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1 Introduction
In this paper, we consider GPU implementations of the Bregman Douglas-

Rachford Splitting method (BDRS) [33l[32] for solving the discrete optimal
transport (DOT) problem:
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min (C, X)

st. X1, =r,
X1, =¢,
X >0,

(P)

where C' € R"*" is the cost matrix, r € A™™! and ¢ € A"™! are the row
and column marginals, and X is the transport plan. Here A*~! = {2z € R* |
> 1z =1,2>0} and 1,, denotes the n-dimensional all-one vector.

The dual problem of is given by:

aeRIR?[;(ERn <Oé7 T> + </67 C> (D)

st. C—al) —1,6"7 >0.

We refer to the dual variables a and 8 as the row and column potentials,
respectively.

The DOT problem is a special linear programming problem. There exist
various classical algorithms to solve the DOT problem, including network sim-
plex [38], and specialized transportation and assignment routines such as the
auction [8] and Hungarian [26l[36] algorithms. We refer to [40] for a thorough
survey of computational OT. Recently, the 11O algorithm [6], a variant of the
network simplex algorithm, was specialized to image grids [5] and provides
exact solutions to grid DOT problems of up to 5124 decision variables.

The cost of the aforementioned classical algorithms often scales steeply with
problem size. Therefore, there has been a rising demand for scalable approx-
imations of the solution of DOT problems in data science. As a result, a
large body of recent work solves the entropy-regularized OT problem (EOT).
This includes the Sinkhorn algorithm [I7] and its close variants such as [2]
421[1]. There also exist software libraries for solving EOT such as POT [24]
and OTT-JAX [I§]. One issue with EOT is that it requires the regularization
parameter to be very small in order to well approximate the original DOT
problem, which may cause numerical instability in practice.

Over the last few years, GPU implementations of first-order methods have
become very competitive solvers for large-scale linear programming problesm
and DOT. Specifically, PDLP [3] and its GPU descendants, culminating in
cuPDLPx [30], solve general LPs using only matrix—vector products, which
map naturally onto GPU hardware. The same machinery has been specialized
to DOT as a structured LP: PDOT [31] builds a GPU-accelerated solver that
adapts restarted PDHG to the DOT problem by applying its marginalization
operator matrix-free, and DROT [34] is a GPU-accelerated Douglas—Rachford
splitting on the transport polytope. These solvers place no assumption on
the ground cost other than its non-negativity, at the price of forming and
traversing the full m x n cost and plan, whose size becomes a key memory
bottleneck as the size of the problem scales up.
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Existing GPU-accelerated DOT solvers can roughly be classified to three cat-
egories based on the structure of the input format of the cost, as suggested in
the OTT-JAX toolbox [18]:

— General: the cost is provided as an explicit matrix;

— Point Cloud: point coordinates are provided with a ground cost between
them;

— Grid: the marginals are provided on a shared grid, with per-axis costs.

The classical and GPU first-order methods mentioned above operate on the
General format: the cost is held explicitly in memory as an m X n matrix .
Driven by specific applications, a parallel line of work assumes further struc-
ture in the problem. When the problem arrives as coordinates of points in
Euclidean space together with a ground distance between them, as in 3D point-
cloud and shape comparison [48[49], color transfer [45], and domain adapta-
tion [I6], the problem falls in the Point Cloud format. Coarse-to-fine multiscale
solvers exploit this special structure to avoid forming the full cost. Specifically,
HALO [49] builds a resolution hierarchy and solves the inner subproblems us-
ing a GPU-accelerated general LP solver, and M3S [13] is a multiscale entropic
Sinkhorn. In applications such as image interpolation [I0], histogram-based
retrieval [41], the marginals in the Grid format are given as histograms on a
shared rectangular grid and the cost is given by separable per-axis terms. For
this class of problems, flow reformulations such as [28] and [4] open the door
to the library of network flow algorithms. Building on this, HOT [50] rewrites
squared-Euclidean grid OT as a reduced row/column-flow linear program that
never forms the m x n transport plan. See Section [2| for a formal definition of
the formats.

Recently, Ma et al. proposed the BDRS algorithm [33] for solving the maximal
monotone operator inclusion problems. When specialized to DOT , the
BDRS algorithm takes the following form:

uk :T/((Xk_1®K)vk_1), (1a)
vF = c/((Xk*1 ® K) "), (1b)
X* = diag(u®)(X* 7! ® K) diag(v¥), (1c)

where K := e~/" — the componentwise exponential, i.e., K = e=Ciuln Vi, j,
and 1 > 0 is a step size. Throughout this paper, for y and z with the same
dimension, y ® z denotes their componentwise multiplication and y/z denotes
their componentwise division. In this paper, we consider GPU implementations
of this algorithm for DOT.

Our Contributions. Our main contributions are summarized below.

— We derive a factored representation of the BDRS algorithm [33]. We show
that the logarithm of the transport plan in the BDRS iterations can be
represented as

log Xjj = & + kLij + (],
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where L;; := —C;;/n, and the vectors &*, (¥ obey a two-term recursion.
Under the factored representation, the BDRS iterations can stay matriz-
free, reducing the memory cost of the iterates from O(mn) to O(m + n).

— We provide three implementations of BDRS to solve DOT problems, each
specialized for one problem format. In particular, all three implementa-
tions adopt the factored form, but differ in how the term related to cost,
L;j, reaches the arithmetic. Our General solver reads L;; from a stored
m X n matrix, so the cost is the only large 2D array on the device and
dense problems of up to 232 decision variables fit in 80 GB of VRAM, the
largest that we are aware of among GPU-accelerated solvers of for this
format. Our Point Cloud solver recomputes L;; from the point coordinates
in registers, so the entire solve stays matrix-free and alleviates the memory
constraint. Our Grid solver exploits the separability of the cost to read
L;; directly from two 1D tables, achieving state-of-the-art runtimes while
occupying just megabytes of memory at our largest scale.

— We propose the c-transform post-processing, adopted by all three solvers.
At termination checks, a c-transform of the running dual variables produces
a feasible set of corrected dual variables at the cost of roughly one extra
iteration. Then, the KKT residual of the transport plan together with the
corrected dual variables is checked against the user-provided tolerance.
On the instances we measured, stopping with the corrected dual variables
meets the tolerance at an earlier check than stopping with the native ones,
whose dual residual lags, and therefore accelerates the solve.

— We assemble eight GPU-accelerated DOT solvers from the literature, span-
ning all three formats, into a single benchmark. Each solver runs its own
native stopping rule, and we recover a primal-dual pair for the original
problem from each solver’s delivered state. Since the published imple-
mentations of some baselines do not provide the dual variables, we derive
the required dual mappings. Every solver is thereby scored by the same
KKT residual, evaluated on their primal—-dual pair of the same problem. To
the best of our knowledge, this is the first cross-solver study of GPU DOT
solvers with a unified measure of optimality, and the resulting accuracy—
time Pareto comparison on a common GPU device constitutes our main
experimental contribution.

Organization. The remainder of the paper is organized as follows. Section
defines the three problem formats, and states the KKT residual used through-
out. Section [3] reviews the BDRS iteration for DOT and develops the c-
transform post-processing used in all three BDRS solvers. Section [ presents
the factored form of the BDRS iterates and provides the implementation de-
tails of the three solvers. Section [b|reports the cross-solver benchmark and the
supporting computational studies. Section [6] concludes the paper and discusses
some possible future directions. Appendix [A] derives the primal-dual recovery
for every baseline.
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2 Preliminaries

The discrete OT problem. As the first step of every solve, our solvers floor the
marginals internally because their log-domain updates require strict positivity.
Any zero entry is raised to a floor §,, and then the marginal is normalized
with 8, = 1072 by default. We write 7 := (7 + dm1,,)/(1 + mdy) and ¢ :=
(c+0m1,)/(14+ndy) for the floored marginals, and use (r, ¢) for the instance’s
original marginals. The floored pair exists only for the BDRS iteration, while
termination-relevant quantity is evaluated against the original (r, ¢). Next, we
normalize the cost matrix C' + C'/ max(C) to ensure max(C) = 1. Since the
optimal solution set of is invariant under a positive rescaling of C, this
establishes a common scale against which step-sizes and residual magnitudes
are read, without changing the primal solution X*. As a linear program with
a nonempty, bounded feasible set, attains its optimum and strong duality
holds at optimum, so its optimal value equals that of (@

Problem formats. Section [I] classified prior solvers by the structure of the
problem. We now define the three formats formally. In the definitions below,
problem structure and problem format play distinct roles. The structure is
a latent property of the problem and makes certain format of the problem
possible, while the format is that possibility materialized in memory. A solver
consumes formats, not structure. By exploiting problem structure, our solvers
that consume more concise problem formats are able to achieve more desirable
memory and time complexities.

Definition 1 (General). In the General format, the cost C € R7" is a
given nonnegative matriz, and the marginal distributions r and c are given
probability distributions in their respective dimensions.

Definition 2 (Point Cloud). An instance in the Point Cloud format is speci-
fied by points x1, ..., Ty € R? and yi,...,yn € Rd, a ground cost Kk R x RY —
R, and marginals r € A=Y, ¢ € A"~ This induces problem with the
cost matriz Cyj := K(z;,y;), t € [m], j € [n].

Definition 3 (Grid). An instance of the Grid format is specified by grid di-
mensions h,w € N, axis costs o,: {0,1,...,h—1} > Ry and p.: {0,1,...,w—
1} — Ry, and marginals r,c € A" =1 on the common index set [h] x [w], where
[s] :={1,2,...,s}. Let N := hw. The provided data induces problem with
m =n = N and the separable cost matrix

Clp,a), ) = (P — P +ec(la—d')),

indices written as row-column pairs under a fized identification of [h] x [w]
with [N].

These formats nest by generality: every Grid instance we consider is also a
Point Cloud instance, and every Point Cloud instance is a General instance.
A solver built for a broader format therefore also handles instances from a
narrower one (by converting the input data into the broader format), whereas
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Table 1 Device memory requirement and per-iteration FLOPs, by format. d is the dimen-
sion of the point clouds, and typically d < min(m,n). s is a parameter dependent on data
sparsity, with s < mn and typically s < mn.

Format Solver Memory Flops per iteration

General General (ours) O(mn) O(mn)
DROT [34 O(mn) O(mn)
PDOT [3]] O(mn) O(mn)
cuPDLPx [30] O(mn) O(mn)
Sinkhorn [I77[24] O(mn) O(mn)

Point Cloud Point Cloud (ours) O((m +n)d) O(mnd)
HALO [49] O((m+n)d+s) data-dependent
M3S [13] O(m+n+s) O(s)

Grid Grid (ours) O(N) O(N(h + w))
HOT [50] O(N3/2) O(N3/2)
Conv. Sinkhorn [45l[I8] O(N) O(N(h + w))

a solver that assumes more structure attains cheaper iterations and/or requires
less device memory. We develop one implementation of BDRS for each format.
Table [I] summarizes the device memory and the per-iteration FLOPs of our
three solvers against the GPU baselines of each format. The Point Cloud rows
are read under the assumption that each evaluation of an entry of C (via
computing (z;,y;)) costs O(d) FLOPs, a common assumption every Point
Cloud problem in this paper meets. Notably, in the General and Grid rows,
our BDRS solvers (which target the original DOT problem (P))) have identi-
cal memory requirements and FLOPs per iteration as the respective entropic
(Sinkhorn) solvers. This is not a coincidence, and we defer further analysis
and comparison of the two algorithms to Remark

Remark 1. Every nonnegative C of the General format is syntactically also
a Point Cloud instance: with k(u,v) = ({(u,v))+, x; = e;, and y; the j-th col-
umn of C, one has Cy;; = k(x;,y;) with d = m; alternatively using the rows
of C gives d = n, so d = min(m,n) suffices. However, this transformation
does not buy more desirable memory requirements nor iteration complexity.
A general C € R™*™ has mn independent entries, so any evact point-cloud
representation must satisfy (m + n)d > mn, i.e., d > mn/(m + n), and at
that dimension the format’s O((m + n)d) memory requirement and O(mnd)
per-iteration FLOPs meet or exceed that of the General solver’s. As a result,
the Point Cloud format and its associated solver are designed for DOT in-
stances whose cost has a low parametric dimension d, meaning that the cost
C' should be expressable by O((m + n)d) parameters rather than O(mn), with
d < mn/(m+n). In particular, d € {2,3} for every Point Cloud instance in
this paper.

