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Abstract Diffusion in networks is often modeled as a local neighbor-based process: a node becomes
active as a result of influence exerted by its active neighbors. However, in many technological and
communication settings, adoption is driven not only by local influence, but by access to sufficiently large
active connected regions. This paper studies such component-based diffusion dynamics, focusing on the
Technology Diffusion (TD) problem and on a related Influence Maximization (IM) problem described by
the same propagation process.

We first analyze how some connectivity restrictions affect component-based diffusion and show that
their impact can be bounded more tightly than earlier results in the literature suggested. We then
propose exact integer programming formulations that are not based on the connected-activation-sequence
paradigm, showing the importance of considering disconnected active sets. On the algorithmic side, we
develop a zeroth-order approach, namely a component-aware direct search that does not require the
diffusion trajectory to be a connected activation sequence. Computational experiments on a standard
benchmark show that the proposed method improves solution quality over state-of-the-art approaches,
and it scales to significantly larger instances than exact/approximation methods.

1 Introduction

Diffusion processes on networks describe how individual adoption decisions can generate large-scale
propagation. They arise in applications such as information dissemination, viral marketing, epidemic
spreading, and the adoption of communication technologies. Most classical diffusion models are local:
whether a node becomes active depends on the states of its immediate neighbors. Prominent examples
in this context are influence maximization models formalized by Kempe, Kleinberg, and Tardos [20],
which rapidly became one of the central problems in network science and diffusion theory. Given a graph
G = (V,E) and a diffusion model, the objective is to identify a subset of initially active nodes capable
of maximizing the spread of influence throughout the network. The literature on influence maximization
mainly focuses on two classical propagation schemes: the Linear Threshold Model and the Independent
Cascade Model [20]. In both cases, the diffusion mechanism is local, in the sense that the activation of
a node depends exclusively on the state of its immediate neighbors. In the Linear Threshold Model, a
node activates when the cumulative influence received from active adjacent nodes exceeds a prescribed
threshold. In the Independent Cascade Model, instead, active nodes attempt to activate their inactive
neighbors according to probabilistic propagation rules. A substantial portion of the literature has focused
on exploiting structural properties of these local diffusion models in order to derive efficient approximation
algorithms.

Local influence, however, does not capture every form of network-driven adoption. In many tech-
nological and communication settings, the benefit of adopting a technology depends on the size of the
active network that becomes accessible after adoption. A user may therefore be influenced not only by the
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number of active neighbors, but also by the sizes of the active connected regions to which those neighbors
belong. This observation motivated Goldberg and Liu [17] to define diffusion models driven by connected
components rather than exclusively by pairwise interactions. In particular, they introduce the Technol-
ogy Diffusion (TD) problem, in which this type of propagation is formalized. Each node u is assigned
a threshold θ(u). Starting from a set of initially active nodes, called seeds, an inactive node becomes
active when the total size of the active connected components adjacent to it is at least θ(u) − 1. Once
activated, the node may connect several previously disjoint active components, thereby enabling further
activations. The objective of TD is to find a minimum-cardinality seed set that eventually activates the
entire network.

Goldberg and Liu [17] propose an approximation algorithm for the TD problem, as well as an IP
formulation that was used to benchmark some heuristics. The approximation factor has been subsequently
improved by [21], and additionally reduced by [13] for some special classes of graphs. However, all of these
results make use of a central structural assumption, namely, the activation sequence is required to be
connected, meaning that the set of active nodes must induce a connected subgraph at every stage of the
process. Nevertheless, connectedness is not an intrinsic requirement of the original diffusion dynamics.
In an unrestricted process, several active components may grow independently and merge only at a later
stage. Requiring the active set to remain connected may therefore exclude better seed sets.

Furthermore, the component-based propagation scheme at the heart of the TD problem also gives rise
to a natural Influence Maximization (IM) variant: Given a fixed budget on the number of initial seeds,
maximize the final number of activated nodes. However, influence maximization under this component-
based propagation scheme has received little attention so far.

1.1 Our contribution

Our first contribution is a refined investigation of the structural role of connected activation sequences for
TD. Goldberg and Liu proved that restricting the search to connected activation sequences yields at most
a multiplicative factor-2 loss with respect to the optimal solution. However, this multiplicative guarantee
relies essentially on the assumption that every node has threshold at least two. This assumption rules
out nodes that adopt spontaneously, without requiring any previously active node. Such nodes have a
natural interpretation in technology-adoption settings: they represent users who are willing to adopt
a technology independently of the behavior of others. We here show that, when threshold-one nodes
are allowed, no multiplicative comparison between connected and unrestricted activation sequences is
possible. Indeed, an unrestricted process may activate the entire network without using any seed, while
every connected activation sequence may still require additional seeds. On the positive side, we derive
an additive bound depending on the number of distinct threshold values appearing in the instance. Our
additive bound works without imposing any assumption on the thresholds, and it is tight.

Besides clarifying the theoretical cost of connected activation sequences, these results also motivate
the study of the unrestricted problem directly. We therefore introduce the first exact Integer Program-
ming (IP) formulation for the TD Problem, without imposing connectivity restrictions on the activation
process. We also show that our modeling framework can be adapted to the corresponding IM variant.
We compare our formulation with the IP formulation of Goldberg and Liu, which instead relies on the
connected activation sequence assumption. Our computational results confirm that allowing disconnected
activation sequences leads to smaller seed sets in practice.

This latter observation motivates us to develop heuristic approaches which do not insist on searching
for connected activation sequences. We design a Component-Aware Direct Search method, denoted by
COaDS. For a fixed seed budget, COaDS treats the diffusion process as an evaluation oracle and searches
directly over candidate seed sets. Its neighborhoods and move-selection rules exploit both the topology of
the graph and the component-based activation mechanism. We first formulate COaDS for the component-
based IM problem and then embed it in a heuristic binary-search procedure over the seed-set cardinality
to address TD. Experiments on preferential-attachment networks following the benchmark framework of
Goldberg and Liu [17] show that COaDS consistently produces smaller seed sets than the tested heuristic,
approximation, and integer-programming baselines. It also remains effective on networks with thousands
of nodes, where the exact formulations become impractical and the approximation algorithm may fail to
return a feasible solution within the available computational budget.
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1.2 Related work

Technology diffusion. As mentioned, the TD problem was introduced by Goldberg and Liu [17] to model
technology adoption over communication networks. Unlike neighbor-based diffusion models, TD makes
the activation of a node depend on the size of the active connected region that becomes accessible
through that node. Goldberg and Liu established hardness results relating TD to Set Cover and proposed
an O(rℓ log n)-approximation algorithm, where r is the diameter of the graph and ℓ is the number
of distinct threshold values, all of which are greater than 1. Könemann, Sadeghian, and Sanità [21]
subsequently developed simpler combinatorial algorithms with approximation ratio O

(
min{r, ℓ} log n

)
,

using reductions to Submodular Set Cover and the quota node-weighted Steiner Tree problem. Esfandiari
et al. [13] gave an O(log ℓ)-approximation in the restricted case where the underlying graph is a spider
(that is, a tree with at most one node of degree larger than 2). Sharma [32] shows that TD and the
corresponding IM variant are polynomial-time solvable on graphs that are spiders with a constant number
of legs.

Local influence maximization. One of the most important observations of [20] is that the expected influ-
ence function is monotone and submodular under both the Linear Threshold and Independent Cascade
dynamics. This property immediately yields a (1− 1/e)-approximation through a greedy strategy. Since
such a greedy algorithm requires many repeated evaluations of the expected spread, several works have
proposed lazy evaluation and simulation-based accelerations, such as the CELF optimization of Leskovec
et al. [23], as well as scalable heuristics for the Independent Cascade model [7, 8].

Subsequent works concentrated on improving the scalability of these approaches, mainly due to the
computational complexity of repeatedly evaluating the diffusion process. In particular, several algorith-
mic frameworks based on sampling techniques, reverse reachable sets, and sketching methods have been
proposed in order to obtain near-optimal solutions on large-scale social networks. Important examples
include the reverse-reachable-set framework of Borgs et al. [6], the TIM/TIM+ algorithms [34], the IMM
algorithm [33], and sketch-based approaches for influence estimation and maximization [9]. A compre-
hensive survey can be found in [24]. Mathematical programming approaches for (interesting variants of)
influence maximization problems can be found, e.g., in [14, 15, 18, 19, 29, 35, 37].

Despite the vast literature on IM, the overwhelming majority of existing models rely on neighbor-
based propagation dynamics. In other words, influence spreads through direct local interactions between
adjacent nodes. The component-based diffusion mechanism introduced by Goldberg and Liu for the TD
Problem [17] suggests a substantially different perspective. Motivated by this observation, in this work
we study the variant of the IM problem based on the diffusion dynamics of the TD framework.

