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ABSTRACT. Distributionally robust optimization hedges a decision against an ambiguity set of
candidate distributions. In a cold-start setting the target distribution is unobserved and no sample
from it is available, so only related source distributions provide evidence for constructing that set.
We propose an inclusive-exclusive Wasserstein ball model that jointly learns a center and radius from
inclusive sources believed compatible with the target and exclusive sources believed incompatible
with it. Soft penalties balance enclosure and exclusion against ball size and margin. We identify
parameter conditions for unboundedness and radius collapse, and show that small regularization
permits an exact relaxation of the radius constraint. In this regime the Lagrangian dual involves
a signed Wasserstein barycenter, and, assuming an exact signed-barycenter oracle, we propose a
cutting-plane learning algorithm that constructs the ball and certifies bounds on the dual optimum
and on the suboptimality of candidate balls. For quadratic transport under small regularization,
we establish exact convex reformulations for univariate laws and for translations and scalings of a
common base law. These yield finite-dimensional convex quadratic programs for univariate empirical
sources and common-base families, with explicit recovery of a globally optimal ball. The learned ball
then serves as the ambiguity set of the downstream robust out-of-distribution stochastic decision.

1. INTRODUCTION

Stochastic programming minimizes an expected cost under a probability law (Shapiro et al., 2021).
When that law is uncertain, distributionally robust optimization (DRO) minimizes the worst-case
expected cost over an ambiguity set of candidate laws (Kuhn et al., 2025). Data-driven Wasserstein
DRO typically constructs this set around the empirical distribution of observations from the target
law (Mohajerin Esfahani and Kuhn, 2018). In a cold-start decision, however, neither the target
distribution nor a single sample from it is available. For example, stocking a new product must rely
on demand records of other products. The central question is then how to construct an ambiguity
set from related distributions alone.

Robust out-of-distribution stochastic optimization (RooDSO) (Li et al., 2026) addresses this
setting by treating the sources and the unseen target as realizations of a meta-distribution and
learning a support description from the sources. Kernel mean embeddings represent distributions as
points in a reproducing kernel Hilbert space (Muandet et al., 2017), where support descriptions can
be learned geometrically (Muandet and Scholkopf, 2013). Wasserstein geometry instead compares
distributions directly through transport costs (Villani, 2009); enclosing-ball constructions in this
space provide a way to learn both a center distribution and a radius (Han, 2026; Wang et al., 2025).
These constructions supply a natural starting point, but a description based only on compatible
sources does not explicitly use evidence about which distributions should be excluded.

In an era of superintelligence, the value judgment of a human decision maker is a scarce resource
that deserves to be exploited to the full. Human judgment about the unknown rarely confines
itself to what the unknown is; it usually extends to what the unknown is not. China’s classical
Ching (Book of Changes) (Wilhelm, 1967) likewise embodies a philosophy in which the ancient sages
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characterized the unknown through the complementary pair of yin and yang. Negative evidence is
no less informative than positive evidence, and it too should inform the decision. Information from
both sides is the most basic and most useful value judgment that human intelligence can supply.

Such negative information is often available alongside positive information. For a new product,
some existing products may suggest plausible demand, while others may be known to follow
incompatible demand patterns. We call the former inclusive evidence and the latter exclusive
evidence. The two families play different roles: inclusive evidence guides the region of plausible
target laws, whereas exclusive evidence helps delimit that region. It is not hard to see that exclusive
evidence may calibrate the ambiguity set and so mitigate misspecification (the target law lying
outside it) to some degree. Their use in ball learning is motivated by support vector data descriptions
with negative examples (Tax and Duin, 2004; Mu and Nandi, 2009) and small-sphere-large-margin
models (Liu et al., 2026). Here the objects to be enclosed or repelled are probability distributions,
and the ball is constructed in Wasserstein space.

For p > 1, let P,(Z) denote the Borel probability measures on an observation space = C R? with
finite pth moments. The decision problem is as follows.

