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Abstract

The unpublished 1990 technical report reproduced here introduced the t-

reinforced k-fence inequalities, the first facets of the acyclic subgraph poly-

tope that are not rank inequalities: each simple k-fence induces k − 2 of

them, one for each 1 ≤ t ≤ k − 2. The report proved this with the spec-

tral method, using a coherent configuration and computer algebra. It went

unpublished because referees preferred conventional proofs! Here, we re-

produce the report with minor corrections, but otherwise with the same

appearance. We then develop the spectral method further. We extend

Theorem 4.4 of Lee and Lee (1991) to concordant polytopes that are not

balanced, compute the completely reduced form of the fence configuration,

and obtain a short proof of the facet result that needs no symbolic compu-

tation. We determine the dimension and a maximal irredundant equation

system of every face of the acyclic subgraph polytope of a simple fence

that shares its symmetry, and show that the symmetric facets are exactly

the t-reinforced inequalities. Finally, we show that each block rank of the

completely reduced form is the dimension of the span of a few explicit statis-

tics, and use this to determine the symmetric faces of the linear ordering

polytope and to treat an unbalanced clique face of the forest polytope.
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1 The Acyclic Subgraph Polytope

Let G = (N,A) be a strict directed graph with node set N and arc set A ⊆ N×N .

Let wij be the weight of arc (i, j). For Ñ ⊆ N and Ã ⊆ A ∩ (Ñ × Ñ), the graph

G̃ = (Ñ , Ã) is a subgraph of G. The graph G̃ is acyclic if it contains no directed

cycles. For other graph-theoretic terminology, see Bondy and Murty (1976). The

(weighted) acyclic subgraph problem is the problem of finding a maximum-weight

acyclic subgraph of G = (N,A), and can be formulated as:

max
∑︂

(i,j)∈A

wijxij

AC(G) : s.t.∑︂
(i,j)∈C

xij ≤ |C| − 1 for all directed cycles C of G, (1)

0 ≤ xij ≤ 1 for all arcs (i, j) in A, (2)

xij integer for all arcs (i, j) in A. (3)

This problem arises in the study of systems with feedback (see, for example,

Ramachandran (1988)); if G̃ = (Ñ , Ã) is an acyclic subgraph of G, then B = A\Ã

is a feedback arc-set, and, in applications, it is desirable to find one of small size.

Grötschel, Jünger and Reinelt (1985a) discuss the relationship of AC(G) to several

other important problems.

Let PAC(G) ⊆ RA be the convex hull of the feasible solutions of AC(G). The

dimension of a polytope P ⊆ RA, denoted dim(P), is one less than the maximum

number of affinely independent points in P . It is easy to see that PAC(G) is

full-dimensional, that is, dim(PAC(G)) = |A|. For a ∈ RA, a ̸= 0, a0 ∈ R, the

inequality aTx ≤ a0 is valid for P if P ⊆ {x ∈ RA : aTx ≤ a0}. A valid inequality

aTx ≤ a0 represents a facet of P if dim(P ∩ {x ∈ RA : aTx = a0}) = dim(P)− 1.
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We are interested in studying the polyhedral structure of PAC(G) and this

paper presents a collection of facets of PAC(G), which we call t-reinforced k-fence

inequalities, that are induced by subgraphs of G known as k-fences. These facets

generalize the k-fence inequalities introduced by Grötschel, Jünger and Reinelt

(1985a). In many other combinatorial problems defined on graphs, facets of the

associated polytope are often induced by subgraphs. The novelty of the facets

introduced in this paper is that every k-fence induces not one but a family of

facets of PAC(G). In addition, these are the first facets of PAC(G) to be discovered

that are not represented by rank inequalities. (A rank inequality for PAC(G) is

an inequality of the form
∑︁

e∈S xe ≤ r(S) where r(S) is the maximum number of

arcs in S ⊆ A that comprise the edge-set of an acyclic subgraph of G.)

Grötschel, Jünger and Reinelt (1985a) investigated the acyclic subgraph

polytope, determined when the inequalities (1) and (2) represent facets and in-

troduced several other families of facets, all of which are represented by rank

inequalities.

For every integer k ≥ 3, a directed graph is a simple k-fence if it is isomorphic

to D = (U ∪W,F1 ∪ F2), where

U = {u1, u2, . . . , uk} and W = {w1, w2, . . . , wk} (4)

with U ∩W = ∅,

and F1 = {(u1, w1), (u2, w2), . . . , (uk, wk)}, (5)

F2 =
k⋃︂

i=1

{(wi, v) | v ∈ U \ {ui}}. (6)

Figure 1 illustrates a simple 3-fence. Following Grötschel, Jünger and Reinelt

(1985a), we call the elements of F1 pales and the elements of F2 pickets.

If G′ = (N ′, A′) is a directed graph with (i, j) ∈ A′, then the graph G′′ =

(N ′ ∪ {h}, A′ ∪ {(i, h), (h, j)} \ {(i, j)}) is a graph obtained by subdividing arc

(i, j).
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Figure 1: A simple 3-fence.

A k-fence is a directed graph D′ = (V ′, F ′
1∪F ′

2) obtained by repeated subdivision

of arcs of a simple k-fence D = (V, F1 ∪ F2). The pales (respectively pickets) of

D′ are the arcs obtained from subdividing the pales (pickets) of D.

If D′ = (V ′, F ′
1 ∪ F ′

2) is a k-fence that is a subgraph of G, then for 1 ≤ t ≤

k − 2, we call the inequality

t
∑︂

(i,j)∈F ′
1

xij +
∑︂

(i,j)∈F ′
2

xij ≤ t|F ′
1|+ |F ′

2| − tk +
t(t+ 1)

2
(7)

a t-reinforced k-fence inequality. The k-fence inequalities introduced by Grötschel,

Jünger and Reinelt (1985a) are 1-reinforced k-fence inequalities.

The main result in this paper is

Proposition 1 For 1 ≤ t ≤ k − 2, let D′ = (V ′, F ′
1 ∪ F ′

2) be a k-fence that is

a subgraph of G = (N,A). Then the t-reinforced k-fence inequality represents a

facet of PAC(G).

Note that each k-fence induces k − 2 facets. The special case of Proposition 1

when t = 1 is established in Grötschel, Jünger and Reinelt (1985a). The case

when t = 2 is related to a result of Leung (1990).

To prove Proposition 1, we first apply spectral methods for determining the
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dimension of a polytope (see Lee and Lee (1990)) to show that (7) represents a

facet when G = D′ = D, that is, when the graph G is a simple k-fence and the

facet-representing inequality is induced by the same simple k-fence. We then use

an ‘extension’ argument to prove the result for arbitrary G. The combination of

such arguments is new.

In Section 4, we show that the t-reinforced k-fence inequalities induced by

simple k-fences also represent facets of the linear ordering polytope. For t = 1,

this reduces to a result of Grötschel, Jünger and Reinelt (1985b).

2 Just for Fences

In this section, we demonstrate how a mild extension of the spectral method in

Lee and Lee (1990) can be used to prove that (7) represents a facet of PAC(D
′)

when D′ is the simple k-fence D.

Proposition 2 For 1 ≤ t ≤ k−2, the inequality (7) represents a facet of PAC(D)

where D = (U ∪W,F1 ∪ F2) is a simple k-fence.

Proof. Let FAC(D) = conv{x ∈ PAC(D) : x satisfies (7) as an equation}. The

extreme points of FAC(D) are defined by:

xe =

⎧⎪⎨⎪⎩
0 if e ∈ F1 \ {(uij , wij) : j = 1, . . . , t}
0 if e = (wij , uih) for 1 ≤ h < j ≤ t,

1 otherwise,

(8)

for every ordered t-tuple (i1, i2, . . . , it) of distinct integers satisfying 1 ≤ ij ≤ k,

for j = 1, . . . , t, and by:

xe =

⎧⎪⎨⎪⎩
0 if e ∈ F1 \ {(uij , wij) : j = 1, . . . , t+ 1}
0 if e = (wij , uih) for 1 ≤ h < j ≤ t+ 1,

1 otherwise,

(9)
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for every ordered (t+1)-tuple (i1, i2, . . . , it+1) of distinct integers satisfying 1 ≤

ij ≤ k, for j = 1, . . . , t + 1. Let the rows of matrix A be the k!
(k−t)!

+ k!
(k−t−1)!

extreme points of FAC(D). The spectrum of FAC(D) is the (non-decreasing) list

of eigenvalues of B = ÂT Â, where Â = [A | 1]. The number of non-zero elements

in the spectrum is one more than the dimension of FAC(D).

