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Abstract. The Continuous-Time Service Network Design Problem (CTSNDP) arises in consolidation-based transportation sys-
tems, where shipments share paths in space and time to reduce cost. The CTSNDP determines minimum-cost transportation plans
over a continuous-time horizon. To provide more consolidation opportunities and achieve further cost reductions, CTSNDP with
Splittable Deliveries (SCTSNDP) allows each commodity to be divided into smaller shipments which may follow different routes
and schedules. However, solving SCTSNDP exactly is computationally challenging. A direct formulation based on a complete time
discretization is typically too large to be solved efficiently. Alternatively, CTSNDP with Unsplittable Deliveries (USCTSNDP) pro-
vides a restriction for SCTSNDP when each multi-unit commodity is replaced by predefined multiple sub-commodities. However,
such construction substantially enlarges the commodity set and limits the effectiveness of the existing dynamic discretization dis-
covery (DDD) algorithms. To address this challenge, we establish feasibility and optimality equivalences between SCTSNDP and
the solution-induced USCTSNDP counterparts, and develop a new DDD algorithm for the SCTSNDP, which iteratively derives
upper bounds and refines time discretization by leveraging established DDD components for USCTSNDP. Computational results
show that the proposed method outperforms benchmark approaches for SCTSNDP. Extensive experiments further show that split-

table deliveries yield significant cost savings with hight time flexibility and tight relative network capacity.
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1. Introduction

The Service Network Design Problem (SNDP) aims to select transportation activities and allo-
cate resources over a planning horizon to deliver goods profitably (Crainic 2000, Crainic and
Hewitt 2021). It typically arises in consolidation-based transportation systems operated by less-
than-truckload (LTL) and small-parcel delivery carriers. In these systems, multiple commodities
with different origins and destinations may be consolidated into the same vehicle dispatch over
shared segments of their routes to reduce vehicle-based transportation costs (Hewitt et al. 2019).

Such consolidation, however, is possible only when commodities are compatible not only spatially
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but also temporally, making scheduling decisions critical to SNDP. These scheduling decisions are
often modeled through time discretization (Crainic et al. 2016), and the chosen time granularity
can strongly affect which consolidation opportunities are represented. To avoid losing or distort-
ing such opportunities due to coarse discretization, the Continuous-Time SNDP (CTSNDP) has
been proposed to model scheduling decisions over a continuous-time planning horizon and thereby
capture potential consolidations more accurately (Boland et al. 2017).

In the CTSNDP, commodities are routed and consolidated through a physical network over
a continuous-time planning horizon with the objective of minimizing total transportation cost.
This cost consists of fixed costs incurred by operating vehicle dispatches on transportation service
segments and flow costs determined by shipment quantities and unit flow costs. By optimizing
decisions in continuous time, the CTSNDP identifies a transportation plan that specifies com-
modity routing, shipment consolidations, and service dispatch schedules. Recent literature on the
CTSNDP has commonly focused on settings in which the demand for each commodity must be
transported from its origin to its destination along a single route, without splittable deliveries (see,
e.g., (Boland et al. 2017, Marshall et al. 2021, Shu et al. 2024)). We refer to this standard setting
as the Continuous-Time SNDP with Unsplittable Deliveries (USCTSNDP).

To obtain the continuous-time optimal solutions for the USCTSNDP, Boland et al. (2017)
proposed a dynamic discretization discovery (DDD) algorithm. Rather than solving the problem
directly on the complete time-expanded network containing all relevant time points, the DDD algo-
rithm starts with a coarse time discretization, solves the resulting relaxation on the corresponding
partial network, and iteratively refines the discretization by adding new time points only when
they are needed to prove optimality. This approach provides a significant computational advan-
tage over directly solving the problem on the complete time-expanded network. Following Boland
et al. (2017), several studies have improved the DDD algorithm through enhanced initial relax-
ation, upper bound computation, and discretization refinement strategies (Marshall et al. 2021,
Van Dyk and Koenemann 2024, Shu et al. 2025). The DDD algorithm has also been extended to
some variants of the USCTSNDP with predefined paths (Hewitt 2019), flexible available and due
times (Hewitt 2022), and holding costs (Shu et al. 2024), as well as to other transportation problems
(van Lieshout and van der Schaft 2026, He et al. 2022, Ocampo-Giraldo et al. 2025).

However, the unsplittable delivery assumption may limit consolidation opportunities, as assign-
ing the entire demand for a commodity to a single route and schedule prevents different portions

of that demand from being consolidated across different dispatches. Splittable deliveries relax this
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restriction by allowing a commodity to be divided into smaller shipments that may follow different
routes and schedules, providing more opportunities for consolidations and reducing transportation
costs (Sherali et al. 2000, Atamtiirk and Rajan 2002, Archetti et al. 2008, 2016, Gouveia et al.
2023). For example, in vehicle routing problems, allowing splittable deliveries has been shown to
yield cost savings of up to 50% and to reduce the number of delivery routes needed to satisfy all
demand (Dror and Trudeau 1989, Archetti et al. 2006). Motivated by this context, we investigate
the Continuous-Time SNDP with Splittable Deliveries (or SCTSNDP in short) in this study.
Despite the benefit of splittable deliveries, the SCTSNDP has received limited attention and
remains computationally challenging. One straightforward approach to the SCTSNDP is to solve
the problem over a complete time-expanded network. Similar to the USCTSNDP, the complete
time discretization can impose a substantial computational burden. Alternatively, following the
freight-splitting interpretation in Marshall et al. (2021), splittable deliveries can be tackled by
breaking commodities into smaller pieces. However, finer demand splitting enlarges the number
of commodities, leading to a significant increase in model size and undermining computational
efficiency of the existing DDD algorithm. These limitations motivate the development of an exact

method to efficiently and effectively solve the SCTSNDP.

1.1. Contributions of this paper

To address the limitations of existing methods for the SCTSNDP, we extend the DDD framework
from unsplittable to splittable deliveries, avoiding both the complete time-expanded network and
the explicit enumeration of commodity demand splits. Our main contributions are as follows:

* We propose valid relaxations for the SCTSNDP on the same partially time-expanded net-
works as those used for the corresponding USCTSNDP instances, which are defined on the same
underlying network and commodity set.

* For any SCTSNDP relaxation solution, we construct the corresponding solution-induced
USCTSNDP instance, relaxation, and mapped solution, and establish feasibility and optimality
equivalences between the original and mapped solutions.

* We develop a new DDD algorithm for the SCTSNDP that avoids pre-enumerating commodity
demand splitting and complete time discretization, instead iteratively mapping SCTSNDP relax-
ation solutions to solution-induced USCTSNDP counterparts to support optimality checking and
refine the time discretization.

» We validate the efficiency and effectiveness of the new DDD algorithm, as well as the benefits

of allowing splittable deliveries in the CTSNDP, through extensive computational experiments.
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The results show that the proposed method significantly outperforms existing approaches for the
SCTSNDP, while delivery splitting yields greater cost savings under tight network capacity and
flexible commodity time windows.

The remainder of the paper is organized as follows. Section 2 defines the SCTSNDP, presents
two time-indexed formulations and solution approaches, and discusses their limitations. Section 3
introduces an SCTSNDP relaxation and establishes feasibility and optimality conditions using
solution-induced USCTSNDP counterparts. Section 4 presents the proposed algorithm, Section 5

reports the computational results, and Section 6 concludes the paper.

2. Problem Description, Formulations, and Tractability Bottleneck
This section defines the SCTSNDP in Section 2.1, presents two time-indexed formulations in Sec-
tions 2.2 and 2.3, and reviews the associated solution methods and their limitations in Section 2.4,

motivating our proposed method.

2.1. Problem Description
The SCTSNDP is a continuous-time variant of the SNDP that allows splittable deliveries and can
be described by extending the setting of the USCTSNDP presented in Boland et al. (2017).

The SCTSNDP takes as input a directed graph D = (N, A), where N represents a set of nodes
and A denotes a set of arcs, and a set of commodities K that must be transported through the
network 9. The network D is regarded as a flat network, where the nodes in N correspond to
physical terminals. Each arc a = (i, j) € A is associated with a travel time 7;; € N5, a per-unit flow
cost cf.‘]. € Ry for each commodity k € K, while each vehicle dispatch on the arc involves a fixed
cost f;; € Ryo and a capacity u;; € N>o. Each commodity k € K has a demand qk € R, that must
be delivered from its origin o* € N to its destination d* € N within a time window [ek, l k] , Where
ek e Ny is the time when commodity k& becomes available at its origin, and / ke N is the time it
is due at its destination. Similar to the USCTSNDP, in the SCTSNDP, multiple flows of different
commodities can be consolidated into a single vehicle dispatch on arc (i, j) € ‘A, thereby sharing
the fixed cost for using the vehicle. However, unlike the USCTSNDP, the SCTSNDP allows a com-
modity to follow multiple paths and schedules from its origin to its destination when beneficial.
The objective of the SCTSNDP is to determine the optimal flow splits for all commodities, includ-
ing their delivery quantity, delivery paths, and dispatch schedules, as well as the consolidation plan
of these flow splits, so as to minimize the sum of total fixed and variable flow costs.

To represent a feasible solution of the SCTSNDP, we define M as the set of flow splits for

each commodity k € K. For each flow split m € M, we define a triple w*™ = (ghm, pkm, ¢km)
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to represent its flow amount, delivery path, and dispatch times. Specifically, the first element g~
represents the amount of commodity k assigned to flow split m. The second element pk’m denotes

the delivery path of flow split m in the flat network. It consists of a sequence of arcs a e A,

k,m

ie.,pkm = (a k.m .. and is referred to as a flat path. The delivery path is called
p (a ), p y path p

| ’“"I
k-feasible for commodity k € %, if it is a flat path from of to d* with e + 2aepkm Ta < 1*. We

assume that there always exists a k-feasible flat path for each k € K which is sufficient to ensure

a feasible solution to the problem. Moreover, %" = (t s e tk;(’fL ) specifies the dispatch times
L, . 1 |pk m|
along the delivery path p*™, where s "> ekt k"fn > t , + T km for each n = ., |p*™|, and

1 nl -1

4 Tm <1 k. Therefore, a feasible solutlon of the SCTSNDP can be represented as W =

ak,m
|pk,m ‘ \[’k’m|

{{w*™ Y mem, Yrexe With 3,0, 85" = ¢* for all k € K.

As in the USCTSNDP, without loss of optimality, all flow splits that pass through the same arc
with the same dispatch time can be consolidated. Associated with the solution W, for each arc
a=(i,]) € Uretcmem, p*™", we define J, = {(k,m) : a € p¥™} as the set of commodity-split pairs
traversing arc a. Let u(a) = {tﬁ’m : (k,m) € J,} be the set of distinct dispatch times associated
with these flow splits on arc a. Accordingly, for each dispatch time 7 € u(a), the consolidation set
is defined as k(a,t) = {(k,m) € I, : tfj’m =t}. Collectively, these sets define how the flow splits are
consolidated on arc a.

