifold M = {x : ∥x∥p = r} is only
C1,p−1 near x̄ and not C2, so our Theorem 3.6 is indeed needed, and Theorems 4.10 and 4.11 provide the GEB
equivalence in Rn and on M. We consider the following simple example for demonstration.

Take n = 2, p ∈ (1, 2), and g(x) = −x1 in (1.1), and write C := {x : ∥x∥p ≤ r} for its feasible set. We
can then equivalently write this problem as min f(x) with f = g+ δC , where δC is the indicator function of C.
Clearly, for this convex problem, S = crit f = argmin f = {x̄} with x̄ := (r, 0). Moreover, Assumption 1 holds
at x̄. Indeed, f is convex and thus prox-regular and subdifferentially regular everywhere, and the restriction
f |M = g|M is C1. Writing F (x) := |x1|p + |x2|p − rp, we have ∂f(x) = ∇g(x) + R+∇F (x) for x ∈ M. As
∇g and ∇F are continuous, this identity gives both inner semicontinuity along M and the sharpness condition
par ∂̂f(x̄) = span∇F (x̄) = Nx̄M. Finally, ∇g(x̄) = −e1 and ∇F (x̄) = prp−1e1 give ∂̂f(x̄) = {(t−1)e1 : t ≥ 0},
whose relative interior contains 0. We now compute both sides of the GEB on (M, d) for x ∈ M near x̄, writing
x1 = (rp − |x2|p)1/p > 0. By Proposition 2.2, ∇Mf(x) = PTxM(∇g(x)), and TxM = (∇F (x))⊥ with ∇F (x) =
p(a, b) for a := xp−1

1 and b := sgn(x2)|x2|p−1. Since ∇g(x) = −e1, projecting gives ∇Mf(x) = (−b2, ab)/(a2+b2)

and hence ∥∇Mf(x)∥ = |b|/
√
a2 + b2 = |x2|p−1/(x

2(p−1)
1 + |x2|2(p−1))1/2 = Θ(|x2|p−1) near x̄. On the other

side, x1 − r = −|x2|p/(prp−1) + O(|x2|2p) is o(|x2|) as p > 1, so the displacement along x1 is of higher order
and dist(x, S) =

√︁
(x1 − r)2 + x22 = Θ(|x2|). This computation establishes a GEB on (M, d) around x̄ with

the gauge ϕ(t) = tp−1, and Theorem 4.10 or Theorem 4.11 transfers it to the GEB on (R2, d) with the same
gauge.

6.2. Recovering the ℓ1 Case. We now assume that the objective function f has a regularized structure
of f = g + h, with the following structural assumptions.

Assumption 3. ∇g is Lipschitz continuous with constant L ≥ 0 and h is proper, closed and ρ-weakly convex
for some ρ ≥ 0 (meaning that h+ ρ∥ · ∥2/2 is convex).

Some useful weakly convex regularizers include folded-concave penalties such as SCAD and MCP [35]. For such
a regularized function, f is subdifferentially regular, hence the slope GEB and the subdifferential GEB coincide
by Proposition 2.4. We refer to both as the subdifferential GEB in this section. The following definition is an
alternative form of error bound (proximal EB) commonly used in the optimization-algorithms literature, and
with the linear gauge, it is widely known as the Luo–Tseng error bound [37].

Definition 6.1. Suppose that f = g+ h satisfies Assumption 3 and let S ⊂ crit f . We say that f satisfies
the proximal generalized error bound around x̄ ∈ S on (Rn, d) if there exist constants ϵ̂, θ̂, γ > 0 and a gauge

function ϕ̂ such that
ϕ̂(dist(x, S)) ≤ θ̂∥x− proxγh(x− γ∇g(x))∥, ∀x ∈ Bϵ̂(x̄),

where

(6.1) proxγh(x) := argminy∈Rn h(y) +
1

2γ
∥y − x∥2.

Unlike Definitions 4.1 and 4.2, no sublevel restriction appears above. From Assumption 3, f is weakly
convex, and Remark 4.5 shows that the restriction is unnecessary in this setting. We may therefore also drop
it from Definitions 4.1 and 4.2 here, so that both error bounds on the same region.