Feasibility and Optimality. In the process of a solve, we track three residuals.
The primal residual 7p(X) = || X1, — 7|2 + [|X "1,n — ¢z + || min(X, 0)||2
measures the violation of the marginal and nonnegativity constraints. Since
the BDRS iterates maintain X > 0 by construction , the third term vanishes
for all BDRS iterates and our solvers never compute it. The dual residual
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rp(a, ) = ||(a®B—C) || F measures the violation of dual feasibility a®p < C.
Here a® 8 := ol +1,,8T € R™*™. The duality gap of a primal-dual pair is
9(X,a,B) :=(C, X)— ({a,7)+ (B, ¢)), which measures suboptimality. By weak
duality, the dual objective of any feasible (¢, ) lower-bounds the optimal cost,
and by strong duality, the gap is zero if and only if the feasible primal-dual pair
is also optimal. Therefore, a small gap evaluated at a near feasible primal-dual
pair certifies near-optimality.

Error metrics and stopping criteria. All solvers are compared on the three
residuals above, each evaluated in O(m + n) memory so that the full m x n
transport plan is never materialized if not necessary. We aggregate them into
the KKT residual of a primal-dual triple,

KKT(Xa O‘aﬂ) = maX{TP(X)aTD(aa 6)7 |g(Xa Q, ﬂ)|} (2)

All three of our solvers accepts a solution (X*, ¥, 8¥) at a termination check
when KKT(X*, oF, B¥) < tol, where tol is a user-specified tolerance and de-
faults to 104,

3 BDRS with c-transform post-processing
3.1 The Bregman Douglas—Rachford splitting iteration

Our solvers implement the BDRS method of [33], which is the classical Douglas—
Rachford splitting [21L29L23] with its two Euclidean proximal maps replaced by
Bregman proximal maps [TTL12[22]. We apply it to under the Boltzmann—
Shannon entropy kernel h(X) = 3_, . X;j(log X;; — 1). The domain of h en-
forces the constraint X > 0 throughout the iterates, and each resolvent is a
Kullback—Leibler (KL) projection onto one marginal distribution, available in
closed form. The algorithm BDRS for DOT is given in and we refer to [33]
for details about the algorithm. The primal iterate X* > 0 plays the role of
the Lagrange multiplier of the dual inequality a & 8 < C, with as its
multiplier update, and the scalings u* and v* carry the potentials of @ as
of = nlogu* and B* = nlogv*. We start from X° = --1,,1 and v° = 1,
running for k =1,2,.... The step-size 7 is held constant across iterations.
Its deployed value is set by a fixed rule of the ground cost, given in Section [5.1

The algorithm is robust to the choice of 7. See Section [5| for a study of how
the solvers’ iteration count responds to changes in 7.

Every factor in — is strictly positive, so X* > 0 for all k in exact
arithmetic. However, the guarantee diminishes in floating-point arithmetic.
An entry of X* that falls below the smallest positive representable number is
flushed to numerical zero, which first destroys positivity and then finiteness.
We implement in the log domain to address this issue and restore numerical
stability. A detailed discussion can be found in Section [4]
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Remark 2. The iteration can be interpreted as the alternating direction
exponential multiplier method (ADEMM) [33]. More specifically, the (|la)
and steps minimize, alternately over the two potential blocks, the La-
grangian of @ penalized by an exponential rather than quadratic penalty func-
tion (as in the classical exponential multiplier method [1[76]), and is the
corresponding multiplier update. Moreover, we draw connections between
and the Sinkhorn iterations, whose iteration on the entropically regularized
problem with reqularization € is

ub =r/(K0"), oF = /(K] u), K. :=e C/", (3)

We make the observation that and are Sinkhorn updates with the
constant kernel K. replaced by the iteration-dependent X*~' ® K. However,
BDRS is applied to the original DOT rather than its entropically regu-
larized surrogate, and m meed not be close to 0 for a fixed point of to be
an ezact solution to . it thereby avoids the ill-conditioning that a small n
causes in Sinkhorn. This algorithmic connection resolves the parity observed
in Table[ll An iteration of BDRS has identical cost as compared to a Sinkhorn
iteration because pays only one additional matrix Hadamard product to
obtain X*=1 ® K, the cost of which can be absorbed by the remaining compu-
tation in big-O notation. In other words, an iteration whose fived points are
ezact solutions of costs what an entropic iteration costs, up to constants.

3.2 The c-transform certificate and the termination check procedure

In our numerical experiments, we observed that the three optimality residuals
in (2) behave differently along the trajectory generated by (). Each u- and
v-step enforces one set of marginal constraints exactly, and the primal residual
rﬂ% meets the tolerance tol in relatively few iterations. The native duality gap
g(X* aF B*) at the running iterates meets it within a comparable number.
However, the dual residual 7“]’“3 does not. At the termination check where the
other two first meet the tolerance, %, is often still orders of magnitude above
them. Section [5.4] presents a numerical demonstration of this dual residual
stalling phenomenon.
The stall matters because, with a greatly infeasible dual, a small duality gap
is not a valid measure of suboptimality. The dual objective (o, r) + (¥, c)
lower-bounds the optimal value of only when (o, 8¥) is feasible. When
% is relatively large, the dual objective may overshoot, so the native gap
g(XEk ok, B*) is optimistic.
We propose to restore dual feasibility in a one-shot post-processing step. Fixing
the row potential «, the largest column potential that keeps dual feasibility
a® f < C is the c-transform [40]

B = 1£ignm(0i- — ), Vj € [n]. (4)
By construction, we have a;+3} < Cy; for every (i, j), so (o, 8') is exactly dual-
feasible. Since /3’ is the largest feasible choice given «, it yields the tightest gap
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available for that choice of a. The symmetric transform o := min; <<, (C;; —
B;) does the same for a given choice of 8, and we apply the two sequentially
to the running iterates (a*, 8%) to obtain (o/, '), which we call the corrected
dual.

Because (a/, 3') is feasible, weak duality makes (a’,7) + (8',c) a true (though
not necessarily tight) lower bound to the optimal objective value of . When
XF is in addition near-feasible, i.e., when rﬂ% meets the user-defined tolerance,
we claim that the gap g(X*, a/,3') of the primal iterate and the corrected
dual variables is a genuine measure of its suboptimality. Therefore, our solvers
adopt the certified gap g(X*,a’, ") as opposed to the optimistic native gap
g(Xk7 ak? /Bk)'

This gives the termination check procedure we implement in all three BDRS
solvers. At a check we form (o’, 8") from and its a-counterpart, and termi-
nate at tolerance tol once KKT(X* o/, 8) = max{rk, |g(X*, o/, 8")|} < tol.
Evaluating 7% at a termination check is cheaper than its definition suggests.
After the v-update, the column sums of X* agree with ¢ exactly, up to the
flooring of the marginals:

Z (Xt oK) W) =¢~e Vi

Therefore, all three solvers’ termination checks evaluate the row residual alone.
The c-transform runs only at the checks where 7% < tol. Termination checks
are performed every Ty iterations, with a default value dependent on problem
size. Details of the Ty, scheme, as well as a numerical study on the robustness
of our solvers with respect to Tk, can be found in Section

Remark 3. The corrected duals (¢, 8") serve only to check termination. If
the termination check fails and (X*, o', 3') is not accepted, then the iteration
resumes from the un-transformed primal-dual iterate (X*,a®, %), not from
the corrected duals.

Our three solvers share the following template of abstract operations.

1. NORMALIZE. Rescale the cost so that max(C') = 1 and floor the marginals,
yielding (C,7,¢) as in Section Also, initialize (X°,0%) = ( lnl 1),1,).

2. BDRSSTEP. For k = 1,2,..., advance (X*~1 v*~1) to (X}C k) by the
BDRS iteration . Note that ©*~! is never consumed by the k-th iteration,
and therefore is never carried as a part of algorithm state.

3. PRIMALRES. When k =0 mod Tip, evaluate the primal residual rp(X*).
If rp > tol, go back to step [

4. CTRANSFORM and GAP. Otherwise, form the corrected duals (¢, 8') by (4 .
and its a-counterpart, and compute the gap g(X*, o, 3"). If |g| < tol,

return (X* o', 3'); otherwise, go back to step

If the iteration budget Ki,ax is exhausted, the solver returns (X Kmax of 3! )
with the potentials c-transformed at the final iterate, so that the delivered
solution is dual feasible whether the solver accepted the iterates or not.
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4 Implementation Details

In this section, we describe the implementation details of our solvers. In par-
ticular, everything described in this section stays mathematically equivalent
to the BDRS with c-transform post-processing algorithm described in the pre-
vious section. We first motivate and develop the log-domain factored form of
the BDRS iteration in Subsection which all three solvers carry. Then, we
describe the specific details of each of our solvers, from the least structured
format to the most: Subsections and [4.4] describe our implementations
of BDRS for the General, Point Cloud, and Grid formats, respectively.

4.1 The log-domain factored form

Implementing as-is causes numerical issues. Recall that the standard IEEE
floating-point representation [25] has a finite exponent range. The update (Lc)
is multiplicative and hence additive in the exponents: each iteration multiplies
uF, X*=1 K and v*, so the exponent of Xlkj accumulates over all k iterations,
and the factor K alone contributes —kCj;/n to it, a term unbounded below in
k whenever C;; > 0. Empirically, the entries of the transport plan that decay
toward zero cross the smallest-representable FP64 threshold 5 x 107324 within
the first hundreds of iterations. There, FP64 underflows the entry to numerical
zero, and a zero entry in the transport plan stays zero under . Moreover, if
an underflowed entry carried most mass of its row (resp. column), the scaling
update (lal) (resp. ) inflates towards infinity, and the c-transform as well
as the duality gap become undefined.

To address these issues, all three solvers run in the log domain, storing log-
arithms of the iterates rather than the iterates themselves. In particular, an
entry that underflows FP64 at 5 x 107324 has logarithm ~ — 745, a double
well within the representable range, so the accumulation of becomes an
ordinary addition of exponents.

Our next proposition shows that, in this domain, we can factor the transport
plan log X into two accumulation vectors and the iteration counter.

Proposition 1 (The factored form of the log-domain BDRS iteration). De-
note L :=log K = —C/n. Let {(u*,v*, X*)} be the sequence of iterates gen-
erated by with initializations X° = #lmlz, W0 = 1,, and define the
vectors £F € R™ and ¢F € R™ by

k k
er ::—logm+210gu§, §J’? ::—logn+210gv§f, (5)
t=1 t=1

for alli € [m] and j € [n]. Then, for every k > 0,

log X[ = &8 + kL +¢F (i, 5) € [m] x [n], (6)
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and for every k > 1, starting from £2 = —logm and C? = —logn, the vectors
obey the recursions

flk = log ry — LSE (]{iLij + Bj), Cjk = log Cj — LSE (kLU + ff), (7)
J 7

where B := Cffl + log v;-“l and LSE;, LSE; denote the Log-Sum-Ezp (LSE)
operation over the index i and j of the input matriz, respectively.

