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Abstract

We study stochastic optimization with a completely unobserved target distribution and sam-
ples from related source distributions. Treating the sources and the target as independent draws
from a common meta-distribution, we propose Wasserstein-metric meta-distribution support
learning (MDSL). The model jointly learns the center and radius of a Wasserstein ball, with
an exclusion parameter controlling the fraction of sources left outside. We identify a geometric
failure of kernel-embedding-based descriptions, whose enclosing balls can admit arbitrarily dis-
persed distributions and produce infinite worst-case costs. The proposed MDSL is convex and
admits a strong-duality formulation whose inner problem is a weighted Wasserstein barycenter
of the sources. For a finitely supported learned center, standard Wasserstein duality yields a
convex robust decision problem with separable inner maximizations. We connect these two
stages through heuristics informed by MDSL: support distributions, their weights and optimal
transport plans generate candidate scenarios for a finite convex initialization problem, while
transport directions and available loss gradients guide search priorities. Cached candidates seed
subsequent inner searches and are augmented by newly found adverse scenarios. On a compact
observation space, we establish source-estimation perturbation bounds and, under quadratic
growth, stability bounds for the center and admissible radius interval. We also derive out-of-
distribution coverage and decision-performance guarantees for margin-enlarged balls, separating
uncertainty from finitely many sources and finitely many observations per source. Under stated
complexity and sampling conditions, coverage is asymptotically at least one minus the exclusion
level as the enlargement vanishes. The framework thus links distributional support learning with

robust optimization through both a learned uncertainty set and reusable transport information.

1 Introduction

Stochastic programming addresses decisions that must be made before the relevant randomness is
resolved. Let = be the space in which the uncertain data & take their values, and let P(Z) denote
the collection of all probability measures supported on it. A stochastic program then selects a

decision x € X that minimizes the expected cost incurred under some law P € P(=):

min Ber{f(x€)} (11)



where f is the cost function and the expectation is taken over & ~ IP (Shapiro et al., 2021). With P
in hand (1.1) would be unremarkable; the difficulty is that P is precisely what the decision maker
does not have. The customary substitute is an empirical measure assembled from whatever samples
are available, an approach known as the sample average approximation, and its weakness is well
documented: the resulting in-sample optimum is systematically optimistic. Distributionally robust
optimization (DRO) responds by refusing to commit to any single substitute law and hedging

instead against a whole family of them (Kuhn et al., 2025),

iy Sup Eer{f(x,8)}, (1.2)
where the ambiguity set 4 C P(E) comprises those laws judged close to the empirical one, with
closeness quantified by, e.g., ¢-divergences (Ben-Tal et al., 2013) or the Wasserstein metric (Moha-~
jerin Esfahani and Kuhn, 2018). Yet each of these paradigms, whatever its choice of U, presumes
the same thing: that the target law P € P(Z) has been sampled at least once.

Not every decision enjoys that luxury, and the situations this paper addresses lie strictly beyond
it. The target distribution P is completely unobserved: at the moment the decision is to be made,
neither P itself nor a single draw from it is available. Such cold-start situations are common in
retail, manufacturing, and public health. A shop stocking a newly launched seasonal coffee, for
example, holds no sales history of that item and can look only to the records of related products.

The natural recourse is to let data from other, relevant distributions speak to the unseen P.

Problem 1. Let P € P(E) be an unobserved target distribution. Awvailable to the decision maker are
empirical data from M similar source distributions P, ... ,Pyr, where the i-th source resembles P
without being identical to it, and is observed through n; samples drawn from it. Using these source
distributions, construct an uncertainty set U C P(E) that concentrates near them, and return a

decision x* € X that minimizes the worst-case expected cost
sup Eep{f(x, &)},
Peu

so that x* performs robustly when deployed under the unseen target distribution P.

Assumption 1 (Standing regularity). The feasible set X C R™ is convexr and compact, and the
cost f : X xE — R is continuous on X X Z and convex in its first argument, so that f(-, &) is convex

for every &€ € Z. Compactness of =, where a statement needs it, is imposed in that statement.

Related Work

Because the target law P is never observed, the entire burden of Problem 1 falls on how the

source distributions Py, ...,[Py; are converted into an uncertainty set &/. Work on this question has

developed along three main lines of thought, which differ in what U is ultimately made of.
Assembling U/ from the sources by set operations. The first family leaves the source

distributions intact and builds U/ out of them through elementary operations. A mixture model



takes convex combinations,

M M
U*® = {Zaﬂ?i D >0, Zai = 1},
i=1 i=1

whose members are precisely the convex hull of the sources in P(Z); this is the geometry underlying
group DRO (Sagawa™ et al., 2020; Carmon and Hausler, 2022; Zhang et al., 2023), and it has been
used to encode fairness requirements (Hashimoto et al., 2018; Lahoti et al., 2020) and to pursue
robustness across client populations in federated learning (Mohri et al., 2019; Deng et al., 2020).

A second variant instead intersects balls around the sources,

where B¢ (IP) gathers the laws within distance € of P (Awasthi et al., 2022; Taskesen et al., 2021;
Selvi et al., 2025; Wang et al., 2024; Rychener et al., 2024). Both variants are appealing because
they assume nothing beyond the sources themselves. Both also inherit the same two defects: the set
operations provide no handle on conservatism, a mixture set being typically over-pessimistic while
an intersection may be empty or, in the opposite failure mode, over-confident; and the parameters
they do expose resist calibration, the radii ¢; calling for prior knowledge of how far each P; lies
from P, which is seldom at hand.

Synthesizing a new distribution and centering U/ on it. The second family does not
combine the sources into a set at all. It first distills them into a single new distribution and only
then builds ¢/ around that synthesized center. Pooling every sample into one aggregate dataset
and applying the sample average approximation (Gupta and Kallus, 2022; Dursun et al., 2022) is
the crudest instance, its weighted-average limit P = Zf\i 1 (niy/N )P;, with N := Ef\i L N4, being a
barycenter in the Euclidean sense. Optimal transport replaces that arithmetic mean by a geometric
one. The 2-Wasserstein distance between Q and P is

1/2
)

Wa(Q, P) ::( inf / (1.3)

Tell(QP) Jex=

€~ ¢IPdr(&.<)

where TI(Q,P) collects the couplings of Q and P. The Wasserstein barycenter of the sources is
then defined as the law that minimizes the weighted sum of squared distances to them (Agueh and

Carlier, 2011),
M

PY € arg min Zai W2(Q,P;), (1.4)

QeP(E) ;4
and the uncertainty set is the ball B.(P%) centered on this synthesized law (Lau and Liu, 2022;
Cuturi and Doucet, 2014; Srivastava et al., 2018; Schmitz et al., 2018; Montesuma and Mboula,
2021). The break with the first family is one of kind rather than degree: U is no longer made of

the sources but of an object generated from them. The cost is that everything now rests on the



barycenter and on € being chosen well, and neither comes with a data-driven default.

Learning U from the sources. The third family uses the source distributions as observations
from which U is to be learned. RooDSO (Li et al., 2026) follows this approach: it regards the target
P and the sources IP; as independent realizations of an unknown meta-distribution ¥ € P(P(Z)),
maps the observed sources into a reproducing kernel Hilbert space (RKHS) H through kernel mean
embeddings (Aronszajn, 1950; Muandet et al., 2017), and learns a support description using sup-
port measure clustering (Muandet and Schélkopf, 2013). The description has a single parameter
controlling its conservatism and is accompanied by finite-sample out-of-distribution (OOD) guar-
antees. However, their geometry depends on the chosen kernel and its parameters, and proximity
in the RKHS need not have a direct interpretation in terms of transport or dispersion in the
observation space. The learned embedding-space ball may admit distributions with substantially
different dispersion from the sources. Section 2.3 illustrates this issue on an unbounded observation
space: an RBF-based enclosing ball contains a neighborhood of the RKHS origin, admits arbitrarily
dispersed distributions, and produces an infinite worst-case quadratic cost. These considerations
motivate learning directly in Wasserstein geometry, where, under the stated regularity conditions,
MDSL admits a barycenter-based learning dual and the robust decision problem can use standard
Wasserstein duality. The resulting support distributions and transport plans also provide heuristic
information for initialization and subsequent adverse-scenario searches, connecting the learning and

decision stages computationally.

Contributions

Our main contributions are summarized as follows.

1. Support learning directly in Wasserstein space. We introduce MDSL for robust decisions
without target observations, learning the center and radius of a Wasserstein uncertainty ball
from source distributions. Its hard and soft formulations are convex, and the soft formulation
controls source exclusion through a single parameter v. Under compactness, its dual optimizes
source weights over weighted Wasserstein barycenter problems and identifies support distribu-

tions governing the learned description.