We now show that, under Assumption 3, the subdifferential GEB and the proximal GEB are equivalent.
A similar result for convex g and h with ϕ(t) = t was shown in [17, Thm.s 3.4 and 3.5].

Lemma 6.2 (Subdifferential EB and proximal EB). Let Assumption 3 hold, S ⊆ crit f with x̄ ∈ S, and
γρ < 1. Then proximal GEB (Definition 6.1) with gauge ϕ implies subdifferential GEB (Definition 4.1) with
the same gauge. Conversely, subdifferential GEB with gauge ϕ and constant θ implies proximal GEB with

(6.2) ϕ̂(t) = min
{︁
t, ϕ(t/2)

}︁
, θ̂ = max{2, c}, c := θ(1 + γL)/γ.

Proof. We first show that proxγh is nearly nonexpansive. That is,

(6.3)
1

1 − ργ
∥z1 − z2∥ ≥ ∥proxγh(z1) − proxγh(z2)∥, ∀z1, z2.

Let hρ(x) := h(x) + ρ∥x∥2/2. Consider any x1, x2 ∈ dom ∂h. For any yi ∈ ∂h(xi), i = 1, 2, we always have
yi + ρxi ∈ ∂hρ(xi). If h is ρ-weakly convex, we have that hρ is convex, and thus

(6.4) ⟨y1 + ρx1 − (y2 + ρx2), x1 − x2⟩ ≥ 0 ⇒ ⟨y1 − y2, x1 − x2⟩ ≥ −ρ∥x1 − x2∥2
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by the monotonicity of subdifferentials of proper and closed convex functions; see, for example, [2, Thm. 20.25].
Since ργ < 1, we have that proxγh(x) is single valued for any x as the objective function in (6.1) is strongly
convex. Consider any z1, z2 and now let xi = proxγh(zi), i = 1, 2, we see from the first-order optimality
condition of (6.1) that there are yi ∈ ∂h(xi) such that zi − xi = γyi, i = 1, 2. We therefore deduce from (6.4)
and the Cauchy–Schwarz inequality that

⟨z1 − x1 − (z2 − x2), x1 − x2⟩ ≥ −γρ∥x1 − x2∥2 ⇒ ∥z1 − z2∥ ≥ (1 − ργ)∥x1 − x2∥,

which translates to (6.3).
Now assume subdifferential GEB holds with constants ϵ, θ > 0 and gauge ϕ, and let x̂ := proxγh(x−γ∇g(x)).

Since x̄ ∈ crit f gives −∇g(x̄) ∈ ∂h(x̄), which is the optimality condition of (6.1) at x̄ with the input x̄−γ∇g(x̄),
we have proxγh(x̄− γ∇g(x̄)) = x̄, and thus (6.3) gives

∥x̂− x̄∥ ≤ 1

1 − ργ
∥x− x̄− γ∇g(x) + γ∇g(x̄)∥ ≤ 1 + γL

1 − ργ
∥x− x̄∥.

Hence, for any x ∈ Bϵ̂(x̄) with ϵ̂ := ϵ(1 − ργ)/(1 + γL), the point x̂ lies in the region where the subdifferential
GEB applies. The optimality condition of (6.1) at x̂ reads γ−1(x− x̂) −∇g(x) ∈ ∂h(x̂), so that γ−1(x− x̂) +
∇g(x̂) −∇g(x) ∈ ∇g(x̂) + ∂h(x̂) = ∂f(x̂), and therefore

(6.5) ϕ
(︁
dist(x̂, S)

)︁
≤ θ dist

(︁
0, ∂f(x̂)

)︁
≤ θ(1 + γL)

γ
∥x− x̂∥ = c∥x− x̂∥.

It remains to transfer this estimate from x̂ back to x. For a nonlinear gauge, the two terms in dist(x, S) ≤
∥x− x̂∥ + dist(x̂, S) ≤ 2 max{∥x− x̂∥,dist(x̂, S)} cannot be combined under ϕ, so we keep the maximum. If it
is attained by the first term, then dist(x, S) ≤ 2∥x− x̂∥; otherwise dist(x, S)/2 ≤ dist(x̂, S), and (6.5) together

with the monotonicity of ϕ gives ϕ(dist(x, S)/2) ≤ c∥x − x̂∥. In both cases, ϕ̂(dist(x, S)) ≤ max{2, c}∥x − x̂∥
with ϕ̂ defined in (6.2), which is again a gauge function as the minimum of two gauge functions. This is exactly
the proximal GEB.

