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Abstract

We study nonconvex stochastic functions that admit a structured second-order represen-
tation, a generalization of lower- and upper-C2 functions to normal integrands. Similarly to
the deterministic case, lower-C2 normal integrands are defined as the pointwise maxima over a
compact random index set of functions that are twice-continuously differentiable in the decision
variable with an integrable bounded Hessian. Our main result is a local value function charac-
terization of this class of functions, namely, that they satisfy a local sufficient ascent property
almost surely. Equivalently, they differ from a convex normal integrand by a random quadratic.
The upper-C2 theory follows by a change of sign, and delivers the corresponding lower envelopes,
the form in which these integrands appear as second-stage value functions of stochastic programs
with compact recourse. We also show that for this class integrability of the function values, of
the local Lipschitz moduli, and of the minimum-norm Clarke subgradients are equivalent. We
then study smooth integrands, finite lower envelopes, difference-of-convex integrands, Moreau
and forward–backward envelopes, compositions with a smooth map, monotone convex compo-
sitions, and compact-recourse stochastic programs within these classes of nonconvex stochastic
functions. As an application, we show that the optimistic loss of partial-label regression and
the variational formulation of the conditional value-at-risk fit within this framework.

Keywords: Normal integrands, Upper-C2 functions, Lower-C2 functions, Clarke subdifferential,
Stochastic programming, Value functions, Measurable multifunctions
MSC Classification: 49J52, 49J53, 90C15, 90C30

1 Introduction
Many stochastic optimization models involve expected-value functionals of the form

x 7→ Eφ(x) :=
∫

Ξ
φ(ξ, x)P(dξ), (1)

where (Ξ,F ,P) is a probability space and φ is a normal integrand. Such functionals play a central
role in stochastic programming, variational analysis, and sample-average approximation; see, e.g.,
[23–25]. A persistent difficulty is that the sample functions φξ := φ(ξ, ·) may fail to be smooth even
when the underlying model data are smooth. This phenomenon arises naturally in two-stage and
recourse models: the first-stage objective is defined through the optimal value of the second-stage
problem, and such value functions are typically nondifferentiable in the first-stage variable.

The purpose of this work is to formulate and study structured classes of nonconvex functions at
the level of normal integrands. In particular, we focus on stochastic versions of lower- and upper-C2

functions (see, e.g., [23, Definition 10.29]) which enjoy a favorable second-order structure. More
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precisely, a locally Lipschitz function is lower-C2 if, locally, it can be represented as a maximum
of C2 functions. The upper-C2 property is its natural counterpart, obtained by changing sign.
The classes of lower- and upper-C2 functions play a prominent role in nonsmooth and variational
analysis: convex functions provide basic examples of lower-C2 functions, whereas lower envelopes
and value functions obtained through minimization typically lead to upper-C2 behavior; we refer
the reader to [10,11,23,29,30] for more details. Beyond their theoretical significance, these classes
are also relevant to practical optimization problems and to the design and convergence analysis of
numerical algorithms. The benign form of nonconvexity of the family of lower-C2 functions, also
known as locally weakly convex functions, has been exploited to design suitable proximal algorithms
(see, e.g., [2, 7, 16, 26, 31]). In contrast, the upper-C2 structure has received comparatively less
attention in the development of new algorithms (see, e.g., [3–5]). Related developments also include
Frank–Wolfe methods for the broader class of upper-C1,α functions [13].

We define the lower- and upper-C2 classes of normal integrands as the functions that can be
obtained by optimizing, over a compact random index set, an objective that is twice-continuously
differentiable with respect to the decision variable and whose Hessian is dominated by an integrable
random modulus (see Definition 2.4). In the lower-C2 case, this holds via maximization, and, after
the change of sign, via minimization in the upper-C2 case. This formulation is useful in applica-
tions because it reduces the verification of lower- or upper-C2 regularity to standard hypotheses:
compactness of the index (recourse) set, Carathéodory regularity, and an integrable second-order
bound. In this way, the result separates the geometric content of the lower- and upper-C2 prop-
erty from the measurability issues handled by the theory of normal integrands and measurable
multifunctions.

Our main contribution is a local “ascent lemma” (resp. “descent lemma”) for lower-C2 (resp.
upper-C2) normal integrands. Moreover, we also prove that a normal integrand φξ is lower-C2

around a reference point with integrable curvature if and only if it is locally characterized by a
stochastic upper envelope of quadratic-affine functions with an integrable quadratic coefficient.
The mirror result states that lower envelopes of stochastic quadratic-affine functions are the upper-
C2 normal integrands. In particular, the latter have the form of the integrands that appear as
second-stage value functions in stochastic programming.

In the stochastic setting, the quadratic local curvature modulus of lower- and upper-C2 func-
tions may naturally depend on the random parameter ξ, an essential dependence in applications.
We therefore require it to belong to an appropriate space LpP. We show that this integrability
requirement is mild enough to cover random value function constructions, but strong enough to
transfer samplewise estimates to the expected functional (1). In particular, it provides a conve-
nient bridge between the local geometry of the sample functions and the analytic properties of the
expected objective.

The paper also records how the integrability hypotheses interact with one another. For lower-
and upper-C2 normal integrands we show that p-integrability of the values on a neighborhood of
a point, p-integrability of the local Lipschitz modulus, and p-integrability of the minimum-norm
Clarke subgradient are equivalent, and that each of them needs to be checked at a single point
only. We further relate these conditions to integrability assumptions commonly used in smooth
stochastic optimization, such as bounded-variance and multiplicative-noise estimates.

The paper is organized as follows. Section 2 fixes notation and recalls the required tools from
normal-integrand theory and variational analysis. Section 3 presents equivalent characterizations
of lower- and upper-C2 normal integrands. Section 4 collects important general classes of such
integrands, including difference-of-convex functions, Moreau and forward–backward envelopes, and
composite functions. Section 5 presents the relationship between integrability of the values, of the
Lipschitz moduli, and of the minimum-norm Clarke subgradients of lower- and upper-C2 normal
integrands. In Section 6, we describe two example applications that belong to the families of lower-
and upper-C2 normal integrands.
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2 Notation and preliminaries
Throughout the paper, (Ξ,F ,P) denotes a complete probability space. All assertions involving the
parameter ξ are understood to hold for P-almost every ξ ∈ Ξ. After modifying the corresponding
objects on a null set if necessary, we shall simply write “for all ξ ∈ Ξ”. The space Rd is endowed
with the Euclidean inner product ⟨·, ·⟩ and the induced norm ∥ · ∥. We denote by Br(x) and Br[x]
the open and closed balls of radius r > 0 centered at x, respectively, and set B := B1[0]. We denote
the extended real line by R := [−∞,+∞].

We say that a function f : Rd → R is C1 if it is continuously differentiable, that is, differentiable
with a continuous gradient, and that it is C2 if it is twice-continuously differentiable.

For A ⊂ Rd, the symbols clA, intA, bdA, coA, and dist(x,A) denote, respectively, the closure,
interior, boundary, convex hull, and distance from x to A. For an extended-real-valued function
f : Rd → R, we denote the domain of f by dom f := {x ∈ Rd : f(x) < +∞} and the epigraph
of f by epi f := {(x, α) ∈ Rd × R : f(x) ≤ α}. For a set-valued mapping F : X ⇒ Y , its graph
is denoted by gphF := {(x, y) ∈ X × Y : y ∈ F (x)}. For a set K ⊆ Rd, the indicator function
ιK : Rd → R is defined by ιK(x) := 0 if x ∈ K and ιK(x) := +∞ otherwise.

For a proper function f : Rd → R and γ > 0, the Moreau envelope of f with parameter γ is

eγf(x) := inf
z∈Rd

{
f(z) + 1

2γ ∥z − x∥2
}
,

and f is said to be prox-bounded with threshold γf if eγf > −∞ for every γ ∈ (0, γf ).

2.1 Normal integrands and measurable multifunctions

For p ∈ [1,∞], the notation LpP refers to the usual Lebesgue space with respect to P. Let X be a
metric space. A set-valued mapping C : Ξ ⇒ X is called measurable if, for every open set U ⊂ X,
{ξ ∈ Ξ : C(ξ)∩U ̸= ∅} ∈ F . When X is a Polish space and C has nonempty compact values, this is
the standard measurability notion used for random closed sets and measurable selection arguments.

A mapping a : Ξ ×X → Rm is called a Carathéodory mapping if a(·, t) is measurable for every
t ∈ X and a(ξ, ·) is continuous for every ξ ∈ Ξ. Similarly, a mapping g : Ξ × X × Rd → R is
Carathéodory if g(·, t, x) is measurable for every (t, x) ∈ X×Rd and g(ξ, ·, ·) is continuous for every
ξ ∈ Ξ.

Given an integrand φ : Ξ × Rd → R, we use the shorthand

φξ(x) := φ(ξ, x), Eφ(x) :=
∫

Ξ
φξ(x)P(dξ),

whenever the integral is well-defined. An integrand φ : Ξ × Rd → R is called a normal integrand if
the epigraphical mapping ξ 7→ epiφξ is measurable and has closed values. All normal integrands
considered here are proper, in the sense that φξ > −∞ on Rd and domφξ ̸= ∅ for every ξ ∈ Ξ.
Moreover, φ is a convex (concave) normal integrand if, in addition, φξ is convex (concave) for
P-almost every ξ ∈ Ξ.

We shall use the following consequence of measurable maximum theorems. If X is Polish,
C : Ξ ⇒ X is measurable with nonempty compact values, and g : Ξ×X×Rd → R is Carathéodory,
then the value function

φξ(x) := min
t∈C(ξ)

g(ξ, t, x)

is well-defined, the minimum is attained, and the resulting mapping φ : Ξ × Rd → R is a normal
integrand (see, e.g., [23, Chapter 14]).
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2.2 Clarke subdifferential for locally Lipschitz functions

We adopt generalized differentiation for locally Lipschitz functions; see [10]. Let f : Rd → R be
locally Lipschitz continuous around a given x ∈ Rd. The Clarke generalized directional derivative
of f at x in the direction u ∈ Rd is

f◦(x;u) := lim sup
y→x
t↓0

f(y + tu) − f(y)
t

,

and the Clarke subdifferential of f at x is

∂f(x) :=
{
v ∈ Rd : ⟨v, u⟩ ≤ f◦(x;u) for all u ∈ Rd

}
.