2. A geometric limitation of kernel-embedding descriptions. We exhibit a configuration
in which an RKHS enclosing ball contains the origin and admits probability distributions of
arbitrarily large dispersion, making the worst-case quadratic cost infinite. We characterize origin
enclosure for three RBF kernel mean embeddings and give a simple sufficient condition. The
corresponding Wasserstein construction yields an explicit moment budget and a finite robust

value in the same example.

3. Information reuse between learning and decision optimization. For a finitely supported
center, we apply standard Wasserstein duality to obtain a jointly convex decision formulation

with separable inner maximizations. We then use MDSL weights, boundary and exterior support



distributions, and optimal transport plans to construct candidate scenarios for joint initialization
of the decision and transport penalty. This finite convex initialization supplies a lower bound
on the robust optimal value. Transport directions, available loss gradients and cached adverse

scenarios further provide heuristics for subsequent inner searches.

4. Statistical guarantees under two-layer sampling. On a compact observation space, we
bound perturbations caused by empirical source estimation and, under quadratic growth, control
the learned center and the full interval of optimal radius powers. For exact empirical MDSL
optima, we establish coverage and decision-performance guarantees for margin-enlarged balls,
separating the effects of the number of sources and within-source sample sizes. Under the stated
complexity and sampling conditions, coverage is asymptotically at least 1 — v with vanishing

enlargement; these coverage results require neither uniqueness nor quadratic growth.

Structure. Section 2 introduces the Wasserstein geometry, the MDSL formulations and the in-
duced robust decision problem, and examines the geometric limitation of kernel-embedding descrip-
tions. Section 3 develops the learning dual and algorithms for both stages, including the reuse of
MDSL transport information in decision optimization. Section 4 establishes finite-sample stability
and out-of-distribution generalization guarantees. Section 5 concludes the paper. Appendix A col-
lects additional notation and proofs of the geometric criterion, the robust dual reformulation and

the statistical results.

Notation. For a positive integer N, write [N] := {1,..., N}, and let R} := [0, 00). Bold symbols
denote Euclidean vectors and matrices; || - || is the Euclidean norm unless otherwise specified, and
(-, )% and || - || denote the RKHS inner product and norm. For a € R, write a4 := max{a, 0}, also
denoted by a™. The symbols 1{A} and #A denote the indicator of an event and the cardinality of
a finite set, respectively. Let d¢ be the Dirac measure at §&. We use P(E) for the Borel probability
measures on =, and P,(Z) for those with finite p-th moment. Expectation and probability under
P are written Ep and Prp, and &1,...,&, P denotes independent draws from P. Hats identify
quantities constructed from empirical source measures, and a superscript x identifies optimal quan-
tities in the mathematical formulations. In the algorithms, ¢ indexes sources, j source samples, k
center atoms and ¢ iterations. The operator proj 4 is Euclidean projection onto a nonempty closed
convex set A, while Oy f, Vxf and V¢ f denote the convex subdifferential in the decision variable
and gradients in the indicated variables, when available. Additional conventions used in the proofs

appear in Appendix A.1.



2 Proposed methodology

2.1 Wasserstein geometry on the space of distributions

Throughout, = C R? is a nonempty closed set, and P,(Z) denotes the subset of P(Z) consisting of

the Borel probability measures with finite p-th moment,

[1]

Py(E) = {PeP@E): [z llElPap(e) <o} < PE), (2.1)

where p > 1 is a fixed exponent. For P,Q € P,(=), let II(P,Q) be the set of couplings of P and
Q, that is, the probability measures on = x = whose first and second marginals are P and Q. The
p-Wasserstein distance, of which (1.3) is the p = 2 instance already mentioned, is

WE. = (it [ je-graneo)” (22)

mell(P,Q) Jexz=
Write Sy, := (Pp(E),W),) for the p-Wasserstein space, and note that the definition is sound: the
finite-p-moment condition in (2.1) is precisely what makes the infimum in (2.2) finite, and W, is
symmetric, vanishes exactly when P = Q, and satisfies the triangle inequality, so Syy, is a genuine
metric space. It metrizes weak convergence together with convergence of p-th moments (Villani,
2009); in particular, when Z is compact every probability measure on Z is tight, so Syy, is a compact
metric space. We shall use that compactness below when arguing that the descriptions we build
are attained rather than merely approached.

Beyond these analytical properties, it is worth being explicit about what (2.2) measures, since
this is where the geometry earns its place. In the Kantorovich formulation of optimal transport
(Villani, 2009), WF (P, Q) is the least cost of moving the mass of P onto that of Q when displacing
a unit of mass from & to ¢ costs ||€ — ¢||?; the distance is thus a transport cost, quoted in the units

in which the data are themselves recorded.

2.2 Wasserstein-metric meta-distribution support learning

Let the source distributions be
~TU, e P(Py(E), (2.3)

so that the sources are themselves independent draws from a meta-distribution ¥ supported on the
Wasserstein space, and let the unobserved target be a further independent draw P ~ W. This is the
two-layer structure of the problem: one layer of randomness generates the distribution, the next
generates the observation. Only the first layer is visible to the decision maker, and only through
M draws. We write &2 := {Py,...,Py} for the observed collection of sources.

We now give the geometry a description to learn. The description we attach to & is the
smallest W),-ball that contains all of them. This ball is essentially a description of the support

of the meta-distribution W: it is the smallest region of P,(=) containing all the sources, and



the sense in which it captures W itself, rather than only the observed draws from it. Writing
Bw, (Q, R) := {P € Pyp(E) : W,(P,Q) < R} for the closed ball of radius R centered at Q, we define
the p- Wasserstein-metric meta-distribution support learning (WW,-MDSL, or MDSL for short) by

min RP s.t. WE(P;,Q) < RP, i€ [M]. (MDSL-H)

QGPP(E)7 RZO
The objective and the constraints of (MDSL-H) are written in the transport cost W5, whereas R
remains a radius in the metric W, itself; since ¢ +— t? is increasing on [0, c0), minimizing R? is the
same as minimizing R, so the two readings pick out the same ball. Because the constraints hold

with equality at the optimum, (MDSL-H) is equivalent to the unconstrained minimax problem

Qe %reg;;él:r)l e Wy (P;,Q),  R":= mnax Wy (Pi, Q). (2.4)

This hard formulation is closely related to the Wasserstein Ball Center (WBC) problem of Wang
et al. (2025), but our focus is to learn a quantile support for a latent meta-distribution.

The hard problem (MDSL-H) requires that every source be enclosed, and is therefore fragile:

a single mis-specified P; forces the radius up to the diameter and inflates the description for all

the others. As in the classical soft-margin construction we therefore admit a slack s; > 0 in each

constraint and charge it linearly,

1
i P 75 i . »(P;, Q) < RP +s;, i€ [M], D5L-
erpr(ngl)r} o0 RP + My S s.t Wp( @) RP + 5 /) E[ ] (IV[ S S)
SERf 1€[M]

with v € (0,1] the level of exclusion. After eliminating the slacks, soft MDSL minimizes the
empirical CVaR of the source-to-center transport costs W5 (P;, Q), with v specifying the upper-tail
fraction. As v — 0 the slacks are driven to zero and (MDSL-S) returns (MDSL-H); as v increases,
sources lying far from the bulk of {P;} may be placed outside the ball at the price of a slack that is
itself minimized. Since (MDSL-S) contains (MDSL-H) as a special case, MDSL is understood from
here on as (MDSL-S) unless a distinction is drawn.

Note that posing the MDSL formulation on Sy, is legitimate: that space is a metric space
(Section 2.1), and every component the problems involve is well defined on it. What is more,

although Sy, is not a vector space, the convexity of the problem are retained.

Proposition 1 (Convexity of the MDSL problem). Under the substitution p := RP, a bijection of
R+ onto itself, each of (MDSL-H) and (MDSL-S) minimises a linear function subject to convex

constraints, and is therefore a convex program: every local minimizer of either is a global one.

