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Abstract

We consider multistage stochastic mixed-integer programs (M-SMIPs), and show
that these problems are asymptotically convex. That is, we show that the
expected cost-to-go functions in the problem converge to convex functions as
the variability of the random parameters in the model increases. To derive this
result, we first propose a novel adapted Gomory relaxation for deterministic
mixed-integer value functions by selectively relaxing some of the non-negativity
constraints of the basic variables. We show that the adapted Gomory relaxation
is semi-periodic, and equal to the original mixed-integer value function on large
parts of its domain. Then, we use these results to prove the desired asymptotic
convexity of M-SMIPs. In contrast to earlier work on the two-stage case, our
results also hold when only part of the right-hand side parameters are random,
e.g., when some later-stage decisions are binary.

Keywords: Stochastic programming, Mixed-integer programming, Multistage
recourse models, Asymptotic convexity



1 Introduction

Multistage stochastic mixed-integer programs (M-SMIPs) arise naturally in a wide
range of decision-making problems under uncertainty, where mixed-integer decisions
are made sequentially over multiple time stages, see, e.g., the textbooks [5, 25], and
[12, 26, 35] for applications in capacity planning, supply chain optimization, and energy
systems, respectively. However, the presence of integer decisions induces non-convexity
in the expected cost-to-go functions across time stages. As a result, efficient decompo-
sition approaches such as stochastic dual dynamic programming (SDDP) [17], which
rely on convexity of the expected cost-to-go functions, cannot be applied directly or
need to be adapted to the mixed-integer setting.

In this paper, we show that M-SMIPs are asymptotically convex: their expected
cost-to-go functions converge to convex functions as the variability in the distribution
of the random right-hand-side parameters in the model increases. The key observa-
tion is that randomness can have a convexifying effect that is absent in deterministic
mixed-integer programs. While a deterministic mixed-integer value function is gener-
ally non-convex, the expected value function, i.e., the expected cost-to-go function,
arising in M-SMIPs averages these non-convexities over different realizations of the
random parameters. As the variability of the random parameters increases, this aver-
aging effect becomes stronger, and the expected cost-to-go functions converge to
convex functions. This convexifying effect may potentially be used to derive efficient
approximate decomposition algorithms for M-SMIPs,; analogous in spirit to SDDP for
multistage stochastic linear programs.

In the literature, asymptotic convexity results have been established for two-stage
SMIPs (2-SMIPs), initially for specific recourse structures, including simple integer
recourse [13], mixed-integer recourse with a single recourse constraint [32], and totally
unimodular integer recourse [21]. These studies show that as the variability of the ran-
dom parameters increases, the expected mixed-integer value function asymptotically
converges to a convex function. These results were subsequently extended to general
risk-neutral [19, 28] and risk-averse [27, 29] 2-SMIPs.

These existing results apply only to 2-SMIPs in which all second-stage right-hand-
side parameters are random. However, many practically relevant 2-SMIPs contain
binary second-stage variables or constraints whose right-hand sides are independent
of the random parameters. In addition, the value functions in general M-SMIPs are
defined recursively through future expected cost-to-go functions, whose epigraph lin-
earizations introduce additional constraints with deterministic right-hand side terms.
In this paper, we derive asymptotic convexity of general M-SMIPs with right-hand
side vectors that are not necessarily fully random.

We first study a generic mixed-integer value function, where some of the right-hand
side components are fixed. We introduce a novel adaptation of the Gomory relaxation
based on [11], in which we preserve the non-negativity constraints of some critical basic
variables, and relax the remaining basic variables. This type of relaxation has been
studied for pure integer programs [34], where it is shown that the relaxation is equal to
the original integer value function on subsets of its domain. For our mixed-integer case,
we prove that on large parts of its domain, the mixed-integer value function is equal to
the adapted Gomory relaxation, and it is semi-periodic. That is, it can be expressed as



the sum of a linear and periodic function. This result may be of independent interest
to the deterministic MIP community.

Using these properties of the generic mixed-integer value function, we construct
a convex approximation of the expected mixed-integer value function, i.e., an «-
approzimation [30-32]. We derive a uniform error bound for this approximation that
depends on the total variations of the probability density functions of the random
parameters, and show that the expected approximation converges to the true expected
value function as these total variations converge to zero. Thus, for any 2-SMIP whose
value function satisfies the generic form considered in this paper, the expected value
function converges to its a-approximation as the variability of the random parameters
increases.

Subsequently, we use this two-stage result to prove the asymptotic convexity results
for M-SMIPs. First, we consider the expected cost-to-go function at a given stage t.
If the probability distributions of the later-stage random parameters are independent
from those in stage ¢ and can be represented by a finite scenario tree, then we can
construct a convex approximation with total variation error bound that converges to
zero if the total variations of the probability density functions of the random stage-t
parameters converge to zero. Second, by recursively applying our a-approximation, we
are able to prove that all expected cost-to-go functions in an M-SMIP can simultane-
ously converge to some convex functions if the variability of all the random parameters
increases simultaneously.

Summarizing, our contributions are threefold.

® We define and study a novel adapted Gomory relaxation for a generic determin-
istic mixed-integer value function with some of its right-hand side parameters
fixed. We show that, on large parts of the non-fixed domain, the value function
is equal to the adapted Gomory relaxation, and it is semi-periodic, i.e., the sum
of its LP-relaxation and a periodic function.

® For 2-SMIPs whose mixed-integer value function includes deterministic right-
hand side parameters (e.g., in the case of binary second-stage decisions), we
show that the expected value function converges to a convex function when the
variability of the random parameters increases.

® For M-SMIPs, we prove two asymptotic convexity results.

1. First, we show asymptotic periodicity of a single-stage expected cost-to-go
function. If the uncertainty in stages t+1, ..., T can be represented by a finite
scenario tree, then the stage-t expected cost-to-go function converges to a
convex function as the variability of the stage-t random parameters increases.

2. Second, we show simultaneous asymptotic convexity across stages: the
expected cost-to-go functions in all stages converge to convex functions simul-
taneously as the variability of the random parameters in all stages increase
simultaneously.

Our perspective differs from the algorithmic approaches in the literature, which tackle
the M-SMIPs directly through decomposition methods. For example, [36] develop



stochastic dual dynamic integer programming (SDDiP), which extends SDDP to mul-
tistage stochastic integer programs with binary state variables through Lagrangian
cuts. Then, [1] propose stochastic Lipschitz dynamic programming (SLDP), which
constructs nonlinear Lipschitz cuts to approximate non-convex cost-to-go functions
under a Lipschitz continuity assumption and complete continuous recourse. For
a class of multistage non-convex mixed-integer nonlinear programs, [9] develop a
non-convex nested Benders decomposition method based on dynamically refined
mixed-integer linear outer approximations, regularization, binary-state approxima-
tions, and Lagrangian cuts. More recently, [20] construct a hierarchy of convex
polyhedral lower bounds for the value functions and expected cost-to-go functions of
M-SMIPs using scaled cuts. Finally, scenario decomposition approaches have also been
proposed for multistage stochastic mixed-integer programs, including methods based
on dual decomposition [6, 8] and progressive hedging [2, 4]. For a broader overview of
decomposition methods for stochastic mixed-integer programming, we refer to [23].

These exact methods are useful for small to medium size problem instances, but
tend to struggle computationally with larger instances. Our objective is not to develop
another decomposition method that directly handles the non-convex cost-to-go func-
tions. Instead, we study conditions under which these non-convex functions are close
to convex approximations. This provides a complementary perspective: rather than
tackling the non-convexity directly, we may identify conditions under which the non-
convexity become negligible so that more efficient methods developed for convex
multistage stochastic programs can be applied.

The remainder of this paper is organized as follows. In Section 2, we formally
introduce M-SMIPs and state some general assumptions we make. In Section 3, we
introduce our adapted Gomory relaxation and study its properties and relation to the
original mixed-integer value function. In Section 4, we construct a convex approxima-
tion and derive a uniform error bound for the expected value function of 2-SMIPs. In
Section 5, we derive the asymptotic convexity results for M-SMIPs. Finally, we end
with a discussion in Section 6.

2 Formulation of M-SMIPs
We consider M-SMIPs of the form

min {clTxl + Q2(x1) : Wiz = wl}, (1)

r1€X,

with the expected value function Q¢ defined for stage t =1,...,7 — 1, as
Qit1(zt) == Eu, [le(th, wt)}
with the underlying value function vy (wis1, ) defined for stage t = 1,...,T — 1 as

. T
Vip1(Wig1, ) = oy in {Ct+1xt+1 + Qiyo(241) :
Ti41 t+1



Wit1xe41 = wt+1*Tt+1It}, (2)

with Q711 = 0, w; a fixed parameter, and X; represents integrality and non-negativity
constraints on z;. Here, the random parameters w; are in the right-hand side vector
of the constraints and they are stage-wise independent, i.e., independent from the
random parameters of all other stages. Throughout this paper, we make the following
assumptions for M-SMIPs.

Assumption 1 (a) For every stage ¢ = 1,...,T, we assume that the recourse matrix W
consists of integer entries and is a complete recourse matrix. That is, for any right-hand
side vector d, it holds that {y; € R'[* x Z"t* : Wiy = d} # 0. Moreover, the technology
matrix 7 and the cost vector ¢; are rational.

(b) For every stage t = 2, ..., T, the value function v; satisfies vg(w¢, x¢—1) > —o0.

(c¢) The inequality E[||wt||co] < +00 holds for every t =2,...,T.

Here, Assumptions 1 (a)—(b) ensure that the value functions v; are always finite,
while Assumptions 1 (a)—(c) imply that the expected value functions Q; are also finite.
These assumptions are mild and are in line with the standard assumptions commonly
imposed in the 2-SMIP literature, see, e.g., [19, 30].

Our goal is to prove that every expected value function @Q); is asymptotically convex.
We will do so by constructing a convex approximation Qt that is arbitrarily close to
Q@ if the variability of the random parameters in the model is large enough.

In the literature, asymptotic convexity has been established for 2-SMIPs by exploit-
ing the periodic behavior of the second-stage mixed-integer value function vy as a
function of wy [19]. This periodic behavior relies on the fact that in 2-SMIPs, v, is
the optimal value of a mixed-integer linear program. In M-SMIPs, however, the objec-
tive function of the mixed-integer program defining v, is not linear, due to its nested
dependence on Q¢+1, meaning that existing results cannot be directly applied. If Q41
is convex polyhedral, which holds for example if later-stage decisions are continuous
and all later-stage random parameters are finite discretely distributed, or (41 repre-
sents a convex approximation of the true expected value function, then the objective
function in v; can be linearized via an epigraph formulation, i.e.,

: T . _
ve(we, 4—1) = min {ct Tt + Oy Wiy = wy — Ty
21 €X¢,0¢41

T .
Orr1 — Ay ;T > Bitri, Vi € It+1}, (3)

where Q11 is represented as Q¢11(z:) = maxiezt+1{aj+l7ia:t + Bit1,i}-

However, now part of the right-hand side parameters of the constraints in (3), i.e.,
Biy1,; for all i € 7;, are deterministic, violating the assumption in [19] that all right-
hand side parameters are random. That is why in this paper we will first analyze
the following generic mixed-integer value function v and its expectation ), which
represents any value function vy of the form in (3) and any corresponding expected
cost-to-go function Q;, respectively.



Definition 1 We define the generic mixed-integer value function v as
v(w,x) = min{qu Wy =(w—Tz, h), ye Z} x Ri}, (4)

where z € X CRP, w — T2 € R™~, and h € R™". Here, X denotes the feasible set for =, w
represents a random vector, and h is a vector with fixed elements. Moreover, we denote the
expectation of v(w, z) as Q(z) := Eu[v(w, z)].

