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Abstract

This paper introduces the class of weakly quasar-convex functions, a notion that simultaneously
generalizes weak convexity (and hence convexity) and quasar-convexity. We establish the theoretical
foundation for this new class by developing its basic calculus, deriving characterizations, and sys-
tematically investigating its closure and structural properties. Building on these tools, we analyze
the proximal point algorithm for minimizing a weakly quasar-convex function under local quadratic
growth, proving @Q-linear convergence of the iterates and R-linear convergence of the function val-
ues to a global minimizer, with iteration complexity O(In(s™")); we also give a fully computable,
minimizer-free stopping rule via the proximal residual with matching complexity. Finally, we con-
struct a weakly quasar-convex function, satisfying all our standing assumptions, that is neither
weakly convex, quasi-convex, star quasi-convex, nor quasar-convex for any modulus, showing that
our convergence theory applies to instances outside every prior framework in the literature.

Keywords: Nonconvex optimization; Quasar-convexity; Moreau envelope; Proximal point method;
Structured nonconvexity.

Mathematics Subject Classification: 90C26, 49J52, 49M37.

1 Introduction

Many of the most important problems in modern optimization give rise to highly nonconvex objectives,
including deep neural network training [26], low-rank matrix recovery [25, 35], phase retrieval [28],
robust statistics [23], quantum process tomography [34], and dynamical systems [10, 15]. Since arbitrary
nonconvexity rules out general-purpose guarantees, attention has turned to structured nonconvexity,
which is weaker than convexity yet strong enough to support rigorous analysis of stochastic gradient
methods [37], momentum schemes [5, 22], and proximal point methods [13]. Identifying which structural
assumptions yield which guarantees remains an active area of research [4]. This paper contributes to
this effort by introducing a unified framework that bridges the prominent notions of weak convexity and
quasar-convexity.

Identifying tractable problem classes between convexity and full nonconvexity is a central question
in optimization. One prominent example is star-convexity, in which a global minimizer remains visible
from every point of the domain [31]. A further relaxation, quasar-convexity (originally called weak quasi-
convexity), was proposed in the study of linear dynamical systems [15]. For a quasar-convex function, the
negative gradient always points toward a region of smaller objective value, and this observation has led to
near-optimal algorithms for star-convex functions and their extensions [16]. In recent years, algorithmic
developments based on quasar-convexity have attracted considerable attention [1, 11, 19, 30, 32, 40]; see
the recent survey [18] for a broad taxonomy of quasar-convexity and related concepts.

Weak convexity occupies a different corner of this landscape. Dating back to early work in nonsmooth
optimization [33], it is characterized by the fact that adding a sufficiently large quadratic penalty to the
objective renders it convex. This permits a controlled amount of nonconvexity while preserving enough
structure for proximal and subgradient methods, together with smoothing techniques for composite and
stochastic problems, to retain rigorous convergence guarantees [7, 12, 21, 29, 38, 41].

Weak convexity and quasar-convexity describe different forms of structure in nonconvex optimization.
Weak convexity controls nonconvexity through a uniform quadratic curvature bound, whereas quasar-
convexity imposes a geometric condition relative to a global minimizer. These complementary viewpoints
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motivate a common framework that accommodates both types of structure. We introduce weakly quasar-
convez functions through a parametrized inequality anchored at a global minimizer. This class includes
weakly convex functions and quasar-convex functions, while also admitting functions outside both classes.
We investigate its structural properties and identify conditions under which it supports convergence of
the proximal point algorithm.

Our contributions are both theoretical and algorithmic and can be summarized as follows. First, we
introduce the class of weakly quasar-convex functions, defined via a parametrized inequality anchored
at a global minimizer that simultaneously generalizes weak convexity and quasar-convexity, and we
prove that this generalization is strict via explicit examples that fail to be weakly convex, quasi-convex,
or quasar-convex. Second, we develop the basic calculus of this new class, together with first-order
characterizations, and show that, under a local quadratic growth condition, weak quasar-convexity rules
out spurious stationary points and implies a restricted secant inequality (also called star quasiconvexity
in [20]). Furthermore, we prove that the Moreau envelope preserves weak quasar-convexity, with an
explicit modulus formula, yielding coercivity and characterization results for the associated proximity
operator. Finally, we analyze the proximal point algorithm under local quadratic growth, proving Q-
linear convergence of the iterates and R-linear convergence of the function values to a global minimizer;
we illustrate this theory on an example lying outside every prior framework in the literature, where no
other existing convergence result applies.

The remainder of the paper is organized as follows. Section 2 recalls notation and preliminary back-
ground. Section 3 introduces weakly quasar-convex functions and develops their theoretical foundations,
detailing their basic calculus, characterizations, preservation under the Moreau envelope, and the prop-
erties of the associated proximity operator. Section 4 establishes convergence of the proximal point
algorithm under local quadratic growth. Section 5 concludes the paper.

2 Preliminaries and Basic Definitions

The inner product in R and the Euclidean norm are denoted by (-,-) and || - ||, respectively. We denote

R, :=[0,400[, Ry :=]0, 400, R:=R U {£o0}, and Ny := NU {0}.
Given any z,y,z € R" and any 5 € R, the following relations hold

1 1 1
(@ =zy—a)=gllz=yll* = Sz =2l = 5y - =l (1)

1Bz + (1 = B)ylI* = Blll® + (1 = B)llyll* — B = B)llx —yI*. 2)

Given any extended-valued function h : R® — R, the effective domain of h is defined by dom(h) :=
{z € R" : h(z) < +oo}. It is said that h is proper if dom(h) is nonempty and h(z) > —oo for all
x € R™. The notion of properness is important when dealing with minimization problems. The set
epi(h) := {(x,t) € R" x R : h(z) < t} is the epigraph of h, and argming. h is the set of all minimal
points of h. A function h is lower semicontinuous at Z € R™ if for any sequence {z*}; C R" with ¥ — 7,
h(z) < liminfy_, o h(z¥).

For h: R" - R, K CR", T € K, and ¢ > 0, the (-level set of h over K at T is

LHK. 7)== {zeK: h(z)<h@) +(}
A function h satisfies a p-local Quadratic Growth (QG) condition with parameter ¢ > 0 if
h(w) - h(@) = blle - 72, Vo € LLR", 7). (3)

In the literature, there exist several interesting examples of functions that satisfy the (local) quadratic
growth condition (e.g., [39, Example E.5]).

Let h : R® — R be a differentiable function and let T € argming. h. A point z € R" is called a
spurious stationary point of h (with respect to Z) if Vh(xz) = 0 but = # 7.

Let us recall the following generalized convexity notions, which have been introduced and developed in
virtue of its interesting properties in machine learning and continuous optimization (see [14, 16, 31, 42]).

Let h: R" — R be a proper function with ¥ € argming, h. Then h is said to be:

(7) (Strongly) star-convex [31] if there exists p > 0 such that for every y € dom(h) and every A € [0, 1],
we have
RO + (1= A)g) < (@) + (1 = Nh(y) — A1 — N Elly — 7]
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(#7) (Strongly) quasar-convex [14, 16] if there exists v €]0,1] and p > 0 such that for every y € dom(h),
we have

2—y

BT + (1= Ny) < Mh(@) + (1= 2)hly) = A (1= 725 ) Zlly - 7%

Every (strongly) star-convex function is (strongly) quasar-convex, while the reverse statement does not
hold in general (see [8, Example 8] with 0 < p < 1).

Furthermore, it follows from the definition that argming, h is a singleton when h is strongly (p > 0)
quasar-convex (resp. star-convex). Moreover, if v = 1, then a quasar-convex function reduces to a
strongly star-convex function (p > 0) and star-convex function (p = 0).