Proof. Write p := RP. The constraints of (MDSL-H) then read WY (P;,Q) — p < 0, those of
(MDSL-S) the same with —s; added, and the objectives are p and p + ﬁ Zie[M] s;, both linear.
Two facts make the constraint functions convex. First, P,(Z) is convex: the mixture 6P+ (1 —6)Q,

with 6 € [0, 1], of two probability measures is again a probability measure, and it retains the finite



p-th moment. Second, Q — W5 (P, Q) is convex: if 1, o are optimal couplings in (2.2) for (P, Q)
and (P, Qs2), then 71 + (1 — 0)m2 has marginals P and 6Q; + (1 — 6)Qs, so it is a coupling of those

two laws and cannot beat the optimal one, whence
Wg(IP’, 0Q; + (1 — 9)@2) < 0W£(IP, Q)+ (1-9) WP (P, Q2). (2.5)

Each constraint function W) (P;, Q) — p is therefore convex in (Q, p), and the objectives being linear,

both programs are convex. O

Obviously, the proposed MDSL formulation is a natural generalization of the classical support
vector data description (SVDD) problem (Tax and Duin, 2004) to the Wasserstein metric space.
Section 3.1 will introduce how it is solved through its dual that has a special structure. It will come
as no surprise that the model inherits several of the classical properties of SVDD. The learned
center Q* will be formulated by only a small fraction of non-zero dual multipliers {«}, which in

this paper are referred to as support distributions (SDs), with the index set
SD :={i € [M]:af > 0}. (2.6)

SD consists of boundary support distributions (BSDs) and exterior support distributions (ESDs),

the index sets of which are

7

BSD:={ie[M]:0<a} <45},  ESD:={i€[M]:a =5}, (2.7)

i.e., SD = BSD UESD. We call the remaining source distributions interior distributions (IDs) and
denote their index set by

ID := {i € [M] : o] =0}, (2.8)

7

so that ID = [M] \ SD and BSD, ESD, ID partition [M].

2.3 W,-MDSL uncertainty set-induced RooDSO

Because a distribution is a point of Py,(Z), the ball of Section 2.2 is at once a description of the
sources and a set of distributions that an unseen target may plausibly be. We therefore read off

from Q* and R* the out-of-distribution uncertainty set driven by &2 under hyperparameter v:
UYSE(2) = {P € P,(2) 1 Wy(P, Q") < R} = By, (@, R, (2.9)

where the argument &2 is dropped when the sources are understood, writing Z/{E/IDSL for short. Sub-
stituting this set into (1.2) gives the robustified program, which serves as the worst-case surrogate
of Problem 1:

min  sup  Eeop{f(x,€)}. (RooDSO-MDSL)

xeX PeyMDSL



Li et al. (2026) proposed a RooDSO framework based on kernel mean embedding (KME).
They first map the source distributions into a reproducing kernel Hilbert space through KME, and
then carry out SVDD to construct an OOD uncertainty set, which is used for the downstream
distributionally robust optimization. It can be viewed as a counterpart of the method of this paper
in a different operating space. This approach benefits from the Hilbert-space structure of kernel
mean embeddings. However, on an unbounded observation space, an enclosing RKHS ball need
not control the moments of the admissible distributions. For an RBF kernel, certain increasingly
dispersed distributions have embeddings approaching the origin. If the learned ball contains the
origin in its interior, such distributions can remain admissible and lead to an infinite worst-case
value for an unbounded loss. As a result, the resulting RooDSO problem becomes ineffective, and

no meaningful solution can be obtained. The following example illustrates this limitation.

Example 1 (Unbounded quadratic cost under an RBF embedding ball). Let = =R, and let H be
the RKHS of the RBF kernel k(z,y) = exp(—(z — y)?/2) of bandwidth o = 1. The three sources
Py = 0_2, Py = &0, P3 = 02 have KMEs u; := pp, = ¢(x;), with ¢(z) = k(x,-) € H. Since

k(z,x) =1, each p; lies on the unit sphere of H, and the pairwise inner products

(t1, o) = (p2, ps)p = k=€ > ~ 01353, (u1, )y = K" ~ 0.0003.

The minimum enclosing ball of {1, pe, ps} is then determined by all three points, its center being

the convexr combination ¢* = A1+ pu3) + (1 —2X\)pe that is equidistant from each of them; requiring

<C*,,U,1>’H = <C*7M2>H gives
11—k

A=
3 — 4k + K4

~ 0.3516.

Because all three KME points lie on the unit sphere, equidistance from them also forces ||c*||§_l =

<C*>,U1>'H7 so that
X3, = A(1+ &%) + (1 — 2)\)k ~ 0.3919, r? =1 —||c*||3, ~ 0.6081.

Hence ||c*||y =~ 0.6260 < 0.7798 ~ r, and the RKHS origin 0 lies strictly inside the SVDD ball.
The KME uncertainty set UKME = {P: up € SVDD ball} then contains an open neighborhood
of 0. Since the KME of the uniform law Uy, = U([-L, L]) satisfies py, — 0 in H as L — oo, we
have Up, € UEME for every L large enough: the uncertainty set contains distributions of arbitrarily
large support.
Take f(z,€) = (x — £)? with x € R. Because Ey, [(x — £)?] = 2 + L?/3 grows without bound in

L, the inner problem is 400, and

. E o 2
min max Ep|(z—¢)°]

has no finite optimal value. The KME-then-SVDD construction therefore fails to define a well-posed

distributionally robust optimization problem.



The configuration above is not an isolated case assembled for the occasion. Under the RBF
kernel, all distributions in P(Z) are mapped into a convex subset of the unit ball in H. It is then
easy to show that the more concentrated a distribution is, the closer its kernel mean embedding lies
to the unit sphere of H, while the flatter it is, the closer that embedding lies to the origin. Whenever
the kernel mean embeddings of the sources are dispersed in some sense, the SVDD description they
induce is likely to enclose the origin as well. In fact, the geometry of origin enclosure can be
examined explicitly for three source embeddings. The following proposition gives a necessary and

sufficient criterion, and the subsequent corollary provides a convenient sufficient condition.

Proposition 2 (Origin enclosure for three embedded points). Let 1, ua, 3 be three kernel mean
embeddings of different probability distributions with RBF kernel in a RKHS H, with Gram matrizc
G = (9ij)3x3, 9ij = (Wi, ). Then the minimum enclosing ball of {p1, po, 3} contains the origin,
0 € H, if and only if

i + ik > Gij + Gik, Vi € {17273}7 {]) k} = {17273} \ {Z}

17Gd > 2,

where d := (g11, g22,933) ', 1 := (1,1,1)". The first three inequalities are equivalent to saying that
1, 2, u3 form an acute triangle. The proof is given in Appendiz A.2.

Corollary 3 (A simple sufficient condition). Under the assumptions of Proposition 2, suppose that

Zgij < 39ii; i=1,2,3.
J#

Then the minimum enclosing ball of {1, p2, ps} contains the origin.

Remark 1. In the unit-norm case g;; = 1 with equal pairwise inner products g;; = k (i # j),
the row condition of Corollary 3 reads 2k < %, that is, k < i. The proposition above then shows
that if the Gram matriz produced by the method of Li et al. (2026) has a 3 X 3 principal submatriz
satisfying that row condition, the minimum enclosing ball of the three kernel mean embeddings it
selects already encloses the origin. That small ball is very likely to be contained in the SVDD ball
enclosing all the kernel mean embedding points when the three points lie in the interior of the point
cloud, so that the OOD uncertainty set built from it is very likely to enclose the origin, which in

turn renders the downstream distributionally robust optimization ineffective.

Generally, under the common setting of dispersed data and a moderate or small bandwidth,
the KME-then-SVDD ball very easily contains the RKHS origin, which renders the adversarial
distribution meaningless. One way to avoid it is to take the bandwidth so large that all the KME
points crowd together; but then the uncertainty set contracts instead, the DRO degenerates into
empirical risk minimization, and robustness is lost. The median heuristic (Gretton et al., 2012)

for setting the bandwidth alleviates this to some extent but does not remove the geometric flaw.

10



Various choices of kernels and kernel parameters affect the geometry of the learned description,
but their implications for the downstream robust value require separate analysis. Traditional data-
driven robust optimization, which builds its uncertainty set by this kernel method (Shang et al.,
2017; Han et al., 2021), does not usually run into this situation, for the RBF kernel mapping of the
data always lies on the boundary of the unit sphere of H. This limitation on RooDSO motivates
the use of Wasserstein geometry, which provides an explicit transport-cost budget.

We now apply our proposed methodology to the same problem as in Example 1. Since W, (dq, 6p)
= |a — b| for every p, the ball (MDSL-H) must span §_5 and d2, which are 4 apart, so R* > 2; the
Dirac Q* = §y attains R* = 2. Transport to a Dirac is forced, so WH (P, &) = Ep[|¢|P], and (2.9)
becomes a moment budget, UYPSE = {P € P,(R) : Ep[|¢[P] < 2P}. The uniform law Uy, that left
the kernel problem unbounded is therefore excluded once LP/(p + 1) > 2P. With p = 2 and the
same loss f(,&) = (z —€)?, the inner supremum is (|z| +2)?2, attained at d12, so (RooDSO-MDSL)

has optimal value 4 at x = 0 rather than +oo, which is a reasonable result.