Therefore, the cost z(“W) of a SCTSNDP solution ‘W can be calculated as :

W)= > D f ), ), DL D, ket

anke’K,msMkpk’m teu(a) (k,m)ek(a,r) keK meMy gepk-m

where the first and second terms represent the fixed and variable costs, respectively. The SCTSNDP
seeks a feasible solution ‘W with minimum total cost z(“W). Note that we assume that holding
commodities at terminals incurs no additional costs. Moreover, we note that the labels m assigned

to the flow splits in M are arbitrary; any consistent relabeling leaves the solution unchanged.

2.2. A Continuous-flow Time-Indexed Formulation for the SCTSNDP

Similar to the USCTSNDP, the SCTSNDP can be modeled using a time-indexed formulation based

on a time-expanded network (see, e.g., Boland et al. 2017, Marshall et al. 2021, Shu et al. 2025).
We first construct a time-expanded network D2 = (N, AZ U HZ) based on a discretization

unit A, where for each terminal i € N, the set of discrete time points 7; = {t’i, e tf‘ﬁl} is defined

by {0,A,..., A maxgex[I¥/A]} and T = {7;}ien-. The node set N,7A. comprises timed-nodes (i, 1)

for each terminal i € N and each time point ¢ € 7;. The arc set of Z),? consists of the set of holding
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arcs 7—(7A. and the set of service arcs ﬂ,AT. Holding arcs ((i,1), (i, tf? 1) € 7—(7A. are defined for every
terminal i € N and time index n € {1,...,|7;]] — 1} to represent a dwell time of (tf1 i t') units.
Meanwhile, service arcs ((i,), (j,f)) € ﬂ,?. are constructed for each physical arc (7, j) € A and
each pair of timed nodes (i,?), (j,) € N7A~ with f =1+ A[7;;/A] to model a dispatch from terminal
i at time ¢ that reaches terminal j at time 7.

Based on the network Z)(j‘w, we present a time-indexed formulation for the SCTSNDP under the
commodity set K, referred to as SCTSNDP(K). Let xl.k]?f be a continuous variable from zero to one
to represent the fraction of demand for commodity k € K that travels from i to j departing at time
t and arriving at 7. Let yZ be a nonnegative integer variable representing the number of vehicles on
arc (i, j) € A required to transport the consolidated demand dispatched from terminal 7 at time ¢
and arriving at terminal j at time 7. Accordingly, SCTSNDP(K) can be formulated as the following

continuous-flow time-indexed mixed integer programming model SSND (D2, K):

Z(DEF,K) = min Z fi,-yZ + Z Z (ijqk)xik;f o
(5,0, (j.D)eAF keXK ((i.1),(j.0)eAl
s.t. Z xlkjff_ Z xj;t_z‘z
((0.0),(j.0)eAGUHE ((.).(1.0)) €AY UHY

1 (i,1) = (0", min{s € Tx : s > €*}),
=31 (i,1) = (d*, max{s € Ty : s < I¥}), Yk € K, (i.1) € N @)

0 otherwise,

DT <uyyt V(0. (.D) € AL, (3)
keK

ktr . . A A
xij € [O’l]’ Vke?(,((l,t),(],f))EﬂTUW ’ (4)
Vi €Ny, Y((i,1),(j.1) € AZ. )

The objective function (1) aims to minimize the total cost, with the first and second terms repre-
senting fixed and variable costs, respectively. For any feasible solution (x,y), let z(x,y) denote
its objective value. Constraints (2) enforce flow conservation to ensure that the demand for each
commodity is met, departing from its origin upon availability and reaching its destination by the
specified due time. Constraints (3) ensure that sufficient transportation capacity is provided by the
vehicles to accommodate the total consolidated demand flowing from terminal i at time ¢ to termi-
nal j at time 7. Constraints (4) and (5) specify the domains of the decision variables. We note that

an optimal solution (x*,y*) may be assumed timed-cycle-free, meaning that every commodity’s
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positive-flow timed arcs contain no directed cycle in the time-expanded network D2, since any
zero-cost cycle can be removed without affecting feasibility or optimality.

Under these constraints, the flow of each commodity k € K in any timed-cycle-free fea-
sible solution (x,y) to SSND(D2, %K) can be decomposed into origin-to-destination timed-
path flows. For any fixed such decomposition, let My (x,y) be the corresponding flow splits,
where each split m € My(x,y) is characterized by a flow volume g“™(x,y) and a deliv-
ery timed path P*"(x,y) from (of,min{s € T« : s > e¥}) to (d¥,max{s € Ty : s < I¥})
over Z)rfw. Each such timed path comprises a flat path p*"(x,7y) and an associated schedule
of departure times X" (x,y) for its constituent service arcs. Therefore, each such decompo-
sition yields a feasible solution W = {{(gk”"(a:,y),pk”"(a:,y),tk’m(a:,y))}meMk(w,y)}keq( for
SCTSNDP(K), with the same delivery quantities, delivery paths, and dispatch schedules for all
commodities, thereby inducing the same consolidations on each arc. The resulting solution sat-
isfies z(‘W) < z(x, y), with equality whenever (x,vy) is optimal. Moreover, for each timed arc
a € AL, we define J,(z,y, Mi(x,y)) = {(k.m) : k e K, me My(x,y), a € P*"(x,y)} as the
set of flow splits in My (x,y) traversing timed arc a. The corresponding routing and consolidation
plans can then be represented, respectively, by P(x,y, My (x,y)) = {pk’m(w,y)}keq(,meMk(m,y)
and C(z,y, My (z,y)) = {((i,)), Ja(®,y, M (2, y))) : a = ((,1),(j,7)) € Az} Together,
(P(x,y, My (x,y)),C(x,y, Mi(x,y))) defines a flat solution to SCTSNDP(K).

The quality of an optimal solution to SSND (D2, K) is influenced by the discretization param-
eter A, as it introduces deviations to travel times, available times, and due times. Therefore
SSND(DA, K) is a restriction of SCTSNDP(%), and its optimal objective value provides an upper
bound for the original SCTSNDP(K). However, as noted by Boland et al. (2017), these deviations
disappear when 7;; /A, e*/A, and [* /A are all integers (i.e., when A is a common divisor of all tem-
poral parameters). Let A denote the greatest common divisor of all 7; s e and I¥, where A = 1 in the
worst case. We denote the corresponding discrete time set 7 as the complete time discretization and
the resulting time-expanded network Z){ié_ is referred to as a complete time-expanded network. Con-
sequently, SSND(Z)(/AAw ,K) is a complete continuous-flow time-indexed model for SCTSNDP(K),
where any optimal solution (x, y) to the SSND(Z)?T , ) corresponds to an optimal solution W =
(g (x,y), pP"(x,y), " (x, Y)) YmeMy (@)} kexe Tor SCTSNDP(K) with the same total cost.
2.3. A Binary-flow Time-indexed Formulation for the SCTSNDP
As noted by Marshall et al. (2021), SCTSNDP(‘K) can be tackled heuristically by splitting com-
modity demands into smaller pieces a priori and solving the resulting USCTSNDP instance. For

clarity, we first introduce the following definitions.
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DEFINITION 1. Given a commodity set K, for each k € K, let 'y = {yi‘,ylz‘, .. ’7|krk|} denote
a finite set of sub-commodities derived from k, where each sub-commodity y* € I is a copy of
k that inherits its origin, destination, earliest available time, due time, and unit flow cost from &k,
1.e., o¥m = ok,dylifi = d*, evm = ek, [Ym = ¥, and caf" = c’;,‘v’a € A, and the total demand satisfies
Zl,l;i |1 qyl(n =g*, qyfn > (0. We define such I'y as a feasible demand disaggregation for commodity k.

DEFINITION 2. Given a feasible demand disaggregation I’y = {yX : m =1,..., ||} for each
k € K, we define @y = (Jycqc [k as a feasible split of the commodity set K.

Analogously, we use USCTSNDP(K) to denote the USCTSNDP associated with commodity
set K. Given a feasible split @y of K, the corresponding USCTSNDP(®«) is defined on the
same underlying network 9 and constitutes a restriction of the original SCTSNDP(K) under
which demand can be divided only according to the predefined split. As noted by Boland et al.
(2017), the resulting USCTSNDP(®y) can also be formulated on the time-expanded network
Z)(?_, yielding the model USSND(D2, ®«). This model shares the same objective function and
constraints as SSND(DA, dy), except that the flow variables xl.kj’f are binary: xl."jtf € {0,1},Vk €
Dy, ((i,1),(j,1)) € ﬂﬁw U 7{74. Here, the binary variable xfj”_ indicates whether sub-commodity
k € @y is routed along arc (i, j) with departure time ¢ and arrival time 7, thereby ensuring each
sub-commodity is routed along a single delivery path and assigned a unique schedule. An optimal
solution to USCTSNDP(®g) can be obtained by solving the complete binary-flow time-indexed
model USSND(Z)? ,Dg), and, by Proposition 1, its objective value provides an upper bound for
the original SCTSNDP(K). Refining the predefined split with smaller demand-splitting granular-
ity can tighten this upper bound by allowing the demand of each original commodity to be divided
among routes and schedules in more flexible proportions. Indeed, as established in Corollary 1,
there exists a feasible split ®g such that solving USCTSNDP(®y) yields an optimal solution to
SCTSNDP(K), although such a split is generally unknown a priori.

PROPOSITION 1. Given any feasible split ® , every feasible solution to USCTSNDP(®g)

corresponds to a feasible solution to SCTSNDP(K) with an identical cost.

COROLLARY 1. There exists a finite feasible split ®g such that USCTSNDP(®y) and
SCTSNDP(K) have the same optimal cost.

2.4. Tractability Bottleneck
For SCTSNDP(K) studied, Section 2.2 presents an exact continuous-flow time-indexed for-

mulation SSND(Z){}% ,K), whereas Section 2.3 presents a binary-flow time-indexed formulation
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USSND(D(% ,Dg), for the restriction induced by a given feasible split ®g. In this section, we
review existing solution methodologies based on these formulations and analyze their limitations.

The continuous-flow time-indexed formulation, SSND(Z){?, ,K), is defined on the complete
time-expanded network 1)74_ , where solving the model directly yields the optimal solution for
SCTSNDP(K). In practice, Z)ﬁ; tends to be prohibitively large, and the corresponding complete
time-indexed model SSND(Z)?_ , K) is computationally challenging. To reduce the size of the com-
plete time-indexed model, Boland et al. (2017) showed that only a subset of time points is required
in the discretization to preserve optimality. This reduction can be applied to the SCTSNDP, as
stated in Proposition 2, under the assumption that holding freight at terminals incurs no additional
cost. Nevertheless, this reduced model remains too large to render the SCTSNDP computation-
ally tractable, and no alternative solution methods or specialized algorithms currently exist beyond

direct optimization to solve SSND(Z)(?_ , K) efficiently.

PROPOSITION 2. For any general time-expanded network D with T € T, in which service
arcs are of the form ((i,t), (j,t +7;;)) and holding arcs connect consecutive time points in each T,
to ensure that any optimal solution to SSND(Dq¢,K) is an optimal solution to SCTSNDP(K), it is
sufficient for T to consist of time points of e* for some commodity k € K or e* + 3 . p Ta for some

commodity k and some walk p C A originating at o*.

