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Abstract. State-of-the-art exact methods for solving vehicle routing problems
rely on a dynamic program that enumerates the set of feasible routes and their
distances. Using relaxations of the dynamic program improves these exact meth-
ods. This work is motivated by two observations. First, the dynamic program
enumerates some routes with a suboptimal permutation of the locations. Second,
the relaxations only relax the feasibility of routes and maintain their exact dis-
tances. We propose a novel dynamic program that enumerates the feasible sets of
locations that can be visited on a route and associates with each set the distance
of a route with an optimal permutation of the locations. We develop relaxations
of our novel dynamic program that relax both the feasibility and distances of
the routes. We embed the dynamic program in an arc-flow formulation and use
relaxations to compute dual bounds for the capacitated vehicle routing problem.
We give experimental results for instances with up to 10,000 locations and are the
first to compute dual bounds for the XL set of benchmark instances.
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1 Introduction

Vehicle routing problems are ubiquitous in the transportation sector. There are many
variants of vehicle routing problems that involve different constraints and objectives [8].
These problems are challenging to solve, and many benchmarks contain instances with
at most 100 locations [13]]. The capacitated vehicle routing problem is a variant that
involves assigning routes to a fleet of homogeneous vehicles with fixed capacity to cover
demands at a set of locations using minimum total distance [14]. The fleet begins at a
depot with inventory to cover the demands and must return to the depot.
State-of-the-art solvers for the capacitated vehicle routing problem are able to solve
instances with up to about 250 locations to optimality [[15]]. Several benchmark sets of in-
stances are used to measure the performance of a solver. One benchmark set of instances
has between 10 and 100 locations and are all solved [[1]]. A second benchmark set of
‘X’ instances has between 100 and 1,000 locations with many open instances [15]. Only
one solver has computed dual bounds for these instances, many of which require several
hours to produce an initial bound [[15]. A third benchmark set of ‘XL’ instances has
between 1,000 and 10,000 locations for which no solver has reported dual bounds [10].
Dynamic programming is an important part of the exact method used by state-of-
the-art solvers. These solvers implement branch-and-cut-and-price, which is an integer
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programming method that is based on column generation and uses dynamic program-
ming for solving the pricing problem [9J/16]. In particular, the pricing problem is solved
as a resource-constrained shortest path problem via dynamic programming-based label-
ing algorithms [5]]. The dynamic program encodes each feasible route as a sequence of
locations that begins and ends at the depot. These routes include those that visit a subset
of locations using a suboptimal permutation with respect to the distance traveled. Dom-
inance rules are used to improve computational efficiency by reasoning about routes
with suboptimal permutations [12].

Relaxations of dynamic programs are used within exact methods to improve compu-
tational efficiency [5]. In the vehicle routing context, a relaxation of a dynamic program
updates the states and transitions to allow infeasible routes. The most commonly used
relaxations are state-space relaxations that do not maintain the exact set of visited loca-
tions and have routes that visit a location more than once [4/2]]. These relaxations can be
iteratively strengthened using ideas like decremental state-space relaxations and column
elimination [12l7]. The distances of the routes remain exact.

In this work, we develop a novel dynamic program for the capacitated vehicle routing
problem that enumerates each feasible route as a set of locations and the distance of a
route using an optimal permutation of the locations. We formulate relaxations of this
dynamic program that also relax the routes’ distances. We embed the relaxations in an
integer programming formulation and extend an exact method to solve the formulation.
We give experimental results that provide the first dual bounds for the ‘XL’ instances
and in particular compute strong dual bounds for several ‘XL’ instances for which a
state-of-the-art solver does not produce a dual bound within a 3,600 second time limit.

2 The Capacitated Vehicle Routing Problem

This section introduces definitions and notations for the capacitated vehicle routing
problem. The problem is to assign routes to a fleet of vehicles to visit locations with the
least total travel distance. Each route can be viewed as a set of locations to visit and a
permutation of those locations [[11]].

We formally define the capacitated vehicle routing problem as follows [14]]. Let
G = (V, A) be a complete directed graph with vertices V = {0, 1,...,n} and a set of
arcs A = {(i,j) | i,j € V,i # j}. Vertex O represents the depot and vertices {1, ..., n}
represent the locations to be visited. Each vertex i € V has a demand g; > 0, and each
arc a € A has a length [, > 0. We consider the version of the problem that permits
a sufficiently large fleet of homogeneous vehicles, each with capacity Q. A route is a
sequence of vertices [vy, v2, . . ., v = 0] starting with the first visited location and ending
at the depot with a total demand at most Q. Let R be the set of feasible routes. The
distance of a route is the sum of its arc lengths, i.e. lo », + >*7' [(;.0,,,)- Letd : R —» R
give the distance of a route. The capacitated vehicle routing problem is to find a set of
routes such that each vertex except for the depot belongs to exactly one route and the
sum of the route distances is minimized.