Throughout the paper, whenever f is locally Lipschitz, the notation ∂f(x) refers to the Clarke
subdifferential. If f is locally Lipschitz around x, then ∂f(x) is a nonempty, compact, and convex
subset of Rd. Moreover, if f is continuously differentiable around x, then ∂f(x) = {∇f(x)}, while if
f is convex finite-valued (and thus locally Lipschitz continuous), the Clarke subdifferential coincides
with the usual convex subdifferential.

Moreover, a locally Lipschitz continuous function f : Rd → R is said to be Clarke regular at x
if, for every direction u ∈ Rd, the one-sided directional derivative

f ′(x;u) := lim
t↓0

f(x+ tu) − f(x)
t

exists and satisfies
f ′(x;u) = f◦(x;u).

The function f is Clarke regular on a set D if it is Clarke regular at every point of D. Continuously
differentiable functions and finite convex functions are Clarke regular. Notice, however, that Clarke
regularity is not invariant under multiplication by −1. For example, the concave function x 7→ −|x|
is not Clarke regular at the origin. The importance of Clarke regularity in our work is twofold: on
one hand, it establishes the equivalence among the Fréchet, limiting (Mordukhovich), and Clarke
subdifferentials. On the other hand, it yields tight calculus rules that hold with equality.

The following result is well-known.

Lemma 2.1. Let V ⊂ Rd be convex, let h : V → R be continuously differentiable, and let κ ≥ 0
be such that

∥∇h(z) − ∇h(w)∥ ≤ κ∥z − w∥ for all z, w ∈ V. (2)
Then, for all x, y ∈ V , ∣∣h(y) − h(x) − ⟨∇h(x), y − x⟩

∣∣ ≤ κ

2 ∥y − x∥2. (3)

In particular, (2) holds whenever h is twice-continuously differentiable on V with ∥∇2h(z)∥ ≤ κ
for all z ∈ V .

2.3 Local Lipschitz moduli and lower- and upper-C2 integrands

Definition 2.2 (Locally Lipschitz integrand with integrable modulus). Let p ∈ [1,∞]. A normal
integrand φ : Ξ × Rd → R is locally Lipschitz around x̄ with p-integrable modulus if there exist a
neighborhood W of x̄ and a nonnegative κ ∈ LpP such that, for P-almost every ξ ∈ Ξ, the function
φξ is finite on W and

|φξ(y) − φξ(z)| ≤ κ(ξ)∥y − z∥ for all y, z ∈ W. (4)

When (4) holds for some measurable κ, not necessarily integrable, we simply say that φ is locally
Lipschitz around x̄ (with measurable modulus). We shall say that these definitions hold on a set
U ⊆ Rd if they hold around every point x̄ ∈ U .
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Next, we recall that the local Lipschitz modulus of a convex function is controlled by a bound
on its values. The following result is the corresponding statement for convex normal integrands,
with the bound and the modulus required to be p-integrable.

Proposition 2.3. Let φ : Ξ × Rd → R be a convex normal integrand. Let p ∈ [1,∞], let x̄ ∈ Rd,
and suppose that there exists a convex neighborhood V of x̄ with φ(·, x) ∈ LpP for all x ∈ V . Then
φ is locally Lipschitz around x̄ with p-integrable modulus.

Proof. Since x̄ ∈ intV , we may pick affinely independent points q0, . . . , qd ∈ V and r > 0 such that
B2r[x̄] ⊆ co{qi : i = 0, . . . , d}, and set

m(ξ) := max
i=0,...,d

|φξ(qi)| + |φξ(x̄)|,

which is p-integrable because φ(·, qi) ∈ LpP for i = 0, . . . , d and φ(·, x̄) ∈ LpP. Let N ∈ F be the
P-null set of those ξ for which m(ξ) = +∞, and fix ξ ∈ Ξ \ N . Since φξ is convex, its supremum
over the simplex co{qi : i = 0, . . . , d} is attained at a vertex, and thus

φξ(x) ≤ max
i=0,...,d

φξ(qi) ≤ m(ξ) + φξ(x̄) for all x ∈ B2r[x̄]; (5)

that is, φξ is bounded above on B2r[x̄] by φξ(x̄) +m(ξ). Applying [33, Corollary 2.2.12] on the ball
B2r[x̄], with excess m(ξ) of this upper bound over the value φξ(x̄) at the center, we obtain

|φξ(x) − φξ(y)| ≤ 3
2r m(ξ)∥x− y∥ for all x, y ∈ Br(x̄),

which ends the proof.

For an integrand φ : Ξ × Rd → R that is locally Lipschitz around x, we write

∂φξ(x) := ∂(φξ)(x).

We next define the classes of normal integrands of interest in this work.

Definition 2.4 (Lower- and upper-C2 normal integrands). Let φ : Ξ × Rd → R be a normal
integrand, let x̄ ∈ Rd, and let p ∈ [1,∞]. We say that φ is a lower-C2 normal integrand around
x̄ with p-integrable (curvature) modulus if there exist a compact convex neighborhood V of x̄, a
nonnegative function ϱ ∈ LpP, a Polish space X, a measurable set-valued mapping C : Ξ ⇒ X
with nonempty compact values, and a Carathéodory mapping g : Ξ × X × Rd → R such that, for
P-almost every ξ ∈ Ξ,

φξ(x) = max
t∈C(ξ)

g(ξ, t, x) for all x ∈ V, (6)

where, for each ξ ∈ Ξ and t ∈ X, the function x 7→ g(ξ, t, x) is twice-continuously differentiable on
an open set containing V , the mappings g, ∇xg, and ∇2

xg are continuous in (t, x), and

∥∇2
xg(ξ, t, x)∥ ≤ ϱ(ξ) for all ξ ∈ Ξ, t ∈ C(ξ), x ∈ V. (7)

If (6)–(7) hold for some nonnegative measurable ϱ, not necessarily integrable, we simply say that
φ is a lower-C2 normal integrand around x̄.

Similarly, φ is an upper-C2 normal integrand around x̄ (with p-integrable modulus) if −φ is a
lower-C2 normal integrand around x̄ (with p-integrable modulus). More precisely, this amounts to
a representation

φξ(x) = min
t∈C(ξ)

g(ξ, t, x) for all x ∈ V, (8)

with C, g and ϱ as above.
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3 Characterizations of lower- and upper-C2 normal integrands
We next establish a characterization of lower-C2 normal integrands as local stochastic value func-
tions, from which the upper-C2 case follows by a change of sign. The first representation uses
quadratic-affine functions, while the second uses smooth functions with an integrable Hessian
bound.

Theorem 3.1 (Equivalent characterizations of lower-C2 normal integrands). Let φ : Ξ × Rd → R
be a finite-valued normal integrand, let x̄ ∈ Rd, and let p ∈ [1,∞]. Then the following assertions
are equivalent:

(a) φ is a lower-C2 normal integrand around x̄ with LpP curvature modulus, i.e., Definition 2.4
holds.

(b) There exist a compact convex neighborhood V of x̄ and a nonnegative function ϱ ∈ LpP such
that, for P-almost every ξ ∈ Ξ, the function φξ is locally Lipschitz on a neighborhood of V
and

φξ(y) ≥ φξ(x) + ⟨v, y − x⟩ − ϱ(ξ)
2 ∥y − x∥2 for all x, y ∈ V and all v ∈ ∂φξ(x). (9)

(c) There exist a compact convex neighborhood V of x̄, a nonnegative function ϱ ∈ LpP, a Polish
space X, a measurable set-valued mapping C : Ξ ⇒ X with nonempty compact values, and
Carathéodory mappings a : Ξ × X → Rd and b : Ξ × X → R such that, for P-almost every
ξ ∈ Ξ and all x ∈ V ,

φξ(x) = max
t∈C(ξ)

{
−ϱ(ξ)

2 ∥x∥2 + ⟨a(ξ, t), x⟩ + b(ξ, t)
}
. (10)

(d) There exist a compact convex neighborhood V of x̄, a nonnegative function ϱ ∈ LpP, and a
convex normal integrand f : Ξ × Rd → R such that, for P-almost every ξ ∈ Ξ,

φξ(x) = fξ(x) − ϱ(ξ)
2 ∥x∥2 for all x ∈ V. (11)

Moreover, the modulus ϱ can be taken to be the same in all items (a)–(d).

Proof. We first show that (a) implies (b). Let V , ϱ, X, C and g be as in Definition 2.4. By (6),
the compactness of C(ξ) × V , and the continuity of ∇xg(ξ, ·, ·), each φξ is Lipschitz on V ; hence,
shrinking V if necessary, we may assume that each φξ is Lipschitz on a neighborhood of V . Let
ξ ∈ Ξ and x, y ∈ V , and define the set of active indices C∗

x(ξ) := argmaxt∈C(ξ) g(ξ, t, x), which is
nonempty by compactness of C(ξ) and continuity of g(ξ, ·, x). In view of (6) and the smoothness
of x 7→ g(ξ, t, x) (see, e.g., [23, Theorem 10.31]), for any v ∈ ∂φξ(x) there exist n ≥ 1, ti ∈ C∗

x(ξ)
and λi ≥ 0, i = 1, . . . , n, such that ∑n

i=1 λi = 1 and

v =
n∑
i=1

λi∇xg(ξ, ti, x). (12)

Furthermore, by (7) and Lemma 2.1, for all i = 1, . . . , n,

φξ(y) ≥ g(ξ, ti, y) ≥ g(ξ, ti, x) + ⟨∇xg(ξ, ti, x), y − x⟩ − ϱ(ξ)
2 ∥y − x∥2.

Multiplying by λi and summing over i = 1, . . . , n yields

φξ(y) ≥
n∑
i=1

λig(ξ, ti, x) +
〈

n∑
i=1

λi∇xg(ξ, ti, x), y − x

〉
− ϱ(ξ)

2 ∥y − x∥2

= φξ(x) + ⟨v, y − x⟩ − ϱ(ξ)
2 ∥y − x∥2,
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where in the last line we used that ti ∈ C∗
x(ξ), so that g(ξ, ti, x) = φξ(x), together with (12). This

is (9).
Next, we prove (b) implies (c). Let V and ϱ ∈ LpP be as in (b). Set X := V × Rd. For each

fixed ξ, the set
C(ξ) := gph ∂φξ ∩X (13)

is nonempty and compact. Indeed, C(ξ) is closed due to closedness of V and Lipschitz continuity
of φξ on a neighborhood of V , which guarantees closedness of the Clarke subdifferential at the
points of V [10, Proposition 2.1.5(b)]. Furthermore, C(ξ) is a subset of a compact set. Let U ⊇ V
be an open set on which φξ is locally Lipschitz. For each x ∈ V , there exists an open ball Bx ⊆ U
on which φξ is Lipschitz with some constant Kx, and by compactness V ⊆ Bx1 ∪· · ·∪Bxm for some
m ∈ N. In view of [10, Proposition 2.1.2], we have

gph ∂φξ ∩ (V × Rd) ⊆ V ×KξB, Kξ := max
i=1,...,m

Kxi < +∞,

which proves the claim. Furthermore, C is a measurable set-valued mapping by standard measura-
bility properties (see, e.g., [23, Theorem 14.56]) with nonempty compact values. For t = (z, v) ∈ X,
define

a(ξ, t) := v + ϱ(ξ)z, b(ξ, t) := φξ(z) − ϱ(ξ)
2 ∥z∥2 − ⟨v, z⟩. (14)

The mappings a and b are Carathéodory: a is affine in t, and since φξ is continuous on V and φ is
a normal integrand, b is continuous in t = (z, v) for each ξ and measurable in ξ for each fixed t.