Proof. First, we prove @ by induction on k. Base case: at k = 0, &) +0 -
Li; + C;) = —log(mn) = log X2, as desired. Inductive step: assume that (6])
1d),

i3
holds at iteration k— 1. Starting by taking the logarithm for both sides of |

log Xikj = loguiC + log Xikj_1 + L;; +log vf
— (gffl + loguf) +kL;; + (C;?*l + logvf)
k k
=& +kLij; + (5,
as desired.

Next, we prove from @ Using @ at iteration k—1 and taking logarithms
for both sides of ,

loguf = logr; — log (Zj exp (log X' + Lyj + logv;?_l))

loguf =logr; — LSE (&' + kLi; + ¢! +logv] ')
J
logu; =logr; — &' — LSE (kLi; + f;)
J
&1 +logulf =logr; — LSE (kLyj + ;)
J
¢¥ =logr; — LSE (kLy; + f;),
J
where the second equality substitutes @ at iteration £ — 1 into the definition

of LSE, and the third moves the j-independent term 5571 out of the LSE.
Similarly, taking logarithms for both sides of ,

logvj-C =logc; — L§E (log ijfl + L + loguf)
logv;-c =logc; — L§E (§f71 +logul 4+ kL + Cfﬁl)
logv;»c =logc; — le?*l - L§E (kLij + ff)

¢!+ logvf =loge; — LSE (kLy; + €F)

as desired. 0O
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Remark 4. Proposition 1| changes the memory required for the algorithm
state. By @, the plan X% is determined by the two vectors £, C*, the counter
k and the fired matriz L, and by , the next pair 5L ¢F*L is computed
from the current one, so the state a solver carries from one iteration to the
next is ¥, ¢¥ and logv®, for a total of O(m + n) memory requirement. As a
result, the iterates are never the cause of a memory bottleneck, whatever the
format.

The log-sum-exp operation. Both the numerical stability and the computa-
tional cost of a BDRS iteration rest on how the two LSE reductions of @ are
evaluated. We apply two standard implementation tricks together.

The first is the max shift [9]. Written directly, log ", exp(a;) overflows once
any a; exceeds log(1.8 x 103%%) a~ 710. Subtracting the maximum away from
each summand,

(L§E Z)J = HlZaX Zij + IOg Z exp (ZZJ — IHZaX Z,J) = IOg Z exp(Zij), (8)

?

we make every argument of exp non-positive, so each summand lies in (0, 1] and
the sum in [1,m], inside the normal-number window with consistent relative
spacing between representable numbers.

The second is the online form [35]. The max-shift approach must already
know the maximum in order to aggregate the summands, so it either reads
the arguments twice, once for the maximum and once for the sum, or holds
all of them at once. The online form does neither. It represents any partial
reduction by a state (u,s), with p the largest argument the partial reduction
has absorbed and s = 3" exp(a; — ) the sum over those arguments, so that
the value of the partial reduction is i + log s and a single argument a is the
state (a,1). Two states combine by the merge operator B defined as

(:LL17 Sl) & (,UQ, 52) = (M7 516'“17]\/[ + 526#271\/[)3 M := max(ul, ,u’2)7 (9)

which is associative and commutative, so a reduction may be split across the
threads of a block and reassembled in any order. Absorbing one new argu-
ment a into a state is the special case (u, s) B (a, 1), in which one of the two
exponentials is e = 1:

(1,5) {(+ b, a>n, (10)
(u,s—i—e“ ”), a < [.

Since g is the running maximum, every exponent in is non-positive and

s € [1,t] after t arguments, so the online form keeps the guarantee of () while

reading each argument once. We quantify the concrete effect of the difference

in memory traffic in the roofline analysis below.
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Roofline analysis. On top of numerical stability, the factored form also makes
the iterations computationally efficient on a GPU at scale. In the roofline
model [47], the binding constraint of a computational pipeline is set by its
arithmetic intensity, the ratio of compute performed over the memory traffic
moved. The BDRS iterations have low arithmetic intensity relative to the
hardware ridge, so moving less bytes of memory will directly translate to less
runtime. Under (7)), the entire algorithm state is the vectors £¥, ¢* and logv,
so no m X n array is moved between iterations. Concretely, take m =n = N
in FP64, so that one read or write pass over an N x N array moves SN2 bytes.
A direct implementation of with X*~1 ® K held as single array reads it
once per matrix—vector product, and once more, together with K, to write
the update, resulting in five passes for a total of 40N? bytes moved, against
a multiply-add per entry in each product and three multiplies in the update,
for a total of about 7N? FLOPs. Under that implementation, an iteration of
BDRS would yield an arithmetic intensity of about 0.2 FLOP per byte. In the
General format, by contrast, the factored form reads the cost matrix C once
per LSE, since the online form touches each summand once and kL;;
is formed in registers and immediately discarded, for a total of two passes
or 16N? bytes. Note that if we adopted only the max-shift form , each
LSE would read C twice for a total memory traffick of about 32N? bytes
instead of 16N?. Each entry costs one multiply to form kL;; from Cj;, one
addition for the vector term Bj or £F. and, in the a < p branch of , a
subtraction, an exponential and an addition; over the two passes that is about
10N? FLOPs, for an intensity of about 0.6 FLOP per byte. This number
changes drastically for the Point Cloud and Grid formats, as the cost matrix
is supplied in alternative ways. We defer the details of their roofline analysis
in their respective subsections. For reference, the NVIDIA A100-SXM4-80GB
used in our experiments delivers 9.7 TFLOP/s in FP64 against 2.039 TB/s of
memory bandwidth, placing the ridge of its roofline at about 4.8 FLOP per
byte [37]. Both iterations’ arithmetic intensity lie well below the ridge value,
so both are bandwidth bound and their time is set by bytes moved, of which
the factored form moves 2.5 times fewer[l]

4.2 The General Solver

In the General format, the cost arrives as an m x n array C in device memory,
and nothing is assumed about it beyond C' > 0. This forces us to pass a m xn
matrix through each of our iterations, and has two direct consequences. Firstly,
for a certain large DOT instances, the matrix simply may not fit. Concretely,
the matrix rquires 8mn bytes in FP64, which is 34 GB at m = n = 2!6 and
550 GB at 2'8, the latter well beyond the 80 GB of a server GPU. Secondly,
anytime the iterations need an entry from the cost matrix, it will always cost
a read. The two design questions for this format are therefore how to keep

1 The conclusion holds on modern data-center GPUs with full-rate FP64 arithmetic. One
popular example would be the NVIDIA H100, whose ridges point is about 10.1 [14].
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Algorithm 1: BDRS with c-transform for DOT in the General format

Input: cost C € RT™; marginals r € A™~1, ¢ € A"~1; step-size n > 0; marginal
floor &, ; tolerance tol; check period Tepi; iteration budget Kmax
Output: factored form of the plan (£, ¢, k) and exactly dual-feasible (o/, 8')
1 C + C/max;; Cyj, 7+ (r+ 0m1lm)/(1 + mdm); €< (c+ dmln)/(1+ ndm);
// NORMALIZE
2 £+ —logmly; ¢+ —lognly; logv < On; // (X% v%) in the factored
form
3 for k=1,2,..., Kmax do

a | B CHlogy; Mg
5 & « log#; — LSE; (—kCyj/n + B;); // &-update of
6 ¢old ¢ ¢j < logé; — LSE; (—kCij/n + fi)% // (-update of
7 logv « ¢ — ¢°ld;
8 if k£ mod T, = 0 then
9 pi + exp (& + LSE; (—kCij/n+ ¢5)); // PRIMALRES
10 if ||p —r||2 < tol then
1 o (e — €9, B ming(Ciy — aq); af  ming(Cyy — B
// CTRANSFORM

12 obj «+ Zij Cijexp (Ei — kCij/n+ Cj); // primal objective (C, XF)
13 if |obj — (&/,7) — (B, ¢)| < tol then
14 L return (¢,(,k,a/,'); // factored representation of X,

via

15 a < (€ — &0y, B} < min; (Ci; — o); o < min;(Cy; — B}); // exact-feasible
dual for the returned iterate
16 return (¢,(,k,o/,B'); // budget exhausted; plan recovered via @

C the only m x n array on the device, and how to read it as few times per
iteration as possible. The factored form answers both questions.

Representation. The General solver carries the factored state of Proposition
in the vectors ¢¥ € R™, ¢* € R™ and logv* € R"™, and supplies the cost
term of the recursions by reading C;; from the stored array and forming
kL;; = —kC;;/n in registers, one multiply per entry, at the moment the LSE
consumes it. Neither K, nor L, nor any iterate is stored as an m X n array,
so C'is the only m x n array on the device. Each iteration streams C' exactly
twice, once per LSE of , which results in the 16 N? bytes of memory traffic
and 0.6 FLOP per byte arithmetic intensity of Section making this solver
bandwidth bound. The plan is delivered in the factored form (¢, ¢, k) and
recovered through @ only when a dense X is requested. In particular, our
entire termination check procedure do not require the materialization of the
transport plan.

Initialization and termination. The remaining steps of the template of Sec-
tion [B.2] run on the same factored form. NORMALIZE takes the maximum of
C in one pass and rescales C'. The marginals are floored by adding §,,1 and
renormalizing, giving the (7,¢) the iteration consumes; and the initial iter-
ates (X9, v%) = (-2-1,,1,),1,,) map to £ = —(logm)1,,, ¢ = —(logn)1, and

mn
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logv = 0,, by . PRIMALRES uses the row marginal error as its proxy and
requires one more row LSE over C' (line |§| of Algorithm , and the full termi-
nation check proceeds only if ||p — 7||2 < tol. CTRANSFORM is two reads over
C that maintain two running minima arrays in O(m+n) workspace, a column-
wise one for 37 = min;(C;; — a;) and a row-wise one for a; = min;(Cy; — ),
with o = n(¢ — ¢°!4). Lastly, the computational costly term of GAP is com-
puting the primal objective (C, X*) = 3=, Cij exp(& — kCyj/n + (;), which
corresponds to one read over C in chunks. A check that passes the proxy there-
fore reads C' four times, the traffic of two iterations, and a check that fails it
reads C once.

GPU implementation. The main loop of Algorithm [I]is implemented as three
CUDA kernels and a counter increment, for a total of four graph nodes, cap-
tured once per solve into a CUDA graph and replayed once per iteration. The
&-update of line [5] assigns one thread block of 256 threads to each row i. We
store C' in the row-major layout where the row is contiguous, so the threads of
a warp read adjacent addresses. For each thread, it strides along the row, forms
—kCij/n+ Bj in registers from the entry it has just read, with k£ taken from a
device-resident counter, and aggregates it into its own online-LSE state .
The 256 states are aggregated in shared memory by @ One thread then com-
putes "% = log7; — (plog s), stores the difference logu;, = PV — &;, which
the c-transform will need later, and then sets &; < £**%. The (-update of line[f]
runs against the row-major layout, and requires a more carefully treatment.
Our implementation runs in two stages. In the first stage, each thread owns
one column over a chunk of 1024 rows (128 when m < 4096) and keeps one
online state; a block’s threads take adjacent columns and move down the rows
in lockstep, so every read is again coalesced, and the partial states of all chunks
are written to two scratch arrays with one entry per chunk and column. In
the second stage, one thread per column merges its chunk states by @ into
(1, 8), computes (;°V = logé; — (1 + logs), stores logv; = (7 — (;, and
sets (; <= (7. The termination checks run as chunked passes over C' with
PyTorch’s native kernels [39]. The problem data C, r, ¢ are staged from the
host once, while the iteration, checks and delivery execute on the device, and
at a check only scalar verdicts return to the host.