A route consists of a set of locations and a permutation of those locations. Denote
L as the set of feasible sets of locations that can be visited by a single vehicle. We
define an optimal route as a route that has an optimal permutation of its set of locations
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with respect to the distance traveled. Denote R,p,; € R as the set of optimal routes.
The problem of finding an optimal permutation of a set of locations is equivalent to the
well-known traveling salesperson problem. Denote TSPy, as the minimum distance of a
route that visits a set of locations L.

3 Dynamic Programs for Route-Enumeration

In this section, we consider dynamic programs for enumerating a set of routes and their
distances. We introduce a general definition and notation for a dynamic program. Then,
we describe two dynamic programs for the capacitated vehicle routing problem. The
first is the commonly used dynamic program that enumerates all feasible routes. The
second is a novel dynamic program that enumerates all optimal routes.

A dynamic program can be characterized by a set of states, a set of actions, a transition
function, and a cost function. Each state contains one or more pieces of information.
The transition function takes as input a state with an action and outputs another state.
The cost function maps each transition to a real number. The set of states contains an
initial state and a terminal state. A dynamic program can be viewed as enumerating
sequences of actions and accumulated costs that begin at the initial state and end at the
terminal state. A solution is a sequence of actions that transition from the initial state to
the terminal state.

Formally, we define a dynamic program by a set of states S, an initial state r € S,
a terminal state ¢ € S, a set of actions U, a state transition function 2 : (S x U) — S,
a cost function ¢ : (S X U) — R. We denote DP = (S, U, h, ¢) as a dynamic program.
We assume an initial state » and terminal state ¢ exist in S. We define a solution as
[u1, ..., ur] for k € Z such that A(h( ... h(h(r,ui),uz) ... ,up—_1),ur) = t. Let [s1 =
r,s2,...,Sk—1, Sk = t] be the corresponding sequence of states that are the intermediate
evaluations of the transition function for a solution. We define the cost of a solution as
the sum of the costs of the transitions, Zf.‘:l c(si,uq).

The set of solutions and their costs are useful to characterize a dynamic program.
Denote Rpp as the set of solutions to DP, and denote fpp : Rpp — R as the function
that maps each solution to its cost. In the following sections, a solution corresponds to
aroute and the cost of a solution corresponds to the distance of the route.

3.1 Sequence-Based Dynamic Program

The dynamic program that is most commonly used in previous works on the capacitated
vehicle routing problem has a set of solutions that corresponds to the set of feasible
routes. Each action of the dynamic program is a location and each transition is equivalent
to a vehicle moving from one location to the next. We call this the sequence-based
dynamic program because each route is described as a sequence of actions (i.e. locations).
We denote the sequence-based dynamic program as DPg.q = (Sseqs V, hseqs Cseq)-
The sequence-based dynamic program has states that represent the location of a
vehicle, the load on the vehicle, and a set of visited locations. The initial state represents
an empty vehicle at the depot and transitions represent moving to the next location. The
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cost of a transition is the distance between the input state’s location and the location
represented by the transition.

Formally, we define the sequence-based dynamic program as follows. Let each state
in S be a tuple (v, w, L), where v is the current location, w is the current load, and
L is the set of visited locations. The initial state s7/*! is (0,0, {0}) and the terminal
state sgigmi"al is a tuple of sentinel values. Define the transition function and the cost
function for two different cases. First, we define the functions for the case of including
a new location on the route. For each state s = (v, w, L) and action j € V\{0} such that
jé&Landw+q; < Q,define hsoq(s, j) = (j,w+q;,LU{j}) and cseq (s, j) = L,y
Second, we define the functions for the case of completing a route by returning to the
depot. For each state s = (v, w, L), define hye4(s,0) = sﬁ,‘;;m""“l and ceq(5,0) = [0
All other transitions and costs have a sentinel value to represent infeasibility.

The set of solutions to the sequence-based dynamic program and costs are equivalent

to the set of feasible routes and distances. Proposition 1 states this well-known result [3].