Fix ξ ∈ Ξ and y ∈ V . From (9), for every t = (z, v) ∈ C(ξ),

φξ(y) ≥ φξ(z) + ⟨v, y − z⟩ − ϱ(ξ)
2 ∥y − z∥2

= −ϱ(ξ)
2 ∥y∥2 + ⟨v + ϱ(ξ)z, y⟩ + φξ(z) − ϱ(ξ)

2 ∥z∥2 − ⟨v, z⟩

= −ϱ(ξ)
2 ∥y∥2 + ⟨a(ξ, t), y⟩ + b(ξ, t).

Taking the maximum over t ∈ C(ξ) gives one inequality in (10). Conversely, since ∂φξ(y) ̸= ∅, pick
vy ∈ ∂φξ(y). Then t = (y, vy) ∈ C(ξ) and the corresponding quadratic-affine function equals φξ(y)
at y. Hence (10) holds.

Now we show that (c) implies (a). Assume that (10) holds and define

g(ξ, t, x) := −ϱ(ξ)
2 ∥x∥2 + ⟨a(ξ, t), x⟩ + b(ξ, t).

Then g is Carathéodory, x 7→ g(ξ, t, x) is twice-continuously differentiable, the mappings g, ∇xg =
−ϱ(ξ)x + a(ξ, t) and ∇2

xg = −ϱ(ξ)I are continuous in (t, x), and ∥∇2
xg(ξ, t, x)∥ = ϱ(ξ). Hence

(6)–(7) hold with the same V , ϱ, X and C, i.e., φ is a lower-C2 normal integrand around x̄ with
LpP curvature modulus.

To show that (c) implies (d), observe that due to (10), it is enough to consider f(ξ, x) :=
maxt∈C(ξ) {⟨a(ξ, t), x⟩ + b(ξ, t)}, which is clearly a finite convex normal integrand.

To conclude the proof, we show (d) implies (b). If (11) holds, then φξ + ϱ(ξ)
2 ∥ · ∥2 = fξ is convex

on V . Shrinking V if necessary, φξ is locally Lipschitz on a neighborhood of V , since fξ is convex
and finite on a neighborhood of V . For x, y ∈ V and v ∈ ∂φξ(x) we have v+ ϱ(ξ)x ∈ ∂fξ(x) by the
smooth sum rule for the Clarke subdifferential, and the convex subgradient inequality gives

φξ(y) + ϱ(ξ)
2 ∥y∥2 ≥ φξ(x) + ϱ(ξ)

2 ∥x∥2 +
〈
v + ϱ(ξ)x, y − x

〉
,

which upon rearranging is exactly (9).
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We next record the corresponding characterization of upper-C2 normal integrands, which follows
by applying Theorem 3.1 to −φ. Observe that the characterization states that upper-C2 normal
integrands satisfy a generalization of the so-called descent lemma (cf. Lemma 2.1), pivotal in the
convergence analysis of optimization algorithms.

Corollary 3.2 (Equivalent characterizations of upper-C2 normal integrands). Let φ : Ξ ×Rd → R
be a finite-valued normal integrand, let x̄ ∈ Rd, and let p ∈ [1,∞]. Then the following assertions
are equivalent:

(a) φ is an upper-C2 normal integrand around x̄ with LpP curvature modulus, i.e., there exist a
compact convex neighborhood V of x̄, a nonnegative ϱ ∈ LpP, a Polish space X, a measurable
set-valued mapping C : Ξ ⇒ X with nonempty compact values, and a Carathéodory mapping
g : Ξ × X × Rd → R satisfying (7) and the smoothness requirements of Definition 2.4, such
that

φξ(x) = min
t∈C(ξ)

g(ξ, t, x) for all x ∈ V. (15)

(b) There exist a compact convex neighborhood V of x̄ and a nonnegative function ϱ ∈ LpP such
that, for P-almost every ξ ∈ Ξ, the function φξ is locally Lipschitz on a neighborhood of V
and

φξ(y) ≤ φξ(x) + ⟨v, y − x⟩ + ϱ(ξ)
2 ∥y − x∥2 for all x, y ∈ V and all v ∈ ∂φξ(x). (16)

(c) There exist a compact convex neighborhood V of x̄, a nonnegative function ϱ ∈ LpP, a Polish
space X, a measurable set-valued mapping C : Ξ ⇒ X with nonempty compact values, and
Carathéodory mappings a : Ξ × X → Rd and b : Ξ × X → R such that, for P-almost every
ξ ∈ Ξ and all x ∈ V ,

φξ(x) = min
t∈C(ξ)

{
ϱ(ξ)

2 ∥x∥2 + ⟨a(ξ, t), x⟩ + b(ξ, t)
}
. (17)

(d) There exist a compact convex neighborhood V of x̄, a nonnegative function ϱ ∈ LpP, and a
concave normal integrand f : Ξ × Rd → R such that, for P-almost every ξ ∈ Ξ,

φξ(x) = fξ(x) + ϱ(ξ)
2 ∥x∥2 for all x ∈ V. (18)

Moreover, the modulus ϱ can be taken to be the same in all items (a)–(d).

In the following, we collect several direct consequences of Corollary 3.2, illustrating that the
assumptions are easy to check in common stochastic programming constructions.

Example 3.3 (Smooth normal integrands). Let φ : Ξ × Rd → R be a Carathéodory integrand.
Fix x̄ ∈ Rd and suppose that there exist a compact convex neighborhood V of x̄ and nonnegative
functions κ ∈ L2

P and ϱ ∈ L1
P such that, for every ξ ∈ Ξ, the function φξ is twice-continuously

differentiable on (an open set containing) V and

∥∇xφξ(y) − ∇xφξ(z)∥ ≤ ϱ(ξ)∥y − z∥, |φξ(y) − φξ(z)| ≤ κ(ξ)∥y − z∥

for all y, z ∈ V . Then φ is locally Lipschitz around x̄ with square-integrable modulus, and both
lower- and upper-C2 around x̄ with integrable curvature modulus ϱ, in view of Lemma 2.1 and the
identity ∂φξ(x) = {∇xφξ(x)}.
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Example 3.4 (Finite lower envelopes of smooth integrands). Let m ∈ N and let fi : Ξ × Rd → R,
i = 1, . . . ,m, be Carathéodory integrands. Define

φξ(x) := min
1≤i≤m

fi(ξ, x).

Assume that, around a point x̄, each fi satisfies the hypotheses of Example 3.3 on the same compact
convex neighborhood V , with nonnegative curvature moduli ϱi ∈ L1

P and Lipschitz moduli κi ∈ L2
P.

Then φ is locally Lipschitz around x̄ with square-integrable modulus κ(ξ) := max1≤i≤m κi(ξ) and
upper-C2 around x̄ with curvature modulus

ϱ(ξ) := max
1≤i≤m

ϱi(ξ).

Indeed, the conclusion follows from Corollary 3.2(a) by taking X = {1, . . . ,m} and C(ξ) = X.
By replacing the minimum with a maximum in the definition of φξ, we obtain a lower-C2 normal
integrand.

Example 3.5 (A nonsmooth DC sample function). Let A : Ξ → Rm×d and c : Ξ → Rm be
measurable, and define

φξ(x) := 1
2∥A(ξ)x− c(ξ)∥2 − λ(ξ)∥x∥1,

where λ : Ξ → [0,∞) is measurable. On any compact neighborhood V of x̄, this has the form
gξ − hξ with

gξ(x) = 1
2∥A(ξ)x− c(ξ)∥2, hξ(x) = λ(ξ)∥x∥1 for x ∈ V.

If ∥A(ξ)∥2 ∈ L1
P and the corresponding local Lipschitz moduli of g and h on V belong to L2

P, then
Corollary 4.1 below shows that φ is a locally Lipschitz upper-C2 normal integrand.

Example 3.6 (Two-stage stochastic programs with compact recourse). Consider a two-stage
stochastic program of the form

min
x∈Rd

ψ(x) +
∫

Ξ
φξ(x)P(dξ),

with second-stage value function

φξ(x) := min
y∈C(ξ)

G(ξ, y, x).

Assume that C : Ξ ⇒ Rm is measurable with nonempty compact values and that G : Ξ×Rm×Rd →
R is a Carathéodory integrand. Fix x̄ ∈ Rd and suppose that there exist a compact convex
neighborhood V of x̄ and a nonnegative ϱ ∈ L1

P such that, for every ξ ∈ Ξ and every y ∈ C(ξ),
the mapping x 7→ G(ξ, y, x) is twice-continuously differentiable on (an open set containing) V , the
mappings ∇xG(ξ, ·, ·) and ∇2

xG(ξ, ·, ·) are continuous in (y, x), and

∥∇2
xG(ξ, y, x)∥ ≤ ϱ(ξ) for all x ∈ V.

Then Corollary 3.2(a) implies that φ is an upper-C2 normal integrand around x̄ with integrable
curvature modulus. If, in addition, φ is locally Lipschitz around x̄ with a square-integrable modulus,
the reduced expected-value objective

x 7→ ψ(x) + Eφ(x)

falls within the upper-C2 normal-integrand framework developed above, once the deterministic
term ψ is handled separately.
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4 Archetypal classes of lower- and upper-C2 normal integrands
In this section we examine how some operations that are standard in optimization, including
difference-of-convex decompositions, Moreau envelopes, and compositions, produce normal inte-
grands that are lower- or upper-C2 in the sense of Definition 2.4. At the level of a single sample
function, each of these facts is classical, and the arguments below follow the deterministic ones
closely. What is specific to the present setting is a quantitative treatment of the random curvature
and Lipschitz moduli that these constructions generate.