Let Ê = F1 ∪ F2 ∪ {1}. The incidence relations of equivalence classes of

pairs of columns of Â determine a partition R = (Ri : i ∈ T ) of Ê × Ê, where
T = {1, 2, . . . , 20}. Specifically,

R1 = {(1,1)}
R2 = {(1, e) : e ∈ F1}
R3 = {(1, f) : f ∈ F2}
R4 = {(e, e) : e ∈ F1}
R5 = {(e,1) : e ∈ F1}
R6 = {(e1, e2) : e1 ̸= e2, e1, e2 ∈ F1}
R7 = {(e, f) : e = (uh, wh) ∈ F1, f = (wh, uj) ∈ F2 for some h ̸= j, 1 ≤ h, j ≤ k}
R8 = {(e, f) : e = (uh, wh) ∈ F1, f = (wj , uh) ∈ F2 for some h ̸= j, 1 ≤ h, j ≤ k}
R9 = {(e, f) : e = (uh, wh) ∈ F1, f = (wi, uj) ∈ F2 for distinct h, i, j, with 1 ≤ h, i, j ≤ k}
R10 = {(f, f) : f ∈ F2}
R11 = {(f,1) : f ∈ F2}
R12 = {(f, e) : f = (wj , uh) ∈ F2, e = (uh, wh) ∈ F1, for some h ̸= j, 1 ≤ h, j ≤ k}
R13 = {(f, e) : f = (wh, uj) ∈ F2, e = (uh, wh) ∈ F1, for some h ̸= j, 1 ≤ h, j ≤ k}
R14 = {(f, e) : f = (wi, uj) ∈ F2, e = (uh, wh) ∈ F1, for distinct h, i, j, with 1 ≤ h, i, j ≤ k}
R15 = {(f1, f2) : f1 = (wh, ui) ∈ F2, f2 = (wh, uj) ∈ F2 for distinct h, i, j, with 1 ≤ h, i, j ≤ k}
R16 = {(f1, f2) : f1 = (wi, uh) ∈ F2, f2 = (wj , uh) ∈ F2 for distinct h, i, j, with 1 ≤ h, i, j ≤ k}
R17 = {(f1, f2) : f1 = (wi, uh) ∈ F2, f2 = (wh, uj) ∈ F2 for distinct h, i, j, with 1 ≤ h, i, j ≤ k}
R18 = {(f1, f2) : f1, f2 ∈ F2 with f1 and f2 non-adjacent}
R19 = {(f1, f2) : f1 = (wh, uj) ∈ F2, f2 = (wj , uh) ∈ F2 for some h ̸= j, 1 ≤ h, j ≤ k}
R20 = {(f1, f2) : f1 = (wh, ui) ∈ F2, f2 = (wj , uh) ∈ F2 for distinct h, i, j, with 1 ≤ h, i, j ≤ k}

Let I = {1, 4, 10}. Note that ∪i∈IRi is the identity relation {(e, e) : e ∈ Ê}.
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Let Bi be the |Ê| × |Ê| incidence matrix of Ri for i ∈ T . For a pair
(e, f) ∈ Ri, let τi be the inner product of columns e and f of Â. Elementary
counting methods give

τ1 =
k!

(k− t)!
+

k!

(k− t− 1)!

τ2 = τ4 = τ5 = τ1− (k− t)
(k− 1)!

(k− t− 1)!

τ3 = τ10 = τ11 = τ1−
(k− 2)! t

2(k− t)!
((k− t)(t+1)+ (t− 1))

τ6 = τ1− 2(k− t)
(k− 1)!

(k− t− 1)!
+ (k− t− 1)

(k− 2)!

(k− t− 2)!

τ7 = τ8 = τ12 = τ13 = τ1− (k− t)
(k− 1)!

(k− t− 1)!
− (k− 2)! t

2(k− t)!
((k− t)(t+1)+ (t− 1))

τ9 = τ14 = τ1− (k− t)
(k− 1)!

(k− t− 1)!
− (k− 2)! t

2(k− t)!
((k− t)(t+1)+ (t− 1))

+
(k− 3)! t

2(k− t− 1)!
((k− t− 1)(t+1)+ (t− 1))

τ15 = τ16 = τ1−
(k− 2)! t

(k− t)!
((k− t)(t+1)+ (t− 1))+

(k− 3)!(t− 1)t

3(k− t)!
((k− t)(t+1)+ t− 2)

τ17 = τ20 = τ1−
(k− 2)! t

(k− t)!
((k− t)(t+1)+ (t− 1))+

(k− 3)!(t− 1)t

6(k− t)!
((k− t)(t+1)+ t− 2)

τ18 = τ1−
(k− 2)! t

(k− t)!
((k− t)(t+1)+ (t− 1))+

(k− 4)! t(t− 1)(t− 2)

4(k− t)!
((k− t)(t+1)+ t− 3)

τ19 = τ1−
(k− 2)! t

(k− t)!
((k− t)(t+1)+ (t− 1))

When e and f are different from 1, τi counts the extreme points of FAC(D)

that contain both e and f in their support. Note that B =
∑︁

i∈T τiBi . For arbi-

trary (e, f) ∈ Rh, let p
h
ij count the elements g such that (e, g) ∈ Ri and (g, f) ∈ Rj .

(Note that the partition R has the property that phij is independent of the choice of

(e, f) ∈ Rh .) The values of phij that are non-zero are recorded in Appendix A. Let

Pi be the |T | × |T | matrix with pjhi as the entry in row h and column j. Let P =∑︁
i∈T τiPi . The distinct eigenvalues of P and B are identical (see Higman (1975),

or Lee and Lee (1990)), although, generally, their multiplicities are quite different.
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The matrix P is a block diagonal matrix with diagonal blocks determined by the

partition (Tl : l ∈ I) of T , defined by

T1 = {1, 2, 3},

T4 = {4, 5, 6, 7, 8, 9}

and T10 = {10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20}.

Let P (l) be the submatrix of P whose rows and columns are indexed from Tl

for l ∈ I. Using the symbolic manipulation software of Mathematica, run

on a NeXT machine, we determined the eigenvalues of P (l) together with their

multiplicities. Let σ = 1
12

(k−4)!
(k−t)!

for k ≥ 4 (for k = 3, where (k − 4)! is undefined,

use the equivalent expressions of Appendix B, which hold for all k ≥ 3), and let

λ0 = 0, λ1 = σr1, λ2 = σr2, λ3 = σr′1, λ4 = σr′2,

λ5 = σ(−12t+ 34kt− 22k2t+ 4k3t− 24t2 + 56kt2 − 34k2t2 + 6k3t2

− 24t3 + 32kt3 − 14k2t3 + 2k3t3 − 12t4 + 10kt4 − 2k2t4),

λ6 = σ(−6t) (−k + t) (1− k + t)
(︁
3− k + 2t− kt+ t2

)︁
,

and λ7 = 2σ (−3 + k) t
(︁
2− 7k + 3k2 + 4t− 6kt+ 3k2t+ 4t2 − 5kt2 + 2t3

)︁
,

where r1 and r2 (r1 ≤ r2) are the roots of

5184k2 − 24192k3 + 51984k4 − 67536k5 + 56880k6 − 30816k7 + 10224k8 − 1872k9 + 144k10

− 5184kt+ 29376k2t− 70992k3t+ 95328k4t− 77616k5t+ 39168k6t− 11952k7t+ 2016k8t

− 144k9t− 6480kt2 + 22464k2t2 − 36468k3t2 + 36252k4t2 − 22716k5t2 + 8532k6t2

− 1728k7t2 + 144k8t2 + 1296t3 − 6048kt3 + 15588k2t3 − 22500k3t3 + 17748k4t3 − 7596k5t3

+ 1656k6t3 − 144k7t3 + 2592t4 − 8208kt4 + 10440k2t4 − 6876k3t4 + 2484k4t4 − 468k5t4

+ 36k6t4 + 1296t5 − 3456kt5 + 3492k2t5 − 1692k3t5 + 396k4t5 − 36k5t5 + (144k − 264k2

+ 144k3 + 48k4 − 132k5 + 72k6 − 12k7 − 72t+ 276kt− 336k2t+ 84k3t+ 108k4t− 72k5t

+ 12k6t− 90t2 + 201kt2 − 264k2t2 + 213k3t2 − 84k4t2 + 12k5t2 − 18t3 + 123kt3 − 165k2t3

+ 78k3t3 − 12k4t3 + 18t4 − 33kt4 + 18k2t4 − 3k3t4 + 18t5 − 15kt5 + 3k2t5)x+ x2,
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and r′1 and r′2 (r′1 ≤ r′2) are the roots of

1296k2t− 2808k3t+ 2088k4t− 648k5t+ 72k6t− 2592kt2 + 8208k2t2 − 8496k3t2

+ 3960k4t2 − 864k5t2 + 72k6t2 + 1296t3 − 7992kt3 + 12024k2t3 − 7488k3t3

+ 2088k4t3 − 216k5t3 + 2592t4 − 6912kt4 + 5688k2t4 − 1872k3t4 + 216k4t4 + 1296t5

− 1512kt5 + 576k2t5 − 72k3t5 + (72k − 132k2 + 72k3 − 12k4 − 72t+ 222kt

− 210k2t+ 84k3t− 12k4t− 90t2 + 156kt2 − 96k2t2 + 18k3t2 − 18t3 + 6kt3

+ 18k2t3 − 6k3t3 + 18t4 − 42kt4 + 12k2t4 + 18t5 − 6kt5)x+ x2.

The multiplicities are given as the first three rows of Table 1.

λ0 λ1 λ2 λ3 λ4 λ5 λ6 λ7

P (1) 1 1 1 0 0 0 0 0

P (4) 1 1 1 1 1 1 0 0

P (10) 1 1 1 2 2 2 1 1

B 1 1 1 k − 1 k − 1 k − 1 k(k−3)
2

(k−1)(k−2)
2

Table 1: Multiplicities of the eigenvalues in P (1), P (4), P (10) and B.

To determine the multiplicities of the eigenvalues in B, we use Mathemat-

ica, again, to solve the Vandermonde system

7∑︂
i=0

µiλ
m
i = Trace(Bm) for all 0 ≤ m ≤ 7.

The multiplicities are recorded as the last row of Table 1.

We use the methodology of Lee and Lee (1990) to determine the necessary

traces for the right-hand side of the Vandermonde system. That is, for all i ∈ T ,

let

θ
(1)
i = τi,

θ
(m)
i =

∑︂
h∈T

∑︂
j∈T

θ
⌊m

2
⌋

h θ
⌈m

2
⌉

j pihj, for m ≥ 2.

Then,

Trace(Bm) =
∑︂
i∈I

θ
(m)
i Trace(Bi) for all m ≥ 1.
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Note that Trace(B1) = 1, Trace(B4) = k, and Trace(B10) = k(k − 1).

The number of non-zero eigenvalues (counting multiplicities) of B is ex-

actly k2 (see Appendix B), thus proving that the dim(FAC(D)) = k2 − 1 =

dim(PAC(D))− 1. ■

It is notable that the polytope PAC(D) is the first polytope to which the

spectral method has been applied where the associated matrix A does not have

constant row sums. We are able to apply the method by having R partition Ê×Ê

rather than simply the Cartesian square of the arc-set F1 ∪ F2. This extension of

the spectral method addresses an issue raised in Lee (1990).

