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Abstract

In this paper, we study nonconvex constrained optimization with expectation equality constraints and
non-negative bounds under heavy-tailed noise. The objective gradients, constraint values, and constraint
Jacobian are accessed through stochastic oracles whose errors have bounded pth central moments for
some p P p1, 2q. These conditions allow infinite-variance errors for the three types of stochastic oracles,
rendering traditional variance-bounded frameworks inapplicable. To address this challenge, we propose
a normalized-step stochastic sequential quadratic programming method, NS-SQP. Normalization recasts
the descent analysis in terms of first-moment error bounds while retaining a controlled remainder. To
handle possible loss of sampled constraint regularity, we combine local sensitivity estimates on sampling-
accuracy events with uniform direction bounds and probability estimates on their complements. This
yields first-moment direction perturbation bounds under geometric regularity conditions imposed solely
on deterministic reference problems. Combining these estimates with sampled normal-step contraction,
we establish the expected ϵ-KKT guarantee conditional on the event that all prescribed iterations are
completed, which occurs with high probability. We then derive separate sample-complexity bounds for
the variants of NS-SQP with mini-batch estimation and with SPIDER-type recursive estimation under
an additional mean pth-moment smoothness condition. We also apply the NS-SQP to semi-stochastic
case and expectation equality-only case. Numerical results on a flood insurance risk-control problem, an
importance-weighted constrained classification problem and CUTEst problems illustrate the promising
performance of the proposed methods.

Keywords Nonconvex constrained optimization, sequential quadratic programming, stochastic oracle,
heavy-tailed noise, sample complexity

1 Introduction
In this paper, we study nonconvex constrained optimization in the form

min
xPRn

fpxq :“ EξrFpx; ξqs,

s.t. cpxq :“ EζrCpx; ζqs “ 0, x ě 0,
(1.1)

where ξ and ζ are independent random variables following distributions Ξ and Z, respectively. For almost
any ξ P Ξ and ζ P Z, the sampled objective function Fp¨; ξq : Rn Ñ R and the sampled constraint mapping
Cp¨; ζq : Rn Ñ Rm are continuously differentiable. For (1.1), at an inquiry point x, we can only get access to
stochastic oracles ∇Fpx; ξq, Cpx; ζq and ∇Cpx; ζq with columns being ∇Cipx; ζq, i “ 1, . . . ,m by sampling
i.i.d. samples ξ and ζ. Most existing algorithms designed to solve the nonconvex stochastic constrained
optimization problems typically rely on the bounded-variance assumptions on stochastic oracle errors (or
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stronger assumptions, such as almost-surely bounded errors or light-tailed noise). Instead, in our considered
setting, the stochastic oracles only possess bounded pth central moments for some p P p1, 2q:

Eξ r}∇Fpx, ξq ´ ∇fpxq}
p
s ď V p

f , Eζ r}Cpx, ζq ´ cpxq}
p
s ď V p

c , Eζ r}∇Cpx, ζq ´ ∇cpxq}
p
F s ď V p

J , (1.2)

where Vf , Vc, VJ ě 0. Then only pth central moments are bounded, allowing oracle errors with infinite
variance.

Heavy-tailed uncertainty naturally arises across diverse optimization applications. For example, heavy-
tailed models have been used to analyze aggregated claims from the national flood insurance program and
assess extreme-loss risk [1]. In off-policy evaluation for recommendation systems, importance weighting can
produce heavy-tailed weights when the logging policy lacks sufficient coverage of the target policy, inducing
highly variable constraint estimates [2, 3]. Power-law risk factors have also been used in portfolio opti-
mization and insurance risk management to model extreme financial losses [4]. In distributed estimation,
impulsive communication noise can introduce large perturbations into the information exchanged between
agents, often yielding infinite-variance observations [5]. When such random inputs enter constraint functions
and their derivatives, the corresponding stochastic evaluations may have finite means but infinite variances.
These practical scenarios motivate the finite pth-moment setting adopted here, which permits the analysis
of objective gradient, constraint value, and constraint Jacobian errors without requiring bounded second
moments.

Nonconvex stochastic optimization with inequality constraints has received considerable attention in re-
cent years. By introducing non-negative slacks and splitting free variables, general inequality-constrained
problems can be reformulated as (1.1) under certain conditions. Boob et al. [6] developed an inexact proximal-
point framework for nonconvex inequality-constrained optimization, using the ConEx primal-dual method to
approximately solve convex subproblems formed by regularizing the objective and constraints. They further
developed a level-constrained stochastic proximal-gradient method in a subsequent work [7], and established
Opϵ´4q stochastic-gradient sample complexity under strictly feasible initialization and bounded subproblem
multipliers. For problems with deterministic equality and inequality constraints, Na et al. [8] developed an
active-set SQP method without requiring strict complementarity. Shi et al. [9] developed a momentum-
based linearized ALM for deterministic functional constraints and established an Opϵ´4q sample complexity
bound under extended Mangasarian–Fromovitz Constraint Qualification (MFCQ) and mean-squared smooth-
ness assumption. Recently, Zuo et al. [10] proposed a single-loop stochastic penalty method with adaptive
penalty updates. Under a local Linear Independence Constraint Qualification (LICQ) condition imposed on
the stationary set of the constraint-violation function, they established a Õpϵ´4q sample complexity bound
for an ϵ-KKT point with high probability. For problems with deterministic equality and non-negativity
constraints, Curtis et al. [11] developed a stochastic SQP method based on a two-subproblem construction
and established conditional convergence guarantees in expectation. Their analysis uses a uniform contraction
condition on linearized infeasibility to establish merit-parameter stability.

For stochastic optimization with expectation constraints, stochastic proximal multiplier methods [12] and
adaptive primal-dual methods [13] have provided objective-error and feasibility guarantees in the convex
setting. For nonconvex problems, the inexact proximal-point framework with ConEx also provides near-
KKT guarantees in expectation, with a total sample complexity bound of Opϵ´6q under bounded variance
and a strong feasibility condition [6]. Here, ϵ measures stationarity and proximity in norm. Liu and Xu
[14] avoided nested constrained subproblem solves by combining a smoothed exact penalty with SPIDER-
type recursive estimation of constraint values. Under quantitative uniform Slater-type conditions, unbiased
bounded-variance estimates, and mean-square Lipschitz continuity of the sample constraint functions, they
established Opϵ´4q sample complexity bounds for objective and constraint subgradient evaluations and Opϵ´6q

for constraint value evaluations, yielding an pϵ, ϵq-KKT point in expectation. Moreover, the normal-tangential
approach of Shi and Wang [15] attains high-probability sample complexity of Õpϵ´4q, Õpϵ´4q, and Õpϵ´6q

for objective gradients, constraint Jacobians and constraint values, respectively. With recursive estimation,
these improve to Õpϵ´3q, Õpϵ´3q and Õpϵ´5q. Their analysis, however, relies on almost-surely bounded
oracle errors to establish sampled constraint regularity, while the recursive variant further assumes sample-
wise smoothness.

Much of the theory of stochastic optimization under heavy-tailed noise has been developed for uncon-
strained problems. Zhang et al. [16] proposed a clipping-based stochastic gradient descent (SGD) method,
achieving an Opϵ

3p´2
1´p q sample complexity under bounded pth central moment assumptions. Combining
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clipping with momentum and normalization yields high-probability guarantees [17], while variance reduc-
tion improves the sample bound to Õpϵ

2p´1
1´p q under uniform Lipschitz continuity of the sample gradients

[18]. Recent work has further clarified the role of gradient normalization under heavy-tailed noise. Hübler
et al. [19] analyze normalized SGD with either mini-batch estimation or momentum-based gradient esti-
mation, and show that both variants attain Opϵ

3p´2
1´p q sample complexity. Batched normalized momentum

also admits guarantees under generalized smoothness, including a separate rate when the tail index p is
unknown [20]. Sun et al. [21] further study normalization alone and in combination with clipping, and
develop variance-reduced and accelerated variants under sample-wise and higher-order smoothness assump-
tions. Their variance-reduced normalized SGD achieves an expected sample complexity of Opϵ

2p´1
1´p q. Polyak,

multi-extrapolated, and recursive momentum mechanisms are further analyzed in [22] under parameter set-
tings independent of Lipschitz constants and noise bounds. Specifically, their analysis of recursive momentum
leverages weak average smoothness to establish the sample complexity of Opϵ

2p´1
1´p q. Moreover, Fradin et al.

[23] develop lower bounds under relaxed average-smoothness, identify matching expectation guarantees for
normalized momentum variance reduction, and introduce a double-clipped variant for high-probability anal-
ysis. Without either clipping or normalization, mini-batch SGD achieves a suboptimal sample complexity
of Opϵ

2p
1´p q under standard smoothness [24]. The composite framework of Han et al. [25] can be applied to

fixed-parameter penalty formulations under heavy-tailed noise. However, its stationarity guarantees do not
directly ensure feasibility or approximate KKT conditions for the original constrained problem.

To the best of our knowledge, heavy-tailed extensions of nonconvex stochastic constrained optimization re-
main limited. Two notable exceptions are the trust-region SQP methods for deterministic equality-constrained
optimization in [26, 27]. Specifically, Fang et al. [26] established high-probability first- and second-order
iteration-complexity and sample complexity bounds, subject to noise-dependent accuracy thresholds. Their
analysis allows irreducible oracle noise and relaxes the sub-exponential tail assumption on objective-value
estimation errors to a bounded p1 ` δqth-moment condition for some δ ą 0. Wang et al. [27] developed an
objective-value-free alternative by combining normal-tangential decomposition, normalization, and Polyak
momentum. Under unbiased gradient errors with bounded pth central moments, they established almost-
sure first-order convergence, but did not provide explicit sample complexity bounds. Both methods use exact
constraint values and Jacobians. Our work instead allows simultaneous heavy-tailed errors in objective gra-
dients, constraint values, and Jacobians for expectation equality constraints, with additional non-negativity
bounds.

1.1 Main Challenges
The main challenges of solving (1.1) under heavy-tailed noise are twofold.

(1) In problem (1.1), objective gradients, constraint values, and constraint Jacobians are accessed through
stochastic oracle with non-negativity bounds imposed. Constraint-value errors affect the estimated
violation and the feasibility-restoration target, while Jacobian errors perturb the tangent spaces and the
linearized constraints defining the search directions. With heavy-tailed noise, the original oracle errors
may have infinite second moments, rendering traditional variance-bounded frameworks inapplicable.
Challenge arises when controlling both step perturbations and feasibility restoration under bounded
pth central moments.

(2) The stochastic SQP frameworks for expectation constraints and non-negativity bounds impose regu-
larity conditions on the sampled subproblems, as in [15]. This, however, can be too restrictive under
heavy-tailed noise. Under finite pth moments alone, large Jacobian errors may produce rank-deficient
sampled Jacobians or invalidate the inward-pointing directions required by MFCQ. Consequently, mul-
tiplier bounds and sensitivity estimates based on uniform sampled regularity are not directly applicable.
The analysis therefore needs to relate the geometric conditions on deterministic reference problems to
the regularity of sampled subproblems on suitable accuracy events, while accounting for the comple-
mentary events in the expected residual bounds.
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1.2 Contributions
We develop normalized-step stochastic SQP (NS-SQP) methods for nonconvex constrained optimization
problem (1.1) under heavy-tailed noise. These methods allow stochastic estimates of objective gradient,
constraint Jacobian and constraint values and adopt normalized-step iterate updates to control the step
length, thereby suppressing anomalous sampled total steps induced by heavy-tailed errors. Crucially, this
normalization enables descent analysis via first-moment error bounds with controlled remainders, thereby
accommodating oracle errors with bounded pth central moments. Combining this mechanism with an analysis
of total step perturbations and feasibility restoration, we establish the expected ϵ-KKT guarantees under
bounded pth central moments (see Figure 1). Although an early termination may be triggered, we can
ensure the expected ϵ-KKT guarantee conditioned on a high-probability event. We further derive separate
sample complexity for NS-SQPs with mini-batch estimation and with SPIDER-type recursive estimation (see
Table 1). We also specialize our methods to the semi-stochastic variant of (1.1) where the equality constraints
are deterministic and to problems with only expectation equality constraints, reporting the corresponding
sample complexity bounds for finding an expected ϵ-KKT point. We finally report numerical experiment
results on three test examples.

Compared with [26, 27], we allow stochastic evaluations of equality-constraint values and Jacobians and
additional non-negative constraints. Beyond the bounded-variance setting in [11, 15, 28, 29, 30, 31, 32, 33],
our analysis assumes bounded pth central moments, allowing for potential infinite-variance errors. As p Ò 2,
the sample-complexity bounds in semi-stochastic case match those in the literature such as [9, 10]. Unlike the
stochastic framework of [15], which uses uniform sampled-Jacobian regularity and sampled MFCQ, we con-
struct subproblems with unique solutions even for rank-deficient sampled Jacobians and impose a projected
feasibility error bound on the deterministic feasibility problem and near-active LICQ on the deterministic
total-step subproblem. Overcoming the challenges aforementioned in theoretical analysis, we establish sam-
pled normal-step contraction under sufficient sampling accuracy and derive a total-step perturbation bound
in expectation by combining local sensitivity estimates with uniform total-step bounds. We further bound
the non-progressive probabilities and explicitly account for the contributions of inaccurate samples to the
expected KKT residual bounds. More comparison of sample complexity bounds with existing works are
provided in Discussions 1 to 3.

Figure 1: Workflow of the main theoretical analysis.

Estimation
Type

Fully-stochastic (1.1)
(∇̃f ; ∇̃c; c̃) (1 ă p ă 2)

Semi-stochastic (4.12)
(∇̃f) (1 ă p ă 2)

Equality-only (4.16)
(∇̃f ; ∇̃c; c̃) (1 ă p ă 2)

Mini-batch Opϵ
3p´2
1´p q; Opϵ

3p`1
1´p q; Opϵ

3p`1
1´p q Opϵ

3p´2
1´p q Opϵ

3p´2
1´p q; Opϵ

3p´2
1´p q; Opϵ

4p´2
1´p q

SPIDER-type
Recursive Opϵ

2p´1
1´p q; Opϵ

2p`1
1´p q; Opϵ

2p`1
1´p q Opϵ

2p´1
1´p q Opϵ

2p´1
1´p q; Opϵ

2p´1
1´p q; Opϵ

3p´1
1´p q

1 The sample complexity for the fully-stochastic case is evaluated conditioned on the event that all prescribed
iterations are completed, which occurs with probability at least 1 ´ ϵ.

Table 1: Sample complexity of the NS-SQP methods.
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1.3 Notations, preliminaries and organization
For a positive integer T , define rT s :“ t1, . . . , T u. For vectors x, y P Rd, we use xx, yy :“ xJy and }x} :“
a

xx, xy to denote the Euclidean inner product and norm, respectively. For a matrix A P Rqˆd, }A} :“
max}x}“1 }Ax} denotes the spectral norm, and }A}F :“

a

trpAJAq denotes the Frobenius norm. Let 0 and
I denote the zero vector and the identity matrix of appropriate dimensions, respectively. For an event A, IA
denotes its indicator function, equal to 1 when A occurs and 0 otherwise, and Ac denotes the complementary
event of A. Let Ft denote the history prior to the sampling at iteration t, and write Etr¨s :“ Er¨ | Fts and
Ptp¨q :“ Pp¨ | Ftq. For r ą 0, we use Bprq to denote the closed ball of radius r centered at the origin in
either Rd or Rnˆm: Bprq :“ tu P Rd : }u} ď ru or Bprq :“ tA P Rnˆm : }A}F ď ru, with the ambient
space understood from context. We denote ΠBp¨q as the projection onto a set B w.r.t. the Euclidean norm
for vectors and Frobenius norm for matrices. Let Op¨q denote an asymptotic upper bound up to constant
factors, while Õp¨q additionally suppresses logarithmic factors.

Throughout our analysis, we make the following common assumptions on problem (1.1). Let X be an
open convex set containing all iterates generated by the proposed algorithm.

Assumption 1 The functions fpxq and cpxq are continuously differentiable. The objective function fpxq is
lower bounded by f˚ ą ´8. Moreover, there exist positive constants Mf and Mc such that }∇fpxq} ď Mf

and }cpxq} ď Mc for any x P X .

Assumption 2 The functions ∇f , c and ∇c are respectively Lf -, Lc- and LJ -Lipschitz continuous over X
w.r.t. } ¨ }, where Lf , Lc, LJ ą 0.

Without loss of generality, we assume that the constant Lc is chosen sufficiently large enough to ensure
}∇cpxq}F ď Lc for any x P X . Assumptions 1 and 2 impose boundedness and the smoothness conditions
commonly used in stochastic SQP analyses [11, 26, 29, 34, 35, 36].

Assumption 3 For any x P X , stochastic oracles satisfy Eξr∇Fpx, ξqs “ ∇fpxq, EζrCpx, ζqs “ cpxq,
Eζr∇Cpx, ζqs “ ∇cpxq, and there exist constants Vf , Vc, VJ ą 0 such that (1.2) holds.

Compared with the commonly used variance-bound condition (i.e., p “ 2 in (1.2)), the pth-moment
boundedness with p P p1, 2q is strictly weaker. It allows oracle errors with finite pth moments and infinite
second moments. This extension changes the integrability regime rather than merely the magnitude of
the noise variance. In the present setting, stochastic errors also perturb the linearized constraints and the
resulting restoration and total steps. The analysis must therefore combine pth-moment error control with the
deterministic geometric conditions to establish sampled constraint reduction and stability of the computed
directions.

Our primary goal of this paper is to propose algorithms to pursue an approximate KKT point of (1.1).

Definition 1 For a prescribed tolerance ϵ ą 0, a point x ě 0 is called an ϵ-KKT point of (1.1), if there exist
associated multipliers λ P Rm and µ P Rn

ě0 such that

}∇fpxq ` ∇cpxqλ´ µ} ď ϵ, }cpxq} ď ϵ, |µJx| ď ϵ. (1.3)

If (1.3) holds in expectation, we call x an expected ϵ-KKT point of (1.1).

In the presence of non-negativity constraints x ě 0, the three conditions in (1.3) quantify approximate
stationarity, equality feasibility, and complementary slackness, respectively. However, non-negativity con-
straints x ě 0 may prevent further reduction of the equality constraint violation. In such cases, the feasibility
problem minxPRn

ě0
1
2 }cpxq}2 may become approximately stationary while }cpxq} remains bounded away from

zero. For a prescribed tolerance ϵ ě 0, a point x P Rn
ě0 is called an ϵ-IS point of (1.1) if there exists z P Rn

ě0
such that

}cpxq} ą ϵ, }∇cpxqcpxq ´ z} ď ϵ, |xJz| ď ϵ.

Let txtu be an iterate sequence generated by an algorithm for solving (1.1). For iterate xt, use abbre-
viations ∇ft :“ ∇fpxtq, ct :“ cpxtq and ∇ct :“ ∇cpxtq with corresponding stochastic estimators denoted
by ∇̃ft, c̃t and ∇̃ct. We impose the following Conditions 1 and 2 on these stochastic estimators. We use
these two conditions throughout the analysis in Section 3. In Section 4 we will propose robust estimator
constructions to guarantee those estimator-error bounds required in Conditions 1 and 2.
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Condition 1 Assumptions 1 and 2 hold. And the stochastic estimators satisfy }∇̃ft} ď Mf , }c̃t} ď Mc and
}∇̃ct}F ď Lc, for all t ě 0.

Condition 2 The expected estimation errors are upper bounded:

Er}∇̃ft ´ ∇ft}s ď Et,f , Er}c̃t ´ ct}s ď Et,c, Er}∇̃ct ´ ∇ct}s ď Et,J . (1.4)

The rest of this paper is organized as follows. Section 2 presents the normalized-step stochastic SQP
methods for problem (1.1). We analyze their convergence properties and establish the expected ϵ-KKT
guarantees in Section 3. Section 4 establishes the sample complexity of the algorithm variants with mini-
batch estimation and SPIDER-type recursive estimation, as well as the results when adapted to the semi-
stochastic and expectation equality-only cases. Section 5 presents three numerical experiments demonstrating
the effectiveness and comparative performances of the proposed methods under heavy-tailed noise. Section
6 concludes the paper.

2 Algorithm framework
In this section, we will propose an algorithm framework for normalized-step stochastic SQP methods for the
problem (1.1) under heavy-tailed noise. The presence of the non-negativity constraints x ě 0 complicates both
the construction of search directions and the optimality conditions. Motivated by the bound-constrained SQP
structure of [11, 15], to balance objective minimization and equality-constraint restoration in the presence
of heavy-tailed noise and the non-negativity constraints, we adopt a two-step directional construction. The
normal step determines a linearized feasibility target, while the total step minimizes a quadratic objective
model subject to this target and the non-negativity bounds. However, unlike [11, 15], we consider problems
whose objective gradient, constraint Jacobian and constraint values are estimated under heavy-tailed noise.
Such potentially larger-scale errors may distort both objective reduction and constraint restoration.