Direct search methods for diffusion problems. Direct search methods represent a classical and widely used
family of derivative-free optimization algorithms that iteratively evaluate the objective function at a finite
set of trial points around the current incumbent solution and accept a new point whenever a sufficient
improvement is found. Broader treatments appear in [3, 10], while a recent survey can be found in [12].
For discrete and mixed-integer problems, relevant foundational works include mixed-variable pattern
search [2], filter and mesh-adaptive methods [1], with extensions to granular variables [4]. Derivative-
free line-search frameworks have addressed bound-constrained [26], constrained mixed-integer [27], and
pure-integer black-box problems through primitive directions [25]; related ideas were extended to mixed-
integer nonsmooth constrained optimization in [16]. Complementary approaches include model-based
trust-region methods [30], radial-basis-function-based strategies [11], surrogate-based schemes [28], and
black-box integer global optimization strategies [22]; see [31] for a systematic review and comparison.

These methods are particularly suitable for diffusion problems on networks, where the search space
is inherently combinatorial and the objective value is often obtained through a simulation procedure.
This is the case, for instance, in several IM formulations, where candidate seed sets are discrete subsets
of nodes whose quality is evaluated by simulating the diffusion process and measuring the final spread.
The combination of a discrete feasible region and expensive black-box objective evaluations hence makes
direct-search methods appealing, but also requires problem-specific neighborhoods that exploit the net-
work structure to guarantee computational effectiveness. A first application of direct search to diffusion
problems was proposed in [36], which formulated IM as a mixed-integer nonlinear problem with a black-
box objective and introduced a Customized Direct Search method for exploring the space of feasible seed
sets. In [5], the authors developed a Network-aware Direct Search approach that exploits graph struc-
ture in the neighborhood construction, reducing function evaluations while maintaining solution quality.
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These works show the potential of direct-search methods for diffusion problems and motivate their ap-
plication to the framework studied here. In this setting, the diffusion process is indeed evaluated through
simulation, while the evolution of active connected components provides structural information that can
be exploited through neighborhoods tailored to both the network topology and the TD dynamics.

1.3 Formal definition of the problem

We close the section with a formal description of the TD problem and dynamics. Let G = (V,E) be an
undirected graph, where V is the set of nodes, with |V | = n, and E is the set of edges, with |E| = m.
Each node u ∈ V can be in one of two states: inactive or active. We are given a threshold function
θ : V → {1, . . . , |V |}, which associates with each node u a value θ(u), representing the minimum number
of active nodes, including u itself, that have to be reachable from u through a path of active nodes to
activate.

The process starts from activating a certain subset of nodes, called seeds, whose set is denoted by
S ⊆ V . Once activated, a node remains active for all subsequent steps. Formally: given a seed set S ⊆ V ,
let At(S) ⊆ V denote the set of active nodes at time t. The diffusion process is initialized as A0(S) = S.
For every t ≥ 0, let C(At(S)) be the set of connected components of the subgraph induced by At(S).
Then a node u /∈ At(S) becomes active at time t+1 if the total size of the active connected components
adjacent to u is at least θ(u)− 1, namely if∑

C∈C(At(S)):
N(u)∩C ̸=∅

|C| ≥ θ(u)− 1,

where N(u) denotes the set of neighbors of u. Hence,

At+1(S) = At(S) ∪

u ∈ V \At(S) :
∑

C∈C(At(S)):
N(u)∩C ̸=∅

|C| ≥ θ(u)− 1

 .

Since the process is progressive, there exists a finite time at which no further activation is possible. We
denote by Spread(G,S, θ) the final cardinality of the active-node set obtained by applying the component-
based diffusion process on the graph G, with thresholds θ, starting from the seed set S.

The TD Problem consists of determining a seed set S ⊆ V of minimum cardinality such that, starting
from S, the diffusion process eventually activates all nodes in V . Therefore, it can be written in compact
form as

min
S⊆V

|S|

s.t. Spread(G,S, θ) = |V |.

2 The role of connected activation sequences

2.1 A refined bound

We start with some definitions:

Definition 1 (Activation Sequence [17]) Let S ⊆ V be a seed set. An activation sequence is a
permutation T : V → {1, . . . , n}, where n = |V |, describing the order in which nodes become active
during the diffusion process. The value T (u) denotes the activation time of node u.

Seed nodes may activate at an arbitrary time step t. A non-seed node u /∈ S can activate at time step
T (u) only if, in the subgraph of G induced by

{u} ∪ {v ∈ V : T (v) < T (u)},

the connected component containing u has cardinality at least θ(u).

Definition 2 (Connected Activation Sequence [17]) An activation sequence T is said to be con-
nected if, for every time step t ∈ {1, . . . , n}, the set

{u ∈ V : T (u) ≤ t}

induces a connected subgraph of G.
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The work of [17] provides a first approximation guarantee for studying connected activation sequences.

Theorem 1 (Goldberg–Liu [17]) Let G = (V,E) be a connected graph with node thresholds ≥ 2. The
size of the smallest seed set that induces a connected activation sequence is at most twice the size of an
optimal seed set.

We remark that the bound provided by the former result does not hold if we allow nodes to have
unit thresholds in the graph. This type of node does not need to be connected to any other component
to activate as a non-seed node.

Example 1: No multiplicative bound is possible. An easy example is given by a small chain composed of
three nodes, where the central node u has threshold θ(u) = 3, while the two nodes v, v′ on the side have
threshold θ(v) = θ(v′) = 1. The TD dynamics allows the nodes on the side to activate for free, and the
central one to activate afterwards, leading to an optimal seed set OPT = ∅ of size 0. However, if we want
to turn the activation sequence into a connected one, we would need to seed the central node, getting an
optimum for the connected process of cardinality 1. Hence, no multiplicative bound can hold.

We now derive an additive bound that depends on the number of distinct threshold values. We remark
that our bound holds for any instance, independently of whether or not some nodes have threshold 1.

Theorem 2 Let G = (V,E) be a connected graph with thresholds

θ1 < θ2 < · · · < θℓ.

Let T ∗ be an optimal activation sequence for G, and let OPT denote the corresponding optimal seed set.

Then there exists a connected activation sequence whose associated seed set ÔPT satisfies

|ÔPT| ≤ |OPT|+ ℓ.

Proof We prove a slightly stronger statement. Let U ⊆ V be an active connected component at some
point during the activation sequence T ∗, and define q(U) as the number of distinct threshold values
attained by the non-seed vertices of U . That is,

q(U) = |{θ(v) : v ∈ U \OPT}| .

We claim that the vertices of U admit a connected activation sequence whose seed set is (OPT∩U)∪
XU , for some set of nodes XU ⊆ U : |XU | ≤ q(U). We prove this claim by induction on q(U).

Base case. If q(U) = 0, then every vertex of U belongs to OPT. Since G[U ] is connected, its vertices
can be ordered according to a traversal of a spanning tree of G[U ]. Every vertex after the first is adjacent
to a previously activated vertex, and all vertices are seeds. Hence, the resulting activation sequence is
connected and no additional seed is required.

Induction step. Suppose now that q(U) > 0, and assume that the claim holds for every active con-
nected component containing fewer than q(U) distinct threshold values among its non-seed vertices. Let
µ = max {θ(v) : v ∈ U \OPT}, and among the vertices v ∈ U \ OPT satisfying θ(v) = µ, let u be the
first one activated in T ∗.

Immediately before the activation of u, let C1, C2, . . . , Ck be the active connected components adja-
cent to u, indexed so that |C1| ≥ |C2| ≥ · · · ≥ |Ck|. Since u is not a seed, the feasibility of its activation
implies

1 +

k∑
j=1

|Cj | ≥ µ. (1)

First, assume that k ≥ 1. By the choice of u, none of the components C1, . . . , Ck contains a non-seed
vertex with threshold µ. Indeed, every vertex in these components was activated before u, whereas u is
the first non-seed vertex of threshold µ. Consequently, q(C1) ≤ q(U)− 1. The induction hypothesis can
therefore be applied to C1. Hence, the vertices of C1 admit a connected activation sequence using the
original seeds in OPT ∩ C1 and at most q(U)− 1 additional seeds.

After constructing C1, we place u next and add it to the seed set. Since u is adjacent to C1, this
preserves the connectivity of the activation sequence. Note that this step introduces one additional seed.

We next append the components C2, . . . , Ck, one at a time. For each j ≥ 2, choose a vertex of Cj

adjacent to u, and order the vertices of Cj according to a traversal of a spanning tree of the component
Cj rooted at that vertex. This preserves connectivity.
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To verify feasibility, consider a non-seed vertex v ∈ Cj . At the time when v was activated in T ∗, the
active component witnessing its activation was contained in Cj . This follows from the fact that active
connected components may merge during the diffusion process but never split. Therefore, θ(v) ≤ |Cj |.
Moreover, since C1 was chosen as a largest component, |C1| ≥ |Cj |. Before the vertices of Cj are appended,
the connected active set already contains C1 ∪ {u} and thus has cardinality at least θ(v). It follows
that every non-seed vertex of Cj satisfies its activation threshold when it is appended. Hence, all the
components C2, . . . , Ck can be appended without introducing any additional seeds.