That each inequality (7) induced by a (non-simple) k-fenceD′ = (V ′, F ′
1∪F ′

2)

represents a facet of PAC(D
′) can be shown by applying the following result.

Proposition 3 (Grötschel, Jünger and Reinelt (1985a))

Let G′ = (N ′, A′) be a directed graph, and let aTx ≤ a0 be a facet of PAC(G
′). Let

G′′ = (N ′′, A′′) be the graph obtained by subdividing the arc (i, j) ∈ A′ into the

arcs (i, h) and (h, j). Then the inequality āTx ≤ ā0 defines a facet of PAC(G
′′),

where

āe =

{︄
a(i,j) if e = (i, h) or (h, j),

ae otherwise,

and ā0 = a0 + a(i,j).

3 Extension

In this section, we show that (7) represents a facet for PAC(G) whenD
′ is a k-fence

contained in G. We first examine the case when D′ is a simple k-fence.

Proposition 4 Let G = (N,A) be a strict directed graph and let D′ = D =

(U∪W,F1∪F2) be a subgraph of G that is a simple k-fence. Then for 1 ≤ t ≤ k−2,

(7) represents a facet of PAC(G).
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Proof. Since we have proved that (7) is a facet for PAC(D), let X0 be an

arbitrary set of k2 extreme points of FAC(D) that are affinely independent. Now

for any i such that 1 ≤ i ≤ k, let x(i) be an extreme point of FAC(D) with

x
(i)
(ui,wi)

= 0. For any i ̸= j with 1 ≤ i, j ≤ k, let x(ij) be an extreme point of

FAC(D) as defined by (8) with i1 = i and it = j if t ≥ 2, and by (9) with i1 = i

and i2 = j if t = 1. Now consider the following |A| vectors in RA:

• For each x ∈ X0, define y ∈ RA by

ye =

{︃
xe if e ∈ F1 ∪ F2,
0 otherwise,

• For each arc (i, j) ∈ A with |{i, j} ∩ (U ∪W )| ≤ 1, define y by

ye =

⎧⎨⎩xe if e ∈ F1 ∪ F2,
1 if e = (i, j),
0 otherwise,

for some x ∈ X0.

• For each (wi, j) ∈ A with j ∈ U ∪W , define y by

ye =

⎧⎨⎩x
(i)
e if e ∈ F1 ∪ F2,

1 if e = (wi, j),
0 otherwise,

• For each (ui, uj) ∈ A with i ̸= j and 1 ≤ i, j ≤ k, define y by

ye =

⎧⎨⎩x
(j)
e if e ∈ F1 ∪ F2,

1 if e = (ui, uj),
0 otherwise,

• For each (ui, wj) ∈ A with i ̸= j and 1 ≤ i, j ≤ k, define y by

ye =

⎧⎨⎩x
(ij)
e if e ∈ F1 ∪ F2,

1 if e = (ui, wj),
0 otherwise.
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These |A| vectors are affinely independent, feasible for PAC(G), and satisfy (7)

with equality. Hence, (7) is a facet for PAC(G). ■

By similar arguments as in the proof of Proposition 4 (with several more

cases to check), Proposition 1 can be established.

4 The Linear Ordering Polytope

A linear ordering of an n-element set N is a bijection π : {1, 2, . . . , n} → N . Let

cuv be the value of having u before v in the linear ordering. The value of a linear

ordering of N is {︂ ∑︂
(u,v)∈N×N

cuv : π
−1(u) < π−1(v)

}︂
.

A directed graph (N, T ) is a tournament on N if for every pair of nodes u, v ∈ N ,

exactly one of (u, v) and (v, u) is in T . Given a linear ordering of the nodes N of a

directed graph, the arc set {(u, v) : π−1(u) < π−1(v)} forms an acyclic tournament

on N ; conversely, an acyclic tournament (N, T ) induces a linear ordering of N .

Following Grötschel, Jünger and Reinelt (1985b), we let < i1, i2, . . . , in > denote

the arc set {(ij, ik) : 1 ≤ j < k ≤ n} of the acyclic tournament induced by the

linear ordering π where π(j) = ij for j = 1, 2, . . . , n.

Let Gn = (N,An) be the complete strict directed graph on the n-element

node set. Let Tn ⊆ 2An be the collection of the arc sets of acyclic tournaments on

N . The linear ordering polytope Pn
LO is the convex hull of the incidence vectors of

elements of Tn. Grötschel, Jünger and Reinelt (1985b) determine the dimension

of Pn
LO and show that

xij + xji = 1 ∀ i, j ∈ N, with i ̸= j, (10)

is a maximal irredundant equation system for Pn
LO. They also show that if the

11



simple k-fence D is a subgraph of Gn, then the 1-reinforced k-fence inequality (7)

for D′ = D represents a facet of Pn
LO.

In this section, we will show that the t-reinforced k-fence inequality induced

by a simple k-fence represents a facet of Pn
LO for 1 ≤ t ≤ k − 2.

Proposition 5 For 1 ≤ t ≤ k− 2, let D′ = D = (U ∪W,F1 ∪ F2) be a simple k-

fence that is a subgraph of Gn = (N,An). Then the t-reinforced k-fence inequality

(7) represents a facet of Pn
LO.

The proof of Proposition 5 appeals to the following result.

Proposition 6 (Grötschel, Jünger and Reinelt (1985b))

If aTx ≤ a0 defines a facet of Pn
LO for n ≥ 2, then āTx ≤ a0 defines a facet of

Pn+1
LO where āij = aij for all (i, j) ∈ An and āi,n+1 = ān+1,i = 0 for i = 1, . . . , n.

Proof (Proposition 5).

It suffices to prove the proposition for n = 2k and Gn = G2k = (U ∪W,A2k) by

applying Proposition 6.

Let FLO = conv{x ∈ RA2k : x ∈ P2k
LO and x satisfies (7) as an equation}.

Let bTx ≤ b0 be a valid inequality for P2k
LO such that P2k

LO ̸⊆ {x ∈ RA2k : bTx = b0}.

We want to show that if FLO ⊆ {x ∈ P2k
LO : bTx = b0}, then bTx ≤ b0 is a non-

negative multiple of (7) plus a linear combination of equations (10).

By adding a multiple of xij+xji = 1 to bTx ≤ b0, we can make the coefficient

of (i, j) in the resultant inequality zero. Therefore, we can assume, without loss

of generality, that

buv = 0 ∀ (v, u) ∈ F1 ∪ F2,

buv = 0 ∀(u, v) = (ui, uj) or (wi, wj) with i < j.

12



Consider the three tournaments having arc sets

< w1, w2, w3, . . . , wk−t,

uk−t+1, wk−t+1, uk−t+2, wk−t+2, . . . , uk, wk, (11)

uk−t, uk−t−1, . . . , u3, u2, u1 >,

< w2, w1, w3, . . . , wk−t,

uk−t+1, wk−t+1, uk−t+2, wk−t+2, . . . , uk, wk,

uk−t, uk−t−1, . . . , u3, u2, u1 >,

and < w1, w2, w3, . . . , wk−t,

uk−t+1, wk−t+1, uk−t+2, wk−t+2, . . . , uk, wk,

uk−t, uk−t−1, . . . , u3, u1, u2 > .

It is clear that the associated incidence vectors are in FLO. Substituting these

vectors into bTx = b0 implies that bw1w2 = bw2w1 = bu1u2 = bu2u1 = 0. By

permuting the nodes of U and permuting the nodes of W , we can conclude that

buu′ = bww′ = 0 ∀u, u′ ∈ U and ∀w,w′ ∈ W.

Next, comparing (11) and

< w1, w2, . . . , wk−t−1,

uk−t, wk−t, uk−t+1, wk−t+1, . . . , uk, wk,

uk−t−1, . . . , u2, u1 >,

we have that
k∑︂

i=k−t+1

bwiuk−t
= buk−twk−t

.

By permuting the nodes of U and W , we can conclude that

buiwi
= tβi 1 ≤ i ≤ k,

and bwjui
= βi 1 ≤ i, j ≤ k, j ̸= i,

13



for some constants βi for 1 ≤ i ≤ k. Next, comparing

< w1, . . . , wk−t−1,

uk−t, wk−t, uk−t+1, wk−t+1, . . . , uk−2, wk−2, uk−1, wk−1, uk, wk,

uk−t−1, . . . , u1 >

and

< w1, . . . , wk−t−1,

uk−t, wk−t, uk−t+1, wk−t+1, . . . , uk−2, wk−2, uk, wk, uk−1, wk−1,

uk−t−1, . . . , u1 >,

we observe that bwk−1uk
= bwkuk−1

, and hence βi = β for some constant β for all

i with 1 ≤ i ≤ k. Hence, bTx ≤ b0 is β times (7). Now consider the incidence

vector of

< u1, u2, . . . , uk−t,

wk, uk, wk−1, uk−1, . . . , wk−t+1, uk−t+1,

wk−t, wk−t−1, . . . , w1 >

which corresponds to the linear ordering that is the reverse of the one associated

with (11). Substituting this vector into bTx, we get

β
(︂
t(k − t) +

1

2
t(t− 1)

)︂
= β

(︂[︂
k(k − 1) +

1

2
t(t+ 1)

]︂
⏞ ⏟⏟ ⏞

r.h.s. of (7)

−
[︂
(k − t)2 + k(t− 1) + t

]︂
⏞ ⏟⏟ ⏞

>0

)︂
.