At current iterate xt ě 0, after drawing independent stochastic samples to obtain estimators ∇̃ft, c̃t, and
∇̃ct, we first compute the normal direction ṽt P Rn. This direction aims to minimize the linearized constraint
violation and is obtained by solving the following regularized, strongly convex normal-step subproblem:

min
vPRn

1
2 }c̃t ` ∇̃cJ

t v}2 `
γt

2 }v}2 s.t. xt ` v ě 0, (2.1)

where γt is a regularization parameter satisfying 0 ă γmin ď γt ď γmax. This formulation directly regularizes
the full step, avoiding the auxiliary decomposition variables used in [11, 15] and ensuring a unique solution
even when the sampled Jacobian is rank deficient. The normal step balances the reduction of the sampled
linearized constraint violation and the control of the step norm, thereby providing a feasible restoration
target ∇̃cJ

t ṽt for the subsequent total-step subproblem. However, the non-negativity constraints may prevent
further reduction of the sampled equality-constraint violation. Given a preset small tolerance ϵ1 ą 0, when
}c̃t} ą ϵ1, we test for the sampled infeasible stationarity using the projected gradient residual of the normal-
step subproblem (2.1) at v “ 0. Specifically, let

ṽc
t :“ ΠRn

ě0
pxt ´ ∇̃ctc̃tq ´ xt. (2.2)

At iterations with }c̃t} ą ϵ1 and if }ṽc
t } ď ϵ1βIS, we terminate the algorithm and return xt as a sampled ϵ1-IS

point, where βIS is a stopping threshold. Subsequently, the algorithm determines the total search direction
d̃t P Rn by minimizing a local quadratic approximation of the objective function. We restrict this search
to directions that strictly preserve the constraint improvement identified by the normal step. We solve the
following total-step subproblem to obtain d̃t:

min
dPRn

∇̃fJ
t d`

1
2
dJHtd s.t. ∇̃cJ

t d “ ∇̃cJ
t ṽt, xt ` d ě 0, (2.3)

where Ht is a symmetric and positive definite matrix satisfying σlI ĺ Ht ĺ σuI for any t ě 0 with two positive
constants σu ě σl. This subproblem is inherently well-posed and feasible, as the previously computed d “ ṽt

is always a trivial feasible solution.
From the computation of d̃t, we can see that the constraint restoration is promoted through the normal-

step subproblem (2.1). Due to ∇̃cJ
t d̃t “ ∇̃cJ

t ṽt, the predicted reduction achieved by d̃t through }c̃t} ´ }c̃t `

∇̃cJ
t d̃t} is equal to }c̃t} ´ }c̃t ` ∇̃cJ

t ṽt}.
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Proposition 1 Suppose Condition 1 holds. At iterate xt ě 0, the normal step ṽt obtained from subproblem
(2.1) guarantees a non-negative predicted constraint reduction, satisfying

∆c̃t :“ }c̃t} ´ }c̃t ` ∇̃cJ
t ṽt} ě

γt

2Mc
}ṽt}

2. (2.4)

Moreover, ∆c̃t “ 0 implies ṽt “ 0 and ∇̃fJ
t d̃t ` 1

2 d̃
J
t Htd̃t ď 0.

Proof. By the design of the normal-step subproblem (2.1), the zero vector is always feasible since xt ě 0.
The optimality of ṽt gives 1

2 }c̃t ` ∇̃cJ
t ṽt}

2 `
γt

2 }ṽt}
2 ď 1

2 }c̃t}
2. Rearranging the terms yields

γt}ṽt}
2 ď }c̃t}

2 ´ }c̃t ` ∇̃cJ
t ṽt}

2 “
`

}c̃t} ´ }c̃t ` ∇̃cJ
t ṽt}

˘ `

}c̃t} ` }c̃t ` ∇̃cJ
t ṽt}

˘

. (2.5)

Since this optimality also implies }c̃t ` ∇̃cJ
t ṽt} ď }c̃t}, the second factor on the right-hand side of (2.5) is

bounded by 2}c̃t} ď 2Mc. Substituting the definition of ∆c̃t yields γt}ṽt}
2 ď 2Mc∆c̃t, which leads to (2.4).

Moreover, if ∆c̃t “ 0, inequality (2.4) together with γt ą 0 implies ṽt “ 0. Since d̃t is an optimal solution of
(2.3), comparison with the feasible point d “ 0 gives ∇̃fJ

t d̃t ` 1
2 d̃

J
t Htd̃t ď ∇̃fJ

t 0 ` 1
2 0JHt0 “ 0. ˝

To measure the algorithm’s progress during the iteration process, we use the merit function

Φρpxq :“ fpxq ` ρ}cpxq}, ρ ą 0. (2.6)

The non-negativity bounds are enforced directly by the subproblems and the iterate update. Proposition 1
motivates the following selection strategy of the merit parameter ρ. If ∇̃fJ

t d̃t ` 1
2 d̃

J
t Htd̃t ď 0, then the local

quadratic objective model is already nonincreasing along d̃t. Thus, no increase of the merit parameter is re-
quired. On the other hand, if ∇̃fJ

t d̃t ` 1
2 d̃

J
t Htd̃t ą 0, Proposition 1 implies ∆c̃t ą 0 by contrapositive. Hence,

the merit parameter can be chosen sufficiently large so that the predicted constraint reduction compensates
for the increase in the local quadratic objective model. Specifically, we require

∇̃fJ
t d̃t `

1
2
d̃J

t Htd̃t ď p1 ´ σρqρ̃t∆c̃t, if ∇̃fJ
t d̃t `

1
2
d̃J

t Htd̃t ą 0,

where σρ P p0, 1q is a predefined parameter. The factor p1 ´ σρq ensures that only a portion of the weighted
constraint reduction is used to compensate for the objective-model increase, leaving σρρ̃t∆c̃t as a decrease
margin in the merit-function analysis. This motivates the following trial merit parameter:

ρ̃trial
t :“

$

’

&

’

%

∇̃fJ
t d̃t ` 1

2 d̃
J
t Htd̃t

p1 ´ σρq∆c̃t
, if ∇̃fJ

t d̃t ` 1
2 d̃

J
t Htd̃t ą 0,

0, otherwise.
(2.7)

Note that the first branch is well defined because ∆c̃t ą 0 whenever its numerator is positive. The merit
parameter is then updated according to

ρ̃t :“

$

&

%

ρ̃t´1, if ρ̃t´1 ě ρ̃trial
t ,

max
"

ρ̃t´1

1 ´ ϵρ
, ρ̃trial

t

*

, if ρ̃t´1 ă ρ̃trial
t ,

(2.8)

where ϵρ P p0, 1q is a predefined parameter and ρ̃0 ą 0 is the initial merit parameter. The trial value ρ̃trial
t

provides the threshold for sufficient decrease in the sampled linearized merit model, whereas the multiplicative
safeguard ensures that strict increase of the merit parameter ρ̃t has a fixed relative size. The latter property
will be used to prove that ρ̃t can be increased only finitely many times once a uniform upper bound on ρ̃trial

t

has been established. Note that we adopt a similar update structure as [11], but with sampled constraint
information, particularly with the reduction ∆c̃t produced by the sampled normal step.

To mitigate extreme direction fluctuations caused by heavy-tailed noise, we employ a normalized-step
iterate update:

xt`1 “ xt ` ηtd̃t, with ηt “ min
"

κt

pLf ` ρ̃tLJ q}d̃t}
, 1
*

, (2.9)

7



where κt ą 0 is a predefined parameter, with the convention that 1{}d̃t} “ `8 when d̃t “ 0. The condition
xt ` d̃t ě 0 combined with xt ě 0 ensures xt`1 ě 0 under the stepsize restriction ηt ď 1. The normalization
by }d̃t} ensures that }xt`1 ´ xt} “ ηt}d̃t} ď κt{pLf ` ρ̃tLJ q, thereby limiting the actual displacement even
when the stochastic direction has a large norm. This bound also controls the quadratic Taylor remainders
by deterministic multiples of κ2

t and the error-step products by κt times the corresponding error norms.
These estimates allow the subsequent descent analysis to bound the expected step norm using first-moment
estimation errors derived from the finite pth-moment oracle assumption, without requiring bounded variance
of the oracles. We now present the NS-SQP method for (1.1) under heavy-tailed noise in Algorithm 1.

Algorithm 1 NS-SQP method for problem (1.1) under heavy-tailed noise
Input: Initial variable x1 P Rn

ě0; sequence tκtu Ă Rą0, merit-parameter ρ̃0 ą 0 and parameters ϵ1 ą 0;
stopping threshold 0 ă βIS ď 1{ maxt1, LcMcu; symmetric positive-definite matrices tHtu; and iteration
horizon T .

Output: The sampled ϵ1-IS point or xR with R drawn independently from rT s and PpR“ tq “κt{KT with
KT :“

řT
k“1κk.

1: for t “ 1, 2, . . . , T do
2: Construct the stochastic estimators ∇̃ft, c̃t and ∇̃ct. // Stochastic Estimation
3: if }c̃t} ď ϵ1 then
4: Set ṽt “ 0 and ∆c̃t “ 0.
5: else
6: Compute the projected gradient residual ṽc

t :“ ΠRn
ě0

pxt ´ ∇̃ctc̃tq ´ xt.
7: if }ṽc

t } ď ϵ1βIS then
8: Terminate and return xt as a sampled ϵ1-IS point. // Early Termination Test
9: else

10: Compute the normal step ṽt by solving (2.1). // Constraint Restoration
11: end if
12: end if
13: Compute the total search direction d̃t by solving (2.3). // Total Step Computation
14: Update the merit parameter ρ̃t by (2.8). // Merit Parameter Update
15: Update the iterate xt`1 through (2.9). // Normalized-step Update
16: end for

Notice that Algorithm 1 may encounter early termination. Suppose the early termination test is triggered
at iteration t P rT s. Then }c̃t} ą ϵ1 and }ṽc

t } ď ϵ1βIS ď ϵ1

maxt1,LcMcu
. Define the projection pt :“ ΠRn

ě0
pxt ´

∇̃ctc̃tq and the dual multiplier zt :“ pt ´xt ` ∇̃ctc̃t. By the optimality conditions of the Euclidean projection
onto the non-negative orthant, it holds that zt ě 0, pt ě 0 and pJ

t zt “ 0. Consequently, we have

}∇̃ctc̃t ´ zt} “ }xt ´ pt} “ }ṽc
t } ď

ϵ1

maxt1, LcMcu
ď ϵ1.

For projection onto the non-negative orthant, zt can be expressed component-wise as zt,i “ maxt0, p∇̃ctc̃tqi ´

xt,iu. Since xt ě 0, we have 0 ď zt,i ď maxt0, p∇̃ctc̃tqiu ď |p∇̃ctc̃tqi|. Therefore, using the uniform
estimator bounds yields }zt} ď }∇̃ctc̃t} ď LcMc. To bound the complementarity error xJ

t zt, we substitute
xt “ pt ` p∇̃ctc̃t ´ ztq and apply the exact complementarity condition pJ

t zt “ 0 to obtain

0 ď xJ
t zt “ pJ

t zt ` pxt ´ ptq
Jzt “ pxt ´ ptq

Jzt ď }xt ´ pt}}zt} “ }ṽc
t }}zt} ď ϵ1βISLcMc ď ϵ1.

Let St denote the event that Algorithm 1 does not trigger the early termination test at current iterate t
and let S̄ denote the intersection of all St, t “ 1, . . . , T , respectively defined by

St :“ t}c̃t} ď ϵ1u Y t}ṽc
t } ą ϵ1βISu, t “ 1, . . . , T, and S̄ :“

T
č

t“1
St. (2.10)

Then S̄ represents the event that no early termination is triggered, thus all T iterations are completed.
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3 Convergence analysis
In this section, we will explore the convergence properties of Algorithm 1, and establish the expected ϵ-KKT
guarantee at the output point. Figure 1 presents the workflow of the theoretical analysis in this section.

We first consider the boundedness of the merit parameters tρ̃tu. It is worth noting that updating ρ̃t

requires no further analysis at iterations satisfying }c̃t} ď ϵ1. Under this circumstance, indeed, Algorithm 1
sets ṽt “ 0 and ∆c̃t “ 0. By applying Proposition 1, it holds that ρ̃trial

t “ 0 and ρ̃t “ ρ̃t´1 according to
their definitions (2.7) and (2.8). Hence, it remains to consider the restoration iterations for which }c̃t} ą ϵ1

and }ṽc
t } ą ϵ1βIS. At a restoration iteration where the early termination test is not triggered, Algorithm

1 proceeds to compute a normal step. However, this non-terminating branch does not by itself provide a
quantitative guarantee on the amount of constraint restoration. To this end, we require a uniform relation
between the first-order stationary measure of the deterministic feasibility problem and the corresponding
constraint violation. This motivates the following error-bound condition on the deterministic feasibility
problem minxPRn

ě0
1
2 }cpxq}2.

Assumption 4 There exists a constant αv ą 0 such that }vc
t } ě αv}ct} for all iterations of Algorithm 1,

where vc
t :“ ΠRn

ě0
pxt ´ ∇ctctq ´ xt denotes the true projected gradient residual.

Note that this assumption pertains solely to the geometry of the deterministic feasibility problem without
imposing analogous bounds on the stochastic estimators. Indeed, projection ensures bounded estimates, but
finite pth-moment conditions alone do not guarantee sufficiently small estimation errors on every sample path.
In the subsequent analysis, this deterministic error bound is combined with explicit estimates of the errors
in c̃t and ∇̃ct to derive a lower bound for the sampled projected residual, thereby distinguishing degeneracy
of the underlying feasibility geometry from perturbations caused by sampling.

Remark 1 Assumption 4 is motivated by the related condition in [37, AS.10]. Indeed, vc
t “ 0 with ct ‰ 0

characterizes an exact IS point of the deterministic feasibility problem, whereas Assumption 4 also excludes
sequences satisfying vc

t ‰ 0 at every finite iteration but }vc
t }{}ct} Ñ 0. Such sequences are not exactly

stationary at any finite iteration, but their constraint-restoration efficiency degenerates asymptotically. Thus,
Assumption 4 also rules out this asymptotic degeneracy by imposing a uniform lower bound on the projected
feasibility residual relative to the constraint violation. Curtis et al. [11, Lemma 4.22] assume uniform
contraction of the linearized constraint residual, whereas we derive sampled normal-step contraction from
Assumption 4 under sufficiently accurate constraint estimates.

To proceed, for notational simplicity we define

Et :“ pαv ` Lcq}c̃t ´ ct} `Mc}∇̃ct ´ ∇ct}F ,

E 1
t :“ pαv ` LcqpEtr}c̃t ´ ct}

psq1{p `McpEtr}∇̃ct ´ ∇ct}
p
F sq1{p, t ě 1.

(3.1)

Although ṽc
t is introduced primarily for checking a sampled ϵ1-IS point, it also serves as a Cauchy benchmark

for the normal-step subproblem (2.1). The following lemma uses Assumption 4 together with the estimation-
error bounds to establish a per-iteration contraction property for the sampled linearized constraint residual.

Lemma 1 Suppose that Assumption 4 and Condition 1 hold. If }c̃t} ą ϵ1 with a given tolerance ϵ1 ą 0, the
normal step ṽt obtained from (2.1) satisfies }c̃t ` ∇̃cJ

t ṽt} ď ϑt}c̃t}, with ϑt “ p1 ´
rαv´Et{}c̃t}s2

`
1`L2

c`γmax
q1{2.

Proof. By the variational characterization of the Euclidean projection onto the closed convex set Rn
ě0, it

holds that for any point y P Rn and z P Rn
ě0, py ´ ΠRn

ě0
pyqqJpz ´ ΠRn

ě0
pyqq ď 0. Let y “ xt ´ ∇̃ctc̃t. By the

definition of ṽc
t (2.2), it follows that ΠRn

ě0
pyq “ xt ` ṽc

t . Since xt P Rn
ě0, we can set z “ xt. Substituting these

terms into the variational inequality yields ppxt ´ ∇̃ctc̃tq ´ pxt ` ṽc
t qqJ pxt ´ pxt ` ṽc

t qq ď 0. It can be further
simplified to p∇̃ctc̃tq

Jṽc
t ď ´}ṽc

t }2. Moreover, the vector ṽc
t {p1 ` L2

c ` γmaxq is also feasible for normal-step
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subproblem (2.1) due to xt ě 0 and xt ` ṽc
t ě 0. It then yields

1
2

›

›

›

›

c̃t `
∇̃cJ

t ṽ
c
t

1 ` L2
c ` γmax

›

›

›

›

2

`
γt

2

›

›

›

›

ṽc
t

1 ` L2
c ` γmax

›

›

›

›

2

“
1
2

}c̃t}
2 `

p∇̃ctc̃tq
Jṽc

t

1 ` L2
c ` γmax

`
}∇̃cJ

t ṽ
c
t }2 ` γt}ṽ

c
t }2

2p1 ` L2
c ` γmaxq2

ď
1
2

}c̃t}
2 ´

}ṽc
t }2

1 ` L2
c ` γmax

`
pL2

c ` γmaxq}ṽc
t }2

2p1 ` L2
c ` γmaxq2

ď
1
2

}c̃t}
2 ´

}ṽc
t }2

2p1 ` L2
c ` γmaxq

.

Since ṽt minimizes the normal-step objective, its objective value is no larger than that of the feasible vector
ṽc

t {p1 ` L2
c ` γmaxq. Dropping the non-negative term γt

2 }ṽt}
2 then gives

}c̃t ` ∇̃cJ
t ṽt}

2 ď }c̃t}
2 ´

}ṽc
t }2

1 ` L2
c ` γmax

. (3.2)

Recall that vc
t “ ΠRn

ě0
pxt ´ ∇ctctq ´ xt is the true counterpart of ṽc

t . By the non-expansiveness of the
Euclidean projection, we obtain }ṽc

t ´ vc
t } ď }∇̃ctc̃t ´ ∇ctct} ď Lc}c̃t ´ ct} ` Mc}∇̃ct ´ ∇ct}F . Therefore,

using Assumption 4 and the inequality }ct} ě }c̃t} ´ }c̃t ´ ct}, it follows that

}ṽc
t } ě }vc

t } ´ }ṽc
t ´ vc

t } ě αv}ct} ´ Lc}c̃t ´ ct} ´Mc}∇̃ct ´ ∇ct}F

ě αv}c̃t} ´ pαv ` Lcq}c̃t ´ ct} ´Mc}∇̃ct ´ ∇ct}F

“ αv}c̃t} ´ Et “ }c̃t}pαv ´ Et{}c̃t}q.

(3.3)

Since }ṽc
t } ě 0, (3.3) implies }ṽc

t } ě }c̃t}rαv ´ Et{}c̃t}s`. Combining this with the bound in (3.2) gives

}c̃t ` ∇̃cJ
t ṽt}

2 ď }c̃t}
2 ´

}ṽc
t }2

1 ` L2
c ` γmax

ď }c̃t}
2
ˆ

1 ´
rαv ´ Et{}c̃t}s2

`

1 ` L2
c ` γmax

˙

. (3.4)

Thus ϑt is well defined and conclusion of the lemma is derived. ˝

For each generated iteration t of Algorithm 1 and a constant ηc P p0, 1q, we define event

Bt :“ t}c̃t} ď ϵ1u Y tEt ď ηcαvϵ
1u, t “ 1, . . . , T, and B̄ :“

T
č

t“1
Bt. (3.5)

The first event in Bt corresponds to the branch that no normal-step contraction is required, whereas the second
one guarantees sufficient sampling accuracy when a normal step is computed. The complementary event B̄c

consists of sample paths on which the prescribed sampling-accuracy condition fails at some generated iteration
with }c̃t} ą ϵ1. We regard the occurrence of Bc

t and B̄c as non-progressive, on which the desired normal-step
contraction is not guaranteed. The following lemma gives a sufficient conditional moment condition ensuring
the prescribed non-progressive probability bounds for Bc

t and B̄c.

Lemma 2 For each t ě 1, let δt P p0, 1q be a prescribed probability budget and
řT

t“1 δt P p0, 1q. If

E 1
t ď ηcαvϵ

1δ
1{p
t almost surely, (3.6)

then PtpBc
t q ď δt and hence PpB̄cq ď

řT
t“1 δt.

Proof. By the definition of Et in (3.1) and the conditional Minkowski’s inequality, we have EtrEp
t s1{p “

Etrppαv `Lcq}c̃t ´ct}`Mc}∇̃ct ´∇ct}F qps1{p ď E 1
t. It follows from (3.6) that EtrEp

t s ď pηcαvϵ
1qpδt. Moreover,

taking the complement of (3.5) gives Bc
t “ t}c̃t} ą ϵ1u X tEt ą ηcαvϵ

1u. Therefore, we obtain from Markov’s
inequality that PtpBc

t q ď Pt pEt ą ηcαvϵ
1q ď

EtrEp
t s

pηcαvϵ1qp ď δt. Finally, applying the union bound and the tower
property yields PpB̄cq “ Pp

ŤT
t“1 Bc

t q ď
řT

t“1 PpBc
t q “

řT
t“1 ErPtpBc

t qs ď
řT

t“1 δt. ˝

Note that condition (3.6) is a sampling-accuracy requirement rather than an additional structural as-
sumption. By employing sufficiently large batches to estimate ct and ∇ct, the conditional failure probability
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PtpBc
t q can be bounded by any prescribed tolerance δt P p0, 1q that is arbitrarily small. Section 4 specifies

the corresponding sample-size requirements. For the subsequent analysis of Algorithm 1, we further assume

βIS ď min
"

1
maxt1, LcMcu

,
p1 ´ ηcqαv

2

*

. (3.7)

The following lemma provides a probability guarantee for Algorithm 1 completing all prescribed iterations.
The key is to prove B̄ Ď S̄, thus PpS̄q ě 1 ´ PpB̄cq.

Lemma 3 Suppose Assumption 4, Condition 1 and (3.6) holds. Then with probability at least 1 ´
řT

t“1 δt,
Algorithm 1 completes all T prescribed iterations, i.e. PpS̄q ě 1 ´

řT
t“1 δt.

Proof. We first show that early termination cannot occur on B̄. At a generated iteration t, if }c̃t} ď ϵ1, the
early termination test is not performed. Otherwise, Bt implies Et ď ηcαvϵ

1. The projected-residual bound
established in (3.3) and the choice (3.7) give

}ṽc
t } ě αv}c̃t} ´ Et ě p1 ´ ηcqαvϵ

1 ě 2ϵ1βIS ą ϵ1βIS on Bt, if }c̃t} ą ϵ1.

Consequently, Algorithm 1 completes all prescribed T iterations on B̄, which implies B̄ Ď S̄. That is to say,
S̄c Ď B̄c. Then, Lemma 2 yields PpS̄cq ď PpB̄cq ď

řT
t“1 δt. Therefore, the probability of completing all

prescribed iterations satisfies PpS̄q “ 1 ´ PpS̄cq ě 1 ´ PpB̄cq ě 1 ´
řT

t“1 δt, which completes the proof. ˝

To establish expected KKT residual bound conditioned on S̄, we first derive the following uniform normal-
step contraction bound on B̄ Ď S̄.