3 Learning and optimization strategies

3.1 Learning the uncertainty set

Convex programs are ordinarily solved through their duals, and the W,-MDSL problems (MDSL-H)
and (MDSL-S) are convex by Proposition 1. They differ, however, from the convex programs one
usually meets, which are posed over the Euclidean space R"™ or over a Hilbert space . Here the
variable Q ranges over Pp(Z), a convex subset of the vector space of finite signed measures, and the
geometry that governs the problem is the metric space Sy, = (Pp(Z), W,) of Section 2.1. Because
W, is not induced by an inner product, Sy, carries no linear structure of its own. But convex
analysis still applies in its abstract form, P,(Z) being convex and the objectives convex on it. The
theorem below states the dual of (MDSL-S).

Theorem 4 (Dual of the MDSL problem). Suppose = is compact, and write

1 .
A= {a ER%: a; < e for every i € [M], %}ai = 1}.
1€

Then (MDSL-S) has the same optimal value as its following dual reformulation

max min a; WP (P;,Q), MDSL-D
acA QeP,(E) iez[]\:/[] i ) ( )

whose inner problem is a weighted p- Wasserstein barycenter of the sources, the weights being «;
(see (1.4) for the p = 2 wversion), and whose outer problem mazximizes the cost of that barycenter

over the box-truncated simpler A.

Proof. We dualize (MDSL-S) by the Lagrangian route, working in the variable p := RP as before.

11



Attach a multiplier «; > 0 to each of the M constraints and a multiplier 7; > 0 to each

nonnegativity constraint s; > 0, and set

1

€[ M] €[ M] €[ M]

The terms of £ that involve s; are s; (ﬁ - — 77,-), so stationarity in s; reads ﬁ —a;—n; =0,

which together with 7; > 0 is the box constraint

< 1

o < ——;

T MY

and stationarity in p > 0 reads 1 — ) ie[M) O = 0 (We exclude throughout the degenerate case in

which the optimal ball collapses to a point, p* = 0. ), which is the normalization

Zaizl.

1€[M)

What survives in £ is Y, o, W5 (P;,Q), and a classical treatment would now differentiate this
in Q and solve for it. That is impossible here: P,(Z) carries no linear structure, so there is no
derivative to take, and no representer argument is available either to eliminate Q. The Lagrangian
route asks for neither, the infimum over Q being carried along rather than resolved, and the dual
function is

g(a) := inf Z a; Wi (P, Q), acA
QePy(E) i€ [M]
The infimum defining ¢ is in fact attained, so it is a minimum: Z is compact, hence Pp(Z) is
a compact metric space, while Q — Zie[M] a; W5 (P;, Q) is continuous, each W, (P;,-) being 1-
Lipschitz by the triangle inequality, and a continuous function on a compact metric space attains
its minimum. Therefore the dual problem maxqaea g(a) of (MDSL-S) is exactly (MDSL-D).

We next establish strong duality. Split the ming , s structure of the primal problem (MDSL-S)

into an outer min over Q € P,(Z) and an inner min over (p,s). The inner problem in (p, s) is a

linear program, its objective being linear and its constraints affine, and its dual is

max inf £ = max o WE(P:. Q).
a,n>0 p>0,s>0 =y 4 p( iy Q)
1€[M]

So we have
MDSL-S) = i WP (P;, Q).
( ) = o) B iE[M]O‘ » (Pin Q)

Sion’s minimax theorem (Sion, 1958) permits the exchange

min max = max min
QEP,(E) acA Q€A QEP,(2)
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whenever one of the two sets is compact and convex and the other is convex, the objective being
quasi-concave and upper semicontinuous in « and quasi-convex and lower semicontinuous in Q.
Both sets are compact and convex here, so that the extrema on both sides are attained: Pp(Z) is
convex by Proposition 1 and compact, being a compact metric space because = is; A is a compact
convex polytope; and Zie[ M] a;Wh(P;,Q) is convex in Q by Proposition 1 and continuous there
by the triangle inequality, which makes each W), (P;, ) 1-Lipschitz and hence W5 (P;,-) continuous,
while it is linear in «, hence at once quasi-convex, quasi-concave and continuous. The exchange is

therefore valid and values of the primal and dual problems coincide via

MDSL-S) = min max a; WP(P;,Q) = max min a; WP(P;, Q) = (MDSL-D).
( ) QEP(E) aed Lo W (i, Q) acA QEPy(E) iezm;] WP Q) =( )
In other words, strong duality holds, and the theorem is proved. ]

The dual (MDSL-D) is a two-level program in v and Q, and each of its two levels is of a kind
that admits efficient solution on its own. For a fixed o« € A the inner problem asks for the weighted

p-Wasserstein barycenter of the sources,

Bar,(Z#; a) € arg min Z a; WE(P;, Q), (3.1)
QEP(E) e

for which a mature literature provides fast algorithms: the entropic regularization of Cuturi and
Doucet (2014), the iterative Bregman projections of Benamou et al. (2015), the stabilized and
sparsified scaling algorithms of Schmitzer (2019), and the implementations collected in the POT
library (Flamary et al., 2021) and in its Julia counterpart OptimalTransport.jl (Zhang et al., 2020),
with Peyré and Cuturi (2019) surveying the field.
Writing
Q) = Y a; WE(P;, Bary(;a)) (3.2)
i€[M]

for the resulting value, the dual reads maxqgeq (). The set A is a compact convex polytope
and €) is concave, being the infimum of functions affine in «; the outer problem is therefore a
concave maximization, and its gradient is available in closed form. For each fixed Q the map
o Eie[M] a;WP(P;, Q) is affine, and its minimizer is Bar,(#; a); Danskin’s envelope theorem
(Danskin, 1967) therefore gives

o9
6051'

(o) = WE(Pi, Bary(2;a)). (3.3)

The gradient is thus the vector of distances from the sources to the current barycenter, so evaluating
it costs no more than the inner solve it follows. Two consequences are worth recording. Each
partial derivative is nonnegative, so € is nondecreasing in every weight and the maximization drives
the weights upward until the box bounds or the normalization bind, in keeping with >, af =

1 at an optimum. And 2 is differentiable wherever the inner minimizer is unique, though not
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necessarily elsewhere; where it is not, the same theorem returns the convex hull of the gradients at
the minimizers, so the method below is a subgradient method in general.

Every subgradient is bounded, since 0 < 9;Q = WF(P;,Q) < DP for the diameter D of the
sources, whence |[VQ||s < v M DP; but Q is an infimum of affine functions and is therefore non-
smooth in general. We accordingly use diminishing steps 7, = vot /2, for which the subgradient
method converges at the usual O(t~1/2) rate, while on trajectories along which the inner minimizer
remains unique € is differentiable and a constant step of the order (\/M DP)~1 suffices. The pro-
jection onto A, a box cut by a hyperplane, is available in closed form at the cost of a sort, and the
constant 7 is fixed by backtracking along the projected direction, which is reliable here because €2
is concave.

Since the inner solve dominates the cost, the two levels are interleaved rather than nested:
one barycenter solve, or at scale a single pass of the inner solver, is followed by one outer step,
and the pair (a®,Q®) is driven towards a saddle point of (MDSL-D). The inner update cannot
be taken as a step in the direction of a gradient with respect to Q and is delegated instead to a
barycenter solver of the kind cited. Algorithm 1 records the resulting scheme. It is worth noting
that, beyond the components the description itself requires, the algorithm also returns the optimal
transport plans {W(i)}z‘eSD; Section 3.2 shows how this additional output is used in the subsequent

distributionally robust optimization.