We impose the following assumptions on the generic value function v, which are
naturally equivalent to Assumption 1.

Assumption 2 For the generic mixed-integer value function v(w,z) of (4), we assume that
W e Zmetma)x(ntn) o < y(w, z) < 0o, and E[||w||ec] < 0.

The generic mixed-integer value function v represents not only the value functions
v of a broad class of M-SMIPs, but also the value functions of 2-SMIPs with deter-
ministic second-stage constraints, for example when some second-stage decisions are
restricted to be binary; see, e.g., [14-16].

In the next section, we begin by studying several properties of the deterministic
generic value function v. Based on these properties, in Section 4 we establish asymp-
totic convexity of @, and discuss the implications for 2-SMIPs. In Section 5, we show
how this approximation can be extended to the multistage case.

3 Periodic behavior of the value function v

In this section, we show that, on large parts of its domain, the generic value function
v is the sum of its LP-relaxation vy,p and a periodic function. To do so, we exploit the
piecewise-linear structure of vpp. In particular, let By, k = 1,..., K, denote its dual
feasible basis matrices, so that

vp(w, ) = ,max ap, By '(w — Tz, h). (5)

yer

For a fixed h, it follows that every dual feasible basis matrix By is optimal on a poly-
hedral subset Ag(h) of the domain of w—Tz. Using the Basis Decomposition Theorem
[33], we will select a collection By, k € K(h), of such bases whose corresponding non-
empty polyhedra Ag(h), cover the entire domain R™«. For each k € K(h), we then
identify a subset II;(h) C Agx(h) on which

v(w, z) = vpp(w, ) + i (w, ),

where 1) is periodic in w. Thus, by considering the different basis matrices By, we
obtain a semi-periodic representation of v on large parts of its domain.

To derive the semi-periodic representation, we first consider an arbitrary dual
feasible basis matrix By. We can decompose W into W = (B Ny), and the decision
variables into the basic variables yp, and non-basic variables yy, with corresponding



costs ¢p, and qn,. Using the equality Bryp, + Nyyn, = (w — Tz, h), we can write
the basic variables yp, as a function of the non-basic variables yy,

yBk(Wal‘,yNk) = Bk_1<(w_Txvh)_NkyNk)' (6)

We further decompose the inverse matrix B, ' into B,' = (B;l B;}) with

B, L e Rtmetmn)xme and B, ) € RImMetma)xma Rinally, we denote the reduced cost

corresponding to the dual feasible basis matrix By as gy, = q]—\r,k_ — qgk B,;lN;C > 0.
Then, the generic value function v of (4) can be written as

v(w,x) = qp, By & (w —Tx) + qp, By b + éi(w, ), (7)

where ¢ (w, x) is given as

¢k(w7x) = £nin . q]—l\—fkyNk (8)
YNy €L, K xR, E

s.t. yB, (W, z,yn,) € ZZB’“ X RZ_B’“.

The first two terms in (7) are precisely the linear function induced by By, in the LP-
relaxation vpp given in (5). Our aim is to show that the remainder ¢y, exhibits periodic
behavior on a sufficiently large subset of its domain. To establish this property, we
construct an adapted Gomory relaxation vp, of v by relaxing selected non-negativity
constraints on the basic variables. Analogously to (7), this relaxation consists of the
linear function induced by Bj and a mixed-integer remainder, which we denote by .
We first show that 1y is periodic on its entire domain, and subsequently identify a
subset on which the adapted Gomory relaxation vp, coincides with v, or equivalently,
Ui (w, ) = ¢ (w, x). This establishes the desired periodic behavior of ¢ on this subset.

3.1 An adapted Gomory Relaxation for v

We now define our adapted Gomory relaxation vp,. For a given dual feasible basis
matrix By, we take (7) as a starting point, and relax some of the non-negativity con-
straints in the minimization problem (8) defining ¢j. Our relaxation differs from the
original Gomory relaxation o, [11, 19] of v, in which all non-negativity constraints
of the basic variables yp, are relaxed. Instead, we define an adapted Gomory relax-
ation vp, in which we only relax the non-negativity constraints of non-critical basic
variables. This approach is similar in spirit to [34] for pure integer value functions.
However, to our knowledge we are the first to apply it in the mixed-integer case.
The motivation for this adapted Gomory relaxation is that, in contrast to [19], we
allow some right-hand side components h of v to be fixed. For this reason, as we will
show in Example 1 below, the standard Gomory relaxation can be insufficient to prove
asymptotic semi-periodicity of v. Instead, the adapted Gomory relaxation vp, is equal
to v on a sufficiently large part of its domain and has the asymptotic semi-periodicity

property.



Definition 2 Consider the generic mixed-integer value function v defined in (4), and suppose
that its LP relaxation vpp has K dual feasible basis matrices. For each k = 1,..., K, let
(B,;}J)i denote the i-th row of the submatrix B]:ij of the inverse basis matrix B,:l. We define

)

the set of critical indices Ij, and non-critical indices I}, as

- . -1 . -1

Ik ::{Z:(Bk,w)izo} and Ik ::{Z:(Bk,w)i#o}’
respectively. Then, for each k = 1, ..., K, our k-th adapted Gomory relazation vp, is obtained
by relaxing the non-negativity constraints associated with the non-critical indices in (7)-(8),
ie.,

T -l T p—1
vp, (w, @) = qp, By ,(w — Tx) + qp, By b+ i (w, ),

where 1), is given as

: T
Yp(w,z) = %m . AN YN,
YNy, €2, B xR K
s.t. B, (W, T, yn,) € Z"Pr x R""Pk, (9)
[yBk(wﬂ‘rayNk)]i 207 V’Lij

Ezxample 1 Consider the mixed-integer value function

v(w,z) =  min {yl +y2+2ys +2ys+2y5: 2y1 —y3 —ya =w — Tz,
Y1,Y2,Y3 €L+
Y4,Yys ER
2y2 +3y3 —y5 = h}, (10)

where the right-hand side of the constraints consists of the random part w — Tz and
some deterministic part h. Observe that the recourse matrix W is given by W =
((2) g _é _(1) _?) and we let y; and ys be the basic variables with corresponding basis

20

matrix B = ( ), and ys3,y4 and ys be the non-basic variables with corresponding

02
matrix N = -l-10 Using the fact that B! = (B_1 Bil) = % 0 and
3 0-1) & = WP P 01
(j]—\r, = (1,2.5,2.5), it follows from (6)-(8) that v is equivalently given by
1 1
v(iw,z) = =(w—Tz)+ =h+ min {yg + 2.5y4 + 2.5y5 :
2 2 Ys€ZL4
Ya,ys€ERY 1 1
S(W—Tz)+ ~ys + -y € Z
2(” $)+2y3+2y46 +
1 3 1
Sh—Zys+ <ys €7 } 11
5h—5Ys + 5us € 2 (11)

1
Since the second row of B, L= (8) is zero, the basic variable y9 is a critical basic variable,

whereas y; is non-critical.

We use this example to illustrate why it is important to preserve the non-negativity
constraints of the critical basic variables. In particular, we show that the standard Gomory
relaxation v, obtained by relaxing the non-negativity constraints of both basic variables
y1 and y2, can differ from v for arbitrarily large values of w — Txz. We then show that



this discrepancy disappears for our adapted Gomory relaxation vg, which preserves the
non-negativity constraint of the critical basic variable ys.

We restrict attention to the non-negative orthant of (w — Tz, h), and first consider the
deterministic component h to be h = 1. For the original value function v, observe that the
optimal solution always uses y3 = 0. Indeed, when y3 = 0, the smallest feasible value for
ys is 1. For any other y3 > 1, feasibility requires y5 to be at least y5 > 3ys — 1; see (10).
So, the additional cost from y3 and ys5 is at least 3.5, whereas the possible saving in y4 is
at most 2.5; see (11). Hence, selecting any y3 > 1 is more expensive than selecting y3 = 0,
and therefore y3 = 0. Consequently, it follows that y; and y5 can be computed from (11),
and the optimal solutions are (y7,y5,v3,yi,¥s) = ([‘*’_ZTJC—‘ ,1,0,2 [‘*’_QT””—‘ — (w—Tx), 1)
for all w — Tx > 0.

For o, it is sufficient to consider y3 € {0, 1}. To see this, observe that if a feasible solution
satisfies y3 > 2, replacing y3 by y3 — 2 preserves the integrality conditions and decreases the
objective value. Hence, the optimal solution is either the same as for v or satisfies y3 = 1.
In the latter case, we also select y5 = —1, which is possible because we have relaxed the
non-negativity constraint on y2. The complete optimal solution is then (yi,v5,v3,y1,ys) =
([#-‘ ,—1,1,2 [#-‘ —(w—-Tz+1), 0); see panel (a) of Figure 1 for a geometric
visualization. Furthermore, panel (b) of Figure 1 shows the value of v and o for h = 1 and
w—Txz > 0. We observe that both value functions are semi-periodic but that vg systematically
and periodically underestimates v.

The reason why the original Gomory relaxation ¥ 5 may underestimate v is that it relaxes
the non-negativity constraint of the critical basic variable y2. As can be observed in panel
(c) of Figure 1 this is not a problem if h is large enough, but it is a problem for h € (0, 1]. In
contrast, our adapted Gomory relaxation vp does not relax the non-negativity of y2, so that
selecting yo = —1 becomes infeasible. Straightforward computations show that for all h > 0
and w — Tz > 0, it holds that vg(w,z) = v(w, ).
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Fig. 1: We refer to the graphs from left to right as panel (a), (b), and (c). Panel
(a) illustrates combinations of columns of W corresponding to the optimal solu-
tions of v and vp at (w — Tx,h) = (1,1), represented by the solid and dashed
paths, respectively. In particular, the optimal solutions of v combine the columns
(2,0),(0,2),(-1,0),(0,—=1) scaled by vy = 1l,y5 = 1l,y; = 1l,y& = 1, respec-
tively. In contrast, the optimal solutions of vp combine (2,0), (0,2), (-1, 3) scaled by
yi = 1,y5 = —1,y5 = 1. Panel (b) plots the value function v (black solid line) and the
original Gomory relaxation o (blue dashed line) as functions of w — Tx for h = 1.
Panel (c) illustrates the domains in which v and v are equal (the shaded regions).
In contrast, for 0 < h < 1, the unshaded regions, shown either as blank areas or by
dashed boundaries, correspond to the intervals w — Tz € (2k,2k + 1], k € Z, on
which vp # v.

3.2 Periodic function vy

We now show that the function ¢y from Definition 2 is periodic. We first define the
concept of periodicity taken from [19], and then establish periodicity of ¥y, in Lemma 1.

Definition 3 A function ¢ (w,z) : R™ x R"™ +— R is B-periodic in w for a fixed z with
B e R™*™ if ¢)(w + Bl,x) = ¥(w, ) for any | € Z™.

Lemma 1 For every k = 1,..., K, the function v}, associated with the k-th adapted Gomory
relazation vp, in Definition 2 is |det(By)|Im,, —periodic in w, where Im,, denotes the me,-
dimensional identity matrix.