Lemma 4 Suppose the conditions of Lemma 1 hold. On the event B̄, for any generated iteration t satisfying
}c̃t} ą ϵ1, it holds that }c̃t ` ∇̃cJ

t ṽt} ď ϑ}c̃t} with ϑ :“ p1 ´
p1´ηcq2α2

v

1`L2
c`γmax

q1{2 P p0, 1q.

Proof. Fix a generated iteration t satisfying }c̃t} ą ϵ1 and consider the event B̄. Since B̄ Ď Bt, the definition
of Bt gives Et ď ηcαvϵ

1 ă ηcαv}c̃t}. By the inequality (3.3), we further obtain p1 ´ ηcqαv}c̃t} ď }ṽc
t }. Note

that xt P Rn
ě0 implies ΠRn

ě0
pxtq “ xt. By Assumption 4 and the non-expansiveness of the projection, it holds

that }ṽc
t } “ }ΠRn

ě0
pxt ´ ∇̃ctc̃tq ´ ΠRn

ě0
pxtq} ď }∇̃ctc̃t} ď Lc}c̃t}, and hence p1 ´ ηcqαv ď Lc due to }c̃t} ą 0

and 0 ă ηc ă 1. Then, it follows that 0 ă
p1´ηcq2α2

v

1`L2
c`γmax

ď
L2

c

1`L2
c`γmax

ă 1. Thus, ϑ P p0, 1q is well defined.
Moreover, the preceding bound on Et implies rαv ´ Et{}c̃t}s` ě p1 ´ ηcqαv. It follows from Lemma 1 that
}c̃t ` ∇̃cJ

t ṽt} ď ϑ}c̃t} holds on B̄. ˝

Using Lemma 4, the following lemma establishes uniform upper bounds on both the trial and actual merit
parameters on B̄.

Lemma 5 Suppose that Assumption 4 and Condition 1 hold. On the event B̄, for any generated iteration
t P rT s, it then holds that 0 ď ρ̃trial

t ď ρtrial
max and 0 ă ρ̃0 ď ρ̃t ď ρmax with ρtrial

max :“ Mf {
?

γmin`σuMc{p2γminq

p1´σρqp1´ϑq
and

ρmax :“ maxtρ̃0,
ρtrial

max
1´ϵρ

u, where ϑ P p0, 1q is defined in Lemma 4.

Proof. We first establish the upper bound on ρ̃trial
t by considering the two branches in (2.7). If ∇̃fJ

t d̃t `
1
2 d̃

J
t Htd̃t ď 0, the second branch of (2.7) yields ρ̃trial

t “ 0, and hence 0 ď ρ̃trial
t ď ρtrial

max, t P rT s holds
trivially. Consider now the case ∇̃fJ

t d̃t ` 1
2 d̃

J
t Htd̃t ą 0, which only occurs when }c̃t} ą ϵ1. We next bound

the numerator in the first branch of (2.7) (i.e., ∇̃fJ
t d̃t ` 1

2 d̃
J
t Htd̃t). Since v “ 0 is also feasible for the

normal-step subproblem (2.1), the optimality of ṽt yields }c̃t ` ∇̃cJ
t ṽt}

2 ` γt}ṽt}
2 ď }c̃t}

2. Thus, we obtain
}ṽt} ď }c̃t}{

?
γt ď }c̃t}{

?
γmin. Note that ṽt satisfies both constraints of the total-step subproblem (2.3), then

∇̃fJ
t d̃t ` 1

2 d̃
J
t Htd̃t ď ∇̃fJ

t ṽt ` 1
2 ṽ

J
t Htṽt. By the positive definiteness of Ht and }c̃t} ď Mc, we further obtain

∇̃fJ
t d̃t `

1
2
d̃J

t Htd̃t ď Mf }ṽt} `
σu

2
}ṽt}

2 ď
Mf

?
γmin

}c̃t} `
σu

2γmin
}c̃t}

2 ď

ˆ

Mf
?
γmin

`
σuMc

2γmin

˙

}c̃t}.

By Lemma 4 with }c̃t} ą ϵ1, we have ∆c̃t ě p1 ´ ϑq}c̃t}. The first branch of (2.7) gives ρ̃trial
t ď ρtrial

max.
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We next prove the bound on the merit parameter ρ̃t. Suppose first that ρ̃t´1 ě ρ̃trial
t . By the first branch

of (2.8), we then obtain ρ̃t “ ρ̃t´1. Otherwise, it follows that ρ̃t´1 ă ρ̃trial
t ď ρtrial

max, and hence the second
branch of (2.8) gives ρ̃t “ maxt

ρ̃t´1
1´ϵρ

, ρ̃trial
t u ď

ρtrial
max

1´ϵρ
. Starting from ρ̃0 ą 0, we can obtain 0 ă ρ̃0 ď ρ̃t ď ρmax

by induction and ϵρ P p0, 1q. ˝

Upon the boundedness of the merit parameter established in Lemma 5, the following lemma bounds the
contribution of B̄ to the expected norm of the sampled total step d̃R.

Lemma 6 Under Assumption 4, Conditions 1 and 2, it holds that for any t P rT s,

Er}d̃R} ¨ IB̄s ď
2ℓmax pf1 ´ f˚ ` ρmaxMcq

σlKT
`

p4ℓmax ` σlq
řT

t“1 κ
2
t

4σlℓminKT

`
1

σlKT

T
ÿ

t“1

ˆ

2ℓmaxκt

ℓmin
Et,f ` 4ℓmaxρmaxEt,c `

2ℓmaxρmaxκt

ℓmin
Et,J

˙

“: LT ,

(3.8)

with notations ℓt :“ Lf ` ρ̃tLJ , ℓmin :“ Lf ` ρ̃0LJ and ℓmax :“ Lf ` ρmaxLJ .

Proof. By the Lf -smoothness of f and the LJ -smoothness of c, we have

ft`1 ` ρ̃t}ct`1} ď ft ` ηt∇fJ
t d̃t ` ρ̃t}ct ` ηt∇cJ

t d̃t} `
η2

tLf ` η2
t ρ̃tLJ

2
}d̃t}

2

ď ft ` ηt∇̃fJ
t d̃t ` ηt}∇ft ´ ∇̃ft}}d̃t} `

ℓt

2
η2

t }d̃t}
2

` ρ̃t}c̃t ` ηt∇̃cJ
t d̃t} ` ρ̃t}c̃t ´ ct} ` ρ̃tηt}∇̃ct ´ ∇ct}}d̃t}.

(3.9)

Crucially, the total step satisfies ∇̃cJ
t d̃t “ ∇̃cJ

t ṽt. Using the convexity of the norm and ηt P p0, 1s, we bound
the linearized model as

}c̃t ` ηt∇̃cJ
t d̃t} “ }c̃t ` ηt∇̃cJ

t ṽt} ď p1 ´ ηtq}c̃t} ` ηt}c̃t ` ∇̃cJ
t ṽt} “ }c̃t} ´ ηt∆c̃t.

By the selection of ρ̃t in (2.8), we further obtain

∇̃fJ
t d̃t ´ ρ̃t∆c̃t ď ´

1
2
d̃J

t Htd̃t ´ σρρ̃t∆c̃t ď ´
σl

2
}d̃t}

2,

where the second inequality follows from the positive definiteness of Ht and σρρ̃t∆c̃t ě 0. With the setting
of ηt “ mintκt{pℓt}d̃t}q, 1u from (2.9), we apply 0 ă ℓmin ď ℓt ď ℓmax on B̄ to obtain

ηt}d̃t}
2 ě min

"

κt}d̃t}

ℓmax
, }d̃t}

2
*

“
κ2

t

ℓ2
max

min
"

ℓmax}d̃t}

κt
,

pℓmax}d̃t}q2

κ2
t

*

ě
κt

ℓmax
}d̃t} ´

κ2
t

4ℓ2
max

,

where we invoke Lemma 12 in the second inequality, and ηt}d̃t} ď κt{ℓt ď κt{ℓmin. Assembling the above
bounds and substituting them into (3.9) gives

ft`1 ` ρ̃t}ct`1} ď ft ` ρ̃t}ct} `

ˆ

1
2ℓmin

`
σl

8ℓmaxℓmin

˙

κ2
t ´

σlκt}d̃t}

2ℓmax

`
κt

ℓmin
}∇̃ft ´ ∇ft} ` 2ρ̃t}c̃t ´ ct} `

ρ̃tκt

ℓmin
}∇̃ct ´ ∇ct},

where we use σl{ℓ
2
max ď σl{pℓmaxℓminq in this inequality. Lemma 5 also gives 0 ă ρ̃0 ď ρ̃t ď ρmax on B̄.

Together with the monotonicity of ρ̃t, this yields

T
ÿ

t“1
rft ´ ft`1 ` ρ̃tp}ct} ´ }ct`1}qs “ f1 ´ fT `1 ` ρ̃1}c1} `

T
ÿ

t“2
pρ̃t ´ ρ̃t´1q}ct} ´ ρ̃T }cT `1}

ď f1 ´ f˚ ` ρmaxMc,

12



where we used fT `1 ě f˚ and }ct} ď Mc. We now multiply the preceding one-step inequality by IB̄, sum over
t P rT s, and take expectations. Using the bound of ρ̃t based on Lemma 5 and Condition 2, with 0 ď IB̄ ď 1
for the nonnegative error terms, we obtain

T
ÿ

t“1
κtEr}d̃t} ¨ IB̄s ď

2ℓmax

σl
pf1 ´ f˚ ` ρmaxMcq `

p4ℓmax ` σlq
řT

t“1 κ
2
t

4σlℓmin

`
1
σl

T
ÿ

t“1

ˆ

2ℓmaxκt

ℓmin
Et,f ` 4ℓmaxρmaxEt,c `

2ℓmaxρmaxκt

ℓmin
Et,J

˙

.

Applying the output rule yields the desired result, completing this proof. ˝

Lemma 6 controls the total step d̃R computed from stochastic information, whereas the KKT analysis
requires to address its true counterpart dR. We thus let dt denote the true total step, defined by the
deterministic reference problem corresponding to (2.3), that is,

min
dPRn

∇fJ
t d`

1
2
dJHtd s.t. ∇cJ

t d “ ∇cJ
t vt, xt ` d ě 0. (3.10)

where the true normal step vt is defined as the solution of

min
vPRn

1
2 }ct ` ∇cJ

t v}2 `
γt

2 }v}2 s.t. xt ` v ě 0. (3.11)

The following lemma characterizes the uniform bounds on vt and ṽt as well as }ṽt ´ vt}. Note that in
Algorithm 1, when a total step is computed, ṽt might be set as zero (see Step 4) or computed through (2.1)
(see Step 10). The case vt “ 0 automatically satisfies the bound.

Lemma 7 Under Condition 1, the true normal step vt and sampled normal step ṽt are uniformly bounded
by Mv :“ Mc{

?
γmin. Moreover, for every iteration at which a total step is computed, it holds that

}ṽt ´ vt} ď
1

γmin

`

p2MvLc `Mcq}∇̃ct ´ ∇ct} ` Lc}c̃t ´ ct} `
?
γminϵ

1
˘

. (3.12)

Proof. We will establish the uniform boundedness of the true normal step vt, and then the upper bound for
ṽt is obtained via a similar argument. Since xt ě 0, the trivial step v “ 0 is always feasible. By the optimality
of vt for problem (3.11), we have 1

2 }ct ` ∇cJ
t vt}

2 `
γt

2 }vt}
2 ď 1

2 }ct}
2. Dropping the first non-negative term

on the left-hand side and using the lower bound on γt yields }vt} ď }ct}{
?
γmin. Under the boundedness of

}ct} (i.e., }ct} ď Mc) by Assumption 1, the normal step }vt} is uniformly bounded by Mc{
?
γmin “: Mv. The

same bound holds for the normal step ṽt executed by Algorithm 1. Specifically, if }c̃t} ď ϵ1, then ṽt “ 0.
Otherwise, ṽt solves the sampled normal-step subproblem (2.1), and an identical comparison with the zero
step holds. Then }ṽt} ď Mv can be derived by Condition 1.

We next bound the deviation }ṽt ´ vt}. Recall that in Algorithm 1, ṽt is either 0 or determined by (2.1)
depending on the value of }c̃t}. For simplicity of analysis, we introduce the auxiliary sampled normal step

v̂t :“ arg min
vě´xt

"

1
2

}c̃t ` ∇̃cJ
t v}2 `

γt

2
}v}2

*

.

By the same argument as above, it holds that }v̂t} ď }c̃t}{
?
γmin ď Mv. The first-order optimality condition

for (3.11) is characterized by the variational inequality pv´vtq
Jp∇ctpct `∇cJ

t vtq`γtvtq ě 0 for any v ě ´xt.
Similarly, the stochastic step v̂t satisfies pv ´ v̂tq

Jp∇̃ctpc̃t ` ∇̃cJ
t v̂tq ` γtv̂tq ě 0. Substituting v “ v̂t into the

first variational inequality and v “ vt into the second, and summing them yields

pv̂t ´ vtq
J
”

p∇ct∇cJ
t ` γtIqvt ´ p∇̃ct∇̃cJ

t ` γtIqv̂t ` ∇ctct ´ ∇̃ctc̃t

ı

ě 0.

Rearranging terms and using the γt-strong monotonicity (i.e., pv̂t ´ vtq
Jγtpv̂t ´ vtq “ γt}v̂t ´ vt}

2) yields

γt}v̂t ´ vt}
2 ď pv̂t ´ vtq

J
”

p∇ct∇cJ
t ´ ∇̃ct∇̃cJ

t qvt ` ∇ctct ´ ∇̃ctc̃t

ı

.
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With the Cauchy-Schwarz inequality applied to the right-hand side, the bound (3.12) trivially holds if v̂t “ vt.
For }v̂t ´ vt} ą 0, dividing both sides by }v̂t ´ vt} and applying the triangle inequality yields

γt}v̂t ´ vt} ď }p∇ct∇cJ
t ´ ∇̃ct∇̃cJ

t qvt} ` }∇ctct ´ ∇̃ctc̃t}. (3.13)

Based on the uniform boundedness of vt,∇ct, ∇̃ct, c̃t, we have

}p∇ct∇cJ
t ´ ∇̃ct∇̃cJ

t qvt} ď Mv

`

}∇ct} ` }∇̃ct}
˘

}∇̃ct ´ ∇ct} ď 2MvLc}∇̃ct ´ ∇ct},

}∇ctct ´ ∇̃ctc̃t} ď }∇ct}}c̃t ´ ct} ` }c̃t}}∇̃ct ´ ∇ct} ď Lc}c̃t ´ ct} `Mc}∇̃ct ´ ∇ct}.

Substituting these decomposed bounds back into (3.13) gives

}v̂t ´ vt} ď
1

γmin

`

p2MvLc `Mcq}∇̃ct ´ ∇ct} ` Lc}c̃t ´ ct}
˘

. (3.14)

It remains to relate v̂t to the normal step ṽt actually used by Algorithm 1. If }c̃t} ą ϵ1 and Algorithm 1
proceeds to the total-step computation, then ṽt “ v̂t. Otherwise, when }c̃t} ď ϵ1, Algorithm 1 sets ṽt “ 0,
whereas }v̂t} ď }c̃t}{

?
γmin ď ϵ1{

?
γmin. Hence, in both cases, it holds that }ṽt ´ v̂t} ď ϵ1{

?
γmin. Combining

this inequality with (3.14) and the triangle inequality proves the desired result. ˝

To control the sensitivity of (3.10), we impose the following constraint qualification. It requires uniform
linear independence of the constraint gradients and the coordinate vectors associated with near-active bounds.

Assumption 5 Let dt be the unique solution of the subproblem (3.10). There exist constants ϱ, ν ą 0 such
that for all t ě 0,

}
“

∇ct IIa
t

‰

z} ě ν}z}, @z P Rm`|Ia
t |, (3.15)

where Ia
t :“ ti P rns : rxt ` dtsi ď ϱu, and IIa

t
is the matrix whose columns are standard coordinate vectors

ei, i P Ia
t . By convention, if Ia

t is empty, (3.15) reduces to }∇ctz} ě ν}z} for any z P Rm.

Remark 2 Assumption 5 imposes uniform linear independence of the equality-constraint Jacobians and the
coordinate vectors associated with near-active bounds. Na et al. [8] impose LICQ at a KKT point and require
quantitative active-set regularity for their global analysis. Here, the fixed threshold ϱ includes bounds that
may become active under small perturbations, while ν provides a uniform lower bound for the corresponding
reference matrices. The stochastic framework of [15] requires a uniformly nondegenerate sampled equality
Jacobian and a unit direction orthogonal to the sampled equality gradients, with uniformly positive components
at active bounds. Our condition is instead imposed on the exact total-step subproblem, and the effects of
inaccurate sampled constraints are controlled through perturbation and probability bounds (see [15, Assumption
6]). Moreover, Shi et al. [9] used an extended MFCQ condition requiring uniformly bounded directions that
reduce violated constraints by a fixed amount, supporting multiplier bounds and feasibility analysis. Zuo et
al. [10] used local LICQ on the stationary set of the constraint-violation function to derive a feasibility error
bound and exclude infeasible stationary points. In our analysis, feasibility restoration is controlled separately
by Assumption 4, whereas Assumption 5 imposes uniform joint independence of the equality gradients and
near-active bound gradients for the total-step perturbation analysis.

The following lemma establishes a total-step perturbation bound in expectation, relating the sampled
total step to its true counterpart.

Lemma 8 Under Assumption 5 and Conditions 1, 2, the true total step dt and the sampled total step d̃t are
uniformly bounded by Md “ pMf `

b

M2
f ` 2σlMfMv ` σlσuM2

v q{σl. Moreover, there exist constants δR ą 0
and Ld ą 0 such that, for every t P rT s,

Er}d̃t ´ dt}s ď

ˆ

Ld `
2Md

δR

˙

pEt,f ` Et,J ` Er}ṽt ´ vt}sq “: Rt. (3.16)

Proof. We first prove the uniform boundedness of the true total step dt and the sampled total step d̃t.
Substituting d “ vt trivially satisfies both the equality and inequality constraints of (3.10). Then by the
optimality conditions for (3.10), we obtain from Lemma 7 that

∇fJ
t dt `

1
2
dJ

t Htdt ď ∇fJ
t vt `

1
2
vJ

t Htvt ď MfMv `
σu

2
M2

v :“ Qmax. (3.17)
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On the other hand, it follows from σlI ĺ Ht that

∇fJ
t dt `

1
2
dJ

t Htdt ě ´}∇ft}}dt} `
σl

2
}dt}

2 ě ´Mf }dt} `
σl

2
}dt}

2. (3.18)

Combining the lower bound (3.18) with (3.17) yields σl

2 }dt}
2 ´ Mf }dt} ´ Qmax ď 0. Solving this inequality

directly yields the true absolute bound, i.e.,

}dt} ď
Mf `

b

M2
f ` 2σlQmax

σl
“
Mf `

b

M2
f ` 2σlMfMv ` σlσuM2

v

σl
“ Md. (3.19)

By a strictly analogous geometric argument, the sampled normal step ṽt serves as a feasible point for the
perturbed stochastic set td P Rn | ∇̃cJ

t d “ ∇̃cJ
t ṽt, d ě ´xtu. Evaluating the objective value of (2.3) at ṽt

and leveraging the positive definiteness of Ht yields an identical argument. Consequently, the sampled total
step is also uniformly bounded by Md.

To establish the perturbation bound between d̃t and dt, we first derive a uniform bound on the KKT
multipliers of the deterministic total-step subproblem (3.10). Let pλt, µtq denote these multipliers, with the
following sign convention. Then the KKT system of (3.10) is

Htdt ` ∇ft ´ ∇ctλt ´ µt “ 0, ∇cJ
t pdt ´ vtq “ 0, 0 ď xt ` dt K µt ě 0.

By complementarity, µt is supported on the exact active set, which is contained in Ia
t . Hence, it holds that

“

∇ct IIa
t

‰

„

λt

rµtsIa
t

ȷ

“ Htdt ` ∇ft,

where the entries of rµtsIa
t

corresponding to inactive constraints are zero. Assumption 5, together with the
uniform bounds on ∇ft and dt, therefore yield

›

›

›

›

„

λt

rµtsIa
t

ȷ›

›

›

›

ď
σuMd `Mf

ν
“: Mλµ. (3.20)

In particular, we obtain }λt} ď Mλµ and }µt} ď Mλµ.
We next establish a uniform perturbation bound. Fix an iteration at which a total step is computed and

write I “ Ia
t . Retaining only the bounds indexed by I, we define

y “ pd, λ, µIq, K “ Rn ˆ Rm ˆ R|I|
` , Ftpy;ωq :“

»

–

Htd` ∇f ´ ∇c λ´ IIµI
∇cJpd´ vq

IJ
I pxt ` dq

fi

fl , ω “ p∇f,∇c, vq.

Set ωt “ p∇ft,∇ct, vtq, ω̃t “ p∇̃ft, ∇̃ct, ṽtq, and yt “ pdt, λt, rµtsIq. All omitted bounds are inactive at dt

and have zero multipliers, then it holds that 0 P Ftpyt;ωtq ` NKpytq. For any r “ prd, re, rIq, the generalized
equation r P Ftpy;ωtq ` NKpyq is the KKT system of

min
d

1
2
dJHtd` p∇ft ´ rdqJd s.t. ∇cJ

t pd´ vtq “ re, IJ
I pxt ` dq ě rI .

By Assumption 5, r∇ct IIsJ is surjective. Hence, these constraints are feasible for every r, even if all retained
bounds are imposed as equalities. The objective is strongly convex, and every active subset satisfies LICQ.
Thus, the primal-dual solution is unique for every r, which is denoted by Stprq.

For each subset J Ď Ia
t of the bounds retained in the auxiliary quadratic program, define At,J :“

r∇ct IJ s. The corresponding active-set KKT matrix is

Kt,J :“
„

Ht ´At,J
AJ

t,J 0

ȷ

.

