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Abstract

An instance of the quadratic minimum spanning tree problem (QMSTP) is called linearizable
if it can be rewritten as an instance of the linear minimum spanning tree problem in such a way
that the objective function value is preserved at all feasible solutions. Previous work has shown
that a sufficient condition for linearizability is that the (symmetric) matrix of cost coefficients is
a weak sum matrix. This condition has been shown to also be necessary for QMSTP instances
defined on complete graphs and complete bipartite graphs whose two parts each have at least
three vertices, but not necessary for QMSTP instances defined on certain other types of graphs.
In this paper, we exploit a recent polyhedral framework for studying linearizable quadratic
combinatorial optimization programs to prove the following: among simple connected graphs
with at least four edges, the graphs for which every linearizable QMSTP instance has a weak

sum symmetric cost matrix are exactly the 3-connected graphs.
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1 Introduction

Consider a graph G = (V,E) with |V| = n vertices and |E| = m edges (all of the graphs in this paper will be
simple, connected, and undirected, unless otherwise stated). The quadratic minimum spanning tree problem
(QMSTP), first introduced by Assad and Xu in 1992 [1], is an NP-hard combinatorial optimization program

that can be formulated as

QMSTP: minimize Z CeXe + Z Z gerxexs @ € X(G), x binary »,
eckE ecE feE
f>e
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where

xeR™: er:n—l,
ecE

X(G)= Y % <IS|-1 VSV, |s|>2, o, (1)
ecE(S)

0<zx<1

with E(S) defined as the set of all edges having both endpoints in S. Note that the objective function assumes
an ordering of the edges in E. The problem’s name arises from the fact that the objective function is quadratic
in the m binary variables x, and the constraints of X(G), together with the binary restrictions, define the set of
all 0-1 incidence vectors of spanning trees of G. Recall that a spanning tree of an undirected, connected graph
G is a connected subgraph that contains no cycles and covers all of the vertices of G. The first constraint of
X(G) enforces that the spanning tree contains the correct number of edges, which is always one less than the
number of vertices of G. The second set of constraints prevents the chosen edges from forming any cycles.
A detailed description of the set X(G), known as the spanning tree polytope, can be found in [5, Section 6.3,

p. 144], for example. Often, it is convenient to equivalently rewrite the objective function of QMSTP as

Y ) wepxexy, )

ecE feE

where the symmetric cost matrix W € R"™*™ is defined by

Lqep, ife<f
Wef =3 Yqpe, ife>f - 3)

Cey ife=f

The number of feasible solutions to QMSTP can grow rapidly; Cayley’s formula, for example, tells us
that a complete graph with 7 vertices has n"~2 spanning trees. In fact, earlier exact methods reported solving
benchmark instances on complete graphs having up to 50 vertices [8, 9]. As a result, a recent research
direction involves the investigation of QMSTP instances that are in fact readily solvable [3, 4, 12], which
includes the study of so-called linearizable instances. An instance of QMSTP on a graph G = (V,E) with
objective coefficients ¢ € R” and g € R"™™~1)/2 is said to be linearizable if there exist a vector é € R” and a

scalar x so that

Z CeXe + Z Z GefXeXf =K+ Z CeXe 4

ecE ecE feE eckE
[>e
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for all € X(G), « binary, with X(G) given by (1). Once a linearization is available for a QMSTP instance,
it can be readily solved by applying a polynomial-time minimum spanning tree algorithm such as Kruskal’s
algorithm or Prim’s algorithm (see, for example, [5, Section 6.1, pp. 136-137]).

The first work to study linearizable QMSTP instances [3] gives the following sufficient condition for

linearizability.

Theorem 1.1 ([3]). Consider an instance of QMSTP defined on a graph G = (V,E) with objective function
coefficients c € R" and q € Rm(m=1)/2, If the symmetric cost matrix W € R™™ as defined in (3) is a weak
sum matrix (meaning that there exists a vector a € R™ such that wey = a. +ay for all e # f), then the instance

is linearizable. Specifically, the linearized objective of (4) has é, = c.+2(n—2)a, forall e € E, and x = 0.