Algorithm 1 The W,-meta-distribution support learning algorithm

Input: the source collection & = {Py,...,Py}; exponent p; level v; tolerance e
Output: center Q*, radius R*, the index sets SD,BSD,ESD,ID, and optimal transport plans
{m (i)}iESD
1: o« (1/M,...,1/M)
2: fix 49 by backtracking along the projected direction at a(®; ¢ < 0
3: repeat
4: Q" « Bar,(22; a®) > inner: weighted barycenter, (3.1)
5. gi «— WE(P;, QW) for i € [M] > gradient (3.3)
6: altth) projA(a(t) + vt g) > outer: weight update
T e (t+1)7H2
8: t+—t+1
9: until |a® — =Dy < e
10: Q* «+ Barp(f@;a(t)); SD, BSD, ESD, ID read off from a® by (2.6), (2.7) and (2.8)
11: R* + W,(P;,Q*) for any ¢ € BSD
12: for ¢ € SD do
13: 7« arg minergspy) Joxz 1€ — €IPdm > optimal plan for the returned center
14: end for
15: return Q*, R*, SD,BSD, ESD, ID, and {7 };csp

Remark 2 (On the uniqueness of the center and radius). Algorithm 1 reads the radius off a
boundary support distribution, which presupposes that one exists. Complementary slackness pins
the value R*P = p* only when some multiplier is strictly interior, 0 < o < 1/(Mv), that is, when

BSD # &, in its absence the radius is set-valued. Indeed, at a primal-dual optimal pair the sources
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satisfy W5(P;,Q*) < p* fori € ID and W5(P;,Q*) > p* for i € ESD, while p* = W5 (P;, Q*) for
every i € BSD. The radius is thus confined to

P . * i P(1P. *
%?SWP(P“@ ) i€BSD Ws(Fi, Q )}’ (34)

the lower endpoint being read as 0 when ID = @. When BSD # @ the equalities on BSD pin the
radius to a single value inside that interval, whereas when BSD = @& the interval remains and any
of its points is admissible. The classical SVDD ball obeys the same dichotomy (Wang et al., 2011;
Chang et al., 2014). When BSD = & we therefore report the midpoint of the admissible interval,
which balances robustness against generalization (Chang and Lin, 2011).

A second, independent source of ambiguity is the center itself. The inner problem is a relaxation
of (MDSL-S): it enforces the first-order condition in o but discards the pair (p, s), and its solution

set
Qr, := argmin Z a; WE(P;, Q)
QEPo() e
is in general a set rather than a point—notably for p = 1, where the one-dimensional barycenter is
a weighted median and hence an interval, whereas for p = 2 it is unique (Agueh and Carlier, 2011).
By strong duality every primal-optimal center belongs to QF,, but not conversely: the elements of
Qr, need not be centers that (MDSL-S) itself selects. Writing

Q) =min[p+ 38 > WEE.Q - p)'] (3.5)

1€[M]

for the value of (MDSL-S) when the center is constrained to Q, the two sets are related by

{Q: 3p,s with (Q, p, s) optimal in (MDSL-S)} = argmin ®(Q) C Q.
QeQy
We therefore take the center to be a minimizer of (3.5) over QF,. If a unique approzimate barycenter
1s desired, one may use the standard entropically regularized barycenter formulation on a fixed finite

support with a positive reqularization parameter (Cuturi and Doucet, 2014; Benamou et al., 2015).

The formulation above treats the source distributions P; as known. In practice they are not:
each source is observed only through a finite sample &;1, ..., &pn,;, ~ P;, and what is actually at hand
is the empirical measure

. 1 & )
P; = o Zé&.j, i€ [M],
7j=1
whose collection we write 2. Replacing P; by P; in (MDSL-S) gives the sample average approxima-
tion of the MDSL problem, and the substitution leaves the structure of the preceding development
intact. The empirical transport cost W} (I@’l, Q) is the value of the discrete transport problem be-
tween the sample and Q, hence exactly the object the inner solvers cited for (3.1) evaluate, so the

inner level of Algorithm 1 is solved by the same procedures, now on finite marginals; and because =
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is compact, each P; belongs to P,(Z), so the dual (MDSL-D), the gradient (3.3) and the algorithm
as a whole apply to 2 verbatim. We mark the quantities obtained in this way by a hat throughout.

3.2 Solving the W,-MDSL ball-induced RooDSO problem

With the out-of-distribution uncertainty set learned through the proposed W,-MDSL method,
problem (RooDSO-MDSL) becomes, in form, the distributionally robust program (1.2) with the
ambiguity set specialized to the Wasserstein ball (2.9). The solution theory developed for Wasser-
stein distributionally robust optimization therefore applies under the regularity conditions stated
below. The following lemma gives the dual reformulation established by Blanchet and Murthy
(2019), Gao and Kleywegt (2023) and Mohajerin Esfahani and Kuhn (2018), which can be used to

solve the present problem.

Lemma 5 (Duality over a Wasserstein ball (Blanchet and Murthy, 2019; Gao and Kleywegt,
2023; Mohajerin Esfahani and Kuhn, 2018)). Let = be compact and p > 1, and let £ : = — R be
continuous. Then for every Q € Pp(ZE) and every R > 0,

sup  Belt(€)] = inf (A7 + [ sup [£(6) - Mg - ¢IP] d(0) . (36)
PeByy, (Q,R) A>0 = ge=
For downstream computation, we use a finitely supported center selected in the learning step

of Section 3.1, represented as

K K
Q" = Bkbc,, CE€E, B>0, D B=1 (3.7)
k=1 k=1

The following result is conditional on this finite-support representation; it does not require unique-
ness of the learned center. Substituting (3.7) into Lemma 5 reduces the integral to a finite weighted

sum of maximization subproblems.

Proposition 6 (The robustified program under a discrete center). Let Assumption 1 hold, let = be
compact, and let p > 1. Let Q* = Zle Brd¢, be a center represented as in (3.7), and let R*>0

be a prescribed radius. Then for every x € X,

sup Ep[f(x,8)] =

inf
PEBWp (@*7R*) AZO

K
(7 +3 5, sup [£x,€) = Al — ¢, )
k=1 =

and the robustified program for this ball accordingly takes the form

xEX A>0

K
min inf {)\1?*” +) B Sup [f(x,€) = All€ = ¢, lIP] }, (3.9)
k=1 =

in which the two infima may be taken in either order without changing the value. The objective is

jointly convex in (x,\), and the minimum over X is attained. The proof is given in Appendiz A.3.

16



Two features of (3.9) govern how it is solved. The objective is jointly convex in (x, A): for each
fixed &, the function f(x, &) —A[|€—(|? is jointly convex, and taking its supremum over = preserves
convexity. The K terms indexed by k are coupled only through the shared pair (x,\): once that
pair is fixed, the k-th inner supremum depends on ¢;, alone. The K inner problems are therefore
independent and may be dispatched in parallel. This can reduce elapsed time when sufficient
processors are available, although the total work still depends on K. This is the standard structure
of the dual of a Wasserstein ball, the sample points of the classical empirical center being replaced
here by the atoms of Q*. Compactness and continuity ensure that each inner maximum is attained,
and for the costs met in practice its supremum is available in closed form, the parallel branches
then amounting to evaluating a small number of candidate maximizers rather than searching =.

Although solving a Wasserstein robust program is not a new problem, the methodology proposed
in this paper yields new insight into how it is solved. MDSL supplies heuristic information that
can assist both initialization and the search for adversarial scenarios. Besides the learned center
and radius, we retain the weights &*, the empirical SD, BSD and ESD index sets, and transport
plans between the final center and the support distributions. Writing I@’Z = ni_1 2?121 (55”_, these
plans satisfy

Mm@k, Y)=p  Yonfl--, ieSD. (3.10)
j k
The plans are retained from the final transport computation, or computed for the selected final
center if necessary.

For each center atom, the nonzero transport branches provide an initial candidate set
= (¢ u{g, ieSD, 7 >0 3.11
po = {Ck} {EU.ZE » Thj = I (3.11)

If this set is large, it may be thinned while retaining ¢, prioritizing BSD branches and larger
weights dfw,(;]) /Bi, with ESD endpoints providing additional exploratory seeds. Define ¢ (&;x, \) :=
f(x,€) — M€ — CllP. Transport displacements dj; := &;; — ¢, encode observed variation across
distributions, whereas V¢ f(x, ), where it exists, identifies local directions of increasing loss for the
current decision. Their first-order scores Vg f(x,¢},) " dirj — Al dig;||P can help prioritize transport
branches that are both supported by the data and locally adverse after accounting for transport

cost, providing loss-aware search seeds. We jointly initialize (x(o), )\(0)) by solving

K
min ARP 4 E LUE
xeX, A\>0 /8
ucRE k=1

st.ooug > Yp(€x,8), £ecV ke K.

(3.12)

This finite convex problem uses the learned radius R*. Restricting the inner maximizations to

candidate sets makes its optimal value a lower bound on that of (3.9).
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During optimization, the best cached candidate seeds each inner search, and newly found max-
imizers are added to the cache. Algorithm 2 retains the projected subgradient updates, assuming
available convex subgradients in x. The searches still range over all of =; exact dual evaluation
requires global inner maximizers. The stopping rule is heuristic, and any computational benefit of

this reuse remains to be assessed numerically.