For every J Ď Ia
t , extending the coefficient vector by zeros and applying Assumption 5 gives }At,J z} ě ν}z}

for all z P Rm`|J |. Consequently, it holds that AJ
t,JH

´1
t At,J ľ ν2

σu
I. Moreover, it holds that }H´1

t } ď 1{σl
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and }At,J } ď
a

L2
c ` 1. The Schur-complement formula therefore shows that there exists a constant CK ą 0,

independent of t and J , such that }K´1
t,J } ď CK for every J Ď Ia

t . For a fixed active subset, the KKT
solution is affine in r. Its validity region is a closed polyhedron defined by primal feasibility and nonnegative
multipliers. These finitely many regions cover the perturbation space, and the affine expressions agree on
overlaps by uniqueness. Each affine piece has linear part of norm at most CK , since selecting active right-
hand-side components and inserting zero inactive multipliers have norm at most one. Partitioning a line
segment between r and r1 across these regions gives }Stprq ´ Stpr

1q} ď LR}r ´ r1} for all r and r1, where
LR :“ CK . In particular, Stp0q “ yt. Set C0 :“ 1 `Mλµ `Md `Mv ` Lc and choose

δR :“ min
"

1
2LR

,
ϱ

4LRC0

*

. (3.21)

Both LR and δR are independent of t, T , and the prescribed tolerances.
Furthermore, we define the good event

Ct :“
!

maxt}∇̃ct ´ ∇ct}, }∇̃ft ´ ∇ft}, }ṽt ´ vt}u ď δR

)

(3.22)

and denote its complement by Cc
t . Unlike B̄, which guarantees normal-step contraction throughout the restora-

tion iterations, Ct localizes the KKT perturbation analysis at iteration t. On Ct, we use the local sensitivity
estimate, while on its complement, we rely on uniform total-step bounds. By the law of total expectation,
we decompose the expected deviation over the probability space into two complementary components, i.e.,

Er}d̃t ´ dt}s “ E
“

}d̃t ´ dt} ¨ ICt

‰

` E
“

}d̃t ´ dt} ¨ ICc
t

‰

. (3.23)

Bound on the event Ct. Define the perturbation mapping htpyq :“ Ftpy; ω̃tq ´ Ftpy;ωtq. For any
y “ pd, λ, µIq and z “ pd1, λ1, µ1

Iq, we have

htpyq ´ htpzq “

»

–

´p∇̃ct ´ ∇ctqpλ´ λ1q

p∇̃ct ´ ∇ctq
Jpd´ d1q

0

fi

fl .

Consequently, it holds that Lipphtq ď }∇̃ct ´ ∇ct}, where Lipp¨q denotes the global Lipschitz modulus of ht

as defined in (A.1) (see Lemma 14). On the event Ct, the definition of δR gives

LR Lipphtq ď LR}∇̃ct ´ ∇ct} ď LRδR ď
1
2
. (3.24)

Applying Lemma 14 with the inverse St established above, the perturbed auxiliary KKT system admits a
unique solution ŷt “ pd̂t, λ̂t, µ̂t,Iq satisfying

}ŷt ´ yt} ď
LR

1 ´ LR Lipphtq
}htpytq} ď 2LR}htpytq}. (3.25)

At yt, it holds that

htpytq “

»

–

p∇̃ft ´ ∇ftq ´ p∇̃ct ´ ∇ctqλt

p∇̃ct ´ ∇ctq
Jpdt ´ vtq ´ ∇̃cJ

t pṽt ´ vtq

0

fi

fl .

Using the boundedness of }λt}, }dt}, }vt} and }∇̃ct}, we obtain

}htpytq} ď }∇̃ft ´ ∇ft} ` pMλµ `Md `Mvq }∇̃ct ´ ∇ct} ` Lc}ṽt ´ vt}. (3.26)

On event Ct, (3.22) and (3.26) imply }htpytq} ď C0δR. Further combining with (3.25) gives

}d̂t ´ dt} ď }ŷt ´ yt} ď 2LRC0δR ď
ϱ

2
. (3.27)

By the definition of Ia
t in Assumption 5, we have rxt ` dtsi ą ϱ for every i R Ia

t . Hence, (3.27) yields
rxt ` d̂tsi ě rxt ` dtsi ´ }d̂t ´ dt} ą

ϱ
2 , i R Ia

t , thus the non-negative constraints rxt ` dsi ě 0 with i R Ia
t
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are strictly satisfied at d “ d̂t. Extending µ̂t,I by zeros outside Ia
t therefore yields a KKT point of the full

sampled subproblem (2.3). Since this subproblem is strongly convex, its primal minimizer is unique, and
hence d̂t “ d̃t on Ct. Combining this identity with (3.25) and (3.26), we obtain

}d̃t ´ dt} ¨ ICt ď Ld

´

}∇̃ft ´ ∇ft} ` }∇̃ct ´ ∇ct} ` }ṽt ´ vt}

¯

ICt , (3.28)

where Ld :“ 2LR maxt1,Mλµ `Md `Mv, Lcu. Taking expectations in (3.28), using 0 ď ICt
ď 1, and applying

the definitions of Et,f and Et,J gives

E
“

}d̃t ´ dt}ICt

‰

ď Ld pEt,f ` Et,J ` Er}ṽt ´ vt}sq . (3.29)

Bound on the event Cc
t . The total step dt and d̃t are bounded by Md, implying }d̃t ´dt} ď }d̃t}`}dt} ď

2Md. This yields a worst-case error bounded by E
“

}d̃t ´ dt} ¨ ICc
t

‰

ď 2Md ¨ PpCc
t q. By the definition of Ct, the

union bound and Markov’s inequality give

PpCc
t q ď P

`

}∇̃ct ´ ∇ct} ą δR

˘

` P
`

}∇̃ft ´ ∇ft} ą δR

˘

` P
`

}ṽt ´ vt} ą δR

˘

ď
Et,J ` Et,f ` Er}ṽt ´ vt}s

δR
.

By combining the above inequalities, we further obtain

E
“

}d̃t ´ dt} ¨ ICc
t

‰

ď
2Md

δR
pEt,J ` Et,f ` Er}ṽt ´ vt}sq. (3.30)

Finally, plugging (3.29) and (3.30) back into the law of total expectation (3.23) completes the proof. ˝

We now combine the preceding estimates to control the true total step norm and the equality-constraint
violation. The true total step bound combines the good-event descent estimate, the total-step perturbation
bound, and the contribution of B̄c. The feasibility bound instead uses normal-step contraction and the
constraint value estimation error. For notational convenience, we collect these contributions into ∆T,1 and
∆T,2, respectively, with ϵ1 added separately to the feasibility bound. Combining the estimates in preceding
Lemmas, we obtain the following explicit bounds:

∆T,1 :“ 2ℓmaxpf1 ´ f˚ ` ρmaxMcq

σlKT
`

p4ℓmax ` σlq
řT

t“1 κ
2
t

4σlℓminKT
`

4ℓmaxρmax
řT

t“1 Et,c

σlKT
`

pLd ` 2Md{δRqϵ1

?
γmin

`
1
KT

T
ÿ

t“1
κt

˜

ˆ

2ℓmax

ℓminσl
` Ld `

2Md

δR

˙

Et,f `

ˆ

Ld `
2Md

δR

˙

LcEt,c

γmin

`

ˆ

2ℓmaxρmax

ℓminσl
`

ˆ

Ld `
2Md

δR

˙ˆ

1 `
2MvLc `Mc

γmin

˙˙

Et,J

¸

`Md

T
ÿ

t“1
δt, (3.31)

∆T,2 :“ 2ℓmaxLc pf1 ´ f˚ ` ρmaxMcq

p1 ´ ϑqσlKT
`

p4ℓmax ` σlqLc

řT
t“1 κ

2
t

4p1 ´ ϑqσlℓminKT
`

řT
t“1 κtEt,c

KT

`
2Lc

řT
t“1 pℓmaxκtEt,f {ℓmin ` 2ℓmaxρmaxEt,c ` ℓmaxρmaxκtEt,J {ℓminq

p1 ´ ϑqσlKT
`Mc

T
ÿ

t“1
δt. (3.32)

These quantities satisfy

LT `

řT
t“1 κtRt

KT
`MdPpB̄cq ď ∆T,1,

řT
t“1 κtEt,c

KT
`

Lc

1 ´ ϑ
LT `McPpB̄cq ď ∆T,2. (3.33)

The following theorem presents the expected KKT residual bounds for the randomized output of Algo-
rithm 1, conditioned on S̄, the event that all prescribed iterations are completed.

Theorem 1 Suppose Assumptions 4, 5, and Conditions 1, 2 hold, and let ϵ1 ą 0 and ηc P p0, 1q be given. Let
tδtu

T
t“1 Ă p0, 1q be a prescribed deterministic sequence satisfying

řT
t“1 δt ă 1, such that (3.6) holds almost
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surely for every generated iteration t. Then Algorithm 1 completes all T prescribed iterations with probability
PpS̄q ě 1 ´

řT
t“1 δt. On S̄, let xR denote its randomized output. Then, it holds that

Er}dR} | S̄s ď ∆T,1, Er}cR} | S̄s ď ϵ1 ` ∆T,2. (3.34)

Moreover, given a tolerance ϵ P p0, 1q, if

∆T,1 ď min
"

ϵ

σu
,

νϵ

σuMd `Mf

*

, ϵ1 ` ∆T,2 ď ϵ, (3.35)

there exist λR P Rm and µR P Rn
ě0 such that

Er}∇fR ` ∇cRλR ´ µR} | S̄s ď ϵ, Er|µJ
RxR| | S̄s ď ϵ, Er}cR} | S̄s ď ϵ. (3.36)

Proof. By Lemma 3, it holds that B̄ Ď S̄ and PpS̄q ě 1 ´
řT

t“1 δt ą 0. Since S̄ “ B̄ Y pS̄zB̄q, we have

PpS̄zB̄q “ PpB̄cq ´ PpS̄cq ď

T
ÿ

t“1
δt ´ PpS̄cq.

We first bound the true total step dR on the event S̄. By the triangle inequality and the randomized
output rule of Algorithm 1, we apply Lemmas 6, 7 and 8 to obtain

Er}dR} ¨ IB̄s ď Er}d̃R} ¨ IB̄s ` Er}dR ´ d̃R} ¨ IB̄s ď LT `

řT
t“1 κtRt

KT
ď ∆T,1 ´Md

T
ÿ

t“1
δt,

where we use Er}d̃t ´ dt} ¨ IB̄s ď Er}d̃t ´ dt}s. On event S̄zB̄, the uniform bound }dR} ď Md gives

Er}dR} ¨ IS̄zB̄s ď MdPpS̄zB̄q ď Md

˜

T
ÿ

t“1
δt ´ PpS̄cq

¸

.

Combining these estimates yields Er}dR} ¨ IS̄s ď ∆T,1 ´ MdPpS̄cq. If ∆T,1 ď Md, then ∆T,1 ´ MdPpS̄cq ď

∆T,1p1 ´PpS̄cqq “ ∆T,1PpS̄q. Dividing by PpS̄q gives Er}dR} | S̄s ď ∆T,1. If ∆T,1 ą Md, the same conclusion
follows directly from }dR} ď Md on S̄. Thus, we have Er}dR} | S̄s ď ∆T,1.

We next bound the true constraint violation on the event S̄. On B̄, if }c̃t} ď ϵ1, it follows that }ct} ď

ϵ1 ` }c̃t ´ ct}. Otherwise, Lemma 4 and the total-step equality constraint yield p1 ´ ϑq}c̃t} ď }∇̃cJ
t ṽt} “

}∇̃cJ
t d̃t} ď Lc}d̃t}. Thus, in both cases, we obtain }ct} ď ϵ1 ` }c̃t ´ ct} ` Lc

1´ϑ }d̃t} on B̄. Using the randomized
output rule on B̄ and Lemma 6 gives

Er}cR} ¨ IB̄s ď ϵ1 `

řT
t“1 κtEt,c

KT
`

Lc

1 ´ ϑ
LT ď ϵ1 `

řT
t“1 κtEt,c

KT
`

Lc

1 ´ ϑ
LT ď ϵ1 ` ∆T,2 ´Mc

T
ÿ

t“1
δt.

On the event S̄zB̄, the bound }cR} ď Mc implies

Er}cR} ¨ IS̄zB̄s ď McPpS̄zB̄q ď Mc

˜

T
ÿ

t“1
δt ´ PpS̄cq

¸

.

Hence, combining these two inequalities yields Er}cR} ¨ IS̄s ď ϵ1 ` ∆T,2 ´ McPpS̄cq. If ϵ1 ` ∆T,2 ď Mc,
the last expression is bounded above by pϵ1 ` ∆T,2qp1 ´ PpS̄cqq “ pϵ1 ` ∆T,2qPpS̄q. Dividing by PpS̄q gives
Er}cR} | S̄s ď ϵ1 ` ∆T,2. If ϵ1 ` ∆T,2 ą Mc, the same conclusion follows from }cR} ď Mc on S̄. This proves
(3.34).

Finally, we derive the KKT residual bounds on the event S̄. At each iteration on S̄, choose the multipliers
pλt, µtq of the true total-step subproblem with the sign convention ∇ft`∇ctλt´µt “ ´Htdt and µJ

t pxt`dtq “

0. Since }Ht} ď σu, it follows that }∇ft `∇ctλt ´µt} ď σu}dt}. Taking expectations conditioned on S̄ under
the randomized output rule gives

Er}∇fR ` ∇cRλR ´ µR} | S̄s ď σuEr}dR} | S̄s ď σu∆T,1.
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As presented in (3.20), }µt} ď Mλµ “ pσuMd ` Mf q{ν. Since µJ
t pxt ` dtq “ 0 and xt, µt ě 0, we obtain

0 ď µJ
t xt “ ´µJ

t dt ď pσuMd ` Mf q}dt}{ν. Taking expectations conditioned on S̄ under the randomized
output rule yields

Er|µJ
RxR| | S̄s ď MλµEr}dR} | S̄s ď

pσuMd `Mf q∆T,1

ν
.

If ∆T,1 ď mintϵ{σu, νϵ{pσuMd `Mf qu and ϵ1 ` ∆T,2 ď ϵ, then we can verify the stationarity, feasibility, and
complementarity requirements (3.36). ˝

Therefore, it remains to choose the iteration horizon T , sequence κt, batch sizes, and probability budgets
δt so that (3.6) and (3.35) are satisfied, in order to derive the sample complexity bounds for Algorithm 1.

4 Sample Complexity Analysis
In this section, we will establish the sample complexity of Algorithm 1 to return an expected ϵ-KKT point
conditioned on S̄, the event that all prescribed iterations are completed. The probability budgets are chosen
so that

řT
t“1 δt ď ϵ, ensuring that S̄ occurs with probability at least 1 ´ ϵ. Throughout this section, we omit

constant factors depending on the problem parameters and algorithmic parameters, while explicitly tracking
the dependence on tolerance ϵ, maximum iteration number T , tail index p, sequence κt, batch sizes and
probability budgets δt. Recall that Theorem 1 requires the error terms bounded by Opϵq. It then suffices to
show that

max
"

∆T,1, ϵ
1 ` ∆T,2, max

1ďtďT
E 1

t{δ
1{p
t

*

“ Opϵq.

For each fixed p P p1, 2q, the proportionality constants in the parameter choices below are independent of ϵ
and are chosen to satisfy the accuracy requirements of the preceding convergence theorem. To this end, we
construct estimators satisfying Conditions 1 and 2 and quantify their estimation errors.

4.1 Complexity bounds with mini-batch estimation
In this subsection, we will address the sample complexity of Algorithm 1 using mini-batch estimators. To
ensure the uniform boundedness required in Condition 1 under heavy-tailed noise, we project the mini-batch
averages onto prescribed bounded sets. Specifically, the stochastic estimators are computed by

∇̃ft “ΠBpMf q

˜

řBt,f

i“1 ∇Fpxt; ξpiq
t q

Bt,f

¸

, c̃t “ΠBpMcq

˜

řBt,c

i“1 Cpxt; ζpiq
t q

Bt,c

¸

, ∇̃ct “ΠBpLcq

˜

řBt,J

i“1 ∇Cpxt; ζ̄piq
t q

Bt,J

¸

,

(4.1)
where Bt,f , Bt,c, and Bt,J are the corresponding batch sizes, and Bp¨q denotes the norm ball. Conditionally on
the history Ft prior to iteration t, the three batches are mutually independent, and the samples within each
batch are independent and identically distributed. By construction, it follows that }∇̃ft} ď Mf , }c̃t} ď Mc

and }∇̃ct} ď }∇̃ct}F ď Lc, which ensures that the uniform boundedness in Condition 1 holds.
While such a truncation mechanism inherently introduces an estimation bias, its magnitude can be ef-

fectively controlled through appropriately chosen batch sizes. The following lemma bounds the expected
estimation errors of the constructed stochastic estimators, thereby ensuring that Condition 2 holds.

Lemma 9 Suppose that Assumptions 1, 2, and 3 hold. Then, for any t P rT s, the expected estimation errors
of the truncated estimators constructed in (4.1) satisfy, almost surely,

Etr}∇̃ft ´ ∇ft}
ps ď 22´pV p

f B
1´p
t,f , Etr}c̃t ´ ct}

ps ď 22´pV p
c B

1´p
t,c , Etr}∇̃ct ´ ∇ct}

p
F s ď 22´pV p

J B
1´p
t,J ,

Etr}∇̃ft ´ ∇ft}s ď Et,f , Etr}c̃t ´ ct}s ď Et,c, Etr}∇̃ct ´ ∇ct}s ď Et,J ,

where
Et,i :“ 2

2´p
p ViB

1´p
p

t,i for i P tf, c, Ju. (4.2)

Proof. For brevity, we only provide the detailed derivation for the upper bound of Er}∇̃ft ´ ∇ft}
ps and

Er}∇̃ft ´ ∇ft}s. The upper bounds for the remaining terms follow from analogous arguments, with the
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only exception that bounding Er}∇̃ct ´ ∇ct}s additionally employs the matrix norm inequality }A} ď }A}F .
Note that ΠBpMf qp∇fpxtqq “ ∇fpxtq holds under Assumption 1. By the non-expansiveness of the Euclidean
projection operator ΠBpMf qp¨q, we can bound the approximation error as

Etr}∇̃ft ´ ∇ft}
psďEt

»

–

›

›

›

›

›

1
Bt,f

Bt,f
ÿ

i“1

´

∇Fpxt; ξpiq
t q ´ ∇fpxtq

¯

›

›

›

›

›

p
fi

flď
1

Bp
t,f

Et

»

–

›

›

›

›

›

Bt,f
ÿ

i“1

´

∇Fpxt; ξpiq
t q ´ ∇fpxtq

¯

›

›

›

›

›

p
fi

fl.

Denote the sample-wise filtration

Gf
t,0 :“ Ft, Gf

t,i :“ Ft _ σ
´

ξ
p1q
t , . . . , ξ

piq
t

¯

, i “ 1, . . . , Bt,f .

Here, _ denotes the smallest σ-algebra containing both constituent σ-algebras. Let Xi
t :“ ∇Fpxt; ξpiq

t q ´

∇fpxtq for i “ 1, . . . , Bt,f denote the gradient estimation errors. The current batch is sampled independently
of Ft, and the samples within the batch are independently and identically distributed. Since xt is Ft-
measurable and the stochastic gradient oracle is unbiased, it holds that ErXi

t | Gf
t,i´1s “ Er∇Fpxt; ξpiq

t q |

Gf
t,i´1s ´ ∇fpxtq “ 0. Moreover, according to Assumption 3, the pth moment of each individual error

satisfies Er}Xi
t}p | Gf

t,i´1s ď V p
f ă `8. Applying Lemma 13 conditionally on Ft yields

Et

»

–

›

›

›

›

›

Bt,f
ÿ

i“1

´

∇Fpxt; ξpiq
t q ´ ∇fpxtq

¯

›

›

›

›

›

p
fi

fl ď 22´p

Bt,f
ÿ

i“1
Et

”

}∇Fpxt; ξpiq
t q ´ ∇fpxtq}p

ı

ď 22´pV p
f Bt,f .

Hence, combining the preceding two inequalities gives Etr}∇̃ft ´∇ft}
ps ď 22´pV p

f B
1´p
t,f . By invoking Jensen’s

inequality, we further obtain Etr}∇̃ft ´ ∇ft}s ď Etr}∇̃ft ´ ∇ft}
ps

1
p ď 2

2´p
p VfB

1´p
p

t,f “ Et,f . ˝

The sample complexity of Algorithm 1 with mini-batch estimation is provided in the following theorem.

Theorem 2 Suppose Assumptions 1, 2, 3, 4 and 5 hold. Given a tolerance ϵ P p0, 1q and t P rT s, set ϵ1 “ cϵϵ,
where cϵ ą 0 is a sufficiently small fixed constant independent of ϵ, and choose the parameters

κt — ϵ, Bt,f —

Q

ϵ
p

1´p

U

, Bt,c —

Q

ϵ
p`3
1´p

U

, Bt,J —

Q

ϵ
p`3
1´p

U

, δt —
ϵ

T
with

T
ÿ

t“1
δt ď ϵ.

Then Algorithm 1 with mini-batch estimation completes all prescribed iterations with probability at least 1´ ϵ,
and conditioned on this, it returns an expected ϵ-KKT point after T — rϵ´2s iterations, with sample complexity
of order Opϵ

3p´2
1´p q, Opϵ

3p`1
1´p q and Opϵ

3p`1
1´p q for computing ∇̃ft, ∇̃ct and c̃t, respectively.