In the differentiable case, we have the following useful characterization for (strongly) quasar-convex
functions. Let K C R™ be a convex and open set and h : R — R be a differentiable function with
argming h # (. Then h is (strongly) quasar-convex with modulus v €]0,1] and p > 0 on K if and only
if (see [16, Lemma 10])

h(@) 2 h(y) + 3(Vh(y),T —y) + §lly —|%, Yy € K. (4)

Given a nonempty, closed, and convex set K C R", the proximity operator on K of parameter
B > 0 of a proper lower semicontinuous function h : R® — R at z € R" is defined as the operator
Proxgp (KC, ) : R™ = R™ for which

Proxg, (K, z) := argmin ¢ {h(x) + %Hz - x||2} . (5)

When I = R", we simply write Proxg,(z) := Proxg,(R"™, z). If h is proper, lower semicontinuous, and
convex, then Proxg, turns out to be a single-valued operator (see, for instance, [2, Proposition 12.15]).
Closely related is the Moreau envelope h®: R™ — R of h with parameter 3 > 0, defined by

W(x) = inf {hlw) + gslle — wl}. (6)

Let us recall some notions related to the Clarke directional derivative [6]. Let h : R™ — R be proper
and locally Lipschitz around x € dom(h). Then the Clarke directional derivative of h at x in direction
d € R™ is defined by

h td) —h
h°(z;d) = limsup hiy +td) = h(y)

y—x t
£10

)

and the Clarke subdifferential of h at x is given by
O°h(z) :={v e R": (v,d) < h°(z;d), Vd € R"},
By convention, 9“h(z) := 0 for ¢ dom(h). Moreover,

he(x;d) = geglcai((z)@’d% Vd € R™. (7)

A point 2 € dom(h) is called a Clarke critical point of h if 0 € 9“h(z).
Definition 1. Let {2*}, C R" be a sequence converging to x* € R™. It is said that:

(a) {2*}r converges Q-linearly to x* if there ewists a constant r €]0,1[ such that for all sufficiently
large k, we have
2"+ — 2| < rlla® — 2. (3)

(b) {z*}x converges R-linearly to x* if there exists a constant v €]0,1[ and a constant C' > 0 such that
for all sufficiently large k, we have
lz* — =] < Cr. 9)

Clearly, Q-linear convergence implies R-linear convergence, but the converse is not true in general. [J



3 Weak Quasar-Convexity

In this section, we introduce and develop the notions of weak quasar-convexity, a notion that extends
weak convexity and quasar-convexity, simultaneously.

Definition 2 (Weakly Quasar-Convex). A function h : R™ — R is said to be (p,7y)-weakly quasar-convex
with respect to T € argmingn h if for every x € R™ and every A € [0,1], we have

hOAT + (1 — Na) < yAR(T) + (1 — yA\)h(z) + %A (1 - 2_Av> |z — 712, (10)

where v €]0,1] and p > 0. O

Definition 2 can be extended to to any proper function h : R — R, with Z € argming. h, once
(10) is read under the usual conventions of extended arithmetic. In that setting, the inequality is
automatically satisfied (and imposes no constraint) whenever x ¢ dom(h), while for x € dom(h) it
forces AT + (1 — M)z € dom(h) for every A € [0, 1]; that is, weak quasar-convexity forces dom(h) to be
star-shaped with respect to .

In particular, when v = 1, Definition 2 reduces to p-weak star-convexity, that is,

hOAT + (1= \x) < Ah(@) + (1 — \h(z) + §A(1 — Nz —Z|?, V2 € R™, YA € [0,1]. (11)

These definitions generalize standard weak convexity by anchoring the relaxation to a specific minimizer
T rather than requiring the property to hold for all pairs of points. When p = 0 and v = 1, definitions
recover standard star-convexity with respect to Z. When p = 0, Definition 2 connects to quasar-convexity
concepts from recent optimization literature [8, 16, 18, 42]. Then the following relationship holds

*
Convex = Quasar-Convex

\ \
Weakly Convex = Weakly Quasar-Convex

where “x” denotes that argming, h # ) is required.

All the reverse implications do not hold in general. Indeed, examples of quasar-convex and weakly
convex functions which are not convex are well-known (see [16, 31]). It remains to present functions
which is weakly quasar-convex without being neither quasar-convex nor weakly convex for any modulus.

To that end, we first present a function which is weakly quasar-convex, but it is not quasar-convex
for any v €]0, 1].

Example 3. Let v = %, p= g, and define the function h : R — R by
h(z) = 2% — 22 + %xz =22 ((mQ — 1)2 + 1—10) > 0. (12)

Clearly, h(xz) > 0 for allz € R, h(0) = 0, and h(x) — 400 as |z| — oo, hence T = 0 is a global minimizer
of h on R.

Furthermore, h is (g, %)-weakly quasar-convex with respect to T = 0. With T =0 and h(T) = 0, the
condition (10) becomes, for all x € R and X € [0, 1],

h((1=Nz) < (1= 3) hz) + (1= F) 22, (13)

g, and % = % Define the gap function

e _

where we used v = %, p= g,
AN z) = (1—=%)h(z)+ 3 (1-2) 2 —n((1-Naz).

We must show A(X,z) >0 for all z € R and X € [0,1]. Indeed, substituting h(z) = 2% — 22* + {1127, we
decompose

A\ x) = Ag(N) xS + Ag(N)at + Ay(N) 22,
where the coefficients for all X\ € [0,1] are

A6(0) = (1-3) = (1= X)° = =% + 60> — 15X* +20A° ~ 15X* + Br e [0, + 3]
Ag(N) =—-2(1—=3)+2(1—N*=2X" =8\ + 123> = 7x € [- L 0],

AN =H1-3)+201-2)-La-2)?=-23+%xe[0,28].
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Since 2 > 0, we can view A(\,x) as a cubic polynomial in u = x> > 0,
A\ x) = u(A6()\)u2 + As(MNu+ AQ(/\)).

To show A(X\,z) > 0, it suffices to prove that the quadratic Q(u) = Ag(A\)u? + Ag(A)u + Az(\) is non-
negative for all w > 0 and all X € [0,1]. Since Ag(A) > 0 and A4(N) <0 for all X € [0,1], consider the
quadratic

Q(u) = Ag(Nu? + Ay(N)u + Az(N), Yu > 0.
Case A =0. Here Ag(A) = Ag(\) = A3(\) =0, so Q = 0.
Case )\ €]0,1]. Then Ag(\) >0, so Q is an upward-opening parabola with vertex at

* Ag(N
u = _21446((/\)) - 07

because Ay < 0. Thus the global minimum of @ over R already occurs at u* > 0, and

Qu) 20 Vu =0 <= minQ = Q(u") = A;(\) - LOX > 0= A4,(0)? <4450 A (N).  (14)

Hence it suffices to prove A4(\)? < 4A6(N)Aa(N) for all X € [0,1]. Direct expansion gives, for all \,
that Ag(A\) = ABg(A), A4(A) = AB4(\) and Az(X) = ABa(\), where

By(A) = 25(3 —2)), Ba(A) = =T+ 12X — 8)\% +2X%, and Bs(\) = & — 15X + 20A* — 150 + 6A* — \°.
0, (14) is trivial. For A > 0, (14) is equivalent to

B4(\)? < 4Bs(\)Ba(N), VA € [0,1]. (15)
Ezxpanding both sides,

By(\)? = 4X° — 32)° 4 1120% — 220)% 4 256)% — 168\ + 49,
4BG()\)B2(>\) _ %)\6 _ %)\5 + 728 )\4 15647>\3 4 273)\2 2548)\ 4 1001 .

Define
P()) 1= 60(4Bs(A\)B2(A) — B4(A)?) = 124A° — 810A° + 2016A* — 2270\ + 1020A* — 112X + 63.
Since (15) is equivalent to P(X) > 0, it remains to show that
P(A\) >0, VA€ [0,1]. (16)

Write P in the Bernstein basis [9] of degree 6 on [0, 1],

Zbk< )Ak 1— N0k

The coefficients by, are obtained from the power-basis coefficients a; of P via the standard conversion

k

i
b, = 63 a;, ag =063, a1 = —112, as = 1020, ag = —2270, a4 = 2016, a5 = —810, and ag = 124.
i=0 '
Carrying out this computation gives by = 63, by = 132 by = 281 py = 195 'p, — %, bs = % and

bg = 31. Since the Bernstein basis polynomials (2))\’“(1 — N)%~* are non-negative for X € [0,1], we

conclude .
=> by (Z) A1 =NF >0, vaeo,1],
k=0

which establishes (16).

On the other hand, h is not vy-quasar-convez at T = 0 for any v €]0,1]. Indeed, if h is y-quasar-convex
atT =0 (with h(T) = 0), then for allz € R and all X € [0, 1], we should have h ((1 )\) )< (1- vA)h(x).
In particular, takex =1 and A = 5. Then, h(1) < (1= 2) h(1). Substituting h(1) = 22 and h(}) = 53,
we get

2B <(1-2)2 = 53<32-16y = v<—

16’
a contradiction. Therefore, h is not quasar-convex for any v €0, 1]. O
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The following proposition will be useful.

Proposition 4. Let f : R — R be a function with 0 € argming f, f(0) =0, and let g : R — R be a
function such that 1 < g < M for some constant M > 0. Define,

h(a) = {f(xn) o(5), wer\{0)
0. =0

If f is (p,y)-weakly quasar-convex with respect to 0, with p > 0 and v €]0,1], then h is (Mp,~y)-weakly
quasar-convex with respect to 0.