4.3 The Point Cloud Solver

The Point Cloud solver consumes a ground cost function x on two point clouds
P=(p1,....,pm)and Q = (q1,...,qn) In R, with the (normalized) cost matrix
defined as
Cij = K(pi; ¢j)/Cmax,

where Crax = maxpepgqe £(p,¢) is the maximum cost between the two
clouds. In particular, the cost matrix is given implicitly and compactly, and
we take extra care to not materialize the full m x n cost matrix at any point
in the Point Cloud solve.
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Algorithm 2: BDRS with c-transform for DOT in the Point Cloud
format

Input: Point clouds P € R™*4 Q € R"*% with ground cost x; marginals
r€ A™~1 ce An~1; step-size n > 0; marginal floor dp; tolerance tol;
check period Tcpi; budget Kmax
Output: Factored form of plan (&, ¢, k) and exactly dual-feasible (o, 8)
1 Cmax < max; j £, qj); T < (1 + 0mlm)/(1 +mbm); €4 (c+ dmln)/(1+ ndm);
// NORMALIZE; costs enter as K(pi,q;)/Cmax <1
2 £+ —(logm)lm; ¢ < —(logn)ly; logv < On;
3 for k=1,2,..., Kmax do

a | B C+logy; Mg

5 & + log7; — LSE; (—kk(pi, qj)/(Cmaxn) + B); // &-update of

6 ¢old ¢ ¢j < logé; —LSE; (—k:"’\?(pi,q]')/(cmaxn) +§¢); // (-update of

7 10gv<—<—<°1d;

8 if k£ mod T, = 0 then

) pi + exp (& + LSE; (—kr(ps, ¢5)/(Cmaxn) + ¢5)); // PRIMALRES

10 if ||p — r||2 < tol then

11 a (& =€) B« min; (k(pi,q5)/Cmax — @i); f <
min; (k(pi, ¢j)/Cmax — 6;); // CTRANSFORM

12 obj < Zij %ﬁ(j) exp (fz — kk(pi, q5)/(Cmaxn) + Cj); // primal
objective (C,X*)

13 if |obj — (&, ) — (B, ¢)| < tol then

14 L return (¢, ¢, k, o/, 8'); // factored representation of X,

recoverable via

15 o + (€ — ¢old)y; ,3} < min; (H(Pi»Qj)/Cmax - ai);
o < min; (n(pi,q]-)/Cmax —,3;-); // feasible duals for the returned iterate
16 return (¢,(,k,o/,B'); // budget exhausted, return final iterate

Representation. The Point Cloud solver carries the same factored state of
Proposition 1] as the other two solvers, in the vectors £&¥ € R™, ¢¥ € R™ and
logv € R™. The transport plan is recoverable via @ upon final delivery, while
the term related to the cost matrix L;; = —k(p;, ¢;)/(Cmaxn) is recomputed
from the coordinates in registers each time it is needed. This implies that the
algorithm state occupies O(m + n) memory, while the overall device memory
requirement is in the order of O((m+n)d) due to the storage required to store
the coordinates of the point clouds.

Initialization and termination. In the Point Cloud format, NORMALIZE is
a one-time pairwise maximum Cp.x defined above, computable in O(mnd)
FLOPs. The marginal distribution flooring procedure is identical to the one
in the General solver. The initial iterates (X, v°) map to the representa-
tion as £ = —(logm)1,, and ¢° = —(logn)1,, by (), and logv = 0,,
in O(m + n). PRIMALRES, for which we use the row marginal error as a
proxy, requires a row-LSE in O(mnd) FLOPs. Next, with o® = nlogu® =
n(gk — ¢5=1), the CTRANSFORM simply sweeps B = min;(Cy; — aF) and
«; = min;(C;; — B}) while recomputing C;; from coordinates, in O(mnd)

FLOPs using O(m + n) workspace. Lastly, the primal objective, which is the
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compute-intensive part of GAP, is computed via exponentiating and aggre-
gating & — kk(pi, ¢;)/(Cmaxn) + ¢ across all pairs of points while weighting
them with the cost £(pi, ¢j)/Cmax, again recomputed from the coordinates in
O(mnd) FLOPs. A check that passes the proxy therefore costs four O(mnd)
passes, the arithmetic of two iterations, while a check that fails the proxy costs
one.

GPU implementation. Algorithm [2|is a description of our Point Cloud solver,
which implements the template of Section [3.2] for the Point Cloud format.
Both row and column LSEs in are aggregations of mn terms, and their
respective kernels assign one thread block per output entry. For the £&-update,
the block of row i loads the point p; once, and its 256 threads iterate through
the n opposing points. Each thread recomputes (p;, g;) from the coordinates
in registers, forms the term —k&(p;, ¢;)/(Cmaxn) + /S’j, and updates its private
online-LSE state (10]). The 256 states in the thread block are then merged in
shared memory b and the (-update kernel is constructed similarly, over
columns. Since both updates stream the opposing cloud as one contiguous
array of points, there is no layout asymmetry and hence no special treatment
is needed for the column LSE, unlike its General counterpart. The point cloud
coordinates are staged from the host onto the device once, and at termination
checks only scalar verdicts return to the host. As a result, this traffic does not
limit the wall-clock time. An iteration launches three kernels, the {-update,
the (-update, and a counter advance that increments the device-side iteration
count k; the three are captured once per solve as a CUDA graph and replayed
each iteration.

Remark 5. In the Point Cloud solver, the arithmetic is O(mnd) FLOPs
per update against O((m + n)d) bytes moved, making the arithmetic intensity
of Point Cloud kernels grow like O(mn/(m + n)) with problem size and the
kernels are compute bound even on small DOT instances. In the accounting
of Section the cost entries are recomputed rather than read. FEvaluating
k(pi, q;) from the coordinates takes about 3d operations and replace the read,
while the multiple that scales it by —k/(Crmaxn), the addition of the vector term
and the three operations of the LSE update are as before, for a total of about
3d+4 per entry per pass, or (6d+8)N? FLOPs per iteration withm =n = N.
Note that the opposing point cloud occupies 8N d bytes, which is at most about
a megabyte at the sizes we run (with d € {2,3}), so it fits in the 40 MB
L2 cache [15E| and need not be read from HBM. FEach pass moves the two
clouds, the vector term and the output once for a total of 8N (2d + 2) bytes, or
16N (2d+2) per iteration. The estimated arithmetic intensity is therefore about
0.2N FLOP per byte at d € {2,3}, crossing the A100-SXM4-80GB ridge at
N = 24 and growing linearly in N. Note that the count treats the exponential
as one operation, while on the device it typically consists of a sequence of basic

2 The size of the L2 cache may vary between devices, but the point cloud coordinates
should generally fit in the L2 cache of common server GPUs.
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Algorithm 3: BDRS with c-transform for DOT in the Grid format

Input: axis costs @r, @c; marginals r,¢ € AN~1 on an h x w grid; step-size n > 0;
marginal floor §m; tolerance tol; check period Tipk; budget Kmax
Output: Factored form of plan (£, ¢, k) and exactly dual-feasible (o, 8’)
1 Cmax < maxsg,. or(0r) + maxs, wc(de);

2 £:(8) + —pr(8)/(Cmaxn); £c(8) < —pc(6)/(Cmaxn); // axis tables
83 74 (r+0mly)/(1+ Nom); ¢« (c+dmln)/(1 4+ Ném); // NORMALIZE: marginal
floor

4 £+ —(logN)1y; ¢+ —(log N)1n; logv < Op;
5 for k=1,2,..., Kmax do

6 | B4 (+logy; &M
7 log Si, j. + LSE;, (k&(lir — jr|) + Bjr.je ) // &-update inner pass
8 &ir i < log 7, 5. — LSE;, (klc(lic — je|) +1og Si,. 5.); // outer pass
9 log Tj,. i, < LSEi, (kle(lir — jrl) + &irio); // (-update inner pass
10 COld — C; ij]'c < logéjr,]-c — LSEZC (kec(hc _jcl) + logTjr,iC); // outer
pass
11 logv « ¢ — ¢°ld;
12 if k£ mod T,k = 0 then
13 log Si,. j. < LSE;j, (klc(lir — jrl) + (i je)s // PRIMALRES inner pass
14 Piric — xp (& io + LSE;, (klc(lic — je|) +10gSs,..5.));  // outer pass
15 if ||p — r||2 < tol then
16 a + n(€ — ¢old); // native dual of =nlogu®
17 Tjmie < ming. (¢r(lir — jr|)/Cmax — 4, 5. ); // CTRANSFORM 3’ inner
pass
18 5.;7‘7jc + min;, (¢c(lic — jel)/Cmax + Tj, ic); // [’ outer pass
19 irde & min, (@r(|ir — jr|)/Crmax — ijc), // o' inner pass
20 i, ¢ miny, (c(lic = jel)/Cmax + 7/ ,]r), // & outer pass
21 log S ; < LSEj, (kle(|ic — ]c|)+CJT,]C) // obj inner pass
22 Ri ;. < exp (ke (Jir — jr|) + LSE;, (&5 + log Si ]T)); // row-axis
marginal of X%
23 RS < exp (kle(|ic — je|) + LSE;, (&,,i. 4108 Si, j.));
// column-axis marginal; reuses logS
24 obj <
Zir,jr SOI'(‘ZT JTl)RZT,] /Cmax + Z’icyjc SOC(‘ZC — jc‘)REC,jC/CmaX;
25 | if Jobj— (o, ) — (B, )| < tol then return (£, k, o, B');

26 « < n(€ — €°19); B’ < separable c-transform of , see hnes H and o
likewise of 3’;
27 return (§,( k, o/, 3'); // budget exhausted, return final iterate

arithmetic operations, so the true arithmetic intensity is higher still, and our

estimate 1s conservative.

4.4 The Grid Solver

The Grid solver consumes the problem in the Grid format of Deﬁnition

and is best understood as the Point Cloud solver under two further assump-

tions.
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1. The two point clouds coincide with the same h x w grid, so that m =n =
hw =: N, and a point p; (resp. g;) is identified by its row and column
indices (i,i.) (resp. (Jr,Jjc))-

2. The ground cost is separable with translation-invariant axis costs, as in
Definition 3] In other words, £ (p;, ¢j) can be written as @ (Jir—jr|)+@c(|ic—
Jje|). For example, both k1 (p;i, q;) = ¢1(pi —q;) and ka2 (pi, ¢;) == €3(pi —q;)
are separable, with ¢, 1(0) = ¢c1(0) = § and ¢, 2(8) = @e2(8) = &2,
respectively.

Representation. The Grid solver adopts the same factored form of Proposi-
tion [1] and stores the algorithm state in the vectors &*, (¥ logv € RYN. The
main difference in representation lies in how we obtain the entries of L, the
term related to the cost matrix C. In particular, from the definition of L (in
Proposition [1),

Lij = =Cij/n
= —£(Pi; ¢j)/ (NMCmax)
= —(@x(lir — jrl) + @c(lic = jel))/ (NCrmax)
= be([ir = Gol) + Le(lic = Jel)

where ¢, : {0,1,...,h — 1} = R« is defined as

1
0:(6) = —————¢r(9),
(5) =~ —r(®
and £ is defined similarly on {0,1,...,w — 1}. Therefore, instead of recom-
puting L;; = —£k(pi, qj)/(MCmax) from the coordinates as seen in the Point

Cloud case, we can alternatively pre-compute and store £, and /. as two one-
dimensional tables in device memory. Moreover, the normalizer is

Clnax = max or(6,) + max ©0c(0e), (11)

which costs at most an O(h + w) scan over the two tables. For the case where
axis costs are nondecreasing (e.g., £1 and £ costs), it reduces to the corner-
to-corner displacement o,(h — 1) + ¢c(w — 1). As a result, the device memory
requirement is O(N). Similar to the Point Cloud solver, the plan is delivered
in the factored form (§, ¢, k) at termination and recovered via @ if needed.