The converse result also holds. Assume proximal GEB holds with constants ϵ̂, θ̂ > 0 and gauge ϕ̂. Noting
that proxγh(x+ γv − γ∇g(x)) = x for any v ∈ ∇g(x) + ∂h(x) and using (6.3), we have

∥x− x̂∥ = ∥ proxγh(x+ γv − γ∇g(x)) − proxγh(x− γ∇g(x))∥ ≤ γ

1 − ργ
∥v∥.

Since v is arbitrary, we have (1 − ργ)∥x− x̂∥ ≤ γ dist(0, ∂f(x)), and hence,

ϕ̂(dist(x, S)) ≤ θ̂∥x− x̂∥ ≤ θ̂γ

1 − ργ
dist(0, ∂f(x)), ∀x ∈ Bϵ̂(x̄),

where the inequality holds trivially at any x with ∂f(x) = ∅. This is exactly the subdifferential GEB.

This confirms the claim in Section 4: with a general gauge, Definition 6.1 generalizes the Luo–Tseng error
bound (which corresponds to ϕ(t) = t), and Lemma 6.2 shows its relation to Definition 4.1.

As the error bounds concern only a neighborhood of x̄ and weak convexity is essentially the globalization of
prox-regularity, the assumption on h in Lemma 6.2 can be relaxed to prox-regularity at the single point x̄, with
proper modifications (but then we would need to add back the sublevel restriction). Likewise, the Lipschitz
continuity of ∇g can be weakened to Hölder continuity with exponent α ∈ (0, 1], at the cost of raising the
second branch of (6.2) to the power 1/α and hence a less sharp gauge.

In the introduction, we recalled that the equivalence between EB on (Rn, d) and EB on (M, d) for ℓ1-
regularization was shown in [46] (for S = argmin f). Next, we show that our main result (Theorems 4.10
and 4.11) can be applied to ℓ1-regularization and recover this result with more generality on S. First, the
ℓ1-norm is C1-partly smooth at any point x̄ relative to the manifold M = {x : xi = 0,∀i ∈ I} where I = {i :
x̄i = 0}, see for example [19, Ex. 1.2.5]. Moreover, since g is C1,1 by Assumption 3, the sum f = g + h is also
C1-partly smooth at x̄ relative to the same manifold M.

As h = λ∥ · ∥1 is convex, we have ρ = 0, so Lemma 6.2 applies to every γ > 0 and we may simply take
γ = 1. Moreover, if the subdifferential EB holds with the linear gauge ϕ(t) = t, Lemma 6.2 gives the proximal
EB with the same linear gauge. Since Theorems 4.10 and 4.11 preserve the gauge as well, they imply that if
Assumption 2 and (3.2) hold at x̄, then proximal EB (Definition 6.1) with γ = 1 is equivalent to EB on M
(Definition 4.2), both with a linear gauge. The setting S = argmin f in [46, Thm. 4.3] makes Assumption 2
automatic, so the above recovers it (whose EB definition likewise carries no sublevel restriction), and extends
to any S ⊆ crit f satisfying Assumption 2.
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7. Conclusion. We have studied the transfer of local error bounds between an ambient Euclidean space
and an identifiable C1 manifold, showing from both a geometric and a metric perspective that an error bound
in the ambient space is equivalent to that on the manifold and sharpening is not possible. To establish this
equivalence, we have developed tools to obtain a uniform linear-growth estimate for nearby points off the
manifold without resorting to nearest-point projections that might not be available for C1 manifolds. We
have further applied the developed tools to show ambient-to-manifold transfer of the Kurdyka– Lojasiewicz
property under the same setting, and established that the generalized error bound with a wide range of gauge
functions also implies this property, with an explicit conversion from the gauge to its desingularizer. Finally,
for regularized optimization, we have related the generalized error bound to its proximal form, of which the
Luo–Tseng error bound is the linear-gauge special case. A natural direction for future work is to investigate
the implications of these generalized error bounds for local convergence rates of active-set and manifold-based
algorithms.
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Appendix A. Counterexamples.