Proof. The definitions of ∆T,1 in (3.31), ∆T,2 in (3.32), and E 1
t in (3.6) give

∆T,1 “ O

˜

1 `
řT

t“1 κ
2
t `

řT
t“1 Et,c

KT
`

řT
t“1 κt pEt,f ` Et,c ` Et,J q

KT
`

T
ÿ

t“1
δt ` ϵ1

¸

,

∆T,2 “ O

˜

1 `
řT

t“1 κ
2
t `

řT
t“1 Et,c

KT
`

řT
t“1 κt pEt,f ` Et,c ` Et,J q

KT
`

T
ÿ

t“1
δt

¸

,

E 1
t

δ
1{p
t

“ O

˜

ˆ

Etr}c̃t ´ ct}
ps

δt

˙
1
p

`

ˆ

Etr}∇̃ct ´ ∇ct}
p
F s

δt

˙

1
p

¸

.

With the choices of parameters, we obtain

Et,f “Opϵq, Et,c “Opϵ
p`3

p q, Et,J “Opϵ
p`3

p q, Etr}c̃t´ct}
ps“Opϵp`3q, Etr}∇̃ct´∇ct}

p
F s“Opϵp`3q, KT — rϵT s .

Hence, it holds that

∆T,1 “O
ˆ

1
ϵT

`ϵ
p`3

p `ϵ
3
p `ϵ

˙

, ϵ1 ` ∆T,2 “O
ˆ

1
ϵT

`ϵ
p`3

p `ϵ
3
p `ϵ

˙

, E 1
t{δ

1{p
t “O

´

ϵ
p`2

p T
1
p

¯

.
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With T — rϵ´2s, these estimates give ∆T,1 “ Opϵq, ϵ1 ` ∆T,2 “ Opϵq and E 1
t{δ

1{p
t “ Opϵq. Lemma 3 therefore

yields PpS̄q ě 1 ´
řT

t“1 δt ě 1 ´ ϵ. By applying Theorem 1, the randomized output conditioned on S̄ satisfies
the ϵ-KKT conditions in expectation. Moreover, the total number of samples required for finding an expected
ϵ-KKT point are

T
ÿ

t“1
Bt,f “O

´

ϵ
p

1´pT
¯

“O
´

ϵ
3p´2
1´p

¯

,
T
ÿ

t“1
Bt,J “O

´

ϵ
p`3
1´pT

¯

“O
´

ϵ
3p`1
1´p

¯

,
T
ÿ

t“1
Bt,c “O

´

ϵ
p`3
1´pT

¯

“O
´

ϵ
3p`1
1´p

¯

,

respectively, which completes the proof. ˝

Discussion 1 Compared with [11], which uses exact constraint information, Theorem 2 provides sample-
complexity bounds for expected ϵ-KKT guarantees conditioned on event S̄, allowing simultaneous stochastic
errors in the three oracles. As p Ò 2, the sample-complexity bound for objective-gradient evaluations has
the limiting form Opϵ´4q, matching the corresponding exponent in [15] up to logarithmic factors, whereas
the bounds for constraint-value and Jacobian evaluations both have the limiting form Opϵ´7q. These higher
constraint-sampling costs arise in the analysis from controlling contraction failures through pth-moment error
bounds, whereas [15] used sharper concentration bounds under almost-surely bounded original estimation
errors.

4.2 Complexity bounds with SPIDER-type recursive estimation
In this subsection, we will establish sample complexity for Algorithm 1 using SPIDER-type recursive esti-
mators. Specifically, Algorithm 1 proceeds in epochs, where each epoch t P rT s consists of τt inner recursive
steps (j P t0, . . . , τt ´ 1u). At the beginning of each epoch (j “ 0), we construct the estimators by identically
applying the truncation (4.1) over large batches Bt,¨, i.e.,

∇̃ft,0 “ΠBpMf q

˜

řBt,f

i“1 ∇Fpxt,0; ξpiq
t,0q

Bt,f

¸

, c̃t,0 “ΠBpMcq

˜

řBt,c

i“1 Cpxt,0; ζpiq
t,0q

Bt,c

¸

, ∇̃ct,0 “ΠF
BpLcq

˜

řBt,J

i“1 ∇Cpxt,0; ζ̄piq
t,0q

Bt,J

¸

.

(4.3)
For the subsequent inner iterations j P t1, . . . , τt ´ 1u, the stochastic estimators are updated using relatively
smaller sample sizes St,¨, i.e.,

∇̃ft,j “ ΠBpMf q

˜

∇̃ft,j´1 `
1
St,f

St,f
ÿ

i“1

´

∇Fpxt,j ; ξpiq
t,j q ´ ∇Fpxt,j´1; ξpiq

t,j q

¯

¸

,

∇̃ct,j “ ΠBpLcq

˜

∇̃ct,j´1 `
1
St,J

St,J
ÿ

i“1

´

∇Cpxt,j ; ζ̄piq
t,j q ´ ∇Cpxt,j´1; ζ̄piq

t,j q

¯

¸

,

c̃t,j “ ΠBpMcq

˜

c̃t,j´1 `
1
St,c

St,c
ÿ

i“1

´

Cpxt,j ; ζpiq
t,j q ´ Cpxt,j´1; ζpiq

t,j q

¯

¸

.

(4.4)

In each SPIDER difference, the two oracle evaluations use the same sample, drawn independently of the
history preceding the batch. Within the inner loop for j “ 0, . . . , τt ´ 1, the iterate is updated by taking a
normalized-step along the stochastic direction d̃t,j , i.e.,

xt,j`1 “ xt,j ` ηt,j d̃t,j , with ηt,j “ min
"

κt

pLf ` ρ̃t,jLJ q}d̃t,j}
, 1
*

. (4.5)

After completing the τt inner steps, we set the last inner iterate as the initial point for the next epoch,
i.e., xt`1,0 “ xt,τt . The merit parameter ρ̃t,j is updated after computing d̃t,j and before updating the
iterate. The merit parameter is carried over between epochs and is not reinitialized when the estimators are
refreshed. Algorithm 1 with SPIDER-type estimation strategy returns a random point xR, which is selected
from txt,j : 1 ď t ď T, 0 ď j ď τt ´ 1u according to the probability distribution PpR “ pt, jqq “ κt{KT with
KT :“

řT
k“1 τkκk throughout this subsection.

Moreover, to analyze the estimation errors under SPIDER-type recursive estimation, we impose the
following mean pth-moment smoothness condition on the stochastic estimates.
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Assumption 6 There exist constants Lf ą 0, Lc ą 0, and LJ ą 0 such that for any x, y P Rn,

Er}∇Fpx; ξq ´ ∇Fpy; ξq}ps ď Lp
f }x´ y}p, Er}Cpx; ζq ´ Cpy; ζq}ps ď Lp

c}x´ y}p,

Er}∇Cpx; ζq ´ ∇Cpy; ζq}
p
F s ď Lp

J }x´ y}p.

Remark 3 For notational simplicity, we use the same constants Lf , Lc, and LJ as in Assumption 2. Indeed,
the unbiasedness of the stochastic oracles together with Jensen’s inequality yields

}∇fpxq ´ ∇fpyq} “ }Er∇Fpx; ξq ´ ∇Fpy; ξqs} ď pEr}∇Fpx; ξq ´ ∇Fpy; ξq}psq1{p ď Lf }x´ y}.

Analogous arguments establish }cpxq´cpyq} ď Lc}x´y} and }∇cpxq´∇cpyq} ď LJ }x´y}. Thus, Assumption 6
is a slightly stronger requirement that implies Assumption 2. In particular, if p “ 2, Assumption 6 reduces to
the widely adopted mean-squared smoothness condition.

Let Ft,j denote the history prior to the batch sampling of epoch pt, jq, and write Et,jr¨s :“ Er¨ | Ft,js in this
subsection. The following lemma establishes the estimation error bounds for the SPIDER-type estimators.

Lemma 10 Suppose that Assumptions 1, 3 and 6 hold. For any t P rT s and j P t0, . . . , τt ´ 1u, the expected
estimation errors of the stochastic estimators constructed in (4.3) and (4.4) satisfy, almost surely,

Et,0r}∇̃ft,j ´∇ft,j}psď
24´pτtκ

p
tL

p
fS

1´p
t,f

ℓp
min

`22´pV p
f B

1´p
t,f , Et,0r}∇̃ft,j ´∇ft,j}sď

2
4´p

p τ
1
p

t κtLfS
1´p

p

t,f

ℓmin
`2

2´p
p VfB

1´p
p

t,f ,

Et,0r}c̃t,j ´ct,j}ps ď
24´pτtκ

p
tL

p
cS

1´p
t,c

ℓp
min

`22´pV p
c B

1´p
t,c , Et,0r}c̃t,j ´ct,j}sď

2
4´p

p τ
1
p

t κtLcS
1´p

p

t,c

ℓmin
`2

2´p
p VcB

1´p
p

t,c ,

Et,0r}∇̃ct,j ´∇ct,j}
p
F s ď

24´pτtκ
p
tL

p
JS

1´p
t,J

ℓp
min

`22´pV p
J B

1´p
t,J , Et,0r}∇̃ct,j ´∇ct,j}sď

2
4´p

p τ
1
p

t κtLJS
1´p

p

t,J

ℓmin
`2

2´p
p VJB

1´p
p

t,J .

Proof. Given the structural symmetry among the three SPIDER-type estimators, we only detail the
derivation for the objective gradient error Et,0r}∇̃ft,j ´∇ft,j}s and Et,0r}∇̃ft,j ´∇ft,j}ps, and the theoretical
guarantees for the remaining terms follow.

At the beginning of each epoch (i.e., j “ 0), the SPIDER-type estimators are constructed identically to
the standard mini-batch strategy. Thus, it readily follows from Lemma 9 that the initial estimation error
is bounded by Et,0r}∇̃ft,0 ´ ∇ft,0}ps ď 22´pV p

f B
1´p
t,f , where we implicitly invoke the non-expansiveness of

the Euclidean projection. For each inner iteration j ě 1, xt,j´1, xt,j , ∇̃ft,j´1, c̃t,j´1 and ∇̃ct,j´1 are Ft,j-
measurable. The samples drawn at iteration pt, jq are independent of Ft,j , and the samples within each batch
are conditionally independent and identically distributed. For ∇̃ft,j , we define the sample-wise filtration

Gf
t,j,0 :“ Ft,j , Gf

t,j,i :“ Ft,j _ σ
´

ξ
p1q
t,j , . . . , ξ

piq
t,j

¯

, i “ 1, . . . , St,f .

Moreover, let g̃t,j “ ∇̃ft,j´1 ` 1
St,f

řSt,f

i“1 p∇Fpxt,j ; ξpiq
t,j q ´ ∇Fpxt,j´1; ξpiq

t,j qq for simplicity, and then ∇̃ft,j “

ΠBpMf qpg̃t,jq. By the non-expansiveness of the Euclidean projection, it holds that

}∇̃ft,j ´ ∇ft,j} ď }g̃t,j ´ ∇ft,j}. (4.6)

We now proceed to bound the term Et,jr}g̃t,j ´ ∇ft,j}ps. By the Hölder continuity of the gradient of } ¨ }p

(i.e., }a` b}p ď 22´p}a}p ` p}b}p´2xa, by ` }b}p for any a, b P Rn and b ‰ 0) [38], we obtain

Et,jr}g̃t,j ´ ∇ft,j}ps ď 22´pEt,jr}g̃t,j ´ Et,jrg̃t,js}ps ` Et,jr}Et,jrg̃t,js ´ ∇ft,j}ps

` pEt,j

„

xg̃t,j ´ Et,jrg̃t,js,Et,jrg̃t,js ´ ∇ft,jy

}Et,jrg̃t,js ´ ∇ft,j}2´p

ȷ

.

Observe that ∇ft,j and Et,jrg̃t,js are Ft,j-measurable, which ensures that the numerator of the cross-product
term satisfies Et,jrxg̃t,j ´ Et,jrg̃t,js,Et,jrg̃t,js ´ ∇ft,jys “ 0. When Et,jrg̃t,js “ ∇ft,j , the fraction in the
preceding display is defined to be zero, and the inequality holds directly since 22´p ą 1. Hence, we obtain

Et,jr}g̃t,j ´ ∇ft,j}ps ď 22´pEt,jr}g̃t,j ´ Et,jrg̃t,js}ps ` Et,jr}Et,jrg̃t,js ´ ∇ft,j}ps (4.7)
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According to the Ft,j-measurability of ∇̃ft,j´1 and the unbiasedness of the stochastic oracle (Assumption 3),
it holds that Et,jrg̃t,js “ ∇̃ft,j´1 ` ∇ft,j ´ ∇ft,j´1. Substituting this term back into the decomposed bound
(4.7) allows us to decouple the estimation error:

Et,jr}g̃t,j ´ ∇ft,j}ps ď
22´p

Sp
t,f

Et,j

«›

›

›

›

›

St,f
ÿ

i“1

´

∇Fpxt,j ; ξpiq
t,j q ´ ∇Fpxt,j´1; ξpiq

t,j q ´ ∇ft,j ` ∇ft,j´1

¯

›

›

›

›

›

pff

` Et,jr}∇̃ft,j´1 ´ ∇ft,j´1}ps.

Let Xf,i
t,j :“ ∇F pxt,j ; ξpiq

t,j q ´ ∇F pxt,j´1; ξpiq
t,j q ´ ∇ft,j ` ∇ft,j´1 for i “ 1, . . . , St,f . Since the current sample

is independent of Gf
t,j,i´1 and the stochastic oracle is unbiased, tXf,i

t,j u
St,f

i“1 is a martingale difference sequence
with respect to tGf

t,j,iu
St,f

i“0 . Further applying the inequality }a ` b}p ď 2p´1p}a}p ` }b}pq and Assumption 3
leads to

Er}Xf,i
t,j }ps ď 2p´1

´

E
”›

›

›
∇Fpxt,j ; ξpiq

t,j q ´ ∇ft,j

›

›

›

pı

` E
”›

›

›
∇Fpxt,j´1; ξpiq

t,j q ´ ∇ft,j´1

›

›

›

pı¯

ď 2pV p
f ă `8.

With this moment condition satisfied, by invoking Burkholder-type inequality (Lemma 13) and the inequality
}a` b}p ď 2p´1p}a}p ` }b}pq again, the bound on Er}g̃t,j ´ ∇ft,j}ps becomes

Et,jr}g̃t,j ´ ∇ft,j}ps ď
23´p

Sp
t,f

St,f
ÿ

i“1

´

Et,j

”›

›

›
∇Fpxt,j ; ξpiq

t,j q ´ ∇Fpxt,j´1; ξpiq
t,j q

›

›

›

pı

` }∇ft,j ´ ∇ft,j´1}p
¯

` }∇̃ft,j´1 ´ ∇ft,j´1}p

ď 24´pLp
fS

1´p
t,f }xt,j ´ xt,j´1}p ` }∇̃ft,j´1 ´ ∇ft,j´1}p

ď
24´pκp

tL
p
fS

1´p
t,f

ℓp
min

` }∇̃ft,j´1 ´ ∇ft,j´1}p,

where the second inequality follows from Assumption 6, and the last inequality is due to the fact that
}xt,j ´ xt,j´1} ď κt{pLf ` ρ̃t,j´1LJ q ď κt{ℓmin. Further substituting into (4.6) yields

Et,jr}∇̃ft,j ´ ∇ft,j}ps ď
24´pκp

tL
p
fS

1´p
t,f

ℓp
min

` }∇̃ft,j´1 ´ ∇ft,j´1}p. (4.8)

Since Ft,0 Ď Ft,j , iterating this recursion together with the tower property gives

Et,0r}∇̃ft,j ´ ∇ft,j}ps ď
24´pjκp

tL
p
fS

1´p
t,f

ℓp
min

` Et,0r}∇̃ft,0 ´ ∇ft,0}ps ď
24´pτtκ

p
tL

p
fS

1´p
t,f

ℓp
min

` 22´pV p
f B

1´p
t,f ,

where we apply j ď τt in the last inequality. By the conditional Jensen’s inequality, we obtain

Et,0r}∇̃ft,j ´ ∇ft,j}s ď
2

4´p
p τ

1
p

t κtLfS
1´p

p

t,f

ℓmin
` 2

2´p
p VfB

1´p
p

t,f .

The constraint value bounds follow by the same argument. For the Jacobian estimator, the argument is
carried out w.r.t. }¨}F . If Ĵt,j denotes the corresponding unprojected estimator, we then have }∇̃ct,j´∇ct,j} ď

}∇̃ct,j ´ ∇ct,j}F ď }Ĵt,j ´ ∇ct,j}F , where the first inequality uses }A} ď }A}F for any matrix A, while the
second follows from the non-expansiveness of ΠF

BpLcq
in the Frobenius norm. The Frobenius-norm moment

conditions in Assumptions 3 and 6 then yield the desired results via an analogous argument. ˝

Under the SPIDER-type recursive estimation, we retain the notation of Et,i for i P tf, c, Ju, but reinterpret
them as total estimation-error bounds over all inner iterations of epoch t. Specifically, we choose these
quantities

Et,i “
2

4´p
p τ

p`1
p

t κtLiS
1´p

p

t,i

ℓmin
` 2

2´p
p τtViB

1´p
p

t,i , i P tf, c, Ju. (4.9)

23



Then summing the conditional bounds in Lemma 10 over j “ 0, . . . , τt ´ 1 yields

τt´1
ÿ

j“0
Et,0r}∇̃ft,j ´ ∇ft,j}s ď Et,f ,

τt´1
ÿ

j“0
Et,0r}c̃t,j ´ ct,j}s ď Et,c,

τt´1
ÿ

j“0
Et,0r}∇̃ct,j ´ ∇ct,j}s ď Et,J .

We next analyze Algorithm 1 with SPIDER-type recursive estimation. The additional task is to control
the constraint-restoration events throughout each epoch. Following the argument leading to the inequality
(4.8) in the proof of Lemma 10, we obtain that for every j ě 1,

Et,jr}c̃t,j ´ ct,j}ps ď
24´pκp

tL
p
cS

1´p
t,c

ℓp
min

` }c̃t,j´1 ´ ct,j´1}p,

Et,jr}∇̃ct,j ´ ∇ct,j}
p
F s ď

24´pκp
tL

p
JS

1´p
t,J

ℓp
min

` }∇̃ct,j´1 ´ ∇ct,j´1}
p
F , almost surely.

(4.10)

Extending (3.1) to the inner iterations pt, jq, we define

Et,j :“ pαv ` Lcq}c̃t,j ´ ct,j} `Mc}∇̃ct,j ´ ∇ct,j}F ,

and the corresponding contraction event, the epoch-wise and global contraction events

Bt,j :“
␣

}c̃t,j} ď ϵ1
(

Y
␣

Et,j ď ηcαvϵ
1
(

, Bsp
t :“

τt´1
č

j“0
Bt,j , B̄sp :“

T
č

t“1
Bsp

t ,

respectively. For Algorithm 1, the completion event in this subsection is

S̄ :“
T
č

t“1

τt´1
č

j“0

`

t}c̃t,j} ď ϵ1u Y t}ṽc
t,j} ą βISϵ

1u
˘

.

Thus, S̄ denotes completion of all prescribed inner iterations. To control sampling-accuracy failures through-
out each epoch, define

at :“ 8κp
t

ℓp
min

´

pαv ` LcqpLp
cS

1´p
t,c `Mp

c L
p
JS

1´p
t,J

¯

, bt :“ 2
´

pαv ` LcqpV p
c B

1´p
t,c `Mp

c V
p

J B
1´p
t,J

¯

.

Here, bt bounds the initial weighted error moment, while at bounds its one-step conditional increase. We set

E 1
t,sp :“ pbt ` τtatq

1{p. (4.11)

The following lemma provides the epoch-wise non-progressive probability bounds for Algorithm 1 with
SPIDER-type recursive estimation.

Lemma 11 Suppose the assumptions of Lemma 10 hold. For each epoch t, let δt P p0, 1q be a prescribed deter-
ministic probability budget. Suppose that E 1

t,sp ď ηcαvϵ
1δ

1{p
t almost surely. Then, it holds that Pt,0ppBsp

t qcq ď δt

almost surely, where Pt,0p¨q :“ Pp¨ | Ft,0q. Consequently, it holds that PppB̄spqcq ď
řT

t“1 δt.

Proof. For a fixed t, let Ht,j denote the history immediately after the batches at inner iteration pt, jq have
been sampled. Thus, it holds that Ft,0 Ď Ht,0 Ď Ft,1 Ď Ht,1 Ď ¨ ¨ ¨ . Since pa` bqp ď 2p´1pap ` bpq, we have

Ep
t,j ď 2p´1 `pαv ` Lcqp}c̃t,j ´ ct,j}p `Mp

c }∇̃ct,j ´ ∇ct,j}
p
F

˘

“: Ut,j .

Moreover, the stochastic estimate bounds at pt, 0q and (4.10) imply

Et,0rUt,0s ď bt, ErUt,j | Ht,j´1s ď Ut,j´1 ` at, j ě 1,

where the second inequality also uses the tower property and Ht,j´1 Ď Ft,j . For j “ 0, . . . , τt ´ 1, define
Zt,j :“ Ut,j ` pτt ´ 1 ´ jqat. Then, we have Zt,j ě 0 and ErZt,j | Ht,j´1s ď Ut,j´1 ` pτt ´ jqat “ Zt,j´1
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for j “ 1, . . . , τt ´ 1. Thus, tZt,ju forms an integrable non-negative super-martingale. Since Ep
t,j ď Ut,j ď

Zt,j , applying Ville’s maximal inequality [39, Lemma 1] conditionally on Ht,0 and then taking conditional
expectations given Ft,0 via the tower property yields

Pt,0ppBsp
t qcq ď Pt,0

ˆ

max
0ďjăτt

Zt,j ě pηcαvϵ
1qp

˙

ď
Et,0rZt,0s

pηcαvϵ1qp
ď
bt ` pτt ´ 1qat

pηcαvϵ1qp
.

Noting that the notation in (4.9) and the definition of E 1
t,sp in (4.11) imply pE 1

t,spqp “ τtat ` bt. Combining
at ě 0, it follows that bt ` pτt ´ 1qat ď pE 1

t,spqp. Further invoking the condition E 1
t,sp ď ηcαvϵ

1δ
1{p
t almost

surely gives Pt,0ppBsp
t qcq ď δt. Finally, the union bound and the tower property yield

PppB̄spqcq ď

T
ÿ

t“1
PppBsp

t qcq “

T
ÿ

t“1
E rPt,0ppBsp

t qcqs ď

T
ÿ

t“1
δt,

which completes the proof. ˝

The following theorem establishes the sample complexity bounds for Algorithm 1 equipped with SPIDER-
type recursive estimation.