Proposition 1. Rpp_ =R, and fpp, (r) =d(r) Vr € R.

seq seq

3.2 Set-Based Dynamic Program

We propose a novel set-based dynamic program to describe the set of optimal routes
and distances for the capacitated vehicle routing problem. The set-based dynamic pro-
gram enumerates optimal routes instead of feasible routes by using different states
and transitions compared to the sequence-based dynamic program. The term set-based
dynamic program is used because the sequence of actions in a solution only implies
the set of visited locations instead of the sequence of visited locations. We denote
DPg.t = (Sset> V, hser» Cser) as the set-based dynamic program.

The set-based dynamic program has states that represent the load on the vehicle
and the set of locations visited. The transition function decides whether a location is
included in a route or not but does not indicate the permutation of the locations. The
cost function is the difference in the distances of optimal routes for a set of locations
and a set of locations including one additional location.

The transition function uses an ordering of the locations. Assume that the ordering
is given by the indices of the vertices in V. An ordering ensures that no two solutions in
the dynamic program use the same set of locations because each solution is a sequence
of locations with increasing indices, until the depot location. The choice of ordering
changes the number of states and transitions in a set-based dynamic program.

Formally, we define the set-based dynamic program as follows. Let each state in S,
be a tuple (w,L), w is the current load and L is a set of visited locations. The initial
state s'itial jg (0,{0}) and the terminal state s'¢™"%! s a tuple of sentinel values.
Define the transition function and the cost function for two different cases. First, we
define the functions for the case of including a new location on the route. For each
state s = (w,L) and element j € V\{0} such that j > max,cy (v), and w + ¢g; < Q,
define hge; (s, j) = (w+ qj, LU {j}) and cges (s, j) = TSPy} — TSPL. Second, we
define the functions for the case of completing a route. For each state s € S, define
hger (s,0) = sger'm’"al and cost cge;(s,0) = 0. All other transitions and costs have a

et
sentinel value to represent infeasibility.
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The set of solutions to the set-based dynamic program is equivalent to the set of
feasible sets of locations that can be visited by a single vehicle. The cost of the each
solution is equal to the distance of an optimal route for visiting the set of locations in
the solution. To show this, we slightly abuse notation and let each solution r € Rpp_,,
be synonymous with a set of locations L € L. Proposition 2 states the result.

Proposition 2. Rpp,, = L and fpp, (L) = TSPy, VL € L.

set

The cost function requires solutions to the traveling salesperson problem which
makes this dynamic program appear impractical. In the next section, we relax the cost
function so that the dynamic program can be used within an exact method. The idea
is that the distance of an optimal route may be well-approximated by the distance of
an optimal route for visiting a subset of the locations, and solutions to the traveling
salesperson problem can be efficiently computed for a small number of locations.

4 Relaxations of Dynamic Programs for Route-Enumeration

This section considers relaxations of the dynamic programs. In general, a relaxation of
a dynamic program enumerates a superset of the routes and/or underapproximates the
distances of the routes. The goal of such a relaxation is to compile a dynamic program
that contains fewer states and feasible transitions while approximating the distances
of the routes. The relaxations differ for the sequence-based dynamic program and the
set-based dynamic program based on their properties.

We use the term relaxed dynamic program as a definition because it is based on
the set of solutions and their costs, whereas a similar commonly used term state-space
relaxation involves a mapping of the states. Considering the objective of the capacitated
vehicle routing problem is to minimize distance, we consider a lower cost as a better
one. Formally, let DP and DP,¢j4xeq be two dynamic programs.

Definition 1. DP,.jqxeq is a relaxed dynamic program w.r.t. DP if two properties hold:

I' RDPrelaxed 2 RDP
2. foPreravea(r) = foP(r) Vr € Rpp

4.1 Relaxations of the Sequence-Based Dynamic Program

The sequence-based dynamic program is commonly relaxed by updating the transition
function to only remember a subset of the visited locations. Such a relaxation enumerates
a superset of the feasible set of routes by allowing some routes to visit a location
multiple times. The benefit is that the relaxed dynamic program contains fewer states
and transitions.

The commonly used relaxations are state-space relaxations known as the g-route
relaxation 5] and the ng-route relaxation [2]. A g-route relaxation alters the transition
function to only remember the last g locations that have been visited. An ng-route
relaxation alters the transition function to only keep locations in the visited set of
locations if they are nearby the next location being visited.
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Formally, define the ng-route relaxation w.r.t. the sequence-based dynamic program,
denoted DPS5, = (Sg55,V, hiSy, Cs5q), as follows. The definition of a state, the set of
actions, and the cost function are equal to those in the sequence-based dynamicp rogram.
The transition function is updated for a state s = (v,w, L) and j € V\{0} as follows:
RS (s, j) = (w+qj,(LU{j}) N NG;) where NG; is a no-good set of locations to
remember in the state for each location j € V. The set of solutions becomes a superset
of the feasible routes. Proposition 3 states that the relaxation is valid [2].