After u and all the components C1, . . . , Ck have been included, the connected active set has cardinality
1 +

∑k
j=1 |Cj | ≥ µ by (1). Every remaining non-seed vertex v ∈ U satisfies θ(v) ≤ µ by the definition

of µ. Since G[U ] is connected, the remaining vertices can be appended in an order in which every new
vertex is adjacent to the current connected active set. Their thresholds are therefore satisfied, and no
further seeds are required.

The total number of additional seeds used in this construction is at most q(U).
Now consider the case k = 0. In this case, u has no active neighbor immediately before its activation.

Since u is not a seed, the feasibility of its activation implies µ = 1. We place u first in the new activation
sequence. Since θ(u) = 1, the component consisting only of u is large enough to activate u without
declaring it a seed. Since G[U ] is connected, the remaining vertices of U can then be appended according
to a connected tree rooted at u. Every remaining non-seed vertex has threshold at most µ = 1, and every
original seed can be activated unconditionally. Hence, no additional seed is required.

This completes the induction and proves the claim.
We now apply the claim to U = V . At the end of T ∗, all vertices are active and, since G is connected,

V forms one active connected component. Furthermore, q(V ) ≤ ℓ. Therefore, there exists a connected

activation sequence with associated seed set ÔPT such that

|ÔPT| ≤ |OPT|+ q(V ) ≤ |OPT|+ ℓ.

The next example shows that our additive factor is essentially tight, and hence the dependency on
the parameter ℓ cannot be avoided.

Example 2: Additive Ω(ℓ) factor is needed. We will construct a rooted tree starting from the leaves, and
recursively adding layers on top. We fix ℓ ≥ 2. Let G0 consist of a single node with threshold 1. This
node is considered a root of a trivial tree. For h = 1, . . . , ℓ− 1, construct Gh. We create ℓ disjoint copies
of Gh−1 and add a new root rh, adjacent to the root of each copy. Preserve all existing thresholds and
set

θ(rh) = ℓ |V (Gh−1)|+ 1 = |V (Gh)|.

If we allow disconnected sequences, all vertices activate without seeds by proceeding from the leaves
towards the root, so |OPT| = 0. If instead we require the activation sequence to remain connected, each
level forces an additional seed.

Combining our bound with the already known bound from [17], we get the following refined bound
for instances with minimum threshold ≥ 2.

Theorem 3 Let G = (V,E) be a connected graph with thresholds

2 ≤ θ1 < θ2 < · · · < θℓ.

Let OPT denote the minimum size of a feasible seed set, and let ÔPT denote the minimum size of a seed
set inducing a connected activation sequence. Then

|ÔPT| ≤ min{2|OPT|, |OPT|+ ℓ}.

2.2 Formulations

Goldberg and Liu [17] develop an Integer Programming formulation based on the connectivity assump-
tion. The key observation behind this restriction is that, in a connected activation sequence, the activation
time of a node coincides with the size of the active connected component at the moment of activation.
Indeed, if the active nodes always induce a connected subgraph, then at time step t exactly t nodes are
active, and therefore a node u can activate at time t if and only if t ≥ θ(u) and u is adjacent to the
active component.



Beyond Local Influence 7

This property allows the original diffusion dynamics to be encoded using local connectivity con-
straints. In particular, the diffusion process can be represented through an ordering of the vertices
satisfying suitable adjacency conditions.

Let xi,t be a binary variable such that

xi,t =

{
1 if node vi activates at time step t,

0 otherwise.

The Integer Programming formulation proposed in [17] is the following:

min
∑
i≤n

∑
t<θ(vi)

xi,t

s.t. xi,t ∈ {0, 1}, ∀i, t,∑
t≤n

xi,t = 1, ∀i,

∑
i≤n

xi,t = 1, ∀t,

∑
{vi,vi′}∈E

∑
t′<t

xi′,t′ ≥ xi,t, ∀i, t > 1.

The first set of constraints imposes binary feasibility. The second and third sets of constraints enforce
that the variables define a permutation of the vertices, namely that each node activates exactly once and
exactly one node activates at each time step. Note that these constraints are not necessary for the true
process, but they are fundamental to maintain the correspondence between the size of the connected
component and the activation time. Finally, the connectivity constraints guarantee that every non-initial
activation is adjacent to at least one previously active node, ensuring that the activation sequence remains
connected throughout the diffusion process.

We provide a formulation that, in contrast to the one above, does not impose any connectivity
assumption on the set of active nodes throughout the diffusion process. Here, we denote by N the
cardinality of V . We allow all the seeds to activate together at the beginning of the process, and start
their own active connected components. These components can later merge while new nodes become
active. Our decision variables are the following:

xi,t ∈ {0, 1} (i ∈ V, t ≥ 0),

where xi,t = 1 if node i activates at time t. The equality xi,0 = 1 indicates that node i is initialized
at time zero. The nodes that activate at time 0 with threshold greater than one are counted as seeds,
whereas nodes with threshold one may be initialized without cost.

yi,r,t ∈ {0, 1}, ni,r,t ∈ Z≥0 (i ∈ V, r ∈ {1, . . . , N}, t ≥ 0),

are the additional variables needed to model the diffusion process, taking into account the fact that
different connected components can grow independently over time. In particular, yi,r,t = 1 if node i
belongs to an active connected component labeled by r at time t, while ni,r,t represents the size of the
active component labeled by r adjacent to the node i at time t.
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The formulation is the following:

min
∑
i∈V
θi>1

xi,0 (2)

s.t.
∑
t≥0

xi,t = 1 ∀i ∈ V (3)

∑
i∈V

xi,t ≤ 1 ∀t ≥ 1 (4)

θixi,t ≤
N∑
r=1

ni,r,t ∀i ∈ V, ∀t ≥ 1 (5)

ni,r,t ≤
∑
j∈V

yj,r,t ∀i ∈ V, ∀r = 1, . . . , N, ∀t ≥ 1 (6)

ni,r,t ≤ N
∑

j∈N(i)

yj,r,t ∀i ∈ V, ∀r = 1, . . . , N, ∀t ≥ 1 (7)

N∑
r=1

yi,r,t ≤ 1 ∀i ∈ V, ∀t ≥ 0 (8)

yi,r,t ≤
t∑

t′=0

xi,t′ ∀i ∈ V, ∀r = 1, . . . , N, ∀t ≥ 0 (9)

∑
i∈V

yi,r,0 ≤ 1 ∀r = 1, . . . , N (10)

yi,r,t ≤ yi,r,t−1 +
∑

j∈N(i)

yj,r,t−1 ∀i ∈ V, ∀r = 1, . . . , N, ∀t ≥ 1 (11)

xi,t ∈ {0, 1} ∀i ∈ V, ∀t ≥ 0 (12)

yi,r,t ∈ {0, 1} ∀i ∈ V, ∀r = 1, . . . , N, ∀t ≥ 0 (13)

ni,r,t ∈ Z≥0 ∀i ∈ V, ∀r = 1, . . . , N, ∀t ≥ 1 (14)

The minimization problem is subject to three classes of constraints: activation constraints, namely
constraints (3)–(4), component-labeling constraints, which consist of (8) to (11), diffusion constraints,
(5), (6), and the counting constraint (7).

Proposition 1 The integer programming formulation described above correctly models the Technology
Diffusion Problem allowing disconnected activation sequences.

Proof We first show that any feasible solution to the TD problem can be mapped to a feasible solution
of the integer programming formulation. Let S ⊆ V be a feasible seed set for the TD process, and let T
be an activation sequence induced by S, where T (i) denotes the activation time of node i ∈ V . Since S
is feasible, every node in V is eventually activated.

In order to define the mapping, we first need to align the time horizon of the true activation sequence
with the one of the formulation. Indeed, our formulation is constructed over a time horizon of N2, to
allow the merging of the connected components through successive swaps of the labels of the variables
y.

We map each activation time T (i) of the TD sequence to time N T (i) of the extended horizon. This
leaves N − 1 label-update steps between consecutive activations.

Therefore, the variables are defined as follows:

– We initialize all seeds and all nodes with threshold one at time zero of the formulation. This initial-
ization preserves feasibility: threshold-one nodes activate without any previously active neighbor, and
the original TD process starting from S can activate all of them by its first step. For every i ∈ V and
t ∈ {0, . . . , N2}, we set

xi,t =


1, if t = 0 and (i ∈ S or θi = 1),

1, if i /∈ S, θi > 1, and t = NT (i),

0, otherwise.
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– The variables yi,r,t record the labels assigned to active nodes. We construct the labeling so that,
immediately before each positive-time activation, every active connected component carries a single
label and distinct components carry distinct labels. When an activation merges several components,
their labels are unified during the subsequent label-update steps.
At time t = 0, each seed and each node with threshold one is initialized with its own label. Specifically,
we set

yi,r,0 =

{
1, if r = i and either i ∈ S or θi = 1,

0, otherwise.