Proof. First, we verify that 0 € argming. h. Since f(0) =0 and 0 € argming f, we have f(¢) > 0 for all
t > 0. Also, g > 1 > 0. Hence, for any = € R", we have

h() = f(lz1) g (1%7) = 0 = h(0),

with equality if and only if f(||z||) = 0. Thus, 0 € argming. h.
Now, fix y € R", A € [0,1], and let T = 0. Since h(0) =0 and T = 0,

WO + (1= N)g) = (L~ Nw) = 11~ Nlol) o (72).

Since f is (p,7y)-weakly quasar-convex with respect to 0, we have

= Nllyl) < (0= flyl) + 22 (1= 225) Il

Multiplying by ¢(y/|ly||) > 0 and using g > 1, we obtain

B = Nw) = (=Nl o ()
< (=l o () + %
= (1 =~yA)h(y) + 2\ ( L

M= 25) i g ()
w2 g ()

Since 1 < g(y/|ly||) < M, we have g (ﬁ) < M. Thus,

R((1 = N)y) < (1 —yA\)h(y) + 2820\ (1 - ﬁ) lyl1*.

This is exactly the (Mp,~)-weakly quasar-convex inequality for h with respect to 0. Therefore, h is
(M p,~y)-weakly quasar-convex with respect to 0. O

Finally, we present the desired example.

Example 5. (Strictly Large) Let f: [—1,1] — R be the function given by

f(S):Q*\/E,

and g be the function of Example 3, i.e., g(s) = s* ((s* —1)* 4 15) > 0.

Clearly, f is positive on [—1,1], but f is not weakly convex on [— 1 1] for any modulus, since the
one-sided derivatives at s = 0 are {£o0}. Also, since (s> —1)? + & > & >0 for all s, we have g(s) =0
if and only if s = 0, so 0 is the unique global minimizer of g on R By Example 3, g is (g, %) weakly
quasar-convez with respect to 0, and g is not y-quasar-convex with respect to 0 for any v € 0,1]. Set

A= {(581712) €ER? ¢ 21 >0,—71 <9 Swl},

and define the function h : A — R by

h(zy,z0) := (17)



Since g > 0 and f > 0 on [—1,1], we have h > 0 on A. Moreover, for (x1,z2) € A with 1 > 0,
h(z1,22) = g(x1)f(x2/21) > 0 since g(x1) > 0 and f > 0, and for x1 = 0, the domain constraint of A
forces xo = 0. Hence T = (0,0) is the unique global minimizer of h on A, i.e., {(0,0)} = argmin 4 h.
Moreover, along the ray xo = 0, h(t,0) = f(0)g(t) = 2g(t) — 0 as t L 0, and more generally, since f is
bounded on [—1,1] and g(x1) — g(0) =0 as z1 | 0,

hw1,72) = g(a1) f (i) S0

uniformly over xo/x1 € [—1,1] as x1 | 0, thus h is continuous at the origin. We claim that h is weakly
quasar-convez with respect to (0,0), but is neither weakly convex nor quasi-convex nor quasar-convex on
A for any modulus. Indeed, let us prove this point by point:

(i) h is weakly quasar-convex with respect to (0,0): On any ray through the origin, the ratio xs/x1
is constant, say xo/x1 = ¢ € [—1,1], so restricted to that ray, h(t,ct) = f(c) g(t) is a positive scalar
multiple of g, with f(c) € [1,2]. Since g is (g, %)—weakly quasar-convex with respect to 0, multiplying
(10) (with g(0) = 0) by the positive constant f(c) preserves v = + while scaling p by f(c), yielding

_ _ A %f(@% 20 .2
h((1 =Nz, (1= Nag) < (1= 3) bz, 22) + 5 A1 =22

x1,cr1), we have ||z||? = 22(1 + %) > 22, Using 23 < ||z||? together with f(c) < 2, we get
, which gives

=
&
ot IS
IA
Ot~

ot

h((1=XNz) < (1—3)h(z) + 2 A1 =2 z)?.

of

on A.

~

Thus, h is (5, %)-weakly quasar-convex with respect to (0,0
(ii) h is not weakly convex on A for any modulus: Fiz p > 0 and consider, for s € ]0,1], the points
(1,-s),(1,s) € A and their midpoint 3(1,—s) + 3(1,s) = (1,0). Since f is even, h(1,—s) = h(1,s) =
g(1)f(s), and h(1,0) = g(1) f(0). Weak convezity with modulus p would require

g(V)F(0) < g()f(s) + § - 5(25)* = g(1) f(s) + §5,

i.e., using f(0) — f(s) = /s, we get g(1)\/s < £s°.
Since g(1) =1—-2+ }—é = % > 0, diwiding by /s > 0 gives 11—0 < 583/2, which fails as s | 0 for any
fized p > 0. Hence, h is not p-weakly convex on A for any p > 0.

(iii) A is not quasi-convex, not star quasi-convex, and not quasar-convex on .4 for any modulus: It suffices
to consider h restricted to the half-line (¢,0), t > 0, where h(t,0) = f(0)g(t) = 2g(¢t). Using g(0) = 0,
g(l) = %0 = %, and g (%) = % (see Ezample 3), we get

h(0,0) =0, h(1,0)=1%=-2 and h(3,0)= 3.

Since % > %, the point (%,0), which lies on the segment joining (0,0) and (1,0), satisfies h (%,0) >
max{h(0,0), h(1,0)}, which directly violates quasi-convezity and, in particular, star quasi-convexity with
respect to (0,0) (see [20, Theorem 12]).

Furthermore, h is not y-quasar-convez with respect to (0,0) for any v € |0, 1]. Indeed, taking x = (1,0)
and X = 1 in the quasar-convezity inequality h((1 — N)z) < (1 — yA\)h(z) reduces, after cancelling the
common factor of 2 from h(t,0) = 2g(t), to g(%) < (1 — %) g(1), i.e., % < (1 — %) %, which is exactly
the inequality shown in Example 3 to force v < —%, a contradiction.

Therefore, h is weakly quasar-convex on A with respect to (0,0) (indeed (57 %)-weakly quasar-convez,),

yet neither weakly conver, nor quasi-convex, nor star quasi-convezr, nor quasar-convex, for any modulus.

O

3.1 Basic Properties

We now establish several fundamental properties of weakly quasar-convex functions.



Proposition 6. h is (p,v)-weakly quasar-convex with respect to T € argming. h (where p >0, v €]0,1])
if and only if for every d € R™ with ||d|| = 1, the function

pa(t) == h(T +1td), t=>0, (18)

is (p,y)-weakly quasar-convex with respect to t =0 on [0,400[, i.e., for every t > 0 and every X € [0, 1],
we have

pa((1=Mt) < P2al0) + (L= WN)galt) + A (1= 25) 2 (19)
Proof. (=) Fix d with ||d|| = 1. For any t > 0 and X € [0, 1], define x = T + td. Then,
0a((L=Nt) =h(@+ (1 —Ntd) = h(AT + (1 = X\)(T + td)) = h(AT + (1 — N)z).
Applying the (p,vy)-weak quasar-convexity of h at T and since ||z — Z|| = ||td|| = ¢, we get
BT + (1= N)z) < 37(@) + (1 - A )h(2) + 22 (1- 22 [l - 7))
= ga(0) + (1= 1A )a(t) + ZA (1~ f) £,

ie., (19) holds.
(<) Let x € R™ be arbitrary. If z = 7, the weak quasar-convexity inequality holds trivially (both sides
equal h(Z)). Otherwise, define d = Ta—ey and t = |l —Z|| > 0, hence ||d|| =1 and = T + td. Then, for
any A € [0,1],

h(AZ + (1= Nz) = h(Z + (1 = Ntd) = wa((1 = N)t).

Applying relation (19) to g gives

pa((1= X)) < 1A@a(0) + (1 = N)gut) + ¥ (1 - f) &
= YAR(@) + (1= W) + ZA (1= 525) llz = 72,
i.e., his (p,v)-weakly quasar-convex at T. O

Proposition 7. Let h; : R® — R be (p;,7)-weakly quasar-convexr with respect to T € argming. h;
for every i = 1,--- 'm, where ~v €]0,1] is the same for all i. Then for every a; > 0, the function
h:=Y" 0 aihg s (D00, cups,y)-weakly quasar-convex with respect to T.