Problem 1 (Out-of-distribution decision with inclusive and exclusive evidence). Let P* € P,(Z) be
a target law from which no observations are available. The available data are finite samples from
inclusive source laws {P; }fv:l and exclusive source laws {P; }j\; in Pp(Z), labeled according to their
believed compatibility or incompatibility with the target. Given a feasible decision set X C R"™ and a
cost function f: X x = — R, construct a Wasserstein ambiguity set U C P,(Z) from both evidence
families and choose a decision by solving

min SEEE&Q{JC(X’E)} (1.1)

The proposed construction learns a small Wasserstein ball while penalizing inclusive sources left
outside and exclusive sources lying inside a surrounding margin. The evidence is soft: the labels guide
the fitted geometry rather than impose exact membership constraints. Moving this construction
from a Hilbert space to Wasserstein space requires a separate optimization analysis, since the inner-
product identities underlying Hilbert-space reformulations are generally unavailable. Statistical
coverage likewise requires assumptions relating the sources to the unseen target; compatibility labels
alone do not ensure it.

The main contributions are as follows:

(1) We formulate Wasserstein ball learning with inclusive and exclusive evidence, recovering inclusive-
only support learning as a special case. We identify conditions for unboundedness and radius
collapse, and establish an exact radius relaxation in the small-regularization regime.

(2) We derive the Lagrangian dual of the relaxed model and express its inner problem as a signed
Wasserstein barycenter. With an exact oracle, the resulting cutting-plane method provides dual
optimality bounds and candidate-ball suboptimality bounds, distinguishing the two certificates
without assuming strong duality.

(3) For quadratic transport under small regularization, we prove exact convex reformulations for
univariate laws and common-base translation and scaling families. We obtain finite-dimensional
quadratic programs for univariate empirical sources and common-base families, and recover
global optimizers of the original model.

Section 2 presents the model. Section 3 develops the dual and the learning algorithm. Section 4
establishes exact convex reformulations for quadratic transport under the stated geometric conditions.

Section 5 concludes. Detailed proofs are collected in Appendix A.

2. METHODOLOGY

We construct the ambiguity set in Problem 1 by learning a ball from both evidence families.
Inclusive sources are encouraged to lie inside the ball, while exclusive sources are encouraged to
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remain beyond an outer margin. Both requirements allow violations, reflecting the uncertainty of
the evidence labels.

2.1. Wasserstein Geometry. For p > 1, the p-Wasserstein transport cost is

WP(P,Q) = inf / _ PP dn(g, ¢), 2.1
2.0 = ot [ - clPan(e0 (2.1)
where II(P,Q) is the set of couplings with marginals P and Q. Throughout, || - || denotes the

Euclidean norm and T denotes transposition. We write d¢ for the Dirac law at €. The pth root
of the cost is the metric W, (Villani, 2009). A center P. € P,(E) and a radius R > 0 therefore
describe the ball

{Q € Pp(B) [ Wh(Q, Pe) < R}.

We write p := RP and measure the margin in transport-cost units as well. The ball radius remains
R, whereas RP is a radius penalty, not a volume in the space of probability measures.

2.2. Inclusive-Exclusive Wasserstein Ball Learning. Let N* > 1, N~ > 0,and N := NT+N".
Following the small-sphere-large-margin principle (Liu et al., 2026), we propose

Nt N~
. 1 b _
. E1%f(:) vp — ut + N E (WB(PF,P.) — p)+ + N E (p+t— Wh(P; ,IP)C))+, (2.2)
p>0, >0 i=1 =1

where (2)4 := max{z,0}, » > 0, b > 0, and p > 0. The inclusive hinge penalizes a source outside
radius p'/?; the exclusive hinge penalizes a source inside the larger radius (p+ t)l/ P, Thus t is the
difference of radius powers, rather than the difference of radii.

The parameter v penalizes the ball size, b weights exclusive violations relative to inclusive ones,
and p rewards a larger margin. The normalization by N assigns the same base weight to each
source; the influence of each family also depends on its cardinality. These parameters govern the
joint trade-off between enclosure, exclusion, and size.