At every time, all label variables associated with an inactive node are set to zero.
We first unify the labels within each connected component of the subgraph induced by the nodes
initialized at time zero. We process these components one at a time. For each component, choose one
of its vertices arbitrarily and let r denote its initial label. As long as some vertex of that component
does not carry label r, select, at each label-update step, exactly one such vertex i having a neighbor
j ∈ N(i) with yj,r,t−1 = 1. Set yi,r,t = 1 and yi,r′,t = 0 for every r′ ̸= r. All other vertices retain their
previous label values. Here, N(i) denotes the open neighborhood of i.
Such a vertex always exists until the component is entirely labeled by r, because the component
is connected and the selected representative retains label r throughout the procedure. Once the
component is entirely labeled by r, proceed to the next component. Consequently, the total number
of label changes across all initial components is at most N − 1.
Now let i be a node activated at time NT (i) > 0, and let C1, . . . , Cℓ be the active connected compo-
nents adjacent to i before its activation. Each of these components carries a single, distinct label. We
choose one of these components arbitrarily and we denote its label by r. Unless i is the last remaining
inactive node, we will propagate this label across the other components to unify all of them. At the
activation time of i, we set

yi,r,NT (i) = 1, yi,r′,NT (i) = 0 for every r′ ̸= r.

All the other active nodes maintain their labels at this time step. We use the label-update steps,
starting at NT (i)+1, to propagate label r throughout the newly formed component. As long as some
vertex of this component does not carry label r, select, at each subsequent time step t, exactly one
vertex

j ∈ {i} ∪
ℓ⋃

k=1

Ck

that does not carry label r at time t− 1 and has a neighbor

j′ ∈ N(j) ∩

(
{i} ∪

ℓ⋃
k=1

Ck

)

with yj′,r,t−1 = 1. Set yj,r,t = 1 and yj,r′,t = 0 for every r′ ̸= r. All other vertices retain their previous
label values.
Such a vertex exists whenever the newly formed component is not yet entirely labeled by r, because
this component is connected and the vertices already carrying r retain that label throughout the
procedure. Each vertex that does not initially carry r changes label exactly once. Consequently,
again, at most N − 1 label-update steps are required. Since consecutive positive-time activations are
separated by at least N time steps, relabeling is completed before the next activation. Once relabeling
is complete, variables can retain the same values until the next activation.
After the last activation, retain all label values until the end of the time horizon.

– For every i ∈ V , r ∈ {1, . . . , N}, and t ≥ 1, we set

ni,r,t =


∑
j∈V

yj,r,t, if
∑

j∈N(i)

yj,r,t ≥ 1,

0, otherwise.

Thus, ni,r,t is the number of nodes carrying label r whenever the corresponding component is adjacent
to i, and is zero otherwise.
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We now verify that the variables defined above satisfy all the constraints of the formulation. Since
every node is activated exactly once, Constraint (3) is satisfied. Moreover, the activations of the non-
seed nodes are ordered so that at most one node is activated at each positive time step. Therefore,
Constraint (4) also holds.

By construction, each active node is assigned to exactly one component label. Hence, Constraints (8)
and (9) are satisfied. At time zero, distinct labels are assigned to distinct seed nodes, which gives Con-
straint (10). Furthermore, a node retains its current label or acquires a new one only from a neighboring
node carrying that label at the previous time step. This proves that Constraint (11) is satisfied.

By the definition of ni,r,t, its value is at most the number of nodes carrying label r, so Constraint (6)
holds. Moreover, ni,r,t is positive only if node i is adjacent to at least one node carrying label r. Since
every labeled component contains at most N nodes, Constraint (7) follows as well.

To verify Constraint (5), consider a node i activated at time t ≥ 1, and let C1, . . . , Ck be the active
connected components adjacent to i immediately before its activation. The labeling construction ensures
that these components are represented by distinct labels and that i is assigned to one of them upon
activation. Therefore,

N∑
r=1

ni,r,t = 1 +

k∑
q=1

|Cq|.

Since the given TD activation sequence is feasible, the right-hand side is at least θi, and thus Con-
straint (5) holds. If xi,t = 0, the same constraint is trivially satisfied.

Finally, Constraints (12)–(14) follow directly from the definitions of x, y, and n. Hence, the con-
structed variables form a feasible solution of the integer programming formulation.

Conversely, let (x, y, n) be an integer feasible solution of the IP formulation. We define the corre-
sponding seed set as

S := {i ∈ V : xi,0 = 1, θi > 1}.
Notice that nodes with threshold one can activate for free without requiring any previously active com-
ponent.

We first construct an auxiliary activation-time function T ′ over the extended time horizon, which we
then use to define an activation sequence T for the TD process. By Constraint (3), for every i ∈ V there
exists a unique t ≥ 0 such that xi,t = 1. We define

T ′(i) := t if and only if xi,t = 1.

The values T ′(i) do not need to be consecutive, since the extended time horizon also contains label-update
steps. Let π be a permutation of V such that

π(i) ≤ π(j)⇒ T ′(i) ≤ T ′(j).

Ties among seed nodes activated at time zero are broken arbitrarily. We then define the activation
sequence T by

T (i) := π(i) ∀i = 1, . . . , N.

Thus, T (i) is the position of node i in the activation order obtained from T ′.
We claim that the activation sequence T is feasible for the TD problem. Seed nodes require no

activation condition, while nodes with threshold one can always activate for free. Hence, consider a
non-seed node i with θi > 1, and let t := T ′(i) be its activation time in the extended horizon.

For every time step t, define
At := {j ∈ V : T ′(j) ≤ t}.

At the activation time t = T ′(i) > 0 we have

At = {i} ∪ {j ∈ V : T ′(j) < T ′(i)}.

Let Ct
i denote the connected component containing i in G[At]. We show that |Ct

i | ≥ θi.
For every r ∈ {1, . . . , N}, and t ≥ 0, define the set of active nodes in component r at time t,

Yr,t := {j ∈ V : yj,r,t = 1}.

All nodes in Yr,t belong to the same connected component of G[At]. This follows by induction on t. At
time zero, Constraint (9) and (10) give Yr,0 ⊆ A0 and |Yr,0| ≤ 1. For t ≥ 1, Constraint (11) ensures
that every node in Yr,t either already belonged to Yr,t−1 or is adjacent to a node in Yr,t−1. Moreover,
Constraint (9) guarantees that all these nodes are active at time t.
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Consider now any label r such that ni,r,t > 0. Constraint (7) implies that i is adjacent to at least one
node in Yr,t. Hence, all nodes in Yr,t belong to Ct

i . Furthermore, Constraint (6) gives

ni,r,t ≤ |Yr,t|.

Since Constraint (8) ensures that the sets Yr,t are pairwise disjoint, it follows that

N∑
r=1

ni,r,t ≤ |Ct
i |.

Finally, since xi,t = 1, Constraint (5) yields

θi ≤
N∑
r=1

ni,r,t ≤ |Ct
i |.

Thus, every non-seed node satisfies the TD activation condition at its activation time. Therefore, the
activation sequence defined by T , together with the seed set S, is feasible for the TD problem.

Finally, let (x, y, n) be an optimal solution of the integer programming formulation. The corresponding
TD solution has seed set

S = {i ∈ V : xi,0 = 1 and θi > 1},

and therefore

|S| =
∑
i∈V
θi>1

xi,0 = OPTIP .

Since S is feasible for the TD problem, it follows that

OPTTD = OPTIP .

2.3 Derived formulation for influence maximization

Some simple modifications to the formulation that we proposed for TD allow us to introduce the first
exact IP formulation for the IM problem with component-based spread.

Formally, the problem is as follows: G = (V,E) is, as before, an undirected graph, and θ : V →
{1, . . . , |V |} is the same threshold function as in TD.

Given a budget B ∈ N, the goal is to select at most B initial active nodes, the seeds, in order
to maximize the total number of nodes activated by the diffusion process. Using the operator Spread
associated with the component-based diffusion dynamics, the problem can be written in compact form
as

max
S⊆V

Spread(G,S, θ)

s.t. |S| ≤ B.

As in the TD Problem, this compact formulation depends on the black-box operator Spread, whose
value is obtained by simulating the component-based diffusion process starting from the selected seed set.
Following the same modeling ideas used for TD, our formulation presents the following modifications.