Theorem 3 Suppose Assumptions 1, 3, 4, 5 and 6 hold. Given a tolerance ϵ P p0, 1q, set ϵ1 “ cϵϵ, where
cϵ ą 0 is a sufficiently small fixed constant independent of ϵ, and choose

κt — ϵ, Bt,f —

Q

ϵ
p

1´p

U

, Bt,c —

Q

ϵ
p`2
1´p

U

, Bt,J —

Q

ϵ
p`2
1´p

U

,

τt — rϵ´1s, St,f —

Q

ϵ
1

1´p

U

, St,c —

Q

ϵ
3

1´p

U

, St,J —

Q

ϵ
3

1´p

U

, δt —
ϵ

T
with

T
ÿ

t“1
δt ď ϵ,

Then Algorithm 1 with SPIDER-type recursive estimation completes all prescribed iterations with probability
at least 1 ´ ϵ, and conditioned on this, it returns an expected ϵ-KKT point after T — rϵ´1s iterations,
corresponding to Opϵ´2q inner iterations. The sample complexity for computing ∇̃ft, ∇̃ct and c̃t are of order
Opϵ´

2p´1
p´1 q, Opϵ´

2p`1
p´1 q and Opϵ´

2p`1
p´1 q, respectively.

Proof. The definitions of ∆T,1 in (3.31), ∆T,2 in (3.32), and E 1
t,sp in (4.11) give

∆T,1 “ O

˜

1 `
řT

t“1 τtκ
2
t `

řT
t“1 Et,c

KT
`

řT
t“1 κt pEt,f ` Et,c ` Et,J q

KT
`

T
ÿ

t“1
δt ` ϵ1

¸

,

∆T,2 “ O

˜

1 `
řT

t“1 τtκ
2
t `

řT
t“1 Et,c

KT
`

řT
t“1 κt pEt,f ` Et,c ` Et,J q

KT
`

T
ÿ

t“1
δt

¸

,

E 1
t,sp

δ
1{p
t

“

ˆ

bt ` τtat

δt

˙1{p

“ O

¨

˝

˜

B1´p
t,c `B1´p

t,J ` τtκ
p
t

`

S1´p
t,c ` S1´p

t,J

˘

δt

¸1{p
˛

‚.

It follows from the parameter choices that

Et,f “ Op1q, Et,c “ Opϵ
2
p q, Et,J “ Opϵ

2
p q, B1´p

t,c “ Opϵp`2q,

B1´p
t,J “ Opϵp`2q, S1´p

t,c “ Opϵ3q, S1´p
t,J “ Opϵ3q, KT — T.

Further combining the setting of ϵ1, κt, τt, and δt gives

∆T,1 “O
ˆ

1
T

`ϵ
p`2

p `ϵ
2
p `ϵ

˙

, ϵ1 ` ∆T,2 “O
ˆ

1
T

`ϵ
p`2

p `ϵ
2
p `ϵ

˙

,
E 1

t,sp

δ
1{p
t

“O
´

ϵ
p`1

p T
1
p

¯

.

Further combining T — rϵ´1s gives ∆T,1 “ Opϵq, ϵ1 ` ∆T,2 “ Opϵq and E 1
t,sp{δ

1{p
t “ Opϵq. Choosing the

proportionality constants sufficiently small or large as specified above ensures E 1
t,sp ď ηcαvϵ

1δ
1{p
t and the

25



accuracy requirements of Theorem 1, with errors aggregated over epochs. Lemma 11 gives PppB̄spqcq ď
řT

t“1 δt. The same early termination test argument as in Lemma 3 shows that B̄sp Ď S̄. Hence, it holds
that PpS̄q ě 1 ´

řT
t“1 δt ě 1 ´ ϵ. Applying the argument of Theorem 1 with epoch-wise error bounds,

the randomized output conditioned on S̄ satisfies the ϵ-KKT conditions in expectation. Moreover, the total
number of samples required for finding an expected ϵ-KKT point are

T
ÿ

t“1
pBt,f ` 2pτt ´ 1qSt,f q “ O

´´

ϵ
p

1´p ` ϵ
p

1´p

¯

T
¯

“ O
´

ϵ
2p´1
1´p

¯

,

T
ÿ

t“1
pBt,J ` 2pτt ´ 1qSt,J q “ O

´´

ϵ
p`2
1´p ` ϵ

p`2
1´p

¯

T
¯

“ O
´

ϵ
2p`1
1´p

¯

,

T
ÿ

t“1
pBt,c ` 2pτt ´ 1qSt,cq “ O

´´

ϵ
p`2
1´p ` ϵ

p`2
1´p

¯

T
¯

“ O
´

ϵ
2p`1
1´p

¯

,

which completes the proof. ˝

Discussion 2 For Algorithm 1, the recursive variance reduction and epoch-wise error control improve the
sample complexity bounds in Theorem 2. As p Ò 2, the sample-complexity bounds have the limiting forms
Opϵ´3q for objective-gradient evaluations and Opϵ´5q for both constraint-value and Jacobian evaluations. The
objective-gradient and constraint-value exponents match those in [15], up to logarithmic factors, although our
Jacobian bound is higher. Their stochastic framework requires a uniformly nondegenerate sampled equality
Jacobian and a quantitative MFCQ for the sampled constraints [15, Assumption 6]. Their complexity analysis
establishes these properties with high probability under almost-surely bounded oracle errors, with sample-
wise smoothness additionally required for recursive estimation. In our analysis, the geometric regularity
conditions are imposed on the true feasibility problem and the deterministic total-step subproblem. Specifically,
the projected feasibility error bound supports normal-step contraction, while near-active LICQ controls the
multipliers and total-step sensitivity. We establish the required sampled contraction and perturbation bounds
on estimation-accuracy events and explicitly control the contributions of their complements to the expected
residual bounds. This analysis accommodates bounded pth central moments and mean pth-moment smoothness
condition, without requiring almost-surely bounded original oracle errors or uniform regularity of the sampled
constraints on every realization.

4.3 Application to the semi-stochastic Case
In this subsection, we specialize the methods to the semi-stochastic setting, with a stochastic objective and
deterministic constraints, that is

min
xPRn

fpxq :“ Eξ„ΞrFpx; ξqs s.t. cpxq “ 0, x ě 0. (4.12)

In this setting, the constraint values and Jacobians are evaluated exactly at query points. Only the objective
gradient requires stochastic estimation. Thus, Algorithm 1 uses

c̃t “ ct, ∇̃ct “ ∇ct, (4.13)

and the same convention applies at every SPIDER inner iteration. Consequently, the constraint estimation
bounds in Condition 2 can be taken as Et,c “ Et,J “ 0. Under the respective CQ assumptions, the constraint-
related good events hold almost surely, so their complementary-event probability contributions vanish in the
convergence analysis of Algorithm 1.

We retain the projected objective gradient estimators from Section 4. The objective gradient part of Con-
dition 1 is therefore satisfied, while its constraint bounds follow from exact evaluations and the deterministic
assumptions. Only the objective gradient part of Assumption 3 is needed for the estimation-error analysis.
For SPIDER-type recursive estimation, we additionally require the objective gradient part of Assumption 6.
The remaining deterministic smoothness and geometric assumptions are unchanged.

We apply Algorithm 1 to (4.12), using exact constraint information and retaining the stopping coefficient
βIS (3.7) chosen in Section 3. The projected residuals satisfy ṽc

t “ vc
t because c̃t “ ct and ∇̃ct “ ∇ct.
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Thus, under Assumption 4, the early termination test cannot be triggered, and all prescribed iterations are
completed almost surely. Consequently, it holds that Et “ E 1

t “ 0 and PpB̄q “ PpS̄q “ 1, and the following
expected ϵ-KKT guarantees are unconditional. Moreover, the contraction and merit-parameter bounds in
Lemma 4 and Lemma 5 hold almost surely without a probability budget.

The identity ṽc
t “ vc

t does not imply ṽt “ vt. Indeed, the normal step vt retains its definition as the
minimizer of the deterministic normal-step subproblem, whereas Algorithm 1 sets ṽt “ 0 when }ct} ď ϵ1.
Using the bound }vt} ď

}ct}
?

γmin
from Lemma 7, we obtain Er}ṽt ´ vt}s ď ϵ1

?
γmin

. The uniform step bounds in
Lemmas 7 and 8 remain valid. Further combining the Lemmas 6 and 8 with Et,c “ Et,J “ 0, the quantities
defined in (3.31) and (3.32) in this setting reduce to

∆̄T,1 :“ 2ℓmaxpf1 ´ f˚ ` ρmaxMcq

σlKT
`

p4ℓmax ` σlq
řT

t“1 κ
2
t

4σlℓminKT
`

pLd ` 2Md{δRqϵ1

?
γmin

`

`

2ℓmax{pσlℓminq ` Ld ` 2Md{δR

˘
řT

t“1 κtEt,f

KT
, (4.14)

∆̄T,2 :“ 2ℓmaxLc pf1 ´ f˚ ` ρmaxMcq

p1 ´ ϑqσlKT
`

p4ℓmax ` σlqLc

řT
t“1 κ

2
t

4p1 ´ ϑqσlℓminKT
`

2ℓmaxLc

řT
t“1 κtEt,f

p1 ´ ϑqℓminσlKT
, (4.15)

where ϑ P p0, 1q is the contraction factor in Lemma 4. The following corollary specializes the convergence
guarantees to the semi-stochastic setting.

Corollary 1 Suppose Assumptions 4, 5 and Conditions 1, 2 hold. Fix ϵ1 ą 0 and let xR be the randomized
output generated by Algorithm 1 for (4.12) under (4.13), where R is drawn independently with PpR “ tq “

κt{KT for t P rT s. Then, it holds that Er}dR}s ď ∆̄T,1 and Er}cR}s ď ϵ1 ` ∆̄T,2. Moreover, given a tolerance
ϵ P p0, 1q, if ∆̄T,1 ď mint ϵ

σu
, νϵ

σuMd`Mf
u and ϵ1 ` ∆̄T,2 ď ϵ, there exist λR P Rm and µR P Rn

ě0 such that
(3.36) holds without conditioning.

Proof. With exact constraint information, B̄ and S̄ hold almost surely. Applying the proof of Theorem 1
with Et,c “ Et,J “ 0 and zero complementary-event contributions yields the stated unconditional bounds. ˝

The following corollary provides the corresponding sample complexity for Algorithm 1 applied to (4.12).

Corollary 2 Suppose Assumptions 1, 2, 4 and 5 hold, together with the objective gradient part of Assumption
3. Let ϵ P p0, 1q and set ϵ1 “ cϵϵ, where cϵ ą 0 is a sufficiently small fixed constant independent of ϵ, and
apply Algorithm 1 to (4.12) using (4.13).

(1) Mini-batch estimation. Choose κt — ϵ, Bt,f — rϵ
p

1´p s. Then, the algorithm outputs an expected ϵ-KKT
point after T — rϵ´2s iterations, with the sample complexity for computing ∇̃ft of order Opϵ

3p´2
1´p q.

(2) SPIDER-type recursive estimation. Additionally, suppose that the objective gradient part of Assumption
6 holds. Choose κt — ϵ, Bt,f — rϵ

p
1´p s, St,f — rϵ

1
1´p s, τt — rϵ´1s. Then, the algorithm outputs an expected

ϵ-KKT point after T — rϵ´1s iterations, corresponding to Opϵ´2q inner iterations. The sample complexity
for computing ∇̃ft is of order Opϵ

2p´1
1´p q.

Proof. The result follows from the arguments in Theorems 2 and 3 specialized to the case Et,c “ Et,J “ 0,
and hence the proof is omitted. ˝

Discussion 3 As p Ò 2, the objective-gradient sample-complexity bounds in Corollary 2 have the limiting
forms Opϵ´4q and Opϵ´3q under mini-batch and SPIDER-type recursive estimation, respectively. These
recover the corresponding ϵ-dependence of the momentum-based linearized ALM in [9], whose Opϵ´3q result
additionally requires an Op

?
ϵq-feasible initialization. Our SPIDER-type result attains this order under the

stated geometric and mean pth-moment smoothness conditions, without prescribing an accuracy-dependent
initial feasibility tolerance. Curtis et al. [11] and Na et al. [8] established convergence in expectation and
almost-sure convergence, respectively, for stochastic SQP methods with deterministic constraints. Corollary 2
further quantifies the sample complexity under bounded pth central moments for p P p1, 2q, including potentially
infinite-variance gradient errors, while controlling stationarity, feasibility, and complementarity.

27



4.4 Specialization to equality-only problems
We now consider problem (1.1) without non-negativity bounds, i.e.,

min
xPRn

fpxq :“ EξrFpx; ξqs, s.t. cpxq :“ EζrCpx; ζqs “ 0. (4.16)

This problem has received considerable attention (see, e.g., [15, 31, 32, 33, 40, 41]), with existing analyses
relying on bounded-variance oracle errors or stronger almost-sure boundedness assumptions. For notational
simplicity, we reuse notation where no ambiguity arises, with any redefinitions applying only to the equality-
constrained setting.

We retain the normal-total-step structure of the mixed-constrained case in Section 2, but the absence
of bound constraints permits an explicit normal-tangential decomposition. For the normal-step subproblem
(2.1) without non-negative constraint, we use the negative gradient of the normal-step objective at v “ 0
rather than its regularized least-squares minimizer. This choice gives

ṽt “ ´ ∇v

ˆ

1
2

}c̃t ` ∇̃cJ
t v}2 `

γt

2
}v}2

˙ˇ

ˇ

ˇ

ˇ

v“0
“ ´∇̃ctc̃t.

This first-order correction lies in Rangep∇̃ctq, allowing an orthogonal normal-tangential decomposition. De-
fine Ũt :“ Nullp∇̃cJ

t q and PŨt
:“ I ´ ∇̃ctp∇̃ctq

:, where : denotes the Moore-Penrose pseudoinverse. With
Ht “ I and no bound constraints, the total-step subproblem (2.3) reduces to

min
dPRn

∇̃fJ
t d`

1
2

}d}2 s.t. ∇̃cJ
t d “ ∇̃cJ

t ṽt.

The strong convexity gives a unique primal solution even for a rank-deficient sampled Jacobian. We omit the
early termination test and control the contribution of ill-conditioned sampling events directly in expectation.
Since ṽt “ ´∇̃ctc̃t belongs to Rangep∇̃ctq, the unique solution is

d̃t “ ´PŨt
∇̃ft ` ṽt “ ´PŨt

∇̃ft ´ ∇̃ctc̃t. (4.17)

Without bound constraints, the near-active bound set in Assumption 5 is empty (i.e., Ia
t “ ∅). Assump-

tion 5 therefore reduces to strong LICQ for the true constraint Jacobian. Specifically, there exists a constant
ν ą 0 such that ∇cpxqJ∇cpxq ľ ν2Im at every generated iterate. Moreover, the true projected gradient
residual becomes vc

t “ ΠRn pxt ´ ∇ctctq ´ xt “ ´∇ctct. Thus, Assumption 4 reduces to the error bound
}∇ctct} ě αv}ct}. This bound follows automatically with αv “ ν, since }∇ctct}

2 “ cJ
t ∇cJ

t ∇ctct ě ν2}ct}
2.

Hence, no separate feasibility error-bound assumption is needed. Unlike the event Bt used in the mixed-
constrained analysis, we consider the event At :“ tσminp∇̃ctq ě ν{2u and its complement.

Using the same merit function Φρpxq “ fpxq ` ρ}cpxq}, we next choose the merit parameter to ensure
sufficient decrease in its sampled linearized model. On event At, the stepsize restriction ηt ď L´2

c gives
}c̃t ` ηt∇̃cJ

t d̃t} ď p1 ´ ηtpσminp∇̃ctqq2q}c̃t}. Hence, to obtain a predicted decrease of at least ηt

2 }d̃t}
2 on At,

it suffices to require ∇̃fJ
t d̃t ´ ρ̃tpσminp∇̃ctqq2}c̃t} ď ´ 1

2 }d̃t}
2. This motivates the merit-parameter update

ρ̃t “

$

’

&

’

%

max

#

ρ̃t´1,
∇̃fJ

t d̃t ` 1
2 }d̃t}

2

pσminp∇̃ctqq2}c̃t}

+

, on At X tc̃t ‰ 0u,

ρ̃t´1, otherwise,
(4.18)

with ρ̃0 ą 0. We then incorporate the normalization strategy into the iterate update:

xt`1 “ xt ` ηtd̃t with ηt :“ min
"

κt

pLf ` ρ̃tLJ q}d̃t}
,

1
L2

c

*

, (4.19)

with 1{}d̃t} “ `8 when d̃t “ 0. The complete algorithm is presented in Algorithm 2.

Remark 4 Detailed statements, parameter choices, and proofs are provided in Appendix B. The main results
for Algorithm 2 are summarized below.
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Algorithm 2 NS-SQP for equality-constrained problem (4.16)
Input: Initial point x1 P Rn, sequence tκtu Ă Rą0 and iteration horizon T .
Output: xR, with R drawn independently from rT s and PpR “ tq “ κt{KT , where KT “

řT
t“1 κt.

1: for t “ 1, . . . , T do
2: Construct the stochastic estimators ∇̃ft, c̃t and ∇̃ct. // Stochastic Estimation
3: Compute the search direction d̃t through (4.17). // Total step Computation
4: Compute the merit parameter ρ̃t through (4.18). // Merit Parameter Update
5: Update the variable xt`1 through (4.19). // Normalized-step Update
6: end for

(1) Control of inaccurate sampled Jacobians. Under Assumption 5 with Ia
t “ ∅ and Condition 2, it

holds that PpAc
tq ď 2Et,J {ν for any t P rT s. Algorithm 2 continues on Ac

t , and the contribution of this
event is controlled in expectation rather than through an early termination test.

(2) Unconditional convergence guarantees. Under Assumption 5 with Ia
t “ ∅, Conditions 1 and 2, for

the randomized output xR generated by Algorithm 2, there exists λR P Rm such that

max tEr}∇fR ` ∇cRλR}s, νEr}cR}su ď
C

KT

˜

1 `

T
ÿ

t“1

“

κ2
t ` Et,c ` κtpEt,f ` Et,c ` Et,J q

‰

¸

.

Here, C ą 0 depends only on fixed problem and algorithmic parameters. An expected ϵ-KKT point
is obtained when the right-hand side is at most mintϵ, νϵu. Unlike the mixed-constrained result, this
guarantee does not require conditioning on the event that all iterations are completed.

(3) Sample complexity bounds. Under Assumptions 1, 2, 3, and 5 with Ia
t “ ∅, suitable parameter

choices yield an expected ϵ-KKT point with sample complexity of Opϵ
3p´2
1´p q for both the objective gradient

and constraint Jacobian oracles, and Opϵ
4p´2
1´p q for constraint values, under mini-batch estimation. Under

additional Assumption 6, SPIDER-type recursive estimation improves these bounds to Opϵ
2p´1
1´p q and

Opϵ
3p´1
1´p q, respectively. The constraint-value and Jacobian sample-complexity bounds are lower than their

mixed-constrained counterparts. As p Ò 2, the bounds for objective gradient, constraint Jacobian, and
constraint value evaluations have the limiting forms pOpϵ´4q,Opϵ´4q,Opϵ´6qq with mini-batch estimation
and pOpϵ´3q,Opϵ´3q,Opϵ´5qq with SPIDER-type estimation. These agree with the corresponding orders
in [15] and [15, 31], respectively, up to logarithmic factors. The recursive analysis uses mean pth-moment
smoothness instead of the sample-wise smoothness in [15].

5 Numerical Experiments
In this section, we evaluate Algorithm 1 on a flood insurance risk-control problem and an importance-weighted
constrained classification problem, and test Algorithm 2 on CUTEst experiments with injected heavy-tailed
noise. The variants using mini-batch and SPIDER-type recursive estimation are denoted by NS-SQP-MB
and NS-SQP-SP, respectively. In the experiments, we replace κt{pLf ` ρ̃tLJ q by a tuned effective stepsize
h ą 0, while retaining direction normalization and the corresponding stepsize caps. We evaluate residual
trajectories and terminal iterates under fixed sampling budgets.

5.1 Flood insurance risk-control problem
We consider an expected-excess risk-control problem using flood insurance claim records from the Open-
FEMA FIMA NFIP Redacted Claims v2 dataset.1 The cleaned dataset contains 1,357,948 observations from
2000-2024, with building-and-contents payments normalized by 105 US dollars and grouped into G “ 101
geographical categories. These records define the uniform empirical distribution P̂N . Let rj be the retention

1Federal Emergency Management Agency, FIMA NFIP Redacted Claims, version 2. https://www.fema.gov/
openfema-data-page/fima-nfip-redacted-claims-v2.
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proportion for category j, K the risk capital, and x “ pr1, . . . , rG,Kq. Introducing non-negative slack vari-
ables s P RG`1

` and t P R`, we formulate the problem with expectation equality constraints and non-negative
variables:

min
z“px,s,tqě0

fpzq :“
G
ÿ

j“1
pjp1 ´ rjq ` 0.2K, s.t. Eξ“pL,Cq„P̂N

„ˆ

x` s´ U
ϕεprCL´Kq ´ b` t

˙ȷ

“ 0,

where L is the normalized payment, C its category, U “ p1, . . . , 1, 10q, pj “ 1.2E
pPN

rLItC“jus, and ϕεpuq “

ε logp1 ` expp u
ε qq, with ε “ 0.005 and b “ 0.05. The problem has 205 nonnegative variables and 103 equality

constraints.

Figure 2: Empirical tails of mini-batch oracle errors.