In most statements we exhibit the moduli explicitly in terms of the data, and we track how their
integrability exponents are produced from those of the data, typically through Hölder’s inequality.
This allows the samplewise estimates to be transferred to the expected functional Eφ, which will
be useful in Section 5. It is also where new hypotheses appear, as a construction may be harmless
samplewise, but fail to produce an integrable modulus.

We start by showing that the difference of a Lipschitz smooth function and a convex function
is an upper-C2 normal integrand.

Corollary 4.1. Let p, r ∈ [1,∞] and let φ : Ξ × Rd → R be a normal integrand. Fix x̄ ∈ Rd and
suppose that there are normal integrands g : Ξ × Rd → R and h : Ξ × Rd → R, a compact convex
neighborhood V of x̄, and nonnegative functions ϱ ∈ LpP, κ ∈ LrP and ℓ ∈ LrP such that:

φ(ξ, x) = g(ξ, x) − h(ξ, x) for all x ∈ V and all ξ ∈ Ξ,

and

(i) for every ξ ∈ Ξ, the function gξ := g(ξ, ·) is continuously differentiable on V and

∥∇gξ(y) − ∇gξ(z)∥ ≤ ϱ(ξ)∥y − z∥ for all y, z ∈ V ;

(ii) for every ξ ∈ Ξ, the function hξ := h(ξ, ·) is finite and convex on V ;

(iii) for all y, z ∈ V and all ξ ∈ Ξ,

|gξ(y) − gξ(z)| ≤ κ(ξ)∥y − z∥, |hξ(y) − hξ(z)| ≤ ℓ(ξ)∥y − z∥.

Then φ is locally Lipschitz around x̄ with r-integrable modulus κ+ ℓ and upper-C2 around x̄ with
p-integrable curvature modulus ϱ.

Proof. The local Lipschitz estimate follows immediately from (iii). Let x, y ∈ V and v ∈ ∂φξ(x).
Since gξ is continuously differentiable and hξ is finite convex, the Clarke calculus rules give

∂φξ(x) = ∇gξ(x) − ∂hξ(x),

where ∂hξ(x) is the convex subdifferential. Hence there exists η ∈ ∂hξ(x) such that v = ∇gξ(x)−η.
By Lemma 2.1,

gξ(y) ≤ gξ(x) + ⟨∇gξ(x), y − x⟩ + ϱ(ξ)
2 ∥y − x∥2,

while convexity of hξ gives
hξ(y) ≥ hξ(x) + ⟨η, y − x⟩.

Subtracting the second inequality from the first yields

φξ(y) ≤ φξ(x) + ⟨v, y − x⟩ + ϱ(ξ)
2 ∥y − x∥2,

which is (16). Therefore, by Corollary 3.2, we conclude the result.
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Next, we show that under appropriate integrability assumptions, the Moreau envelope of a
normal integrand is an upper-C2 normal integrand.

Corollary 4.2 (Moreau envelope). Let φ : Ξ × Rd → R be a normal integrand and let x̄ ∈ Rd.
Let p ∈ [2,∞] and r, s ∈ [1,∞], and suppose that there exist γφ > 0, α : Ξ → Rd p-integrable and
β : Ξ → R r-integrable such that

φξ(x) ≥ − 1
2γφ ∥x∥2 + ⟨αξ, x⟩ + βξ for all x ∈ Rd, ξ ∈ Ξ, (19)

and that φ(·, x̄) ∈ LsP. Then, for every γ ∈ (0, γφ), the function eγφ is a finite-valued upper-
C2 normal integrand around x̄ with p′-integrable Lipschitz modulus and q′-integrable curvature
modulus, where

p′ = min
{
p
2 , r, s

}
and q′ = ∞.

Proof. Fix γ ∈ (0, γφ) and set cγ := 1
γ

− 1
γφ

> 0. By (19), φξ is prox-bounded with threshold at

least γφ, so eγφξ is finite-valued and, by [4, Proposition 2.7], for all x ∈ Rd,

eγφξ(x) = 1
2γ ∥x∥2 −Aγφξ(x), Aγφξ(x) := sup

z∈Rd

{ 1
γ

⟨z, x⟩ − φξ(z) − 1
2γ ∥z∥2

}
. (20)

Being a pointwise supremum of affine functions of x, the function Aγφξ is convex and lower semi-
continuous. Next, using (19), we have that

Aγφξ(x) ≤ sup
z∈Rd

{〈
x
γ − αξ, z

〉
− cγ

2 ∥z∥2
}

− βξ = 1
2cγ

∥∥∥xγ − αξ
∥∥∥2

− βξ. (21)

In particular, Aγφξ is finite, hence continuous. For fixed x, (ξ, z) 7→ φξ(z) + 1
2γ ∥z − x∥2 is a

normal integrand [23, Proposition 14.44(d)], so ξ 7→ eγφξ(x) is measurable [23, Theorem 14.37],
and so is ξ 7→ Aγφξ(x) by (20). Hence, Aγφ is a Carathéodory integrand, and thus a normal
integrand [23, Example 14.29]. Moreover, evaluating the supremum in (20) at z = x̄,

Aγφξ(x) ≥ 1
γ

⟨x̄, x⟩ − φξ(x̄) − 1
2γ ∥x̄∥2. (22)

Combining (21) and (22), Aγφξ is finite on Rd and Aγφ(·, x) ∈ Lp
′

P for every x ∈ Rd. Hence, by
Proposition 2.3, Aγφ is locally Lipschitz around any point with p′-integrable modulus. Finally,
Corollary 4.1 gives the conclusion.

We next extend the composition rule in [12, Proposition 11 (ii)] to the case of normal integrands.
We include it for completeness and to account for the integrability of the moduli.

Proposition 4.3 (Composition rule). Let r ∈ [1,∞] and let p, q ∈ [r,∞] satisfy 1
p + 1

q = 1
r . Let

G : Ξ × Rd → Rm be a Carathéodory mapping and let f : Ξ × Rm → R be a convex normal
integrand. Let x̄ ∈ Rd and let V be a neighborhood of x̄, and assume that there exist M ∈ LpP and
L ∈ LqP such that, for P-almost every ξ ∈ Ξ,

(i) Gξ is differentiable on an open convex set containing V , and ∇Gξ is Lipschitz continuous on
V with modulus Lξ ≥ 0. Moreover, ξ 7→ ∥∇Gξ(x̄)∥ belongs to LqP.

(ii) fξ is finite and Lipschitz continuous with modulus Mξ ≥ 0 on an open convex set containing
Gξ(V ).

Then φ := f ◦G, that is φξ := fξ ◦Gξ, is a lower-C2 normal integrand around x̄ with r-integrable
curvature modulus and it is locally Lipschitz around x̄ with r-integrable modulus.

11



Proof. Shrinking V if necessary, we may assume that V = Bδ[x̄] for some δ > 0. By (ii), f is finite
and continuous in the second variable on a neighborhood of Gξ(V ), hence Carathéodory there.
Since G is Carathéodory, so is φ on V , and therefore φ is a finite-valued normal integrand around
x̄.

Fix ξ ∈ Ξ. By (i), ∥∇Gξ(x)∥ ≤ ∥∇Gξ(x̄)∥ + Lξδ for all x ∈ V , so (ii) gives, for x, y ∈ V ,

|φξ(y) − φξ(x)| ≤ Mξ∥Gξ(y) −Gξ(x)∥ ≤ κ(ξ)∥y − x∥, κ(ξ) := Mξ

(
∥∇Gξ(x̄)∥ + Lξδ

)
.

Since ∥∇G(·, x̄)∥ + δL(·) ∈ LqP and M ∈ LpP, the generalized Hölder inequality yields κ ∈ LrP with
∥κ∥r ≤ ∥M∥p

∥∥ ∥∇G(·, x̄)∥+ δL(·)
∥∥
q
. In particular φ is locally Lipschitz around x̄ with r-integrable

modulus.
Let x, y ∈ V and v ∈ ∂φξ(x). The function fξ is convex and finite on a neighborhood of

Gξ(x), hence Clarke regular there, and Gξ is continuously differentiable at x by (i). Clarke’s chain
rule [10, Theorem 2.3.10] therefore yields

∂φξ(x) = ∇Gξ(x)⊤ ∂fξ
(
Gξ(x)

)
,

so there exists u ∈ ∂fξ(Gξ(x)) with v = ∇Gξ(x)⊤u. Moreover ∥u∥ ≤ Mξ, because fξ is Mξ-Lipschitz
on a neighborhood of Gξ(x). Convexity of fξ then gives

φξ(y) − φξ(x) = fξ(Gξ(y)) − fξ(Gξ(x)) ≥
〈
u,Gξ(y) −Gξ(x)

〉
.

Since V is convex, the fundamental theorem of calculus applied to t 7→ Gξ(x+ t(y − x)) yields

Gξ(y) −Gξ(x) =
∫ 1

0
∇Gξ

(
x+ t(y − x)

)
(y − x) dt.

Hence, using v = ∇Gξ(x)⊤u, the Cauchy–Schwarz inequality, (i) and ∥u∥ ≤ Mξ,

〈
u,Gξ(y) −Gξ(x)

〉
= ⟨v, y − x⟩ +

∫ 1

0

〈(
∇Gξ(x+ t(y − x)) − ∇Gξ(x)

)⊤
u, y − x

〉
dt

≥ ⟨v, y − x⟩ −
∫ 1

0
Lξt ∥y − x∥Mξ ∥y − x∥ dt

= ⟨v, y − x⟩ − LξMξ

2 ∥y − x∥2.

Consequently, combining the last two estimates, (9) holds on V with curvature modulus ϱ = LM ,
which belongs to LrP by the generalized Hölder inequality, with ∥ϱ∥r ≤ ∥L∥q∥M∥p. Theorem 3.1
gives the conclusion.

Given a composite objective f +g with f smooth and g proper, lower semicontinuous and prox-
bounded, the forward–backward envelope with parameter γ > 0 is the value function associated
with the forward-backward minimization subproblem; see [27, 28]. This makes it a natural merit
function for proximal-gradient-type algorithms, and an extension of the Moreau envelope. In the
stochastic setting the same construction is performed samplewise: for a Carathéodory integrand f
and a normal integrand g we define

φfb
γ,ξ(x) := min

z∈Rd

{
fξ(x) + ⟨∇fξ(x), z − x⟩ + gξ(z) + 1

2γ ∥z − x∥2
}
. (23)

This function is real-valued and, for γ small enough, shares the minimizers and the optimal value
of f + g.