1. Objective function. The objective function becomes

max
∑
i∈V

∑
t≥0

xi,t

representing the total number of nodes that become active during the diffusion process.
2. Modification of the activation-time constraint. Because in IM not all the graph is influenced

at the end, we modify the constraint that forces all nodes to get activated at exactly one time step
(and therefore implies the activation of all the nodes) to∑

t≥0

xi,t ≤ 1

allowing some nodes to never activate.
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3. Introduction of a budget constraint on seed nodes. In the IM problem, the number of ini-
tially activated nodes is bounded by a prescribed budget parameter B. This is modeled through the
additional constraint ∑

i∈V
θi>1

xi,0 ≤ B.

This constraint guarantees that at most B seed nodes can be selected at the beginning of the diffusion
process.

All the remaining constraints stay unchanged, since they continue to describe the evolution of the
component-based activation dynamics over time.

2.4 Empirical benefits of allowing disconnected activation sequences

We conclude this section by showing some experiments on small graphs that clearly show that the gap
between the connected and the disconnected setting comes out in practice.

Following the experimental baseline of Goldberg and Liu [17], we generate preferential-attachment
graphs in which each newly added vertex creates a degree chosen randomly from {1, 2, 3, 4}. For a fixed
parameter c, node thresholds are sampled from{

max{2, c}, 2c, 3c, . . . ,min
{⌈n

c

⌉
c, n
}}

.

We compare our formulation for possibly disconnected activation sequences with Goldberg–Liu’s
formulation for connected activation sequences. We also report the theoretical upper bound,

min{2OPT,OPT + ℓ}.

To reduce the size of our new formulation, we introduced an upper bound on the number of labels
that are initialized: exploiting the fact that a connected activation sequence always provides an upper
bound on the real optimum of the problem, we first solved the formulation from Goldberg and Liu [17],
and then used their solution to upper bound the number of labels r in our formulation, significantly
reducing the number of variables that the solver would have to manage. Despite this, the substantially
larger formulation required to model unrestricted activation sequences forced us to consider instances of
relatively small size. Experiments are conducted on graphs with n ∈ {6, 8, 10, 12, 15, 20}.

Figure 1 reports the average seed-set size obtained for different graph sizes and threshold parame-
ters c. The red line represents the optimum value of the unrestricted formulation, while the green line
corresponds to Goldberg–Liu’s IP formulation. The black line shows the theoretical upper bound.

Even on small instances, the tests confirm that connectivity has a nonzero cost. We can observe that
on these instances, the empirical price of connectivity is smaller than the worst-case increase allowed by
the theoretical guarantee. The bound appears conservative, but it provides an estimate of the range in
which disconnected activation sequences must lie and can be used as a cutoff to restrict the label space
of the IP model.

3 Direct search algorithms for IM and TD

In this section, we introduce two algorithms. The first is tailored to explore the network for the IM
problem using the TD propagation model. Building upon this framework, the second algorithm extends
the approach to directly solve the TD problem.

The use of these zeroth-order procedures is motivated by the size and structure of the exact IP
formulations introduced in the previous section. Indeed, although the IP models provide an explicit
algebraic description of the component-based diffusion process, they require a large number of variables
and constraints. Let n = |V |, let τ denote the number of time steps considered in the formulation, and let
R be the number of component labels used to track active connected components. The TD formulation
contains activation variables xi,t, component-label variables yi,r,t, and auxiliary variables ni,r,t measuring
the size of the component labeled by r that is visible from node i at time t. Therefore, the number of
variables is of order O(nRτ). Since, in the worst case, up to R = O(n) component labels may be needed,
and the time horizon may have to be enlarged in order to model the evolution and merging of connected
components, the resulting formulation can become very large. In particular, when τ = O(n2), the number
of variables is of order O(n4).
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Fig. 1 Average seed-set size obtained by the unrestricted formulation, the Goldberg–Liu formulation for connected activa-
tion sequences, and the theoretical upper bound min{2OPT,OPT + ℓ}, for different graph sizes and threshold step-length
parameters c.

A similar estimate holds for the number of constraints. Besides the assignment and activation con-
straints, the formulation must include constraints enforcing component membership, component visibility,
component-size accounting, and the propagation of component labels over time. These constraints are
again indexed by nodes, component labels, and time steps, leading to a number of constraints of order
O(nRτ), which can also reach O(n4) in the worst case.

The exact IP formulation for the IM problem has essentially the same structural complexity. The
full-activation constraint of TD is replaced by a budget constraint on the number of seeds, and the
objective is changed so as to maximize the total number of activated nodes. However, the model still has
to describe the same component-based diffusion dynamics, and therefore it requires the same families of
activation, component-label, and component-size variables. Hence, also in the IM case, the number of
variables and constraints grows as O(n4).

These size estimates explain why the exact formulations are mainly useful for modeling purposes
and for solving small or moderate-size instances. For larger networks, directly solving the IP models
with general-purpose solvers becomes computationally challenging. This motivates the development of
zeroth-order approaches that treat the diffusion process as an evaluation oracle. Therefore, to support
both algorithms, it is first necessary to develop a procedure capable of simulating the diffusion process
according to the rules defined in Section 1.3. This diffusion evaluation algorithm serves as the foundation
for assessing the effectiveness of candidate solutions to both the TD and IM problems, and is presented
in Algorithm 1.

3.1 Component-Aware Direct Search

Having introduced the diffusion evaluation procedure in Algorithm 1, we now present a direct search
approach for the IM problem under the TD model described in Section 1.3. The proposed method, referred
to as the Component-Aware Direct Search (COaDS) algorithm, is reported in Algorithm 2. Starting
from an initial seed set, COaDS iteratively explores candidate solutions belonging to suitably defined
neighborhoods of the current incumbent. Each candidate is evaluated by applying the diffusion procedure
described in Algorithm 1, and the incumbent is updated whenever a strictly improving candidate is
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Algorithm 1 Connected Component Spread
Require: Graph G = (V,E), seed set S ⊆ V , thresholds θ
1: active[v]← 1 if v ∈ S, and active[v]← 0 otherwise
2: repeat
3: prev← active
4: Find the connected components C1, . . . , Cq of the active subgraph using DFS
5: Assign id[u]← k for each u ∈ Ck, and record |Ck|
6: for each v ∈ V such that prev[v] = 0 do
7: K(v)← {id[u] : u ∈ NG(v), prev[u] = 1}
8: if

∑
k∈K(v)

|Ck| ≥ θv − 1 then

9: active[v]← 1
10: end if
11: end for
12: until active = prev

13: return active,
∑
v∈V

active[v]

identified. The method therefore operates exclusively through objective-function evaluations, without
requiring gradient information or surrogate models. Its distinguishing feature is that both candidate
generation and neighborhood exploration exploit the topology of the underlying graph, with the aim of
identifying promising modifications while limiting the number of diffusion evaluations.

The procedure begins from an initial seed set S(0) ⊆ V satisfying |S(0)| = B. Any constructive
heuristic can be used to generate this solution. In the computational experiments, S(0) is obtained using
the best-performing heuristic among those considered in Section 4. Its diffusion spread is then computed
as s(0) = Spread(G,S(0), θ), and S(0) becomes the first incumbent solution.

COaDS is controlled by the parameters ζ, δ, d, ρmax, νmax, and λmin. The parameter ζ > 0 determines
the sufficient-increase threshold used as an opportunistic stopping criterion during neighborhood explo-
ration, while δ ∈ (0, 1) controls the progressive reduction of this threshold. The POLL phase explores
solutions at L1 distance at most 2d from the incumbent, where d ∈ N. The parameter ρmax ∈ N limits
the maximum graph distance considered during the Marginal Gain Phase, whereas νmax ∈ N bounds the
number of candidates whose diffusion spread is fully evaluated at each search radius.

The parameter λmin ∈ 0, . . . , B specifies the minimum connectivity requirement imposed on candidate
solutions. This parameter is introduced to enforce a prescribed degree of connectivity within the seed
set, as preliminary computational tests indicated that such a restriction is beneficial in practice. For a
seed set S, λ(S) denotes the size of the largest connected component of the subgraph induced by S. A
candidate seed set is feasible only if λ(S) ≥ λmin. Setting λmin = B requires the entire seed set to induce
a connected subgraph, whereas λmin = 0 removes the connectivity requirement.

At each iteration r, before entering the POLL phase, COaDS performs a Marginal Gain Phase
designed to identify promising modifications of the incumbent solution by exploiting the topology of
the graph. Let S(r) denote the current incumbent seed set. For each seed node u ∈ S(r), the algorithm
considers nodes at increasing graph distance ρ from u, with ρ = 1, . . . , ρmax.

For each candidate node v /∈ S(r) located at distance ρ from u, the algorithm computes the score

∆(v) =
∣∣{w ∈ NG(v) : θw ≤ ρ }

∣∣, (15)

where NG(v) denotes the set of neighbors of v. The score ∆(v) counts the neighbors of v whose thresholds
do not exceed the current exploration radius. Candidates with larger values of ∆(v) are regarded as more
promising, since their selection may facilitate the activation of a larger number of nearby nodes. To limit
the number of expensive diffusion simulations, at most the νmax highest-ranked candidates are fully
evaluated for each value of ρ.