Proof. Since T € N; argming. h; and «; > 0, it follows that T € argming. h. Then for every z € R™ and
every A € [0, 1], we have

h(AZ + (1 = \)z) aih; (AT + (1 — A)z)

.

o
Il
-

Pﬂs

<

@ (’y)\hi(a:) + (1 =\ hy(x) + 220 (1 - ﬁ) |l — tz)

1

_FYAZOQ i 1_7/\ Zal i (1_ﬁ) ||33_§||2204ipi
=1
= 'y)\h(f) (1 - '7)\ % (Z asz) (1 - 7) ||{,C - x||2

Therefore, h is (p,y)-weakly quasar-convex at T with modulus p = Y"." | a;p; and 7 €]0,1]. O

<.
Il

The following calculus rule will be useful.

Proposition 8. Let h: R™ — R and let T € argming, h. For v €]0,1] and p > 0, define

g(x) := h(z) + e — 7. (20)

2(2 v)

Then h is (p,~y)-weakly quasar-convex with respect to T if and only if g is v-quasar-conver with respect
toT.
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Proof. Clearly, T € argming, g. Furthermore, throughout the proof, “g is v-quasar-convex with respect
to @ refers to the p = 0 instance of (10), namely

gAT+ (1 —XN)z) <yAg(T) + (1 —yN)g(x), Yz € R", VA € [0,1]. (21)

Set ¢ = ﬁ. Since v €]0,1], we have 2 — v > 1 > 0, so ¢ is well defined and ¢ > 0 because p > 0.

Furthermore, the term c||z — Z||? is non-negative for every & € R", vanishing precisely at * = Z when
p > 0 (and identically, with g = h, when p = 0). Consequently,

9(z) = 9(@) = (h(z) = h(@)) + cllz — 7| > 0, Vo € R",

since both summands are non-negative, the first because T € argming. h. It therefore follows that T is
likewise a global minimizer of g over R", thus the base point Z remains valid for the shifted function g,
and the assertion that g is y-quasar-convex with respect to T is consequently well posed.

Fix x € R™ and A € [0,1], and set z), := AT + (1 — A\)z. Since z), — T = (1 — A)(z — T), we have
Iz =12 = (1= )2l — 72, thus

9(@) = h(@), g(z) =h(z)+cllz—7|? and g(2)) = h(z) +e(l =Nz -z

Substituting these three expressions in (21) and rearranging shows that g(zx) < vAg(Z) + (1 — vA)g(z)
holds if and only if

B(22) € AM@) + (1= 3 )A() + (1= 33) = (1= X)) [l = 7%
A direct expansion gives (1 — ) — (1 — )2 = X\(2 — v — \), so that
(=) = (1= N2) = a7 -0 = A (1- 22),

which is exactly the coefficient of ||z —Z||*> appearing in (10). Then, for every x € R™ and every X € [0, 1],
the inequality g(zx) < YAg(Z) + (1 — yA\)g(x) holds if and only if

A(2) < YAR(@) + (L= (@) + A (1= 25) lle — 32,

that is, precisely when inequality (10) holds for h at the same pair (x, ). Since both notions of quasar-
convexity require their defining inequality to hold for every z € R™ and every A € [0, 1], taking the
conjunction over all such pairs on each side yields h is (p,y)-weakly quasar-convex with respect to T if
and only if g is y-quasar-convex with respect to T, which proves the proposition. O

Now, we provide a sufficient condition for the preservation of the weak quasar-convexity under linear
composition.

Proposition 9. Let h: R™ — R be (p,y)-weakly quasar-convex with respect to y € argmin h, with p > 0
and v €]0,1]. Let A : R™ — R™ be a linear operator satisfying AT = Y, and assume T € argmingn g
where g(x) = h(Az). Then g is (pHAng, 7)-weakly quasar-conver with respect to T, where || Allop denotes
the operator norm of A.

Proof. Since A is linear and AT = 7, we have for every € R" and every A € [0, 1] that A(AZ+(1—-\)z) =
AMZ + (1 — M)Az = Xy + (1 — M) Az. Applying the (p,~y)-weak quasar-convexity of h at ¥ with y = Az
yields

g(AT+ (1= N)z) = h(AQAZ + (1 — N)z)) = h(Ay + (1 — ) Ax)
< L) + (1= A(A) + ZA (1 225 ) 1Az — 7% (22)
Since § = AT, we have ||Az — || = ||A(z — T)||. By definition of the operator norm,
1Az = 2)| < [Allopllz — 7]l = [l Az 7| < A3, ]l — z]|*.

Substituting this into (22) and using ¢(Z) = h(y) and g(x) = h(Ax), we obtain
(T + (1= N)z) <@ + (1= W) + ZA (1= 25 ) 1413, )le - =1
_ lAl2, _
— Ag(®) + (1= \)g(a) + TLALE) (1= 225) o -3

Hence g is (p||Al|2,, 7)-weak quasar-convex at . O



Another interesting property of weakly quasar-convex functions, is the following extension of [3,
Theorem 4.8] from the quasar-convex to the weakly quasar-convex case, (see also [24, Theorem 3]). Its
similar proof is omitted.

Proposition 10. Let h; : R™ — R, with i € {1,--- ,m} be functions, with n; > 0 and Y .~ n; = n,
and h : R™ — R be a function such that

m

hay, - om) = th(ﬂ%), (23)

i=1

Let T = (T1, -+ ,Tm) € R™. Then, for any p > 0 and v €]0,1], h is (p,v)-weakly quasar-convex
with respect to T € argming. h if and only if every h; is (p,~y)-weakly quasar-convexr with respect to
T; € argming., h; (with the same p and y).

The proof of the following characterization follows the reasoning line from [1, Theorem 31] (which
studies the strong case), as a consequence, it is omitted.

Proposition 11 (Clarke First-Order Characterization). Assume h is a locally Lipschitz function with
a convex domain. Then h is (p,v)-weakly quasar-convex with respect to T € argminh, where p > 0 and
v €]0,1], if and only if for every x # T, we have

@) > h(z) + L (0,7 — 2) — £]le — 7%, Yo € 0h(x). (24)

Since a continuously differentiable function is locally Lipschitz, and its Clarke subdifferential reduces
to the gradient (i.e., 9h(z) = {Vh(x)} [6]), Proposition 11 immediately yields the following smooth
characterization.

Corollary 12 (First-Order Characterization). Assume that h is continuously differentiable on a convex
domain dom(h). Then h is (p,7)-weakly quasar-convex with respect to T € argminh, where p > 0 and
v €]0,1], if and only if

h(@) > hz) + L(Vh(z), 7 - 2) — &]le — 7|

An immediate structural consequence of combining the p-local quadratic growth condition (3) with
(p,v)-weak quasar-convexity under the assumption p > p, is that the (-sublevel set E?(R”,T) is free of
spurious stationary points, as we show next.

Proposition 13 (Absence of Spurious Stationary Points). Let h : R® — R be a continuously differen-
tiable function that satisfies the p-local quadratic growth condition (3) and is (p,~y)-weakly quasar-convex
with respect to the global minimizer T, with p > 0 and v €]0,1]. If u > p, then h contains no spurious
stationary points within the sublevel set £'£(R”7§) for some ¢ > 0, that is, for every x € E?(R”,E) with
x # T, we have Vh(x) # 0.

Proof. Let z € E?(R",E). By the first-order characterization in Corollary 12, we have (the fundamental
gradient bound)

(Vh(z),x = T) > y(h(z) = h(T)) = Fllz — 7|*. (25)
Since x € UCL(R",E), the local quadratic growth condition (3) applies, giving h(z) — h(Z) > &z — z||*.
Because v > 0, we can substitute this lower bound into (25) to obtain

(Vh(z),z —T) > v (4llz — Z|]?) — L)z — 7| = 2L2 ||z — 7|2

Now, suppose for the contrary that there exists a spurious stationary point x € E?(R”,f) with z # .
Hence, Vh(z) = 0. Also, since v > 0 and p > p by assumption, we get v(u — p) > 0, and since x # T,
||z — Z||* > 0. Consequently,

0> 2ed )y — 7|2 > 0,
a contradiction. Therefore, no such spurious stationary point can exist in E}CL (R, T). O

Remark 14 (Alternative Sufficient Conditions for Local QG). Several other well-known regularity condi-
tions guarantee the local quadratic growth condition (3). Notably, local strong (quasar-)convexity inher-
ently enforces a quadratic lower bound, directly satisfying the QG condition. Furthermore, the Restricted
Secant Inequality (RSI) ensures that the gradient points sufficiently toward the optimal set; as established
in the literature, strong quasar-convexity and strong star quasi-convexity imply the RSI, which is fun-
damentally linked to and often used to derive quadratic growth [18, Properties 6.13, 6.14, 6.17, 6.18].
These conditions collectively form a hierarchy of regularity that relaxes classical strong convexity while
preserving the favorable algorithmic guarantees provided by local QG. O
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In the following result, we provide a sufficient condition for weakly quasar-convex functions to satisfies
the RSI property locally around the minimizer.