Algorithm 2 An illustrative framework for RooDSO using MDSL-informed heuristics

Input: MDSL center Q*, radius R* > 0, weights &*, empirical SD/BSD/ESD sets, support samples
and plans {7()}; cost f; set X; positive steps {7;}; tolerance €; budget 7' > 1
Output: candidate decision Xpegt
1: Build {C,go)}ke[K] by (3.11), optionally thinning as described above
2: Solve (3.12) for (x(9, X(0)); Gpes < +o00
3: fort=0,...,7T—1do
4: for k=1,..., K in parallel do

5: £l(f,)seed € arg MaX, () (& x0,\0)

6: Warm-start the maximization of wk(-;x(t),)\(t)) over = at E,(gi)seed, obtaining a global
maximizer £§:)

7 et e u ey

8: Choose v,(:) € Ox f(x), E,(;))

9 end for

10: Gy + O Rrp + Zke[K] 5k¢k(£§;)§x(t)a /\(t))
11: if G; < Gpest then

12: Ghest < G5 Xpest < x(t)

13: end if

14: if t > 1 and |Gy — Gy—1| < € then
15: break

16: end if

17: dx — ZkE[K] Bkvlgt); Cl)\ — R*P — ZkE[K] /BkHE](:) - Cka
18 (XD A projy,, (0, A0) — 5(dy, dy))

19: end for

20: return Xjeg;

4 Analysis of the proposed methodology

4.1 Finite-sample stability of the learned uncertainty set

We now quantify how replacing each source distribution by its empirical counterpart affects the
learned center and radius. We condition first on the source distributions Py, ..., [Pys; the probability
below is over the within-source samples {fij}?;y Throughout this subsection, suppose that = is

compact and write D := diam(Z) and L), := pDP~! with L; := 1. For each source, set

g = Wo(Pi, By), i€ [M].
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Here P; is the population distribution and hence is not decorated with a hat; I@Z is its empirical

estimate.

Lemma 7 (Perturbation of the transport costs). For every i € [M] and Q,Q" € P,(E),

B, Q) - Wi Q)| < Lye, (4.1)
Proof. The triangle inequality gives |[W, (R,Q) Wy(P;, Q)| < €4, and the analogous bound for

changing Q to @Q’. All these distances are at most D. The mean value theorem applied to t — t?
on [0, D] then gives the two claims. O

Define the population and empirical profile objectives by

P(Q) := 13121101 {p + — Z }P’l, Q) — ) } (4.3)

~ 1 M N

(Q) == min {p+ EZ (WE(P;,Q) —p)+}- (4.4)
- =1

These are the objectives in (MDSL-S) after minimizing out the slacks and writing p = RP. Let
Q* := arg ming ®(Q) and Q* € arg ming (Q).

Lemma 8 (Uniform objective perturbation). For every realization of the samples, with n =
&ZM :
Mv =1t

sup_ [®(Q) — ®(Q)| <. (4.5)
QePp(5)

Consequently, every empirical minimizer satisfies
(@) — min ®(Q) < 21 (4.6)

Proof. For fixed (Q, p), the positive-part map is 1-Lipschitz, so Lemma 7 bounds the difference
between the two profile objectives by 7, uniformly in (Q, p). Taking the infimum over p preserves
this bound and proves (4.5). Comparing the empirical minimizer with a population minimizer and

applying the uniform bound twice gives (4.6). O

Uniform convergence of the objectives controls their optimal values, but by itself does not
control the distance between their minimizers. We therefore state explicitly the growth condition

used to obtain a center error bound.

Assumption 2 (Quadratic growth of the population objective). There exists k > 0 such that, for
every Q € Pp(2),

?(Q) — ®* > k disty, (Q, Q%)%  @*:= min &(Q'),
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where distyy, (Q, Q*) := infgregr Wp(Q, Q).

For a fixed center QQ, the optimal radius power need not be unique under the soft formulation.

We therefore write its admissible set as

M
7,(Q) == argmin{er]\;yZ(W}?(Pi,Q) —p)+}, (4.7)
i=1

p>0

and denote its empirical counterpart by fl,(@), formed by replacing every P; with I/Fsz Both sets
are closed intervals, possibly singletons. Their endpoints are order statistics of the corresponding

vector of transport costs, with the ranks determined by Mwv.

Lemma 9 (Stability of the optimal radius interval). Suppose two wvectors of costs d,& € Rﬂ‘f
satisfy max; |d; — d;| < 7. The sets of minimizers over p > 0 of p + (Mv)™! >.i(di — p)+ and
p+ (Mv)~! ZZ(JZ — p)+ then have Hausdorff distance at most T.

The preceding lemmas give the following finite-sample result.

Theorem 10 (Finite-sample error bounds for the center and radius). Suppose E is compact and
Assumption 2 holds. For each i € [M], suppose there is a bound b;(n;,d;) such that, conditional on
P;,

Pr {WP(@,»,P,-) > bi(ni,éi)} < 4.

For § € (0,1), set

M
L /215
bi = bz i7(5 ]\17 ::i bi7 =L bz — ] .
et " M”; B p(%rg[% " ﬁ)

Then, with probability at least 1 — 4§,

~ 2
distyy, (@, Q%) < ,/%, (4.8)

diy (i,,(@*),z,,(@*)) <75, (4.9)

for a population minimizer Q* € Q* nearest to @*. In particular, if the reported radius power is

the midpoint of the corresponding optimal interval, then
R — R*®| <75,  |R"—R|<7/".

The theorem separates the statistical input from the optimization argument: any valid concen-
tration bound for the empirical Wasserstein distances can be substituted for b;. Its rate therefore
depends on the dimension, the order p, and the distributional assumptions used to control empirical
Wasserstein distance; a root-sample-size rate is not asserted without such additional conditions.
The radius conclusion controls the full admissible interval and so remains meaningful when the soft

problem does not identify a unique radius.
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4.2 Out-of-distribution generalization guarantees

We next study coverage of an independent target distribution P’ ~ ¥. In contrast to the conditional
analysis of Section 4.1, the sources Py,...,Py are now i.i.d. draws from ¥. Conditional on
these sources, the datasets are independent, and dataset ¢ contains n; i.i.d. observations from
P;. All probabilities over the target below condition on the observed training data; the confidence
statements quantify the randomness in those training data. Throughout this subsection, = is
compact, p > 1, and v € (0,1] is fixed. We retain D and L, from the preceding subsection and
consider D > 0; for a singleton observation space coverage is identically one.

Writing p = RP, define the score and its truncated loss by

5Q,0(P) := WE(P,Q) — p, 0y(t) == min{1,ty/v}, ~v>0. (4.10)

An optimal radius power in the soft MDSL problem lies in [0, DP]: a value above the largest source
cost leaves all slacks zero and can be decreased. Let (@*, pr), with p* = (ﬁ*)p, be an exact empirical
optimum. If an optimum is nonunique, we choose an optimal pair measurably from the training
data. No uniqueness or quadratic growth assumption is needed for the results below. As in the

margin construction of Li et al. (2026), we consider an enlargement in radius power:
Uy = {IF’ € Pp(E) : 5g. 5 (P) < 7} . (4.11)

Thus its metric radius is (p* + 7)'/?. The corresponding construction from the known sources P;,

with the same measurable-selection convention, is denoted by U, . The elementary inequalities
1{t >~} <,(t) < 1{t >0} (4.12)

connect target noncoverage to training exclusion.

Lemma 11 (Training exclusion bound). For any source collection Sy, ...,Sys, every optimal pair
(Q, p) of the soft MDSL problem satisfies

M
1
17 2 LVE(8,Q) > o) < v (4.13)
i=1
This applies to both the known-source and empirical-source problems, including an optimal radius

of zero.

Proof. Fix an optimal center and put d; := W5(S;,Q). After eliminating the slacks, the radius
power minimizes F(p) := p+ (Mv)™'Y",(d; — p)+ over p > 0. Its right derivative is F/ (p) =
1 —#{i : d; > p}/(Mv). At a minimizer this derivative is nonnegative, since increasing p is

feasible, even when p = 0. This gives (4.13). O
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To control generalization uniformly over the learned center and radius, let

T :="Pp(E) x [0, D?],

(4.14)
dr((Q,p), (@, p) == LWy(Q,Q) + [p— /|-

Let Ny (a) be the minimum number of closed d-balls of radius a > 0, with centers in 7, needed

to cover T. Compactness of = makes T compact, so Ny (a) < oo for every a > 0. Define

Carla,~,6nr) = 20, \/log NT(@;]I;‘)g(l/(SM). (4.15)

Here a is an analytical covering scale. Both a and the enlargement v in the statements below are
fixed independently of the training data; uniformity over the fitted center and radius does not imply

uniformity over these tuning parameters.