For each selected candidate v, the algorithm identifies a closest seed node u ∈ S(r) and computes a
shortest path P (v, u) connecting them. The nodes of this path that do not already belong to S(r) are
inserted into the candidate seed set. To preserve the cardinality constraint, the same number of incumbent
seeds outside the newly added path are removed, yielding a candidate set S′ satisfying |S′| = B. The
removals are selected so that the connectivity condition λ(S′) ≥ λmin is preserved. If no seed set satisfying
both the cardinality and connectivity requirements can be constructed, the candidate is discarded without
evaluating its diffusion spread.

The feasible candidates are evaluated in decreasing order of ∆(v). The Marginal Gain Phase termi-
nates as soon as a candidate satisfying the sufficient-increase condition is identified. Otherwise, once all
candidates up to radius ρmax have been considered, the algorithm proceeds to the POLL phase. After
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every update of the incumbent solution, the Marginal Gain Phase is performed again before the next
POLL phase.

If the Marginal Gain Phase does not identify a sufficiently improving candidate, COaDS enters
the POLL step, which constitutes the standard local exploration routine of the direct search method.
The POLL step is divided into two phases. The first phase explores a small and strongly localized
neighborhood of the incumbent and is intended to identify improving solutions at a limited computational
cost. The second phase considers a substantially larger neighborhood and is therefore more expensive. In
practice, the algorithm is designed to avoid entering this second phase during most iterations; it is mainly
used near the end of the search to verify local optimality with respect to the prescribed neighborhood.

To define the two POLL neighborhoods, let z ∈ {0, 1}n be the incidence vector of the current seed
set and define

N(z, 2d) =
{
y ∈ {0, 1}n : 0 < ∥y − z∥1 ≤ 2d,

∑
i∈V

yi = B
}
, (16)

where d ∈ N. Since all feasible solutions contain exactly B selected nodes, their mutual L1 distance is
always even. In particular, a distance of at most 2d corresponds to replacing at most d incumbent seeds
with the same number of non-selected nodes.

The localized component of the search is described by

C(z) =
{
y ∈ {0, 1}n : ∀i ∈ V, yi = 1⇒

(
zi = 1 ∨NG(i) ∩ S(z) ̸= ∅

)
,
∑
i∈V

yi = B
}
. (17)

The neighborhood explored during the first POLL phase is

N1(z) =
{
y ∈ N(z, 2) ∩ C(z) : λ(S(y)) ≥ λmin

}
, (18)

where S(y) = i ∈ V : yi = 1.
If Phase 1 does not produce a sufficiently improving solution, the algorithm enters the second POLL

phase and explores
N2

d (z) =
{
y ∈ N(z, 2d) : λ(S(y)) ≥ λmin

}
. (19)

Unlike N1(z), the expanded neighborhood N2
d (z) is not restricted by C(z) and may therefore include

replacements involving nodes that are not adjacent to the incumbent seed set. It contains all feasi-
ble solutions obtainable through at most d simultaneous seed substitutions. This broader exploration
increases the ability of the method to escape configurations that are locally optimal with respect to
one-swap moves, but its size grows rapidly with d. For this reason, Phase 2 is invoked only after both
the Marginal Gain Phase and the first POLL phase have failed, and its main role is to provide a final,
stronger local-optimality check.

At the end of each iteration, the algorithm performs a termination check based on the candidates
examined during the Marginal Gain and POLL phases. Let S′ be the best improving candidate identified
during the iteration, and let

s′ = Spread(G,S′, θ). (20)

A candidate is said to provide a sufficient increase if

s′ > (1 + ζ)s(r), (21)

where ζ > 0 is the current sufficient-increase parameter. This condition is used throughout the Marginal
Gain and POLL phases as an opportunistic stopping rule: as soon as a candidate satisfying (21) is found,
the remaining candidates in the current iteration need not be evaluated.

If the iteration produces a candidate satisfying s′ > s(r), the incumbent is updated according to

S(r+1) = S′, s(r+1) = s′. (22)

When the improvement is positive but does not satisfy the sufficient-increase condition, the candidate is
still accepted, but the requirement is relaxed by setting

ζ ← δζ, (23)

where δ ∈ (0, 1). This reduction progressively weakens the sufficient-increase threshold, allowing smaller
improvements to trigger early termination as the search approaches a locally optimal solution. After
updating the incumbent, the iteration counter is increased and the algorithm restarts from the Marginal
Gain Phase.

If neither the Marginal Gain Phase nor either phase of the POLL step identifies a strictly improving
candidate, the current incumbent is locally optimal with respect to the neighborhoods explored by the
algorithm, and the search terminates. The procedure also stops when the prescribed computational time
limit is reached, in which case the best incumbent solution found so far is returned.
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Algorithm 2 Component-Aware Direct Search (COaDS) Method

Require: Graph G = (V,E), thresholds θ, seed-set size B, parameters ζ > 0, δ ∈ (0, 1), d ∈ N, maximum radius ρmax,
maximum number of evaluated candidates per radius νmax, and minimum connectivity requirement λmin

1: Initialization: Let S(0) ⊆ V be a suitably chosen seed set such that |S(0)| = B. Set s(0) ← Spread(G,S(0), θ) and
r ← 0.

2: Marginal Gain Phase: For each radius ρ = 1, . . . , ρmax, rank the candidate nodes at distance ρ from S(r) accord-
ing to their marginal-gain score ∆(v). Consider at most the νmax highest-ranked candidates and, for each of them,
construct a feasible candidate seed set S′. Evaluate Spread(G,S′, θ) and retain the best improving candidate found. If
Spread(G,S′, θ) > (1 + ζ)s(r), terminate the phase and go directly to the termination check.

3: POLL step (Phase 1): Let z(r) be the incidence vector of S(r). Evaluate the seed sets S(y) for y ∈ N1(z(r)), retaining
the best improving candidate found. If a candidate satisfies the sufficient-increase condition, terminate the POLL step
and go directly to the termination check. If no such candidate is found after exhausting N1(z(r)), proceed to Phase 2.

4: POLL step (Phase 2): Evaluate the seed sets S(y) for y ∈ N2
d (z

(r)), retaining the best improving candidate found.
Terminate the phase when a candidate satisfying the sufficient-increase condition is found or when the neighborhood
has been exhausted.

5: Termination check: Let S′ be the best candidate identified during the current iteration and set s′ ← Spread(G,S′, θ).
If s′ > s(r), set S(r+1) ← S′ and s(r+1) ← s′. If s′ ≤ (1 + ζ)s(r), also set ζ ← δζ. Set r ← r + 1 and return to the
Marginal Gain Phase. If no improving candidate has been identified, terminate the search.

6: return S(r)

3.2 COaDS binary search for TD

The TD problem requires finding a minimum-cardinality seed set that activates the whole network.
Instead of tackling this minimization problem directly, we exploit the IM version of the component-
based diffusion model as a subroutine. The idea is to fix a candidate seed-set cardinality and use COaDS
to search for a seed set with maximum spread under that budget. This transforms the TD problem into
a sequence of fixed-budget spread-maximization problems.

The detailed scheme of the proposed procedure is reported in Algorithm 3. The algorithm embeds
COaDS within a binary-search strategy on the seed-set cardinality. More specifically, for a given cardi-
nality B, COaDS is applied to identify a seed set of size B that maximizes the diffusion spread. The
solution returned by COaDS is then evaluated with respect to the TD goal, namely whether it activates
the entire graph.

The binary-search strategy is motivated by the monotonicity of the diffusion process with respect to
the seed set. Adding nodes to the initial seed set cannot indeed decrease the final number of activated
nodes. Therefore, if full activation is achieved with B seeds, then all larger cardinalities are also feasible.
Conversely, in an exact setting, if no feasible seed set of cardinality B exists, then no smaller cardinality
can be feasible either. Hence, this property makes it possible to search over seed-set cardinalities by up-
dating lower and upper endpoints, rather than testing all possible values sequentially. In our algorithm,
however, the second implication has to be interpreted carefully. Since COaDS is a heuristic procedure,
its failure to find a feasible seed set of size B does not constitute a formal certificate of infeasibility for
that cardinality. Thus, the update of the lower bound is heuristic in nature. Nevertheless, this strat-
egy is effective in practice and allows the method to focus the search on the most promising range of
cardinalities.

The procedure is initialized with a feasible seed set SH generated by the best-performing heuristic.
Since SH activates the whole graph, its cardinality provides an initial upper bound on the optimal TD
value. We denote by BL and BU the current lower and upper endpoints of the search interval, respectively.
Moreover, S∗ denotes the best feasible solution found so far, and B∗ = |S∗| denotes its cardinality.