Proposition 15. Let h : R® — R be a continuously differentiable and (p,~)-weakly quasar-convex
function with respect to T € argmin h, with p > 0 and v €]0,1]. If h satisfies the p-local quadratic growth
condition (3) on LQ(R”,E) for some ¢ > 0 and p > p, then h satisfies RSI on EZL(R”,T) with parameter

V= w > 0, that is,
(Vh(z),z —7) > X2z — 7|2, Vo € LHR",T). (26)
Proof. By the first-order characterization of (p,~y)-weakly quasar-convexity (Corollary 12), we have
(Vh(z),z —7) > y(h(z) — h(Z)) — L[z — Z|, Vz € R™.
Since the local quadratic growth condition (3) holds, there exists ¢ > 0 such that for all « € E’g (R™,7)
we have h(z) — h(z) > &|lz — Z||*>. Using this in the previous inequality and since y > 0, we obtain
(Vh(z),z = T) 27 (5o~ |°) = Rl — 7|* = 252 o — 7,

which completes the proof. O

3.2 Moreau Envelope

We recall the following well-known property of the Moreau envelope (e.g., see [17]), and then show that
this smoothing operation also preserves weak quasar-convexity.

Lemma 16. Let h be proper lower semicontinuous function, and T € argming, h. Then, for every 5 > 0,
h? is finite-valued on R™, h#(T) = h(ZT), and argming, h® = argming, h.

We now show that the Moreau envelope preserves the weak quasar-convexity of the original function.

Theorem 17 (Moreau Envelope Preserves Weak Quasar-Convexity). Let h : R® — R be proper, lower
semicontinuous, and (p,~y)-weakly quasar-conver with respect to T € argming. h, with p > 0 and v €0, 1].
Let

0<f< 22 (27)

Py’

with the convention that the right-hand side is +o0o when p = 0. Then hP is (pg,y)-weakly quasar-convex
with respect to the same point T € argming, h?, where

__@=p
=) e = .

Proof. By Lemma 16 (applied with this particular 8 > 0), h” is finite-valued, h%(Z) = h(Z), and
Z € argming. h®. It remains to prove the chord inequality for h® with modulus ps. Fix z € R",
A €1]0,1], and € > 0. Choose y* € R™ with

h(y*) + m5llz = y*||* < hP () + & (29)
Set zy 1= AT+ (1—\)z and yy := AT+ (1—\)y*. Since y, is feasible for h?(zy) and 2y —yx = (1-)\)(z—y*),

— 2 *
P (22) < hlya) + S5 o — 7% (30)

Applying (10) to the pair (Z,y*), we have
B(yr) < () + (1= (") + A (1= 25 ) Iy = 7.
Substituting into (30) and using h(Z) = h?(T),

— 2 *
PP (22) S AP @) + (1= (") + 2A(1= 25 )y = 72 + S5 e — o)1 (31)

11



From (29), h(y*) < hB(z) + ¢ — %Hw —y*||%. Since 1 — v\ > 0, substitute into (31) we get

W (22) < YARP(E) + (19N (0 (@) + &) + A1 225 )y — =
+ (1= N2 = (1 =) llz =y (32)
Since (1 = A2 —=(1—9)) = =AX2—-7—X), A € [0,1] and v €]0,1], we have 2 —y — A > 1 — v > 0,

this bracket is < 0. Let ¢ := 512 >0, so 2(1 — ﬁ) £(2 -~ — ). Factor w from the two

2

quadratic terms in (32) gives
52— 7= NAly* -3 = 2250 o — |2 = 220 (efly* — 72— Ljo -y )1?).
Set u:=y*—zrandv:=x—7,s0y* —T =u+v, and
clly* =72 = Slle =y 12 = = ( = ) Jull® + 2¢(u, ) + eljv][*

Let A := % — ¢. The assumption (27) is equivalent to ¢ < 1. Indeed, if p = 0, then ¢ = 0, and if p > 0,

then 8 < 2 Tp if and only if Wi < 1. Hence, A = B—C— 1-c8 - 0.
We can maximize this quadratic form over u by completing the square

C 2 C2 C
—Aljul® + 2¢(u, v) + el|v]|? = = Allu — Gol|” + Glol* +clo]* < e (<52) 0]
(c+(F—0)
Substituting A = = — ¢ back into the scalar coefficient yields ¢ (15 : = 1_CCB. Then, we obtain the
B_C

tight upper bound

clly = zl* = gllo —y*I* < 5l — )%

Hence,

_ A(2 A A(2—y—A —
A= 25y =72 - 20z — )P < 20 e n - 7)2,

Substituting into (32) and using A(2 =y — ) = (2 = y)A(1 —

A
m), we have

P (2) < ARS(@) + (1= 3R () + (1= 3N + £ (1 52 ) o - 72

10 —
Z2 1(z0) P (@) + (1= (@) + SEFA(1 = 25 ) e - 7

Comparing with (10), this is the (pg, v)-weak quasar-convexity inequality for h”, with

c(2— 2—7)c
S A = A = e

using ¢ = 3’5 This is exactly (28). Since z € R™ and A € [0, 1] were arbitrary, the proof is complete. [J

Remark 18. Let p > 0 and v €]0, 1], with the convention that both % and 2;—; equal 400 when p = 0.
Since v < 2 — 1, it holds that

< )
<5

1
o
with equality if and only if v =1 (or p = 0). Consequently, Theorem 17 applies in particular for every
0<pB< %, and the same conclusion remains valid. In this range, the relation ¢ = % < p yields the

simpler (yet weaker) upper bound

__p p
PB = 1—cB S 1—pB*

Condition (27) is precisely the requirement needed in the proof, namely A = B —c>0. O

3.3 On the Proximity Operator

In this subsection, we present the basic properties of the proximity operator of a weak quasar-convex
function.

As a first result, we show a sufficient condition for the supercoercivity of the proximity operator of a
weakly quasar-convex function.

12



Lemma 19. Let h: R" — R be proper with T € argming, h, and let 3 > 0. Then, for every x € R", the
function ®(y) := h(y) + ﬁ”x — y||? is 2-supercoercive; more precisely,

d 1
O(y) > h(T)+ %Hx —y|I* VyeR", hence lim in ®) > > 0. (33)

vl oo T2 = 28
Proof. The first inequality follows from h(y) > h(%). Dividing by ||y||?> and using ||z — y||*/||y[|> — 1 as
|ly]| = oo gives the second one. O

Remark 20. Lemma 19 does not use weak quasar-convexity, nor any restriction on [3: it only uses that
T is a global minimizer of h. In particular, the proximal subproblems in Corollary 21 and Algorithm 1
are solvable for every 8 > 0, and the upper bound By, < 1/p in (37) can be dropped.

As a consequence of Lemma 19 and the lower semicontinuity of h.

Corollary 21. Let K C R” be a nonempty closed convex set and let h : R* — R be proper and lower
semicontinuous, with K Ndom(h) # 0 and T € argming h. Then, for every 8 > 0 and every x € R", the
set Proxgp (IC, x) is nonempty and compact. In particular, this holds for every (p,~)-weakly quasar-convex
function with respect to T, without any restriction on (3.

Proof. For every y € K we have h(y) > h(T), hence h(y) + %Hm —y|? > h(z) + %Hx —y||?, exactly as

in Lemma 19. Thus ® := h + ¢ + i“x — +||? is proper, lower semicontinuous and coercive, so its set of
minimizers is nonempty and compact. O

Note that Proxgy (-, ) may be set-valued even for (strongly) quasar-convex functions as noted in [8,
Remark 14].