Since bTx ≤ b0 is valid, we must have β ≥ 0. ■

5 Summary

This paper presents a two-parameter family of facets for the acyclic subgraph poly-

tope and the linear ordering polytope, represented by t-reinforced k-fence inequal-

ities. These facets are induced by subgraphs called k-fences, but each k-fence in-

duces

14



more than one facet. These are the first facets discovered for these polytopes

that are not rank inequalities. The proof that these are facets for the acyclic

subgraph problem combines spectral methods introduced by Lee (1990) with direct

arguments. The spectral method is particularly suitable in this case, since the

family of incidence relations R = (Ri : i ∈ T ) only depends on the subgraph;

hence, the parameters phij are independent of the reinforcement parameter t. Thus,

to determine the dimension of another face-representing inequality for which R

applies, only the τi (i ∈ T ) need be recomputed. We hope that this method will be

useful in the future, not only as an alternative method for identifying facets, but

as a tool for identifying other faces induced by k-fences in a systematic manner. A

first step in such an analysis would be the calculation of the ‘completely reduced

form’ of the algebra of linear combinations of the matrices Bi (i ∈ T ) (see Lee

and Lee (1990)). This is carried out in Appendix C.
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Appendix A

p11,1 = 1 p55,1 = 1 p1111,1 = 1 p21,2 = 1

p45,2 = 1 p65,2 = 1 p1211,2 = 1 p1311,2 = 1

p1411,2 = 1 p31,3 = 1 p75,3 = 1 p85,3 = 1

p95,3 = 1 p1011,3 = 1 p1511,3 = 1 p1611,3 = 1

p1711,3 = 1 p1811,3 = 1 p1911,3 = 1 p2011,3 = 1

p22,4 = 1 p44,4 = 1 p66,4 = 1 p1212,4 = 1

p1313,4 = 1 p1414,4 = 1 p12,5 = k p54,5 = 1

p56,5 = k − 1 p1112,5 = 1 p1113,5 = 1 p1114,5 = k − 2

p22,6 = k − 1 p64,6 = 1 p46,6 = k − 1 p66,6 = k − 2

p1312,6 = 1 p1412,6 = 1 p1413,6 = 1 p1213,6 = 1

p1214,6 = k − 2 p1314,6 = k − 2 p1414,6 = k − 3 p32,7 = 1

p74,7 = 1 p86,7 = 1 p96,7 = 1 p1712,7 = 1

p1912,7 = 1 p1513,7 = 1 p1013,7 = 1 p1614,7 = 1

p1814,7 = 1 p2014,7 = 1 p32,8 = 1 p84,8 = 1

p76,8 = 1 p96,8 = 1 p1012,8 = 1 p1612,8 = 1

p1913,8 = 1 p2013,8 = 1 p1514,8 = 1 p1814,8 = 1

p1714,8 = 1 p32,9 = k − 2 p94,9 = 1 p76,9 = k − 2

p86,9 = k − 2 p96,9 = k − 3 p1512,9 = 1 p1713,9 = 1

p1812,9 = 1 p1613,9 = 1 p2012,9 = 1 p1813,9 = 1

p1014,9 = k − 2 p1514,9 = k − 3 p1614,9 = k − 3 p1714,9 = k − 3

p1914,9 = k − 2 p1814,9 = k − 4 p2014,9 = k − 3 p33,10 = 1

p77,10 = 1 p88,10 = 1 p99,10 = 1 p1010,10 = 1

p1515,10 = 1 p1616,10 = 1 p1717,10 = 1 p1818,10 = 1

p1919,10 = 1 p2020,10 = 1 p13,11 = k(k − 1) p57,11 = k − 1

p58,11 = k − 1 p59,11 = (k − 1)(k − 2) p1110,11 = 1 p1115,11 = k − 2

p1116,11 = k − 2 p1117,11 = k − 2 p1118,11 = (k − 2)(k − 3) p1119,11 = 1

p1120,11 = k − 2 p23,12 = k − 1 p48,12 = k − 1 p67,12 = 1

p69,12 = k − 2 p1210,12 = 1 p1415,12 = 1 p1216,12 = k − 2

p1417,12 = 1 p1418,12 = k − 3 p1319,12 = 1 p1320,12 = k − 2

p23,13 = k − 1 p47,13 = k − 1 p68,13 = 1 p69,13 = k − 2

p1310,13 = 1 p1315,13 = k − 2 p1416,13 = 1 p1217,13 = k − 2

p1418,13 = k − 3 p1219,13 = 1 p1420,13 = 1 p23,14 = (k − 2)(k − 1)
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p67,14 = k − 2 p68,14 = k − 2 p49,14 = (k − 1)(k − 2) p69,14 = (k − 2)(k − 3)

p1410,14 = 1 p1415,14 = k − 3 p1416,14 = k − 3 p1417,14 = k − 3

p1418,14 = (k − 3)(k − 4) p1419,14 = 1 p1420,14 = k − 3 p1215,14 = k − 2

p1316,14 = k − 2 p1317,14 = k − 2 p1218,14 = (k − 2)(k − 3) p1318,14 = (k − 2)(k − 3)

p1220,14 = k − 2 p33,15 = k − 2 p77,15 = k − 2 p98,15 = 1

p89,15 = k − 2 p99,15 = k − 3 p1510,15 = 1 p1515,15 = k − 3

p1015,15 = k − 2 p1816,15 = 1 p2016,15 = 1 p1717,15 = k − 3

p1917,15 = k − 2 p1618,15 = k − 3 p1818,15 = k − 4 p2018,15 = k − 3

p1719,15 = 1 p1620,15 = 1 p1820,15 = 1 p33,16 = k − 2

p97,16 = 1 p88,16 = k − 2 p79,16 = k − 2 p99,16 = k − 3

p1610,16 = 1 p1715,16 = 1 p1815,16 = 1 p1016,16 = k − 2

p1616,16 = k − 3 p1517,16 = 1 p1817,16 = 1 p1518,16 = k − 3

p1718,16 = k − 3 p1818,16 = k − 4 p2019,16 = 1 p1920,16 = k − 2

p2020,16 = k − 3 p33,17 = k − 2 p97,17 = 1 p78,17 = k − 2

p89,17 = k − 2 p99,17 = k − 3 p1710,17 = 1 p1615,17 = 1

p1815,17 = 1 p1716,17 = k − 3 p1916,17 = k − 2 p1817,17 = 1

p2017,17 = 1 p1618,17 = k − 3 p1818,17 = k − 4 p2018,17 = k − 3

p1519,17 = 1 p1020,17 = k − 2 p1520,17 = k − 3 p33,18 = (k − 2)(k − 3)

p97,18 = k − 3 p98,18 = k − 3 p79,18 = (k − 2)(k − 3) p89,18 = (k − 2)(k − 3)

p99,18 = (k − 3)(k − 4) p1810,18 = 1 p1615,18 = k − 3 p1715,18 = k − 3

p1815,18 = k − 4 p1516,18 = k − 3 p1816,18 = k − 4 p2016,18 = k − 3

p1517,18 = k − 3 p1817,18 = k − 4 p2017,18 = k − 3 p1018,18 = (k − 2)(k − 3)

p1518,18 = (k − 3)(k − 4) p1918,18 = (k − 2)(k − 3) p1618,18 = (k − 3)(k − 4) p2018,18 = (k − 3)(k − 4)

p1718,18 = (k − 3)(k − 4) p1818,18 = (k − 4)(k − 5) p1819,18 = 1 p1720,18 = k − 3

p1620,18 = k − 3 p1820,18 = k − 4 p33,19 = 1 p78,19 = 1

p87,19 = 1 p99,19 = 1 p1910,19 = 1 p2015,19 = 1

p1716,19 = 1 p1617,19 = 1 p1818,19 = 1 p1019,19 = 1

p1520,19 = 1 p33,20 = k − 2 p79,20 = k − 2 p87,20 = k − 2

p98,20 = 1 p99,20 = k − 3 p2010,20 = 1 p1915,20 = k − 2

p2015,20 = k − 3 p1516,20 = 1 p1816,20 = 1 p1017,20 = k − 2

p1617,20 = k − 3 p1718,20 = k − 3 p1518,20 = k − 3 p1818,20 = k − 4

p1619,20 = 1 p1720,20 = 1 p1820,20 = 1
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Postscript to the Original

Pages 1–18 reproduce Technical Report 90-22 (November 15, 1990) with its orig-

inal pagination. We have corrected typographical errors there, and we have filled

two small gaps. The typographical corrections are spelling and grammar slips, a

missing citation letter, a missing absolute value on p. 10, and the indices of the

reversed ordering on p. 14. The gaps are the definition of x(ij) for t = 1 in the

proof of Proposition 4, and the definition of σ on p. 7, which is undefined for

k = 3. Some of the material was later published, but with proofs that do not

use the spectral method, as J. Leung and J. Lee, Discrete Appl. Math. 50 (1994)

185–200. The new appendices B–D develop what the spectral method can further

do, in the terminology of Lee and Lee (1990).

Appendix B shows that the eigenvalues λ1 , . . . , λ7 in the proof of Proposition

2 are non-zero, which the proof needs, and gives formulas valid for k = 3.

Appendix C carries out the program proposed at the end of Section 5. It

gives a version of Theorem 4.4 of Lee and Lee for concordant faces that are not bal-

anced (Proposition 7), and the completely reduced form of the fence configuration

(Proposition 8). It gives a proof of Proposition 2 without symbolic computation

(Propositions 9–10), and the dimension and a maximal irredundant equation sys-

tem for every face of PAC(D) with the symmetry ofD; in particular, the symmetric

facets are exactly the t-reinforced inequalities (Proposition 11). Section C.5 treats

non-simple fences.

Appendix D demonstrates that each block rank is the dimension of the span

of a few explicit statistics (Proposition 15). It applies this to the linear ordering

polytope, where it determines all symmetric faces and gives a spectral proof of

Proposition 5 (Propositions 16–17), and to an unbalanced clique face of the forest

polytope (Proposition 18).