Alternatively, one could solve the binary-flow time-indexed formulation USSND(Z)(%w , Dgc) with
a feasible split @ to obtain a heuristic solution to SCTSNDP(K) by using standard DDD algo-
rithms for the USCTSNDP (Boland et al. 2017, Marshall et al. 2021, Shu et al. 2025). Although
these algorithms avoid explicitly handling the complete time-expanded network, the resulting
heuristic solution may provide a loose upper bound because the optimality-preserving finite split
whose existence is established by Corollary 1 is generally unknown a priori. Using finer splits can
tighten this upper bound but rapidly enlarges the binary-flow formulation, making it increasingly
difficult to solve even with these DDD algorithms.

Together, these limitations motivate the new exact method developed in the following sections,

which avoids both complete time discretization and prespecified demand splitting.

3. Relaxation and USCTSNDP Counterparts of the SCTSNDP
In this section, we introduce a relaxation of the SCTSNDP and, for any solution to this relaxation,
construct a mapped USCTSNDP instance, its relaxation, and the corresponding mapped solution.

We establish feasibility and optimality equivalences between the given relaxation solution and
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its mapped counterpart, providing the theoretical foundation for the exact method in Section 4.
Appendix EC.1 summarizes the relationships among the problem variants, formulations, relax-

ations, and mapped counterparts.

3.1. Partially Time-expanded Network and Relaxation

As discussed in Section 2.2, the SCTSNDP can be modeled using the continuous-flow time-
indexed formulation on the complete time-expanded network SSND(Z)?, ,K). However, even after
the reduction of time points established in Proposition 2, the resulting time-expanded network may
remain prohibitively large. A similar computational challenge arises in the USCTSNDP, for which
Boland et al. (2017) introduced the concept of a partially time-expanded network. Based on this
network, they derive a relaxation of the original USCTSNDP and propose the DDD algorithm
for the USCTSNDP, which dynamically refines the partially time-expanded network to iteratively
strengthen the relaxation. Next, we review this partially time-expanded network concept in the
context of the USCTSNDP, and subsequently adapt it to develop a relaxation for the SCTSNDP.

A partially time-expanded network, denoted by Dy, is constructed based on a small subset
of the time points of the complete time discretization 9 and contains significantly fewer arcs
with shorter travel times than the complete time-expanded network. The standard partially time-
expanded network, represented as Dy = (N, Ay U Hy), is first introduced by Boland et al.
(2017). Specifically, 7~ C 9~ such that |7;] < |7;] for each i € N, where each ¢ € 7; corresponds to a
node (i,7) € N. The holding arcs in Hy- link the timed-nodes of two consecutive time points at the
same terminal and the service arcs in Ag- are constructed to satisfy the following two properties:
(i) every arc ((i,1), (j,1)) € Ay satisfies f <1+ 7;;; (i) for every (i, j) € A and every (i, 1) € N,
there exists a timed-copy arc ((i,7), (j,7)) € Ay such that no node (j,1") € Ny exists where 7 <
1" <t+7;;. Boland et al. (2017) proved that the time-indexed formulation USSND(Dy-), based on
any such partially time-expanded network Dy, provides a relaxation of the USCTSNDP.

Other types of partially time-expanded networks have also been proposed for the USCTSNDP
to tighten the relaxation while minimizing network size. For example, Marshall et al. (2021) intro-
duced interval-based partially time-expanded commodity networks, whereas Shu et al. (2025)
developed time-node-based commodity networks, both by eliminating commodity-specific arcs
that are temporally infeasible. In this paper, we let Dy = (N7, Ag U Hy) generically denote any
such partially time-expanded network to simplify the subsequent discussion.

Although these partially time-expanded networks were originally developed for the
USCTSNDP, the following theorem shows that any such network that yields a valid relaxation for
the USCTSNDP also provides a valid relaxation for the SCTSNDP.
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THEOREM 1. Given any partially time-expanded network Dg- such that USSND(Dr,K) is a
relaxation of USCTSNDP('K), in the sense that every optimal solution to USCTSNDP(K) corre-
sponds to a feasible solution of USSND(Dq,K) with no greater cost, then SSND(Dy,K) is a
relaxation of SCTSNDP(K).

3.2. Mapping to Solution-Induced USCTSNDP Counterparts
Given any timed-cycle-free feasible solution to the relaxation SSND(Dy, K) of SCTSNDP(K),
we map the problem, relaxation, and solution to their corresponding USCTSNDP counterparts.
We begin by constructing a feasible split for the original commodity set K based on the given
timed-cycle-free relaxation solution (x,y). For each commodity k € K, based on the definitions
in Section 2.2, Ty (x, y), defined as {yX },.c M, (z,y) Where each ¥k is a copy of k and with qﬂ{n =
gk (x, 1), is a feasible demand disaggregation for commodity k, and ®gc(x, y) = Urex Tk (T, )
yields a feasible split of K. Based on this, we obtain the mapped USCTSNDP instance, defined as
USCTSNDP(®g(x,y)) over the same flat network D. As indicated by Proposition 1, any feasi-
ble solution to the USCTSNDP(®y (x, y)) is associated with a feasible solution to SCTSNDP(K)
with the same cost. Given the current partially time-expanded network Dy, we then formulate a
relaxation of USCTSNDP(®y(x, y)) using the binary-flow formulation introduced in Section 2.3.
This relaxation is denoted by USSND(Dg, @ (x,y)), and a corresponding feasible solution

S(x,y) = (&,9) is constructed as follows:

~ |1, it ((,1),(f, D) € PP (x,y),
= (00 (1) (@9) Vk € K.m € My (z.y). ((i.1). (j.D)) € Ar UHz (6)

ij ‘
0, otherwise,

gh=yl, V((i.0.(j.D) € Ar. (7
As established in Lemma 1, the derived solution S(x, y) has the same cost as (x, y) and is optimal

for USSND(Dg-, @gc(x,y)) whenever (x,y) is optimal for SSND(Dr, K).

LEMMA 1. Let (z,y) be a timed-cycle-free feasible solution for SSND(Dg,K), and let
S(x,y) = (&, ) be the solution derived by (6)—(7). It follows that S(x, y) is a feasible solution for
USSND(Dy-, @y (x,y)) with a cost value equal to that of (x,y). Moreover, S(x,y) is an optimal
solution to USSND(Dy, Py (2, y)) provided that (x,y) is an optimal solution to SSND(Dr, K).

This problem-relaxation-solution mapping induced by (x, y) underlies the feasibility and opti-

mality equivalences between (x,y) and S(x, y) established in the next section.
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3.3. Feasibility and Optimality Equivalences between (z,y) and S(x,y)

The feasibility of a relaxation solution within a given relaxation model and its optimality relative

to the original problem are fundamental to the design of standard DDD algorithms. We introduce

three concepts, defined below, to characterize these properties within the DDD framework.

DEFINITION 3. Consider a feasible solution (x, y) of SSND(Dr, K).

(i) Timed feasibility. The solution (x,y) is timed feasible for SSND(Dg~, K) if every positive
variable in (x,y) has a corresponding variable associated with the same timed arc in that
model and the candidate solution formed by retaining these positive values and setting all
remaining variables in that model to zero satisfies all its constraints.

(ii) Flat feasibility. The solution (z,y) is flat feasible for SSND(Dy~, K) if its flat solution is
representable on Dy, meaning that there exists a feasible solution of SSND(Dg~, K) whose
flat solution is identical to that of (x, vy).

(iii) Flat optimality. The solution (x,y) is flat optimal for SCTSNDP(X) if it is optimal for
SSND(D7,K) and flat feasible for SSND(Z)ér ,K), meaning that there exists an optimal
solution of SCTSNDP() with the same flat solution and total cost as (x, y).

These definitions apply analogously to USCTSNDP(®g) by replacing each SSND model with the

corresponding USSND model and replacing SCTSNDP(K) with USCTSNDP (D).

Throughout the paper, feasible retains its standard meaning, indicating that a given solution
satisfies all constraints of the corresponding model, whereas timed feasible and flat feasible refer
to the meanings specified in Definition 3. Correspondingly, timed infeasible and flat infeasible
mean not timed feasible and not flat feasible, respectively. The term feasibility equivalence refers
to equivalence in both timed and flat feasibility, whereas optimality equivalence refers specifically
to equivalence in flat optimality. The following theorem establishes these equivalences between

(x,y) and its mapped solution S(x, y).

THEOREM 2 (SSND-USSND Feasibility and Optimality Equivalence). Let (x,y) be a
timed-cycle-free feasible solution to SSND(Dy,K) and let S(x,y) = (Z,Y) denote the mapped
solution for the USSND (D, ®x(x,y)) derived by (6)—(7). Then the following statements hold.:
(i) For any valid discretization T' C T, (x,y) is timed feasible for SSND(Dg,K) if and only
if S(x,y) is timed feasible for USSND(Dy, Pgc(x,y)). Likewise, (x,y) is flat feasible for
SSND(Dqg,K) if and only if S(x, y) is flat feasible for USSND(Dy, @y (x, y)).

(it) If (x,y) is an optimal solution to SSND(Dy,K), then (x,y) is flat optimal for
SCTSNDP(K) if and only if S(x,y) is flat optimal for USCTSNDP(®y(x,y)).
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As noted by Boland et al. (2017), the DDD algorithm for USCTSNDP(K”) begins with an initial
discretization 7~ and iteratively solves the relaxation USSND (D7, K”). At each iteration, if the
optimal relaxation solution is flat optimal, it can be transformed into an optimal solution to the
original USCTSNDP(K"). Otherwise, the discretization is refined from 7~ to 7 by adding new
time points, thereby making the current relaxation solution timed infeasible or flat infeasible for the
subsequent relaxation USSND(Dg~,K”) and driving the algorithm toward an optimal solution. To
this end, Boland et al. (2017) and subsequent studies, such as Marshall et al. (2021) and Shu et al.
(2025), propose several well-established algorithmic components for verifying the flat optimality
of the current optimal relaxation and for refining the discretization to eliminate the current optimal
relaxation solution by making it timed infeasible or flat infeasible in subsequent iterations. By
Theorem 2, these established procedures can be applied to S(x,vy) to verify the flat optimality
of (x,y) and, when necessary, refine the discretization to eliminate it from subsequent SSND

relaxations. This provides the theoretical foundation for the SDDD algorithm in Section 4.

4. New Exact Algorithm for SCTSNDP

In this section, we present SDDD, a new exact algorithm for the SCTSNDP within the DDD frame-
work that dynamically constructs and exploits solution-induced unsplittable counterparts, thereby
avoiding both complete time discretization and a priori demand splitting. Section 4.1 outlines the

algorithm, and Sections 4.2—4.5 detail its key components.