(a) Objective value (b) Stationarity Error

(c) Feasibility Error (d) Complementary slackness

Figure 3: Performance comparison on the flood insurance risk-control problem.
We compare NS-SQP-MB and NS-SQP-SP with ADD-MB and ADD-RE [15], reporting results over 50

random seeds at 3ˆ106 sample oracle calls. All methods use batch size 2000, with inner batch size 200 for NS-
SQP-SP and ADD-RE. The effective stepsize parameters are tuned over 0.0001, 0.0005, 0.001, 0.003, 0.005, 0.01
for the two NS-SQP varians and 0.01, 0.05, 0.1, 0.2, 0.3, 0.4 for the two ADD variants. Figure 2 shows the
empirical tail probabilities of absolute standardized constraint-value and directional Jacobian estimation
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r0 δ0 Algorithm Stationarity Error Feasibility Error Complementary slackness

0.3 0.075

NS-SQP-MB 1.905 ˆ 10´3 2.162 ˆ 10´3 2.844 ˆ 10´3

NS-SQP-SP 1.388 ˆ 10´3 0.893 ˆ 10´3 2.065 ˆ 10´3

ADD-MB 1.729 ˆ 10´2 2.229 ˆ 10´2 2.756 ˆ 10´2

ADD-RE 7.129 ˆ 10´3 3.304 ˆ 10´3 1.387 ˆ 10´2

0.4 0.1

NS-SQP-MB 3.285 ˆ 10´3 4.457 ˆ 10´3 6.979 ˆ 10´3

NS-SQP-SP 1.283 ˆ 10´3 1.539 ˆ 10´3 2.361 ˆ 10´3

ADD-MB 1.503 ˆ 10´2 3.370 ˆ 10´2 2.679 ˆ 10´2

ADD-RE 7.204 ˆ 10´3 6.135 ˆ 10´3 1.465 ˆ 10´2

0.5 0.15

NS-SQP-MB 1.571 ˆ 10´3 5.132 ˆ 10´3 3.951 ˆ 10´3

NS-SQP-SP 0.421 ˆ 10´3 1.795 ˆ 10´3 1.108 ˆ 10´3

ADD-MB 1.301 ˆ 10´2 5.379 ˆ 10´2 2.68 ˆ 10´2

ADD-RE 7.016 ˆ 10´3 1.081 ˆ 10´2 1.534 ˆ 10´2

Table 2: Results for different initializations on the flood insurance risk-control problem.

errors, based on 20000 independent batches for each batch size in t200, 2000u. Both errors exhibit sub-
stantially heavier empirical tails than the Gaussian benchmark. Define gpxq “ EP̂N

rϕεprCL ´ Kqs ´ b and
V pxq “ maxtgpxq, 0u. For each prescribed retention ratio r0 and initial risk violation δ0 ą 0, all methods
share the initialization r0

j “ r0, s0 “ U ´x0, and t0 “ 0, with K0 determined by EP̂N
rϕεpr0L´K0qs´b “ δ0.

Let cpzq denote the empirical equality-constraint map and ∇cpzq denote its Jacobian matrix. Common diag-
nostic multipliers q P Rm and v P Rn

` are obtained by minimizing }∇fpzq ` ∇cpzqq ´ v}2
2 ` }z d v}2

2, where
d denotes component-wise multiplication. We define the stationarity error as }∇fpzq ` ∇cpzqq ´ v}8, the
feasibility error as maxt}cpzq}8, }r´zs`}8u, and the complementarity error as }z d v}8, where r¨s` denotes
the component-wise positive part.

Figure 3 compares the four methods with initialization pr0, δ0q “ p0.2, 0.05q under the same sampling
budget. Both NS-SQP variants reduce the stationarity error, risk constraint violation, and complementarity
error faster than ADD-MB and ADD-RE, while attaining lower final objective values. In particular, NS-SQP-
SP brings the risk violation close to zero within approximately 5 ˆ 105 sample evaluations and achieves the
lowest final objective value, stationarity error, and complementarity error. In contrast, ADD-MB retains a
noticeable risk violation at the final budget of 3ˆ106 sample evaluations. Moreover, we examine the results for
different initializations of pr0, δ0q P tp0.3, 0.075q, p0.4, 0.1q, p0.5, 0.15qu. Table 2 reports the mean stationarity
error, feasibility error and complementarity slackness across 50 runs. Across all three initializations, both
NS-SQP variants attain lower values of all three measures than ADD-MB and ADD-RE, with NS-SQP-SP
consistently achieving the lowest means. As r0 and δ0 increase together, the feasibility error increases for
every method, but NS-SQP-SP exhibits the smallest absolute increase.

5.2 Importance-weighted constrained classification
To examine the robustness of our methods when heavy-tailed noise affects both the objective and constraint
estimates, we evaluate our methods on an importance-weighted constrained classification problem constructed
from the Open Bandit Dataset2 [2], comprising 4,077,727 item–position exposures. The objective penalizes
missed clicks, while six expectation constraints control groupwise false-positive surrogate risks. Using the
smooth nonconvex surrogate sptq “ 2{p1 ` e´tq, we formulate

min
xPr´5,5s518

fpxq “ Eξrωξsp´ψJ
ξ xqs `

10´3

2
}x}2,

s.t. gjpxq “ Eζrωζ,jspψ
J
ζ,jxqs ´ r ď 0, j “ 1, . . . , 6,

where ξ and ζj are sampled uniformly from the clicked pools and the unclicked pools in group j, respectively.
Each feature vector contains 512 encoded shared coordinates and six group indicators. The groups are
defined by the three display positions and whether an item’s numerical feature exceeds the median across the
34 catalogue items. Importance weights are inverse logged propensities, normalized once to have mean one

2https://huggingface.co/datasets/zozonext/open-bandit
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within each sampling pool. Both the objective and constraints are nonconvex. All expectations are taken
over the fixed empirical pools, with randomness arising from oracle sampling.

(a) Single-sample errors (b) Mini-batch errors

Figure 4: Empirical tails of single-sample and mini-batch oracle errors.

As shown in Figure 4(a), the single-sample constraint errors across all six groups exhibit substantially
heavier empirical tails than the Gaussian reference, indicating rare yet extreme oracle fluctuations. These
tail deviations persist after mini-batch averaging, as shown in Figure 4(b), where the batch errors remain
markedly heavier-tailed than the corresponding Gaussian reference.

We compare NS-SQP-MB and NS-SQP-SP with ADD-MB and ADD-RE [15] for r P t0.02, 0.05, 0.1, 0.2u.
All methods start from the same initial point and are run with a budget of 6 ˆ 106 sample evaluations.
In the main experiment, the large and inner batch sizes are 4000 and 400, respectively, and the esti-
mators in NS-SQP-SP are refreshed every 5 iterations. We select the effective stepsize parameters from
t0.001, 0.005, 0.03, 0.1, 0.2,
0.3u and evaluate each selected configuration over 50 independent runs. We report the KKT residual together
with its stationarity, feasibility, and complementarity components as defined in subsection 5.1. The boxplots
in Figure 5 summarize the terminal residuals over 50 runs per setting. Both NS-SQP variants achieve lower
median stationarity, feasibility, complementarity, and KKT errors than the two ADD baselines at all four risk
limits. NS-SQP-SP attains smaller KKT residuals at r “ 0.02 and 0.05, whereas NS-SQP-MB performs bet-
ter at r “ 0.1 and 0.2. Moreover, Figure 6 shows that both NS-SQP variants maintain substantially smaller
maximum group proxy risks than the ADD. At r “ 0.05, both methods satisfy the risk constraints in all 50
formal runs. Although residual constraint violations remain at r “ 0.2, both NS-SQP variants still achieve
substantially lower mean maximum group proxy risks than the ADD methods. These comparisons across r
involve changes in both the constraint limit and the initial infeasibility, which is prescribed as maxt0.05, 2ru.
Thus, the NS methods provide improved constraint control within the available budget.

The effective stepsize sensitivity results in Figure 7 show that small effective stepsizes lead to larger
terminal KKT residuals within the prescribed budget. Among the tested candidates, the lowest tun-
ing means are attained at 0.3 for NS-SQP-MB and 0.2 for NS-SQP-SP when r P t0.02, 0.05, 0.2u, while
both methods prefer 0.1 at r “ 0.1. These results indicate that moderate to relatively large step sizes
perform best within the tested range. Moreover, Figure 8 examines sensitivity to batch configurations
t500{50, 1000{100, 2000{200, 4000{400u. Increasing the batch size improves both methods at r “ 0.02, but
produces larger final KKT residuals at r “ 0.2. Under the fixed sampling budget, increasing the batch sizes
from 500{50 to 4000{400 reduces the number of iterations by approximately a factor of eight. The potential
improvement in estimation accuracy may therefore be offset by the reduced number of iterations.

5.3 CUTEst experiments under heavy-tailed noise
To evaluate our methods under heavy-tailed noise with varying tail indices, we consider 100 equality-
constrained CUTEst instances with injected heavy-tailed noise. We compare NS-SQP-MB and NS-SQP-
SP with SSQP [32], Stoc-iALM [41], and Prox-EPM [31]. The stochastic objective gradient, constraint
value, and constraint Jacobian oracles are perturbed using either symmetric α-stable (SαS) noise or centered
Pareto noise. For each distribution, we set α P t1.5, 1.3, 1.1u and the noise-scale parameter to 0.1. For each
problem and noise setting, we set a sample budget of 5 ˆ 105 per run. All methods use six batch sizes
t5, 10, 20, 50, 100, 200u. For NS-SQP-SP, we use the (outer batch size, refresh period, inner batch size) triples
tp5, 2, 2q, p10, 2, 4q, p20, 4, 4q,
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(a) r “ 0.02

(b) r “ 0.05

(c) r “ 0.1

(d) r “ 0.2

Figure 5: Boxplots of the KKT residual and its components for different risk thresholds r.
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Figure 6: Maximum group proxy risk across constraint limits.

(a) NS-SQP-MB (b) NS-SQP-SP

Figure 7: KKT residual with different effective stepsizes.

p50, 5, 10q, p100, 5, 16q, p200, 10, 16qu. Each batch setting is combined with six method-specific parameter con-
figurations, yielding 36 profiles per method. Specifically, these configurations vary effective stepsize for
NS-SQP-MB and NS-SQP-SP, the acceptance parameter for SSQP, the stepsize scale for Stoc-iALM, and
the prox-linear stepsize used in the inner penalty subproblems of Prox-EPM. Moreover, the profile with
the smallest final KKT residual is selected, with matched random seeds across methods. To evaluate the
iterates generated by the algorithms, we define the stationarity error as }∇fpxq ` ∇cpxqλpxq}8, feasibility
error as }cpxq}8 and KKT residual as maxt}∇fpxq ` ∇cpxqλpxq}8, }cpxq}8u, where λpxq is the solution
to minλPRm t}∇fpxq ` ∇cpxqλ}2

2 ` 10´8}λ}2
2u. The stationarity-error summaries exclude feasibility-only and

constant-objective models, whereas the feasibility-error and KKT-residual summaries include all test prob-
lems.

Across the six noise settings in Table 3, NS-SQP-MB and NS-SQP-SP jointly obtain the majority of wins
and maintain a zero numerical failure rate, whereas each comparison method fails on at least some problems.
In every noise setting, the lowest median for each of the three residual measures is attained by an NS-SQP
variant. NS-SQP-MB achieves the most wins in all six settings and the lowest median KKT residual in five,
while NS-SQP-SP attains the lowest median KKT residual under Pareto noise with α “ 1.1. As the tail
index decreases, the median KKT residual increases for every method under both noise distributions. For
each comparison method, the failure rate at α “ 1.1 exceeds that at α “ 1.5, while the NS-SQP variants
remain free of numerical failures despite the increase in their residuals.

(a) NS-SQP-MB (b) NS-SQP-SP

Figure 8: KKT residual with different batch sizes.
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Noise Algorithm Wins Failure
rate

Median
KKT

Median
stationarity

Median
feasibility

SαS
α “ 1.5

NS-SQP-MB 45 0% 1.620 ˆ 10´2 5.656 ˆ 10´3 1.334 ˆ 10´2

NS-SQP-SP 17 0% 2.802 ˆ 10´2 1.245 ˆ 10´2 1.788 ˆ 10´2

SSQP 15 4% 4.801 ˆ 10´2 4.002 ˆ 10´2 3.118 ˆ 10´2

Stoc-iALM 8 20% 1.379 ˆ 10´1 7.370 ˆ 10´2 4.918 ˆ 10´2

Prox-EPM 15 15% 4.792 ˆ 10´2 1.935 ˆ 10´2 2.633 ˆ 10´2

SαS
α “ 1.3

NS-SQP-MB 41 0% 2.605 ˆ 10´2 9.294 ˆ 10´3 2.124 ˆ 10´2

NS-SQP-SP 33 0% 2.860 ˆ 10´2 1.101 ˆ 10´2 2.146 ˆ 10´2

SSQP 11 4% 8.817 ˆ 10´2 6.612 ˆ 10´2 5.605 ˆ 10´2

Stoc-iALM 6 18% 2.702 ˆ 10´1 2.545 ˆ 10´1 8.164 ˆ 10´2

Prox-EPM 9 17% 7.050 ˆ 10´2 5.719 ˆ 10´2 5.065 ˆ 10´2

SαS
α “ 1.1

NS-SQP-MB 43 0% 4.029 ˆ 10´2 1.516 ˆ 10´2 3.338 ˆ 10´2

NS-SQP-SP 38 0% 4.259 ˆ 10´2 1.270 ˆ 10´2 3.971 ˆ 10´2

SSQP 13 11% 2.946 ˆ 10´1 1.680 ˆ 10´1 1.819 ˆ 10´1

Stoc-iALM 2 22% 1.205 ˆ 100 1.360 ˆ 100 2.675 ˆ 10´1

Prox-EPM 4 24% 4.035 ˆ 10´1 2.045 ˆ 10´1 2.080 ˆ 10´1

Pareto
α “ 1.5

NS-SQP-MB 41 0% 5.105 ˆ 10´2 2.165 ˆ 10´2 4.983 ˆ 10´2

NS-SQP-SP 22 0% 5.839 ˆ 10´2 2.879 ˆ 10´2 4.720 ˆ 10´2

SSQP 13 3% 1.059 ˆ 10´1 6.680 ˆ 10´2 7.623 ˆ 10´2

Stoc-iALM 15 19% 2.945 ˆ 10´1 2.819 ˆ 10´1 5.783 ˆ 10´2

Prox-EPM 9 17% 1.320 ˆ 10´1 9.076 ˆ 10´2 7.104 ˆ 10´2

Pareto
α “ 1.3

NS-SQP-MB 37 0% 8.599 ˆ 10´2 4.820 ˆ 10´2 7.210 ˆ 10´2

NS-SQP-SP 23 0% 1.010 ˆ 10´1 4.464 ˆ 10´2 8.825 ˆ 10´2

SSQP 11 11% 2.653 ˆ 10´1 1.294 ˆ 10´1 1.922 ˆ 10´1

Stoc-iALM 11 22% 6.445 ˆ 10´1 4.685 ˆ 10´1 2.316 ˆ 10´1

Prox-EPM 18 15% 1.744 ˆ 10´1 1.319 ˆ 10´1 1.086 ˆ 10´1

Pareto
α “ 1.1

NS-SQP-MB 43 0% 3.527 ˆ 10´1 1.853 ˆ 10´1 3.246 ˆ 10´1

NS-SQP-SP 19 0% 3.458 ˆ 10´1 1.764 ˆ 10´1 3.384 ˆ 10´1

SSQP 17 12% 1.066 ˆ 100 3.824 ˆ 10´1 6.542 ˆ 10´1

Stoc-iALM 11 22% 1.683 ˆ 100 1.641 ˆ 100 4.733 ˆ 10´1

Prox-EPM 10 21% 1.538 ˆ 100 5.160 ˆ 10´1 8.421 ˆ 10´1

Table 3: Comparison under heavy-tailed noise on 100 CUTEst problems.

6 Conclusion
In this paper, we developed NS-SQP methods for nonconvex optimization with expectation equality con-
straints and non-negativity bounds under heavy-tailed noise. A regularized normal-step subproblem computes
a bound-feasible restoration step, while the total-step subproblem minimizes a sampled quadratic objective
model that retains the linearized constraint reduction achieved by the normal step and satisfies the bounds.
Normalized updates limit large steps caused by heavy-tailed oracle errors and enable descent analysis based
on first-moment error bounds. We established expected ϵ-KKT guarantees, conditioned on completing all
prescribed iterations which occurs with probability at least 1 ´ ϵ. We derived separate sample-complexity
bounds for objective-gradient, constraint-value, and constraint-Jacobian evaluations under mini-batch es-
timation, and obtained improved bounds with SPIDER-type recursive estimation. We further specialized
the methods to the semi-stochastic setting with exact constraint information and to equality-only problems,
establishing unconditional expected ϵ-KKT guarantees and corresponding sample-complexity bounds. We
evaluated our methods on a flood insurance risk control problem and an importance-weighted constrained clas-
sification problem, and 100 equality-constrained CUTEst problems injected with heavy-tailed noise. These
experiments demonstrate the effectiveness of the proposed methods and their advantages in sample efficiency
and numerical robustness on real-data models and under injected heavy-tailed noise with varying tail indices.
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For problem (1.1), as p Ò 2, Algorithm 1 with SPIDER-type estimator attains Opϵ´5q complexity for
c and ∇c by using recursive variance reduction and epoch-wise error control (i.e., (4.11) and Lemma 11),
whereas mini-batch estimation re-estimates c and ∇c independently at every iteration, only achieving a
Opϵ´7q guarantee under the current analysis. A natural direction for future work is to investigate whether
sharper non-progressive probability analysis or improved mini-batch estimators can yield an intuitive Opϵ´6q

sample complexity for estimating c and ∇c.

Declaration of AI use
The authors used ChatGPT to assist with proofreading and language editing, and Codex to assist with
developing and debugging the codes for the numerical experiments. The authors reviewed all AI-assisted
content and take full responsibility for the final manuscript.

A Technical Lemmas
Lemma 12 For any a P R and b ą 0, it holds that mint|a|, a2

b2 u ě |a| ´ b2

4 .

Proof. For any a P R, it holds that p
|a|

b2 q2 ě p
|a|

b2 q ´ 1
4 , implying a2

b2 ě |a| ´ b2

4 . Moreover, |a| ě |a| ´ b2

4
always holds. ˝

Lemma 13 (Burkholder-type inequality) Let p P p1, 2q and tXiu
B
i“1 be a martingale difference se-

quence taking values in Rn w.r.t. a filtration tGiu
B
i“0. That is, ErXi | Gi´1s “ 0 and Er}Xi}

ps ă 8

for all i P t1, . . . , Bu. Then, it holds that Er}
řB

i“1 Xi}
ps ď 22´p

řB
i“1 Er}Xi}

ps and Er}
řB

i“1 Xi}
p | G0s ď

22´p
řB

i“1 Er}Xi}
p | G0s almost surely. Furthermore, this result extends directly to matrix-valued Mj P Rqˆd

upon replacing } ¨ } with } ¨ }F .

The following contraction estimate is used for the affine KKT mapping in the proof of Lemma 8.

Lemma 14 (Perturbation of an affine generalized equation [42]) Let K Ď RN be a nonempty closed
convex set and let F0 : RN Ñ RN be affine. Let NK denote the normal cone mapping of K. For every
r P RN , suppose that the generalized equation r P F0pyq ` NKpyq has a unique solution Sprq, and that there
exists L ą 0 for which }Sprq ´ Spr1q} ď L}r ´ r1} for all r, r1 P RN . Let h : RN Ñ RN satisfy

Lipphq :“ sup
y‰z

}hpyq ´ hpzq}

}y ´ z}
ă

1
L
. (A.1)

Then 0 P F0pyq ` hpyq ` NKpyq has a unique solution ŷ. With y˚ “ Sp0q, it satisfies }ŷ ´ y˚} ď
L

1´L Lipphq
}hpy˚q}.

Proof. The mapping y ÞÑ Sp´hpyqq is a contraction on RN , with contraction factor at most LLipphq ă 1.
Its unique fixed point is precisely the solution of the perturbed generalized equation. Moreover, it holds that
}ŷ ´ y˚} “ }Sp´hpŷqq ´ Sp0q} ď L}hpy˚q} ` LLipphq}ŷ ´ y˚}. Rearranging proves the estimate. ˝

Lemma 15 (Weyl’s Inequality) Let matrices A,B P Rmˆn with q “ mintm,nu, and let σ1p¨q ě ¨ ¨ ¨ ě

σqp¨q ě 0 denote their singular values in descending order. Then, for any i P t1, . . . , qu, it holds that
|σipAq ´ σipBq| ď }A´B}2.

Lemma 16 (Perturbation of orthogonal projections) Let A,B P Rnˆm have the same rank, and set
P “ AA: and Q “ BB:. Then, it holds that }P ´Q} ď mint}A:}, }B:}u }A´B}.

Proof. The rank-zero case is immediate. Otherwise, let U, V P Rnˆr have orthonormal columns spanning
the ranges of A and B, where r “ rankpAq “ rankpBq. Then P “ UUJ and Q “ V V J. Define D “ UJV , we
have }pI´QqP }2 “ λmaxpIr´DDJq and }pI´P qQ}2 “ λmaxpIr´DJDq. Then the equality }pI´QqP } “ }pI´

P qQ} holds because the square matrices DDJ and DJD have the same eigenvalues, including multiplicities.
Moreover, it holds that pP ´ Qq2 “ P pI ´ QqP ` pI ´ P qQpI ´ P q. Since pP ´ Qq2 is block diagonal w.r.t.

36



RangepP q‘NullpP q, and P ´Q is symmetric, we obtain }P ´Q}2 “ maxt}P pI´QqP }, }pI´P qQpI´P q}u “

maxt}pI ´ QqP }2, }pI ´ P qQ}2u, where the second equality uses }AJA} “ }AAJ} “ }A}2. Taking square
roots and using the established equality }pI ´ QqP } “ }pI ´ P qQ} yields }P ´ Q} “ }pI ´ QqP }. Further
using pI ´QqB “ 0 gives }P ´Q} “ }pI ´QqpA´BqA:} ď }I ´Q} }A´B} }A:} ď }A´B} }A:}, where the
last inequality uses }I ´Q} ď 1 for orthogonal projections. Interchanging A and B gives the other bound. ˝

B Proofs for Section 4.4
We first bound the probability that the sampled Jacobian is nearly singular.