The paper [12] builds upon the work of [3] by providing and exploiting an alternative polyhedral charac-

terization of linearizable instances. In particular, given an instance of QMSTP, they define the set
P(G) = {(:uy) eR" x R™m=V/2 . 2 € X(G), x binary, Yef =XeXp Ve < f}, (5)

and show that the m equations

Zyef+ nye:(an)xf VfGE (6)
ecE ecE
e<f e>f

are valid for aff {P(G)}, where aff {®} denotes the affine hull of the set . In other words, the equations (6)

hold for all (x,y) € P(G). This leads to the following sufficient condition for QMSTP linearizability.

Theorem 1.2 ([12]). Consider an instance of QMSTP defined on a graph G = (V, E) with objective function

coefficients ¢ € R™ and q € R™"=D/2_[f there exists a vector € € R™ such that the equation

Y exe+ Y, Y Gepyer =0 (7)

ecE eck fecE
f>e

can be expressed as a linear combination of the equations (0), then the instance is linearizable.

The result of Theorem 1.2 is intuitive, because if an equation such as (7) exists, it can be directly used
to substitute all of the quadratic terms out of the objective function. As it turns out, the sufficient condition
for QMSTP linearizability of Theorem 1.2 is equivalent to the sufficient condition of Theorem 1.1, due to the

following result of [12].

Theorem 1.3 ([12]). Given an instance of QMSTP defined on a graph G = (V,E) with objective function

coefficients ¢ € R™ and q € R"" /2 the matrix W € R"™" as defined in (3) is a weak sum matrix if and
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only if there exists a vector € € R™ such that (7) can be expressed as a linear combination of the equations
(6).

A question first posed in [3] is to determine exactly which graph structures cause the sufficient condition
for QMSTP linearizability of Theorem 1.1 (or, equivalently, the sufficient condition of Theorem 1.2) to also
be necessary. They show that the condition is necessary for any QMSTP instance defined on a complete
graph K,, or a complete bipartite graph K, ,, having min{n;,n,} > 3. However, they also show that for every
biconnected (i.e., 2-vertex-connected) graph G = (V, E) with |V| > 4 and at least one vertex of degree 2, there
exists a linearizable QMSTP instance on G whose symmetric cost matrix is not weak sum. In their concluding
remarks, the authors ask whether it would be enough for G to be biconnected with a minimum vertex degree
of at least 3 in order to guarantee that the linearizability condition of Theorem 1.1 is both necessary and
sufficient.

More recently, [12] makes further progress on the open problem by providing a framework, stated below

as Theorem 1.4, for determining when the sufficient linearizability condition of Theorem 1.2 is also necessary.

Theorem 1.4 ([12]). Consider a simple connected graph G = (V,E). The sufficient linearizability condition
of Theorem 1.2 (or, equivalently, the sufficient condition of Theorem 1.1) is also necessary for every QMSTP

instance on G if and only if the structure of G enforces that for any equation of the form

Z QeXe + Z Z ﬁefyef =K ®)
ecE ecE feE
f>e

that is valid for aff{ P(G)}, there exists a vector & € R™ such that

Z OleXe + Z Z ﬁefyef =0 9
ecE ecE fcFE
f>e

can be expressed as a linear combination of the equations (6).

Using Theorem 1.4, [12] answers the question in the concluding remarks of [3] negatively; for bicon-
nected graphs, the necessity of the condition of Theorem 1.1 is not determined by the graph’s minimum vertex
degree. In particular, it is possible to construct a biconnected graph with arbitrarily large minimum vertex
degree such that there exists an equation of the form (8) that is valid for aff { P(G)} for which it is impossible
to find a vector & € R™ so that (9) is expressible as a linear combination of the equations (6).