19

https://doi.org/10.1016/0166-218X(92)00151-B
https://doi.org/10.1016/0166-218X(92)00151-B
https://doi.org/10.1016/0024-3795(91)90074-7


Appendix B

The dimension count at the end of the proof of Proposition 2 requires that each of

λ1 , . . . , λ7 having positive multiplicity in B be non-zero. Then 0 is an eigenvalue

of B of multiplicity exactly one (namely λ0), and B has k2 non-zero eigenvalues,

counting multiplicities. (If two of λ1 , . . . , λ7 coincide for particular k and t, their

multiplicities simply add, which does not affect this count.) We verify this for all

k ≥ 3 and 1 ≤ t ≤ k − 2. Throughout, note that t ≤ k − 2 gives k − t ≥ 2 and

k − t− 1 ≥ 1.

Removing the factor k− 3. Exact symbolic factorization of the polynomials

of Section 2 shows that λ5 and λ7 contain the factor k−3, and that the coefficients

of x and x0 in the two quadratics defining r1 , r2 and r′1 , r
′
2 are divisible by k − 3

and (k − 3)2, respectively. Because (k − 3)(k − 4)! = (k − 3)!, let

σ̃ =
1

12

(k − 3)!

(k − t)!
,

which is defined and positive for all k ≥ 3. Then, with σ = σ̃/(k − 3) for k ≥ 4,

λ1 = σ̃r̃1 , λ2 = σ̃r̃2 , λ3 = σ̃r̃′1 , λ4 = σ̃r̃′2 ,

λ5 = 2σ̃ t(t+ 1)(k − 2)
(︁
k(t+ 2)− t2 − t− 1

)︁
,

λ6 = 6σ t(k − t)(k − t− 1)
(︁
(t+ 1)(k − t− 1)− 2

)︁
,

λ7 = 2σ̃ t
(︁
3k2t+ 3k2 − 5kt2 − 6kt− 7k + 2t3 + 4t2 + 4t+ 2

)︁
,

where r̃1 ≤ r̃2 are the roots of x
2+βx+γ and r̃′1 ≤ r̃′2 are the roots of x

2+β′x+γ′,
with

β = 3(k − 2)
(︁
−4k5 + 4k4t+ 4k4 + 4k3t2 − 4k3t− 4k2t3 − 8k2t2 − 8k2t− 8k2

− kt4 + 6kt3 + 7kt2 + 12kt+ 8k + t5 + t4 − t3 − 5t2 − 4t
)︁
,

γ = 36(k − t)(k − 1)(k − 2)2
(︂(︁

2k(k − 1) + t(t+ 1)
)︁2

+ 4k(k − 1 + t2)
)︂
,

β′ = 6(k − t)
(︁
−2k2t− 2k2 − kt3 + kt2 + 6kt+ 6k + t4 + t3 − t2 − 5t− 4

)︁
,

γ′ = 72 t(t+ 1)(k − 2)(k − t)2(k − t− 1).

Indeed, r̃i = ri/(k− 3) and r̃′i = r′i/(k− 3), so for k ≥ 4 these agree with Section
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2; all of these identities were obtained by exact symbolic computation. Only λ6

still involves σ, and for k = 3 its multiplicity k(k − 3)/2 is zero, so it does not

occur. Thus the expressions above, together with Table 1, give the spectrum of

B for every k ≥ 3. For example, for k = 3 (so t = 1 and σ̃ = 1/24) they give

the eigenvalues 0; (61 ±
√
3489)/2; 2 ±

√
3, each twice; and 1 three times (as

λ5 = λ7 = 1).

Non-vanishing. Each factor below is positive for k ≥ 3 and 1 ≤ t ≤ k − 2,

and σ̃ > 0.

• λ1λ2 = σ̃2γ > 0: the factors k − t, k − 1, (k − 2)2 are positive, and the last

factor of γ is a square plus 4k(k − 1 + t2) > 0. Hence λ1 ̸= 0 and λ2 ̸= 0.

• λ3λ4 = σ̃2γ′ > 0, because t, t+1, k−2, (k− t)2 and k− t−1 are all positive.

• λ5 > 0, because k ≥ t+2 gives k(t+2)−t2−t−1 ≥ (t+2)2−t2−t−1 = 3t+3.

• λ6 > 0 whenever it occurs (k ≥ 4): then σ > 0, and (t+ 1)(k− t− 1)− 2 is

at least t+ 1− 2 ≥ 1 if t ≥ 2, and equals 2(k − 3) ≥ 2 if t = 1.

• λ7 > 0: substituting k = t + 1 +m with m = k − t− 1 ≥ 1, the last factor

of λ7 becomes

3(t+ 1)m2 + (t2 + 6t− 1)m+ 2(t2 − 1) ≥ 6 + 6 + 0 = 12.

Hence λ1 , . . . , λ7 are non-zero whenever their multiplicities are positive, and B

has exactly k2 non-zero eigenvalues for all k ≥ 3 and 1 ≤ t ≤ k − 2.
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Appendix C

This appendix carries out the step proposed at the end of Section 5. We use

the terminology of Lee and Lee (1990), which appeared as Linear Algebra Appl.

159 (1991) 11–41: the balance conditions (their (2.1)), concordance (their (3.1)),

and the completely reduced form, in which the algebra spanned by the Bi is block

diagonal with inequivalent blocks ∆j(w) of order ej , each repeated zj times, acting

on orthogonal invariant subspaces Lj of dimension ejzj . As there, yj(τ) is the

number of non-zero eigenvalues of ∆j(τ). We find:

• a form of Theorem 4.4 of Lee and Lee (1990) for polytopes that are concor-

dant but not balanced (Proposition 7),

• the completely reduced form of the configuration of a simple k-fence (Propo-

sition 8),

• a short proof of Proposition 2 that needs no symbolic computation (Propo-

sitions 9 and 10), and

• the dimension and a maximal irredundant equation system of every face of

PAC(D) that shares the symmetry of D, with the consequence that the t-

reinforced inequalities are exactly the symmetric facets (Table 2, Proposition

11).

C.1 Concordant polytopes without balance

Let X ⊆ RE be finite, ρ = |X|, P = conv(X), and let R = (Ri : i ∈ T ) be a

coherent configuration on E with fibers Ei (i ∈ J ), κi = |Ei| and di the incidence

vector of Ei . Suppose P is concordant with respect to R, so that their (3.1) holds

with parameters τi , and suppose that the column sums
∑︁

x∈X xe are constant on

each fiber, which is their (2.1.ii) and which their (3.1) implies when X ⊆ {0, 1}E.
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We do not assume their (2.1.i). Let ϖ : RE → RJ , ϖ(x)i =
∑︁

e∈Ei
xe , be the

fiber-sum map.

Proposition 7 Under these hypotheses,

dim(P) = dim(ϖ(P)) +
m∑︂
j=1

zj yj(τ).

Proof. Let Â = [A | 1], with e0 the index of the column 1, and let B̂ = ÂT Â,

so that rank B̂ = dim(P) + 1. In Lee and Lee (1990), CE = L0 ⊕ · · · ⊕ Lm

orthogonally, with L0 = span{di : i ∈ J }. Let y ∈ Lj with j ≥ 1. The e0-

entry of B̂y is 1TAy =
∑︁

e

(︁∑︁
x xe
)︁
ye , which vanishes because the column sums

are constant on fibers and y ⊥ di. Hence B̂y = B(τ)y, and {ee0} ∪ L0 spans

an invariant complement L̂0 of L1 ⊕ · · · ⊕ Lm . As B̂ is symmetric and positive

semidefinite, its rank is the sum of its ranks on these invariant subspaces. On Lj

(j ≥ 1) the rank is zjyj(τ). On L̂0 it is the rank of Â there, that is, of the matrix

with rows (1, ϖ(x)), x ∈ X, which is 1 + dim(ϖ(P)). ■

If P is balanced, then ϖ(P) is the single point (Ri)i∈J , and Proposition 7 is

Theorem 4.4 of Lee and Lee (1990). In general, ϖ(P) is a polytope of dimension at

most |J |, so dropping the balance conditions costs one small extra computation.

The proof of Proposition 2 instead adjoins 1 as a third fiber. The resulting 3× 3

block has eigenvalues λ0 , λ1 , λ2 , and by Proposition 7 only its rank 1+dim(ϖ(P))

matters: for (7) it is 2, because ϖ maps the face onto a segment. Thus λ1 and

λ2 , and part (i) of Appendix B, are not needed.

C.2 The fence configuration

Let D be a simple k-fence with k ≥ 4, E = F1 ∪ F2 , ph = (uh , wh) and qab =

(wa , ub). The relations Ri , i ∈ TE = T \ {1, 2, 3, 5, 11}, restricted to E × E,

are exactly the orbits of Sk (acting on indices) on E × E. They form a coherent
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configuration with fibers F1 , F2 and 15 classes. For every Sk-invariant X, the

polytope P is concordant with respect to it.

For an index h, let yh,1 = eph , y
h,out =

∑︁
j ̸=h eqhj (pickets leaving wh) and

yh,in =
∑︁

j ̸=h eqjh (pickets entering uh), and let ȳ denote projection orthogonal to

L0 = span{d1, d2}, where d1 and d2 are the incidence vectors of F1 and F2 . Call

a function φ on ordered pairs a ̸= b balanced if all its row sums
∑︁

b φ(a, b) vanish,

and let fφ =
∑︁
φ(a, b)eqab .

Proposition 8 The completely reduced form of the fence configuration has the

shape

j 0 1 2 3

ej 2 3 1 1

zj 1 k − 1 k(k−3)
2

(k−1)(k−2)
2

with
∑︁
e2j = 15 and

∑︁
ejzj = k2. Its invariant subspaces have the following bases:

• L0: {d1, d2};

• L1: {ȳh,1, ȳh,out, ȳh,in : h ̸= h0}, for any fixed index h0;

• L2: {fφ} for φ ranging over a basis of the symmetric balanced functions

(equivalently, of the kernel of the unsigned incidence matrix of Kk);

• L3: {fφ} for φ ranging over a basis of the antisymmetric balanced functions

(equivalently, of the cycle space of Kk).