Proposition 3. Dngq is a relaxed dynamic program w.r.t. DP..

4.2 Relaxations of the Set-Based Dynamic Program

We develop relaxations of the set-based dynamic program that enumerate a superset
of the feasible set of routes and relax the costs of the routes. The structure of the set-
based dynamic program enables the construction of different relaxations compared to
the sequence-based dynamic program. The goal is to produce relaxations for large-scale
instances that achieve a good tradeoff between the number of states and transitions and
the approximation of the set of feasible routes and their costs.

We construct a relaxation that updates the transition function to only maintain the
last included location, similar to the g-route relaxation with ¢ = 1. This update to the
transition function implies that the cost function must also be updated, which is not the
case for the sequence-based dynamic program. The reason the cost function must be
updated is that the set-based dynamic program has a cost function that uses the full set
of visited locations L while the sequence-based dynamic program has a cost function
that only relies on the last visited location. To help strengthen the relaxed cost function,
we use exact transitions and costs from the initial state, exact costs for the these states
with one location, and relax everything else.

Formally, define the relaxed dynamic program w.r.t. the set-based dynamic program,
denoted DP!,, = (S!,,,V,h!,,, cl,,),asfollows. The states and set of actions are defined
in the same manner as for the set-based dynamic program. The transition function is
updated as follows: for each state s = (w, L), s # s/ and location j € V\{0} such
that j > maxyer(v), and w + g; < Q, define hl,, (s, j) = (w + q;,{j}). Let S; be the
set of the initial state and all states after one transition from the initial state. The cost
function is updated as follows: for any state s ¢ S and Vj € V, let ¢!, (s, j) = 0. The
cost function with an input state from S; only requires solving the traveling salesperson
problem with one or two locations which have closed-form solutions.

The relaxed dynamic program has the same set of solutions as the set-based dynamic
program, but the costs of the solutions are relaxed. The set of solutions remains the same
because the condition that requires a transition to be to a location larger than any location
in the visited set remains the same. Proposition 4 states that the relaxation is valid.

Proposition 4. DP! , is a relaxed dynamic program w.r.t. DPg,;.

We further relax the dynamic program to only maintain a discretized value of the
last location visited. Let d € Z be the discretization value. Then, update the transition
function for each state s = (w,L), s ¢ S; and element j € V\{0} such that j >
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max,e (v), and w + g; < Q, define hl,,(s,j) = (w+ g;,{d[%]}). This type of
relaxation is less amenable in the sequence-based dynamic program, because there is
no condition that transitions need to be greater than the largest visited value.

For large-scale instances, the number of transitions may greatly impact the use of
the dynamic program in an exact method. Let A! be the number of transitions for DP},,
and let A" be the number of transitions for DP.S,. Proposition 5 states that the relaxed
dynamic program for the set-based dynamic program has a smaller upper bound on the
number of transitions.

2
Proposition 5. A' is at most % + |Q|2J and A" is at most |Q||V|?.

Consider the following example instance of the capacitated vehicle routing problem.
Each vehicle has a capacity of three. There are four locations each with demand of one
at these coordinates: (13,0),(12,0),(11,0),(10,0). The depot is at location (0,0). Figure 1
shows a network representation of each type of relaxed dynamic program. The networks
differ in the number of states, transitions, costs, and the encoded set of routes.

d=1

a) DP(S,, ING| = 1 b) DP},,.
Fig. 1. The state-transition graphs for the relaxed dynamic programs. Each state shows the visited

set of locations L but not the load w. To improve readability, only the costs of transitions from the
initial state are written and transitions to the terminal are not included.

S Methodology

In this section, we embed the set-based dynamic program into an integer programming
formulation of the capacitated vehicle routing problem. Using a relaxed dynamic pro-
gram in the formulation creates a relaxation of the integer program. Starting from a
relaxed dynamic program, we show how to extend an exact method called column elim-
ination to solve the exact formulation. This extension includes updating an algorithm
within column elimination to handle the relaxed costs and to more efficiently solve the
traveling salesperson problem for many different sets of locations.
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5.1 Arc-Flow Formulation

An arc-flow formulation is an integer program defined over the state-transition graph of a
dynamic program. The state-transition graph is a network representation of the dynamic
program that has a node for each state and an arc for each transition. The integer program
has variables that represent flow through the state-transition graph and has solutions that
are multiple paths (i.e. routes) through the state-transition graph. Linear constraints are
used to coordinate the paths. In the capacitated vehicle routing problem, they ensure the
selected routes cover the locations.