Introducing nonnegative slacks gives the equivalent formulation

1 N+ b N—
inf vp — ut + — U -
PCEPP(E)’ p’tZO p ILL N 2('02 N lej
w0 w0 - ” (2.3)
s.t. Wg(Pj,PC) §p+wi+’ izl"“7N+’

WE(P; ,Pe) > p+t—ws, j=1,...,N".

For a fixed center, both formulations are convex in their remaining variables. The exclusive
constraints, however, generally destroy convexity in the center distribution.

Note that problems (2.2) and (2.3) are generally non-convex, because the exclusive side is not
convex in the center. When N~ = 0 and p = 0, we may take t = 0. Dividing the objective by v
reduces (2.2) to

N+

> (W@ Pe) —p), .

i=1

inf
PcePpl(nEL pZOp + N+v

For v € (0,1], this is the inclusive-only Wasserstein meta-distribution support learning model (Han,
2026). Its exclusion-level interpretation of v does not automatically carry over to the two-sided
model.
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2.3. The Hyperparameter Regime. The margin reward must be controlled to prevent the
objective from decreasing without bound. The following lemma shows the cases in which the
objective is unbounded below.

Lemma 1 (Unboundedness). For every p > 1, problems (2.2) and (2.3) are unbounded below if
either (i) = is nonempty and p > bN~ /N, or (ii) = is unbounded and pn > Nt /N. The proof is
given in Appendiz A.1.

Hence, when the observation space = is allowed to be unbounded, the condition that must be
imposed to ensure a finite optimal value is

(2.4)

) {NJr bN‘}
0 < p < min .

N’ N
Write F(Q, p,t) for the objective in (2.2). The next result shows that below a threshold on the

hyperparameters the radius constraint may be dropped without changing the infimum or the global
minimizers.

Theorem 2 (Small-Regularization Regime). Let p > 1, v,b >0, 0 < u < bN~ /N (together with
(2.5) below, this implies (2.4)), and suppose

Nt
—_. 2.
v+ p < N (2.5)
Then (2.2) has the same infimum and global minimizers as
inf  F(Q,p,1). 2.6
Jnt_ F(Q.p) (26)
pER, >0

In particular, every global minimizer of (2.6) has p > 0, and every original global minimizer also
solves the relaxed problem. The same conclusion holds for (2.3) when its radius constraint is relazed.
The proof is given in Appendiz A.2.

When the hyperparameters exceed the threshold above, the model degenerates in the ways that
the following theorem describes.

Theorem 3 (Large-Regularization Regime). Letp > 1, v,0 >0, 0 < u < bN~ /N, and assume

N+

Write k = Nt /N. Then the following conclusions hold.
(i) Zero-radius reduction. Problem (2.2) has the same infimum as

, 1 b _
Q] Ht ng(ﬂ»j,@) + Z(t — WE(P;,Q)), ¢ (2.8)
t>0 v J

FEvery optimizer of this reduced problem gives an original optimizer with p = 0. Conversely,
any original optimizer (Q*, p*,t*) gives a reduced optimizer (Q*, p* +t*). If v+ pu > K, all
original optimizers have p* = 0.

(#i) No margin reward. If u =0, all original optimizers are precisely the triples (@, p,t) where Q
is an inclusive Wasserstein barycenter, that is, it minimizes Y, Wh (Pj,@), and

p>t207 (V_’%)p:()a

p < minWﬁ(IP’;“, @), p+t<minWJ(P;, @) (2.9)
i j

The minimum over an empty exclusive family is +oo.
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The proof is given in Appendiz A.3.

This paper mainly focuses on the non-degenerate case where the hyperparameters satisfy (2.5).

2.4. The Induced Ambiguity Set. An optimal solution of (2.2) supplies both a center and a
radius, and the pair induces the ambiguity set that the decision is hedged against.

Definition 1 (Inclusive-Exclusive Wasserstein Ambiguity Set). For an optimal solution (P¥, p*,t*)
of (2.2), set R* := (p*)'/P. The learned inclusive-exclusive Wasserstein ambiguity set is

UL R) = {Q € Py(2) | WH(Q, ) < RY). (2.10)

Both evidence families determine the center and radius, but the margin t* guides learning and
does not enlarge the decision ambiguity set. Since violations are penalized rather than forbidden,
some inclusive sources may remain outside and some exclusive sources may remain inside.