Proof To establish periodicity in w, we need to show that given any z € X and | € Z™v, we
have ¥y, (w, ) = Y (w+|det(Bg)|Im,, 1, ). Denote w’ := w+|det(By,)|Im,,! for some | € Z™.
Then, we have

B, (@' 2 yn )i = (Byp)i(w — Tx) + (By, 4)ildet(By) [ Im, L + (By. )ik
— (Br); 'NFyn,

for every i € Iy U Ij. Observe that for every i € Iy, it holds that (B k)l = 0 so that

lyp, (W', z,yn,))i = lyB, (W, T, yn,)]i, and thus the corresponding non-negativity constraints
in ¢y (w, ) and ¥ (w', z) are identical. Moreover, for any i € Ij, U I}, it holds that

[yBk (w/,mp yNk)] [yBk (w,z, yNk)]Z = Bk w |det Bk)llmwl ez™.

10



This is true because the adjoint of By is given by adj(By) = (Bk_i)det(Bk) B,;,lldet(Bk)),

and the (7, j)-th entry of adj(By) is given by (fl)iJrjdet(B;cj)7 where B,” is the submatrix
obtained by removing row i and column j of B}, and where B}, is a submatrix of the integer
matrix W.

Combining both observations, we conclude that the feasible regions with respect to
g (w, ) and Yy (W', ) are identical, and thus ¥y, (w, z) = ¥y (W, x). O

From Lemma 1, it follows that the adapted Gomory relaxation vp, is the sum of
a linear function and a periodic function %%, and thus semi-periodic.

3.3 Domains Il;(h) where vp, is equal to v

Next, we use a classical proximity result for mixed-integer programs (see Appendix
A.1), to prove a uniform bound on the optimal solution YN, (w,z) of the adapted
Gomory relaxation vp,. We derive this bound for each adapted Gomory relaxation
vp, with k € K(h), where the index set KC(h) is defined below.

Definition 4 Consider the generic mixed-integer value function v defined in (4), and let
{1,...,K} denotg the index set of the dual feasible basis matrices of its LP-relaxation vp,p.
Then, we define IC(h) as

K(h) := {k € {1,...,K}: (Byp)ih >0,Vie fk}.

Remark 1 The set K(h) corresponds to all indices k for which the optimal non-basic solution
to the LP-relaxation of vp, satisfies y}‘vk,Lp =0.

Lemma 2 For every k € K(h), w € R™ and x € X, there ewists an optimal solution
y}‘vk (w, ) of the adapted Gomory relazation vp, that satisfies

0 < [yn, (w,2)]oo < (n+R)A(W),
where A(W') denotes the mazimum absolute value of the determinant of any square submatriz
of W.

Proof We will apply Theorem 7 of Appendix A.1 for this proof. To use it, observe that since
VB, (w, ) := min {qu Wy =(w—Tz,h),y € Z:L_Jr X Z" T xR?f x R+ }, we can write
the set of constraints of v, as a MIP in the form that Theorem 7 requires. That is, we can
represent the equality Wy = (w— Tz, h) and the set of non-negativity constraints as Wy < b,

b W
~ - T .
where b := | —b | with b = <w b m), and where W := | —W | with Z representing the
0 -7

matrix whose i-th row is the i-th unit vector e; if 4 € I, and the zero vector 0, otherwise.
Observe from (9) that if & € K(h), then yyn, = 0 is optimal for vrp p, since gy, >
0. Thus, by Theorem 7, there exists an optimal solution y?vk (w,z) of vp, that satisfies

YA, (@, 2)|loo < (n +7)AW).

11



It remains to show that A(W) = A(W). Take any submatrix D of W. If D contains a row
of —Z, then from the Leibniz formula for determinants, it follows that the absolute value of
det(D) is equal to the absolute value of the determinant of some submatrix of D. Inductively,
this also holds when D contains multiple rows of —Z. Hence, without loss of generality, we
can assume D only contains rows from W and —W. If D simultaneously contains the i-th
row of W and —W, then det(D) = 0 and thus the absolute value of the determinant of any
other submatrix of W is at least as large or larger. Hence, we can assume that D is equal
to a square submatrix of W with some of its rows multiplied by —1. However, multiplying
a row of a matrix by —1 does not change the absolute value of its determinant. Hence, we
conclude that A(W) = A(W). O

Corollary 1 For every k € K(h), w € R™, and x € X, the function 1}, associated with the
adapted Gomory relazation vp, as defined in Definition 2 is upper bounded by

Ur(w,2) < @, (0 +2)AW)e(nin)),

where €,y denotes the all-one vector of dimension (n + n).

Proof The corollary follows immediately from Lemma 2 and the definition of ¢, in equation
(9). O

Using this boundedness property, for every k € K(h), we can now identify a domain
II;(h) € R™ such that v(w,z) = vp, (w, x) whenever w — Tx € II;(h).

Theorem 1 Consider the generic mized-integer value function v of Definition 1, and let K(h)
denote the index set defined in Definition 4. Then, there exists a set of indices K(h) C K(h)
such that for the polyhedra Ay(h) := {s € R™~ : (By) '(s,h) > 0} with k € K(h), the
following properties hold

i) | Axh)=R™,

keK(h)
(ii) int(Ag(h)) N int(Ag(R)) =0 for k,l € K(h) with k # 1.

Moreover, for every k € KC(h), there exists constants dy; > 0,Vi € Iy, and a corresponding
shifted polyhedron 11 (h) C Ak (h), defined by

Mg (k) = {5 € A(h) : (BilL)is > 05 — (B p)ih, Vi € Iy },
such that whenever w — Tx € I} (h), we have
v(w,z) = vrp(w, z) + Yi(w, T)
= 4p, By (@ — T2) + g, By yh+ Up(w, ). (12)

Proof We first prove properties (i) and (ii). Denoting the set Ay as Ay := {s' € RM«+mn .
(Bk)flsA' > 0}, it follows from the Basis Decomposition theorem [33] that there exists a
subset K of {1,..., K} such that

12



1: U A = me+mh,
kEK
2: int(Ag) Nint(A;) = 0 for k,1 € K with k # .
From Lemma 10 in Appendix A.1, it now follows directly that there exists a subset of indices
K(h) C K such that properties (i) and (ii) hold. Moreover, it also follows that K(h) C K(h),
since Ay (h) = 0 for every k € K\ K(h), so that excluding these indices does not affect either
property.

Next, we prove the existence of §;, ; > 0, Vi € I}, and the corresponding set ITj, (h) C Ay (h)
such that (12) holds for all w — Tz € I (h) for every k € K(h). Observe that the adapted
Gomory relaxation vp, is equal to the original value function v if there exists an optimal
solution y}‘vk (w, x) satisfying the relaxed non-negativity constraints of the non-critical basic
variables, that is, if for all ¢ € I,

B, (@, z,yn,)li = (Bj, L)i(w — Tx) + (B },)ih — (Bi); ' Ny, (w, ) >0,
which is equivalent to
(Bjw)ilw = Tx) > (By) ' Ny, (w, z) = (B, )ih. (13)

It follows from Lemma 2 that for every w € R™« and z € X there exists an optimal solution
0 < yn, (w,z) < (n+7)A(W)e(,45), Where e, 5) is the vector of ones of dimension (n+n).
Hence, for all i € Iy,
—1a _ Z1a 0+
(Bk)™ Npyn, (w,z) < (n+ 1) AW)((Br); Ni) " €(nin),
where ((Bk)i_lNk)Jr is the row vector (Bk)i_lNk with each component replaced by its
positive part. Hence, for every ¢ € I}, we define the constant d; ; as
_ -1 +
Oki = [(n+2)AW)((Br); Ni) " ennl s

it follows that for all w — Tz € II;(h), it holds that v(w,z) = vp, (w, x), and by definition of
vp, (w,x), (12) holds. O

Theorem 1 proves that our generic mixed-integer value function v is asymptotically
semi-periodic. This finding differs from the result in [19], where the entire right-hand
side vector is treated as input, whereas we allow for fixing part of the right-hand side
vector, namely, the part h. In fact, Theorem 1 extends the results in [19] by proving
that any mixed-integer value function is asymptotically semi-periodic along any of
the coordinate axes, or a combination thereof. This new observation turns out to be
crucial to derive a convex approximation for v and @ in the next section.

4 Asymptotic convexity of the expected value
function Q

In this section, we use the semi-periodicity of v, derived in Section 3, to show that
the expected value function @ is asymptotically convex. To this end, we construct a
convex approximation 9, of v, called the a-approximation. By taking the expectation
with respect to w we obtain a convex approximation Qa of Q. We will show that these
functions are asymptotically equal by deriving a uniform error bound on ||Q — Qa||s
that decreases to zero when the variability of w increases.

13



4.1 The a-approximation v,

From Theorem 1 in Section 3, we observe that the mixed-integer value function v is
the sum of its LP-relaxation vrp and a periodic function v, whenever w—Tx € TI,(h).
Thus, on II;(h), the non-convexity of v is caused by the periodic function . To
construct an approximation of v that is convex in x, we replace ¥y (w, x) by ¥y (w, )
for some constant vector «. Doing so for all k£ € K(h) and maximizing over k € K(h)
then yields our a-approximation v,. Intuitively, this approximation is not necessarily
good for fixed values of w, x, and «, but it may be good on average over w since ¥y is
periodic in w.

Definition 5 For every a € RP, we define the a-approzimation 0, of the generic value
function v as
Do (w, x) = km’g()z) {qngk_i)(w —Tx) + qngk_,lthr wk(w,a)}, e X weQ,
¢ ) )
where K(h) is the index set from Theorem 1 and vy (w,a) is the periodic function from
Definition 2. Furthermore, we define the corresponding a-approximation Qo of Q) as

Qa(-r) = Ew[{)a(w,x)], r e X.

Compared with [30], our definition of the a-approximation differs in two ways.
First, instead of using all dual feasible basis matrices By, k = 1,..., K, we use the
subset By, k € K(h), since those are sufficient to represent the periodic behavior of
v on large parts of its domain as shown in Theorem 1. Second, we use the adapted
Gomory relaxations instead of the standard ones; see Example 1 for the difference
between the two.

4.2 Properties of the difference v — v,

In this subsection, we derive properties of 9, and of the difference v —17,. In particular,
we will derive a main theorem showing that for any k € KC(h) for which II(h) is full-
dimensional, there exists an unbounded full-dimensional set Py (h) C II;(h) such that
v(w, ) — Up(w, ) = Y (w, ) — Yr(w,a) if w—Tx € Pr(h). Hence, on large parts of
its domain the difference v — 9, is periodic. In addition, we show that the remainder
of the domain can be covered by finitely many so-called hyperslices. These results
will allow us to derive a uniform error bound on ||Q — Qq||s in Section 4.3, which
establishes the asymptotic convexity of Q.

We first introduce the definition of a hyperslice and establish conditions under
which a set can be covered by a hyperslice. We then use this concept to show that
v — U, is periodic over large parts of its domain.

Definition 6 A hyperslice H is a set of the form H := {s € R™* : m < a's < M} for some
constants m, M € R, and a non-zero vector a € R"™~. We say that a set II C R" can be
covered by a hyperslice if there exists a hyperslice H such that II C H.
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It is clear from Definition 6 that every bounded set can be covered by a hyperslice.
The same applies to any set II with dim(II) < m. For a general polyhedron II € R™,
however, it depends on the dimension of the recession cone recc(Il) of II whether II
can be covered by a hyperslice.

Lemma 3 Consider any non-empty polyhedron I1 C R™ and let recc(Il) denote the recession
cone of II. Then, II can be covered by a hyperslice if and only if span(recc(Il)) # R™.

Proof See Appendix A.2. ]

Remark 2 Any empty polyhedron IT C R™ is naturally covered by any hyperslice.

Next, we present another sufficient condition under which a polyhedron II can be
covered by a hyperslice. In particular, if IT is lattice free, then it can be covered by a
hyperslice.