We define the state-transition graph of a dynamic program as follows. Let DP =
(S,V,h,c) be a dynamic program. Denote its state-transition graph as D = (N, A)
with node set NV and arc set A, defined as follows. For each state s € S we introduce a
node in N. For each transition 4(s;,v) = s;, we define an arc in A from the node for s;
to the node for s;.

The arc-flow formulation for the capacitated vehicle routing problem is given as
follows [7]]. There is a variable y, > O for each a € A. The set of incoming arcs of a
node u is denoted by 6~ (u). Likewise 67 (u) denotes the set of outgoing arcs of u. We
denote A’ as the set of arcs in A that transition to location i.

F(D): min Z CaYa (H
aeA
s.t. Z Va — Z Ya=0 Yu e N\ {r,t} 2)
acéd (u) acst(u)
D, Ya=1 VieVi{) Q)
ae Al
Ya €Z" Va € A. (4)

The objective function (I)) minimizes the sum of all arc costs. The flow conservation
constraints () ensure that the solution is a collection of -7 paths. Constraints (3) ensure
that all locations are visited once. The non-negative integrality constraints (@) complete
the formulation. In the example from Figure 1, for both networks the optimal solution to
the linear programming relaxation of the formulation is the instance’s optimal solution.

5.2 Column Elimination

We develop a column elimination method for solving the arc-flow formulation. Column
elimination was introduced using the ng-route relaxation of the sequence-based dynamic
program. We extend column elimination to work for the set-based dynamic program,
which requires handling relaxations that have a relaxed cost function.

The existing column elimination method works as follows [[7]. The method begins
by defining a relaxed dynamic program which translates to a relaxation of the arc-flow
formulation. Then, it iterates between solving the linear programming relaxation of the
arc flow formulation, decomposing the solution into a set of routes, and updating the
dynamic program by removing any infeasible routes. After the set of routes is feasible,
the arc-flow formulation is iteratively solved and refined as an integer program.
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The refinement algorithm must be updated from the existing column elimination
method to be able to handle using the set-based dynamic program. There are two key
updates. First, we update the refinement algorithm in column elimination to take as input
a route with relaxed cost instead of only an infeasible route. Second, we devise a method
to more efficiently compute optimal solutions to the traveling salesperson problem for
many similar sets of locations.

5.3 Refinement Algorithm for Relaxed Costs

We extend the refinement algorithm from the existing column elimination to work for
conflicts that arise from the relaxed dynamic program’s inexact cost function. The re-
finement algorithm in the previous work on column elimination only considers removing
infeasible routes from the dynamic program relaxation. This work considers a refinement
algorithm that also updates inexact costs of routes.

The existing refinement algorithm includes the creation of new states, transitions,
and costs. While the algorithm is described in terms of the dynamic programs, in practice
the algorithm is performed on the state-transition graph. The algorithm checks a route
from the relaxed dynamic program for feasibility by considering each transition starting
from the root node and checking the visited states against the states in the exact dynamic
program. When a state along the route is not the exact state, the state is created, and
transitions are copied from an existing state and checked for feasibility.

We update the refinement algorithm as follows. The first update is to detect solutions
as either infeasible or as having inexact cost. When inspecting a solution both the exact
state and the exact cost must be compared for each transition. The second update is when
altering the relaxed dynamic program, the cost function is changed to the exact cost.
We update the cost function to be exact for the last transition in a detected solution. We
compute a simple lower bound on the exact distance for other transitions that are copied.

5.4 Solving the Traveling Salesperson Problem for Similar Sets of Locations

The Traveling Salesperson Problem must be repeatedly solved for similar sets of locations
during column elimination for the set-based dynamic program. In particular, to obtain
an exact transition cost, the refinement algorithm requires solving TSPy yxy — TSP
for a set of locations L and additional location k € V. We devise a method to more
efficiently solve an instance by reusing computation from previous instances.

Consider the problem of solving a sequence of instances of the traveling salesperson
problem for 7 sets of locations, {L¢, L1, ..., L7}. During column elimination for solving
the capacitated vehicle routing problem, it is likely that these sets of locations are similar,
often differing by only one location. This similarity implies that a dynamic program to
enumerate the routes for each set of locations is also similar. Our idea is to also use
column elimination to solve the traveling salesperson problem and to store the resulting
relaxed dynamic program to be used by future iterations.