For h ̸= h0 , B(ω) [ȳh,1 ȳh,out ȳh,in] = [ȳh,1 ȳh,out ȳh,in] ∆1(ω), and B(ω)fφ =
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∆2(ω)fφ or ∆3(ω)fφ according as φ is symmetric or antisymmetric, where

∆1(ω) = (sij) with s11 = ω4 − ω6 , s21 = ω13 − ω14 , s31 = ω12 − ω14 ,

s12 = (k − 1)ω7 − ω8 − (k − 2)ω9 , s13 = (k − 1)ω8 − ω7 − (k − 2)ω9 ,

s22 = ω10 + (k − 2)ω15 − ω16 − (k − 3)ω18 − ω20 ,

s33 = ω10 + (k − 2)ω16 − ω15 − ω17 − (k − 3)ω18 ,

s23 = (k − 2)ω20 − ω15 − ω17 − (k − 3)ω18 + ω19 ,

s32 = (k − 2)ω17 − ω16 − (k − 3)ω18 + ω19 − ω20 ,

∆2(ω) = ω10 − ω15 − ω16 − ω17 + 2ω18 + ω19 − ω20 ,

∆3(ω) = ω10 − ω15 − ω16 + ω17 − ω19 + ω20 .

The shape follows from the decomposition of the permutation modules CF1 =

S(k) ⊕ S(k−1,1) and CF2 = S(k) ⊕ 2S(k−1,1) ⊕ S(k−2,2) ⊕ S(k−2,1,1) of Sk . The blocks

follow from Schur’s lemma. Each entry is an elementary count, a polynomial in

k of degree at most 2; we determined each by exact computation for 4 ≤ k ≤ 10,

which therefore fixes it. (The block ∆0 , which is not needed below, is the lower

right 2× 2 part of the matrix of B(ω) on {ee0 , d1, d2}.)

The reversal. Reversing every arc of D and exchanging uh ↔ wh fixes each

pale, maps qab ↦→ qba , and maps acyclic subgraphs to acyclic subgraphs. On the

classes it exchanges R7 ↔ R8 , R12 ↔ R13 , R15 ↔ R16 and R17 ↔ R20 . If ω is

invariant under this exchange (as are the τi of Section 2, and of every face below),

then in the basis ȳh,1, ȳh,out + ȳh,in, ȳh,in − ȳh,out the block ∆1 splits as ∆′
1 ⊕∆′′

1:

∆′
1(ω) =

(︄
ω4 − ω6 2(k − 2)(ω7 − ω9)

ω12 − ω14 ω10 + ω19 + (k − 4)(ω15 + ω17)− 2(k − 3)ω18

)︄
,

∆′′
1(ω) = ω10 + (k − 2)(ω15 − ω17)− ω19 .

The three basis vectors are mutually orthogonal, so ∆′
1(τ) is similar, by a diagonal

matrix that depends only on k, to a symmetric positive semidefinite matrix.

What this says about Section 2. The last row of Table 1 lists the zj (with

λ0 , λ1 , λ2 from the block on {ee0 , d1, d2}), so the Vandermonde system is not

needed. By an exact symbolic computation with the τi of Section 2, the eigenvalues
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of ∆′
1(τ) are λ3 , λ4 , and λ5 = ∆′′

1(τ), λ6 = ∆2(τ) and λ7 = ∆3(τ), which are linear

in the τi . The zero eigenvalue λ0 is the equation (7) itself.

C.3 The vertex faces, and a short proof of Proposition 2

For 0 ≤ s ≤ k, let Xs be the set of points (8) with t = s: the pales ph with h in an

ordered s-tuple S, and every picket except the qab with a, b ∈ S and a after b in

S. Write (x)j = x(x− 1) · · · (x− j +1), so that |Xs| = (k)s . Each Xs is invariant

under Sk and under the reversal (reverse the tuple).

Proposition 9 For 0 ≤ s ≤ k, with N = (k)s , the parameters of Xs satisfy

∆′
1(τ)11 =

N s(k − s)

k(k − 1)
, ∆′

1(τ)

(︃
s− 1

1

)︃
= 0, ∆′′

1(τ) =
N (s)2(s+ 1)

6 (k)2
,

∆2(τ) =
N (s)2 (k − s)2

2 (k)4
, ∆3(τ) =

N (s)2 (3k − 2s− 2)

6 (k)2 (k − 2)
.

Proof. The first formula is τ4 − τ6 = N s
k
−N s(s−1)

k(k−1)
. For the second, every x ∈ Xs

satisfies the k equations

gh : (s− 1) xph +
∑︂
j ̸=h

(︁
xqhj + xqjh

)︁
= 2(k − 1) (1 ≤ h ≤ k),

because if h is in position j of S, exactly (j − 1) + (s− j) = s− 1 of the pickets

at h are absent, and none are absent if h /∈ S. So A annihilates (s − 1)(yh,1 −

yh
′,1) + (yh,out + yh,in)− (yh

′,out + yh
′,in), and hence so does B(τ). This vector has

coordinates (s− 1, 1) in the basis of ∆′
1 . In ∆′′

1 , ∆2 and ∆3 the coefficients of the

τi sum to zero, so we may replace each τi by τ
′
i = |{x ∈ Xs : xf = xg = 0}| for

(f, g) ∈ Ri . A picket qab is absent exactly when a, b ∈ S and a follows b, and S is

a uniformly random ordered s-tuple, so

τ ′10 =
N(s)2
2(k)2

, τ ′15 = τ ′16 =
N(s)3
3(k)3

, τ ′17 = τ ′20 =
N(s)3
6(k)3

, τ ′18 =
N(s)4
4(k)4

, τ ′19 = 0.

For example, R17 prescribes one of the 3! orders of three indices, and in R19 both
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qab and qba would have to be absent. Substitution gives the stated values. ■

Proposition 10 Let k ≥ 4. The dimensions of the faces of PAC(D) with point

sets Xs (0 ≤ s ≤ k) and Xt∪Xt+1 (0 ≤ t ≤ k−1) are as in Table 2. In particular,

for 1 ≤ t ≤ k− 2 the t-reinforced k-fence inequality represents a facet of PAC(D).

Proof. By Proposition 7, the dimension of the face is

dim(ϖ) + (k − 1)
(︁
rk∆′

1 + rk∆′′
1

)︁
+ k(k−3)

2
rk∆2 +

(k−1)(k−2)
2

rk∆3 ,

where each of the 1× 1 blocks ∆′′
1 , ∆2 , ∆3 has rank 1 if it is non-zero and rank

0 otherwise.

For Xs , ϖ(Xs) is a point. By Proposition 9, ∆′
1 is singular. It is non-zero

for 1 ≤ s ≤ k − 1; for s ∈ {0, k} its first column vanishes (τ4 = τ6 and τ12 = τ14),

and then the kernel vector (s− 1, 1) forces it to vanish entirely. Also ∆′′
1 and ∆3

are non-zero exactly when s ≥ 2, and ∆2 exactly when 2 ≤ s ≤ k − 2.

For Xt ∪ Xt+1 , ϖ is an edge of dimension 1, and the parameters, hence

the blocks, are sums over the two sets. By Proposition 9, every scalar block is

a sum of non-negative terms. For 1 ≤ t ≤ k − 2, the matrix ∆′
1 is (up to the

fixed similarity) a sum of two rank-one positive semidefinite matrices with distinct

kernels (t−1, 1) and (t, 1), so it has rank 2. Moreover, ∆′′
1 , ∆2 and ∆3 are positive,

because t+1 ≥ 2, and because one of t, t+1 lies in [2, k−2]. Hence the dimension

is 1 + 3(k − 1) + k(k−3)
2

+ (k−1)(k−2)
2

= k2 − 1. The cases t = 0 and t = k − 1 are

similar. ■

Compared with the proof in Section 2, this argument uses no symbolic computa-

tion, no Vandermonde system and none of the eigenvalue formulas. As Lee and

Lee (1990) anticipated, the marginal work is calculating a few of the parameters

τi , and here only for the vertex sets Xs .
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C.4 All symmetric faces

If an acyclic subgraph uses s pales ph , h ∈ H, then a picket qab can lie on a cycle

only if a, b ∈ H. Every cycle alternates pales and pickets, so the pickets qab with

a, b ∈ H, read as arcs a → b, must form an acyclic digraph on H, which has at

most
(︁
s
2

)︁
arcs. Hence ϖ(PAC(D)) is the polygon

Π =
{︂
(ξ, η) : ξ ≥ 0, η ≥ 0, ξ ≤ k, tξ + η ≤ k(k − 1) +

(︁
t+1
2

)︁
(0 ≤ t ≤ k − 1)

}︂
,

with vertices (0, 0), (k, 0) and Vs = (s, k(k − 1) −
(︁
s
2

)︁
) = ϖ(Xs), and edges on

the lines ξ = 0, η = 0, ξ = k and Et = [Vt , Vt+1]. An Sk-invariant face is exposed

by an invariant inequality (average any exposing inequality over Sk), and such an

inequality is constant on F1 and on F2 . So the Sk-invariant faces of PAC(D) are

exactly the preimages of the faces of Π. They are listed in Table 2, together with a

maximal irredundant system of equations for each, as in Section 5 of Lee and Lee

(1990). Because the dimensions are known, it suffices that the listed equations

are valid and linearly independent, and that their number is the codimension.

face (preimage of) dimension maximal irredundant equation system

V1 k − 1 xq = 1 (q ∈ F2);
∑︁

h xph
= 1

Vs , 2 ≤ s ≤ k − 2 k2 − k − 1
∑︁

h xph
= s;

∑︁
q xq = k(k − 1)−

(︁
s
2

)︁
; gh (h ̸= h0)

Vk−1
(k−1)(k+2)

2

∑︁
h xph

= k − 1; cab: xqab
+ xqba + xpa

+ xpb
= 3 (a < b)

Vk

(︁
k
2

)︁
xph

= 1 (all h); xqab
+ xqba = 1 (a < b)

E0: η ≤ k(k − 1) k xq = 1 (q ∈ F2)

Et , 1 ≤ t ≤ k − 2: (7) k2 − 1 (7) with equality

Ek−1

(︁
k+1
2

)︁
cab (a < b)

ξ ≥ 0 k(k − 1) xp = 0 (p ∈ F1)

η ≥ 0 k xq = 0 (q ∈ F2)

ξ ≤ k k(k − 1) xp = 1 (p ∈ F1)

Table 2: The faces of PAC(D) invariant under Sk (k ≥ 4), besides the three
single points over (0, 0), (k, 0) and V0 . Here gh is as in the proof of

Proposition 9, and h0 is any fixed index.