Lemma 4 Let I C R™ be a lattice-free polyhedron. That is, IINZ" = (). Then, 11 can be
covered by a hyperslice.

Proof See Appendix A.2. O

In the following, we classify indices k € K(h) according to whether I (h) can be
covered by a hyperslice. The lemma below shows that, for every k € K(h), this holds
if and only if Ag(h) can be covered by a hyperslice.

Definition 7 We define g7 (h) C KC(h) as the subset of indices k € IC(h) for which ITg (h)
can be covered by a hyperslice. Moreover, we define Kp(h) := K(h) \ Kg(h). That is, for
every k € Kp(h), the associated set IIx(h) cannot be covered by any hyperslice.

Lemma 5 For every k € KC(h), I (h) can be covered by a hyperslice if and only if Ag(h)
can be covered by a hyperslice.

Proof See Appendix A.2 O

Next, we present two properties of the difference v — 9,. We first show that the
absolute difference |v(w, ) — 04 (w, x)| is uniformly bounded in the following lemma.
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Lemma 6 Consider the value function v and its approximation 0o from equation (4) and
Definition 5. There exists a constant 3 > 0 such that for any w € R™ and x € X, we have

|v(w, ) — Da(w,z)| < B. (14)

Proof Observe that for any w € R™« and z € X, we have
|v(w, CC) - f)a(w,x)| < |v(w,1:) - ULP(W7 $)| + |®(’(w7x) - ULP(w7 .’17)| (15)

By Theorem 7, there exists a constant 8, so that the first term |v(w, z) — vpp(w, )| on the
right-hand side of (15) is bounded by |v(w, z) —vpp(w, x)| < Bv. For the second term, observe
from Theorem 1 that the sets Ag(h),k € K(h), cover the entire domain R". This implies
that for any w € R™ and z € X, vpp(w,z) of (5) is attained by some index k of KC(h).
Hence, we have

|{)04 (UJ, x) — ULP (wa ZE)| < kglléi();,) W)k(w? Oé)|

It follows from Corollary 1 that |¢p(w,a)| is upper bounded by B = (j%k ((n +
ﬁ)A(W)e(n_,_ﬁ)), so we have maxyc () [k (w, a)| < maxycx () Bk- Therefore, we define the
constant 3 := By + maxycx () Bk, and it follows that (14) indeed holds. O

To derive the second property, we first present two auxiliary results in Lemma 7.

Lemma 7 Let Kp(h) and Kg(h) be the set of indices of Definition 7. Let k,l € IC(h) be
given with k € Kp(h) and assume that qgk B;i} = qgl Bf(j Then, we have

aB, Biohh + ¥r(w, @) > ap, Bih+ di(w,a), Yw € R™, a € R?, (16)
and moreover if | € Kp(h), then

aB, Bihh + ¥r(w,0) = a5, B i h+ Yi(w, a), Yw € R™ o € RP. (17)

Proof Recall from Theorem 1 that if w — Tx € II;(h), then
v(w, @) = vp (@, @) + Yk (W, @) = gB, By o, (@ — T2) + ap, By jh + di(w, o).

Moreover, since every adapted Gomory relaxation vp, is a relaxation of v, it follows that for
w — Tz € I (h), we have

T -1 T —1 T —1 T —1
‘IBkBka(w —Tx) + QBkBkJLh + wk(w7$) > QBLBlW (w— Tx) +4qp, Bl,hh + Yy (W7$)7

and since qgk B,;}u = qgl Bﬁ}, we have
T -1 T -1
quBk7hh+¢k(w,m) > QBLthh‘*‘W(va)- (18)
Observe that since 1, and ; are py and p;-periodic in w with pg := |det(Bg)|Im, and

py = |det(By)|Im., , respectively; see Lemma 1. We will use this periodicity to show that (18)
holds not only for w—Tx € Ik (h), but for all w— Tz € R™«. This will be true if there exists
some uy € Z™« such that w + pppjur, — Tz € 1 (h), since we will then have
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U (w, @) + ap, By ph = U (w + prprg, @) + af, By ph
> 4y (w + Prpruk, ) + 4B, Bl}}h
= Yy(w,x) + qnglT}ih.
where the equalities hold by the periodicity of 1, and v; and the inequality follows from the

fact that w+pgpjur — Tz € g (h). Next, we will prove that such a uy, exists for any w € R™«
and z € X. To do so, define the set U C R™« as

U:={ueR™ :w+pepuy — Tz € Iy (h)}.

Observe that U is a shifted and scaled version of IIx(h), so that U is a non-empty polyhedron
with recc(U) = recc(Ily(h)). Indeed, since k € Kp(h), we have II;(h) # 0, and thus U # 0,
and moreover, since k € Kp(h), the non-empty set II; (h) cannot be covered by a hyperslice.
Lemma 3 therefore gives span(recc(U)) = span(recc(Ilg(h))) = R™«. Hence U cannot be
covered by a hyperslice. So suppose for contradiction that U is lattice-free, i.e., int(U)NZ" =
( then it implies U can be covered by a hyperslice, contradicting the mentioned observation.
Hence, there indeed exists some integer u € Z™« such that w + pypjup, — Tx € i (h) for
every w € R™ and = € X, proving that (18) holds for all w € R™~ and =z € X, and thus
(16) holds for all w € R™~, o € RP.

Finally, to prove (17), observe that if I € Kp(h), then by symmetry, (16) holds for the
reversed inequality as well. O

Now we are ready to present the main result of this subsection, showing the exis-
tence of subsets Py (h) C IIx(h) so that both v and vp, can be expressed in terms of
the same periodic function ¥y, i.e., v(w, x) — Oq(w, ) = Vi (w, ) — Y (w, o), whenever
w—Tz € Pr(h).

Theorem 2 Consider the generic mized-integer value function v and its a-approrimation
Do, defined in (4) and Definition 5, respectively. For every k € Kp(h), with Kp(h) given in
Definition 7, there exists some non-negative constant oy, ;,Vi € Iy, such that for any w—Tx €
Pr(h) C Ty, (h) with Py(h) given as Pi(h) := {s € i (h) : (By)is > ki — (By )ih, Vi €
I}, we have

60‘(“)733) = ULP(w7x) +1/1k(w704)7 (19)
and

v(w,m) = vLP(va) +1/1k(w7$)~ (20)

Proof Let k € Kp(h) be given. It follows from Theorem 1 that equality (20) holds for all
w—Tz € I (h), and thus it also holds for all w— Tz € Py (h) for any subset Py (h) of II (k).

To prove equality (19), we will show that there exists a vector 5k > § with ¢ given in
Theorem 1, such that for all w — Tz € Py (h) and every | € Kp(h), we have

T p— T p—
4B, Bi, (@ — T2) + a5, By b+ g (w, @) (21)
> q, By (w = Ta) + a, B j b+ (w0, @),

implying that 9o (w,z) = vpp(w, ) + Yk (w, @).
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Observe that if qng;i = qngl Bl_i, then it follows directly from Lemma 7 that the

inequality (21) holds for all w € R™« and o € RP. Hence, from now on, let [ € IC(h) be given

such that qgk B,;}J #* qgl Bf:), and we equivalently write (21) as

T -1 T -1 kd < =T T
(4B, By — 4B, By ) (w — Tx) + Ay > anyn, (w, @) — dn, YN, (w0, ) (22)

with AZ’l = quB];,llh - qgl BZ}%h, Yn, (w,a) and yy, (w,a) being the optimal non-basic
solutions of the optimization problems of 9y (w, ) and ¢;(w, @), respectively. Moreover, it
follows from Lemma 2 that both yy, (w, @) and y}, (w, @) are bounded, so that the right-hand
side of (22) is uniformly bounded. That is, there exists a constant C}, ; such that

_T _T
anyN, (w, @) — N yn, (W, a) < gy (23)

Next, we will define a Sk such that for all w — T'z € P (h), it holds that the left-hand side of
(22) exceeds Cy y, i.e.,

T -1 T =1 Kl

(QBkBk7w - qu Bl7w)(w - TZII’) + Ah 2 CkJ' (24)

To do so, we first analyze the LP-relaxation vy p(w, z) of v(w, z). In general, it holds that
vLp(w, ) = kén;?ﬁo{qng';i(“ —Tz) +qp, By yh}, Yw € R™ z€ X (25)

with vpp(w,z) = quB;i}(w —Tx) + qngl;}th if w— Tz € IIg(h). Consequently, when
w — Tz € Iy (h), we have

T -1 T -1
vpp(w, z) > quBlM(w —Tzx) —‘,—quthh

for every | € K(h) with I # k, and it follows directly that the left-hand side of (24)
is non-negative if w — Tax € Ii(h). Moreover, since k € Kp(h), Lemma 3 implies
that span(recc(Ilg(h))) = R™«. We may therefore select linearly independent vectors
r1y...yTm, € recc(Ilgx(h)). Let Ry be the matrix with these vectors as columns. Let
w — Tz € T (h) be given, then, for every selected recession direction r; and n > 0, it holds
that w — Tz + nr; € I (h), and thus the left-hand side elements in (22) is non-negative for
w — Tx + nr;, that is

T -1 T -1 k,l
(4B, Biw — 4B, B o) (w — T +nry) + Ay > 0. (26)
Since AZ’I is fixed and (26) holds for all n > 0, we conclude that (qgk Bk_i} — q;lB_,l)ri > 0.
In fact, this holds for all r;, and thus
T -1 T p—1
(QBkBkyw — 4B, Bl,w )Rk > 0.
Since the columns of Ry form a basis of R”« it follows that Ry has full rank and thus
T p-1 T p— . e T p-1 T p— T p-1 T p-1
(a5, By, — 4, By ) Ri = 0 if and only if g, B, | = af, B; .. So, for qf, By o # a5, By )
there exists some 7; of Ry such that
T —1 T p—1\-
(QBkBk’w — 4B, Bl,w )7 > 0.
Next, define this 7; to be 71, ;, and define 7, ; as a sufficiently large constant such that

T o1 T el
(4B, By — 4B, By )0k 1Tkt = Cry (27)

Now, for every ¢ € Iy, we define the constant Skﬂv as

O = Ok + max B Y, Tkl
ki = Oki o (B )ik ATk L

T —1 T p-1
4B, B w748, Bl
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We will show in a moment that the constants Sk,i,i € I}, are correctly constructed such
that the correspondmg set Py (h) has the property that for every w—Tz € Py (h) and l € K(h)
with qu ke Loy qgl ‘i, it holds that w — Tw — ;7 € I (h). Consequently, for every
w—Tz € Pk(h) C Hk(h) we have

T -1 k.l L B!
(4B, Bk,w - Bz w)(w —Tx) + Ay (QBk Bk w 4B, Bzw)(w — T2 — N7k 1)
kil | T p=1 T 1
+ Ay + (4B, By, — 4B, By )0ki7k 1
>0+ Ck s

where the inequality follows from (26) and (27), proving that (24), and consequently (21),
holds.

We now prove that the constants Sk,hi € I}, satisfy the property mentioned above. Since
g1 € recc(Ily(h)), with IIj(h) defined as

M (h) := {s € Ap(h) : (By,)is > (k)i — (B p)ih, Vi € Ik},

it holds that (B, L)ink,imky > 0 for all i € Iy and | € K(h) with qf, By L # ap, By, wl, nd
thus oy, ; > 0 for all i € Iy. Let w — Tz € Py(h) be given, that is ( kw)l( Tx) >
Sk,i — (Bk_}L)ih,Vi € I;,. Then, for every i € I},
(Bjow)ilw =Tz — myriy) = (By )ilw — Tx) = (Bjy )i (e ime,)
> bki — (B p)ih — (Br )i (Mkamk.t)
= 6]@ % (Bk h)
—1 -1
zglc%;z() (B )ikt — (By o )ik Tk 1
ag, Bi o745, B,

> 0k — (Bk_}l)i}%

and thus w — T'x — ny 7, € i (h). |
From Theorem 2, it follows that whenever w — T'z € P (h), we have
v(w, x) — Vo(w, 2) = Yp(w, ) — Pr(w, ), (28)

and therefore v — 9, is |det(By) |1, ,-periodic in w for any given z € X.