We introduce our method as follows. The method begins by compiling a relaxed
dynamic program for the first set of locations L and using column elimination to solve
the instance. The output of this first iteration is an optimal solution to the traveling
salesperson problem for Ly and a relaxed dynamic program. The method continues
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iteratively. At iteration k, it compiles a relaxed dynamic program for the set of locations
Ly by building on the relaxed dynamic program that is output of column elimination for
Ly_1. Then, the instance is solved with column elimination and the resulting dynamic
program relaxation is stored for the next iteration.

The compilation of the relaxed dynamic program at iteration k works as follows. For
each state s in the existing relaxed dynamic program with last visited set Ly, if Ly € L,
then the state is added to a queue. Next, a relaxed set of routes is compiled using this
queue of states to build routes based on the transition function and cost function of
a relaxed dynamic program for L. There are two advantages to reusing computation
in this way. First, column elimination for previous iterations might have strengthened
the initial relaxed dynamic program already. Second, the compilation is more efficient
because many states and transitions already exist and do not need to be recomputed.

6 Experimental Results

In this section, we give experimental results for using relaxations of the set-based
dynamic program to model and solve the capacitated vehicle routing problem. We start
by comparing the size and strength of the arc-flow formulation created from different
initial relaxations. Then, we compare with the performance of column elimination using
the set-based dynamic program, column elimination using the sequence-based dynamic
program and a state-of-the-art branch-and-price solver.

For the set-based dynamic program, we order the locations from largest to smallest
distance from the depot. When solving the traveling salesperson problem, we use a g-
route relaxation for the sequence-based dynamic program with g = 1. For the sequence-
based dynamic program, we always use ng-route relaxation with |NG| = 2. We consider
all instances from the ‘X’ benchmark set [15] and the ‘XL’ benchmark set [10]. All
experiments are given a timeout of 3,600 seconds and the best-known solution as input.

Each solver is run for each instance using an AMD EPYC 7662 64-Core Processor
with 20GB memory as a single thread. The linear programming solver is Gurobi version
13 [6]. The software repository on Github will be made available upon publication.

6.1 Size of Arc-Flow Formulations

We evaluate the number of variables in the arc-flow formulations compiled from different
relaxed dynamic programs. The number of variables affects how quickly each iteration
of column elimination is solved. In particular, when the number of variables is small, the
linear programming relaxation of the arc-flow formulation may be solved with a linear
programming solver; if not, a specialized Lagrangian method must be used [[7].

We consider the relaxed dynamic program DP. , with different discretization values.
Let d be the discretization value. Figure 2a shows a plot of the number of variables in
an arc-flow formulation versus the number of locations for each instance. The values
considered for d are 1,50, 100, 500, 1000. A mark is not shown if compilation is not
completed in the time limit.

The plot reveals that the number of variables greatly changes with the different
discretization values. The larger values of d create fewer variables in the arc-flow
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formulation. Also, compared to DPffq, the set-based relaxations are much smaller. The
majority of large instances cannot be compiled with DP?‘fq or DP!,, withd = 1.

Number of Variables vs. Number of Locations Percent Gap vs. Num Locations
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Fig. 2. a) The number of variables in the arc-flow formulation versus the number of locations for
different relaxed dynamic programs. b) The percent gap to the best-known solution versus the
number of locations for the linear programming relaxation of different relaxed dynamic programs.

6.2 Strength of Initial Relaxations

We analyze the strength of the dual bound produced by the linear programming relax-
ation of arc-flow formulations compiled from different relaxed dynamic programs. The
goal is to create small arc-flow formulations that produce strong dual bounds, although
there is usually a tradeoff between the model size and its strength. We compare this
dual bound for relaxed dynamic programs of the set-based dynamic program and the
sequence-based dynamic program.

We consider DP!,, with the set of values d as previously used. Define the percent
gap to the best-known solution as 100(%1&”’) where BKS is the best-known solution
and /b is the dual bound of the linear programming relaxation of the associated arc-flow
formulation. Figure 2b shows a plot of the percent gap versus the number of locations
for each instance. A mark is not shown if compilation or an initial solution are not
completed in the time limit.

The plot reveals that for several ‘XL instances the gap is strong for DP!,, and d = 50
or d = 100. As expected, when the relaxed dynamic program is compiled within the
time limit, the gap is stronger for smaller values of d. DP?fq has small gaps for many
of the ‘X’ instances, but does not compile for many ‘XL’ instances.