The dimensions of Vs and Et are those of Proposition 10. The face ξ ≥ 0 is
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the cube of picket sets, η ≥ 0 the cube of pale sets, and ξ ≤ k is affinely isomorphic

to the full-dimensional acyclic subgraph polytope of the complete digraph on the

k indices. Validity of the equations was shown above (for gh) or is immediate: on

Xk−1 ∪ Xk , either all pales are present and exactly one of qab , qba is, or only pm

is missing, in which case qab , qba are both present when m ∈ {a, b} and exactly

one of them is present otherwise. Each system is independent, because each cab

is the only equation involving qab , and for s ≥ 2 the pale coefficients separate gh

from
∑︁
xph . As in Lee and Lee (1990), the equations arise from the invariant

subspaces on which the blocks vanish. For instance, for Ek−1 the
(︁
k
2

)︁
equations

cab span the equation (7) from L0 , k − 1 equations from the kernel of ∆′
1 , and

the k(k−3)
2

equations of L2 , where ∆2 = 0.

Proposition 11 For k ≥ 3, the facets of PAC(D) that are invariant under Sk are

exactly those represented by the t-reinforced k-fence inequalities (7), 1 ≤ t ≤ k−2.

Every other Sk-invariant face has dimension at most k2 − k.

Proof. For k ≥ 4 this is read off from Table 2 (a facet must lie over an edge of

Π, because the preimage of a vertex lies in the preimage of an incident edge).

For k = 3, the facet t = 1 is Proposition 2. The remaining faces have dimension

at most k(k − 1) by the elementary bounds: the faces ξ ≥ 0 and ξ ≤ k lie in

{x ∈ RE : xe = 0 for all e ∈ F1} and {x ∈ RE : xe = 1 for all e ∈ F1}, E0 has

k + 1 points, and Ek−1 satisfies the equations cab . ■

C.5 Non-simple fences

Subdividing arcs breaks the symmetry of D down to a subgroup, and Proposi-

tion 7 still applies, with a coarser configuration. It turns out that no further

spectral computation is needed: subdivision changes dimensions additively, by

the following two elementary facts. For an arc e subdivided into m pieces, the lift
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of an inequality aTx ≤ a0 gives each piece the coefficient ae and has right-hand

side a0+(m− 1)ae , as in Proposition 3. Say that a face F misses e if some point

of F does not contain e.

Proposition 12 Let aTx ≤ a0 be valid for PAC(G), with face F , and let ae > 0.

Subdivide e into m pieces. Then the lifted inequality is valid for the new graph,

and its face F ′ consists of the points obtained from the points x ∈ F by taking all

pieces if xe = 1, and all pieces but one (in any of m ways) if xe = 0. Hence

dim(F ′) =

{︄
dim(F ) +m− 1, if F misses e;

dim(F ), otherwise.

Proof. An acyclic subgraph of the new graph contains all pieces of e only if its

contraction contains e, so the sum of the piece variables is at most xe +m − 1,

with equality exactly as described; this gives validity and the description of F ′,

because ae > 0. On F ′ the pieces satisfy one equation, and if F misses e, then

varying the absent piece at such a point gives m − 1 new affinely independent

directions; otherwise all pieces equal 1 on F ′. ■

Proposition 13 Let h be a node whose only arcs are e1 = (i, h) and e2 = (h, j),

and let cTx ≤ c0 represent a facet F of PAC(G). If ce1 ̸= ce2 , then F is contained

in one of {x ∈ RA : xe1 = 1}, {x ∈ RA : xe2 = 1}, {x ∈ RA : xe1 = 0},

{x ∈ RA : xe2 = 0}. If ce < 0 for any arc e, then F ⊆ {x ∈ RA : xe = 0}.

Proof. Deleting an arc preserves acyclicity, so if ce < 0 no tight point contains

e. Let ce1 > ce2 ; the other case is symmetric. Exchanging e2 for e1 preserves

acyclicity, because neither set contains the whole path. So no tight point contains

e2 but not e1 . If some tight point contains neither, then adding e1 shows ce1 ≤ 0,

so ce2 < 0 and F ⊆ {x ∈ RA : xe2 = 0}. Otherwise every tight point contains

e1 , and F ⊆ {x ∈ RA : xe1 = 1}. ■

Lifted symmetric faces. Let D′ be any k-fence (k ≥ 4), with M1 subdivision

nodes on pales and M2 on pickets, so |A′| = k2 +M1 +M2 . The faces Et (1 ≤
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t ≤ k− 1) and Vs (1 ≤ s ≤ k) of Table 2 are exposed by inequalities with positive

coefficients on all arcs. For Vs use the sum of the inequalities of Es−1 and Es; for

Vk add ξ ≤ k to Ek−1 . So Proposition 12 applies arc by arc. Every one of these

faces misses some pale, except Vk , and misses some picket, except V1 . Hence their

lifts to PAC(D
′) have dimensions

lifted face dimension lifted face dimension

V1 k − 1 +M1 Vk

(︁
k
2

)︁
+M2

Vs , 2 ≤ s ≤ k − 2 k2 − k − 1 +M1 +M2 Et , 1 ≤ t ≤ k − 2 |A′| − 1

Vk−1
(k−1)(k+2)

2 +M1 +M2 Ek−1

(︁
k+1
2

)︁
+M1 +M2

The entry for Et is Proposition 1 for D′ itself. In passing to D′ the codimension

grows by M2 for V1 and by M1 for Vk (the new equations are x = 1 on every piece

of every picket, respectively of every pale), and is otherwise unchanged.

Proposition 14 Let k ≥ 3, and let D′ be obtained from a simple k-fence by

subdividing every pale into a pieces and every picket into b pieces. Then the facets

of PAC(D
′) that are invariant under Sk are exactly the lifts of the t-reinforced

k-fence inequalities, 1 ≤ t ≤ k − 2.

Proof. The lifts are facets by Proposition 1. Conversely, let F be an invariant

facet. It is not contained in any {x ∈ RA′
: xe = 0} or {x ∈ RA′

: xe = 1},

because by invariance it would then lie in at least k ≥ 3 such hyperplanes. So

by Proposition 13 its coefficients are constant along each subdivided arc and non-

negative, and by invariance they take one value α on all pale pieces and one value

β on all picket pieces. If β = 0, then F lies where all pale pieces are present, which

is excluded; likewise if α = 0. So α, β > 0, and F is the lift of the invariant face F0

of PAC(D) exposed by αξ+βη ≤ c0−(a−1)kα−(b−1)k(k−1)β. This inequality

is valid, because every point of PAC(D) lifts to a point of PAC(D
′) with the same

value. By Proposition 12, dim(F0) ≥ dim(F )− (a−1)k− (b−1)k(k−1) = k2−1.

So F0 is an invariant facet of PAC(D), and Proposition 11 completes the proof. ■
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Appendix D

This appendix applies the spectral method of Appendix C to two further poly-

topes: the linear ordering polytope of Section 4, and an unbalanced clique face

from the setting of Lee and Lee (1990). Both rest on a convenient way of evalu-

ating the ranks yj(τ).

D.1 Block ranks are small spans

Let a finite group Γ act on E, and let X ⊆ RE be finite and Γ-invariant. The

orbits of Γ on E×E form a coherent configuration with respect to which conv(X)

is concordant. Its inequivalent blocks ∆j correspond to the irreducible Γ-modules

Vj in CE: the order ej is the multiplicity of Vj , and zj = dimVj .

Proposition 15 Let ι1 , . . . , ιej : Vj → RE be linearly independent Γ-equivariant

maps, and let 0 ̸= v ∈ Vj . Then

yj(τ) = rank∆j(τ) = dim span
{︂(︁

⟨ι1(v), x⟩, . . . , ⟨ιej(v), x⟩
)︁
: x ∈ X

}︂
.

Proof. Changing the ιr by an invertible matrix changes neither side, so we may

take them isometric with orthogonal images. B = ATA =
∑︁

x∈X xx
T commutes

with Γ. By Schur’s lemma it acts on
⨁︁

r ιr(Vj) as M ⊗ I, where M is equivalent

to ∆j(τ) and Mrr′ = ⟨ιr(v), B ιr′(v)⟩/∥v∥2 =
∑︁

x⟨ιr(v), x⟩⟨ιr′(v), x⟩/∥v∥2. Thus

M = W TW/∥v∥2, where W has rows (⟨ιr(v), x⟩)r , and rankM = rankW . ■

With Proposition 7, the dimension of a Γ-invariant face is dim(ϖ) plus
∑︁

j zj

times the dimension of the span of at most ej explicit statistics, and no parameter

τi needs to be computed. For the fence configuration, the statistics for L1 are,

with c = e1 − e2 , the differences between indices 1 and 2 of the pale indicator,

the number of pickets leaving wh , and the number entering uh . For L2 and L3

they are ⟨fφ , x⟩ for one symmetric, respectively antisymmetric, balanced φ. In
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this form Proposition 10 reduces to exhibiting a few points, and that is how it is

used below.