4.3 Uniform error bound for the a-approximation Qa

To derive a uniform error bound for the a-approximation Qm we first exploit the
periodicity of v — ¥, over the sets Tz + Py (h), k € Kp(h). Indeed, for any given x and
k € Kp(h), it holds that v — 0, is periodic in w whenever w € Tx + Py (h). We define
the remaining space as N := R™ \ Ugcicp () (Tas + Pk(h)). Then, the absolute error

induced by Qa is given by

Q@) = Qal@)| = |E(v(w,2) — 0w, )|
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= ‘/me (v(s,x) - @a(s,x))f(s)ds’
(v(s,m) - @a(s,m))f(s)ds’

<

/Uke)cpm) (T$+7’k(h))

+ ‘/Nz (v(s,x) - {;a(s,x))f(g)ds . (29

where f(s) denotes the joint density function of the random parameters w. We will
derive upper bounds for the two terms corresponding to the domains Ugeg(n) (Tx +
Pk(h)) and N, respectively. These bounds will depend on the total variations of

the density functions of the random parameters. We first define the concept of total
variation formally; see [22] for a detailed introduction to total variation error bounds.

Definition 8 ([19, Definition 4.1]) Let f : R — R be a real-valued function and let I C R
be an interval. Denote II(I) as the set of all finite ordered sets

P:{Zl,...,zN+1} with 21 < - <znyy1 €1
for some N € Zy. Then, we denote the total variation of f on I as |A|f(I), defined as

N
Alf(I) = i — il
|A|f(I) Pz%%);yf(zﬂ) f(zi)|

We write |A]f := |A|f(R). Moreover, we say that f is of bounded variation if |A|f < +oo.

Definition 9 For any vector s € R™«, let s_; € R ! represent s without its i-th com-

f(s)

ponent. Then, we denote f;(s;|s—;) = s 8 the i-th conditional density function, and

define H™« as the set of joint density function f(-) whose conditional density functions
fi(sils—s),i =1, ...,my are of bounded variation.

Int uitively, the total variation |A|f measures the total vertical distance traveled
by the graph of the function f. As the graph of f flattens, the total variation |A|f
converges to zero. If f,, is a density function, then the total variation |A|f, is inversely
related to the variability of the random parameter w. For example, for wy ~ N (i, 0?)

and wa ~ Exp(A), it holds that |A|f,, = %\/g and |Alf,, = 2\, respectively.
4.3.1 Error bound for periodic functions

The following lemma presents a total variation error bound for the first term of the
right-hand side of inequality (29).

Lemma 8 Consider the a-approzimation Qu () = Ey[ba(w, )] of Definition 5. Let Kp(h)
be the index set given in Definition 7 and the corresponding domain Py (h) defined in
Theorem 2, then, for any given x € X and every probability density function f € H™, the
ezxpected approximation error over the set Ukelcp(h) (T:c + P (h)) is bounded by

‘/LJkE,CP<h) (Ta+Pi(h)) (U(s, x)—ba(s, x))f(s)ds‘
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My

< Y wldetBYID Eu [IAIfCw-s)],  (30)

kekp (h) i=1

with v, := (j]—l\—,k (n+n)AW)er4ny > 0.

Proof Observe that

/Ulcelcp(h) (TI+Pk(h)) (U(s, z) — Da(s, JU))f(s)ds‘

/(TerPk(h)) (v(s,m) — dal(s, x))f(s)ds‘

keKp(h)

(v(s, ) — @a(s,x))f(s)ds , (31)

P> ’/(Tac-i-??k(h))

keKp (h)

where the first equality follows from the disjointness property of the sets Ay (h) for k € Kp(h),
established in Theorem 1, together with the fact that Py (h) C Ag(h), and the first inequality
follows from the triangle inequality.

Now, we will apply the total variation error bound of [19, Theorem 4.13] to bound the
right-hand side of inequality (31) so that we can establish inequality (30). To apply this
bound, it is required that Tz + Py (h) is convex, and that v — ¥« is periodic in w, with its
absolute value uniformly bounded over Tz + Py (h), and that its mean value is zero.

Indeed, from Theorem 2, we have shown that every Pg(h) with k& € Kp(h) is convex
polyhedral, and therefore Tx 4+ Py (h) is convex. In addition, we have shown that v(w,z) —
Do (w, z) is equal to Vi (w, ) — Yi(w,a) when w € Tz + Py (h) and therefore it follows from
Lemma 1 that it is (det(Bg)Im,, )-periodic in w. Furthermore, from Corollary 1 it follows that

|U(w5x) - f)a(wvx)‘ < |wk(w5x)‘ + |wk(w7a)|
< 24, (0 + W)AW)e(m))-

It remains to show that the mean value of v — 9 is zero. Indeed, observe that v(w,x) —
ﬁa(w,ax) wk w :C) wk(wa ) and

Pk Pk
/ Vi (s, z)ds1...dsm,,

Pk Pk
=p, / Yi(s —T(x — a),a)dsy...dsm,,
0 0

- pk—(—T(ac—Oc))mw pk—(—T(x—a))ml
=P /( /( Vi (u, a)dsy...dsm,,

—T(a:—oz)) —T(ar?—oz))m1

Pr Pk
/ Yi(s, a)dsy...dsm,, -

where the first equality follows from the definition of ¢, the second equality follows from a
change of variables, and the final equality follows from the periodicity of ¢. Consequently,
the mean value of ¥, (w, z) and ¥y (w, ) are equal, and therefore the mean value of ¥y (s, ) —
Y (s, ) is zero. Applying the error bound from [19, Theorem 4.13], this yields

‘/Ukacp(h) (Tz+Pr(h)) (U(S’ ) = Va(s, x))f(s)d5’
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< I (vls,2) — a(s,2)) F(s)ds
keKp(h) (To+Pi(h)
My
< > wldet(BH Y Eu [JAIfiCw-)], (32)
kekp (k) i=1
where the constant vy is given by 7 = q}k ((n+ n)AW)e(qn)- O

4.3.2 Error bound for hyperslices

In the following lemma, we apply the probability bound from [19, Theorem 4.6] to
bound the approximation error of the generic convex approximation over the domain

No.

Lemma 9 Consider the a-approzimation Qo (z) = Ey|0a(w,z)] from Definition 5 and the
domain

Nz = R™ \ Upeiep (n) (T2 + Pr(h)),
where the index set Kp(h) is given in Definition 7 and the sets Pp(h) are defined in
Theorem 2. Then, there exist some constants 3, Dy, ; and Dy, k € Kp(h),i € Iy, such that
for every probability density function f € H"™, the expected approrimation error caused by
Qa over Ny is bounded by

‘/N (v(s,z) — @a(&w))f(s)ds‘

<ﬂ< > X Drit X Dk>Z§ij[A|fj<-wj>} (33)
=

kekKp(h) i€l )
with the index sets I, and Ky (h) defined in Definitions 2 and 7, respectively.

Proof We first show that A can be covered by a collection of hyperslices so that the
probability bound from [19, Theorem 4.6] can be applied. We have

Nx = me \UkEK:p(h) (TZC + Pk(h))
= Upekc(n) (T + Ap(h) \ Urerp () (T2 + Pr(h))
= (Ukercn (To+ (AK(M)\ Pr(n)) )

U (Ukercum (Tz+Ae(h) ), (34)

where the second and third equality follow because of Property 1 and 2 of Theorem 1,
respectively. In addition, for the first term of the right-hand side of (34), it follows that

Ukercp(ny (T2 + (Ak(0) \ Pr(h) )
C Ukercp(n) Yier, {5 €R™ (=B )ih < (=By,)i(s — Tx)

< (=B )ik + (6}
= Ukekp (h) Yier, Hri(z),

where Hy;(x) is a hyperslice for every k € Kp(h), i € I}, and z € X. For the second term
of (34), from Definition 7, we know that for every k € ICp(h), the associated set I (h), and
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consequently Tz + IIx(h), can be covered by some hyperslice. By Lemma 5, Ag(h) can also
be covered by a hyperslice. Shifting that hyperslice by Tz yields a hyperslice Hy(z) covering
Tz + Ay (h). Therefore,

U @z+am)c | Hilw).

k€K (h) keKw (h)

Hence, Ny is covered by a collection of hyperslices and it satisfies

No C (Urekp(h) Yier, Hri(®)) U (Ukek 4 (n) Hi(2)).

To apply the probability bound from [19, Theorem 4.6] to the second term in (29), it remains
to further show that there exists a constant 8 > 0 such that |(v(w, ) — 9a(w, z))| < B for all

w € Ny such that
[, m) = atn e s <] [ stshas]

Indeed, it follows from Lemma 6 that such a (8 exists, and we have

’/Nz (’U(S,l‘)_ﬁa(57l‘))f(5)ds‘
<], s

< ﬁp(w € (Urekp(n) Yier, Hri(z)) U (Upek 4 (1) Ak(h)))

S S PweHu@) + Y Plwe Hi@).

ke]C'p(h) i€l k?GK:H(h)

Applying the probability bound from [19, Theorem 4.6], we have

‘/ Da(s, m))f(s)ds‘
> YDt X Dk)ZEwJ[iA\fg )], @)
kekp (h) i€l keK g (h)

where Dy, ; and Dy denote the constants that correspond to the hyperslices Hy;(x) and
Hy,(x), respectively. O

4.3.3 Uniform error bound for the generic Qa

We are now set to present a uniform error bound for the a-approximation Qa of Q).

Theorem 3 Consider the mized-integer recourse function Q(x) = Eu[v(w,z)] and its a-
approzimation Quo(x) = Ey[a(w,x)]. Then, there exists some constant C' > 0 such that for
every f € H™, we have

1= Galle, < C Y Eur [IAlfi o).
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Proof Let z € X be given, and recall from (29) that we have
Q@) - Qa(@)|

<

/Ukeww(THPk(h)) (U(S’m) - @a(&l‘))f(S)dS‘

+ ’/N (v(s,x) - @a(syf))f(s)ds’.

Applying the error bounds of Lemmas 8 and 9 to the first and second term of the right-hand
side, respectively, we have

10— Qallo <O Eu [IAlfi o),

i=1

where the constant C' is given as

Ci= > mldet(BIl+6( D0 P Deit Do Di).

kEK(R) kEKp (h) i€l k€K (h)

This completes the proof. O

Theorem 3 shows that the approximation error of the a-approximation Qa depends
only on the total variations of the density functions of the random parameters. Hence,
if these total variations converge to zero, then the approximation error vanishes and @
approaches the convex function Qa. Intuitively, this convergence occurs when the vari-
ability of the random parameters increases. This establishes the asymptotic convexity
of the generic expected cost-to-go function Q.

This generic setting applies directly to two-stage models and extends the earlier
two-stage results in [19]. In particular, it establishes asymptotic convexity for 2-SMIPs
in which some constraints defining the value function are independent of the random
parameters, as is the case, for example, with binary second-stage decisions.