The next result shows that, under a uniform prox-boundedness condition on g and a Lipschitz
Hessian for f , the family (23) is an upper-C2 normal integrand with integrable moduli. The
second-order regularity of f cannot be weakened to a Lipschitz gradient: for d = 1, g ≡ 0 and
f ′(x) = 1 − |x| near the origin, (23) reduces to f − γ

2 (f ′)2, which has a convex kink at 0 and is
therefore not upper-C2 there.
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Corollary 4.4 (Forward–backward envelope). Let s ∈ [1,∞] and let p, q ∈ [s,∞] satisfy 1
p + 1

q = 1
s .

Let x̄ ∈ Rd, let δ > 0, set V := Bδ[x̄] and R := ∥x̄∥ + δ. Let f : Ξ × Rd → R be a Carathéodory
integrand and let g : Ξ × Rd → R be a normal integrand such that:

(i) for every ξ ∈ Ξ, fξ is twice-continuously differentiable on an open convex set containing V ,
and

∥∇2fξ(x)∥ ≤ Lξ, ∥∇2fξ(x) − ∇2fξ(y)∥ ≤ Γξ∥x− y∥ for all x, y ∈ V,

with L,Γ ∈ LqP;

(ii) there exist γg > 0 and measurable α : Ξ → Rd, β : Ξ → R such that

gξ(z) ≥ − 1
2γg ∥z∥2 + ⟨αξ, z⟩ + βξ for all z ∈ Rd, ξ ∈ Ξ.

Fix γ ∈ (0, γg), set Tξ := id−γ∇fξ, and assume that the Asplund function Aγgξ of (20) is Lipschitz
continuous with modulus Mξ on an open convex set containing Tξ(V ), with M ∈ LpP. Then φfb

γ

given by (23) is a finite-valued normal integrand which is upper-C2 around x̄ with s-integrable
curvature modulus

ϱ(ξ) := 1
γ

+ Lξ +RΓξ + γ ΓξMξ, (24)

and locally Lipschitz around x̄ with s-integrable modulus

κ(ξ) := R
( 1
γ

+ Lξ
)

+Mξ

(
1 + γLξ

)
. (25)

Proof. Completing the square in (23) gives, for all x ∈ Rd (see [20]),

φfb
γ,ξ(x) = fξ(x) − γ

2 ∥∇fξ(x)∥2 + eγgξ
(
Tξ(x)

)
. (26)

By (ii) and the argument in the proof of Corollary 4.2, gξ is prox-bounded with threshold at least
γg, the envelope eγgξ is finite-valued, and (20) holds for g, with Aγg a finite convex Carathéodory
integrand. Since ∇f is Carathéodory, (26) shows that φfb

γ is Carathéodory, hence a finite-valued
normal integrand.

Substituting (20) into (26) and expanding ∥Tξ(x)∥2, the terms ±γ
2 ∥∇fξ(x)∥2 cancel and we

obtain

φfb
γ,ξ = Φξ − Ψξ on V,

Φξ(x) := fξ(x) + 1
2γ ∥x∥2 − ⟨x,∇fξ(x)⟩,

Ψξ := Aγgξ ◦ Tξ.
(27)

On the one hand, by (i), Φξ is continuously differentiable on V with

∇Φξ(x) = 1
γ
x− ∇2fξ(x)x,

so that, for x, y ∈ V ,

∥∇Φξ(x) − ∇Φξ(y)∥ ≤ 1
γ

∥x− y∥ + ∥∇2fξ(x) − ∇2fξ(y)∥ ∥x∥ + ∥∇2fξ(y)∥ ∥x− y∥ ≤ ϱ1(ξ)∥x− y∥,

with ϱ1(ξ) := 1
γ + Lξ +RΓξ. Moreover ∥∇Φξ(x)∥ ≤ R( 1

γ + Lξ) on V .
On the other hand, by (i), Tξ is Lipschitz on V with modulus 1 + γLξ, and continuously

differentiable on a neighborhood of V with ∇Tξ = I − γ∇2fξ. Hence ∥∇Tξ∥ ≤ 1 + γLξ on V and
∇Tξ is Lipschitz on V with modulus γΓξ. Since 1+γL ∈ LqP, γΓ ∈ LqP and M ∈ LpP, Proposition 4.3
applies with inner mapping G := T and outer convex integrand Aγg, and yields that Ψξ is Lipschitz
on V with modulus Mξ(1 + γLξ) and lower-C2 on V with s-integrable modulus σ(ξ) := γΓξMξ;
that is, Ψξ + σ(ξ)

2 ∥ · ∥2 is convex on V for every ξ ∈ Ξ.
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Next, rewrite (27) as

φfb
γ,ξ =

[
Φξ + σ(ξ)

2 ∥ · ∥2
]

−
[
Ψξ + σ(ξ)

2 ∥ · ∥2
]
.

The first bracket is continuously differentiable on V with gradient Lipschitz of modulus ϱ1(ξ) +
σ(ξ) = ϱ(ξ), the second is finite and convex on V , and both are Lipschitz on V . Corollary 4.1
then gives the upper-C2 property with curvature modulus (24). The local Lipschitz modulus (25)
follows directly from (27), since Φξ is Lipschitz on V with modulus R( 1

γ +Lξ) and Ψξ with modulus
Mξ(1+γLξ).Finally, P is a probability measure and q ≥ s, so L,Γ ∈ LsP, while ΓM and LM belong
to LsP by the generalized Hölder inequality. Thus, ϱ, κ ∈ LsP.

Remark 4.5 (On the Lipschitz assumption on Aγg in Corollary 4.4). Let (ii) of Corollary 4.4 hold,
and let γ ∈ (0, γg). Then, for every set S ⊆ Rd, the function Aγgξ is Lipschitz on S with modulus

1
γ

sup
{
∥z∥ : z ∈ Pγgξ(w), w ∈ S

}
, (28)

where Pγgξ(w) := argminz{gξ(z) + 1
2γ ∥z−w∥2}, w ∈ Rd. First, observe that Pγgξ(w) ̸= ∅ for every

w ∈ Rd. Indeed, setting cγ := 1
γ − 1

γg > 0, for all z ∈ Rd we have

gξ(z) + 1
2γ ∥z − w∥2 ≥ cγ

2 ∥z∥2 +
〈
αξ − w

γ
, z

〉
+ βξ + 1

2γ ∥w∥2. (29)

Since cγ > 0, the lower semicontinuous function on the left-hand side is level-bounded in z, and
thus its set of minimizers Pγgξ(w) is nonempty. Next, the supremum defining Aγgξ(w′) is attained
at any z′ ∈ Pγgξ(w′). Hence

Aγgξ(w′) −Aγgξ(w) ≤ 1
γ

⟨z′, w′ − w⟩ ≤ 1
γ

∥z′∥ ∥w′ − w∥,

and the claim follows by symmetry.
In particular, we have the following two important examples.

(1) Let gξ = ιK(ξ), the indicator function of K(ξ), where K : Ξ ⇒ Rd is measurable with
nonempty closed values and K(ξ) ⊆ kξB with k ∈ LpP. Then Corollary 4.4 (ii) holds with
α ≡ 0, β ≡ 0 and any γg > 0. Since Pγgξ(w) is the set of projections of w onto K(ξ), which
lie in K(ξ), it follows from (28) that Aγgξ is Lipschitz on all of Rd with modulus Mξ = kξ/γ.

(2) Let gξ be Lipschitz on Rd with modulus ℓξ, where ℓ ∈ LpP (e.g., gξ = λξ∥ · ∥1 and minimax
concave penalties [15, 34]). Since |gξ(z) − gξ(0)| ≤ ℓξ∥z∥ ≤ 1

2γg ∥z∥2 + γg

2 ℓ
2
ξ , Corollary 4.4 (ii)

holds with α ≡ 0, βξ = gξ(0) − γg

2 ℓ
2
ξ and any γg > 0. For w ∈ Rd and z ∈ Pγgξ(w),

1
2γ ∥z − w∥2 ≤ gξ(w) − gξ(z) ≤ ℓξ∥z − w∥,

so
∥z∥ ≤ ∥w∥ + 2γℓξ for all w ∈ Rd, z ∈ Pγgξ(w). (30)

Let δ > 0 and set Kξ := (1 + γLξ)δ + ∥x̄∥ + γ∥∇fξ(x̄)∥. Since Tξ is Lipschitz on Bδ[x̄] with
modulus 1 + γLξ by assumption (i) of Corollary 4.4, for y = Tξ(w′) with w′ ∈ Bδ[x̄] we have

∥y∥ ≤ ∥Tξ(w′) − Tξ(x̄)∥ + ∥Tξ(x̄)∥ ≤ (1 + γLξ)∥w′ − x̄∥ + ∥x̄∥ + γ∥∇fξ(x̄)∥ ≤ Kξ,

and thus Tξ(Bδ[x̄]) ⊆ BKξ
[0] ⊆ BKξ+1(0). Furthermore, (28) and (30) imply that Aγgξ is

Lipschitz on the open convex set BKξ+1(0) with modulus Mξ = (Kξ + 1)/γ + 2ℓξ, which lies
in LpP provided that ∥∇f(·, x̄)∥, L ∈ LpP.
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The last result of this section extends Proposition 4.3 to compositions whose inner mapping
is no longer smooth, but has lower-C2 components. Smoothness of the inner mapping is replaced
by a monotonicity requirement on the outer convex function, which guarantees that the ascent
inequalities of the components are preserved under composition. This is the (stochastic) lower-C2

counterpart of the classical rule that a nondecreasing convex function of convex functions is convex.
It is also the structure of the conditional value-at-risk studied in Section 6, where a nondecreasing
convex function is composed with a nonsmooth loss.

Proposition 4.6 (Monotone convex composition). Let r ∈ [1,∞] and let p, q ∈ [r,∞] satisfy
1
p + 1

q = 1
r . Let g = (g1, . . . , gm) : Ξ × Rd → Rm, where each gj is a finite-valued normal integrand,

and let f : Ξ × Rm → R be a finite-valued convex normal integrand such that, for every ξ ∈ Ξ,
fξ is nondecreasing with respect to the componentwise order of Rm. Let x̄ ∈ Rd and assume that
there exist a compact convex neighborhood V of x̄, nonnegative functions ϱ1, . . . , ϱm ∈ LqP and a
nonnegative M ∈ LpP such that, for P-almost every ξ ∈ Ξ,

(i) for each j = 1, . . . ,m, gj is locally Lipschitz on a neighborhood of V and lower-C2 around x̄,
with the representation (6) holding on V with curvature modulus ϱj ;

(ii) fξ is Lipschitz continuous with modulus Mξ on an open convex set containing gξ(V ).