The iteration evaluates the recursions on this representation through a sep-
arable factorization of each LSE along the two axes of the grid. In particular,
for the &-update, we aggregate across the target points j = (4, j.) € [h] X [w]:

LSE (kLi; + B;) = LSE (kte(lic = do)) + LSE (ktu(lis = 3ul) + B5,..) ). (12)

log S.

ir,je

which is an inner pass over rows, producing the intermediate table log S, and
an outer pass over columns, and likewise for the (-update. The factorization
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of the LSE operation comes from the fact that the sum over j is really the
double sum over (j,, j.), where the column terms are constant with respect to
Jjr. Each update is 2N one-dimensional LSEs, so an iteration costs O(N (h+w))
FLOPs; on a square grid (h = w = ny) this is O(n}) = O(N3/2), a factor VN
below the Point Cloud and General solvers, and the source of the Grid solver’s
wallclock speed.

Initialization and termination. In the Grid solver, each initialization and ter-
mination check operation costs no more than O(N(h+w)) FLOPs. NORMAL-
1ZE can be performed in O(h 4+ w), and in O(1) for nondecreasing axis costs.
Building the axis tables ¢, {; is O(h + w); the marginal flooring is identical
to the previous two formats in O(N). The initial iterates (X%, v") map to
& =(=—(logN)ly and logv = Oy, as seen in the Point Cloud solver, in
O(N). PRIMALRES evaluates the row marginals by reusing . In particular,
by (6),

ZX = exp (&F + LSE(kL” +¢),

which is exactly (12)) with [3 replaced by (. CTRANSFORM factors along the two
axes exactly as does, because constant terms can be moved outside of the
minimization just like how they could be moved outside of the LSE operation.
Similar to , the c-transform 3; = min,(C;; — ;) over the source points
i = (ir,ic) € [h] x [w] becomes the double minimum over (i,,%.), in which
the column term . (|ic — je|)/Cmax is constant with respect to i, and moves
outside the inner minimization:

8,5, = min (Pellic = fel)/ Cunse +min (i (fir = i)/ i — 0, 1.) ).

This is two nested minimizations over the two axes, computable in O(N (h4w))
FLOPs. A similar argument can be made for the c-transform in the other
direction, to obtain a’. The primal objective, the dominant term of GAP,
factors along the two axes as well:

Z er(lir — jrl)

II] ax Il'l X

(C, Xk =

Z @e(lic — Je|)

k
E or(lir — jrl) E X + E oc(lic — jel) E z];
Cmax
iryJr ic,Je 7fc WJe iryJr
T e dr _'Rgc«jc

since each cost ¢ is constant with respect to the axis along which we are
aggregating. Substituting the factored plan (6) with L;; = £.(|i, — jr|) +
Co(lic = gel),
R ;. = Z ZQXP (Eiryic + kb (|ir — Jrl) + kle(lic — jel) + ervjc)
ie  Je

= exp (kﬁr(lir - ]rD + L§E (fir,ic + LJ.SE (kchic - 30|) + Cijjc)))'
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A similar scheme can be derived for R¢. In total, the primal objective costs
three new axis-length passes, in O(N(h + w)) FLOPs. A check that passes
the proxy therefore costs nine axis-length passes which is a little over two
iterations, and one that fails the proxy costs the same as about half of an
iteration.

GPU implementation. Algorithm [3]is a description of our Grid solver, which
implements the template of Section for the Grid format. Our kernels spe-
cialize to the square grids of the benchmark dataset, h = w = ny with ¢, = ¢,
collapsing the two axis tables to a single table £. Each update is one fused ker-
nel with a thread block per grid row. For the {-update, the thread block of row
i, owns the i,-th row of the intermediate table log S, which is computed once
and reused by all n, outputs of the row. The block stages the table k¢ and
this intermediate row in shared memory, allowing fast access during both LSE
passes. The (-update kernel is implemented similarly. Within the block, each of
the ng, outputs is computed by W threads that cooperate on its LSE operation
(W = 32,16,8 at n, = 32,64,128, so that nyJ¥V = 1024 fills the block; from
ng = 256 onwards, we set W = 1 and the block is n, threads), each thread
updating its own private online-LSE state . Finally, the per-thread states
are merged by @D in shared memory. An iteration launches three kernels, the
&-update, the (-update, and a counter advance, which are captured once per
solve as a CUDA graph and replayed.

Remark 6. In the accounting of Section an update of the Grid solver
evaluates 2n3 summands. The intermediate table log S has N = n? entries,
each an LSE over ng terms, and the N outputs are each an LSE over ng
terms. Each summand costs one addition to combine the table entry k€ with
the vector or intermediate term, and three more for the LSE update for a
total of four operations. That is Sng operations per update, and in total, 16n2

FLOPs per iteration. On the memory side, the £-update reads B, log 7™ and the
old & and writes & and logu; the (-update reads &, logc and the old { and
writes (, logv and the next B This amounts to eleven passes over N = n?2
elements, or 88n? bytes per iterationf| The arithmetic intensity is therefore at
least 16n3/(88n2) ~ 0.2ny FLOP per byte, above the 4.8 ridge from ny = 32
onwards.

At smaller scales, the absolute scale of the arithmetic is small enough such
that its runtime on our device is comparable to that of a kernel launch. Con-
cretely, at ng = 128, an iteration costs about 3 x 107 FLOPs, which is a few
microseconds at the device’s peak rate [37] and at the scale of a kernel launch.
So, up to ng =~ 128, the iteration cannot fill the device and launch latency
governs. This makes the CUDA graph an essential part of the Grid solver for
small scale instances. For larger instances, the compute time overshadows the
launch times, and the kernels become compute bound.

3 This is assuming all vectors are stored in HBM. This is a pessimistic estimate, since
these N-dimensional vectors occupy 56n3 bytes and typically fit in the device L2 cache.
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Table 2 Software versions recorded on the machine that experiments in Section [5| are

performed on.

Component

Version

Our solvers

Operating system

Python

PyTorch

CUDA (PyTorch runtime)
CUDA toolkit (nvcc)
NumPy

SciPy

Baselines

POT (log-domain Sinkhorn)
OTT-JAX (Grid Sinkhorn)
JAX

Julia (PDOT)

CUDA.jl (PDOT)

DROT

HALO

HOT

M3S

PDOT

cuPDLPx

Linux-5.14.0-570.58.1.e19_6.x86_64-x86_64-with-glibc2.34
3.11.16

2.13.0+cul30

13.0

Build cuda_13.0.r13.0/compiler.36424714_0

2.4.6

1.17.1

0.9.7

0.6.0
0.10.2
1.11.9
5.11.3
6ad8d86589
167126905
6ad8d86589
ec100cb67e
19760e6ccl
931c94c0c3

our snapshot)
upstream)
our snapshot)
upstream)
our snapshot)
upstream)

Py

5 Numerical Experiments

In this section, we conduct numerical experiments to

1. quantify the difference in computational speed between the three BDRS
solvers, across the three formats;
2. compare the three BDRS solvers against the GPU-accelerated baselines in

their respective formats;

3. quantify how the c-transform post-processing accelerates the solve for the
Douglas—Rachford family of solvers, including ours and two baselines, and

4. measure how the iteration count of BDRS responds when the step size 7
is perturbed around its deployed value.

Table [2| lists information about the software stack that can be used to repro-
duce the experiments in this section.

5.1 Experiment setup

Datasets. Three datasets are used in this section, one for each DOT format.
Note that for a dataset of DOT instances with more structure (e.g. Grid), we
can lift it into its less structured counterpart by writing out the cost function
k (Point Cloud) or computing and storing the explicit C' (General).

DOTmark [43] natively supplies Grid and Point Cloud instances, some of
which are further lifted to General instances. It contains ten distinct classes of
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images, each class holding ten grayscale square images. The dataset supplies
these images at various resolutions ngy € {32,64,128,256,512}, so that each
image can be represented as a ng X ny matrix of nonnegative values. Similar
to [49], we derive a ny = 1024 tier by corner-anchored bilinear upsampling of
the supplied ny = 512 images. Next, within a class, a Grid DOT instance can
be constructed for each pair of images of equal resolution, resulting in (120) =45
distinct DOT instances for each class and 450 for each resolution and cost. The
benchmark of Sections 5.2 and [5.3] uses all of them, and every aggregate there
is over the instances a cell’s solvers co-solved; the two studies of Section |5.4] use
a fixed subset of five pairs per class. To construct the DOTmark instances in
Grid or Point Cloud format, we first normalize the pixel values of both images
to a probability distribution over the ng, x ng grid, so that N = nf]. Then, to
obtain Grid (resp. Point Cloud) instances, we select either the ¢; or £3 (resp.
The ¢+ or the unsquared ¢2) cost as the cost between grid coordinates. We lift
the Grid DOTmark instances into Point Cloud DOTmark instances, and then
lift all Point Cloud DOTmark instances into General DOTmark instances, so
that benchmarking experiments can be run on any selection of (cost, format)
pair.

ModelNet10 [48] natively supplies the Point Cloud instances. It is a library
of computer-aided-design (CAD) 3-dimensional models of common indoor ob-
jects, distributed as triangle meshes and grouped into ten categories. From
each category we take the first three shapes of its test split and pair them
within the category, so that the two clouds of an instance are always distinct
objects of the same kind. This gives (;) - 10 = 30 pairs of objects across the
dataset. Each CAD mesh is sampled area-weighted into a surface point cloud,
which is then scaled isotropically into [0, 1]3. For each object, Nyax = 219 sam-
ples were drawn once throughout our experiments. Then, we randomly fixed
an ordering of these samples so that taking the first N < Np.x points always
give a nested, reproducible subsample that’s indivudally unbiased. Moreover,
we select two notions of cost between the same point clouds: the squared FEu-
clidean cost and the unsquared ¢5 cost.

Lastly, we used random dense costs as way to generate natively General
format DOT instances. In particular, each entry of the cost matrix C;; is sam-
pled independently from either the uniform distribution or the half-normal
distribution, with marginals drawn from a Dirichlet distribution. Cost matri-
ces drawn entrywise at random are standard in both studies regarding DOT
problems [44] and related assignment problems [I9]. In our experiments, we use
this procedure to generate ten instances for each pair of marginals with sizes
N € {219,212 214 2161 with one of the two cost families, eighty in total. Cost
matrices generated under this scheme have no underlying geometric structure,
so no Point Cloud or Grid method applies to it, and it is only presented to
demonstrate the efficacy of General format solvers.