5 Asymptotic convexity for M-SMIPs

In this section, we derive asymptotic convexity of M-SMIPs. First, in Section 5.1 we
consider a single stage ¢ and use the approximation Qt,at of Q; and Theorem 3 to
show that @ is asymptotically convex. Next, in Section 5.2, we show that all expected
cost-to-go functions Q;,t = 2,...,T, are simultaneously asymptotically convex if the
total variations of the density functions of the random parameters in all stages are
simultaneously small enough.

5.1 Asymptotic convexity for individual expected cost-to-go
functions

Consider the expected cost-to-go function @Q; for a given stage t = 2, ..., T, as defined
in (1). We will show that Q; converges to a convex function if the variability of w;
is large enough, while keeping all remaining parameters and distributions the same.
In particular, we will derive an a-approximation Qt’at of @ such that the maximal
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approximation error ||Q; — Qt.a,|lso converges to zero if the total variations of the
probability density functions of w; converge to zero.

The stage-wise independence assumption can also be relaxed to allow depen-
dence among the future-stage random vectors wy41,...,wr, provided that their joint
distribution is represented by a finite scenario tree. In this extension, w; remains con-
tinuously distributed, whereas the future-stage uncertainty is described by finitely
many scenarios. Although this differs from the continuous distribution setting con-
sidered above, finite scenario trees can approximate many continuous distributions
arbitrarily well [18].

Under this finite scenario tree assumption for wyy1, ..., wr, the expected cost-to-go
function Q) is

Qt(xtfl) =E,, [vt(wtvxtfl)]»

with the value function vy(ws, x¢—1) given by

. T T
ve(we, Ti—1) = min ¢, x; + Z PnCp Ty, (36)
T €Xy
Zn,€Xy¢(n), NES nes
s.t. Wixy +Tixe—1 > wy,
Wt(n)i‘n + Tt(n)xt 2 (:Jn7 vn € St""l’

Wt(n)i‘n + Tt(n)i‘a(n) 2 (:Jna vnesS \ 8t+17

where S denotes the set of nodes in the finite scenario tree representing the uncer-
tainty from stages t + 1,...,T, Si+1 € S denotes the set of nodes associated with
stage t + 1, t(n) denotes the stage associated with node n, a(n) denotes the ancestor
node of n, and p,, denotes the probability of reaching node n. Moreover, @, denotes
the realization of the random parameter associated with node n, Z,, denotes the deci-
sion variable associated with node n, and Wj(,) and Tj(,) denote the recourse and
technology matrices, respectively, associated with stage t(n).

Observe that v; satisfies the generic form v given in Definition 1. Under this setting,
we can define an a-approximation Qt,at from Definition 5 for ); and obtain a uniform
error bound for ||Q; — Qt,a .||co, similar as for the generic expected mixed-integer value
function @ in Section 4.

Theorem 4 Lett = 2,...,T be given and consider the expected cost-to-go function Q¢ of an
M-SMIP model defined in (1), where the distributions of the random parameters w41, ..., wp
can be represented by a finite scenario tree. Then, there exists a constant Cy such that for
every probability density function f € H™<t, the error between Q¢ and a convez function
Qt,at, is uniformly bounded by

mt

1@~ Qrlloe < Co' S B [|AI i, —0)]

=1
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Proof Under the deterministic equivalent formulation of the value function v; in (36), we let

(T AT T\
IDE ‘= (l’t ,xnl, . ,xns) s
where the nodes in S are ordered such that each parent node precedes its child nodes. More-
over, we let Wpg denote the coefficient matrix of xpg in the deterministic-equivalent MILP
(36). In addition, the right-hand side components consist of the random elements (wt—T}417¢)
and the fixed elements (@n,, ..., Ong)-

Observe that since Wi, ..., Wp_1 are complete recourse matrices, Wpg is a complete
recourse matrix as well. Moreover, since the elements of every Ty, ) are rational, the recourse
matrix Wpg can be scaled to an integer matrix without changing the feasibility conditions.
Therefore, we are set to apply the a-approximation Qt,at for Q+ as defined in Definition 5.
Using Theorem 3, it follows that there exists a constant Cy > 0 such that the error of Qt,a .
is bounded by

ﬂ’lij
19t = Qtalloo < Co' > Ea . [IAIfiClor, )]
i=1
This completes the proof. O

Theorem 4 shows that the randomness in stage ¢t has a smoothing effect on the
expected cost-to-go function Q. If the variability of the stage-t parameters is large
enough, then this smoothing effect is so strong that ); becomes arbitrarily close to a
convex function. Interestingly, this means that the stage-t variability may also smooth
any non-convexities induced by later time stages. Indeed, if w, with 7 > ¢ follows a
degenerate distribution, then the expected cost-to-go function @ is possibly equal to
a discontinuous, non-convex function. Thus, the variability of w; in stage t alone is
sufficient to induce asymptotic convexity of Q.

If the total variation bound in Theorem 4 is sufficiently small, then we may replace
Q: by Qt,at in an approximation of the M-SMIP in (1). The convexity in Qt,at can then
be exploited in decomposition algorithms, e.g., using optimality cuts, similarly as in
[30]. This approach may work well if the large-scale deterministic MIP corresponding
to the mixed-integer value function v; in (36) is not too large. However, the number of
variables and constraints in this MIP grows with the number of nodes in the future-
stage scenario tree, which can rapidly increase with the number of remaining time
stages. In this case, other results for M-SMIPs have to be used to efficiently derive
(approximate) optimality cuts.

Alternatively, when the variability of the random parameters is sufficiently large
at every stage, we can pursue a recursive approach based on «- approximations of
the expected cost-to-go functions at all stages. Such an approach could avoid explic-
itly constructing the large-scale deterministic equivalent of the remaining stages and
provide a theoretical basis for SDDP-like decomposition algorithms for approximately
solving M-SMIPs with large scenario trees. We discuss this approach in the following
section.

5.2 Simultaneous asymptotic convexity of every Q;

Theorem 4 in the previous subsection shows that for a fixed stage t, the expected
cost-to-go function @, is asymptotically convex as the variability of w; increases while
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keeping the distributions of the random parameters in all future stages fixed. In this
subsection, we prove that the expected cost-to-go functions in all stages t = 2,...,T
are also simultaneously asymptotically convex as the variability of ws, ..., wr increase
simultaneously. We formalize this result in Theorem 6 below. To prove Theorem 6,
we recursively derive a total variation error bound in the spirit of Theorem 3 to an
a-approximation of each stage’s expected cost-to-go function ;. It turns out that
in order to apply the recursion, the a-approximations need to be polyhedral, i.e.,
piecewise affine. For this reason, we first present a result that shows that the a-
approximations can be approximated by some polyhedral functions arbitrarily well.

Theorem 5 Consider any function G : R™ — R that satisfies the form

Olo) = Eu _ max,  {af v+ by @)}, (37)
with Ey[|bg(w)]] < oo for every k = 1,..., K. Then for every € > 0, there exists a convex
polyhedral function G of the form
T
= d; x+b; 38
g(x) je{rgl7§?§)J}{ j T +bj} (38)
that satisfies
|G = Glloo <.
Moreover, if all vectors ay,k = 1,..., K, are rational, then the vectors d; and bj,j =1, ..., J,
can be chosen to be rational, too.

Proof See Appendix A.3. (]

Remark 8 We call a convex polyhedral function rational if it is of the form in (38) with
vectors d; and b; being rational for every j =1,...,J.

Since the a-approximation Q. in Definition 5 is of the form (37), it follows from
Theorem 5 that for every € > 0, there exists a convex polyhedral function 9, such
that HQa - Qa' |oo < €. We use this observation to derive our simultaneous asymptotic
convexity result.

Theorem 6 Consider the expected cost-to-go function Q¢,t = 2, ..., T, of the M-SMIP model
of (1). Under Assumption 1, for any € > 0, there exist density functions fu,,..., fur for the
random parameters wa, ...,wp such that every expected cost-to-go function Q¢ is e-close to a
convex polyhedral function o} , that s,

[Qt — Otlloo <€, VE=2,...,T.
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Proof Let any arbitrary € > 0 be given. We will prove by backward induction that for every
t =T +1,..,2, there exist density functions fz,,..., for and rational convex polyhedral
functions Qy, ..., D741, so that

T+1-—171
T-1
The desired result then follows since T%lT'e <eforall r=2,....,T + 1.

Observe that the claim directly holds for ¢t = T + 1 since Q741 = 0. Next, to prove
the induction step, let ¢ = T, ...,2, be given, and assume that the claim holds Afor t+ 1.
Then, there exists a rational convex polyhedral function Q41 such that |[Qr1 — Qt+1]loo <

,1,1::{6. Moreover, since Q41 is rational and convex polyhedral, it can be written as

||QT7QT||DOS e, Vr=t,...,T+1.

Opi1(xt) = maxje{l_"w]}{d;rmt +b;} with dj and b;,5 =1,...,J, ratAional. Now, we define
the approximation ¥; as the value function v; with Q41 replaced by Q¢41, i.e.,

U¢(wt, wp—1) = min {CtTl’t + Qir1 () : Thwp—q + Wiy = Wt}

r€Xy

. T
min  {(¢; 1) (et-il) cWezy = wp — Tywg—1,
T €Xy, Oq1,

$1500,57 20 Or+1 —dijt—Sj =b;,Yj},

where we use an epigraph reformulation for Qt+1 with epigraph variable 6;41 and constraints
Oi+1 > d;»r:vt +bj,7 = 1,...,J, and where we use slack variables si,...,55 > 0 to trans-
form these inequalities into equalities. Furthermore, we define the approximation Q; of the
expected cost-to-go function Q¢ as Qt(xt_l) = Eo, [0t (we, 2e—1)].

Observe that ¥ is a mixed-integer value function of the form (4) with coefficient matrix

~ W0 0

Wi = <—D e —I)’
where the rows of D are djT, j = 1,...,J, and where e represents the all-one vector, and
with right-hand side (w¢ — Tix¢—1,b) where w; is random and b is deterministic. Moreover,
since the components of D are rational, we may scale the corresponding constraints and

assume without loss of generality that Wy is an integer matrix. In addition, it holds that
—00 < U(wt, xe—1) < +00, since

15t — villoo < 1|Qt41 — Qet1lloo <€,
and v is finite by Assumption 1. Hence, 0t satisfies all conditions in Assumption 2, which
implies that we may construct an a-approximation Q¢ for Q¢+ as described in Definition 5, for
which the error bound in Theorem 3 holds. Hence, there exists a density function fg, with
sufficiently small total variation |A|fs,, satisfying Eg, [||0t||cc] < +00, so that

10 = Qulle < =5

€.

Moreover, observe that Q; is of the form (37) with ay, rational, k =1, ..., K, since by Defini-

tion 5, for any generic a-approximation, the a;, correspond to qgk Bk_i), and in our case the

cost vector is rational by Assumption 1, and B;%C is rational since By, is a submatrix of an
integer matrix. Hence, by Theorem 5, there exists a rational convex polyhedral approximation
Q¢ of Q¢ so that [|Qt — Ot]]ee < Q(Til_l)e. We conclude that by the triangle inequality

1Qt — Qtlloo < 11Qt — Qtlloo + [1Qr — Qtlloo + |Qt — Qtlloo
T—t 1 1

<
ST T T ar—n©
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CTH1—t
TTr_—1 ©

where the inequality ||Q¢ — Q¢||oo < %e holds, because ||Q¢ — Qtlloo < ||Qt+1 — Qit1lloo
and ||Qi11 — Qti1lloc < %e by the induction hypothesis. This proves the induction step
and completes the backward induction proof. O

Theorem 6 establishes asymptotic convexity of M-SMIPs at all stages simul-
taneously. In particular, we show that there exist density functions f,.,,..., fur
with sufficiently small total variations such that every expected cost-to-go function
Q2, ..., Q1 can be approximated arbitrarily well by some convex polyhedral approxima-
tion. This result provides a theoretical foundation for approximating M-SMIPs through
a-approximations of their expected cost-to-go functions and suggests the potential
for SDDP-style solution methods when the variability of the random parameters is
sufficiently large.