A.1. A disconnected metric space. Let (an)n≥1 be any sequence of positive real numbers satisfying
an → 0, and define

pn := (n−1, 0), qn := (n−1, an), Sn := {(n−1, t) : 0 ≤ t ≤ an}.

Set

X := {(0, 0)} ∪
∞⋃︂

n=1

Sn,

equipped with the Euclidean metric inherited from R2. Since an → 0, the only possible accumulation point of
the segments Sn away from finitely many fixed segments is (0, 0). Hence X is closed in R2. Since R2 is complete
and every closed subset of a complete metric space is complete, X is complete. Define f : X → R by

f(0, 0) = 0, f(n−1, t) = an − t (0 ≤ t ≤ an).

Since an → 0, the function f is continuous at (0, 0); on each segment it is linear. Thus f is continuous, hence
closed, and f ≥ 0. Therefore

|∇f |(0, 0) = 0.

Let
M := {(0, 0)} ∪ {pn, qn : n ≥ 1}.

We first check that M is identifiable at x̄ = (0, 0) for f . If

x = (n−1, t) ∈ X \M, 0 < t < an,

then moving upward along the same segment decreases f at unit rate:

lim
s↓0

f(x) − f(n−1, t+ s)

d(x, (n−1, t+ s))
= 1.

Thus |∇f |(x) ≥ 1 for every x ∈ X \M. Hence

lim inf
x→f x̄, x/∈M

|∇f |(x) ≥ 1,

https://arxiv.org/abs/2504.12260
https://arxiv.org/abs/2504.12260
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so M is identifiable at x̄.
Now take the desingularizer

ψ(t) = t.

The sublevel set {x ∈ X : f(x) ≤ f(x̄)} is

{(0, 0)} ∪ {qn : n ≥ 1}.

At every point x ∈ X with 0 < f(x) < δ, either x = pn for some n, or x lies in the interior of a segment Sn. In
both cases, moving upward along Sn gives

|∇f |(x) ≥ 1.

Consequently f has the KL property at x̄ with desingularizer ψ(t) = t. Thus property (a) in [29, Thm. 5.12]
holds.

However, on the metric subspace M, each point pn is isolated. Indeed,

d(pn, qn) = an > 0,

and the remaining points of M also have positive distance from pn. Hence pn is a local minimizer of f |M, so

|∇(f |M)|(pn) = 0.

But
pn → x̄, f(pn) = an → 0, pn /∈ {x ∈ M : f(x) ≤ f(x̄)}.

Therefore, f |M does not have the KL property at x̄ with desingularizer ψ(t) = t. In fact, for any desingularizer
ψ, each pn is a local minimizer of ψ ◦ (f |M). Thus no desingularizer yields the KL property for the restriction.

A.2. A convex function on Euclidean space. Let X = R2 with the Euclidean metric, and define

f(u, v) = |v|, x̄ = (0, 0), M = (R× {0}) ∪ {(u, u2) : u ∈ R}.

The function f is convex and Lipschitz continuous, and M is closed, connected, and semialgebraic. Since
|∇f |(x̄) = 0 and |∇f |(u, v) = 1 whenever v ̸= 0, the function f has the KL property at x̄ with desingularizer
ψ(t) = t. Moreover, every point outside M has v ̸= 0, so we get M is identifiable at x̄ for f with modulus
η = 1.

For u ̸= 0, the set M coincides with the parabola near xu = (u, u2). The parametrization u ↦→ (u, u2) has
derivative (1, 2u), and f(xu) = u2. Consequently, Lemma 2.5 gives

|∇(f |M)|(xu) =
2|u|√

1 + 4u2
−→ 0 as u→ 0.

Since xu → x̄ and f(xu) → f(x̄) = 0 from above, the restriction f |M fails the KL inequality with ψ(t) = t.
This disproves the ambient-to-restricted implication in [29, Thm. 5.12] even in this Euclidean setting.

The restricted slope is continuous at x̄: it vanishes on the horizontal axis and tends to zero along the
parabola. However, M is not a manifold at x̄. In this example, however, the restriction satisfies the KL
property with a different desingularizer, namely ψ(t) =

√
t, because

ψ′(f(xu)) |∇(f |M)|(xu) =
1√

1 + 4u2
,

which is bounded away from zero for u near 0.