Lemma 17 Under Assumption 5 with Ia
t “ ∅ and Condition 2, PpAc

tq ď 2Et,J {ν for every t P rT s.

Proof. Under Assumption 5 with Ia
t “ ∅, the exact constraint Jacobian satisfies σminp∇ctq ě ν. By

invoking Weyl’s inequality for singular values (Lemma 15), we can bound the minimum singular value of
the stochastic estimator from below, i.e., σminp∇̃ctq ě σminp∇ctq ´ }∇̃ct ´ ∇ct} ě ν ´ }∇̃ct ´ ∇ct}. If
Ac

t “ tσminp∇̃ctq ă ν{2u occurs, it follows that }∇̃ct ´ ∇ct} ą ν{2. This indicates that Ac
t can only

occur when the estimation error is exceptionally large. Moreover, we have the set inclusion Ac
t Ď t}∇̃ct ´

∇ct} ą ν{2u Ď t}∇̃ct ´ ∇ct} ě ν{2u. Consequently, applying Markov’s inequality and Condition 2 yields
PpAc

tq ď P
`

}∇̃ct ´ ∇ct} ě ν{2
˘

ď 2Et,J {ν, which completes the proof. ˝

We next bound the merit parameter uniformly over all sample paths, allowing both sampling events to
be handled in the expected descent analysis.

Lemma 18 Suppose Assumption 5 with Ia
t “ ∅ and Condition 1 hold. For any t P rT s, the merit parameter

ρ̃t is uniformly upper bounded by ρmax :“ maxtρ̃0, p4MfLc ` 2McL
2
cq{ν2u.

Proof. By applying the orthogonality of ũt and ṽt, we decouple the numerator of the first branch of ρ̃t into
tangential and normal components, i.e.,

∇̃fJ
t d̃t `

1
2

}d̃t}
2 “ ∇̃fJ

t ũt `
1
2

}ũt}
2 ` ∇̃fJ

t ṽt `
1
2

}ṽt}
2. (B.1)

For the tangential component ũt “ ´PŨt
∇̃ft, leveraging the symmetry and idempotence of the orthogonal

projection matrix PŨt
yields ∇̃fJ

t ũt “ ´}PŨt
∇̃ft}

2. The tangential component becomes ∇̃fJ
t ũt ` 1

2 }ũt}
2 “

´ 1
2 }PŨt

∇̃ft}
2 ď 0. For the normal component ṽt “ ´∇̃ctc̃t, it satisfies }ṽt} ď }∇̃ct}}c̃t}. Thus, the normal

component is linearly bounded by }c̃t}, i.e.,

∇̃fJ
t ṽt `

1
2

}ṽt}
2 ď p}∇̃ft} `

1
2

}∇̃ct}}c̃t}q}∇̃ct}}c̃t} ď pMfLc `
1
2
L2

cMcq}c̃t},

where the last inequality follows from Condition 1. Hence, (B.1) implies ∇̃fJ
t d̃t ` 1

2 }d̃t}
2 ď pMfLc `

1
2L

2
cMcq}c̃t}. On At X tc̃t ‰ 0u, the preceding bound and σminp∇̃ctq ě ν{2 yield

∇̃fJ
t d̃t ` 1

2 }d̃t}
2

`

σminp∇̃ctq
˘2

}c̃t}
ď
MfLc ` 1

2McL
2
c

`

σminp∇̃ctq
˘2 ď

4MfLc ` 2McL
2
c

ν2 ď ρmax.

On Ac
t or when c̃t “ 0, the merit parameter remains unchanged. Since 0 ă ρ̃0 ď ρmax, an induction using

the definition of ρ̃t gives 0 ă ρ̃t ď ρmax for every t P rT s. ˝

The following lemma bounds the expected norm of the sampled total step at the randomized output of
Algorithm 2.

Lemma 19 Under Assumption 5 with Ia
t “ ∅, Conditions 1 and 2, the output xR of Algorithm 2 satisfies

Er}d̃R}s ď
2ℓmaxpf1 ´ f˚ ` ρmaxMcq

KT
`

p4ℓmax ` L2
cq
řT

t“1 κ
2
t

4ℓminKT

`
1
KT

T
ÿ

t“1

ˆ

2ℓmaxκt

ℓmin
Et,f ` 4ℓmaxρmaxEt,c `

ℓmax

ℓmin

ˆ

2ρmaxκt `
p4Mf ` 2LcMcqκt

ν

˙

Et,J

˙

,

with notations ℓt :“ Lf ` ρ̃tLJ , ℓmin :“ Lf ` ρ̃0LJ and ℓmax :“ Lf ` ρmaxLJ .
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Proof. The smoothness of f and c implies

ft`1 ` ρ̃t}ct`1} ď ft ` ηt∇fJ
t d̃t ` ρ̃t}ct ` ηt∇cJ

t d̃t} `
η2

tLf ` η2
t ρ̃tLJ

2
}d̃t}

2

ď ft ` ηt∇̃fJ
t d̃t ` ρ̃t}c̃t ´ ηt∇̃cJ

t ∇̃ctc̃t} `
ℓt

2
η2

t }d̃t}
2

` ηt}∇ft ´ ∇̃ft}}d̃t} ` ρ̃t}c̃t ´ ct} ` ρ̃tηt}∇̃ct ´ ∇ct}}d̃t},

(B.2)

where we use the orthogonality of the update direction in last inequality. By conditioning on the event At

and its complement Ac
t , the expectation of ρ̃t}c̃t ´ ηt∇̃cJ

t ∇̃ctc̃t} can be expanded as

Erρ̃t}c̃t ´ ηt∇̃cJ
t ∇̃ctc̃t}s “ Erρ̃t}c̃t ´ ηt∇̃cJ

t ∇̃ctc̃t} ¨ IAt s ` Erρ̃t}c̃t ´ ηt∇̃cJ
t ∇̃ctc̃t} ¨ IAc

t
s. (B.3)

On At, the step-size condition ηt ď 1{L2
c ensures that inequality }c̃t ´ηt∇̃cJ

t ∇̃ctc̃t} ď p1´ηtpσminp∇̃ctqq2q}c̃t}

holds. This guarantees that

Erρ̃t}c̃t ´ ηt∇̃cJ
t ∇̃ctc̃t} ¨ IAt s ď E

“

ρ̃t

`

1 ´ ηtpσminp∇̃ctqq2˘ }c̃t} ¨ IAt

‰

ď E
”´

ρ̃t}c̃t} ´ ηt∇̃fJ
t d̃t ´

ηt

2
}d̃t}

2
¯

¨ IAt

ı

. (B.4)

The last inequality follows from the merit-parameter update rule when c̃t ‰ 0, and it follows from ∇̃fJ
t d̃t “

´}d̃t}
2 when c̃t “ 0. Turning to the second term on the right-hand side of (B.3), the bounds ηt ď 1{L2

c

and }∇̃ct} ď Lc imply 0 ĺ I ´ ηt∇̃cJ
t ∇̃ct ĺ I. Consequently, it holds that Erρ̃t}c̃t ´ ηt∇̃cJ

t ∇̃ctc̃t} ¨ IAc
t
s ď

Erρ̃t}c̃t} ¨ IAc
t
s. Moreover, the tangential-step identity and the orthogonality of ũt and ṽt give

ηt

ˆ

∇̃fJ
t d̃t`

1
2

}d̃t}
2
˙

“ηt

ˆ

´
1
2

}ũt}
2 ` ∇̃fJ

t ṽt `
1
2

}ṽt}
2
˙

ďηt

ˆ

Mf `
1
2
LcMc

˙

}ṽt}ď

ˆ

Mf `
1
2
LcMc

˙

κt

ℓt
,

where we invoke the bounds }ṽt} ď LcMc, }ṽt} ď }d̃t}, and ηt}d̃t} ď κt{ℓt. It follows that

Erρ̃t}c̃t ´ ηt∇̃cJ
t ∇̃ctc̃t} ¨ IAc

t
s ď Erρ̃t}c̃t} ¨ IAc

t
s

“ E
”´

ρ̃t}c̃t} ´ ηt∇̃fJ
t d̃t ´

ηt

2
}d̃t}

2
¯

¨ IAc
t

ı

` E
”´

ηt∇̃fJ
t d̃t `

ηt

2
}d̃t}

2
¯

¨ IAc
t

ı

ď E
”´

ρ̃t}c̃t} ´ ηt∇̃fJ
t d̃t ´

ηt

2
}d̃t}

2
¯

¨ IAc
t

ı

`

ˆ

Mf `
1
2
LcMc

˙

κt

ℓmin
PpAc

tq,

where the last inequality follows from 0 ă ℓmin ď ℓt. Plugging it as well as (B.4) into (B.3) and invoking
Lemma 17 (i.e., PpAc

tq ď 2Et,J {ν) yields

Erρ̃t}c̃t ´ ηt∇̃cJ
t ∇̃ctc̃t}s ď Erρ̃t}c̃t}s ´ Erηt∇̃fJ

t d̃ts ´
1
2
Erηt}d̃t}

2s `
p2Mf ` LcMcqκt

νℓmin
Et,J .

Taking the expectation on both sides of (B.2) and substituting the preceding inequality back into it, we
obtain

Erft`1 ` ρ̃t}ct`1}s ď Erft ` ρ̃t}ct}s ´
Erηt}d̃t}

2s

2
`

Erℓtη
2
t }d̃t}

2s

2
` Erηt}∇ft ´ ∇̃ft}}d̃t}s

` 2Erρ̃t}c̃t ´ ct}s ` Erρ̃tηt}∇̃ct ´ ∇ct}}d̃t}s `
p2Mf ` LcMcqκt

νℓmin
Et,J . (B.5)

Recalling the definition ηt “ mintκt{pℓt}d̃t}q, 1{L2
cu, it follows from 0 ă ℓmin ď ℓt ď ℓmax that

ηt}d̃t}
2 ě min

"

κt}d̃t}

ℓmax
,

}d̃t}
2

L2
c

*

“
κ2

t

ℓ2
max

min
"

ℓmax}d̃t}

κt
,

pℓmax}d̃t}q2

κ2
tL

2
c

*

ě
κt

ℓmax
}d̃t} ´

κ2
tL

2
c

4ℓ2
max

,

where we invoke Lemma 12 in the second inequality, and ηt}d̃t} ď κt{ℓt ď κt{ℓmin. Plugging these inequalities
into (B.5) yields

Erft`1 ` ρ̃t}ct`1}s ď Erft ` ρ̃t}ct}s ´
κtEr}d̃t}s

2ℓmax
`

ˆ

1
2ℓmin

`
L2

c

8ℓmaxℓmin

˙

κ2
t `

κt

ℓmin
Er}∇ft ´ ∇̃ft}s

` 2Erρ̃t}c̃t ´ ct}s `
κt

ℓmin
Erρ̃t}∇̃ct ´ ∇ct}s `

p2Mf ` LcMcqκt

νℓmin
Et,J ,
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where we use 1{ℓ2
max ď 1{pℓmaxℓminq in this inequality. Then, arranging the terms and summing from t “ 1

to T leads to
T
ÿ

t“1
κtEr}d̃t}s

ď 2ℓmaxE

«

T
ÿ

t“1

`

ft ´ ft`1 ` ρ̃tp}ct} ´ }ct`1}q
˘

ff

`
p4ℓmax ` L2

cq
řT

t“1 κ
2
t

4ℓmin

`

T
ÿ

t“1

ˆ

2ℓmaxκt

ℓmin
Er}∇ft´∇̃ft}s`4ℓmaxErρ̃t}ct´c̃t}s`

2ℓmaxκt

ℓmin
Erρ̃t}∇ct´∇̃ct}s`

p4Mf `2LcMcqℓmaxκt

νℓmin
Et,J

˙

ď 2ℓmaxpf1 ´ f˚ ` ρmaxMcq `
p4ℓmax ` L2

cq
řT

t“1 κ
2
t

4ℓmin

`

T
ÿ

t“1

ˆ

2ℓmaxκt

ℓmin
Et,f ` 4ℓmaxρmaxEt,c `

ˆ

2ℓmaxρmaxκt

ℓmin
`

p4Mf ` 2LcMcqℓmaxκt

νℓmin

˙

Et,J

˙

,

where the last inequality follows from the fact that the merit parameter ρ̃t is nondecreasing and uniformly
bounded, and }ct} ď Mc. Consequently, the conclusion follows from Er}d̃R}s “

řT
t“1 κtEr}d̃t}s{KT . ˝

To obtain the stationarity and feasibility guarantee at the output, we still need a total-step perturbation
bound linking the sampled total step d̃t to its deterministic counterpart, i.e. the true total step dt defined by

dt “ ut ` vt “ ´PUt
∇ft ´ ∇ctct, with Ut :“ tu P Rn : ∇cJ

t u “ 0u.

Lemma 20 Suppose that Assumption 5 with Ia
t “ ∅, Conditions 1 and 2 hold. For any t P rT s, the expected

deviation between the sampled direction d̃t and the true direction dt satisfies Er}d̃t ´ dt}s ď Et,f ` LcEt,c `
pMf `νMcqEt,J

ν .

Proof. By applying the triangle inequality, we decouple the total direction error into its tangential and
normal components, i.e., Er}d̃t ´ dt}s ď Er}ũt ´ ut}s ` Er}ṽt ´ vt}s. For tangential components, it holds that

}ũt ´ ut} ď }PŨt
p∇̃ft ´ ∇ftq} ` }pPŨt

´ PUt q∇ft} ď }∇̃ft ´ ∇ft} `Mf }PŨt
´ PUt }, (B.6)

where we use the fact that }PŨt
} ď 1 and the boundedness of }∇ft}. Next, we focus on bounding the term

}PŨt
´ PUt

}. By Assumption 5 with Ia
t “ ∅, ∇ct has full column rank and }p∇ctq

:} ď 1{ν. If ∇̃ct also has
full column rank, invoking Lemma 16 on the associated column-space orthogonal projectors yields

}PŨt
´ PUt

} ď min
␣

}p∇ctq
:}, }p∇̃ctq

:}
(

}∇̃ct ´ ∇ct} ď
1
ν

}∇̃ct ´ ∇ct}.

Otherwise, choose z P Rm with }z} “ 1 and ∇̃ctz “ 0. Then, it follows that }∇̃ct ´ ∇ct} ě }p∇̃ct ´ ∇ctqz} “

}∇ctz} ě ν. Since the difference of two orthogonal projectors has spectral norm at most one, we obtain
}PŨt

´ PUt } ď 1 ď 1
ν }∇̃ct ´ ∇ct}. Substituting it into (B.6) and taking expectations on both sides yields

Er}ũt ´ ut}s ď Et,f `MfEt,J {ν. For normal components, the boundedness of ct and ∇̃ct implies

Er}ṽt ´ vt}s “ Er}∇̃ctc̃t ´ ∇ctct}s ď Er}∇̃ct}}c̃t ´ ct}s ` Er}∇̃ct ´ ∇ct}}ct}s ď LcEt,c `McEt,J .

Combining the bounds for the tangential and normal error derives the result. ˝

Combining Lemmas 19 and 20 yields a bound on Er}dR}s and hence on the expected KKT residuals.
Define

∆T,3 :“
ˆ

1 `
2ℓmax

ℓmin

˙ řT
t“1 κtEt,f

KT
`

ˆ

Mf ` νMc

ν
`
ℓmax

ℓmin

ˆ

2ρmax `
4Mf ` 2LcMc

ν

˙˙ řT
t“1 κtEt,J

KT

`
Lc

řT
t“1 κtEt,c

KT
`

4ℓmaxρmax
řT

t“1 Et,c

KT
`

2ℓmaxpf1 ´ f˚ ` ρmaxMcq

KT
`

p4ℓmax ` L2
cq
řT

t“1 κ
2
t

4ℓminKT
.
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Theorem 4 Suppose Assumption 5 with Ia
t “ ∅, Conditions 1 and 2 hold. Let xR be the randomized output

of Algorithm 2 with probability PpR “ tq “ κt{KT . Then, it holds that Er}dR}s ď ∆T,3. Moreover, given
ϵ P p0, 1q, if ∆T,3 ď mintϵ, νϵu, there exists λR P Rm such that Er}∇fR ` ∇cRλR}s ď ϵ,Er}cR}s ď ϵ.

Proof. By applying the triangle inequality, it holds that

Er}dR}s ď Er}d̃R}s ` Er}dR ´ d̃R}s “ Er}d̃R}s `

řT
t“1 κtEr}dt ´ d̃t}s

KT
.

Combining Lemmas 19 and 20 with bounded estimation errors yields Er}dR}s ď ∆T,3. Defining λR “

´p∇cJ
R∇cRq´1∇cJ

R∇fR

P Rm, we have p∇fR ` ∇cRλRqK∇cRcR. Then it follows from the definition of true total step dR that
}∇fR ` ∇cRλR} ď }dR} and }∇cRcR} ď }dR}. Taking the expectation on both sides and using the condition
∆T,3 ď mintϵ, νϵu, we obtain

Er}∇fR ` ∇cRλR}s ď Er}dR}s ď ∆T,3 ď ϵ, and Er}∇cRcR}s ď Er}dR}s ď ∆T,3 ď νϵ.

Finally, leveraging Assumption 5 with Ia
t “ ∅, the expected constraint violation is bounded by the normal

component, which yields Er}cR}s ď Er}∇cRcR}s{ν ď ϵ. The proof is thus completed. ˝

To establish the sample complexity for finding the expected KKT point using Algorithm 2, it suffices
to ensure that ∆T,3 “ Opϵq with a sufficiently small implied constant. With the mini-batch estimation and
SPIDER-type recursive estimation, we provide the corresponding sample complexity in the following theorem.

Theorem 5 Suppose Assumptions 1, 2, 3 and 5 with Ia
t “ ∅ hold. Given a tolerance ϵ P p0, 1q and t P rT s,

either of the following sampling strategies returns an expected ϵ-KKT point.

(1) Mini-batch estimation. Choose κt — ϵ, Bt,f — rϵ
p

1´p s, Bt,c — rϵ
2p

1´p s, Bt,J — rϵ
p

1´p s. Then, Algorithm 2
returns an expected ϵ-KKT point after T — rϵ´2s iterations, with the sample complexity of order Opϵ

3p´2
1´p q,

Opϵ
3p´2
1´p q and Opϵ

4p´2
1´p q for computing ∇̃ft, ∇̃ct and c̃t, respectively.

(2) SPIDER-type recursive estimation. Additionally, suppose that Assumption 6 holds. Choose κt — ϵ,
Bt,f — rϵ

p
1´p s, Bt,c — rϵ

2p
1´p s, Bt,J — rϵ

p
1´p s, St,f — rϵ

1
1´p s, St,c — rϵ

p`1
1´p s, St,J — rϵ

1
1´p s, τt — rϵ´1s. Then,

Algorithm 2 returns an expected ϵ-KKT point after T — rϵ´1s iterations, corresponding to Opϵ´2q inner
iterations. The sample complexity for computing ∇̃ft, ∇̃ct and c̃t are of order Opϵ

2p´1
1´p q, Opϵ

2p´1
1´p q and

Opϵ
3p´1
1´p q, respectively.

Proof. Under the parameter setting of (1), it follows from the mini-batch estimation that Et,f “ Opϵq, Et,c “

Opϵ2q, Et,J “ Opϵq and KT — rϵT s. Based on the definition ∆T,3 in Theorem 4, we further obtain

∆T,3 “ O

˜

1 `
řT

t“1 κ
2
t `

řT
t“1 Et,c

KT
`

řT
t“1 κt pEt,f ` Et,c ` Et,J q

KT

¸

“ O
ˆ

1
ϵT

` ϵ2 ` ϵ

˙

.

Combining with T — rϵ´2s yields the desired ∆T,3 “ Opϵq. Accordingly, the total number of samples over all
T iterations are given by

T
ÿ

t“1
Bt,f “O

´

ϵ
p

1´pT
¯

“O
´

ϵ
3p´2
1´p

¯

,
T
ÿ

t“1
Bt,c “O

´

ϵ
2p

1´pT
¯

“O
´

ϵ
4p´2
1´p

¯

,
T
ÿ

t“1
Bt,J “O

´

ϵ
p

1´pT
¯

“O
´

ϵ
3p´2
1´p

¯

,

Combining the parameter setting of (2) with the results in SPIDER-type recursive estimation gives Et,f “

Op1q, Et,c “ Opϵq, Et,J “ Op1q and KT — T . Recalling the definition of ∆T,3 in Theorem 4 with inner
recursive iteration, it holds that

∆T,3 “ O

˜

1 `
řT

t“1 τtκ
2
t `

řT
t“1 Et,c

KT
`

řT
t“1 κt pEt,f ` Et,c ` Et,J q

KT

¸

“ O
ˆ

1
T

` ϵ2 ` ϵ

˙

.
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Together with T — rϵ´1s, this yields the desired bound ∆T,3 “ Opϵq. Consequently, the sample complexity
across all T iterations are given by

T
ÿ

t“1
pBt,f ` 2pτt ´ 1qSt,f q “ O

´´

ϵ
p

1´p ` ϵ
p

1´p

¯

T
¯

“ O
´

ϵ
2p´1
1´p

¯

,

T
ÿ

t“1
pBt,c ` 2pτt ´ 1qSt,cq “ O

´´

ϵ
2p

1´p ` ϵ
2p

1´p

¯

T
¯

“ O
´

ϵ
3p´1
1´p

¯

,

T
ÿ

t“1
pBt,J ` 2pτt ´ 1qSt,J q “ O

´´

ϵ
p

1´p ` ϵ
p

1´p

¯

T
¯

“ O
´

ϵ
2p´1
1´p

¯

,

which completes the proof. ˝
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