Proposition 22. Let K C R” be a closed convez set and h : R™ — R be a proper, lower semicontinuous
and (p,y)-weakly quasar-convex with respect to T € argming h (v €]0,1] and p > 0) on K C dom(h). Let
z €K and B> 0. If z* € Proxg (K, z), then

h(z*) = h(Z) < %(w* —2,T— ")+ &|z* — 7|2 (34)
Proof. Since z* € Proxgy, (K, z), we have
h(a:*)—i—ﬁ”x*—z”z Sh(a:)—&-%”x—z”z, Vo € K. (35)
Fix A €]0,1] and set = AT + (1 — A)z* € K. Since h is (p,y)-weakly quasar-convex,
ha") + g5lle" — 2]* < YARE) + (1 — yA)h(z") + ZA (1 - —) o =) + 35T + (1 = Nz* — 2|
= YAR(@) + (1= k(") + PA (1= 25 ) e -7

2 )\(1 )\) Iz — 2

+ 5T — 2l” + 52 " — 2| z" ||

That is,
(") = h(@)) < 25 (17 = 22 = ll* = 21%) + A (1= 25) o - 72 - 252z — 2|2
Dividing by A > 0 and using identity (1), we obtain

Y(h(a) = h(@) < F* = 27— ") + FlT 2P+ % (1- 25) o~ 2 - 2z — o)

2—y

= =

(2" = 2,7 -2 + ot — 72 + 2 (1- 25) Il -3,

and the result follows by taking A | 0. O

The following sufficient decrease property holds:

Proposition 23. Let IC C R™ be a closed convex set and h : R — R be a proper, lower semicontinuous,
and (p,~y)-weakly quasar-convex with respect to T € argming h (y €]0,1] and p > 0) on K C dom(h).
Then for every z € IC, > 0 and =* € Proxg, (K, z), we have

h(z*) + g5 lla* = 2[* < h(2). (36)
Furthermore, if 0 < vBp < 1, then

l" =z < Iz ==

1
VI=1Bp
13



Proof. The inequality (36) holds for any proper functions (does not need convexity assumptions), and
follows directly by taking x = z in (35).
For the second part, from relation (34) and since h(z*) > h(T), we have

0< L(e* — 2,7 —a%) + £l — 7.

Using identity (1) we obtain

0< 575 (7 = 21® = Il = 2|1 = |7 — 2" |1*) + §ll=" — =%,

— (L -0) le* =72 < 35 (7 — 21 — ll" - 23

Since ||z* — z||? > 0, the right-hand side is bounded above by %HE — 2|2, Under the assumption
0 <vBp < 1 (so that 7%3 — p > 0), we obtain

1
_ B - _
lz* = 7| < 75— |7 - 2|* = =52 — )%,
B

which completes the proof. O

4 The Proximal Point Method and Convergence Analysis
In this part, we consider the following general optimization problem

min h(z), (P)

where h is a weakly quasar-convex function. Our purpose is to solve problem (P) via the proximal point
method in its classical form (see [36]).

Algorithm 1 Proximal Point Method (PPM)
Input: Initial point 2° € R, 8’ > 0, and a sequence of step sizes {f }x such that

B, > B >0, Vk € No. (37)

Iterate: For £k =0,1,2,---
2T Proxg, (e*) = argmin, g {R(2) + 5512 — 22} (38)

Until: Terminate when the stopping criteria are satisfied.
Return: zF+1.

Corollary 21 establishes the existence of solutions to all proximal subproblems, rendering the iterative
scheme well-defined.

Lemma 24 (Descent Property). Let h : R® — R be proper, lower semicontinuous, and (p,~)-weakly
quasar-convezr with respect to T € argming. h, with p > 0 and v €]0,1]. Then for every Br > 0 and
k1 € Proxg, ,(2%), we have

W@ ) + g o = 2®|* < h(ab). (39)
In particular, {h(x*)}y, is a non-increasing sequence.
Proof. Directly from (35) with z = 2% and z* = zF+1. O
The following useful relation holds.

Proposition 25. Let K C R" be a closed convez set and h : R™ — R be a proper, lower semicontinuous
and (p,~y)-weakly quasar-convex function with respect to T € argming h (v €]0,1] and p > 0) on K C
dom(h), % € R™ and By, > 0 for all k € Ng. If 2**1 € Proxg,, (K, z%), then

h (karl) —h(T) < % HIkJrl 7?”2 n Trlik<xk+1 _ gjk,f* l‘k+1>. (40)
14



Proof. Directly from Proposition 22 with z = 2* and a* = zF+1. O

In the next result, we establish the convergence of the sequence generated by Algorithm 1 to a global
solution of the minimization problem.

Theorem 26 (Convergence of PPM under Local Quadratic Growth). Let h : R" — R be proper, lower
semicontinuous, (p,~y)-weakly quasar-convex with respect to T € argming. h, with p > 0 and v €]0,1],
and that satisfies the p-local quadratic growth condition (3). Assume that p > p. Let {x*}y be generated
by Algorithm 1 with step sizes {Bx }x satisfying (37). If 20 € C?(R",E) for some ¢ > 0, then setting

1
7= ———€|0,1], 41
T (4D
we have for every k € Ny that:
(a) 2* € LQ(R",T).
(b) lla™*! = 7|? < rlla* — 7 < TEH 20 — 7%,
(c) h(zF) — h(T).
Proof. (a): It follows by Lemma 24 that
h($k+1) < h($k+1) + ﬁka—&-l —.’L‘k||2 < h(l‘k) (42)

Hence {h(z*)} is non-increasing, and by induction h(x*) < h(z%) < h(Z)+(, so z* € E’g (R™,7) for every
k € Np.
(b): Applying Proposition 25 with IC = R™ and rearranging yields

2eHH ok, g+ ) < Bl — TP + 2980 (h(E) — BaH ). (43)
Since z¥*1 € L, by part (a), condition (3) gives
h(z") = h(@) 2 gl — 7%, (44)
so that h(Z) — h(zF1) < —L||zF1 — Z||2. Substituting into (43),
2zt — g Ty < — (= p)yyllatt — 7 (45)
Using (1), we have
= 3 — ok — 2 + [t — 2F 2 < — (s — p)yfallatH — T,
= (1+ (u = p)7Br) |2 = 7| < [|l2* — 7). (46)
Since 1> p, v > 0, and B > B > 0, we have 1+ (u— p)yBe > 1+ (u— p)yB' = L > 1, where 7 €]0,1]
is defined in (41). Dividing (46) by 1+ (u — p)v8s yields

! — F? < o~ 3 < 7ot — 3

1
T |

Applying this bound recursively, we obtain (b).
(¢): Since 7 is a global minimizer of h, h(x**1) > h(Z) for all k. Furthermore, by applying Proposition 25
with I = R", we get

0 < h(a"1) — h(@) < §lla™ T — T2 + (2 - of T - o), (47)

Applying the Cauchy-Schwarz inequality to the inner product and using 8x > 8’ > 0, we get

h(z*) — h(T) < g”IkJrl T2+ #”IkJrl — 2k 2t — 7. (48)

k/2

From part (b), we know that ||z*¥ — Z|| < 7%/2||2° — Z|| — 0. By the triangle inequality,

lz* = 2| < (|2 =z + et — 7] < (rEED2 4 ) o — ]| 0.

Hence both ||z¥*? —Z|| — 0 and [|2**! — 2¥|| — 0, so the right-hand side of (48) tends to 0. Combining
with (47) yields h(z*) — h(Z), which completes the proof. O
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In particular, we have the following convergence rates.

Corollary 27 (Convergence Rates). Under the same assumptions as Theorem 26, the following hold:
(a) The sequence of iterates {x*}, converges Q-linearly to T with Q-factor \/7, i.e.,

1

2 — || <
L+ (u—p)y

> |z* — 7|, Vk € No. (49)

(b) The sequence of function values {h(z*)}i converges R-linearly to h(T) with R-factor /7, i.e.,
h(z*) = h(@) < C(VT), Yk EN, (50)

where

Ci= (54550 +v7) s - 7% (51)
Proof. (a): This follows directly from Theorem 26(b). The contraction factor 7 comes from the inequality

lz** —z* <

< ol — 7 < 7lle — 72,

where the last inequality uses 8y > 8’ from (37), and the result follows by applying this recursively.
(b): From Proposition 22 with K = R", we have
h(mk+1) _ h(T) < g“mk+l —T||2 + ﬁ<xk+l _ l’k,f— :L’k+1>.
Applying the Cauchy-Schwarz inequality and using 8y > 8’ > 0, we get
h(a*h) — h(@) <l —Z|* + S lla™F - 2F|| - 2 7).
Using part (a) and the triangle inequality,

okt — k| < 2k = 3|+ 2t — ] < (72 4 52 a0 — .
Substituting and simplifying,
h(mk-&-l) @) < (ngH n #(T(k-k—l)/Z +7_k/2)7_(k+1)/2) 2° — 7|2
< (§+H1+vD) T2’ — 32
=72,

with C as in (51). Since this bounds h(z**!) — h(Z) for every k € Ny, reindexing n := k + 1 gives
h(z") — h(T) < Cr=D/2 = C(y7)" 7L, o > 1,
which is the claimed bound. O
We finish this subsection with the following complexity analysis. The standard proof is omitted.