With finite source samples, the construction uses the empirical laws

o o

o1 1

Pf == Ot By =—3 0,
1 k=1 J k=1

in place of the source laws in (2.2). Substituting the resulting ball into (1.1) gives the robust decision
problem.

Once the ball is fixed, (1.1) is a Wasserstein distributionally robust optimization problem. Under
suitable assumptions on the loss function, decision set, and support, Wasserstein duality provides
tractable reformulations (Mohajerin Esfahani and Kuhn, 2018; Zhao and Guan, 2018; Blanchet and
Murthy, 2019; Gao and Kleywegt, 2023), including finite-dimensional convex programs for finitely
supported nominal laws and appropriate problem structure (Kuhn et al., 2019, 2025). For the
inclusive-only case of the model proposed here, that decision stage, together with its reformulation
and the search over adverse scenarios, is developed in (Han, 2026). Since this paper concerns the
construction of the ambiguity set, we do not repeat that treatment.

3. LEARNING STRATEGY

3.1. Dual Formulation. To learn the inclusive-exclusive Wasserstein ball proposed in Section 2,
we present its dual in the following theorem.

Theorem 4 (Lagrangian Dual). Suppose Z is nonempty, p > 1,0 < u < bN~ /N, and (2.5) holds.
Define

0<of <§, 0<a; <%, Vi

— + - - .
A=< (a",a7) Zo‘j_zaj:’/a Z%ZM . (3.1)
( J J
The Lagrangian dual of the radius-relaxed problem (2.6) has the equivalent form

sup inf:){zang(w,@) - Za;wg(uv;,@)}. (3.2)
514 :

(at,a)eA QEPH(
By Theorem 2, (2.5) gives (2.6) the same infimum as (2.2). The proof is given in Appendiz A.4.

The two evidence families enter (3.2) with opposite signs. Merging them into a single family
indexed by k=1,..., N, with

P, k<N, +1, k< NT, L E<NT,
Pk::{k yk::{ - ck::{];[
N>

P, y+r E>NT, -1, k>NT, k>NT,
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the label y; records whether source k carries inclusive or exclusive evidence. Writing «j for the
multiplier of source k, the feasible set (3.1) becomes

N
A:{QZO ‘ ap < ¢, Yk, Zykakzy, Z akzu},
k=1

k:yp=—1

and (3.2) reads

N

su inf ap WP(Pr, Q). 3.3
sup nf_ ;yk Wy (Pr, Q) (3.3)

The inner problem in (3.3) is a barycenter problem with weights of both signs. Since ), yroy, =
v > 0, the scaled weights ay := yray /v sum to one, so the inner minimization asks for a generalized
(or signed) Wasserstein barycenter of the sources, which is a nascent subject: Gallouét et al. (2025)
start from the extrapolation of a Wasserstein geodesic beyond its endpoints, with one positive and
one negative weight; Tornabene et al. (2025) pose the quadratic-cost problem against a signed
measure of unit total mass and settle its existence and uniqueness, Jacobs and Zhou (2026) extend it
to general transport costs and to a dual in Kantorovich potentials, and Gallouét et al. (2026) obtain
convex duals through Toland duality together with a Sinkhorn-based particle algorithm. When
yr = +1 with nonnegative weights it is the classical Wasserstein barycenter (Agueh and Carlier,
2011) and recovers the inclusive-only model of (Han, 2026).

3.2. Signed Wasserstein Barycenter Oracle. We assume that the inner signed barycenter
problem in (3.3) can be solved by an oracle; such an oracle may, for instance, be obtained by
entropic or particle methods (Cuturi and Doucet, 2014; Gallouét et al., 2026). Writing y ©® « :=
(yrou1, ..., ynan) " for the signed weights, we define the oracle as follows.