Protocol. Every solve receives one A100-SXM4-80GB with its full 80 GB of
device memory, 16 CPU cores with 93 GB of host memory, and a wall-clock
limit of 1800 seconds; a solve that exceeds any of the three is recorded as such
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and considered a failure. Every solver, including ours and baselines, runs to its
own native stopping rule at its default settings. From each solver’s delivered
state, we recover a representation of the primal-dual triple (X, «, 8) for the
original problem and score it by the KKT residual . Note that not every
baseline implementation returns a pair of dual potentials («, 8), so we derived
mappings from each baseline’s returned state to their best estimate of the
dual variables, i.e. solutions to (D)), in Appendix [A] Furthermore, we measure
two timings for each solve: ty1ve stops when the solver returns at its native
stopping criteria. t..;y adds to it any post-solve processing needed to obtain
an optimality certificate in terms the KKT residual, which could involve the
retrieval of the transport plan (HOT) or an expensive computation of the dual
residual (HALO, DROT, M3S, and HOT). For solvers that terminate with a
certificate of their own, we always have tsoive = teert- In Subsections[5.2]and [5.3]
we present the comparison across solvers as an accuracy-time Pareto chart over
the co-solved set of DOT instances to ensure that no solver is evaluated on a
harder subset of problems than another. Each solver contributes a single pair
(teert, KKT), with its tso1ve marked by a thin line with a tick, when applicable.
We occasionally score our solver under various values of input tolerances to
map out a Pareto frontier.

DOT instances. DOT instances (C,r, c¢) across all three formats are presented
in normalized form, where max(C) = 1, and every solver of the same format
receives the same data. Our solvers” NORMALIZE steps are therefore always
no-ops on benchmark input, but still performed in every solve to simulate a
real use case. The marginal flooring procedure is internal to our three solvers
and never applied to the data any baseline receives, or to the marginals any
KKT residual is evaluated against.

Configuration of our solvers. All three of our solvers take two hyperparame-
ters, the step size n and the check period Tepk. In our benchmarks, both are
set by a fixed rule computed before the solve and held constant throughout
it. The step size is determined by the rule = 0.7 x C, where C denotes the
mean entry of the cost matrix. The check period is a table on problem size,
with Tenk = 100, 200, 500, 1000, 2000 and 4000 at n, = 32, 64, 128, 256, 512
and 1024, respectively. For every other instance, Ty is read from the same
table at the equivalent resolution n, = 2182(N)/2],

Baselines by format, and scaling limits. As discussed in Section |1, there is a
wide spectrum of GPU-accelerated solvers for the DOT problem. Among them,
we select eight to compare against our implementations of BDRS. Table [3]lists
the eight solvers we have selected, as well as their respective DOT format, to be
compared to the corresponding implementation of BDRS. Further, we provide
the largest resolution at which each listed solver is able to consistently solve
DOTmark problems at the stated protocol under its native stopping rule (for
our solvers, tol = 107%). DOTmark resolution is the natural ruler for this
because the dataset is Grid-native and lifts to all three formats, so that we
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Table 3 The list of GPU-accelerated DOT solvers considered and their associated format,
as well as the resolution of the largest DOTmark they can solve and why they cannot solve
larger ones. The rows of our three solvers are for the stopping tolerance tol = 10~4. Full
ladder: every size was solved. Timeout: the next size hit the 1800 seconds limit on all or
most instances attempted. Device OOM and host OOM: the next size exceeds the device or
the host memory allocated to a solve. Gate: the next size was declined by the solver. *M3S
requires its supports to be a grid but does not require a separable cost, so we classify it as
a Point Cloud format solver for the purposes of our comparisons.

Solver Format Largest ng solved ~ Why not larger
Grid BDRS (ours) Grid 1024 full ladder
HOT Grid 512 device OOM
Conv. Sinkhorn Grid 1024 full ladder
Point Cloud BDRS (ours)  Point Cloud 256 timeout
HALO Point Cloud 512 timeout
M3S Point Cloud* 512 gate
General BDRS (ours) General 256 device OOM
DROT General 128 device OOM
PDOT General 128 device OOM
cuPDLPx General 64 host OOM
Sinkhorn General 128 device OOM

can put every solver on the same scale. We concede that DOTmark steps are
coarse (16X increase in number of decision variables per step), so the table
gives rough estimates of scaling boundaries only.

5.2 The cost of generality across the three formats

A natural first question to ask would be: does the computational cost of DOT
across the three format differ significantly? In this subsection, we answer this
question affirmatively, and find that the result double as an overview of the
time—accuracy performance of all the DOT solvers under consideration.
Figure [1] presents the Pareto plot of the solvers over the DOTmark instances
at ng = 64, with the ¢3 ground cost. We lift these instances to both Point
Cloud and General, so that we can pass this set of instances to all the solvers
listed in Table [3] in their desired format. Each of our three solvers were ran
three times, at tol = 1074,1075, 108, respectively. We observe that at each
tolerance, all three of our BDRS solvers terminate at the same accuracy that
is under the given tolerance, which is a validation of the fact that they run
identical iterations under mathematically equivalent representations. More-
over, Grid BDRS achieves a tcert of 0.040 s, which is 11x and 9x faster than
Point Cloud BDRS and General BDRS, respectively, demonstrating significant
computational gaps even at the scale of n, = 64.

Moreover, the Point Cloud solver consumes more structure than General and
is nonetheless the slower of the two, by 1.19x at this cell. The reason is the
memory-recompute tradeoff between the two. The General solver needs to
store a m X n cost matrix to read from it, while the Point Cloud solver recom-
putes it from coordinates every time it is needed so that the device need not be
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Fig. 1 Comparison of all solvers across all three formats on the same 414 co-solved DOT-
mark instances at resolution ngy = 64 with ES cost. We use a different color for each unique
underlying algorithm, and use a different shape to indicate the format that the implemen-
tation consumes.

able to hold a m x n array at scale. For a practitioner the rule is therefore: use
the Grid format when the cost is separable; otherwise materialize the cost and
use the General solver whenever it fits, since it is faster wherever both run.
Lastly, use the Point Cloud format when it does not fit, which on an 80 GB
device begins near N = 217,

Zooming out, every Grid baseline solver is Pareto-dominated by our Grid
solver at some choice of tolerance. Our General solver Pareto-dominates every
General solver except Sinkhorn at ¢ = 1072, where our General solver at
tol = 10™* achieves a geometric mean of KKT residual 1.6 x 103 times smaller
than the Sinkhorn solution, at the cost of 1.6x runtime in SGM10 (0.36 against
0.22 s). Lastly, our Point Cloud solver at tol = 10~% Pareto-dominates M3S
while achieving a 3.6x speedup over HALO at the cost of being 6.0x less
accurate in terms of the geometric mean of KKT residual. In summary, our
solvers provide a favorable accuracy—time tradeoff against the corresponding
baseline solvers at every format.

5.3 Format-by-format comparison against the GPU baselines

Although Figure[I] provides a head-to-head comparison for every solver in Ta-
ble 3] it does not test the scalability and the generalizability of the solvers.
This subsection therefore performs in-depth comparisons between our imple-
mentations and the baselines on multiple datasets of varying sizes, in their
respective format.
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Fig. 2 Our BDRS General solver against the baseline General solvers on lifted DOTmark.
In particular, the ¢1,#2, and £o, norms were used at each size ng € {32,64,128,256}. Every
point aggregates all 450 instances of its choice of size and cost on DOTmark, except at
ng = 128 with the ¢1 and 4o costs, where the co-solved sets hold the 447 and 442 instances
on which PDOT finished inside the time limit. The cross on each panel marks cuPDLPx’s
failed attempt at ng = 128 due to a host-side OOM. Moreover, at ngy = 256, our General
solver solve all instances across all norms to tol = 10~%, while all baseline solvers fail the
solve due to memory constraints.

5.3.1 The General format

Randomly generated cost and lifted DOTmark are used to benchmark
the performance of solvers that take in General DOT instances (which we call
“General solvers” for the remainder of this section).

Figurecompares the General solvers on lifted DOTmark at n, € {32, 64,128,256},
one panel per cost. Across the three, our solver is the fastest solver, among
those that solve and those that solve its entropic approximation alike, at
every size and cost, and the margin widens with problem size. The margin
is the narrowest at ny = 32 on the unsquared Euclidean cost, where DROT
is 3.9x slower (0.43 against 0.11 s) and the ¢ = 1072 Sinkhorn arm 1.1x
(0.13 s); at ny, = 128 ours leads DROT by 16x to 43x (84 to 121 s against 2.3
t0 5.3 s), PDOT by 33x to 183x (177 to 454 s), and the three dense Sinkhorn
arms by 2.3x to 9.1x (12 to 21 s). The widest speedup over DROT is on £,
where ours takes 2.8 s against 121 s; over PDOT and the ¢ € {1073,107%}
Sinkhorn arms, it is on ¢1, where ours takes 2.3 s against 415 s and 20 to 21 s.
Our General solver is also the most accurate solver in every cell, at a KKT of
between 1.3 and 8.9 x 107?, against 1.3 to 3.6 x 10~3 for DROT, 1.0 x 1073
to 2.3 x 1072 for PDOT, and 5.6 x 1072 to 1.5 x 10~! for the three dense
Sinkhorn arms. As a result, our General solver Pareto-dominates every other
baseline solver, whether it solves or its entropic approximation, at every
problem size, for every choice of cost on the DOTmark dataset.

At ng = 256 our General solver continues to perform consistently while the
baseline solvers face memory restrictions. In particular, our General solver
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Fig. 3 Our General BDRS solver against the baseline General solvers on random cost
matrices whose entries are drawn independently from the uniform distribution (left) and
from the half-normal distribution (right), with ten instances per cost family at each size
m =n = N € {210,212 214 2161 " with our solver at tol € {107%,1076}. On the half-
normal cost, the points at N = 212 and 214 aggregate only the 9 and 6 of the 10 instances
on which PDOT finished inside the time limit. At N = 216 the half-normal points aggregate
the 8 of the 10 instances on which our solver did not exceed device memory, and on the
uniform cost, our tol = 1076 arm exceeds the time limit on all 10.

solves all 450 instances on each of the three costs, at a KKT between 8.6x 1076
and 6.6 x 107°, in 66, 57 and 101 s on /., ¢; and the unsquared Euclidean
cost, respectively. This observation is consistent with the memory bottleneck
recorded in Table [Bl

Figure [3| presents the accuracy—time Pareto plots of the General solvers on
random cost matrices. Our General solver Pareto-dominates the baseline
General solvers of at 2'0 and 2'2 sizes for both uniform cost and half-
normal cost. At N = 2 the picture changes for one baseline. cuPDLPx
exceeds its host memory on both costs, and PDOT remains dominated on both
panels. DROT, however, accepts a solution faster than our General solver, by
17 percent on the uniform cost (9.4 against 11.3 s) and by 6 percent on the
half-normal cost (4.2 against 4.5 s), but at a KKT of 1.1 and 1.4 x 1072, more
than two orders of magnitude above ours. Although neither solver dominates
the other, we claim that our solver remains the favorable trade at that size.
Moving on to the entropic solvers, ¢ = 1072 and ¢ = 10~3 Sinkhorn imple-
mentations accepts a solution faster than ours everywhere, but our General
solver overtakes the ¢ = 10~ Sinkhorn variant at N = 2'9 on both costs
and at 2'2 on the uniform cost. Moreover, as expected, no Sinkhorn variant
produces a solution with a KKT less than 7.2 x 107, and the quality of the



GPU Bregman DR Splitting for Discrete OT 29

Point Cloud format, ModelNet10

10-2 . better J+— Point Cloud format, lifted DOTmark
E *4 better ¢
eV 1073
& e —°
A = Fa
i)
g &) ]
= 10 10 =e
= * g
£ ] —e
B 8 u
10~ . s
& 10 I
M error below 2° E
——————————————————— * timeout at 2'¢ ¥
—6
10 Mmoo o o Vv x <X timeout at 256
10°¢ A = e
1072 107! 10° 10! 102 10

Time to a certified solution teer (s), SGM10 ot T Tor 102

Time to a certified solution tee (s), SGM10

BDRS, tol = 10! BN HALO
B BDRS, tol = 10°° BDRS, tol =10~ BN HALO
. ; B BDRS, tol=10-¢ B M3S
A N=2T ° v N=28 <« N=2V
m N=2 . *  N=21 > N=216
o N—2 e A ny=32 W n,=61 & n,=128 ® 5,=26
(a) ModelNet10. (b) Lifted DOTmark with the €2 cost.