4.1. Overview of the SDDD algorithm
The main steps of the SDDD algorithm for SCTSNDP are outlined in Algorithm 1.

The SDDD algorithm begins with an initial discretization 7 and a corresponding partially
time-expanded network & as defined in Section 3.1, where the service arc duration is equal
to or shorter than its actual travel time. The initial discretization 7~ and network Dg- are con-
structed using any established methods from the USCTSNDP literature. As indicated by Theo-
rem 1, this yields an initial relaxation model SSND (D, K) for SCTSNDP(K). In each iteration,
we first solve SSND(Dg-,K) to obtain an optimal relaxation solution (x,y), which is neces-
sarily timed-cycle-free, and update the lower bound of the algorithm (LB) based on the optimal
objective value of SSND(&, K). As indicated in Section 3.2, a mapped USCTSNDP instance,
USCTSNDP(®x(x,y)), can be constructed along with its corresponding relaxation over the
current discretization 77, denoted by USSND(Dr, @ (x,y)). By Lemma 1, a feasible solution
(,9) = S(z,y) for USSND(Dy, @y (x, y)) with a cost equal to that of (x,y) can be derived
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Algorithm 1: SDDD Algorithm for the SCTSNDP(K)

Input: SCTSNDP defined on a flat network D = (N, A) with commodity set K; optimality
tolerance &.
Qutput: Solution ‘W with cost UB.

begin
UB « +00, LB « —o0;
2 Initial Relaxation (§4.2): construct an initial discretization 7, partially time-expanded network

D, and relaxation model SSND (D, K);
while true do o
Lower Bound Computation (§4.2): Solve SSND(Dq-, K) to obtain an optimal relaxation
solution (x,y) with cost z(x,y); set LB « max{LB,z(x,y)};
5 USCTSNDP Counterpart Mapping (§4.3): (i) obtain a feasible split @ (x,y) of K
induced by (, y); (i1) construct the mapped instance USCTSNDP(®« (x, y)), its
relaxation USSND(Dq, @4 (x,vy)), and a feasible solution (&, ¢) to it;
6 Upper Bound Computation (§4.4): (i) repair (&, ) into (&, §); (i) derive a feasible
solution ‘W to USCTSNDP(®g(z, y)) from (£, 9) with cost z(‘W) by using established
DDD components from the USCTSNDP literature, which yields a feasible solution to
SCTSNDP(K) with the same cost;

7 if z(‘W) < UB then
8 ‘ UB — z2(‘W), W —W,;
9 end
10 if (UB — LB)/UB < ¢ then break;
11 Discretization Refinement (§4.5): refine 7~ and update D4 based on S(x,y) = (&, §), using
established DDD components from the USCTSNDP literature;
12 end
13 return Solution W of cost UB;
14 end

by (6)—(7). Lemma 1 and Theorem 2 motivate us to utilize the USCTSNDP(®y(x,y)) and the
solution S(x,y) to determine whether the algorithm has converged to an optimal solution and, if
not, to refine the discretization.

As indicated by Proposition 1, any upper bound for USCTSNDP (D (x,y)) also serves as a
valid upper bound for the original SCTSNDP(K), which can update UB of the algorithm. When
the gap between the updated UB and current LB reaches the specified optimality tolerance, the
algorithm converges and terminates with an optimal solution for SCTSNDP(K) within the opti-
mality tolerance. Otherwise, as part (i) of Theorem 2 implies, discretization 7~ can be refined to 7~
by methods known in the literature on DDD algorithms for the USCTSNDP, so that S(x, y) is no
longer timed feasible for USSND(Dy~, @g(, y)) or, more strongly, the flat solution of S(z,y)
is no longer representable in Dy, and thus (z,y) is timed infeasible for SSND(Dg~, K); in the

stronger case, the flat solution of (x,y) is no longer representable in Dy~. The algorithm then
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proceeds to the next iteration with the refined discretization 7. The correctness of Algorithm 1
and its finite convergence to an optimal SCTSNDP solution are established in Section 4.5.
Overall, SDDD avoids both complete time discretization and a priori demand splitting by
dynamically mapping SCTSNDP relaxation solutions to solution-induced USCTSNDP counter-
parts, thereby leveraging established DDD components from the USCTSNDP literature (see, for
example, Boland et al. (2017), Marshall et al. (2021), Shu et al. (2025)) to verify optimality and

selectively refine the time discretization.

4.2. Initial Relaxation and Lower Bound Computation

Using any valid initialization procedure from the USCTSNDP literature, we construct an ini-
tial discretization 7 and network Dy, which yield a valid initial relaxation SSND(Dg-,K) of
SCTSNDP(K) by Theorem 1. We further strengthen this relaxation with the following valid
inequalities adapted from the USCTSNDP.

Txi<ib—ef, Ve, (8)
(0. 7eAr
k _ _
max{1,3—}xfj”Sy§;, Y ((i,0), (1) € Ar k € K. )
ij -

Inequalities (8) bound the flow-weighted average travel time across all paths used by each com-
modity k € K. Inequalities (9) ensure that any used service arc has an associated vehicle dispatch
with sufficient capacity for the transported fraction of commodity k& € K. Details of how these
inequalities are adapted from the USCTSNDP literature, together with proofs of their validity for
the SCTSNDP, are provided in Appendix EC.5. Therefore, at each iteration of the SDDD, we solve
the strengthened relaxation model defined by (1)—(5), together with (8) and (9), to obtain a lower
bound on SCTSNDP(K). The notions of flat feasibility and flat optimality in Definition 3 apply
unchanged to this strengthened relaxation. To preserve the feasibility and optimality equivalences
established in Theorem 2, the mapped USSND relaxation is strengthened with a corresponding
inequality expressed in terms of the sub-commodities, as described in Section 4.3.

Additionally, some other techniques tightening relaxation, which are originally proposed for
the USCTSNDP, can also be adopted for the SCTSNDP. In particular, the significant time points
proposed by Shu et al. (2025), which eliminate infeasible consolidations arising from incompatible
time windows, remain valid for splittable deliveries because all flow splits of a commodity share

its time window and can therefore be incorporated into the initial discretization.
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4.3. USCTSNDP Counterpart Mapping

Given the optimal solution (z,y) of SSND(Dg,K), this section details the demand-splitting
scheme used to generate the feasible split ®g(x,y) of the original commodity set K, and the
construction of the solution-induced USCTSNDP counterparts introduced in Section 3.2.

We generate a split ®4(x, y) using a flow-decomposition procedure adapted from Ahuja et al.
(1993). Specifically, for each commodity k € %K, let ¥ = {xi"jﬁ F G0, (.D)e ArUHy denote its con-
tinuous arc-flow fractions under (z,y). Initialize the residual flow as *™ = xX. The flow-
decomposition procedure then repeatedly extracts an origin-to-destination timed path P*™(x,v)
using only arcs with positive residual flow and set &*" = min,. Phm(a,y) x];’res. The corresponding
flow amount assigned to the extracted path is g*" (x, y) = ¢*@*™. We then subtract «*" from the
residual flow on every arc of the path and repeat until no positive residual flow remains. This proce-
dure yields the flow splits My (x, y) and their timed paths P*" (x, y) and flow amounts g“™ (x, y),
satisfying 2, epm, (,y) ghm(x,y) = g*. Accordingly, the set T (x, y) = {yX }meM, (z.y)» Where each
sub-commodity y¥ is a copy of k and has demand qﬁ" = gk (x,y), constitutes a feasible demand
disaggregation for commodity k € K. Aggregating these sets across all commodities yields the
feasible split Py (x,y) = Urexc L'k (z, y) of K.

Based on the generated @ (x,y), we construct the mapped instance USCTSNDP(® (x, y))
and its relaxation USSND(Dg-, @g(x,y)). The latter is the binary-flow time-indexed formulation
introduced in Section 2.3, strengthened by the following counterpart of (8):

K
SO S b ek ke (10)
Yeelay) 1 (@0.()eds
The mapped solution S(x,y) = (&,4y) is then derived from (6)—(7). By construction, xfj”_ =
2iyk ey (w’y)(qﬂ{n / qk))?l?/j']’(“”_. Hence, (8) and (10) have identical left-hand sides under the mapping.
The same identity applies when a feasible mapped USSND solution is aggregated by original
commodity. Therefore, the two inequalities are preserved in both directions, and Theorem 2 con-
tinues to hold for the strengthened relaxations. No separate counterpart of (9) is needed to preserve
this correspondence because this inequality, as well as its binary-flow analogue, is implied by the

capacity constraints and the integrality of the vehicle variables. When the flow decomposition is

not unique, the mapped counterparts are defined with respect to any fixed valid decomposition.

4.4. Upper Bound Computation
Consider an optimal solution (x,y) of SSND(Dr,K). By Proposition 1, any feasible solution
of the mapped USCTSNDP instance USCTSNDP(® (x,y)) provides an upper bound for the
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SCTSNDP(K). This motivates us to utilize a feasible solution of USCTSNDP(®g(x,y)) to
update the UB within the SDDD algorithm.

Within the DDD algorithms for the USCTSNDP, various well-established upper-bound deriva-
tion methods exist to derive a feasible solution for the USCTSNDP from a feasible solution of
its relaxation, provided each commodity k follows a k-feasible flat path. In SDDD, however,
even the strengthen relaxation formulation with inequalities (8) do not guarantee that every flat
path followed by a flow split of commodity k in (x,y), consequently by the corresponding sub-
commodity in S(x,y), is k-feasible. This prevents the direct application of standard upper-bound
derivation methods from the USCTSNDP literature to S(x,y) for obtaining a feasible solution
to USCTSNDP(®y(x,y)), and thus a valid upper bound for the original SCTSNDP(K), at every
iteration of the SDDD algorithm.

Proposition 3 below provides the theoretical basis for overcoming this issue. Guided by this
proposition, we develop a solution-repair procedure that transforms S(zx,y) into S(zx,y), which
is feasible for USSND(Dy-, @y (x,y)) with each commodity k € @y (x, y) following a k-feasible
flat path, thereby allowing standard upper-bound derivation methods from the USCTSNDP litera-
ture to be applied to S(x, y) to update the UB at every iteration of SDDD.

PROPOSITION 3. Let (x,y) be an optimal solution of SSND(Dq,K) satisfying constraints
(8). For each commodity k € K, let My(x,y) be its set of flow splits and let P*" (x,y) be the
associated timed-path over Dy for each split m € My (x,y), both generated as described in Sec-
tion 4.3. Then, there exists at least one flow split m € My (x,y) such that its timed-path P*" (x, y)

corresponds to a k-feasible flat path.

We now detail the solution-repair procedure. Consider the optimal solution (x,y) of
SSND(Dr,K), along with the flow splits {My(x,y)}rex and the corresponding timed-paths
{P*™(x,y)} and flow amounts {g*" (x,y)} for each m € My (x,y) as generated in Section 4.3.
By Proposition 3, for each commodity k € K, select a split 7y € My(x,y) whose timed path
corresponds to a k-feasible flat path. For every m € My (x,y), retain P*™ (x,y) if it corresponds
to a k-feasible flat path and otherwise replace it with PX/"*(z, y). Denote the resulting path by
P*™ (2, 1). The repair preserves the flow amount g“™ (x,y) of each split and changes only its
timed path when necessary. The repaired solution S(x, y) = (&, §) is then defined by (11)—(12).

s L i@, (.0) € P (a,y),
ij -

A

& Vk € K,m e My(z,y), ((i,1), (j,1)) € Ar UHr

0, otherwise,

(1)
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Uij
By Proposition 4, S(x, y) constitutes an alternative feasible solution to USSND(D7, @gc(, y)).