Corollary 28 (Iteration Complexity). Under the same assumptions as Corollary 27, the following as-
sertions hold:

(a) For any e > 0, after at most

ll2°~=|
Kier(e) = | =iy o (57 (52)
iterations, we have ||z — 7| < e.
(b) For any € > 0, after at most
Kiune(2) = [14+ =2 (€)] (53)
iterations, we have h(x®) — h(Z) < e, where C is defined in Corollary 27.
In both cases, the iteration complexity is O (ﬁ(ﬂ ln(l/s)), which is the standard complezity for linearly
convergent methods.

Remark 29. Theorem 26 extends [27, Theorem 4.3] from weakly convex to weakly quasar-convex func-
tions. Furthermore, when v =1 (i.e., h is weakly star-convezx), our convergence rate in Corollary 27 is
ezactly as good as [27, Theorem 4.3] (T = (14 (u—p)B )~ in our case and T = (1 + cmin(ptg — p)) "' in
their case). O
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4.1 Computable Complexity via the Proximal Residual

The complexity results of Corollaries 27 and 28 are stated in terms of ||z° — Z|| or the constant C,
both of which require knowledge of the (typically unknown) minimizer Z. In this subsection, we derive a
complementary, fully computable stopping criterion based on the proximal residual, together with its own
iteration complexity, and we show it is consistent with the sub-optimality complexity already established.

Definition 30 (Proximal Residual). Let h: R™ — R be proper, lower semicontinuous, and (3 > 0. For
x € R" and z* € Proxgp(x), the proximal residual at x (associated with x*) is defined by

rg(z) = % (x —z").

Unlike ||z — Z||, the quantity ||rg(z)|| is observable during the execution of Algorithm 1, since along
the PPM trajectory ¥+ € Proxg, ,(z*) we have simply 75, (z%) = 5%(3:’“ — xF*+1), computable from two
consecutive iterates without any knowledge of =.

We first relate the residual to sub-optimality, under the local quadratic growth condition (3) already
used in Corollary 27.

Proposition 31 (Proximal-PL-type Inequality). Let h : R® — R be proper, lower semicontinuous,
(p,y)-weakly quasar-convezr with respect to T € argming. h, and satisfy the p-quadratic growth condition
(3) at T globally on R™ (i.e., for every ¢ > 0), with p > p. Let § > 0, x € R", and z* € Proxg(z).
Then,

B(a*) — h(@) < =2 ()] (54)

Proof. Taking z = x in Proposition 22, we obtain
h(z*) — h(T) < #(m* -z, T —2%) + §|lz" — 7|
By definition, * —z = —frg(x), so, applying the Cauchy-Schwarz inequality,
55" =2, T —a%) = —2(rs(2), 7 — 2%) < Jllra(@)lll|l=" — 7.
Combining the two displays,
h(z*) = h(@) < tlrg(@)llz* — 2| + §ll=* — || (55)

On the other hand, by the p-local quadratic growth condition (3) applied at x*, we have h(z*) — h(Z) >
£]|a* — z[[*. Combining this lower bound with (55) gives

Sla =7 < Jlrp@)ll=* — 7l + §lla* — 7.

If * = 7, then (54) holds trivially since h(x*) — h(Z) = 0. Otherwise, dividing by ||* — Z|| > 0 and
rearranging, using pu > p, we get ||[z* — Z|| < ﬁ”m(m)” Substituting this bound back into (55),

2
A(a*) = h(@) < Hrs(@) 5525 s @) + § (5525 ) s (@)
= 25 s (@)]1° + s llrs (@)
= Wz(ﬁiﬁp)z\lm(x)\\za
which is (54). O

We now show that the PPM iterates drive the residual to zero linearly, at the same rate /7 already
established for the iterate distance and function values.

Corollary 32 (Residual Convergence Rate). Under the same assumptions as Corollary 27, let {x*}; be
generated by Algorithm 1 with By = ' satisfying (37), and set

k=g (af) = L (b — 2P,

Then,
Ir*)| < (VPR 7, Ve N, (56)
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Proof. By the triangle inequality and Corollary 27(a),

I = e = 41 < & (¥ = 3l + 4+ —3]) < (2 4 720 g,
which simplifies to (56). O

Corollary 33 (Residual-Based Iteration Complexity). Under the same assumptions as Corollary 27, let
{x*}), be generated by Algorithm 1 with By, = ' satisfying (37). Then for any € > 0, after at most

Kros(2) = [ 2 In ((H\/Fﬁ)’”foj”ﬂ (57)

iterations, we have ||r¥|| < e; this criterion is computable online, without knowledge of T, from |z —
oK+ alone. Moreover, if the assumptions of Proposition 31 hold, then ||rX| < e implies

h($K+1) — h(f) S ﬁgz.

In both cases, the iteration complexity is O (ﬁ(ﬂ ln(l/e)), matching the order already established in
Corollary 28.

Proof. The bound (57) follows from (56), requiring H‘f K/2||at —7|| < ¢, and solving for K exactly as
in the derivation of Corollary 28. The observability of lrE| = 7 Ll|z® — 25+ from consecutive iterates
is immediate from Definition 30. The final sub-optimality bound follows directly from Proposition 31,

applied at x = 2, z* = K+ O

Remark 34. Corollary 33 recovers a complezity of the same order O( ln('r) ln(l/s)) as Corollary 28,
confirming consistency between the two criteria, but with an essential practical advantage: the stopping
rule |2 — 2K+ < B’e can be checked by the algorithm itself during execution, whereas the criteria of
Corollary 28 require an a priori estimate of ||x° — Z|| or of the constant C, both of which depend on the
unknown minimizer T. O

The following lemma guarantees that both the weak quasar-convexity and the local quadratic growth
condition are preserved under such a quadratic perturbation.

Lemma 35. Let ¢ : R" — R be (p,y)-weakly quasar-convex with respect to T € argming. ¢, and suppose
@ satisfies the p-local Quadratic Growth (QG) condition at T with parameter ¢ > 0. Then, for any L > 0,
the perturbed function ¥(x) := ¢(x) + L||x — Z||? is (pr,v)-weakly quasar-convex with respect to T, and
satisfies the pr-local QG condition at T with the same parameter ¢, where

2
pL:max{O,p—2L<—1>} and pyp =p+2L.
v

Proof. First, observe that since T € argming, ¢ and L > 0, we have ¢(z) = ¢(z) + L|jz — Z||*> > ¢(T) =
Y(Z) for all x € R™. This ensures that T € argming, ¢, which is a strict requirement for the definition
of weak quasar-convexity. We now prove the two properties separately. For any = € E? (R™,T), we have

¢(z) < P(x) < Y(T) + ¢ = o(T) + ¢,

which implies = € E?(R",E). Therefore, the u-QG condition for ¢ applies to x. By the definition of ),
we obtain

U(x) = %(@) = (¢(z) + Lllz —7|*) — (6(@) +0) = (6(2) — ¢(7)) + Ll — 7|

w+2L

=

> S lle = + Lijz - 7> = -7|*

[\]

Thus, v satisfies the p7-QG condition with pp = g+ 2L on E?(R",E).

Now, let zx = AT+ (1 — Az for A € [0,1]. Note that zy — T = (1 — A)(z — T), which implies
lzx —Z||? = (1 — M)?||z — . Using the definition of 1 and the (p,v)-weak quasar-convexity of ¢, we
obtain

b(x2) = d(ax) + Lljay — |2
< 0@ + (L= (o) + 2 (1= 72 o~ + L1 = AP - 3l
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Substitute ¢(Z) = ¥(Z) and ¢(x) = 1 (z) — L||x — Z||? into the inequality

$len) < VA0(E) + (1= (0le) - Lllo = 312) + | 20 (1 52 )+ 2= AP o - al?

2-7
=\ (@) + (1 = y\)(z) + Bz — 7|,

where B()) is the coefficient of ||z — Z||?>. We simplify B(\) by expanding the terms involving L

BQy:¥ﬁ<1—2f7>+L@—2x+V—1+vn

e

) 2)

For X € [0,1] and v €]0, 1], the term A (1 - ﬁ) is non-negative because 1 — ﬁ >1- ﬁ = ;:—j/ > 0.