Fig. 4 Our Point Cloud solver with tol € {1074,107%} against (a) HALO on ModelNet10
and (b) HALO and M3S on lifted DOTmark. (a) Our Point Cloud solver and HALO in
its tree mode on ModelNet10 with the squared Euclidean cost, thirty pairs at each size
from N = 27 to 216 points per marginal. The cross at the left edge represents the fact that
HALO rejects the 27 and 28 instances. (b) Our Point Cloud solver, HALO, and M3S on
lifted DOTmark with the Z% cost, with resolutions ng € {32, 64,128,256}. The co-solved set
holds 450 instances at ngy = 32 and 64, 439 at 128 and 370 at 256. The excluded instances
are those on which M3S aborted the solve due to “too many absorptions” at ng = 128 and
ng = 256. Our tol = 1076 arm reaches N = 2!% in (a) and ny = 128 in (b), the largest
sizes at which it completes within the 1800 s budget. One of the thirty instances at N = 215
exceeds it and is excluded.

entropic solutions suffers approximately one order of magnitude for every or-
der of magnitude ¢ increases. Meanwhile, our General solver achieves a KKT
of less than 10™%, as determined by tol, which is 7.8 to 2070 times lower than
the Sinkhorn variants.

5.8.2 The Point Cloud format

ModelNet10 and lifted DOTmark are used to benchmark the performance
of the Point Cloud solvers, namely our BDRS Point Cloud solver, HALO’s tree
mode, and M3S. Notably, M3S further requires the support of the marginal
distributions to lie on a grid, but does not require the cost to be separable. This
puts M3S’ format specifications between the Grid and Point Cloud formats.
For the purposes of this benchmark, we place it in the Point Cloud campaign.
Figure [fa] compares our Point Cloud solver against HALO’s tree mode on
ModelNet10. HALO rejects instances with N = 27 and N = 2% and recom-
mends the user to use an exact solver instead. Therefore, our solver is the only
one that is able to solve ModelNet10 instances with sizes below N = 2°, where
we do so successfully up to tol = 1076 for all instances. For N € 27,...,2'4,
we accept a solution faster, by 46x at 2° narrowing to 2.3x at 2'4, and be-
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yond it HALO is faster, by 1.4x at 2!5 and 2.8 x at 216, However, our accepted
solutions remain more accurate throughout. Concretely, our KKT residual con-
sistently stays below the desired tolerance, at 10~* and 1076, while HALO,
being an approximation scheme, accepts solutions with KKT residual that in-
creases monotonically with N, ranging from 1.9x 1076 t0 6.0 x 1073 at N = 2°
to N = 216,

Figure [D] runs the same comparison on lifted DOTmark with M3S added,
and the pattern repeats. At n, = 32 and 64, our tol = 10~ arm accepts
a solution 19x and 3.8x faster than HALO and 11x and 2.0x faster than
M3S; at ny, = 128 and 256 both baselines are faster than we are, HALO
by 2.4x and 8.6x and M3S by 2.9x and 8.0x. Our KKT residual is again
flat across the four sizes, between 5.6 x 107° and 9.0 x 107°, while HALO’s
rises from 9.6 x 10~7 to 8.0 x 10~%. M3S, which solves the entropic problem
rather than , is the least accurate of the three at the two smaller sizes, at
4.1 x 107" and 1.9 x 107%. At n, = 128 and n, = 256, M3S aborts the solve
for 11 and 80 instances out of the 450 total instances, while HALO and our
Point Cloud solver solve all 450. Among the co-solved problems at ng, = 128
and ngy = 256, M3S demonstrates comparable-to-better performance both in
terms of accuracy and runtime. In summary, as the only exact solver in the
Point Cloud format, our Point Cloud solver exhibits superior performance both
in terms of runtime and accuracy at small to medium instances, and is the
slower but more accurate choice at larger scales. Among the approximation
solvers, HALO scales the best in runtime but rejects smaller instances and has
degrading solution accuracy, while M3S achieves greater accuracy as problem
size increases but becomes unreliable at medium-to-large scales.

5.8.8 The Grid format

DOTmark is used to benchmark the performance of solvers that take in
Grid DOT instances (“Grid solvers”), at ny € {32,64, 128,256,512, 1024} with
the squared Euclidean and the ¢; cost. The Grid solvers consist of our Grid
BDRS solver at tol € {1074,1076,1078}, HOT, whose reduced flow model
accepts the squared Euclidean cost only, and the convolutional Sinkhorn at
e €{1072,1073,1074}.

Figure [5| compares the Grid solvers on DOTmark at ng, € {32,...,1024},
one panel per cost. Against HOT, our solver is Pareto-dominant at every size.
From ng = 128 to 512 the tol = 10~* arm is both faster (by 12x to 14x) and
more accurate (HOT’s KKT rising from 2.3 x 107% to 2.8 x 1073 while ours
stay below 107*) than HOT. At n, = 32 and n, = 64, where HOT’s KKT of
1.6 x 107° and 6.5 x 1077 is below our native tolerance, the tol = 10~° variant
of our Grid solver is both faster (0.12 and 0.36 s against 1.16 and 1.12 s) and
19 and 67 times more accurate. Lastly, at ny = 1024, HOT runs out of device
memory while ours finishes in 89 s for all 450 instances. At that size, only our
tol = 10™* arm completes within the budget. Under the same 1800 s limit, the
1075 arm reaches its tolerance on 252 of the 450 instances with the ¢; cost and
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Fig. 5 The Grid solvers on DOTmark at ng = 32 to 1024, with the €2 cost (left) and the
41 cost (right). HOT only accepts the Z% cost, and therefore appears only on the left panel.
Our Grid solver is drawn at tol € {1074,1076,1078}, and the convolutional Sinkhorn at
e € {1072,1073,10~*}. Each point aggregates all 450 co-solved instances of its size. The
€ = 10~% Conv. Sinkhorn points with the K% cost aggregate 285 to 366 instances per size,
with the rest being solve failures due to the returned transport plan being non-finite. With
the £1 cost it return non-finite values on more than half of every size and therefore is not
drawn. The cross marks HOT at ng = 1024, out of device memory on every instance. HOT’s
certificate lines are hidden under its markers at this scale. The four remaining crosses mark
our Grid solver at the first size each fails to complete within the 1800 s budget.

a minority of runs for the £3 cost. The 10~% arm stops one size earlier still, at
ng = 256.

Convolutional Sinkhorn sacrifices accuracy and reliability for fast runtimes at
large scales. In particular, its t.oy barely moves with size, every entropic point
lying between 0.12 and 1.4 s while N grows 1024-fold, so it overtakes our
tol = 107* arm from n, = 128 upward with the ¢3 cost and from n, = 256
upward with ¢1. However, no entropic point with either cost fall below KKT =
1.4 x 1073, and at small values of ¢, it stops being reliable. Concretely, the
e = 1072 and 1072 variants solve all 450 instances with both costs, but the
KKT residuals their solutions achieve sit between 1.0 x 1072 and 2.5 x 107!, at
least two orders of magnitude above ours. Its most accurate arm, the e = 10~
variant, returns a non-finite plan on 19 to 37 percent of the instances with the
squared Euclidean cost and on 65 to 90 percent with ¢, the latter of which is
therefore not drawn on the right panel. By contrast, our Grid solver returned
a certified solution on all 450 instances of every point drawn. Moreover, at
ng < 64 on both costs and at ng, = 128 for ¢, our Grid solver at tol = 10~4
Pareto-dominates all convolutional Sinkhorn variants. Notably, at ng, = 32
with the ¢; cost, even our solver running at tol = 1076 runs faster than every
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entropic arm (0.17 s against 0.22 s and up), and at n, = 64 it is within 1.4x of
the fastest of them (0.34 s against 0.24 s). At both sizes its KKT is more than
three orders of magnitude below any entropic point. In summary, our Grid
solver at tol = 10™% is the only solver that solves all 450 DOTmark instances
at every size wth both costs. It Pareto-dominates HOT at every size on the
¢3 cost, the only cost HOT accepts, and it dominates every convolutional
Sinkhorn arm up to ngy = 64 on both costs and up to ny, = 128 on the /; cost.
Past those sizes, convolutional Sinkhorn’s runtime scales better with problem
size, but none of their solves reach a KKT residual below 1.4 x 1073, and the
one that comes closest, ¢ = 1074, returns a non-finite plan on up to 37% of
the /3 instances and on more than half of the ¢; ones.

5.4 Ablation and robustness studies

In this subsection, we demonstrate the dual stall phenomenon of vanilla BDRS
and perform ablation studies on the c-transform post-processing on the various
Douglas—Rachford splitting-based solvers to demonstrate its effectiveness on
BDRS. Then, we examine the robustness of BDRS with respect to the step
size parameter n and the termination check period Tepk.

5.4.1 Dual stall phenomenon and c-transform ablation.

Section [3:2] motivates the c-transform post-processing by the observation that
rp lags behind the other two residuals. Figure[6] quantifies that lag on a subset
of DOTmark for the three Douglas—Rachford solvers (BDRS, DROT, HOT).
For BDRS and DROT, the KKT residual of the native iterates, which is
defined as the maximum of its three residuals, is equal to r% at more than
98% of the checkpoints. This is the aforementioned “dual stall”. At the check
where the corrected triple first meets the tolerance, the dual residual is 8.2x 103
times (resp. 5.3 x 10* times) above the larger of the other two terms for BDRS
at ng = 32 (resp. 64), and 21 times (resp. 50 times) for DROT. The dual
stall is sharper for BDRS, as the primal residual and the native gap are 236
and 540 times below the tolerance, while the dual is 35 times above it. As
a result, the green curves (representing r%) on panels (a), (b), (d), and (e)
can also be interpreted as the native KKT residual, which always lags behind
the corrected KKT residual, in magenta, demonstrating that the c-transform
post-processing shortens the solve. More specifically, it shortens it by a median
factor of 7.5 (resp. 9.1) for BDRS at ny = 32 (resp. 64). For DROT the native
triple never reaches the tolerance, so we can only lower bound the speedup
factor by 1.4 (resp. 1.8), which is computed as the length of the iteration
window divided by the corrected crossing. For HOT, the largest term starts
as 7"]’5 but changes to |¢g¥| at a median k& = 1000 and 1600 at the two sizes, at
which point the native KKT residual and the corrected KKT residual becomes
equal. Before that crossover, HOT’s dual stall is of the same order as ours,
707 times (resp. 2827 times) the larger of the other two terms at ny, = 32
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Fig. 6 The median of various residuals against iteration count for the three Douglas—
Rachford solvers (BDRS, DROT, HOT), on the same 50 DOTmark instances, with the Z%
cost and tol = 10™%, at ng = 32 in panels (a), (b), and (c) (resp. ng = 64 in panels (d),
(e), and (f)). Each solver run for a fixed 6000 (resp. 12000) iterations with no stopping rule
and scored at 101 (resp. 163) checks from iteration 1. On all six panels, the blue, green, and
orange curves are the medians of rfy, 7"1’3, and |g¥| for the triple (X*, ¥, 8%), respectively.
The magenta curve is the median KKT residual of the corrected triple (Xk, o', B"), whose
duals are the c-transformed corrected duals. Note that the corrected duals are never fed back
into the iterations and only serves as a termination check proxy.