6.3 Comparison with State-of-the-Art

We compare the performance of column elimination using the set-based dynamic pro-
gram against two state-of-the-art solvers: RouteOpt [16] (RO) and column elimination
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using the sequence-based dynamic program [7] (SEQ+C). Both solvers use their de-
fault parameters. The column elimination solver that uses the sequence-based dynamic
program uses an advanced version of column elimination involving subgradient descent
that more effectively handles large-scale instances. RouteOpt only produces a bound
after the termination of column generation; it is possible to compute a bound before
termination, but RouteOpt does not compute it, and we do not consider it. In this section
our novel method (SET+C) initializes column elimination with DP!,, and d = 50.

Table 1 shows the number of instances for which each of the three solvers achieve
different percent gaps, partitioned by the number of locations in the instances. For
instances with under 500 locations and up to 1000 locations, RouteOpt performs the
best. For large-scale instances, column elimination with the set-based dynamic program
outperforms both other solvers. Table 2 shows a sample of instances for which the set-
based dynamic program performs well and the benefit of using column elimination. The
performance is often strong for instances with short feasible routes.

Table 1. Comparing the number of instances for which each method computes a percent gap.

0<|V| <500 500 < [V] <1000 1000 <|V[ <5000 5000 <|V]|< 10001
Gap RO SEQ+C SET+C RO SEQ+C SET+C RO SEQ+C SET+C RO SEQ+C SET+C

<1% 58 5 5 16 4 1 1 1 2 0 0 0
<5% 64 21 16 17 6 8 1 1 11 0 0 1
<10% 64 21 25 17 6 17 1 1 22 0 0 2
<20% 64 21 46 17 6 29 1 1 32 0 0 2

Table 2. A sample of instances showing the dual bounds achieved for each method. SET gives
the dual bound before column elimination. ‘-> means no value was reported within the time limit.
‘Numlt’ gives the number of iterations of column elimination for SET+C.

Instance BKS RO SEQ+C SET SET+C Numlt

X-nl48-k46 43,448 43,448 42937 36,296 43,105 514
X-n502-k39 69,227 69,106 68,240 61,913 64,318 118

X-n876-k59 99,300 - - 88,843 89,485 3
XL-n2354-k631 940,635 - - 921,168 930,059 7
XL-n5406-k783 1,040,140 - - 1,011,000 1,011,000 1

7 Conclusion

In conclusion, we develop a novel set-based dynamic program to enumerate routes and
their distances for the capacitated vehicle routing problem. We introduce relaxations
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and embed them in an arc-flow formulation. We extend column elimination to handle
the relaxations. We give experimental results showing strong bounds for several ‘XL’
instances. An extended version of this paper can explore using the dynamic program
within column generation and other vehicle routing problems.
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Appendices

A Proofs of Propositions

Proof (Proposition 1). Letr € Rpp,,,, be a solution in the dynamic program. So, r is
a sequence of transitions starting from the initial state and ending at the terminal state.
Each transition updates the load by addition, and a transition is only feasible if adding the
location’s demand does not exceed the capacity. Also, the visited set ensures a location
is not visited twice. Thus, the locations corresponding to the transitions in r create a
feasible route in R. Therefore, Rpp,,, € R. The converse is also true by considering a
route r € R and mapping it to transitions in Rpp,,,,. The cost of a solution is equal to the
sum of the costs of the transitions. Each transition cost is equal to the distance between
the routes, so the cost of each solution is equivalent to the distance of each associated
route.

Proof (Proposition 2). Let r € Rpp,,,, be a solution in the dynamic program. So, r
is a sequence of transitions starting from the initial state and ending at the terminal
state. Each transition updates the load by addition, and a transition is only feasible if
adding the location’s demand does not exceed the capacity. Also, the visited set ensures
a location is not visited twice. Thus, the locations corresponding to the transitions in r
create a feasible set of locations in L. Therefore, Rpp,,,, € L. The converse is also true
by considering a set of locations L € £ and mapping it to transitions in Rpp,,,. The
cost of a solution is equal to the sum of the costs of the transitions. Each transition cost
is equal to the additional distance added to the solution of 7'SP for the locations, so the

cost of each solution is equivalent to the distance of each associated route.

Proof (Proposition 3). The proof of R, Prg, 2 R is the same as in the proof of Propo-
sition 1. However, some routes » € R, IS visit a location multiple times because the
visited set is relaxed in the transition function, so the other direction is not true. The
costs of the routes r € R still holds, and the costs of the infeasible routes do not affect
the correctness of the statement.