PROPOSITION 4. Let (z,y) be an optimal solution to SSND(Dqg,K) satisfying constraints
(8) and (9), and let S(w, y) be the repaired solution derived from Equations (11) and (12). Then:
(i) S(x,y) is feasible for USSND(Dr, ®x(x,y)), and each sub-commodity follows a k-feasible

flat path; (i) if (x,y) is flat optimal for the SCTSNDP(K), then S(x,y) = S(x, y).

Subsequently, any standard upper-bound derivation methods for USCTSNDP can be applied to
the repaired solution S(zx,y) to obtain a feasible solution for USCTSNDP(®y(x, y)), thereby
updating the UB of the SDDD algorithm at every iteration.

We next show that the upper-bound procedure described above yields UB = LB when-
ever (x,y) is flat optimal for SCTSNDP(K). Suppose that (x,y) is flat optimal with cost
LB. By Lemma 1 and Theorem 2(ii), the mapped solution S(x,y) is an optimal solution to
USSND(Dg, @yc(x, y)) with cost LB and is flat optimal for USCTSNDP(®g(x, y)). Proposi-
tion 4(ii) then implies that the repaired solution S(z,y) is identical to S(zx,y) and hence is also
flat optimal for USCTSNDP(®g (x,y)) with cost LB. When applied to the flat-optimal solution
S(x,y), standard upper-bound derivation methods for the USCTSNDP return a feasible solution to
USCTSNDP (@ (x,y)) with the same cost LB. Updating the upper bound then yields UB = LB.
Hence, whenever the relaxation solution (x, ) is flat optimal for SCTSNDP(K), the SDDD algo-
rithm is guaranteed to attain UB = LB and terminate with an optimal solution to SCTSNDP(K).

4.5. Discretization Refinement

If UB > LB, Theorem 2, together with the upper-bound procedure detailed in Section 4.4, implies
that neither the relaxation solution (x,y) nor its mapped solution S(x,y) is flat optimal for
SCTSNDP(K) or USCTSNDP (D« (x,y)), respectively. In this case, we must refine the discretiza-
tion 7" to 7 so that (z, y) becomes timed infeasible for the refined model SSND(Dy~, K) or, more

strongly, its flat solution can no longer be represented on D~. As indicated by Theorem 2, this is

equivalent to refining the discretization using established procedures from the USCTSNDP liter-
ature, either to render the mapped solution S(z, y) timed infeasible for USSND(Dg, @ (x, y))
(Boland et al. 2017, Shu et al. 2024) or make its flat solution unrepresentable in Z)_T (Marshall
etal. 2021, Shu et al. 2025). In SDDD, any of these methods can be applied directly to the mapped

solution S(x,y) to refine the current discretization 7~ by incorporating new time points, and at
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least one new time point, triggered from the solution S(x, y), must be added to the discretization
at each iteration where refinement is required. Therefore, with an optimality tolerance of zero, the
discretization is guaranteed to converge to the complete discretization within a finite number of
iterations. This ultimately ensures the convergence of the algorithm to an optimal SCTSNDP(K)

solution in a finite number of iterations, thereby establishing the following Theorem 3.

THEOREM 3. With an optimality tolerance of zero, the SDDD algorithm terminates after
finitely many iterations with an optimal solution to SCTSNDP(K).

5. Computational Study

In this section, we conduct a comprehensive computational study to evaluate the efficiency and
effectiveness of the SDDD algorithm described in Algorithm 1. Section 5.1 first demonstrates the
challenges caused by time discretization and demand splitting, thus providing motivation for the
SDDD. We then assess the effectiveness and computational efficiency of the SDDD in Section 5.2.
Furthermore, we investigate the impact of splittable deliveries on cost savings in Section 5.3 , first
on the standard benchmark instances and then on newly generated instances.

We use two set of instances in the following computational study. The first one consists of 558
standard CTSNDP instances studied in Boland et al. (2017), Marshall et al. (2021), Shu et al.
(2025), referred to benchmark instances. These instances are used in Section 5.1-5.2 to evaluate
computational performance and in Section 5.3 to examine the cost benefits of splittable deliveries.
These instances are classified by time flexibility and cost ratio. An instance is classified as low time
flexibility (LF) if mingegc{I* — (e* + ¢¥ (0¥, d*))} <227, where ¢¥(o*,d*) denotes the shortest-
path travel time of commodity &, and as high time flexibility (HF) otherwise, and as low cost
ratio (LC) if ﬁ DaeA L“j—;a < 0.175 and as high cost ratio (HC) otherwise, where ¢, = c’; for all
k € K, yielding four groups: HC/LF, HC/HF, LC/LF, and LC/HF. The second one consists of 252
newly generated instances introduced in Section 5.3.2, which are used to further investigate the
cost benefits under different parameter settings. All experiments were conducted on a PC with a
3.2 GHz CPU and 64 GB of RAM. Each run was terminated once either the optimality gap dropped
below 1% or the time limit of 1 hour was reached. All computational methods were implemented

in Java, and Gurobi 10.0.2 was used to solve the resulting MIP formulations.

5.1. Impact of Time Discretization and Demand Splitting on Model Sizes
In this section, we examine how the granularity of time discretization and demand splitting affects
formulation size across all baseline instances, where demand-splitting granularity € partitions each

commodity k into | g¥ /€] sub-commodities of demand €, plus one for any remainder.
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Figure 1 Impact of time discretization on Figure 2  Impact of demand splitting on commod-
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Figure 1 shows the average numbers of variables and constraints in the continuous-flow time-
indexed model SSND (D2, K) increase dramatically, as the time discretization unit A decreases
from 60 minutes to 1 minute. In particular, setting A = 1 leads to a prohibitively large mixed-
integer program, making it computationally challenging to obtain an optimal solution to the origi-
nal SCTSNDP by directly solving this complete model.

Figure 2 shows the size of feasible split ¢4, which is measured by the total number of sub-
commodities, grows rapidly as the demand-splitting granularity decreases from 20 to 1. As men-
tioned in Section 2.3, smaller demand-splitting granularity provides more flexibility in representing
flow-splitting decisions. However, it also substantially enlarges the commodity set and, conse-
quently, the binary-flow time-indexed formulations over partially time-expanded networks solved
by standard DDD algorithms, which may significantly reduce their computational efficiency.

Overall, Figures 1 and 2 illustrate the growth in computational scale of the two approaches

discussed in Section 2.4, whose computational performance is examined in the next section.

5.2. Performance of the SDDD Algorithm

In this section, we evaluate the proposed SDDD against the two approaches introduced in Sec-
tion 2.4. Specifically, we compare the following three methods: (1) SDDD, which implements
the general framework in Algorithm 1 using the DDD components of Shu et al. (2025) for the
mapped USCTSNDP counterparts and the adaptive optimality-tolerance strategy of Marshall et al.
(2021); (2) SMIP, an exact method that directly solves SSND(Z)(?_ ,K) using a commercial solver;
and (3) USDDDy, a heuristic method for the SCTSNDP that applies the DDD algorithm of Shu
et al. (2025), with the same adaptive optimality-tolerance strategy as SDDD, to USCTSNDP(CI);(),

where every sub-commodity in CD}K has a demand of 1, which is possible because all instances
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have integer-valued g*. We note that both SDDD and USDDD; adopt the solution-bundle strat-
egy of Shu et al. (2025), which processes the current optimal relaxation solution and selected
additional feasible solutions at each iteration to generate upper-bound candidates and refinement
points. To apply the solution-bundle and adaptive optimality-tolerance strategies within SDDD,
we remove any positive-flow directed cycles from each obtained solution before mapping it, with-
out affecting feasibility or increasing cost. The resulting timed-cycle-free solution is then mapped
and repaired using the procedures in Sections 4.3 and 4.4. Because the current optimal relaxation
solution remains the basis for the lower bound and termination test, incorporating auxiliary solu-
tions does not affect the exactness of SDDD. Moreover, for a fair comparison, the MIP/IP solver

is restricted to a single thread for all methods.

Table 1 Comparison of Methods for SCTSNDP
SDDD SMIP USDDD;
G%  T(s) Opt% Fes% G% T(s) Opt% Fes% G% T(s) Opt% Fes%
HC/HF(177) 0.85 153.77 100.00 100.00 46.65 2114.02 49.72  59.89 51.64 3518.79 5.08 72.88
HC/LF(183) 0.74 10.51 100.00 100.00 481 458.87 9454 95.63 28.94 2788.74 26.23 83.61
LC/HF(104) 0.31 0.20 100.00 100.00 0.26 5841 99.04 100.00 21.63 276320 67.31 78.85
LC/LF(94) 042 041 100.00 100.00 0.27 4.11 100.00 100.00 2.51  729.74 95.74 97.87

Table 1 reports the computational results for three methods solving 558 standard CTSNDP

(UB-LB)

instances, including the average optimality gap (G%), i.e. 100.0 X ~—%

, the average comput-
ing time in seconds (T(s)), the percentage of instances solved within the 1% optimality tolerance
(Opt%), and the percentage of instances for which a feasible solution is found (Fes%) within the
time limit. We note that for USDDD;, G% and Opt% are evaluated with respect to the correspond-
ing USCTSNDP restriction. The results show that SDDD achieves the best overall performance in
terms of both solution quality and computational efficiency. It solves all instances across all groups
to the prescribed 1% optimality tolerance within one hour. By contrast, due to memory limitations,
SMIP and USDDD; fail to find any feasible solution for around 14% and 18% of the instances,
respectively. For these failed instances, the optimality gap and runtime are set to 100% and 3600
seconds, respectively, when calculating the averages reported in Table 1. The advantage of SDDD
is particularly pronounced in the HC groups. For HC/HF and HC/LF instances, it achieves average
gaps of only 0.85% and 0.74% in 153.77 and 10.51 seconds, respectively, compared with cor-
responding gaps of 46.65% and 4.81% for SMIP and 51.64% and 28.94% for USDDD;. These

results demonstrate the effectiveness of SDDD across a broad range of benchmark instances.
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5.3. Cost Benefits from Splittable Deliveries

In this section, we investigate the cost benefits of allowing splittable deliveries in the CTSNDP. We
use SDDD, implemented as described in Section 5.2 to solve each considered SCTSNDP instance,
and apply EDDD proposed by Shu et al. (2025) to the corresponding USCTSNDP restriction,
denoted as USDDD. The observed cost saving of each instance is measured as ZUZS—U_SZS X 100%,
where Zys and Zg are the best feasible solution costs returned by USDDD and SDDD, respectively.

We first report the cost savings on the benchmark instances, and then conduct experiments on

newly generated instances to examine how these savings vary across parameter settings.