6 Conclusion

The main insight of this paper is that randomness of the right-hand side vectors
of M-SMIPs can have a convexifying effect on the expected cost-to-go functions of
M-SMIPs. Although integer decisions make these expected cost-to-go functions non-
convex, we show that these functions can become arbitrarily close to convex functions
as the variability of the random parameters increases. Contrary to known results in
the literature, this result applies to both 2-SMIPs and M-SMIPs, and also holds when
some right-hand side parameters are fixed, e.g., when some of the later-stage decisions
are binary.

An important tool for obtaining this result is the adapted Gomory relaxation
introduced in this paper. In contrast to the original Gomory relaxation for mixed-
integer value function, the adapted Gomory relaxation preserves the non-negativity
constraints associated with critical basic variables. This allows us to derive the semi-
periodicity for a generic mixed-integer value function with deterministic terms in the
right-hand side, and in turn asymptotic convexity of M-SMIPs.

Our results provide a different computational perspective on M-SMIPs. Most
existing solution approaches are designed to handle the non-convexity induced by
mixed-integer decisions directly through specialized decomposition methods. Our
results suggest that, when the variability of the random parameters is sufficiently large,
it may instead be beneficial to replace the non-convex expected cost-to-go functions by
convex approximations and solve the resulting approximate multistage problem using
methods developed for convex stochastic programs.

Therefore, a direct potential direction for future research is to develop algorithms
for the approximate M-SMIPs. The challenge in the algorithmic design of such algo-
rithms is that the convex approximating expected cost-to-go functions are not given
at the start but need to be iteratively constructed in SDDP-style using optimality
cuts. Hence, the a-approximation of Definition 5 is applied in every iteration and
depends on the current representation of the next-stage expected cost-to-go function.
Future research is required to prove that our main convergence result also holds for

29



such an algorithm. Furthermore, since the total variation error bounds for these con-
vex approximations require the random parameters to be continuously distributed,
whereas practical implementations rely on finitely many scenarios in each iteration, the
resulting approximation error may depend on the sampling method used. Therefore,
additional analysis is needed to derive a performance guarantee for such algorithms.
Another challenge is that an LP generally has exponentially many basis matrices, and
that our approximation requires a specific subset of these basis matrices. It remains
an open question how to identify these basis matrices efficiently, and whether an
approximation in the spirit of [30] is possible.

Other future research directions include, e.g., constructing convex approxima-
tions for multistage (distributionally) robust mixed-integer programs, as well as for
M-SMIPs involving alternative risk measures. In these settings, it is worthwhile to
investigate whether similar asymptotic convexity properties can be derived when
the expectation operator is replaced by a worst-case expectation, or a risk func-
tional. Establishing accurate convex approximations in these settings could continue
to broaden the approximation framework, and provide practical solutions to a broader
class of multistage decision-making problems.

Appendix A.l1. Auxiliary results for Section 3

In this appendix, we introduce several intermediate findings that are needed to derive
some of the results in Section 3. We first present a classical proximity bound, originally
introduced for integer programs and their LP relaxations [24] and later extended to
the mixed-integer setting in [7]. We present the latter below, and we apply it to prove
the boundedness of the elements of some optimal solution yj, (w, z) of the adapted
Gomory relaxation vp, .

Theorem 7 Let M € Z™*" be a matriz with integer entries, ¢ € R™ a cost vector, and
b e R™ a right-hand-side vector. Assume that the mized—integer linear program

. T
Mz <b MIP
cin, (17 Ma<b) (uIP)

attains an optimal solution. Let 2P be any optimal basic feasible solution of the linear
relazation

min {cTz : Mz < b}. (LP)
z€RA+N

Then, there exists an optimal mized—integer solution ZMIP 4 (MIP) such that
17 = Moo < nA(),

where A(M) denotes the mazimum absolute value of the determinant of any square submatriz
of M.

Next, Lemma 10 provides a key result used to derive Properties 1 and 2 of
Theorem 1. This theorem is related to the Basis Decomposition Theorem of [33]. Here,
we show that two relevant properties are preserved in a lower-dimensional setting.

Lemma 10 Let Qp :={s € R" : Aps > b}, k =1,..., K, be polyhedra such that
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(A) int(Q) £ 0 for allk=1,....K,

(B) UE_ Q. =R™, and

(C) int(Q) Nint(Qy) =0 for all kil =1,..., K with k # 1.
Moreover, let h := (hy,...,hn) € R"™ be given with n < m and define the polyhedra Qi (h) for
everyk=1,.... K as

Qp(h) :={s € R™ ™ : Ay(s,h) > by}

Then, there exists an index set K(h) C {1, ..., K} such that

(1) int(Q(h)) # O for all k € K(h),

(1) Upex(n)Q(h) =R™™"™, and
(i11) int(Qg(h)) Nint(Q(R)) =0 for all k,l € K(h) with k # 1.

Proof We will prove the result for n = 1. The claim then holds in general by applying
mathematical induction on the dimension n. Hence, let n = 1 and polyhedra Q;,k =1, ..., K,
satisfying (A)-(C) be given. Denote the halfspaces Hs, j, C R™ and H> j, € R™, respectively,

by
Hy p:={t€R™ :tm > h}and H> p, :={t € R™ : tym, > h}.

We will show that the index set IC(h) C {1, ..., K'} defined as

K(h) ={k€{l,...K}: QN Hs j # 0 and int(Qy,(h)) # 0}
satisfies (i)-(iii).
_ Observe that (i) holds immediately by definition of (k). To prove (ii), we first consider
K(h) 2 K(h) defined as K(h) := {k € {1,..., K} : QyNHs j, # 0}. Since the Q4 k =1,..., K,
cover R™ by assumption (B), it follows directly that

Upekn) (N Hs p) = Hs p. (39)

Indeed, for every t € H, 5, there exists k € I@(h) such that ¢ € €1, and moreover Q;; NH~, j C
H, j forallk € K(R). Furthermore, observe that from (39) it follows that Ukek(h) (QNH> )
is a closed superset of H, j, that is contained in H ;. That is, Hs j, C Ukel@(h)(ﬂkazh) -
Hy p,. Since H» j, is the closure of Hy p, i.e., the smallest closed set that contains H j, it
follows that Ukeﬁ(h)(QkﬂHZ,h) = H> 5,. Hence, for every s € R™™L, there exists a k € K(h)
such that (s, h) € Q, and thus

Urekn e (h) = R™L (40)

It remains to show that Ugex(n) ke (h) = R™~! as well. Given (40), it follows that one of those

polyhedra €, (h) satisfies int(€2,(h)) # 0 with k € K(h), and hence we have Ukerc(n) St (h) #
(. Moreover, UkeK(h)Qk(h) is closed since it is the union of finitely many closed sets. Hence,

its complement R™ ™1\ (Ukelc(h) Q(h)) is open. Moreover, observe that

R™ N\ (Uper(n) Q(h)) C (Urek i ny (h)), (41)

since the polyhedra Q(h), k € l@(h), cover R™1; see (40). However, the right-hand side of
(41) is the finite union of polyhedral sets with an empty interior. This implies that Rr™! \
(Ukelﬁ(h) Q(h)) cannot be any other set than the empty set, and thus

R™I\ (Upepny (R) =0,
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which implies that Ukel@(h)Qk(h) =R™ L

Finally, to prove (iii), let k,I € K(h) with k # [ be given, and suppose for contradiction
that int(Qy (h))Nint(Q;(h)) # 0. That is, there exists some s € R™ 1 such that s € int(€,(h))
and s € int(Q;(h)).

For this s, either (s, h) € int(€;) or (s, h) € 9Q; for both i = k and i = . However, because
of assumption (C), it is not possible that (s, h) € int(2x) and (s, h) € int(Q;). Moreover, if
(s,h) € int(Qy) and (s, h) € 9(€Y), then since € is a polyhedron with non-empty interior, it
holds that for every e > 0, the open ball B((s, h), €) centered at (s, h) with radius e, satisfies
B((s,h),e) Nint(Q;) # (. Moreover, since (s,h) € int(), there exists € > 0 such that
B((s,h),€) C int(2). Combining both observations, they imply that B((s, k), €) contains a
point that is both in int() and int(£2;), contradicting assumption (C). By symmetry, the
case (s,h) € 9 and (s,h) € int(€;) also yields a contradiction, hence the only case that
remains to be investigated is (s, h) € 9 and (s, h) € 9.

Hence, suppose that (s,h) € 0Q and (s,h) € 9. Since k,l € K(h), there exist t; €
Q; N Hs p, for i = k,l. Moreover, since s € int(Q;(h)), ¢ = k,I, there exists € > 0 such that
B(s,€) C int(Q;(h)) for ¢ = k,l. Next, define for i = k, I,

C; := conv{{t;} U {(s',h): s € B(s,e)}}.
Since §2; is convex, ¢ = k, I, it follows that C; C Q;, and hence int(C;) C int(Q;) for ¢ = k, .
Finally, we observe that by construction of C;, i = k, [, there exists € > 0 such that
B((s,h),€) N Hs p, Cint(C;),i = k, 1,

implying that int(C) Nint(C)) # 0, and then int(Q) Nint(;) # 0, contradicting assumption
(0). O

Appendix A.2. Proofs of Lemmas 3, 4, and 5

In this section, we provide the proofs of Lemmas 3, 4, and 5.

Proof of Lemma 3. <=: Suppose that span(recc(Il)) # R™. Let V := span(recc(II)).
Then, V is a proper subspace of R™. Denote its orthogonal complement by V* :=
{fweR™:wlv =0 forallv € V}. Since dim(V) + dim(V+) = m, there exists
a nonzero a € V= such that a'd = 0 for every d € recc(Il). By the Minkowski—
Weyl theorem, there exist finitely many points 21, ..., z; € IT and recession directions
71,...,77 such that

I J I
II= SERm:Szzuizi-‘v-Z)\jTj:Z,uiZL/M,)\jZO,Vi,j
i=1 j=1 i=1
Since a'r; = 0 for all j = 1,...,J, every s € II satisfies a's = Zle pia ! z;.
Consequently, for every s € II, we have

min aTz,» < a's < max aTzZ-.
1<i<T 1<i<1I

Since a # 0, these two finite bounds define a hyperslice that covers II; see Definition 6.
=: Suppose that span(recc(II)) = R™. Then we can choose m linearly independent
directions 71, ..., 7y, € recc(Il). Let R be the matrix with these directions as columns.
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Since R is invertible, a” R # 0 for every nonzero a € R™. Thus, for every nonzero a,
there is some 7; € recc(II) such that a'r; # 0. For any s € II, we have s+ Ar; € II for
every A > 0. As X — oo, we have a' (s + Arj) — oo ifa'r; >0, and a' (s + Ar;) —
—o0 if aTrj < 0. In both cases, we have sup, < a's—infserra’s = 0o, and since this
holds for every non-zero a, we conclude that IT cannot be covered by any hyperslice. [

Proof of Lemma 4. If IT = ), the result immediately follows from Remark 2. If IT is
non-empty and lattice free, then it follows from Lemma 4 in [3] that II+span(recc(II))
is also lattice free. Hence, span(recc(II)) # R™. It then follows directly from Lemma 3
that II can be covered by a hyperslice. (Il

Proof of Lemma 5. Fix k € K(h). Since II;(h) C Ag(h), if Agx(h) can be covered
by a hyperslice, then Il (h) can be covered by a hyperslice as well. For the converse,
suppose that Ag(h) cannot be covered by a hyperslice. Then, Ay (k) is non-empty and
the recession cone recc(Ag(h)) is given by

recc(Ak(h)) ={d € R™ : (B, ) d >0 for all i € I;}.