Definition 2 (Signed-barycenter oracle). A signed-barycenter oracle is a subroutine that, given the

inclusive and exclusive source distributions {]P’k},]c\[:1 and the signed weights y © a, returns a law Q
and the value attained at it. The law solves the signed barycenter problem,

N

@ € SBarp({Pk}évzl;y ® a) = argminZykak Wg(ﬂ”k,@), (3.4)
QePL(E) .

so that @ is a signed Wasserstein barycenter of the sources, and the value is

N
Qo) == ypor WE (P, Q). (3.5)
k=1

Two structural facts drive what follows. Each transport cost is convex under linear mixtures
of the center law Q, so the signed objective in (3.4) is a difference of convex functions. The inner
problem is generally nonconvex, and a minimizer need not be unique. Once Q is fixed, however, the
objective in (3.5) is affine in a; being the infimum over Q of such affine functions, €2 is concave on
the polytope A, and every signed barycenter supplies a supergradient, available in closed form:

g = (v Wy (P, @))fg\; € 00 a), Qe SBar, ({Px}roi;y © ), (3.6)

where 0Q(a) denotes the superdifferential of the concave function Q at c.
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3.3. Learning Algorithm. Under (2.4) and (2.5), we solve the dual by constraint generation,
using the exact oracle of Section 3.2. Problem (3.3) has the equivalent semi-infinite formulation

max 0
acA, 0eR
N (3.7)
st. < Zykak WP (P, Q), VQ € Pp(Z).
k=1

For fixed weights, the oracle finds the most violated constraint. Each returned center adds one linear
constraint to a finite master problem; no additional center variables are introduced into the master.
At iteration r, let the oracle return Q" and v, = Q(a"). Set di, = W5 (P, Q") and g" = (ypds)Y_,
the supergradient from (3.6) at this iteration. Then
Q(O{) < v + <g7‘7 o — aT> = <gT7 O£>

Retaining all such cuts yields the linear master problem

U= s o)
st 0< (g a), 0=0,...,7 '
Its optimal weights define a" 1. If vp denotes the dual optimal value, then
L, = max v, < vp < U,. (3.9)

0<4<r

Thus U, — L, < ep certifies an ep-optimal dual solution among the evaluated weights. The bounds
L, and U, are respectively nondecreasing and nonincreasing.
Fach center also yields a candidate ball by solving
Jr = min F(Q", p,t). 3.10
ri= mmin F(Q p,1) (3.10)
This is a linear program in the slack formulation (2.3), since the distances dj, are fixed. Keeping the
best candidate gives

B, := min Jy, L. <wvp <wvp <B,, (3.11)
0<b<r

where vp is the original optimal value. Hence B, — L, bounds the suboptimality of the returned
ball. Dual termination alone does not certify primal optimality, since a duality gap may remain.

Algorithm 1 reports the remaining gaps if the iteration limit is reached. Its certificates require
exact oracle values; an approximate inner solver needs certified error bounds to retain valid dual
lower bounds. Under the geometry of Section 4, the original problem can instead be solved directly
through its exact convex reformulation.

4. ExacT CONVEX REFORMULATIONS FOR QUADRATIC TRANSPORT

For p = 2, additional Wasserstein geometry permits an exact convex reformulation in the
small-regularization regime of Section 2.3.

We use either of the following geometric settings; their definitions are independent of the parameter

regime.

(i) Univariate laws. Let = = R and let Pi € Py(R) be arbitrary. Set H = L2(0, 1), let C be the
closed convex cone of functions admitting a nondecreasing representative, and let z;t be the
source quantile functions. A center coordinate z € C represents Law(z(U)) for U ~ Unif(0, 1).

(ii) Translations and scalings of a common base law. Let £ = R? and suppose

Pf = Law(mi +afZ), o >0, EZ=0, E|Z|*=1 (4.1)

The same base law is used for all sources and need not be Gaussian. Set # = R*1 ¢ = R¥xR,,

and 2 = (mi,aF). A center coordinate z = (m,a) € C represents Law(m + aZ).
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Algorithm 1 Learning of the Inclusive-Exclusive Wasserstein Ambiguity Set

Input: Inclusive laws {P}}Y} and exclusive laws {P; };=; in Py(E); transport order p > 1;

parameters v,b > 0 and p > 0 satisfying (2.4) and (2.5); the exact oracle of Definition 2; dual
tolerance ep > 0; maximum number of oracle calls K > 1.