At each iteration, the algorithm tests the midpoint of the current search interval, defined as

B =

⌊
BL +BU

2

⌋
.

A seed set S(0) of cardinality B is first generated by the heuristic and then used as the initial solution
for COaDS. Let SB be the seed set returned by COaDS. If

Spread(G,SB , θ) = |V |,

then SB is feasible for the TD problem. In this case, the incumbent solution is updated by replacing S∗

with SB and setting B∗ = B. Since a feasible solution with cardinality B has been found, the algorithm
then continues the search on smaller cardinalities.

If full activation is not achieved, the algorithm exploits the information returned by the diffusion
simulation to construct a feasible solution. Let

A(G,S, θ) ⊆ V
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denote the final set of nodes activated by the diffusion process starting from a seed set S, and let

I(G,S, θ) = V \A(G,S, θ)

be the set of nodes that remain inactive after propagation. Starting from the solution SB returned by
COaDS, a feasible TD solution can always be obtained by adding all inactive nodes directly to the seed
set. Accordingly, the algorithm defines

Sext = SB ∪ I(G,SB , θ)

and

Bext = B + |I(G,SB , θ)| .

The set Sext is feasible for TD because all nodes that are not activated by SB are added directly as
seeds. Hence, every node is either activated through the diffusion process or selected in the augmented
seed set, so Bext provides a valid upper bound on the optimal TD value. If this bound improves the
current incumbent, that is, if Bext < B∗, the incumbent solution is replaced by Sext and the incumbent
value is updated to Bext. Moreover, since a feasible solution of size Bext is now known, the remaining
search interval can be tightened by setting the upper bound to min{BU, Bext − 1}, since cardinalities
at least Bext cannot improve the current best solution. Finally, due to the COaDS failure, the current
budget B is discarded and the search continues on larger cardinalities by updating the lower bound to
B+1. The procedure terminates once there are no cardinalities left to test, that is, when the lower bound
becomes larger than the upper bound. At that point, all relevant budgets have either been discarded or
used to improve the incumbent, and the algorithm returns the best feasible seed set identified during the
search.

Algorithm 3 COaDS Binary Search for Technology Diffusion
Require: Graph G = (V,E), thresholds θ
1: Compute s∅ ← Spread(G, ∅, θ)
2: if s∅ = |V | then
3: return ∅, 0
4: end if
5: Generate a feasible heuristic solution SH

6: S∗ ← SH, B∗ ← |SH|
7: BL ← 1, BU ← B∗ − 1
8: while BL ≤ BU do
9: B ← ⌊(BL +BU)/2⌋
10: Generate a heuristic seed set S(0) such that |S(0)| = B
11: Apply COaDS with budget B, starting from S(0), and let SB be the resulting seed set
12: if Spread(G,SB , θ) = |V | then
13: S∗ ← SB , B∗ ← B
14: BU ← B − 1
15: else
16: IB ← I(G,SB , θ)
17: Sext ← SB ∪ IB
18: Bext ← B + |IB |
19: if Bext < B∗ then
20: S∗ ← Sext, B∗ ← Bext

21: end if
22: BU ← min{BU, Bext − 1}
23: BL ← B + 1
24: end if
25: end while
26: return S∗, B∗

Theorem 4 Let {z(r)} and {s(r)} be the sequences of incumbent solutions and spread values generated
by COaDS for a fixed budget B. Assume λmin = 0. Then for any fixed d ≥ 1, the algorithm produces a
d-swap local maximum in finite time, namely a solution z(r̄) such that

s(r̄) ≥ Spread
(
G,S(y), θ

)
∀y ∈ N

(
z(r̄), 2d

)
.

Proof Let z(r̄) be the output of COaDS. Since λmin = 0, the final POLL step ensures that every point
y in the neighborhood N(z(r̄), 2d) has been evaluated and that no such point has spread greater than
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s(r̄). This guarantees that z(r̄) is a d-swap local maximum. If the algorithm returns upon reaching full
spread, the same conclusion follows directly from s(r̄) = n.

To prove that COaDS produces the sequence {z(r)} in finite time, observe that

s(0) < s(1) < · · · < s(r̄),

since every accepted incumbent update strictly increases the spread. Thus, no incumbent solution is
visited twice. Furthermore, the fixed-budget domain contains only finitely many seed sets, so the sequence
of incumbents is finite. Each iteration examines finitely many candidates, and each diffusion evaluation
terminates on the finite graph. Therefore, the algorithm terminates in finite time.

Remark 1 Algorithm 3 uses COaDS as an imperfect oracle for the fixed-budget component-spread sub-
problem. Although finding full spread certifies that a budget is feasible for TD, failure to find full spread
does not prove that the budget is infeasible. Consequently, the binary-search update of the lower endpoint
may discard a feasible budget, including the optimal one. The local convergence of COaDS therefore does
not guarantee convergence of the outer procedure to a globally optimal TD solution.

4 Numerical results

In this section, we present numerical experiments conducted on the TD problem. The objective is to
demonstrate that the proposed algorithm scales significantly better to large networks than traditional
approaches, such as greedy algorithms and integer programming formulations solved by commercial
optimization solvers. At the same time, we show that it consistently outperforms existing heuristic
methods on these larger instances.

All methods and experiments were implemented in Python. The source code for both the algorithms
and the experimental framework is publicly available at https://github.com/Berga53/technology-d
iffusion. All experiments in this section were conducted on a machine equipped with an Apple M4
chip (10-core CPU and 16 GB of unified memory).

The numerical tests focused on synthetic instances generated through a preferential attachment mech-
anism. The choice of this model is motivated by its ability to reproduce highly heterogeneous degree
distributions, a characteristic commonly observed in real-world social, communication, and technological
networks. Such topological features are particularly relevant in diffusion processes, where highly con-
nected nodes may play a crucial role in the propagation dynamics. Starting from a small initial graph,
nodes are added sequentially and connected to existing vertices with probability proportional to their
degree. Six network sizes were considered, corresponding to n ∈ {200, 400, 600, 1000, 2000, 4000}.

Given a parameter c, threshold values were sampled uniformly from the set{
max{2, c}, 2c, 3c, . . . ,min

{⌈n
c

⌉
c, n
}}

.

This construction yields heterogeneous activation requirements while preserving a consistent scaling
with the network size. The parameter c controls the granularity of the threshold distribution and the
minimum activation requirement, thereby generating instances with different diffusion characteristics.
For the experiments we considered c ∈ {1, 5, 10, 20}.

For each combination of n and c, 25 independent instances were generated, resulting in a total of 600
benchmark instances.

The proposed COaDS algorithm is compared against several approaches for the TD problem.

– Heuristic methods:
– Degree: selects nodes in decreasing order of degree.
– Degree Threshold: selects nodes in decreasing order of the product between degree and thresh-

old.
– Betweenness: selects nodes in decreasing order of betweenness centrality.
– Degree Discount: selects nodes according to the discounted-degree strategy proposed in [8],

where the degree is computed on the subgraph induced by inactive nodes.
– Degree Connected: selects nodes in decreasing order of degree among those connected to the

currently active nodes.
– Greedy approximation algorithm: the approximation algorithm proposed in [21].
– Goldberg and Liu formulation [17]: the integer programming formulation proposed by Goldberg

and Liu, solved using Gurobi.

https://github.com/Berga53/technology-diffusion
https://github.com/Berga53/technology-diffusion
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(a) n = 200 (b) n = 400

(c) n = 600 (d) n = 1000

(e) n = 2000 (f) n = 4000

Fig. 2 Evolution of the mean incumbent seed-set cardinality over time for different graph sizes. For each fixed value of n,
the curves are averaged over all corresponding benchmark instances. The vertical dashed line denotes the computational
time limit.

Performance is evaluated in terms of both solution quality, measured by the cardinality of the resulting
seed set, and computational efficiency. To ensure a fair comparison, all methods are executed under the
same computational budget, with a time limit equal to n seconds for an instance containing n nodes.
When a method does not find a feasible solution within the available computational resources, its solution
value is set to B = n. This corresponds to the worst possible value and ensures that unsuccessful runs
are retained in all aggregate comparisons.

Figure 2 reports the evolution of the mean incumbent value over time for each graph size. For every
method, the curve is initialized at n and decreases whenever a better feasible seed set is found on one
or more instances. The heuristic methods identify their final solutions very rapidly, generally within the
first seconds, but their curves subsequently remain constant. Among them, the degree-threshold heuristic
consistently provides the best final solutions, whereas degree, degree-discount, degree-connected, and
betweenness produce similar and substantially larger seed sets.