D.2 The linear ordering polytope

Let D be a simple k-fence on N = U ∪W , k ≥ 4, and consider P2k
LO. By (10) each

x(j, i) = 1−x(i, j), so we may use the coordinates E ′ = F1∪F2∪UU∪WW , where

UU and WW contain all ordered pairs within U and within W ; affine dimensions

are unchanged. The group Sk acts on indices, with fibers F1 , F2 , UU,WW , and

ϖ(x) = (ξ, η,
(︁
k
2

)︁
,
(︁
k
2

)︁
) with ξ = ξ(x) =

∑︁
F1
x and η = η(x) =

∑︁
F2
x. For index h

let

ν(h) =
(︁
x(uh , wh), #{b : wh ≺ ub}, #{a : wa ≺ uh},

#{b : uh ≺ ub}, #{b : wh ≺ wb}
)︁
∈ R5,

where ≺ is the order. (The in-degree statistics in UU and WW are complements

of the out-degrees.) For indices a, b, c, let

ψ =
(︁
ψF , ψU , ψW

)︁
, ψF =

∑︂
cyc

(︁
x(wa , ub)− x(wb , ua)

)︁
,

ψU =
∑︂
cyc

(︁
x(ua , ub)− x(ub , ua)

)︁
,

with ψW analogous. On the copies of S(k−2,2) in UU and WW , every point of

P2k
LO gives 0. So Propositions 7 and 15 give, for every Sk-invariant set O of linear

orders,

dim = dim(ϖ) + (k − 1) r1 +
k(k−3)

2
r2 +

(k−1)(k−2)
2

r3 , (D1)

where

• r1 ≤ 5 is the dimension of the span of ν(h)− ν(h′) (h ̸= h′),

• r2 ≤ 1 is the dimension of the span of ⟨fφ , x⟩, for symmetric φ on F2 , and
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• r3 ≤ 3 is the dimension of the span of ψ.

For P2k
LO itself, (D1) gives 2 + 5(k − 1) + k(k−3)

2
+ 3(k−1)(k−2)

2
=
(︁
2k
2

)︁
, as it should.

Proposition 16 Let 0 ≤ s ≤ k. A linear order of U ∪W has s pales and the

maximum number k(k − 1)−
(︁
s
2

)︁
of pickets if and only if it has the form

(wh : h /∈ H, any order) uh1wh1 uh2wh2 · · ·uhswhs (uh : h /∈ H, any order)

for an ordered s-tuple H = (h1 , . . . , hs). There are k! (k − s)! such orders; call

this set Ys . Its incidence vectors restricted to F1 ∪ F2 form the set Xs of Section

C.3, each point repeated ((k − s)!)2 times.

Proof. By the bound of Section C.4 the maximum forces every picket qab with

a /∈ H or b /∈ H to be present, and exactly one of qab , qba for a, b ∈ H. So each

wa (a /∈ H) precedes every u, each ub (b /∈ H) follows every w, and the intervals

[uh , wh], h ∈ H, are pairwise disjoint. ■

Reversing an order is a symmetry of P2k
LO that maps (ξ, η) to (k− ξ, k(k−1)−η).

So ϖ(P2k
LO) is the polygon ΠLO with upper vertices Vs = (s, k(k − 1) −

(︁
s
2

)︁
) and

lower vertices V̄s = (s,
(︁
k−s
2

)︁
), 0 ≤ s ≤ k, and with edges

• Et = [Vt , Vt+1], the faces of the t-reinforced inequalities (7);

• Ēt = [V̄t , V̄t+1], the images of Ek−1−t under reversal; and

• the vertical edges on the lines ξ = 0 and ξ = k.

The faces Ēt are the (k − 1 − t)-reinforced inequalities of the reversed fence D̄,

which has pales (wh , uh) and pickets (ub , wa).

Proposition 17 Let k ≥ 4. The Sk-invariant faces of P2k
LO are the preimages of

the faces of ΠLO , with
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face (r1 , r2 , r3) dimension face (r1 , r2 , r3) dimension

V0 (2, 0, 2) k(k − 1) E0 (3, 0, 2) k2

V1 (3, 0, 2) k2 − 1 Et , 1 ≤ t ≤ k − 2 (5, 1, 3)
(︁
2k
2

)︁
− 1

Vs , 2 ≤ s ≤ k − 2 (4, 1, 3)
(︁
2k
2

)︁
− k − 1 Ek−1 (2, 0, 1)

(︁
k+1
2

)︁
Vk−1 (2, 0, 1) (k−1)(k+2)

2 ξ = 0 (4, 1, 3)
(︁
2k
2

)︁
− k

Vk (1, 0, 1)
(︁
k
2

)︁
and V̄s ∼= Vk−s , Ēt

∼= Ek−1−t , {x ∈ P2k
LO : ξ(x) = k} ∼= {x ∈ P2k

LO : ξ(x) = 0}

under reversal. In particular, the Sk-invariant facets of P2k
LO are exactly the t-

reinforced k-fence inequalities of D and of D̄, 1 ≤ t ≤ k − 2. By Proposition 6

the former represent facets of Pn
LO for every n ≥ 2k; this is Proposition 5.

Proof. The first claim is as in Section C.4. For the ranks, Proposition 16 gives

the statistics of Ys explicitly. An index h ∈ H in position j has ν(h) = (1, k −

j, k − 1− s+ j, k − j, s− j). An index h /∈ H whose wh is in position α among

the w’s outside H, and whose uh is in position β among the u’s outside H, has

ν(h) = (0, k − 1, k − 1, k − s− β, k − α).

• r1 for Ys . Two indices in H contribute the direction d = (0,−1, 1,−1,−1)

(if s ≥ 2). Two indices outside H, whose α and β can be permuted inde-

pendently, contribute e4 and e5 (if k − s ≥ 2). An index in H against one

outside gives a vector ≡ (1, 0, 1 − s, 0, 0) modulo e4 , e5 (if 1 ≤ s ≤ k − 1).

This gives the column r1 for the Vs .

• r1 for Et , 1 ≤ t ≤ k − 2. Both s = t and s = t + 1 occur, so (1, 0, 1− t)−

(1, 0,−t) yields e3 , and then d yields e2 , giving r1 = 5. For E0 and Ek−1

the same bookkeeping gives 3 and 2.

• r3 . If a, b, c ∈ H, then ψF = ψU = ψW is the orientation of the tuple. If

c /∈ H and a, b ∈ H, all three equal the orientation of (a, b) in H. If at most

one of them lies in H, then ψF = 0 and ψU , ψW = ±1 independently. So

r3 = 3 when 2 ≤ s ≤ k − 2 (or both kinds occur), r3 = 2 when s ≤ 1, and

r3 = 1 when s ≥ k − 1.
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• r2 . By Proposition 16 this is the same as for Xs , so by Proposition 9 it is

1 exactly when some s ∈ [2, k − 2] occurs.

• The face ξ = 0. It contains Y0 , which gives e4 , e5 and r3 ≥ 2. It contains the

reversal of Yk , which gives d and ψF ̸= 0. It contains w1u1w2 · · ·wku2 · · ·uk ,

which against w1 · · ·wku1 · · ·uk gives (0, 1,−(k − 1), 0, 0). And it contains

w1w2u1u2w3 · · ·wku3 · · ·uk , on which ⟨fφ , x⟩ = 2 for φ = e12+e34−e13−e24 .

Also r1 ≤ 4, because x(uh , wh) = 0.

Finally, dim(ϖ) is 0 on vertices and 1 on edges, and (D1) gives the table. ■

D.3 An unbalanced clique face

The faces treated by Lee and Lee (1990) are balanced. Proposition 7 removes this

restriction, and their blocks for the clique scheme (their Tables 2 and 3) can then

be used unchanged. As an example, take the forest polytope of Kn , the convex

hull of the incidence vectors of forests, which is full-dimensional, and the clique

inequality x(E(Kp)) ≤ p− 1. Its tight forests contain a spanning tree of Kp , but

the numbers of their edges in the cut E9 and outside E18 vary, so the face is not

balanced.

Proposition 18 For p ≥ 4 and n − p ≥ 4, the inequality x(E(Kp)) ≤ p − 1

represents a facet of the forest polytope of Kn .

Proof. The group is Sp×Sn−p , and Lee and Lee’s invariant subspaces L1 , . . . ,L5

(their Section 5) supply the statistics of Proposition 15. Write m = n − p. Here

dim(ϖ) ≤ 2, because the inside sum is fixed, and it equals 2, because a spanning

tree of Kp together with no edge, one cut edge, or one outside edge gives three

affinely independent images. For the blocks:
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• L3 (e3 = 2): for inside vertices a, b, the differences of inside degree and of

cut degree. A star at a and a star at b give (±(p− 2), 0), and adding a cut

edge at a gives (·, 1); so y3 = 2.

• L1 (e1 = 2): for outside vertices a, b, the differences of cut degree and of

outside degree. A tree plus a cut edge at a gives (1, 0), and a tree plus an

edge from a to a third outside vertex gives (0, 1); so y1 = 2.

• L2 , L5 (e = 1): with φ = eab + ecd − eac − ebd , a tree plus the outside edge

ab gives value 1, and a spanning tree of Kp containing ab, bc and cd (for

inside a, b, c, d) gives value 2.

• L4 (e = 1): Lee and Lee’s vector t(j,k) takes the value 1 on a tree plus the

cut edge (j, k).

Hence, with their zj ,

dim = 2+2(m−1)+
(︁(︁

m
2

)︁
−m

)︁
+2(p−1)+(p−1)(m−1)+

(︁(︁
p
2

)︁
−p
)︁
=
(︁
n
2

)︁
−1. ■

This facet is classical (it is a closed, connected flat of the graphic matroid). The

point is that the spectral method proves it by exhibiting a handful of forests,

one for each block, and without any parameter τi . Propositions 7 and 15 can

be applied in the same way to other unbalanced faces in the clique scheme. The

odd-clique faces of the bipartite subgraph polytope would be a natural next test.
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