5.3.1. Results on Benchmark Instances The results on the 558 benchmark instances show
only limited observed cost benefits from splittable deliveries, while SDDD and USDDD require
comparable computational effort (see EC.3). Only about 44.4% of the instances yield a lower-
cost solution under SDDD than under USDDD, and the observed cost savings are small, typically
around 0.2%, with the max saving almost 1.0%.

The limited cost savings observed here align with the findings of Archetti et al. (2008), who
show that splittable deliveries provide limited benefits when demands are small relative to vehicle
capacity. Indeed, the average arc capacity in our benchmark instances is approximately 27 times
the average commodity demand, placing them in exactly such a setting. This observation motivates
the broader investigation in the next subsection, which examines the cost benefits of splittable

deliveries across instances with more diverse demand-to-capacity settings.

5.3.2. Results on Newly Generated Instances This section examines the cost benefits of
splittable deliveries under different levels of demand-to-capacity settings, along with the associated
solution structures underlying these benefits. Motivated by previous studies showing that tighter
capacities increase the value of split deliveries (Desaulniers 2010, Archetti et al. 2008), we con-
struct a new test set by adapting the 126 timed benchmark instances with at most 40 commodities
used in Section 5.2 by setting every physical-arc capacity to either 1.0 or 1.5 times the average
commodity demand, compared with at least 2.5 times in the original instances. These variants are
referred to as tight-capacity (TC) and moderate-capacity (MC) instances, respectively. Moreover,
we set the variable flow costs to zero while retaining the original fixed dispatch costs, allowing us
to more clearly assess the cost savings resulting from changes in vehicle-dispatch plans enabled
by splittable deliveries. This yields a final test set of 126 X 2 = 252 instances, classified into four
groups, TC/HF, TC/LF, MC/HF, and MC/LF, based on the TC/MC capacity settings and the HF/LF

time-flexibility classification introduced at the beginning of Section 5.
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Among all 252 newly generated instances, 98.41% yield a lower-cost solution under SDDD than
under USDDD, with an average observed saving of about 2.7% and a maximum of 7.32%. These
results indicate that allowing commodity splitting can generate meaningful cost savings in some
instances and therefore should not be overlooked in CTSNDP. To further examine how splittable
deliveries affect solution structure, Table 2 reports detailed results for the four instance groups. We
represent each consolidation by a triple comprising a timed arc, a set of at least two distinct original
commodities traversing that arc, and their corresponding flow quantities. Let Cs and Cyg denote
the resulting sets of consolidations in the SCTSNDP and USCTSNDP solutions, respectively, and
let Ng = |Cs| and Nys = |Cys|. In addition to the cost saving, Table 2 reports three measures

of structural differences: (i) the change in the number of consolidations, oy, = Ng — Nys; (ii)

|CsNCus|

the consolidation similarity, SC = [Ca0C0s]

x 100%; and (ii1) the percentage of split commodities,
SP = % % 100%, where K is the set of original commodities split into at least two flows in
the SCTSNDP solution. For comparability, we include only instances for which both SDDD and

USDDD achieve the prescribed optimality tolerance, and report group averages.

Table2 Summary Results on the Cost-saving Instances

Cost Saving Solution Structure

Group ave max <1% (1%,2%] (2%,3%] >3 on SC SP

c

MC/LF(19) 1.00 336 52.63  31.58 10.53 526 5.05 36.16 8.16
MC/HE(75) 2.10 5.99 34.67 17.33 17.33  30.67 7.51 26.18 11.15
TC/LF(19) 2.01 5.12 31.58  31.58 1579  21.05 579 30.80 18.82
TC/HF(75) 296 732 1333 2533 17.33  44.00 8.07 26.80 22.95

Table 2 shows that cost benefits from splittable deliveries become larger under tighter capacity
and greater temporal flexibility. The average cost savings increase from 1.88% under MC to 2.77%
under TC and from 1.51% under LF to 2.53% under HF. The distribution of cost savings provides
further evidence of these differences across the settings. The proportion of instances achieving sav-
ings above 3% increases from 5.26% under MC/LF to 44.00% under TC/HF. Thus, larger savings
are more prevalent when tight capacity and high temporal flexibility occur together. These cost
savings are also associated with notable changes in solution structure. From MC/LF to TC/HF, the
average SP increases from 8.16% to 22.95%, dy, increases from 5.05 to 8.07, and SC decreases
from 36.16% to 26.80%. Overall, larger cost savings are accompanied by more frequent commod-
ity splitting and a larger number of consolidations.

Although the newly generated instances demonstrate that commodity splitting can yield mean-

ingful cost savings under certain conditions, splitting may also incur additional operational costs,
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such as holding and hub-transfer costs. Appendix EC.4 discusses how our algorithm framework
can be extended to incorporate such costs. In practice, whether to split a commodity depends on
a comprehensive assessment of all relevant operational costs, and our algorithmic framework pro-

vides a foundation for incorporating these considerations.

6. Conclusions

In this paper, we propose an exact solution method for the SCTSNDP that neither requires solving
the continuous-flow formulation on the complete time-expanded network nor relies on splitting
commodities in advance. The method extends the DDD framework for the USCTSNDP by con-
structing solution-dependent commodity splits during the solution process. Specifically, in each
iteration of the algorithm, we construct an associated USCTSNDP instance, its relaxation model,
and a mapped solution, from the corresponding relaxation solution of the SCTSNDP. The main the-
oretical contribution is the establishment of feasibility and optimality equivalences between each
SCTSNDP relaxation solution and its mapped USCTSNDP counterpart. Based on these equiv-
alences, the algorithm iteratively solves the SCTSNDP relaxation on a partially time-expanded
network to obtain a lower bound and leverages the associated USCTSNDP counterparts to derive
valid upper bounds and refine the time discretization until optimality is certified. Computational
results show that the proposed method outperforms the existing methods for the SCTSNDP. Addi-
tional experiments show that splitting yields greater cost savings under tight capacity and flexible
commodity time windows. Additional analysis also demonstrates that the proposed algorithmic
framework can be extended to incorporate additional operational costs associated with splitting.
In future research, this framework may be adapted to other transportation optimization problems

involving splittable deliveries, such as split-delivery vehicle routing problems with time windows.
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Online Supplement: A New Exact Algorithm for Continuous-Time
Service Network Design with Splittable Deliveries

EC.1. Notation and Structural Relationships
For ease of reference, Figure EC.1 illustrates the relationships among the problem variants, their

time-indexed formulations, and the associated partial-network relaxations.

A A
’ SSND(Z),F K) ‘( """"""""""" + USSND(Dj—v ) ‘ Equivalent
—> Relaxation
| SCTSNDP(%) I ____________________ USCTSNDP(dy) ———> Solution-induced mapping
A ‘..___..}?rop,l w3 Feasible solution
.......... USCTSNDP(X) ===---» Restriction
T @ Focus problem
! BEmmsceosemoems 0 | s Problem / Instanc
i) SSND(DRK) | USSND(D7 K) etleryjlstrce
P bemmem AT S ! :] Complete-Network Model
Prop.1 P .
H i Lot Partial-Network Model
(z,y) Feasible solution
N ’
-
;
Mapped USCTSNDP counterparts ‘\’(’f},’g\)\;
= R A
USCTSNDP(®yc (. ) 1 USSND(Dr, @x(z.y))

Figure EC.1 Relationships among problem variants, formulations, and relaxations.

EC.2. Proof of Statements
EC.2.1. Proof of Proposition 1

Proof Let @y = Jyeq [k be a feasible split of K. For each original commodity k € K, each
sub-commodity y € I'; inherits the origin, destination, earliest available time, due time, and unit
flow cost of k, and satisfies >, cr, 7 = g*. Consider any feasible solution to USCTSNDP(®y),
each sub-commodity y € 'y is transported along a k-feasible flat path p? = (aT, e ,arp”) with
associated dispatch times along the delivery path 7 = (tZly,...,tZ‘yp”), where tzly > ek,tzz >
IZZ_I + T for each n =2,...,|p”|, and tzypy‘ + T“rpn < [¥. Therefore, a feasible solution of
USCTSNDP(®g) can be represented as {(p”,1") }yer, kek-

We now construct a feasible solution to SCTSNDP(X) from the solution {(p?,#”)},er, kex
while preserving the same cost. For each commodity k € K, create one flow split correspond-
ing to each sub-commodity y € I'y. For this flow split, define the triple (¢, p”,t”), where g7 is
its flow amount, p? is its delivery path, and ¢” gives its dispatch times. In particular, g units

of commodity k are transported along the same delivery path and with the same dispatch times

as sub-commodity y in the feasible USCTSNDP(®y) solution {(p”,1")},er,, kex. The resulting
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solution {(g”, p?,t”) },ery, kex 18 therefore feasible for SCTSNDP(K). The vehicle dispatches and
the associated consolidation plan remain unchanged, except sub-commodities are relabeled as flow
splits of their original commodities. Hence, the two solutions have the same objective value.
Therefore, every feasible solution to USCTSNDP(®«) corresponds to a feasible solution to
SCTSNDP(K) with the same objective value, which proves Proposition 1. O

EC.2.2. Proof of Corollary 1
Proof Let (x*,y*) be an optimal solution of SSND(Z)(}@_, K) with cost z(x*,y*). Since the

complete time-expanded network is finite and acyclic, the feasible flow g*x**

of each commodity
k € K admits a finite decomposition into source-to-destination timed paths, resulting flow splits
My (x*,y*) for each commodity k € K with associated delivery quantities g% (x*, y*), delivery
paths p*™(z*, y*) and dispatch schedules t*"" (z*, y*). For each flow split m € My (x*,y*), create
a sub-commodity y* € I'; (x*,y*) with demand q%]il = g*m(x*,y*) as specified in Definition 1.
Since the split quantities are positive and sum to g*, a finite feasible split ®g = Pgc(x*, y*) =
Urexc Tk (¥, y*) is defined following the definition 2.