Output: Best evaluated dual weights &; candidate center Q, radius R, and margin #; bounds

1:

11:
12:

13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

23:

L,U, B and termination status.
Use the source indexing, labels ¢, and caps ¢ of Section 3.1; choose a” € A with A given by
(3.1).
Set L = —oc0, U = B = 400, and initialize an empty master cut set.
Set status to iteration limit.
forr=0,...,K—1do
Q" + an element of SBar,({P;}Y_,;y ® "), returned by the oracle of Definition 2 according
to (3.4).
Evaluate dj, = W5 (P, Q") for k=1,...,N.
vy < Q(a”), the oracle value lequl yrpogdy, in (3.5).
g’ (yde)szl by (3.6), evaluated at (a,@) = (a",Q").
if v, > L then
Update the dual lower bound L = v, and retain & = o’
end if
Fix the center at Q" and solve the linear program (2.3) using dJ, obtaining (p",t") and
Jr=F(Q",p",t") as in (3.10).
if J,. < B then
Update the primal upper bound B = J, and retain (Q, p,t) = (Q", p",t").
end if
Add the cut 6 < (g", &) to the master, retaining all previous cuts.
Solve (3.8); use its optimal weights as a”*! and its value as the dual upper bound U = U,..
if U — L <ep then
Set status to dual tolerance reached; break.
end if
end for
Set R = p'/P. Report U — L as the dual error bound and B — L as the candidate ball’s
suboptimality bound.

return &, (Q, R,?), (L,U, B), and status.

In both settings, represented centers satisfy W3 (PF, Q) = ||z — 2|3,

Theorem 5 (Exact Convexification). Let p =2, v,b > 0, and suppose (2.4) and (2.5) hold. Use
either geometric setting (i) or (ii) above, with its Hilbert space H, closed convex set C, and source
coordinates zfc. In either setting, problem (2.3) has the same minimum as the convexr quadratic
optimization problem

1 b

. ) 4 _

oo min o Vil —vs —pt+ Z“ TN ;“’j
+ —

w20 (4.2)

st |z 3 =20, ) +s<wit, i=1,...,NT,

t—s—|z |5 +2(z5, 2)u <wj, j=1,....,N".

FEvery optimizer yields an original optimizer by setting

pr=lt g -5 20, R =) (4.3)
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and retaining t* and the slacks. In (i), the center is P} = Law(z*(U)) with U ~ Unif(0,1). In (i1),
writing z* = (m*,a*), it is P = Law(m* + a*Z). Conversely, every original optimizer has the
corresponding center representation and solves (4.2) with s* = ||z*||3, — p*. The proof is given in
Appendiz A.5.

For empirical source laws in (i), (4.2) has an exact finite-dimensional formulation. Partition (0, 1)
at all source quantile breakpoints and replace z on each interval by its average. This preserves
monotonicity and every (2, z)3 while decreasing |2]|3,. The interval values therefore suffice,
with linear monotonicity constraints and interval lengths as integration weights. In (ii), (4.2)
is already finite-dimensional. In these finite-dimensional settings, the objective has a positive
semidefinite Hessian and all constraints are linear, so a standard convex quadratic programming
solver can jointly compute (z*, s*,t*, wt™, w™*), for example by a primal-dual interior-point method.
Feasibility residuals and the primal-dual gap provide numerical stopping criteria. The center is
then reconstructed from z* as above, and the radius follows from (4.3); no separate dual derivation
or barycenter oracle is required. For general univariate source laws, numerical discretization of the
quantile functions instead gives an approximation. In (ii), the common-base condition must hold
for the source laws actually used in the optimization; independent empirical estimates need not
preserve it even when the population laws satisfy it. If a common-base family is fitted first, the
reformulation is exact for those fitted laws, not necessarily for the original empirical laws. These
conclusions require the stated geometry; p = 2 alone does not justify this reformulation for arbitrary
multivariate source laws.