Therefore, to satisfy the definition of (py,,~y)-weak quasar-convexity, we require

YPL A
< 2= — .
B()\) 5 A <1 3 )

This holds if and only if p;, > p — 2L (% — 1). Since the weak quasar-convexity modulus must be

non-negative by definition, we take p; = max {0, p—2L (% = 1) }, which completes the proof. O

Remark 36. Lemma 35 shows why a naive quadratic perturbation in the function of Example 8 cannot
by itself yield an instance with p > p while preserving failure of quasiconvezity: as L grows, pr is
driven toward 0 exactly in the regime needed for pr, > pr, at which point the perturbed function becomes
genuinely (star-)convex. This motivated the alternative, piecewise construction of Example 37. O

Finally, we present an example in which Theorem 26 applies, and no other result in the literature
does. To that end, we first show the following.

Example 37 (A Radial Function with g > p). Let ¢ : R — R be the even function defined, fort > 0, by
2, 0<t<l,

p(t) = 1+2@7n7%@71ﬁ,1§t§1& p(=1) = (). (58)
T—(t—13)+ (t—13)%, t>13,

Clearly, ¢ is continuously differentiable on R. Indeed, at t = 1, both pieces give value 1 and slope 2,
while at t = 13, both pieces give value 7 and slope —1, and ¢ is smooth and even at t = 0. We now
record the main properties of ¢.

(i) Unique global minimizer. ¢(0) = 0, and ¢(t) > 0 for every t # 0: on [0,1], ¢(t) = > > 0 fort > 0;
on [1,13], ¢ increases from ¢(1) =1 to a strict local mazimum @(9) =9 (since ' (t) =2 — 1(t—1)
vanishes exactly at t =9), then decreases to (13) = 7; on [13,+00], ¢ decreases further to a local
minimum p(13.5) = 27 (since ¢’ (t) = —1 4 2(t — 13) vanishes at t = 13.5), then increases to +00.

In particular o(t) > 2L > 0 for all t > 13. Hence, {0} = argming ¢.

(74) Global weak convexity. On ]0,1[, ¢"(t) = 2; on ]1,13[, ¢"(t) = —i; on 13,400, ¢’ (t) = 2, with
the corresponding formulas on the negative half-line by evenness. Since ¢ + %H? is continuously
differentiable and piecewise quadratic with nonnegative second derivative on each quadratic piece,
its derivative is nondecreasing. Hence it is conver. Thus ¢ is i—weakly convex on R. In particular,

it is (p,1)-weakly quasar-convez with respect to 0 for every p > %, by (10).

(iii) Local quadratic growth. Since p(t) = t? ezactly on [—1,1], and o(t) > 1 for every t with |t| > 1
(as ¢ increases on [1,9] from 1, decreases on [9,13] to 7, and is bounded below by 2f > 1 on
[13,400[), the sublevel set {t € R: p(t) < (} is contained in [—1,1] for every ¢ €]0, 1], and on that
set p(t) = t? exactly. Hence ¢ satisfies the p-local quadratic growth condition (3) at T = 0 with
w=2, for every ¢ €]0,1].
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(iv) Failure of (star) quasi-convexity. The point t = 9 lies on the segment joining 0 and 13.5, and
¢(9) = 9 > 2T = max{p(0),(13.5)}, which directly violates quasi-convezity and, in particular,
star quasi-convexity with respect to 0.

(v) Failure of quasar-convexity, for every vy €]0,1]. Taking x = 13.5 and A = % (so that (1 — X)z =9),
v-quasar-convezity with respect to 0 would require p(9) < (1 — 3) ¢(13.5). Since ¢(13.5) = 2T and
1—32 <1 for every v €]0,1], we get (1 — %) p(13.5) < 2L =6.75 < 9 = ©(9), a contradiction for
every v €]0,1]. Hence ¢ is not y-quasar-convex with respect to 0, for any v €]0,1]. O

Now we present the desired example.

Example 38 (An Application for PPM). Let f(s) = 2 — +/|s| be as in Example 5, and let ¢ be the
function of Example 37. Divide R? into the four closed regions delimited by the lines xo = x, and
To9 = —x1, namely
A={(z1,22) €R*: 21 >0,—21 <mp < w1}, Bi={(2,22) ER*: 23>0,—23 <y <2},
Ci={(z1,22) ER?: 21 <0, <22 < —21}, D:={(21,22) ER*: 25 < 0,25 <z1 < —1}.
+

Define H : R? — R by H(0,0) := 0, and for (z1,x2) # (0,0),
o(x1) f(;) ; (r1,22) € A,
p(z2) f(?) ; (z1,22) € B,
H(xy,22) := Qw
p(—x1) f(_;) , (r1,72) €C,
p(—x2) f(_x;z) , (z1,22) €D

The four formulas agree on the shared boundary rays ro = +x1, so H is well defined and continuous on
R2.

Unique global minimizer. Since ¢(s) = 0 if and only if s = 0 by Ezample 37(i) and f > 0 on [—1,1], the
same argument as in Example 5 shows H(x) = 0 if and only if x = (0,0), thus {(0,0)} = argming. H.

Local quadratic growth with ug = 1. On A, using o(t) = t2 for t € [0,1] and f > 1, we have
T 1
H(xy,x9) = gp(ml)f<$2> > o(x1) > 23 > §||33||27 V(zi,m0) €A, 0< 21 <1,
1

using |x2| < 1 on A. The same bound holds trivially at (0,0). On the other hand, for every (x1,z2) € A
with 1 > 1 we have H(x1,x2) > ¢(x1) > 1, by Example 87(iii) and f > 1. Hence, for every ¢ €]0,1],
the sublevel set {H < (} N A is contained in {x1 < 1}, where the bound above holds.

Weak quasar-convexity with py = % On any ray through the origin, xo/x1 = ¢ € [—1,1] constant, so
restricted to that ray, H(t,ct) = f(c)p(t) is a positive scalar multiple of ¢, with f(c) € [1,2]. Since ¢
is +-weakly convez on R by Ezample 37(ii), multiplying by f(c) < 2 gives that t — f(c)p(t) is §-weakly
convex, hence (%, 1) -weakly quasar-convex with respect tot = 0, for every ¢ € [—1,1]. As in Example 5(3),

this shows H is (%, 1) -weakly quasar-conver with respect to (0,0) on R2.

Not weakly convex for any modulus. Fiz p > 0 and, for s €]0,1], consider (1,—s),(1,s) € R? and their
midpoint (1,0). Since f is even, H(1,£s) = ¢(1)f(s) and H(1,0) = ¢(1)f(0). As in Ezample 5(ii),
weak convezity with modulus p would require p(1)y/s < §s2, using p(1) =1 > 0 and f(0) — f(s) = /s;
this fails as s — 0% for any fived p > 0. Hence, H is not weakly convex on R? for any modulus.

Neither (star) quasi-convexity nor y-quasar-convexity for any v €]0, 1]. It suffices to consider H restricted
to (t,0), t > 0, where H(t,0) = f(0)p(t) = 2¢(t). Using Example 37(iv)—(v), we get
27
H(0,0) =0, H(9,0) =18, H(13.5,0) = 5

Since H(9,0) = 18 > 2 = max{H(0,0), H(13.5,0)}, and (9,0) lies on the segment joining (0,0) and
(13.5,0), this violates quasi-convezity and star quasi-convexity with respect to (0,0) (see [20, Theorem
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12]). Furthermore, taking x = (13.5,0), A = 1, the same computation as in Example 37(v) (scaled by
the common factor 2) shows H(9,0) =18 > (1 — %) - 2L for every v €]0,1], so H is not y-quasar-convex
with respect to (0,0), for any v €]0, 1].

Therefore, H is (%, 1) -weakly quasar-convex with respect to its unique global minimizer T = (0,0),

and satisfies the 1-local quadratic growth condition (3) at T for every ¢ €0, 1[, with
pw=1>35=pu,

yet H is neither weakly convexr, nor quasi-convex, mor star quasi-conver, mor quasar-conver, for any
modulus. As a consequence, provided the initial point x° of the PPM satisfies H(x°) < 1 (so that the
trajectory remains within the region of validity ¢ €]0,1[), Theorem 26 applies to H, while no other result
in the literature does. [

5 Conclusion

We introduced the class of weakly quasar-convex functions, unifying weak convexity and quasar-convexity
under a single (p, v)-parametrized inequality anchored at a global minimizer. We developed its basic prop-
erties and showed that the class strictly contains the union of its two parent notions. We further proved
that the Moreau envelope preserves weak quasar-convexity with an explicit modulus update, yielding
coercivity and characterization results for the associated proximity operator. Building on this machin-
ery, we established @-linear convergence of the proximal point algorithm under a local quadratic growth
condition, together with matching iteration complexity and a computable, minimizer-free stopping rule
based on the proximal residual.
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