Then φ := f ◦ g is a lower-C2 normal integrand around x̄ with r-integrable curvature modulus
σ(ξ) := Mξ ∥ϱ(ξ)∥, where ϱ := (ϱ1, . . . , ϱm). If, in addition, each gj is Lipschitz on V with modulus
κj ∈ LqP, then φ is locally Lipschitz around x̄ with r-integrable modulus M∥κ∥, κ := (κ1, . . . , κm).

Proof. Due to [23, Proposition 14.45(b)], φ is a normal integrand. Moreover, it is locally Lipschitz
continuous on a neighborhood of V as the composition of locally Lipschitz maps.

Next, fix ξ ∈ Ξ, x, y ∈ V and v ∈ ∂φξ(x). By Clarke’s chain rule [10, Theorem 2.3.9],

v ∈ co
{ ∑m

j=1 αjζj : α ∈ ∂fξ(gξ(x)), ζj ∈ ∂(gj)ξ(x)
}
,

so v = ∑N
k=1 λkwk for some N ∈ N, λk ≥ 0, ∑N

k=1 λk = 1, and wk = ∑m
j=1 α

k
j ζ
k
j for some

αk ∈ ∂fξ(gξ(x)) and ζkj ∈ ∂(gj)ξ(x). By assumption (ii), ∥αk∥ ≤ Mξ. Using monotonicity and the
convex subgradient inequality at z := gξ(x), for t > 0 and ej the j-th canonical vector in Rm,

fξ(z) ≥ fξ(z − tej) ≥ fξ(z) − tαkj ,

so that αkj ≥ 0 for every j = 1, . . . ,m. Furthermore, by Theorem 3.1, assumption (i) implies that
(9) holds on V with modulus ϱj(ξ), and thus

φξ(y) − φξ(x) ≥
〈
αk, gξ(y) − gξ(x)

〉
≥

m∑
j=1

αkj

(
⟨ζkj , y − x⟩ − ϱj(ξ)

2 ∥y − x∥2
)

= ⟨wk, y − x⟩ −
m∑
j=1

αkj ϱj(ξ)
2 ∥y − x∥2 ≥ ⟨wk, y − x⟩ − Mξ∥ϱ(ξ)∥

2 ∥y − x∥2.

Multiplying by λk and summing over k = 1, . . . , N gives (9) on V with modulus σ = M∥ϱ∥.
Furthermore, by the generalized Hölder inequality, it follows that ∥σ∥r ≤ ∥M∥p ∥ ∥ϱ∥ ∥q, so that
σ ∈ LrP. The conclusion follows from Theorem 3.1. Finally, for x, y ∈ V , |φξ(y) − φξ(x)| ≤
Mξ∥gξ(y) − gξ(x)∥ ≤ Mξ∥κ(ξ)∥ ∥y − x∥, and again M∥κ∥ ∈ LrP by the Hölder inequality.

5 Integrability of Lipschitz moduli, values and subgradients
In this section we show that, for lower- and upper-C2 normal integrands, the integrability of the
values, of the Lipschitz moduli, and of the Clarke subgradients are all related. In particular, we
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prove some equivalences that make the samplewise estimates of Section 4 usable for the expected
functional (1).

The first result extends Proposition 2.3 beyond the convex case. For lower- and upper-C2

normal integrands, p-integrability of the values on a neighborhood of the reference point is both
necessary and sufficient for local Lipschitz continuity with a p-integrable modulus.

Corollary 5.1. Let p ∈ [1,∞], let φ : Ξ × Rd → R be a finite-valued normal integrand, and
let x̄ ∈ Rd. Assume that φ is either lower-C2 or upper-C2 around x̄ with p-integrable curvature
modulus ϱ. Then the following assertions are equivalent:

(a) there exists a neighborhood V of x̄ such that φ(·, x) ∈ LpP for every x ∈ V ;

(b) φ(·, x̄) ∈ LpP and φ is locally Lipschitz around x̄ with p-integrable Lipschitz modulus.

Proof. Both (a) and (b) are invariant under the change of sign φ 7→ −φ, which interchanges the
lower- and upper-C2 properties while preserving the curvature modulus. We may therefore assume
that φ is lower-C2 around x̄.

Suppose that (a) holds. Shrinking V if necessary, we may assume that it is a compact convex
neighborhood of x̄ on which, by Theorem 3.1(d), the representation

φξ(x) = fξ(x) − ϱ(ξ)
2 ∥x∥2 for all x ∈ V

holds with a convex normal integrand f . Since ϱ ∈ LpP and V is bounded, the function ξ 7→ ϱ(ξ)
2 ∥x∥2

belongs to LpP for every x ∈ V . Hence, f(·, x) ∈ LpP for every x ∈ V . Proposition 2.3 then shows that
f is locally Lipschitz around x̄ with p-integrable Lipschitz modulus. As x 7→ ϱ(ξ)

2 ∥x∥2 is Lipschitz
on V with modulus ϱ(ξ) supu∈V ∥u∥, which is again p-integrable, the same is true of φ. Finally,
φ(·, x̄) ∈ LpP because x̄ ∈ V , so (b) holds.

Conversely, suppose that (b) holds, and let V be a neighborhood of x̄ on which φξ is Lipschitz
with a p-integrable modulus κ. Then

|φξ(x)| ≤ |φξ(x̄)| + κ(ξ)∥x− x̄∥ for all x ∈ V,

and the right-hand side is p-integrable for each fixed x ∈ V , since φ(·, x̄) ∈ LpP and κ ∈ LpP. Hence
φ(·, x) ∈ LpP for every x ∈ V , which is (a).

Combining Corollary 5.1 with the ascent inequality (9) yields a criterion in which the p-
integrability of the values on a whole neighborhood is replaced by a one-sided bound together
with a condition at the reference point alone, namely, the minimum-norm Clarke subgradient at x̄
must be p-integrable.

Corollary 5.2. Let p ∈ [1,∞], let φ : Ξ × Rd → R be a finite-valued normal integrand, and let
x̄ ∈ Rd be such that φ(·, x̄) ∈ LpP. Assume that, for some ε > 0 and with V := Bε[x̄], one of the
following conditions holds:

(i) φ is a lower-C2 normal integrand around x̄ with p-integrable curvature modulus ϱ, the ascent
inequality (9) holds on V , and ξ 7→ supu∈V φξ(u) belongs to LpP;

(ii) φ is an upper-C2 normal integrand around x̄ with p-integrable curvature modulus ϱ, the
descent inequality (16) holds on V , and ξ 7→ infu∈V φξ(u) belongs to LpP.

Then φ is locally Lipschitz around x̄ with p-integrable Lipschitz modulus if and only if

ξ 7→ dist
(
0, ∂φξ(x̄)

)
belongs to LpP. (31)
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Proof. Necessity is immediate: if φ is locally Lipschitz around x̄ with p-integrable Lipschitz modulus
κ, then ∥v∥ ≤ κ(ξ) for every ξ ∈ Ξ and every v ∈ ∂φξ(x̄), so that dist(0, ∂φξ(x̄)) ≤ κ(ξ) and (31)
follows.

For the converse, observe that (i) and (ii) may be exchanged by the change of sign φ 7→ −φ,
which affects neither (31) nor the conclusion, since dist(0, ∂(−φξ)(x̄)) = dist(0, ∂φξ(x̄)). We may
therefore assume without loss of generality that (i) holds.

Suppose that (31) holds, fix ξ ∈ Ξ, and let Π(x̄, ξ) be the projection of 0 onto the nonempty
compact convex set ∂φξ(x̄), so that ∥Π(x̄, ξ)∥ = dist(0, ∂φξ(x̄)). Applying (9) at x = x̄ with y ∈ V
and v = Π(x̄, ξ), we obtain

φξ(x̄) − dist
(
0, ∂φξ(x̄)

)
ε− ϱ(ξ)

2 ε2 ≤ φξ(y) ≤ sup
u∈V

φξ(u) for all y ∈ V.

Both outer bounds are independent of y and p-integrable, so there exists r ∈ LpP with |φξ(y)| ≤ r(ξ)
for all y ∈ V . In particular φ(·, y) ∈ LpP for every y ∈ V , and Corollary 5.1 gives the conclusion.

The previous result suggests studying the relation between integrability of the subgradients
and Lipschitz continuity of the integrand over open convex sets. For lower- and upper-C2 normal
integrands, the next result states that a pointwise p-integrability condition on the minimum-norm
Clarke subgradient already forces a locally uniform p-integrable bound on the entire subdifferential.
Note also that the condition is imposed at each point separately, whereas the conclusion is local
Lipschitz continuity with a single modulus valid on a whole neighborhood, and the p-integrability
of the values is needed at one point only.

Corollary 5.3. Let p ∈ [1,∞], let φ : Ξ × Rd → R be a finite-valued normal integrand, and let
U ⊆ Rd be an open convex set containing a point x̄ with φ(·, x̄) ∈ LpP. Assume that one of the
following conditions holds:

(i) φ is lower-C2 around every point of U with p-integrable curvature modulus;

(ii) φ is upper-C2 around every point of U with p-integrable curvature modulus.

Then the following assertions are equivalent:

(a) for every x ∈ U ,
E

[
dist

(
0, ∂φξ(x)

)p]
< +∞; (32)

(b) φ is locally Lipschitz continuous around every point of U with p-integrable Lipschitz modulus.

Proof. As before, both (a) and (b) are invariant under the change of sign φ 7→ −φ, which inter-
changes (i) and (ii). We may therefore assume without loss of generality that φ is lower-C2 around
every point of U .

Suppose that (a) holds and consider the set

Ũ :=
{
x ∈ U : φ(·, x) ∈ LpP

}
, (33)

which is nonempty because x̄ ∈ Ũ . For w ∈ U , let Π(w, ξ) denote, as in the proof of Corol-
lary 5.2, the projection of 0 onto the nonempty compact convex set ∂φξ(w), so that ∥Π(w, ξ)∥ =
dist(0, ∂φξ(w)). By (32), the map ξ 7→ ∥Π(w, ξ)∥ belongs to LpP for every fixed w ∈ U .