5. CONCLUDING REMARKS

We have developed an inclusive-exclusive Wasserstein ball, learned from both inclusive and
exclusive evidence when observations of the target distribution are unavailable. The model balances
ball size, separation margin, and violations of the source labels. Its parameter analysis identifies
an exact radius relaxation under small regularization, which yields a signed-barycenter dual and
a cutting-plane learning algorithm with distinct dual and candidate-ball certificates. Under the
same small-regularization condition, quadratic transport admits an exact convex reformulation for
univariate laws and for common-base translation and scaling families, together with global optimizer
recovery.

The general learning problem remains nonconvex, and the algorithm’s certificates depend on
exact or certified inner solutions. Future work includes scalable signed-barycenter oracles with error
bounds, extensions of the convex reformulation to broader multivariate families, and statistical
calibration of the learned ball under explicit assumptions linking the sources to the unseen target.
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APPENDIX A. PROOFS

A.1. Proof of Lemma 1. Write F(Q, p,t) for the objective in (2.2). If p > bN~/N, fix any
Q € Pp(E) and set p = 0. For all sufficiently large ¢, every exclusive hinge is active, giving

.
F(Q,0,1) = <Z’N - u) S WEEQ) - %ZW]’;(P].‘,@) ) —o.
i J

This argument does not require = to be unbounded.
If 4 > NT/N and Z is unbounded, choose &, € E with ||£;|| — oo and set Qi = d¢, , pr = 0, and
ti = ||&x||P. For any source law P, the reverse triangle inequality in LP gives

1/p
w0 - Il < ( [lielrar))

Consequently, W5 (P, Qy)/tx — 1 for every source, and

F(Qkaoatk Wp ]P 7Qk Wp ]PJ )Qk) N+
il .7 plli o ok) - A .
i NZ NZ +H N w<0

123

Thus F(Qy,0,t;) = —oco. The same conclusions hold for (2.3) by taking the slacks equal to their
hinge losses.

A.2. Proof of Theorem 2.

Proof. Tf p < 0, keep Q fixed and set p’ =0 and ¢ = (p + t);. Nonnegativity of all transport costs
gives
Nt

Thus every relaxed point with negative radius power is strictly dominated by an original feasible
point. The infima are equal, and the relaxed problem has no global minimizer with p < 0. Equality
of the global minimizer sets follows immediately. Minimizing over the nonnegative slacks recovers
F, giving the same conclusion for the slack formulation. O

A.3. Proof of Theorem 3.

Proof. For (i), direct expansion using (a)4+ = a + (—a)4 gives, for p,t > 0,
F(Q,p,t) = F(Q,0,p+1t) = (V—FM—/{),O

N Z Wp P—l— Q))+ > 0. (A.1)

Restricting to p = 0 therefore preserves the infimum and gives the stated optimizer correspondences.
If v+ p > k and p > 0, the inequality is strict, so no original optimizer has positive radius.
For (ii), p = 0 implies v > k and

F(Qupt) > (v — K)p + ZWP >16£;;W£(Pi,@’>-

Fach barycenter with p = ¢ = 0 attains this lower bound. Equality throughout holds precisely when
the center is a barycenter, the positive hinges equal their arguments, every negative hinge vanishes,
and (v — k)p = 0. These are exactly (2.9).

O
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A .4. Proof of Theorem 4.

Proof. The primal to be dualized. By Theorem 2, (2.5) makes (2.2) share its infimum and global
minimizers with the radius-relaxed problem (2.6), in which p ranges over all of R; the same theorem
relaxes the radius constraint of the slack form (2.3). We dualize that relaxed slack form: the
variables are Q € P,(Z), p € R, t > 0 and w® > 0, the objective is the one in (2.3), and the
constraints are its inclusive and exclusive transport constraints. Eliminating the slacks through
(2)+ = inf{w > 0| z < w} returns (2.6), so the two carry the same value.