Proof (Proposition4). The proof of R, pl, 2 R is the same as in the proof of Proposition
2. The converse is also the same, because the transition function uses an ordering to
ensure that locations are not repeated in the relaxed dynamic program. The costs of
the routes r € Rp,p1 are relaxed because many transitions have a cost of 0, which is
a relaxation given the assumption that the triangle inequality holds which implies that
the distance of an optimal route is monotonically increasing as locations are added to a
route.

Proof (Proposition 5). The number of possible states for R, PIE is |[V]|Q]| and each
state can have at most |V| transitions. So the maximum number of possible transitions is
[V[?|Q]. Similarly, the number of possible states for R pp!, is % and each state can
only transition to locations with larger index in the ordering. So the maximum number
of possible transitions is [Q|(|V| + (|[V|-d) +...+2d +d + 0) = |Q|%(|—Z‘ +1) =
lollviz | 101Vl

2d 2
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B Column Elimination Refinement Algorithm

We give pseudocode for the updated refinement algorithm as Algorithm 1. The input to
the algorithm is a dynamic program, a relaxed dynamic program, and a solution in the
relaxed dynamic program. The algorithm starts with the relaxed dynamic program and
makes updates to it. Line 2 begins with setting the current state to the initial state. Line
3 begins a for-loop over the transitions in the solution. Line 4 gets the next state in the
relaxed dynamic program by using the solution’s transition. Line 5 gets the transition
cost of the relevant transition. Line 7 gets the state from the exact dynamic program, and
Line 8 compares this exact state with the state in the relaxed dynamic program. Line 9
creates the exact state if it does not already exist. Line 10 copies the transitions from
the state in the relaxed dynamic program, and Line 11 filters infeasible transitions and
updates their costs.

Algorithm 1 Conflict Refinement Algorithm
Input: A dynamic program P = (S, V, h, ¢), a relaxed dynamic program P; = (S;,V, h;, ¢;) with
initial state r, and a solution x = [uy,...,ux] € R;.
Output: P;y
L Pivr = (Siv1, Vs hivrs civn) = (Si, Vo iy ci)
2: currState = r
3: forj=1,..kdo

4 nextState = h;41 (currState, u ;)

5 transitionCost = ¢;.1 (currState, u ;)

6:

7:  exactNextState = h(currState, u ;)

8:  if nextState # exactNextState then

9: createExactState(exactNextState)
10: copyTransitions(currState, exactNextState)
11: filterTransitionsAndUpdateCosts()
12: return

13:  endif
14:

15:  exactTransitionCost = c(currState, u ;)
16: if transitionCost # exactTransitionCost then

17: updateCosts()

18: return

19: end if

20:

21: currState = nextState
22: end for

C Algorithm to Iteratively Solve Traveling Salesperson Problems

The pseudocode in Algorithm 2 displays the steps for solving the traveling salesperson
problem given an initial relaxed dynamic program that has been generated from previous
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iterations as input. Line 1 copies the current relaxed dynamic program. Line 2 creates a
queue of nodes. Line 3 begins a for-loop over the states in the relaxed dynamic program.
Line 4 and Line 5 insert the states that have a set of visited locations that is a subset of
the set of locations L. Line 9 begins compiling the updated relaxed dynamic program
by working from the node queue. Line 10 pops a node from the queue. Line 11-14
loops over the locations, uses the relaxed transition function to produce new nodes, and
inserts them into the queue if they are new. Line 19 runs column elimination to solve
the traveling salesperson problem for L using the compiled relaxed dynamic program
and the exact one as reference for the refinement algorithm.

Algorithm 2 Iterative-TSP-Algorithm
Input: A dynamic program P = (S,V,h,c), a relaxed dynamic program P,eigxea =
(Sretaxeds Vs Mrelaxeds Crelaxed), and a set of locations L.
Output: 7SP(L)
: PL = (SLa Vv, hL, CL) = (Srelaxeds V, hrelaxed, Crelaxed)
nodeQueue := {r}
s fors=(_,_,Ls) € Srelaxeqa do
if Ly € L then
nodeQueue.insert(s)
end if
: end for

S A S el s

Ne]

: while nodeQueue # 0 do
node = nodeQueue.pop()
forv e LU {0} do
(nextNode, isNodeNew) = transitionRelaxed(P;¢;qxeq,node, v)
if isNodeNew then
nodeQueue.insert(nextNode)
end if
end for
: end while

— e b e e e e e e
PRI N RN T2

: optValue = columnElimination(Pr.,P)
: return optValue

[\
o
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