Lemma 12 (Uniform margin generalization). For fized a,y > 0 and dp; € (0, 1), with probability

at least 1 — dpr over the i.i.d. source distributions, simultaneously for every (Q,p) € T,

M
Epr oy [£y (50, (P)) Z (50.0(P:)) + Car(a, v, dnr). (4.16)

The proof, given in Appendix A.5, uses a finite cover of 7, Hoeffding’s inequality at each
cover point, and the Lipschitz property of the loss to extend the bound to every parameter pair.
Consequently it also applies to a pair fitted using the within-source data. This uniformity permits
a direct comparison of true and empirical source scores, without first estimating the displacement
of the fitted center.

Theorem 13 (Out-of-distribution coverage under two-layer sampling). For each i, suppose deter-

ministic bounds b;(n;,t) > 0 satisfy, for every t € (0,1) and almost every source collection,
Pr {Wp(@i,m) > bi(ni, 1) ‘ Py, ... ,IPM} <t. (4.17)
Fiz a,y > 0 and dpr, 6y, € (0,1) with dpr + 6, < 1. Set
bi := bi(n;, 6n /M),

M
L (4.18)
Entm = Carla,, 6ur) + Mfij b, ni=(m,.nw).
=1

Then, with probability at least 1 — §pr — 6, over both sampling layers, the exact empirical MDSL
solution satisfies
Pr (P ¢ Uy} <min{l,v+ Epn}. (4.19)
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If the sources are known exactly, then with probability at least 1 — dp; over their draws,
P/Prqj{]P” ¢ Uy} <min{l,v +Cy(a,v,0m)} (4.20)

The proof is in Appendix A.5. The two contributions in £y, have distinct origins. The covering
term accounts for observing only M sources from W¥; the second term accounts for replacing those
sources by empirical measures. The latter is governed by the average source estimation error and
uses only Lemma 7, so Assumption 2 is not required. The dependence of Ny(a) on a, and of b;
on n;, determines the available rates. Compactness alone does not specify a root-M rate for a
vanishing covering scale.

Coverage immediately transfers to the downstream robust objective. For the enlarged ball
define

~

Jy(x) == sup Ep[f(x,§)]. (4.21)
Pell,

This uses metric radius (p* 4 v)'/? in the robustified problem.

Corollary 14 (Out-of-distribution performance of robust decisions). Under Theorem 13 and As-
sumption 1, on the same training event of probability at least 1 — §pr — 0n,

Pr {Ep [f(x,8)] < T (x) for all x € X} > (1—v—Enm)s. (4.22)

In particular, the same lower bound holds for the event that the target expected cost of a decision

X, € arg mingex j;(x) does not exceed jv(i,y)

Proof. Whenever P € Z:{\lw, its expected cost is bounded by the supremum in (4.21), simultaneously
for every x. Thus coverage implies the event in (4.22). Apply Theorem 13. Boundedness and
continuity of the costs follow from Assumption 1 and compactness; these also make jv continuous

on compact X, so a minimizing decision exists. O

Corollary 15 (Asymptotic coverage with vanishing enlargement). Under the sampling and con-
centration conditions of Theorem 13, keep =, p,v fized. For each M, use sample sizes n; pr, deter-

ministic choices apr,ypr > 0, and confidence parameters dpr, 0p - Put biar := bi(n ar, Op ar/M).

Suppose
v — 0, 5M+5n,M—>0a aiM—)O,
M
M (4.23)
log N7-(anr) + 1og(1/dr) 1
—0 — biy — 0.

M ) M’YM ; i, M
Then, for every e > 0,

Pr {\If(ﬁy,w) <1-v- e} 0. (4.24)

rain

The known-source version holds after omitting the within-source error and its confidence parameter.

Its proof appears in Appendix A.5. This conclusion concerns the enlarged sets with vanishing
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enlargement. Since their centers and radii also change with M, these sets need not be nested.
An extension to the unexpanded sets would additionally require control of the boundary layer, for
example

\Il{]P 10 < 55

(P) < ’yM} — 0 in probability over the training data.

This condition is not assumed in Corollary 15.

5 Concluding remarks

This paper has developed MDSL for robust stochastic optimization when no observations from the
target distribution are available. The model learns a Wasserstein ball directly from related source
distributions, jointly determining its center and radius while controlling source exclusion through
v. The kernel-embedding counterexample demonstrates why the underlying geometry matters: an
enclosing RKHS ball can admit arbitrarily dispersed distributions and produce an infinite robust
cost, whereas the corresponding Wasserstein ball imposes a transport-cost budget and gives a finite
value in that example.

The learning and decision stages are connected computationally as well as through the uncer-
tainty set. MDSL’s dual representation relates support learning to weighted Wasserstein barycen-
ters and provides source weights, support classifications and optimal transport plans. For a finitely
supported center, the robust decision problem has a jointly convex dual objective with independent
atom-specific maximizations. Transport branches from boundary and exterior support distributions
supply candidate scenarios for a finite convex initialization of the decision and penalty variables.
Transport directions describe observed distributional variation, while available loss gradients in-
dicate locally adverse directions for the current decision. Their combined use, together with an
evolving cache of adverse scenarios, supplies search heuristics within the original robust formulation
at the learned radius. The inner searches remain over the full observation space.

The statistical results distinguish within-source estimation from generalization across distribu-
tions. Under compactness, empirical source errors yield uniform objective perturbation bounds;
quadratic growth further controls the center and admissible radius interval. Separately, for exact
empirical MDSL optima, margin-enlarged balls admit coverage and cost guarantees whose errors
account for both sampling layers. These coverage results require neither uniqueness nor quadratic
growth. Under the stated conditions, target coverage is asymptotically at least 1 — v, in probability
over training data, as the enlargement vanishes.

Further work should assess the computational benefit of the proposed initialization and trans-
port reuse, including their additional cost and their dependence on the loss structure. Extending the
statistical analysis to approximate learning solutions and developing reliable stopping certificates

for decision optimization would strengthen the connection between theory and implementation.
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Appendix A Proofs

A.1 Additional notation

For a matrix A, write AT, det A and adj(A) for its transpose, determinant and adjugate. If A is
invertible, then A~! = adj(A)/det A. The vector 1 has all entries equal to one, with its dimension
determined by context. For a symmetric matrix, A > 0 means positive definiteness. For embedded
points p; € H, their Gram matrix has entries g;; := (14, 1tj)%; an unsubscripted inner product or
norm involving these points is taken in H.

For a metric space (Z,d), a point z and nonempty sets A, B C Z, define

i A) := inf
distg(z, A) ;gAd(z,a),

di(A, B) := max {sup dist4(a, B),sup dist4(b, A)} .
acA beB
The latter is the Hausdorff distance, using the ambient metric indicated by the sets. Center errors
use d = W,; radius-power intervals use the usual distance on R. In particular, dyu([a,b], [c,€e]) =
max{|a — ¢|,|b — e|}. An a-net is a collection of points whose closed balls of radius a cover the
space. The covering number Ny (a) is the smallest size of such a net in (7,d7y), with centers in
T. For a nonnegative vector d € Rﬂ‘f y d1y = --+ > d(yy) are its descending order statistics; we set
d(ar+1) = 0 when describing the optimal radius interval.

For an event A, let A° denote its complement. The notation Pri,n refers to randomness in
both the source distributions and their observed samples. Target probabilities Prp/y concern a
fresh, independent distribution and condition on the training data. Probabilities explicitly condi-
tioned on the source distributions concern their within-source observations. A function g is lower
semicontinuous if g(z) < liminf,, ,~ g(zmn) whenever z,, — z; upper semicontinuity is defined by

the reversed inequality with lim sup.

A.2 Proof of Proposition 2 and Corollary 3
Proof. Three kernel mean embeddings span an affine subspace of dimension at most two, so the

geometry is that of a planar triangle. The three quantities

Ar =911+ 923 — 912 — 913, A2 =g22+ 913 — g12 — 923, A3 = g33 + g12 — 913 — 23

are the inner products of the two edges meeting at p1, o, 13, respectively; hence A, Ao, A3 > 0
exactly when the triangle is acute.
Non-acute triangles. If the triangle is not acute, its minimum enclosing ball is the ball whose

diameter is its longest edge. Let that edge join p; and pj. Its center is (p; + p15)/2 and its squared
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radius is ||p; — u]|?/4, so the power of the origin with respect to this ball is

|

The origin therefore lies strictly outside the minimum enclosing ball, and origin enclosure forces

2
e =l
4

Wi+ 1

5 = (i, i) = gij > 0.

the triangle to be acute.