The Lagrangian. Attach a multiplier a;r > 0 to the inclusive constraint indexed by ¢ and o, >0
to the exclusive constraint indexed by j; the restrictions ¢t > 0 and w® > 0 are retained rather than
dualized. The Lagrangian is

1 b _
+>_af WP, Q) —p —w)f)

+2_ a5 (Pt = Wi(B;, Q) —wj),
J

and collecting the terms in p, t, and the slack vectors gives

£ S aWEL Q) - N WiE @
(u—Za —i—z )p—i—(Za - )
+Zi:<N_ai )wi +Zj:(N_aj_)wJ

The dual feasible set. A variable confined to the half-line [0, c0) leaves the inner infimum finite
exactly when its coefficient is nonnegative; for the free variable p a nonzero coefficient lets p — 400
drive £ — —o00, so its coefficient must vanish. The conditions are therefore

of < Doy Yol =) a =,
i J

which together with at, a™ > 0 is exactly the set A of (3.1). The freedom of p is what makes the
last condition an equality; had p > 0 been retained instead, it would read Y, o -0 S
Multipliers outside A send the inner infimum to —oco and can never attain the supremum, so the
supremum in (3.2) is taken over A alone.

The dual function. For multipliers in A the coefficient of p vanishes identically and the remaining
coefficients are nonnegative, so the infimum over p, t and the slacks is attained at p =t = w' =
w™ = 0, where their contribution vanishes. What remains is the dual function Q of (3.5), read in
the split notation,

Qat,a”) = inf {Zoﬁwp )—Zagwga@;,@)}.

QePp(E)

<3

2=

Infimizing £ over Q € P,(Z), p € R, t > 0, and w® > 0, without imposing the dualized transport
constraints, thus returns 2 on A and —oo elsewhere. Taking the supremum over the nonnegative
multipliers gives (3.2). O
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A.5. Proof of Theorem 5.

Proof. Theorem 2 first allows p € R. In (i), the quantile identity gives W3 (P, Q) = ||z — 2|3, for
every center with quantile z.

In (ii), we must first justify restricting the center to the same family. Write an arbitrary center
as Q = Law(m +Y) with EY = 0, and define

a:= sup E.[Z"Y], e:=E|Y]? - a*
well(Law(Z),Law(Y))
Independence and Cauchy—Schwarz imply a > 0 and e > 0. Expanding the transport cost, using
afc > 0, yields
2 o=t + 2 + 2
W5 (P, Q) = |lm; — m||“ + (a; —a)” +e.

For Q' = Law(m + aZ), the same expansion gives W3(Q, Q') = e, and its source-to-center costs are
|2 — z||3,. Replacing (Q, p) by (Q', p — €) preserves every hinge argument, so

F(lep_ €,t) = F(Qap7t) — Ve.
Thus restricting the radius-relaxed problem to this family preserves its infimum. Since v > 0, every
original optimizer, which also solves the relaxed problem, must have e = 0 and hence Q = Q.
In both cases, set
s = |2l — p-

Expanding the squared distances gives (4.2). Its objective is convex and its displayed constraints
are affine over the convex domain C. Theorem 2 ensures that any optimizer has the nonnegative
recovered radius in (4.3).

For completeness, the minimum is attained even though = is unbounded. Choose weights within
0<af <1/Nand0 < a; < b/N whose sums are v + p and p, respectively; (2.5) and (2.4)
guarantee their existence. Weighting the constraints shows that the objective is bounded below by
v||z||3, — 2(h, z) + ¢, where h = >, o 2 — o5z ande=3, of 12113, — > a]_HzJ_H?_L Thus
a minimizing sequence has bounded z and uniformly bounded source-to-center costs, say by D. If
p < 0, replace (p,t) by (0,(p+t)+) as in Theorem 2. For fixed center and p,t > 0, F has slope
v+ bN~/N >0 in p when p > D, and slope bN~ /N — > 0 in ¢t when ¢t > D. Hence clipping p
and t to [0, D] cannot increase the objective. Taking the smallest feasible slacks also bounds them,
and therefore s. A weakly convergent subsequence now exists; the closed convex feasible set and
weak lower semicontinuity of the objective yield an optimizer. O
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