(resp. ngy = 64). What separates HOT is that its stall then decays, to 182 and
712 times at k = 100 and to 2.4 and 21 times at k = 500, while ours grows to
9.2x 103 and 3.5 x 10* at k = 100. As a result, the c-transform post-processing
has a limited effect on HOT, shortening the solve by a median factor of 1.4
and 1.5 rather than the 7.5 and 9.1 for BDRS.

5.4.2 Robustness of BDRS with respect to hyperparameters.

There are two hyperparameters for our solvers: the step-size 7 and the check
period Tep. We provide a provisional default selection scheme for both, and
leave the precise tuning of these parameters as future work. The deployed rules
for both are described in Section [E.11

Figure [7] shows how the iteration count and solve time of our algorithm move
as we perturb each parameter on a subset of DOTmark instances. We are
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Fig. 7 Sensitivity of our solvers to the (a) step size  and (b) check period T¢pk, on DOT-
mark at tol = 10~%. Each solve’s iteration count in (a), and its solve wall time in (b),
is divided by the same quantity of the same instance at the deployed value of the swept
constant, and the solid horizontal line marks a ratio of one. For both panels, one curve is
plotted per choice of ground cost and resolution. (a) resolutions ny € {64,128} was used,
with 50 instances each (five sampled pairs from all ten classes). The dashed vertical line
marks the production value. (b) The production n was used at T.px ranging from 50 to
5000. Resolutions ng € {32, 64,128} was used, with 30 instances each (three sampled pairs
from all ten classes). The rings mark the deployed period of each resolution, 100, 200 and
500 at ng = 32, 64 and 128, where each curve is one by construction.

interested in how much the performance of our algorithm changes when we
perturb each parameter. In Figure [Ta] we sweep the value of 1 across a factor
of sixteen, from a quarter of the deployed value to four times it. We find that
our solvers are able to solve all instances in every perturbation, while the
median iteration count stays inside [0.33,4.0] times the count that the solve
took to solve the instances at the deployed value. Moreover, it is clear that the
deployed 7 is not the optimal choice for the ¢ instances of this subset, since
we observe a linear trend between 77 and the median of the iteration count
required to solve them, but we emphasize that despite this suboptimality we
still achieve the scalability demonstrated in Section [5.3}

Next, in Figure we sweep Ty across a hundred-fold span, from 50 to
5000 iterations. Every perturbation solves every instance. The median solve
time is flat from T¢n = 50 to Tene = 500. At Tine > 1000, which represents
an overly loose check period at the tested problem sizes, the solver mostly
terminates at the first termination check, causing wasted iterations. On the
contrary, for Tep < 50, a period that is slightly shorter than preferred for the
tested problem sizes, we indeed terminate at fewer total iterations, but at the
cost of more frequent checks. More specifically, at Ten = 50, the median solve
takes about 16 percent fewer iterations than at the deployed period and yet 5
percent more time.
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6 Conclusion

In this paper, we presented three GPU implementations of the BDRS algo-
rithm for solving the DOT problems with three data formats. We proposed a
c-transform post-processing step that produces exactly feasible dual variables.
This procedure helped accelerate the convergence of BDRS. We conducted ex-
tensive numerical experiments to compare our GPU-accelerated BDRS with
existing competitive solvers and the results showed that our implementations
demonstrated superior performance. We leave it as a future work to distribute
the solve over multiple GPU devices as suggested by the recent developments
in multi-GPU mathematical programming solvers [27120].
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A Recovering primal-dual pairs from the baseline solvers

The cross-solver comparison of Section@ scores every solver’s returned solution by the KKT
residual ([2)) on its corresponding primal-dual triple (X, «, 8) for the C-normalized version
of ‘ Each baseline solver terminates based on its own stopping rule, and for some baseline
solvers, the mapping from their stopping rule to the KKT residual is not clear. The plan X
is in every case the one the solver itself returns, so this appendix records, for each baseline,
only how the dual pair (¢, 8) is obtained from the solver’s final state. For entropic solvers,
we follow the convention of [3I] and score the entropic potentials as the dual potentials

of directly.

DROT. DROT [34] applies Euclidean Douglas-Rachford splitting to . Alongside the
plan it maintains two vectors qﬁ’f € R™ and ¢§ € R™, which enter its iterations [34, Algo-
rithm 1] as

XEH = (XM + ot @ 0f —00)

with step-size o > 0. [34] show that this pair implicitly plays the role of the dual variables
of (D): (¢%/0) ® (¢% /o) converges to a* @ B*, and the method’s own stopping criteria are
the primal residual, the dual residual and the duality gap built from ((]ﬁ]f/a, qb’;/a). Our
recovery reads the two vectors at DROT’s native stop and rescales,

(Oé, ﬁ) = (¢1/07 ¢2/0)7

with o = 2/(m + n) the implementation’s step-size.

HOT. HOT [50] does not solve directly. On an h X w grid of pixels with a squared
Euclidean ground cost, it solves the reduced flow LP of [4], in which every unit of mass moves
in two parts: first within its row, then within its column. Denoting a pixel’s coordinates as
(p,q) and the separable cost as Cay = wo(lg — ¢']) + ¢r(lp — p/l) for a = (p, ), b= (¥',q'),

the reduced LP has nonnegative variables Ty ama! (a horizontal move within row p, cost

vc(q,q')) and xz,,p%p, (a vertical move within column ¢’, cost ¢r(p,p’)), and three sets of
constraints:
szquﬁq’ = T(p,q) (consistency at source, one per pixel (p, q)), (13)
Zx;,qﬁq, = ng,‘pﬂp, (incoming = outgoing mass, one per node (p,q’)), (14)
q p’
in,,pﬂp, = c(pt q') (consistency at target, one per pixel (p’,q’)). (15)
P

This reduces the variable count from h2w? to hw(h + w). Let (\, &, 5) denote the duals
of , , and (15) respectively. The dual constraints of the reduced LP read

Ap,g) T Ap,g/) < pellg — ', B(p@q/) —Ap,g) Seellp— ') (16)

Proposition 2. If (\, &, f) is feasible for the reduced dual, then (c, 8) := (&, f) is feasible
for @, with the same dual objective value. Further, an optimal reduced dual (\*,a&*, 3*)
maps to an optimal (a*, *) for @

Proof. Fix a source a = (p,q) and a target b = (p’,q’). Since we always transport mass
horizontally then vertically, every route from a to b must pass through the node (p,q’).
Adding the two constraints of (16]) along this route,

aa+ By < wcllg—d'|) + or(lp — p']) = Cas-

Every constraint of the original dual is thus the sum of exactly two reduced constraints. As
a result, feasible reduced duals always yield feasible dual variables of @ Since the coupling
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block has zero right-hand side, the reduced dual objective equals r' & + ¢! 8, which
is the objective of @ at («, B). Lastly, since the reduced LP and have equal optimal
values [4, Thm. 1 and Cor. 1], strong duality on both the reduced LP and (D)) makes (o, 8)
optimal for @ whenever the reduced dual is optimal for the reduced LP. O

Writing cr,p and b for the reduced LP’s cost vector and right-hand side, HOT’s precondition-
ing procedure internally rescales them by 1/c¢s and 1/bs, respectively, with cs = |lcLpl|2 + 1
and bs = ||bl|]2 + 1. A right-hand-side rescaling leaves the dual solution unchanged while
a cost rescaling scales it linearly, so the recovery mapping multiplies HOT’s returned dual
vector by cs alone. Composing this with Proposition [2] gives the mapping used in our code,

A, @, B) = (cs@, cspB).

HALO. HALO [49] is a coarse-to-fine restricted-support method. Both marginal distribu-
tions 7 and c are coarsened through a procedure that merges pairs of supports next to each
other. At each level of coarseness, the method solves the LP restricted to a sparse candidate
active set while retaining all m 4+ n marginal equality constraints [49], Def. 1]. cuPDLPx [30]
is used as the inner LP solver. Then, HALO prices the excluded entries with the resulting
dual pair (u,v) € R™ x R™, appending those of most negative reduced cost u; +v; —Cj; and
re-solving. Because the constraint set is never modified, every inner LP’s dual has full length
m + n, so a dual for the original problem is available at the end of the inner solve for any
level. Therefore, at HALO’s native stop, our recovery map should read the finest-level dual
variables, reversing any additional scaling that HALO performs internally. In fact, HALO
applies scaling only in its Grid mode, where C’EALO’ Grid _ ((p—p")%+(q —q’)2)/n§. There
is no scaling in its Point Cloud (Tree) mode. Therefore, our recovery map from HALO’s
Grid mode is (uGrid yGrid) (nguGrid/(Q(ng —1)?), nvarid/(Z(ng —1)2)), while the map
for Point Cloud (Tree) mode is (u™"®®, vTree) s (uTree yTree),

PDOT and cuPDLPz. Both PDOT [31] and cuPDLPx [30] return the dual of the orig-
inal problem that’s passed to them. Since we normalize C before passing it to our solvers,
we can take the dual variables returned by both PDOT and cuPDLPx as-is.

Log-domain Sinkhorn, Grid Sinkhorn, and M3S. Log-domain Sinkhorn [#2], as im-
plemented in POT [24], maintains the log-scalings (u,v) of the plan X = exp(—C/e+u®v),
where ¢ is the regularization parameter. It iterates as follows

uj + logr; — LSE(—Cjj /e + vj), vj  logc; — LSE(—Cjj/e + us). (17)
J i

Setting («, B8) := (eu, ev) gives
o + ﬂj — Cij = alogXij. (18)

Let us denote H(X) := — Zij Xjlog X;;. Throughout this paragraph, rp, rp and g are the
primal residual, the dual residual and the duality gap of the original problem . Firstly,
after any row (resp. column) update of , the corresponding marginal sum agrees exactly
with 7 (resp. ¢). Since the entries are nonnegative and r and c are probability vectors, each
entry is bounded by its own marginal, X;; < r; <1 (resp. X;; < ¢; < 1). Hence log X;; <0,
and gives a @ B < C entrywise. This means that the recovered dual variables (a, 3)
are always feasible for @ Secondly, at a primal-feasible iterate, substituting » = X1,, and

c=X"1m, gives
rlatc'B=3 Xij(ai + 8j) = (C, X) + £ 32, Xij log Xij,
so that the duality gap is
g={(C,X)—rTa—c' f=—¢ Eij Xijlog X5 = eH(X).

This non-vanishing quantity e H(X) is the consequence of the Sinkhorn algorithm solving a
regularized version of as opposed to the original.
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Grid Sinkhorn [45], as implemented in OTT [18], runs the same iteration, so and both
consequences apply verbatim.

M3S [I3] is a multiscale e-scaling Sinkhorn. Unlike the two Sinkhorn solvers above, it carries
the marginals in the exponential,

X5 =ric; exp((&; + B5 — Ciz)/e), (19)

with (&, B) being its finest-level potentials. Taking logs in and multiplying both sides
by e,
elog X;; = (di +€logn~) + (Bj +6logcj) - Cij,

so the recovery map (&, 8) — (& +¢elogr, B+ ¢logc) produces a pair satisfying exactly,
and the non-vanishing e H(X) still applies. Moreover, both potentials are then rescaled from
M3S’s native squared-pixel cost units by 1/(2(ng — 1)2), the same factor as its objective.
Therefore, the dual recovery mapping we implement is

A a+celogr B-{—alogc
(@ F) = (2(ng —1)2’ 2(ng—1)2>'

Lastly, M3S truncates its plan. More specifically, outside of a sparse support set, the plan
is set to zero by construction rather than driven to zero asymptotically, so the identity
constrains (a, 8) only on that support and says nothing about the remaining entries. Dual
feasibility there is therefore not automatic, and our experiments measure and report rp as
part of the KKT residual on the delivered pair like any other.
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