The main contribution of this paper, given in Theorem 3.3, is to extend the results of [3] and [12] by

showing that among simple connected graphs with at least four edges, the graphs for which every lineariz-

4
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able QMSTP instance has a weak sum symmetric cost matrix are exactly the 3-connected graphs, thereby

completely resolving the open question of [3]. Recall the following definition of a 3-connected graph.

Definition 1.1. A graph G = (V,E) is called 3-connected if |V| > 4 and deleting any set of fewer than three

vertices, together with all incident edges, leaves a connected graph.

The remainder of this paper is organized as follows. Section 2 focuses on the only if direction of our main
result, showing that the sufficient condition for QMSTP linearizability of Theorems 1.1 and 1.2 is not also
necessary for non-3-connected graphs. Section 3, on the other hand, focuses on the if direction, showing that
the sufficient condition for QMSTP linearizability of Theorems 1.1 and 1.2 is also necessary for 3-connected

graphs. Section 4 gives concluding remarks.

2 Linearizable QMSTPs on Non-3-Connected Graphs

In this section, we consider graphs that are not 3-connected. A consequence of Theorem 1.1 is that any
QMSTP instance defined on a graph with fewer than four edges will be linearizable, because every symmetric
square matrix of order at most three is weak sum. Therefore, we focus our attention on graphs having at least

four edges.

Theorem 2.1. Let G = (V,E) be a simple connected graph with |E| > 4. If G is not 3-connected, then there
exists a linearizable QMSTP instance on G whose symmetric cost matrix W, as defined in (3), is not weak

sum.

Proof. By Theorem 1.4, it is sufficient to find an equation of the form (8) that is valid for aff {P(G)}, but for
which there exists no vector & € R™ such that (9) can be expressed as a linear combination of the equations
(6).

Since the graph is not 3-connected, we know that there exist two vertices, say u and v, whose removal
(along with any incident edges) would disconnect the graph. Let ¢ be the edge connecting vertices u and v,
if it exists, and define L = E({u,v}), so that either L = {¢} or L = (. There must exist two subgraphs of G,
say G| = (V1,E}) and Gy = (Va,Ep) such that ViUV, =V, ViNVa = {u,v}, Vi\{u,v} and V2\{u, v} are both
nonempty, E| UE, = E, E; NE; = L, and no edge connects a vertex in V;\{u, v} to a vertex in V2\ {u,v}. See
Figure 1 for an illustration. Without loss of generality, we assume the edge labels are such that e < f for all
ecE\Land f € E;\L.

There are two cases to consider. First, suppose that either E;\L or E»\L contains exactly one edge.

Without loss of generality, we will assume that £\ L contains exactly one edge, call it ¢*, and therefore V;
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1
’ : N
\,\ Gy = (V1,E1) ¢ : G, = (Vo, Ez) ,/\
1
1

Figure 1: The general form of a non-3-connected graph used in the proof of Theorem 2.1.

contains exactly one vertex in addition to u and v. Any spanning tree 7 of G must contain edge ¢* and |V|—2

additional edges from E>. This implies that, for any edge f € E», the equation

Z xexp = (|V|—=3)xys (10)
ecB\{f}

is true for any spanning tree. Therefore, for any edge f € E», the equation

Y ver+ Y yre—(IVI=3)x,=0 (11
ecky ecky
e<f e>f

holds for all (x,y) € P(G), meaning that (11) is valid for aff{P(G)}. Note that (11) is an equation of the
form (8).

All that remains to show is that there exists no vector & € R such that the equation

ZaeerrZyeernye:O (12)
ecE ecEy ecky
e<f e>f

can be expressed as a linear combination of the m equations (6). Suppose that there did exist such a linear
combination, and let A € R™ be the multipliers of that linear combination. Arbitrarily choose two edges
i,j € Ex\{f}, which must exist because |E| > 4 (for notational convenience, assume the edges are labeled
such that e* < f < i < j). Since the coefficient of y;; in (12) is 0, we must have that 4;+A; = 0, so it cannot be
the case that both 4; and A; are positive. Without loss of generality, assume that A; < 0. Since the coefficient
of ys; in (12) is 1, it must be true that Ay = 1 — A;, so Ay > 0. Furthermore, since the coefficient of y,: s in
(12) is zero, it must be true that A« = —Ay, so A+ < 0. Hence, 4.+ + A; < 0, but the coefficient of y.+; in (12)
is zero, a contradiction.