We now construct a feasible solution to USCTSNDP(®g) from the solution
{(gk’m(w*,y*),pk’m(w*,y*),tk”"(a:*,y*)}meMk(m*,y»«),keq( while preserving the same cost.
For each sub-commodity yX € I'y(x*,y*), create one flow {( pﬁn,ﬂfn)}. In particular, the
sub commodity is transported along the same delivery path and with the same dispatch
times as in the demand splitting in the (x*,y*). Therefore, the resulting solution is feasible
for USCTSNDP(®y). The vehicle dispatches and the associated consolidation plan remain
unchanged. Hence, {(pyﬁt,tVf")}meMk(w*,y*), xex has the cost z(x*,y*). By Proposition 1, any
feasible solution to USCTSNDP(®y) with cost less than z(x*, y*) would yield a feasible solution
to SCTSNDP(K) with the same lower cost. Since (x*, y*) has the lowest cost for SSND(Z)(/% ,K),
{( pyrl;l,tm)}meMk(w*,y*),keq( is optimal for USCTSNDP(®). Therefore, @ is a finite feasible

split satisfying the claimed optimal-cost equivalence, which proves Corollary 1. O

EC.2.3. Proof of Proposition 2

Proof Consider an optimal solution of the SCTSNDP, its corresponding flow splits for each
commodity, and associated flow amount, delivery path and dispatch times for each flow split. Shift
all the dispatch times of all flow splits as early as possible while keeping all flow split consolida-
tions. Consequently, each dispatch time is set to the latest availability time among the split flows in

the corresponding consolidation. This operation preserves the feasibility and the total cost because
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the consolidations are unchanged and holding cost is zero. Then, each dispatch time at a node
depends on the available times of the flow splits that originate at this node and on the arrival times
of the flow splits that travel from other nodes and pass through this node. Suppose, for contra-
diction, there exists a dispatch time that is not of the form specified in the proposition. Let ¢ be
the earliest such dispatch time. Since ¢ is not of the form specified in the proposition, it cannot be
the availability time e* of any commodity k& and must be determined by the arrival time of some
split flow. Therefore, there must exist a commodity k& with a flow split m € My, and an arc a € A
such that this flow split departs on arc a at time ¢’ = ¢ — 7, and arrives at the current node at time
t. Because of the choice of ¢ and the positivity of travel times, ¢ must be one of the time points
defined in the statement. Therefore, t = ¢’ + 7, is also one of the time points of the form defined in

the statement, which contradicts its definition. This proves Proposition 2. m]

EC.2.4. Proof of Theorem 1

Proof Let (x,y) be an optimal solution of formulation SSND(D(@T ,K) (i.e., an optimal
SCTSNDP(K) solution) of objective value z, where 4 represents the complete discretization under
A. For each commodity k € %, this solution induces a collection of flow splits My (x, y). Each split
m € My (z,y) is associated with a flow volume g*(x, y) and a delivery timed path P*™(z,y),

> 0} be the

such that ¥,cp, (wy) 85" (2, Y) = ¢F. Let A= {a = ((i,1), (j,1 +T;j)) € ﬂér : y;.’*“f
set of service arcs traversed by at least one flow split.

Given a partially time-expanded network Dg such that USSND(Dy,K) is a relaxation of
USCTSNDP(K), it follows from Boland et al. (2017), Marshall et al. (2021), Shu et al. (2025)
that, for every service arc a € ﬂ(% , there exists a unique mapping arc d = w(a) € Ay, where a and
a are timed copies of the same physical arc (i, j), satistying a = d = (i, j). Here, a (resp. &) denotes
the physical arc in A underlying the timed arc a (resp. @). Further, any timed path P in D{}é_ can
be mapped to a unique feasible timed path P’ in Dy by replacing each service arc of P with its
corresponding mapping arc and adding appropriate holding arcs as needed. The arrival time of P’
at the final node does not exceed that of P, and accordingly is a feasible timed path from the origin
of commodity k to its destination.

Next, we show that, under the same partially time-expanded network &, one can construct a
feasible, though not necessarily optimal, solution (z,y) to SSND(Dr, K) with the same cost as
the optimal solution (x,y) to SSND(Z)? ,K).

Using the same mapping rule 7 : ﬂ;ﬁ — A, for each commodity k € K and each flow split

m € My(zx,y), the path P& (x,y) is associated with a unique mapped path 7(P*"(x,y)) in
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Dg whose service arcs are n(a) for all a € P*M(x,y) and is feasible for split m of commod-
k _

ity k. Aggregating these mapped timed paths defines the commodity-flow variables & as: x7

Zae AR p(a)=d x’;, Va € Ag, k € K. Similarly, the capacity variable y; on each timed arc d € Aq-

g = — —
can be defined by summing the capacities in the optimal solution (x,y) over all arcs that are
mapped to d: yz = Zae&l{ér:ﬂ(a):d Ya-

Because each mapped timed path 7(P*™(x,y)) is a feasible timed path from the origin of
commodity k to its destination, the flow conservation constraints and time-window requirements
in the relaxation are satisfied. It remains to verify the capacity constraints. For any service arc
a € Ag associated with physical arc (i, j), we have Zkequflg = Zaeﬂér:ﬂ(a):d Srex ' xk <
e AR o (a)=a WijYa = Ui i¥a, where the inequality follows from the capacity feasibility of (x,y) in

e
the complete formulation. Thus, (z, y) is feasible for SSND(Dr, K).

Finally, the constructed solution (&, y) has the same objective value as (x, y). Indeed,

D favat Y, Yochddk= Y N favar >, DT (chanh

A keK A acAs A. —g keK aeAq A. —;
aeﬂ(f aeﬂ(f _aeﬂ,r.ﬂ'(a) 7} _aeﬂ(f.ﬂ(a) a
=~ k _ky=k
= D f¥a+ ) D, (cha")%.
acAgs keK acAs

The first equality follows from the uniqueness of the mapping 7 (a) for each a € ﬂé and the fact
that each arc a and its mapped arc 7 (a) correspond to the same physical arc. The second equality

follows from the definitions of y; and f’; Theorem 1 is therefore proved. O

EC.2.5. Proof of Lemma 1

Proof Consider a timed-cycle-free feasible solution (z,y) to SSND(Dg,K), which yield
the flow splits My (x,y), the corresponding delivery timed path P*"(x,y) and flow amount
gk (x,y) for all m € My (x,y), k € K. As shown in definitions in Section 2.3, the set I'y(x, y) =
{yfn}meMk(w,y) where each yX is a copy of k and with q%]il = g%™(x,y), constitutes a feasible
demand disaggregation for commodity k € K. Aggregating these sets across all commodities yields
the feasible split @ (x, y) = Upex Tk (¢, y) of K.

We now show that S(, y) = (&, y), defined by (6)—~(7), is feasible for USSND(Dq-, @y (, y))
and has the same objective value as (x, y). By construction, S(x,y) = (&, ¢) preserves the service
arcs with positive flow in (,y), and each sub-commodity y¥ is routed along the same timed
delivery path as flow split m of commodity k in (@x,vy). Therefore, the flow-balance and time-

window constraints are satisfied by &.
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Moreover, since y = y, the vehicle capacity installed on each timed arc remains unchanged,
and so does the total fixed cost. For each timed arc a € Ay on each path P*™(x,y), we have
qylrflizl'; = g&"(x,y), which implies that 3, cqc ¢*xk = 2k Dy (x.y) qk')E’cj' for all a € A7 . Hence,
the capacity constraints are directly inherited from the feasibility of (x,y), and the total variable
cost is also preserved. Thus, S(z,y) is feasible for USSND(Dg, @y (,y)) and has the same
objective value as (x,y).

Suppose that (x,y) is optimal for SSND(Dg-, K). Since feasible split of commodity set does
not alter the feasible aggregate flows or the objective value of the continuous-flow formulation,
SSND(Dg, K) has the same optimal objective value as SSND(Dq-, @g(x, y)). By the definition
of the binary-flow formulation, USSND(Dy, @y (x, y)) is obtained from SSND (D7, Py (x, y))
by restricting the flow variables to be binary. Hence, its optimal objective value cannot be further
smaller. Since S(x,y) is feasible for USSND(Dg-, @g(x,y)) and has the same cost as (z,y),
S(x,y) is optimal for USSND(Dg-, Dy (x,y)). O

EC.2.6. Proof of Theorem 2

proof  Consider a timed-cycle-free feasible solution (x,y) to SSND(D7, K) and its mapped
solution S(x,y) = (&, y) defined by (6)—(7). Let My (x,y) be the set of flow splits induced by
(z,y), and let P*"(x,y) and g*" (x,y) denote the timed path and the flow amount of split m €
M (x,y), respectively. By construction, I'y(x,y) = {7,’,‘1}meMk(m,y) with q”]rf% =ghm(x,y), is a
feasible demand disaggregation of k, and @y (x,y) = Urex [k (x, y) is a feasible split of K.

We first prove statement (i). By (6)-(7), each flow split m € My(x,y) is mapped to
a sub-commodity yX € T't(x,y) that has demand q%’; = gk (x,y) and follows the same
timed path P*(x,y). Consequently, for every timed arc a and commodity k € K, g*x* =
2imeMy (z.y) gk’m(:c,y))fgf". Thus, (x,y) and S(x,y) = (&, y) use the same timed arcs, carry the
same aggregate flow on each arc, and satisfy y = y.

We now establish the equivalence in timed feasibility. Consider any discretization 77 C 7.
Because both solutions are associated with the same timed paths {P*"(x,y)}, these paths are

representable on Dy~ for one solution if and only if they are representable for the other. Whenever

. . . _~k .
they are representable in Dqg~, the incidence vector & of each path satisfies the flow-balance

constraints for sub-commodity yX . Multiplying these constraints by q7’51/ g* and summing over
[y (@, y) yields the flow-balance constraints for the original commodity k. Hence, the correspond-

ing candidate solutions satisfy their respective flow-balance constraints simultaneously. Therefore,
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(x,y) satisfies the flow-balance constraints of SSND if and only if S(«x,y) satisfies the corre-
sponding flow-balance constraints of the mapped USSND. Moreover, for every timed service arc a,
Sierc @ xk = Y ek 2imeMy(z.y) qylrflfzﬁl, and y, = y,. Thus, (x,y) satisfies the capacity constraint
for arc a in SSND if and only if S(x,y) satisfies the corresponding capacity constraint in the
mapped USSND. It follows that (z,y) is timed feasible for SSND(Dq~, K) if and only if S(z,y)
is timed feasible for USSND(D7, @gc(x, y)).

We then establish the equivalence in flat feasibility. Because each sub-commodity )/,’; eli(x,y)

k,m

corresponds to a split m € My (x,y), with quantity qyfn = g™ and following the same timed
path as the corresponding flow split, the two solutions have identical flat paths and arc-level con-
solidations. Specifically, the corresponding routing and consolidation plans of the USCTSNDP
solution S(x,y) can be represented respectively, by P(S(z,y)) = {p*"(x,y)} keKyk €Ty (2.y)
and C(S(x,y)) = {((i,)), Ja(@,y, M (2, y))) : a = ((i,1),(j,1)) € AL} with F(S(x,y)) =
{(k,m) keXK, yk eTi(z,y), ae Pk’m(:c,y)}. Because y* € Iy (x,y) and m € My (x,y) are in
one-to-one correspondence, it follows that P (S(z,y)) = P(x,y, My (x,y)) and C(S(z,y)) =
C(x,y, My (x,y)). Thus, the two solutions have the same flat solution, which is representable on

PDq~ for one solution if and only if it is representable on this network for the other.