First, we show that φ is locally Lipschitz around every point of the open set Ũ with p-integrable
Lipschitz modulus. Fix x̂ ∈ Ũ and let W ⊆ U be a compact convex neighborhood of x̂ on which
(9) and (11) hold with a nonnegative modulus ϱ ∈ LpP and a convex normal integrand f . Let
e0, . . . , ed ∈ Rd be affinely independent points such that ∆ := co{e0, . . . , ed} ⊆ W and x̂ ∈ int ∆.
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Applying (9) first at x = x̂, y = ei, v = Π(x̂, ξ), and then at x = ei, y = x̂, v = Π(ei, ξ), we
obtain, for each i = 0, 1, . . . , d,

φξ(x̂) +
〈
Π(x̂, ξ), ei − x̂

〉
− ϱ(ξ)

2 ∥ei − x̂∥2 ≤ φξ(ei) ≤ φξ(x̂) +
〈
Π(ei, ξ), ei − x̂

〉
+ ϱ(ξ)

2 ∥ei − x̂∥2.

Since φ(·, x̂) ∈ LpP, it follows that φ(·, ei) ∈ LpP for every i = 0, 1, . . . , d.
Let now w ∈ ∆, written as a convex combination w = ∑d

i=0 λiei with λi ≥ 0 and ∑
i λi = 1. By

(11) and the convexity of fξ,

φξ(w) = fξ(w) − ϱ(ξ)
2 ∥w∥2 ≤

d∑
i=0

λifξ(ei) =
d∑
i=0

λi
(
φξ(ei) + ϱ(ξ)

2 ∥ei∥2
)
,

while (9) at x = x̂, y = w and v = Π(x̂, ξ) yields

φξ(w) ≥ φξ(x̂) +
〈
Π(x̂, ξ), w − x̂

〉
− ϱ(ξ)

2 ∥w − x̂∥2.

Both bounds of φξ(w) are dominated by p-integrable functions independent of w, so φ(·, w) ∈ LpP
for every w ∈ ∆. Hence ∆ ⊆ Ũ , and since x̂ ∈ int ∆, the set Ũ is a neighborhood of x̂. Moreover,
ξ 7→ supu∈∆ φξ(u) is p-integrable, so in view of (a), Corollary 5.2 shows that φ is locally Lipschitz
around x̂ with p-integrable Lipschitz modulus.

We next show that Ũ = U . Suppose, on the contrary, that U \ Ũ ̸= ∅. Since U is nonempty,
open, and convex, hence connected, the set Ũ cannot be relatively closed in U . Therefore, there
exists y ∈ U ∩ bd Ũ , and y /∈ Ũ because Ũ is open. As φ is lower-C2 around y, there exist a
neighborhood V ⊆ U of y and a nonnegative ϱ ∈ LpP such that (9) holds on V . Since y ∈ bd Ũ , we
may pick x̂ ∈ Ũ ∩ V . Applying (9) at x = x̂, y and then at x = y, x̂ gives

φξ(x̂) +
〈
Π(x̂, ξ), y − x̂

〉
− ϱ(ξ)

2 ∥y − x̂∥2 ≤ φξ(y) ≤ φξ(x̂) +
〈
Π(y, ξ), y − x̂

〉
+ ϱ(ξ)

2 ∥y − x̂∥2,

thus φ(·, y) ∈ LpP, that is, y ∈ Ũ , which yields a contradiction. In this manner, Ũ = U , and (b)
follows.

Conversely, assume that (b) holds and fix x ∈ U . Let κ ∈ LpP be a Lipschitz modulus of φ on a
neighborhood of x. Then ∥v∥ ≤ κ(ξ) for every ξ ∈ Ξ and every v ∈ ∂φξ(x), so dist(0, ∂φξ(x)) ≤ κ(ξ)
and (32) follows.

Remark 5.4 (On bounded-variance and multiplicative-noise assumptions). In smooth stochastic
optimization, it is common to impose square-integrability of the stochastic gradient noise. For
instance, one assumes that

σ(x) :=
(
E

[
∥∇xφ(ξ, x) − ∇Eφ(x)∥2])1/2

< +∞,

or that a multiplicative-noise condition of the form

σ(x) ≤ σ(x̂) + σL∥x− x̂∥, x ∈ U, (34)

holds for some x̂ ∈ U and some constant σL > 0. It is straightforward to show that either condition
implies

E
[
∥∇xφ(ξ, x)∥2]

< +∞ for all x ∈ U,

and thus (32) holds for p = 2. Hence, under the assumptions of Corollary 5.3 with p = 2, φ is
locally Lipschitz continuous around every point of U with square-integrable Lipschitz modulus.
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6 Applications in structured optimization
In this section, we describe two structured applications that fit our framework of nonconvex normal
integrands.

6.1 Partial-label regression

In partial-label regression, each observation is attached to a set of (real-valued) candidate labels
that is known to contain the true one [8, 17]. A way of fitting a model to such data is to be
optimistic with respect to the ambiguity, namely, the model chooses the most favorable among
all candidate label assignments. We show that the resulting optimistic distributionally robust
formulation reduces to the expectation of an upper-C2 normal integrand.

Let m ∈ N. The data consist of a measurable set-valued mapping S : Ξ ⇒ Rm with nonempty
closed values, representing the candidates, and a Carathéodory mapping G : Ξ × Rd → Rm, the
prediction model. A typical instance is Gξ(·) = h(·; a(ξ)), where a(ξ) is a random feature vector
and h is a parametric model. For the squared residual, the optimistic loss at x ∈ Rd of a sample ξ
is

φξ(x) := min
y∈S(ξ)

1
2∥Gξ(x) − y∥2 = 1

2 dist
(
Gξ(x), S(ξ)

)2
. (35)

Let Q be the set of probability measures on Ξ×Rm, endowed with the product σ-algebra F⊗B(Rm),
consisting of all joint laws of observations and labels that reproduce the observed data and assign
to each observation a (possibly randomized) label among its candidates. In other words, Q ∈ Q if

Q(D × Rm) = P(D) for all D ∈ F and Q(gphS) = 1. (36)

Notice that gphS ∈ F ⊗ B(Rm) because S is measurable with closed values [23, Theorem 14.8].
For a linear map A, ∥A∥ denotes the operator norm, and for x ∈ Rd we regard ∇2Gξ(x) as a

symmetric bilinear map Rd × Rd → Rm with norm

∥∇2Gξ(x)∥ := sup
{
∥∇2Gξ(x)[u,w]∥ : ∥u∥ ≤ 1, ∥w∥ ≤ 1

}
.

Proposition 6.1. Let S, G and φ be as above. Fix x̄ ∈ Rd and δ > 0, set V := Bδ[x̄], and assume
that, for every ξ ∈ Ξ, the mapping Gξ is twice-continuously differentiable on an open set containing
V , and that there exist measurable functions K1,K2 : Ξ → [0,+∞) such that

∥∇Gξ(x)∥ ≤ K1(ξ), ∥∇2Gξ(x)∥ ≤ K2(ξ) for all x ∈ V, ξ ∈ Ξ. (37)

Set r0(ξ) := dist
(
Gξ(x̄), S(ξ)

)
. Then the following assertions hold.

(a) For every x ∈ Rd,
inf
Q∈Q

∫
Ξ×Rm

1
2∥Gξ(x) − y∥2Q

(
d(ξ, y)

)
= Eφ(x), (38)

where both sides belong to [0,+∞] and the infimum is attained.

(b) The function φ is a finite-valued normal integrand which is upper-C2 around x̄ in the sense
of Definition 2.4, with Polish space X := Rm, compact-valued measurable mapping

C(ξ) := S(ξ) ∩ Bτ(ξ)
[
Gξ(x̄)

]
, where τ(ξ) := r0(ξ) + 2δK1(ξ), (39)

Carathéodory mapping g(ξ, y, x) := 1
2∥Gξ(x) − y∥2, and curvature modulus

ϱ(ξ) := K1(ξ)2 +K2(ξ)
(
r0(ξ) + 3δK1(ξ)

)
. (40)

(c) For every ξ ∈ Ξ, the function φξ is Lipschitz continuous on V with modulus

κ(ξ) := K1(ξ)
(
r0(ξ) + δK1(ξ)

)
. (41)
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(d) Let p ∈ [1,∞]. If K1, r0 ∈ L2p
P and K2r0, K2K1 ∈ LpP, then ϱ, κ ∈ LpP and φ(·, x) ∈ LpP for

every x ∈ V .

Proof. For every w ∈ Rm, the function ξ 7→ dist(w,S(ξ)) is measurable since S is measurable
with closed values [23, Theorem 14.3]. In particular, r0 is measurable. As w 7→ dist(w,S(ξ)) is 1-
Lipschitz, (ξ, w) 7→ dist(w, S(ξ)) is Carathéodory, and so is its composition with the Carathéodory
mappingG. Consequently, φ is a finite-valued Carathéodory integrand, and thus a normal integrand
[23, Example 14.29].

We first show (a). Fix x ∈ Rd and set fx(ξ, y) := 1
2∥Gξ(x) − y∥2, which is Carathéodory and

hence F ⊗ B(Rm)-measurable. Let Q ∈ Q. Since Q(gphS) = 1, we have fx(ξ, y) ≥ φξ(x) for
Q-almost every (ξ, y), and since the Ξ-marginal of Q is P, it follows that∫

fx dQ ≥
∫
φξ(x)Q

(
d(ξ, y)

)
= Eφ(x).