For the second case, we assume that both |[E1\L| > 2 and |E;\L| > 2. Consider any spanning tree T of G,
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which must contain V| —1 = |V||+|Va2| — 3 edges. Note that T can contain at most |V;| — 1 edges from E|,
and at most |V, | — 1 edges from E,, otherwise a cycle would be formed. There are only three possibilities: (i)
T consists of |Vi| — 2 edges from Ej\L, |V2| — 2 edges from E;\L, and also edge ¢, (ii) T consists of |V;|—1
edges from Ej\L and |V»| — 2 edges from E\L, or (iii) T consists of |Vi| — 2 edges from Ej\L and |V»| — 1

edges from E,\L. For any of these possibilities, the equation

( )y xe(V1|2)>< )y xe(IVz|2)> =0 (13)

ecE\L e€E)\L

is true. Therefore, the equation

=-(nl-2)(V2[-2) (14

Y Y v~

ecE \LfEEz\L

(V2] =2) ) x

eEEl\L

(vil-2) X xe]—

EEEz\L

holds for all (x,y) € P(G), meaning that (14) is valid for aff {P(G)} . Note that (14) is an equation of the
form (8).

All that remains to show is that there exists no vector & € R™ such that the equation

Yo+ Y Y ys=0 (15)

ecE ecE|\L feE,\L

can be expressed as a linear combination of the m equations (6). Suppose that there did exist such a linear
combination, and let A € R™ be the multipliers of that linear combination. Arbitrarily choose edges i € E1\L
and j € E>\L. Since the coefficient of y;; in (15) is 1, we must have that A; +4; = 1, so at least one of ; and
A; must be positive. Without loss of generality, assume that A; > 0. Now choose any additional two edges
g € E;\L and h € E,\L (for notational convenience, assume the edges are labeled such that i < g < j < h).
Since the coefficient of yj, in (15) is zero, it must be true that A, = —A4;, so A, < 0. Furthermore, since the
coefficient of y,p, in (15) is 1, it must be true that 4, = 1 — A4, so A, > 1. Hence, A; 4+ A, > 1, but the coefficient

of y;, in (15) is 1, a contradiction. O]

3 Linearizable QMSTPs on 3-Connected Graphs

In this section, we show that the sufficient condition for QMSTP linearizability of Theorem 1.2 (or, equiv-
alently, the sufficient condition of Theorem 1.1) is also necessary if the QMSTP instance is defined on a

3-connected graph. The proof relies on machinery involving edge contractions within graphs, so we first
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define some necessary notation and terminology.
Given a graph G = (V, E), suppose that we wish to form a new graph, say G’ = (V'  E’), by contracting

some edge ¢ € E. Let the vertices u and v be the two endpoints of ¢, and let

C(l)={(e,f) €EEXE: e< f and the edges {e, f,¢} form a triangle}. (16)

For example, in the graph G pictured in Figure 2, C(1) = {(2,3)} and C(3) = {(1,2),(4,5)}.
The contraction operation consists of two steps. First, we remove the edge ¢ and merge the vertices u and

v into one new vertex, say w, meaning that

Vi=(V\{uv}) U{w}. (17)

During this step, any edge that was incident to either «# or v in G becomes incident to w instead, which results
in every pair of edges in C(¢) becoming a double edge. The second step removes exactly one edge from each
pair in C(¢) to ensure that G’ is a simple graph. Call this set of removed edges I, noting that there are 21cO)
possible sets I. In this way, we have that E' = E \ ({£} UT). Since the contraction operation depends on
both ¢ and ', we will use the notation G’ = G[¢,T]. Figure 2 gives an example of a graph G along with two

different contractions. Notice that the edges in the contractions retain their labels from the original graph.