Acute triangles. If the triangle is acute, its minimum enclosing ball is its circum-ball. Let ¢, be
its circumcenter, r, its circumradius, and g := ||co||> — 72 the power of the origin with respect to
that ball. Then the origin lies in the minimum enclosing ball if and only if ¢ < 0.

Since ¢, lies in the affine hull of the three points, write c¢o = >, ap; with >, oy = 1. The

equidistance conditions ||c, — p;||? = 72 read

2<007 MZ) — Gii = ¢, 1= 1) 2737

that is, 2Ga — d = ¢1. Multiplying by G~! and applying 1" gives

2-1"G"d

2-1"G'd=¢1'G™"1 h =
G 'd=¢q1 G 1, ence q TG 11

Since G > 0, the denominator is positive and ¢ < 0 <= 1TG7'd > 2. Together with the
dichotomy above, this is the stated criterion.

The row condition. It remains to verify Corollary 3. Assume Zj 2i9ij < %gn Then, for

instance,

A1 = gi1 + 923 — 12 — 913 = 3911 + ga3 > 0,

and Ag, A3 > 0 follow symmetrically, so the triangle is acute. The row condition also makes G

strictly diagonally dominant with positive diagonal, hence G > 0.
Set pi == gii — 23,2 9i5 > 0 and p := (p1,pa, p3) " Since (G1)i = gii + 3 ,4; %ij»

whence
1'G 'd=2+31"G 'p.

It therefore suffices that G~!1 have nonnegative entries.

To see that it does, relabel the entries as u = g11, v = g22, W = ¢33, T = g12, Y = 913, 2 = ¢23,
all positive, so that the row condition is u > 2(z + y), v > 2(x + 2), w > 2(y + z). The row sums
of adj(G) are

Ri = vw — 22 + yz — zw + zz — yv,
Ry = yz — zw + uw — y° + zy — uz,

Ry = 2z —yv + 2y — uz + wv — 2.
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Now Rj is increasing in v and w, because OR;/0v = w —y > 0 and OR;1/0w = v —x > 0; Ry
is increasing in v and w; and Rj3 is increasing in v and v. Evaluating at the smallest admissible

diagonal entries u = 2(z + y), v = 2(x + 2), w = 2(y + 2),
Ry >3z(x+y+2) >0, Ry >3y(x +y+2)>0, R3 > 3z(x+y+2) > 0.

Every entry of G™!'1 = adj(G)1/det G is thus positive, so 1'G™'p > 0 and 1'G~'d > 2. With
acuteness already established, Proposition 2 gives that the minimum enclosing ball of {1, po, pus}

contains the origin. O

A.3 Proof of Proposition 6

Proof. Fix x € X and apply Lemma 5 to /x(&) := f(x, &), which is continuous on compact = by
Assumption 1. Substituting Q* = fo:l Brd¢, into the integral in (3.6) gives (3.8). Minimizing
this identity over x gives (3.9).

For each fixed &, the function f(x,€&) — A||€ — {,||P is jointly convex in (x,A). Taking suprema
and nonnegative weighted sums preserves this property. The infima over the independent variables
x and A may be taken in either order.

Finally, write J(x) for the left-hand side of (3.8). For any x,y € X,

1760~ ()] < sup 1 (x.8) ~ 13- )]
SS

Uniform continuity of f on compact X x = makes J continuous, so it attains its minimum on X. For

each fixed A, the dual objective is likewise continuous in x, hence its minimum over X is attained

as well. O

A.4 Proofs for Section 4.1

Proof of Lemma 9. Arrange the coordinates of d in nonincreasing order as d() > - -+ > d(yr), and
set dpr41) = 0. Write a := Mv. The subgradient condition for minimizing the stated convex,
piecewise-linear function shows that its minimizer set is [d(k 1) d(k)] if @ = k is an integer, and the
singleton {d(LaJ-H)} otherwise. This also covers a = M through the convention d(y;11) = 0. The
same description applies to d. If max;|d; — d;| < 7, every corresponding order statistic differs by
at most 7: [d(;) — J(j)| < 7 for each j. Hence the two singleton minimizers, or the corresponding
endpoints of the two intervals, differ by at most 7. Their Hausdorff distance is therefore at most
T. [

Proof of Theorem 10. For each i, apply the assumed concentration bound with §; = 6 /M. A union
bound gives an event of probability at least 1 — § on which g; < b; for every ¢. On this event,
Lemma 8 yields n < ns and

o(Q*) — ©* < 2n5.
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Assumption 2 then gives (4.8). Since Z is compact, P,(Z) is compact under W,, and Q* is a
nonempty compact set. Thus a nearest Q* € Q* exists.

For this pair of centers, Lemma 7 and the triangle inequality imply, for every 4,

W (B, Q%) — WE(P;, Q)| <

(bi + Wp(@*u Q*)> < 75.

Apply Lemma 9 to these two vectors of transport costs to obtain (4.9). The midpoint map on closed
intervals is 1-Lipschitz under Hausdorff distance, so the stated midpoint bound follows. Finally,
for nonnegative u,v and p > 1, [u!/? — v¥/?| < |u — v|'/P, which gives the bound on the radii

themselves. O

A.5 Proofs for Section 4.2
Proof of Lemma 12. Write 0 = (Q, p) and hg(P) := £4(sg,,(IP)). The triangle inequality and the

mean value bound on [0, D] give

[WE(P,Q) — WE(P,Q')| < L,W,(Q, Q).

Since £, is 1/~-Lipschitz, it follows that

dr(0,6
sup  [ho(P) — ho (P)] < 780D
PEP,(E) v
Choose a deterministic a-net {61,...,0x} of T, where N = Ny (a). For each fixed j, the variables
hg,(P;), i =1,..., M, are i.i.d. and take values in [0, 1]. The one-sided Hoeffding inequality and a
union bound therefore give, with probability at least 1 — d,y,

N.

)

M
log N + log(1/6) .
Eghg, (P') < — \/ =1,...
N4 9 > g oM ’ J s

On this event, choose for any 6 € T an index j with d7(6,0;) < a. The population mean and the

empirical mean each change by at most a/v upon replacing 6; with 6. Hence

M
, 2a log N + log(1/6r)
Eyho(P) Z_ \/ oM '
The event does not depend on the chosen 6, proving the asserted uniform bound. ]

Proof of Theorem 13. Let A be the source event from Lemma 12, which has probability at least
1—96y. Putg = Wp(@i,Pi) and By n = ﬂij\il{ei < b;}. Applying (4.17) with ¢t = §,,/M and

taking a conditional union bound gives

Pr{Bjp | P1,...,Py} < d, almost surely.
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Taking expectations yields Pr(Bpn) > 1—0,. Thus AN By, has probability at least 1—3dy — 9y,
without requiring independence of these events.
Work on this intersection and write s(PP) := 5w 5 (P). Lemma 7 and the Lipschitz property of
the loss imply
£ (5P) - 6, G(B)| < 225 < F2

Both scores here use the same empirical center and radius. By Lemma 11 applied to the empirical

sources and the second inequality in (4.12),
1 & o 1L o
i > ,ER)) < i > 1{8(P) > 0} < v
i=1 i=1

The uniformity on Ay allows evaluation at the data-dependent pair (@*, p*). Consequently,

Pr (P ¢ Uy} = By 1{3(P') > 7}

< Eyly(5(P"))

M
1 N
< Vi ;%(S(Pi)) +Cn(a,y,0nr)

.M
<v+ L b; + Car(a,y, 0nr).
S WATNISRS

Combining this with the trivial bound by one proves (4.19). When the sources are known, apply
the same argument at an optimal pair for those sources on Ajs;. The source-replacement step and

the event Bjs, are then unnecessary, giving (4.20). O

Proof of Corollary 15. Let £y denote (4.18) evaluated at the sequences in the corollary. Conditions
(4.23) imply €y — 0. For any fixed e > 0, take M sufficiently large that £y < € and s+, a7 < 1.
Theorem 13 then gives

Pr {\II(Z:I\VWM) <l—v-— e} <0m +opm — 0.

train

The proof for known sources uses (4.20) in exactly the same way. No nesting of the learned sets or

interchange of a limit and target probability is needed. O
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