Conversely, the mapping ξ 7→ projS(ξ)(Gξ(x)) is the argmin mapping of the normal integrand
(ξ, y) 7→ fx(ξ, y) + ιS(ξ)(y), which is level-bounded in y. Hence it is measurable with nonempty
closed values [23, Theorem 14.37] and admits a measurable selection ŷx(ξ) ∈ projS(ξ)(Gξ(x)) [23,
Corollary 14.6]. The image Qx of P under ξ 7→ (ξ, ŷx(ξ)) belongs to Q, and∫

fx dQx =
∫

Ξ

1
2∥Gξ(x) − ŷx(ξ)∥2 P(dξ) = Eφ(x),

which proves (38) together with the attainment of the infimum.
Next, to show (b), we first check that C in (39) is a measurable set-valued mapping with

nonempty compact values. The mapping ξ 7→ Bτ(ξ)[Gξ(x̄)] is measurable with closed values, because
it is a level-set mapping of a normal integrand [23, Proposition 14.33], and thus so is the intersection
in (39) [23, Proposition 14.11]. Its values are closed and bounded, hence compact. Now fix ξ ∈ Ξ
and x ∈ V . Since V is convex, (37) and the mean value inequality give

∥Gξ(x) −Gξ(x̄)∥ ≤ K1(ξ)∥x− x̄∥ ≤ δK1(ξ). (42)

Let y ∈ projS(ξ)(Gξ(x)). As dist(·, S(ξ)) is 1-Lipschitz, (42) yields

∥y −Gξ(x̄)∥ ≤ dist
(
Gξ(x), S(ξ)

)
+ ∥Gξ(x) −Gξ(x̄)∥ ≤ r0(ξ) + 2∥Gξ(x) −Gξ(x̄)∥ ≤ τ(ξ),

that is, projS(ξ)(Gξ(x)) ⊆ C(ξ). In particular, by taking x = x̄, C(ξ) ̸= ∅. Since C(ξ) ⊆ S(ξ), we
conclude that

φξ(x) = min
y∈C(ξ)

g(ξ, y, x) for all x ∈ V, (43)

which is (8). Moreover, the mapping g is Carathéodory. Indeed, for each ξ ∈ Ξ and y ∈ Rm, the
function x 7→ g(ξ, y, x) is twice-continuously differentiable on an open set containing V , such that

∇xg(ξ, y, x) = ∇Gξ(x)⊤(
Gξ(x) − y

)
and

∇2
xg(ξ, y, x)[u, u] = ∥∇Gξ(x)u∥2 +

〈
Gξ(x) − y,∇2Gξ(x)[u, u]

〉
,

and g, ∇xg and ∇2
xg are continuous in (y, x). Moreover, for y ∈ C(ξ) and x ∈ V , (42) gives

∥Gξ(x) − y∥ ≤ ∥Gξ(x) −Gξ(x̄)∥ + ∥Gξ(x̄) − y∥ ≤ δK1(ξ) + τ(ξ) = r0(ξ) + 3δK1(ξ).

Combining these estimates with (37), for ∥u∥ ≤ 1, we obtain

∥∇2
xg(ξ, y, x)∥ ≤ K1(ξ)2 +K2(ξ)

(
r0(ξ) + 3δK1(ξ)

)
= ϱ(ξ) for all y ∈ C(ξ), x ∈ V,
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which yields (7). Hence all the requirements of Definition 2.4 are fulfilled, and φ is an upper-C2

normal integrand around x̄ with curvature modulus (40).
To show (c), set dξ(x) := dist(Gξ(x), S(ξ)). By (42), dξ(x) ≤ r0(ξ) + δK1(ξ) and |dξ(x) −

dξ(x′)| ≤ K1(ξ)∥x− x′∥ for all x, x′ ∈ V . Therefore

|φξ(x) − φξ(x′)| = 1
2 |dξ(x) − dξ(x′)|

(
dξ(x) + dξ(x′)

)
≤ κ(ξ)∥x− x′∥.

We conclude by proving (d). Since K1 ∈ L2p
P , we have K2

1 ∈ LpP, and by Hölder’s inequality
∥K1r0∥p ≤ ∥K1∥2p∥r0∥2p. Hence ϱ = K2

1 + K2r0 + 3δK2K1 and κ = K1r0 + δK2
1 belong to LpP.

Finally, 0 ≤ φξ(x) ≤ 1
2
(
r0(ξ) + δK1(ξ)

)2 for all x ∈ V , and the right-hand side belongs to LpP.

Remark 6.2 (Optimism versus pessimism). If S has compact values, replacing the infimum in
(38) by a supremum leads, by the same argument, to the integrand maxy∈S(ξ)

1
2∥Gξ(x) − y∥2.

This integrand is lower-C2 by Definition 2.4, so pessimism and optimism over candidate labels
correspond, respectively, to the lower- and upper-C2 classes. When S(ξ) is convex, as for interval-
valued labels, the function 1

2 dist(·, S(ξ))2 is convex with a 1-Lipschitz gradient. Then φξ is convex
for linear models, and smooth whenever Gξ is.

Remark 6.3 (Descent property on active candidate labels). By Corollary 3.2(b), Proposition 6.1
yields the descent inequality

φξ(x′) ≤ φξ(x) + ⟨v, x′ − x⟩ + ϱ(ξ)
2 ∥x′ − x∥2 for all x, x′ ∈ V and all v ∈ ∂φξ(x),

where, by the localized representation (43) and [23, Theorem 10.31 ] applied to −φξ,

∂φξ(x) = co
{

∇Gξ(x)⊤(
Gξ(x) − y

)
: y ∈ projS(ξ)

(
Gξ(x)

)}
. (44)

In particular, the descent inequality holds for every choice of active candidate label. This is related
to identification methods for partial-label learning [8, 35], in which the updates first identify a
candidate (or model) and then perform the optimization step.

Example 6.4 (Amplitude-based phase retrieval). Let a : Ξ → Rd and b : Ξ → [0,+∞) be mea-
surable. The amplitude-based loss underlying the reshaped Wirtinger flow [35] and the truncated
amplitude flow [32] is

φξ(x) := 1
2

(
|⟨a(ξ), x⟩| − b(ξ)

)2
. (45)

This is the particular case of (35) with m = 1, the linear model Gξ(x) = ⟨a(ξ), x⟩, and the two-point
candidate set S(ξ) := {−b(ξ), b(ξ)}. Indeed, S is measurable with nonempty compact values, and
since b(ξ) ≥ 0,

dist
(
u, {−b(ξ), b(ξ)}

)
= min

{
|u− b(ξ)|, |u+ b(ξ)|

}
=

∣∣|u| − b(ξ)
∣∣ for all u ∈ R.

By Proposition 6.1, φ is an upper-C2 normal integrand around every point of Rd, with r0(ξ) =∣∣|⟨a(ξ), x̄⟩| − b(ξ)
∣∣, κ(ξ) = ∥a(ξ)∥

(
r0(ξ) + δ∥a(ξ)∥

)
and ϱ(ξ) = ∥a(ξ)∥2. By (44), the Clarke subdif-

ferential is

∂φξ(x) =


{(

⟨a, x⟩ − b sgn⟨a, x⟩
)
a

}
, ⟨a, x⟩ ̸= 0,

[−b, b] a, ⟨a, x⟩ = 0,
where the dependence on ξ is omitted. Consequently, the descent inequality

φξ(x′) ≤ φξ(x) + ⟨v, x′ − x⟩ + ∥a(ξ)∥2

2 ∥x′ − x∥2

holds for all x, x′ ∈ Rd and every v ∈ ∂φξ(x). In particular, it holds for the update direction of the
reshaped Wirtinger flow [35, Algorithm 1]. The update rule in [32, Algorithm 1] of the truncated
amplitude flow acts on these subgradients, by discarding some samples at each iteration.
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6.2 Conditional value-at-risk

The conditional value-at-risk (CVaR), introduced in [21] (see also [1, 22]), is a risk measure that
quantifies the expected loss in the tail of a distribution. Let α ∈ (0, 1) be a confidence level and let
L : Ξ × Rd → R be a finite-valued normal integrand, where Lξ(x) represents the loss incurred by
the decision x ∈ Rd under the scenario ξ ∈ Ξ, with L(·, x) ∈ L1

P. Roughly speaking, the CVaR of
Lξ(x) is the average of the worst (1 − α)-fraction of the losses. When the distribution of Lξ(x) is
continuous, it coincides with the conditional expectation

CVaRα
(
Lξ(x)

)
= E

[
Lξ(x)

∣∣Lξ(x) ≥ VaRα
(
Lξ(x)

)]
,

where VaRα denotes the value-at-risk, that is, the α-quantile of the loss. Unlike the VaR, the CVaR
is a coherent risk measure in the sense of [6], and it interpolates between the expected loss (α → 0)
and the worst-case loss (α → 1).

The CVaR has found applications in a wide range of fields. In finance, where it originated, it is
used for portfolio selection and hedging [21], and it has replaced the VaR as the reference measure of
market risk in the Basel regulatory framework; see [18] for a comprehensive account. In stochastic
programming it is the prototypical coherent risk measure for risk-averse formulations [25], and
CVaR constraints provide a convex conservative approximation of chance constraints, the tightest
one within a natural class [19]. More recently, the CVaR has been adopted in machine learning
as a training criterion that focuses on the hardest examples or subpopulations rather than on the
average loss, owing to its dual representation as a worst-case expectation over distributions with
bounded likelihood ratio [14], and in risk-sensitive reinforcement learning and control [9]. In most of
these applications the CVaR enters either as an objective or as a constraint, so that its tractability
for optimization is essential.

A key feature of the CVaR is that it admits a variational formulation [21], which makes it
amenable to optimization. It can be equivalently described by

CVaRα
(
Lξ(x)

)
= min

t∈R
Eψ(x, t),

with
ψξ(x, t) := t+ 1

1 − α

(
Lξ(x) − t

)
+, (x, t) ∈ Rd+1, (46)

where (s)+ := max{s, 0}. Moreover, the value-at-risk VaRα
(
Lξ(x)

)
is a minimizer of the inner

problem in t (the left endpoint of the set of minimizers). Consequently, minimizing the CVaR over
x reduces to the joint stochastic problem

min
(x,t)∈Rd+1

Eψ(x, t). (47)

The next proposition shows that the integrand ψ in (47) inherits the lower-C2 structure and the
Lipschitz continuity of the loss L. It is a direct consequence of Proposition 4.6.

Proposition 6.5. Let p ∈ [1,∞], let L : Ξ × Rd → R be a finite-valued normal integrand, and
let x̄ ∈ Rd be such that L is lower-C2 around x̄ with p-integrable curvature modulus. Then the
integrand ψ defined in (46) is a finite-valued normal integrand on Ξ×Rd+1 which is lower-C2 around
(x̄, t̄) with p-integrable curvature modulus, for every t̄ ∈ R. If, in addition, L is locally Lipschitz
around x̄ with p-integrable modulus, then ψ is locally Lipschitz around (x̄, t̄) with p-integrable
modulus, for every t̄ ∈ R.

7 Concluding comments
The preceding results show that lower-C2 normal integrands admit a simple local representation as
upper envelopes of random quadratic-affine functions with integrable curvature, and, by a change of
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sign, that upper-C2 normal integrands are the corresponding lower envelopes. This representation
is suitable for stochastic programming, since it is stable under compact-recourse minimization
and provides a direct route from samplewise second-order estimates to expected-value estimates. A
natural next step is to combine this structure with algorithmic frameworks for nonsmooth stochastic
optimization, where the integrable curvature modulus and square-integrable Lipschitz moduli can
be used to control model errors and sample-average approximations.
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