We next prove statement (ii). Suppose that (z,y) is optimal for SSND(Dr, K). By Lemma 1,
S(x,y) is optimal for USSND(Dr, ®x(x,y)) and has the same cost as (z,y). By Defini-
tion 3(iii), (x,y) is flat optimal for SCTSNDP(K) if and only if it is flat feasible under the com-
plete discretization T By statement (i), the condition holds if and only if S(x,y) is flat feasible
under . Because S(x,y) is optimal for the corresponding relaxation, Definition 3(iii) further
implies that this condition holds if and only if S(x, y) is flat optimal for USCTSNDP (D (x, y)).
Therefore, (x,y) is flat optimal for SCTSNDP(K) if and only if S(x,y) is flat optimal for
USCTSNDP(Dx(x,y)). m]

EC.2.7. Proof of Proposition 3

Proof For any commodity k € K, let TF™" =3 phm(a.y) Ta denote the total travel time of the
flat path associated with flow split m € My (x,y). By the flow decomposition described in Sec-
tion 4.3, the flow represented by the extracted origin-to-destination timed paths on each timed ser-
vice arc does not exceed the correspondlng arc flow in 2*. Therefore, Y, My (,y) MT" "<

2 ((i0).(j.D)eA A, Ti ]x kit < [k _ ¢k where the last inequality follows from Inequality (8) Moreover,
(w Y _ ok

since 2uemy (a, y) = 1, there exists at least one m € My (x,y) such that T < [k —

Hence, p*™(x,y) is a k-feasible flat path. |
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EC.2.8. Proof of Proposition 4

Proof By Proposition 3, for each commodity k € K, at least one flow split follows a k-
feasible flat path. The repair procedure keeps the flow amount g% (x,y) of sub-commodity
yX and replaces only paths that are not k-feasible with k-feasible ones. Therefore, every sub-
commodity yX in ®g(x,y) is routed from of to d* within the corresponding time window, so
the flow-balance and time-window constraints of USSND are satisfied. Moreover, since every sub-
commodity associated with an original commodity k follows a k-feasible flat path, the repaired
solution also satisfies (10). For any service arc ((i,1), (,7)) € A, (12) guarantees j}fj is a non-
negative integer and satisfies the capacity constraints, therefore S(x,y) = (&, 9) is feasible for
USSND(D7, @xc(, y)).

Furthermore, if (x, y) is flat optimal for SCTSNDP(KX), then by Theorem 2(ii), S(x, y) is flat
feasible under the complete discretization. Hence, every sub-commodity y* in S(z, 1) must follow
a k-feasible flat path. Therefore, the repair procedure does not perform path replacement. Equa-
tions (11) and (6) then give & = &. Since (x,y) is the optimal relaxation solution and all fixed
costs are positive, no service arc carries more vehicles than needed for its load; otherwise, reducing
the corresponding vehicle variable would keep feasibility and strictly lower the objective value.
Hence yfj = [Xkm qy,’;,xl?’jﬁﬂ/ u;; ], which is exactly the value assigned by (12). Therefore, § = ¥,

and consequently, S(z,y) = S(x, y) O

EC.2.9. Proof of Theorem 3

Proof Consider an iteration of the SDDD algorithm, and let (x,y) be an optimal solution
to SSND(&, %K), with objective value z. By Theorem 1, SSND(&, XK) is a relaxation of
SCTSNDP(K), and hence z is a valid lower bound. Since the optimality tolerance is set to zero,
the stopping condition is satisfied only when UB = LB. Because LB and UB are valid lower and
upper bounds, respectively, UB = LB certifies that the incumbent upper-bound solution is optimal
for SCTSNDP(K).

Suppose that (x,y) is flat optimal for SCTSNDP(K), then there exists a feasible solution
to SCTSNDP(K) with the same delivery paths, consolidation plan, and objective value z. By
Lemma 1 and Theorem 2, the mapped solution S(x, y) has the same cost as (x, y) and is flat opti-
mal for USCTSNDP(®¢(x, y)). In this case, the repaired solution S(x, y) derived from (11)—(12)
is identical to S(x, y) by Proposition 4. Applying established upper-bound construction methods

from the USCTSNDP literature to S(, y) is therefore guaranteed to produce a feasible solution to
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USCTSNDP(®g(x,y)) with objective value z. This solution also corresponds to a feasible solu-
tion to SCTSNDP(K) with the same objective value, thereby certifying optimality. Consequently,
the SDDD algorithm terminates with LB =UB = z.

Furthermore, if (x,y) is not flat optimal for SCTSNDP(K), then, by Theorem 2, its mapped
solution S(x,y) is not flat optimal for USCTSNDP(®y(x,y)). As described in Section 4.5,
applying existing refinement procedures from the USCTSNDP literature to S(x,y) is guar-
anteed to identify at least one node i at which a new time point r € 9; \ 7;, triggered by
S(x,y), is added to 7;. The resulting discretization 7 renders S(x, y) either timed infeasible for
USSND(Dy, @y (x,y)) or flat infeasible on Dy~. By the feasibility equivalence established in
Theorem 2(i), this refinement likewise renders either (z, y) timed infeasible for SSND(Dg, K)

or flat infeasible on Dqg~. Because the complete discretization contains finitely many time points

and each nonterminating iteration adds at least one new time point, the sequence of discretiza-
tions converges to the complete discretization within finitely many iterations, unless the algorithm
terminates earlier. When the complete discretization is reached, SSND(Z)? ,K) is the complete
continuous-flow time-indexed model for SCTSNDP(K), as described in Section 2.2. Hence, its
optimal solution is flat optimal for SCTSNDP(X), and the preceding argument yields UB = LB.

Thus, the SDDD algorithm terminates after a finite number of iterations. ]

EC.3. SDDD vs USDDD

We compare SDDD (Algorithm 1) for the SCTSNDP(K) with the EDDD algorithm of Shu et al.
(2025) applied to the corresponding USCTSNDP(K), denoted by USDDD. Both methods are
evaluated on the 558 benchmark instances under the solver’s default thread setting, when solving
the corresponding MIP/IP models.

Figure EC.2 summarizes the average gap, runtime, and number of iterations for the two methods
across the four instance groups. The results show that both methods solve all baseline instances
within the prescribed optimality tolerance, with average runtimes and numbers of iterations of sim-
ilar magnitude across the four groups. This suggests that the proposed SDDD framework handles
split deliveries without substantially increasing computational difficulty relative to the correspond-

ing unsplittable problem on these instances.

EC.4. Extension of SDDD to CTSNDP with additional operational cost
The computational experiments in Section 5.3 demonstrate the cost savings from splittable deliv-

eries under the standard cost structure of the CTSNDP, which includes fixed costs incurred by
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Figure EC.2 Comparison of SDDD for the SCTSNDP and USDDD for the corresponding USCTSNDP.
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operating vehicle dispatches and variable flow costs determined by shipment quantities and unit
flow costs. However, in practice, these benefits may be reduced when additional operational costs
are considered. For example, splittable deliveries may assign different portions of a commodity to
later services or different terminals, thereby incurring holding and hub-transfer costs, which are
additive in the transported flow. Established DDD algorithms are available for CTSNDP variants
incorporating these two types of additional operational costs (Shu et al. 2024, He et al. 2024).
For each of these two CTSNDP variants with additional operational cost, let VDDD denote the
corresponding DDD algorithm developed by Shu et al. (2024) or He et al. (2024), respectively.
Based on the corresponding VDDD, the SDDD framework can be adapted to evaluate the benefits
of splittable deliveries under the corresponding operational-cost structure.

The corresponding SDDD starts from the initial time discretization and the partially time-
expanded network defined by VDDD. The relaxation for the SCTSNDP is obtained by replacing
the binary flow variables in the time-indexed relaxation model of VDDD with continuous vari-
ables. In each iteration, the relaxation is solved to obtain an optimal relaxation solution and update
the lower bound of algorithm based on the optimal objective value. The obtained optimal relax-
ation solution then induces a feasible split of the original commodity set. Based on this feasible
split, a mapped USCTSNDP instance, its relaxation and its mapped relaxation solution having the
same cost as the SCTSNDP relaxation solution can be constructed. Based on the mapped relax-
ation solution, the upper-bound procedure of VDDD can then be applied to derive a valid upper
bound for SDDD. When the gap between the updated upper bound and current lower bound reaches
optimality tolerance, SDDD converges. Otherwise, the time-discretization refinement procedure of
VDDD is applied to the mapped USCTSNDP instance based on the mapped relaxation solution,
and SDDD proceeds to the next iteration.

The feasibility and optimality equivalences underlying SDDD remain valid for these two exten-
sions. The additional costs affect only the objective function and therefore do not alter the feasibil-

ity equivalence. Moreover, because the holding and hub-transfer costs considered here are additive
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in the transported flow, the mapping remains cost preserving: each flow split m and its correspond-
ing sub-commodity y* have the same quantity and follow the same timed path, while the vehicle-
dispatch variables remain unchanged. Hence, the mapped solutions incur identical fixed, flow,
holding, and hub-transfer costs, and the optimality correspondence in Lemma 1 continues to hold.
The flat-optimality equivalence established in Theorem 2 also remains valid because Lemma 1

continues to apply, and the additional costs do not affect flat feasibility.

EC.5. Interpretation and validity of the Inequalities (8) and (9)
To strengthen the relaxation model for the SCTSNDP, two valid inequalities are considered in
Section 4.2. We will introduce their motivation, clarify their relationship to the corresponding
USCTSNDP inequalities, and prove their validity for the SCTSNDP relaxation model as follows.

Inequalities (8) were originally proposed by Boland et al. (2017) for USCTSNDP to ensure that
each commodity follows a k-feasible delivery path. We next show that these inequalities are still
valid for SCTSNDP. Consider an optimal solution (x, y) to SSND(D{@T ,K). For each commodity
k € K and its corresponding flow splits My (z,y), let T*™ (x,y) = 3 acphm(a,y) Ta denote the total
travel time of its flat path. Because every flow split in an optimal SCTSNDP solution follows a
k-feasible path, 75" (x,y) < I¥ — e*,Vm € My (x,y) and ZimeMy(z.y) go™(x,y) = ¢*. Let (z, Y)
denote the corresponding solution defined on the partially time-expanded network Dy, obtained
through the mapping used in the proof of Theorem 1. Since this mapping preserves the arcs tra-
versed by every flow split, we have 25 ;. N)eAr Tz] = YimeMy(x, y) ( ZY) Tk, M(x,y),Vk €
‘K. Therefore, (z, g) satisfies Inequality (8), but only bound the ﬂow—welghted average travel time
across all utilized paths for commodity k.

For the USCTSNDP, Marshall et al. (2021) introduced [ -‘ kit < y” V((i,1),(j,1) € A7,k €
K to derive a lower bound on the number of vehicles required to serve a specific commodity. How-
ever, these inequalities are no longer valid when the flow variables are continuous. For example,

ktl‘

if g* = 1.1, u;; ;7 =1and X, = 0.6, the original inequalities will require at least two vehicles. How-

ever, the transported quantlty can be accommodated by only one vehicle in practice. Therefore, we

replace them with (9), which ensures that if commodity k € K utilizes a service arc ((i,1), (j,1)),

the number of vehicles assigned to that arc is at least the ratio of the commodity’s flow to the arc

capacity. We next establish their validity. Consider any commodity k£ € K and any timed service

arc ((i,1),(j,1) € A . If gk <u, i, then the inequality reduced to x(‘.”_ < y’.f. which holds trivially if
kit _

x;;' =0, otherwise, the capacity constraint and the mtegrahty of y t imply y” >1> xk” If g% > u;;,

the capacity constraint gives ¢ xk” <u; y , and hence - lk]” < y’ ‘
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