Appendix B. Proofs of Results in Section 2.

B.1. Proof of Lemma 2.1. Let m = dimM and choose a Cp local defining map F : U0 → Rn−m around
x̄ such that M∩ U0 = F−1(0) and ∇F (x̄) has full rank. Set T := Tx̄M = ker∇F (x̄) and N := Nx̄M = T⊥.
Consider

G(u,w) := F (x̄+ u+ w), u ∈ T, w ∈ N.

The derivative of G with respect to w at (0, 0) is the linear map

DwG(0, 0)w = ∇F (x̄)w, w ∈ N.

This map from N to Rn−m is an isomorphism: it is injective because if w ∈ N and ∇F (x̄)w = 0, then
w ∈ T ∩ N = {0}, and the dimensions of N and Rn−m agree. By the implicit function theorem, there exist
ρ > 0, a neighborhood ON of 0 in N , and a unique Cp map h : T ∩Bρ(0) → ON such that h(0) = 0 and

F (x̄+ u+ w) = 0 ⇐⇒ w = h(u)
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for (u,w) sufficiently small. Hence M is locally represented as the stated graph. Differentiating the identity
F (x̄+ u+ h(u)) = 0 at u = 0 gives

∇F (x̄)
(︁
u+ ∇h(0)u

)︁
= 0, ∀u ∈ T.

Since u ∈ ker∇F (x̄), we have ∇F (x̄)∇h(0)u = 0. But ∇h(0)u ∈ N and ∇F (x̄)|N is injective, so ∇h(0)u = 0 for
all u ∈ T , and therefore ∇h(0) = 0. The final assertion follows by decomposing y− x̄ according to Rn = T ⊕N
and shrinking the neighborhood so that the tangential component lies in Bρ(0).

B.2. Proof of Proposition 2.2. Fix g ∈ ∂̂f(x) and ξ ∈ TxM. Choose a C1 curve γ : (−ϵ, ϵ) → M
satisfying γ(0) = x and γ̇(0) = ξ. The definition of a Fréchet subgradient gives

f(γ(t)) − f(x) ≥ ⟨g, γ(t) − x⟩ + o(∥γ(t) − x∥).

Since f |M is C1 around x, dividing by t > 0 and letting t ↓ 0 yields

D(f |M)(x)[ξ] ≥ ⟨g, ξ⟩,

while dividing both sides by t < 0 and letting t ↑ 0 yields the reverse inequality. Therefore,

D(f |M)(x)[ξ] = ⟨g, ξ⟩ = ⟨PTxM(g), ξ⟩.

By the definition of the Riemannian gradient, it follows that

∇Mf(x) = PTxM(g).

Hence, any two elements of ∂̂f(x) have the same projection onto TxM, proving (2.1).

B.3. Proof of Lemma 2.5. Let

T := TxM, N := NxM, g := ∇Mf(x) ∈ T.

By Lemma 2.1, after shrinking the neighborhood of x if necessary, there is a C1 map

h : T ∩Bρ(0) → N

such that h(0) = 0, ∇h(0) = 0, and

Φ(u) := x+ u+ h(u), u ∈ T ∩Bρ(0),

parametrizes M near x. Since h(u) = o(∥u∥), we have

(B.1) ∥Φ(u) − x∥ = ∥u+ h(u)∥ = ∥u∥ + o(∥u∥).

Define
F : T ∩Bρ(0) → R, F (u) := f(Φ(u)).

Since f |M and Φ are C1, the function F is C1 near 0 in the vector space T . Moreover,

DΦ(0)[u] = u+ ∇h(0)u = u, u ∈ T.

By the chain rule and the definition of the Riemannian gradient,

DF (0)[u] = D(f |M)(x)
[︁
DΦ(0)[u]

]︁
= D(f |M)(x)[u] = ⟨g, u⟩, u ∈ T.

Therefore the first-order Taylor expansion of F at 0 is

(B.2) F (u) = F (0) + ⟨g, u⟩ + o(∥u∥).

We first prove the upper bound. If x is a local minimizer of f |M, then

|∇(f |M)|(x) = 0 ≤ ∥g∥.