The COaDS-based binary-search procedure exhibits a different anytime behavior. Its first improve-
ments are obtained later than those of the constructive heuristics, since each candidate cardinality
requires solving an associated IM problem. Nevertheless, after the initial search phase, its incumbent
value decreases sharply and eventually becomes smaller than that of all the heuristic methods for every
graph size. COaDS also continues to improve during the remaining computational budget, showing that
the additional running time is effectively exploited to refine the solution rather than merely retaining an
incumbent found at the beginning of the execution.
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Fig. 3 Mean seed-set cardinality obtained by each method as a function of the number of nodes. The vertical axis is shown
on a logarithmic scale.

For the smaller instances, the approximation algorithm is the closest competitor to COaDS. In par-
ticular, for n = 200, 400, and 600, it eventually reaches mean seed-set cardinalities comparable to those
obtained by COaDS, although it generally requires a substantial portion of the available time. As the
graph size increases, however, its performance deteriorates rapidly. For n = 1000, COaDS already attains
a better final mean value, while for n = 2000 the approximation algorithm remains far from the solutions
produced by COaDS at the end of the time limit. For n = 4000, the approximation algorithm does not
find any feasible solution within the available computational budget.

The formulation of Goldberg and Liu is competitive only on the smallest instances. Its computational
requirements increase rapidly with the graph size, and the quality of the incumbents obtained within
the prescribed time budget deteriorates already for the intermediate sizes. From n = 1000 onward, the
formulation can no longer be effectively applied because of its excessive computational and memory
requirements. This behavior highlights the limited scalability of the exact formulation on the considered
benchmark.

The aggregate results in Figure 3 confirm these observations. The mean cardinality returned by all
methods increases with the number of nodes, but the rate of deterioration differs considerably. The
heuristic methods scale approximately in proportion to the graph size and preserve a large gap from the
best solutions. The degree-threshold heuristic remains the strongest heuristic baseline, but its gap with
respect to COaDS widens as n increases.

The approximation algorithm performs well on the smaller and medium-sized graphs, but its mean so-
lution value grows sharply for the largest instances. This behavior is partly explained by the more difficult
instances associated with small values of c, on which the approximation algorithm becomes increasingly
expensive and is unable to complete enough iterations within the available time. Similarly, the Gold-
berg–Liu formulation cannot be effectively applied from n = 1000 onward because of its computational
and memory requirements.

By contrast, COaDS maintains the lowest mean cardinality for every tested graph size and exhibits
a substantially slower growth in solution size. In particular, it continues to find feasible solutions for
n = 4000, while both the approximation algorithm and the integer programming formulation are assigned
the value B = n.

Figure 4 reports the aggregate performance profiles based on seed-set cardinality. This representa-
tion compares the algorithms over the entire benchmark without directly averaging cardinalities from
instances of different sizes. For each algorithm s and instance i, the performance ratio is defined as

rs,i =
Bs,i

mins′ Bs′,i
,

and the corresponding performance profile is

ρs(τ) =
|{i ∈ I : rs,i ≤ τ}|

|I|
.
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Fig. 4 Aggregate performance profiles based on seed-set cardinality over all benchmark instances. For a performance ratio
τ , ρs(τ) denotes the fraction of instances on which algorithm s returns a seed set whose cardinality is at most τ times the
best observed cardinality for that instance.

Therefore, ρs(1) is the fraction of instances on which algorithm s attains the best observed solution,
while a profile closer to the upper-left corner indicates stronger and more robust performance.

COaDS clearly dominates the other methods. It attains the best observed cardinality on a large
majority of the instances and reaches ρs(τ) = 1 for a performance ratio only slightly larger than one.
Thus, even when COaDS does not return the best observed solution, its cardinality remains close to it.

Degree Threshold is the strongest heuristic according to the profile. Nevertheless, it is best only
on a small fraction of the instances and requires considerably larger values of τ to cover the complete
benchmark. Degree, Degree Discount, Degree Connected, and Betweenness have similar profiles and are
generally several times worse than the best observed solution.

The approximation algorithm is competitive on part of the benchmark and attains the best observed
solution on a non-negligible fraction of the instances. However, its profile contains a long plateau and
reaches the largest values of τ only after a marked increase, reflecting its loss of effectiveness on the larger
instances. In particular, on the n = 4000 instances it does not find a feasible solution and is therefore
assigned the value B = n.

The Goldberg and Liu formulation has the weakest overall profile. It is competitive on a small fraction
of the smallest instances, but from n = 1000 onward it does not find a feasible solution within the available
computational resources and is assigned the value B = n. Its profile therefore reflects both the solution
quality obtained on the smaller graphs and the loss of effectiveness on larger networks.

To examine the dependence of solution quality on both the graph size and the threshold parameter,
Figure 5 reports the average relative gap for each pair (n, c). Let Bs,i denote the seed-set cardinality
returned by algorithm s on instance i, and define

Bmin
i = min

s′
Bs′,i.

The relative gap of algorithm s on instance i is given by

gs,i = 100
Bs,i −Bmin

i

Bmin
i

.

The heatmap reports the mean value of gs,i over the 25 instances generated for each pair (n, c). As
described above, when a method does not find a feasible solution within the available computational
resources, its solution value is set to B = n.

COaDS exhibits the smallest average relative gaps in almost all configurations. Its gaps remain close
to zero for the smaller graphs and remain substantially below those of the competing methods as the
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Fig. 5 Average relative gap in seed-set cardinality for each algorithm and each pair (n, c). For each instance, the gap is
computed with respect to the smallest seed-set cardinality obtained by any of the considered methods. Each cell reports
the average over the 25 instances associated with the corresponding pair (n, c). The color scale is logarithmic.

network size increases. For n = 4000, COaDS attains a zero average gap for every value of c, meaning
that it returns the best observed solution on all corresponding benchmark groups. This does not establish
optimality, since the comparison is made with respect to the best solution found by the tested methods,
but it shows that COaDS remains effective in the regime where the more computationally demanding
competitors fail.

The heuristic methods exhibit considerably larger gaps. Degree Threshold, Degree, Degree Discount,
Degree Connected, and Betweenness return solutions several times larger than the best observed ones
on most configurations and display very similar behavior across the benchmark.

The heatmap also reveals a marked sensitivity of the approximation algorithm to the threshold pa-
rameter c. For larger values of c, it remains competitive on several small and medium-sized configurations
and occasionally obtains solutions close to the best observed value. Its gaps are much larger for c = 1,
however, and increase sharply with the graph size. On the n = 4000 instances, the approximation algo-
rithm does not find a feasible solution for any value of c, producing very large relative gaps.

The Goldberg and Liu formulation exhibits an even stronger loss of scalability. It is competitive only
on the smallest instances, while from n = 1000 onward it does not find a feasible solution within the
available computational resources. Its behavior is dominated by the graph size, with large relative gaps
across all values of c once the formulation ceases to find feasible solutions.

Overall, the incumbent histories, aggregate mean cardinalities, aggregate performance profile, and
relative-gap heatmap lead to consistent conclusions. COaDS provides the best compromise between
solution quality and scalability among the considered methods. The heuristic approaches remain compu-
tationally inexpensive but return substantially larger seed sets, the approximation algorithm is strongly
affected by both the graph size and the threshold parameter, and the Goldberg and Liu formulation
becomes ineffective beyond the smallest benchmark instances.

5 Conclusion

In this work, we studied component-based diffusion processes on networks, focusing on the Technology
Diffusion problem and on the related Influence Maximization problem induced by the same propaga-
tion dynamics. We first investigated the role of connected activation sequences, a structural assumption
commonly used in previous studies. We showed that restricting the diffusion process to connected acti-
vation sequences can require additional seed nodes compared with unrestricted diffusion processes, and
provided a refined theoretical characterization of this gap. Our results clarify the limitations of enforcing
connectivity and motivate the study of diffusion processes where active components are allowed to evolve
and merge without such constraints.

We then introduced new exact integer programming formulations for the diffusion problems under
analysis that do not rely on connected activation sequences. These formulations provide a direct repre-
sentation of the component-based diffusion dynamics and allow the unrestricted problem to be analyzed
through mathematical programming tools. However, the resulting models have a large number of vari-
ables and constraints, limiting their applicability to small and moderate-size instances. Computational
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experiments on some toy problems, however, confirm that allowing disconnected activation sequences
can lead to improved solutions compared with connectivity-based formulations.

Finally, motivated by the computational limitations of existing approaches, we developed a Component-
Aware Direct Search method (COaDS) with the goal of addressing larger-scale instances than those pre-
viously considered in the literature. Indeed, by treating the diffusion process as a black-box procedure and
exploiting both the network structure and the component-based activation mechanism, COaDS efficiently
explores the feasible seed sets. Experimental results on preferential-attachment networks showed that the
proposed approach obtains high-quality solutions and outperforms the considered integer-programming,
heuristic and approximation baselines.

Future work may focus on further improving the scalability of component-aware search strategies,
investigating additional structural properties of component-based diffusion, and extending the approach
to broader classes of network diffusion models.
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