Here, we use that Bk_i = 0 for i € I},. By Lemma 3, recc(Ay(h)) is full-dimensional in
R™«. We may therefore choose d € int(recc(Ax(h))), so that (Bk_i))jd > 0 for every

i € I. Then, choose t > 0 sufficiently large such that t(Bk_i)de > 0y, for every i € I,
with dy; given in Theorem 1. For any s € Ay (h) and i € Ij, we then have

(By ) (s +td) + (B,;,ll)ih > t(B,;i)Z-Td > O

k,w

Moreover, since k € K(h), it holds that (Bk_,ll)zh > 0 for all i € I}, and consequently,
(Bk_i)j(s +td) + (B,;i)ih = (B,;}L)zh > 0, as required in II;(h). Thus, we have
Ak(h) +td C Hk(h)

Since A (h) cannot be covered by a hyperslice, it follows directly that II;(h) cannot
be covered by any hyperslice either. O

Appendix A.3. Proof of Theorem 5

In this part of the appendix, we prove Theorem 5, which states that for functions
G : R™ — R of the form (37), there exists an arbitrarily close convex polyhedral
approximation G. It turns out that the Fenchel conjugate G* of G is crucial in the
construction of G.

Definition 10 The Fenchel conjugate G* : R™ — R of a function G : R™ — R is given by
G*(a) :==sup{a' z — G(z)}, acR™.
x

Moreover, the effective domain of G*, denoted as dom(G*), is given by dom(G*) := {a €
R™ : G*(a) < +o0}.
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Given the form of G, we are able to derive a natural upper bound for G*, and we
are able to completely characterize dom(G*). These results are given in Lemmas 11
and 12 below, respectively.

Lemma 11 For any given w € R™, let g, : R™ — R be any function satisfying the form

L T
gw(z) = keglf?fK}{ak x + b (w)},

and denote its expectation as G(z) := Ey[gw(x)]. Moreover, let g5 : R™ — R and G* : R™ —
R be the convex conjugate of g and G, respectively. Then, the inequality

G*(a) < Ew|ge(a)]
holds for all a € R™.

Proof For any given w € R™, define the function he as hw(z) := a 'z — gw(x). Since the
inequality he(z) < sup, hw(x) holds, taking expectations on both sides yields Eg[hw ()] <
Ey[sup, hw(z)]. Therefore, we have sup,, Eo [ho (2)] < Eu[sup, hw(z)], which implies that for
all a € R, we have

G*(a) = sup{a’ @ — Eu[gu ()]} = sup{Be [he ()]}

x

< Bufsup{hu (2)}] = Eulsup{a’ = — gu(2)}]

=Eu [gj:) (a)].
This completes the proof. O

In the next lemma, we characterize the effective domain dom(G*).

Lemma 12 For any given w € R™, let g, : R™ — R be any function satisfying the form

gu(@) = g’a}?_{m{a{x + b (W)},
with by (w) satisfying Eu[|bg(w)|] < 400, and denote its expectation as G(z) = Eu[gw(z)].
Then, the effective domain dom(G*) of the Fenchel conjugate G* of G is given by

dom(G™) = conv(ay,...,ak).

Proof We first prove that conv(ay, ...,ax) C dom(G*). To do so, it suffices to show that for
any a € conv(aq,...,ax), we have g, (a) satisfying g3 (a) < +oo, so that by Lemma 11 we
have that G*(a) < +oo also holds. Hence, let a € conv(ai,...,ak) be given, and observe that
go(a) can be written as

* T T
- - b
gu(a) =supia ke?llf}?fK}{akar k(w)}}

= sup {aTx —0:0> agx + by (w),Vk € {1,..K}}
z,0

— T . T

=sup{a z—0:0—apz > by(w),Vk € {1,..K}}.
z,0
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Moreover, the dual of g, (a) is given by

Jadualw(@) = An,jl>no{ Z Abg (w Z Apag = a, Z A = 1}

Observe that the dual gdual’w(a) Wlll be feasible, and consequently the primal g (a) will
be bounded from above, if a € conv(aq,...,ax ). Therefore, for any a € conv(aq,...,ar), we
have g5 (a) < 4+o0. Using weak duality, denote A := (A1, ..., \xr) as some feasible solution of
g?iual,w( ) we have

K K
Eu[95(a)] < Ew [g;ual wl Z Z [[bg (w)]] < +o0.

Consequently, it follows from Lemma 11 that G*(a) < Ey [gw( )] < +o0.

Next, we will prove that dom(G*) C conv(ay,...,ax). Hence, let a ¢ conv(ai,...,ar)
be given. Then, using the hyperplane separation theorem, we know that there exists some
non-zero vector d € R™ such that d' a > dTak for all k € {1,..., K}, which implies that
dTa— maxpe(1,... K} dTak > 0.

Using the fact that

G(w) =B, _mox fal v+ be())]

ke{

< mkax{al;rx} +Ew |:m]?X{bk (w)}}

K
-
<
< max{af 2} + Y Eo[Jbe ()]
k=1
it holds that
G™(a) = sup {aTac—G’(a:)}
reR™
> sup aT(td)fG(td)}
t>0
T
>sup<t(a d ay, (td)} — E b
7t>18( )ke{,,{k )} ZW|k ]}
K
T T
=5 tla d— ma d}) b
sup {1 Td = o (o)) =3 Eul (]}
= 4-o00.

Hence, it holds that a ¢ dom(G™), and we conclude that dom(G™*) = conv(aq,...,ak). O

Next, for every € > 0, we construct a piecewise-constant approximation G of G*
such that (i) [|G* — G|l < €, (ii) the convex conjugate G := (G})* of G is convex
polyhedral, and (iii) ||G — Gl|e < €.

To do so, we partition dom(G*) into sufficiently small cells, each with diameter
bounded by some § > 0, and make sure that the piecewise-constant approximation is
constant on each cell.

We first define the piecewise-constant approximation G5 in Definition 11 and visu-
ally illustrate the construction of G§ in Figure 2. In Lemma 13, we show that the
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absolute error caused by G35 can be bounded by any arbitrarily small € > 0 if § is
made arbitrarily small.

Definition 11 Let § > 0 be given. For every | € Z"", define the cell Df; CR™ as Df; ={a€
R™ : %li <a; < %(li +1),i =1,...,m} Ndom(G"). Moreover, for every | € Z™ for which
Df; # 0, let af; € Df; be arbitrarily given. Then, the piecewise-constant approximation Gj(a)
is given by

Gi(a):= inf  G*(af).
leZ™:aeD}

Remark 4 Observe from Definition 11 that a point a € R™ may belong to multiple cells Df;.
In this case, we select the minimizer af; associated with any one of these cells. In addition,
observe that if a ¢ dom(G™), by definition of ng, none of the candidate af; will be feasible
and consequently we have Gj(a) = +oo.

Lemma 13 For every € > 0, there exists a 6 > 0 such that for all 0 < § < 8, the piecewise-
constant approzimation G of G* satisfies

[G5(a) =G (a)| < ¢
for all a € dom(G™).

Proof Since G* is the convex conjugate of G, it is lower semicontinuous on dom(G*). More-
over, since G* is convex and dom(G™) is a polytope, it follows from [10] that G* is also upper
semicontinuous on dom(G™). Therefore, we know that G* is continuous over the compact
domain dom(G™), and hence it is also uniformly continuous on dom(G*). This implies that
for every ¢ > 0, there exists a § > 0 such that for every a,a’ € dom(G*) with ||a — a'||; < 6,
it holds that |G*(a) — G*(a’)| < e. Hence, for all 0 < § < 6, it holds for all @ € dom(G™) that
|G*(a) — G%(a)] = |G*(a) — G*(a})] for some | € Z™ with a € D; see Definition 11. Observe
that ||a—a5||1 < diam(D}) := SUP, /€Dl [la—a'||1 = 8, we conclude that |G*(a)—G3(a)] < €
for all a € dom(G™). O
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Fig. 2: The figure on the left illustrates several concepts of Definition 11: with the
shaded polytope represents the effective domain dom(G*), and the non-empty cells
D%l € Z™ are represented by the intersection between the squares and dom(G*).
Within each non-empty cell D%, the red point represents ak. In the figure on the
right, the solid curve is the function G, and the red line is the supporting hyperplane
(a5) T — G*(ak). The shaded blue cone represents all approximate supporting hyper-
planes a 'z — G*(a}) for a € D} within a single cell. We note that these approximate
supporting hyperplanes may exceed the function GG. However, by construction they
cannot exceed G by more than e.

We now use G to construct the approximation G of G in Theorem 5. Below, we
present the proof for Theorem 5.

Proof of Theorem 5. Let ¢ > 0 be given. By Lemma 13 there exists a § > 0
such that |G*(a) — G (a)| < € for all a € dom(G*). Define G := (G3)*. It holds for all
x € R™ that

Gx)= sup {a'z-Gj(a)}
a€dom(G*)

= sup sup {aTfo*(afs)}.
I€2™: ae Dl
DL#0

Observe that every non-empty cell Dg is a polytope with finitely many vertices,
denoted as a!, ..., alKl . Moreover, for every such cell Df;, the supremum sup,, ¢ DL {aTac—

G* (af;)} is attained in one of these vertices, since the objective is linear in a. Hence,

G(z) = sup sup {(afc)—rx - G*(af;)}, r €R™,
lez™: k=1,...,K;
DL#£0

and since there are finitely many cells Dé with Df; = (), we conclude that G is convex
polyhedral.
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To prove that ||G — G|l < €, we use the fact that G = (G*)* since G is closed
and convex. Then, for every x € R™, we have that

G(z) = G*™(x)
= sup {a'z—G*(a)}

ac€dom(G*)

= sup {aTx —G5(a) 4+ G5(a) — G*(a)}
acdom(G*)

< sup {aTx —G5(a)}+ sup {Gj(a) — G*(a)}
a€dom(G*) acdom(G*)

<G(z)+e,

and thus G(z) — G(x) < e. By symmetry, we also have

G(x)= sup {aTx - Gj3(a)}

a€dom(G*)

= sup {a'z—Gi(a)+G*(a)—G*(a)}
a€dom(G*)

< sup {a'z-G"(a)}+ sup {G*(a)-G;(a)}
a€dom(G*) acdom(G*)

< G(z) +e

which leads to G(x) — G(z) < e. Consequently, we conclude that ||G — G||s < e.
Finally, it remains to show that the vectors d; and b, 7 = 1, ..., J, can be chosen
to be rational if the vectors ax,k = 1,..., K, are rational. To prove d;,j = 1,...,J,
being rational, observe that (i) by Lemma 13 we may choose § > 0 rational, and (ii)
the vectors dj,j = 1,...,J, correspond to vertices of the non-empty cells Df;. Since
dom(G*) = conv(ay,...,ak), and the vectors ap, k = 1,..., K, are rational, it follows
that the vertices of the non-empty cells Dfs are intersections of rational hyperplanes,
and thus rational. For b;,j = 1, ..., J, observe from the definition of G that it is the
intercept G*(a%). In case the intercept G*(a}) is irrational, since Q is dense in R, we
can also replace it by a rational approximation within an arbitrarily small error so
that ||G — G| < €. O
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