Otherwise, let yr ∈ M satisfy yr → x and yr ̸= x. Writing yr = Φ(ur) with ur → 0 and using (B.1)–(B.2), we
obtain

f(x) − f(yr)

∥x− yr∥
=

−⟨g, ur⟩ + o(∥ur∥)

∥ur∥ + o(∥ur∥)
≤ ∥g∥ + o(1)

1 + o(1)
.

Taking the limsup over all such sequences yields

|∇(f |M)|(x) ≤ ∥g∥.

For the reverse inequality, if g = 0, the upper bound and nonnegativity of the slope already imply equality.
Assume g ̸= 0 and set v = −g/∥g∥ ∈ T . For t > 0 small, let yt = Φ(tv) ∈ M. Using (B.1)–(B.2) again, we get

f(x) − f(yt)

∥x− yt∥
=
t∥g∥ + o(t)

t+ o(t)
→ ∥g∥ (t ↓ 0).

Hence |∇(f |M)|(x) ≥ ∥g∥. The two inequalities prove the claim.

Appendix C. Proofs of Results in Section 4.
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C.1. Proof of Lemma 4.7. Fix x ∈ M sufficiently close to x̄. By Proposition 3.2, par ∂̂f(x) = NxM.

Thus, for any g, g′ ∈ ∂̂f(x), g − g′ ∈ NxM, so that

PTxM(g − g′) = 0.

Hence the tangential projection is independent of the choice of subgradient. Let p = Paff ∂̂f(x)(0). The char-
acterization of the Euclidean projection onto an affine space gives p ⊥ NxM, while g − p ∈ NxM for every
g ∈ ∂̂f(x). Consequently,

PTxM(g) = p = Paff ∂̂f(x)(0).

C.2. Proof of Lemma 4.8. By (2.2), it suffices to show that ∇Mf(x) ∈ ri ∂̂f(x) for all x ∈ M near x̄.

Prox-regularity at x̄ for 0 gives 0 ∈ ∂P f(x̄) ⊆ ∂̂f(x̄), so (2.2) implies ∇Mf(x̄) = 0. Since f |M and M are
C1-smooth, the Riemannian gradient is continuous, and hence

(C.1) ∇Mf(x) → 0 as x→ x̄ in M.

For x ∈ M near x̄, the set ∂̂f(x) is nonempty, closed, and convex. By Proposition 3.2 and Lemma 4.7 and
(2.2),

aff ∂̂f(x) = ∇Mf(x) +NxM.

If Nx̄M = {0}, this identity shows that ∂̂f(x) = {∇Mf(x)} for all nearby x ∈ M, and the conclusion follows.

Otherwise, suppose for a contradiction that there are xk → x̄ in M such that ∇Mf(xk) /∈ ri ∂̂f(xk). Applying

convex separation in the normal space Nxk
M to the translated set ∂̂f(xk)−∇Mf(xk), we obtain unit vectors

wk ∈ Nxk
M with

(C.2) ⟨wk, v −∇Mf(xk)⟩ ≤ 0 ∀v ∈ ∂̂f(xk).

Passing to a subsequence and using continuity of the normal spaces, assume that wk → w ∈ Nx̄M with ∥w∥ = 1.

Sharpness and nondegeneracy at x̄ give δw ∈ ∂̂f(x̄) for some δ > 0. Choose δ small enough that δw lies
in the neighborhoods of 0 where both inner semicontinuity and prox-regularity in Definition 3.1 apply. Inner
semicontinuity provides vk ∈ ∂f(xk) with vk → δw. Since f(xk) → f(x̄), prox-regularity at x̄ for 0 implies

vk ∈ ∂P f(xk) ⊆ ∂̂f(xk) for all sufficiently large k. Applying (C.2) to vk and using (C.1), we obtain

0 ≥ lim
k→∞

⟨wk, vk −∇Mf(xk)⟩ = δ∥w∥2 = δ > 0,

a contradiction.

C.3. Proof of Lemma 4.9. By Lemmas 4.7 and 4.8 and (2.2),

∇Mf(x) = Paff ∂̂f(x)(0) ∈ ∂̂f(x).

Thus the projection of 0 onto the affine hull already belongs to ∂̂f(x), and is also its unique minimum-norm
element. The two asserted identities follow.
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