1 2
1
3 2
a 5 7 4 5 7 5 7
6 6 - 6 -
G G[1,{3}] G[3,{2,4}]

Figure 2: An example of a graph G along with the two contractions G[1,{3}] and G[3,{2,4}].

Lemma 3.1. Given a graph G = (V,E), an edge { € E, and a corresponding set I as defined above, there
is a 1-1 correspondence between spanning trees of G that contain ¢ but no edges in I', and spanning trees of

G =Gl0,T).
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Proof. Consider any spanning tree T = (V, Er) of G such that £ € Ey and ErNT'=0. Then T’ = (V' Er \ {¢})
is a spanning tree of G, with V' defined as in (17). Conversely, consider any spanning tree " = (V', E}) of

G'. Then T = (V,E[. U{(}) is a spanning tree of G that contains ¢ and no edges in I'". O

To illustrate the result of Lemma 3.1, consider the graph G and the contraction G[3,{2,4}] pictured in
Figure 2. There are three spanning trees of G that contain the edge 3, but do not contain either of the edges
2 or 4. These spanning trees are defined by the edge sets {1,3,5,6},{1,3,5,7}, and {1,3,6,7}. Likewise,
there are three spanning trees of the contraction G[3,{2,4}], defined by the edge sets {1,5,6},{1,5,7}, and
{1,6,7}.

Definition 3.1. Given a 3-connected graph G = (V,E), we say that an edge £ € E is 3-contractible if G' =
G[0,T] is also 3-connected for any choice of the set I. (Note that if G’ is 3-connected for one choice of T,

then it is 3-connected for any choice of I'.)

To illustrate Definition 3.1, consider the 3-connected graph G pictured in Figure 3. The edge e; is not
3-contractible, because the contraction G[e, I is not 3-connected for any choice of the set I'. The edge e; is

3-contractible, however, because the contraction Gle,,I'] is 3-connected for any choice of the set T".

€2

€1

G Gle,, I Gle,, T

Figure 3: For the 3-connected graph G, the edge e is not 3-contractible, but the edge e is.

Theorem 3.2. Let G = (V,E) be a simple 3-connected graph with |V| = n and |E| = m. Then every lineariz-

able QMSTP instance defined on G has a weak sum symmetric cost matrix W, as defined in (3).

Proof. By Theorem 1.4, it is sufficient to show that given any equation of the form (8) that is valid for
aff {P(G)}, there exists a vector & € R™ such that (9) can be expressed as a linear combination of the

equations (6). In particular, consider some arbitrary equation of the form (8), say

Z Opxe + Z Z 3efyef =K, (18)
eckE ecE fcE
f>e

9
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that is valid for aff {P(G)}.
We will now define two sets, given below in (20) and (21), that form a partition of the edge pairs that
define the variables y.r in (18). Because elements of these sets require edge indices to appear in increasing

order, it is often convenient for us to adopt the notation

(k) ifj<k
(j,k) = (19)
(k,j) if j >k,

to ensure that indices are ordered correctly. Given any three distinct edges i, j,k € E, we define

Sfix={(e.f) EEXE: e< fandeithere =i, f =i, or (e, f) = (j,k)}, (20)
and
REx={(ef) €EXE: e < fI\SEjy @b
Note that \Sfj)k\ = m and |Rfj7k| = ,,,2%

Notice that within the left-hand-side coefficient matrix of the m equations (6), the columns corresponding

£

ik form an m x m submatrix of zeros and ones. This submatrix is

to those variables y, having (e, f) € S
the unsigned vertex-edge incidence matrix of a graph with vertex set E and edge set {{i,e} : e € E\{i}} U
{{Jj,k}}. Specifically, this graph is a star centered at i, together with the additional edge {j,k}, so it is
connected and contains a triangle formed by edges {i,j},{i,k} and {j,k}. Therefore, the submatrix has

full rank [11]. This means that we can take a linear combination of the equations (6) so that the resulting

coefficients on the variables y,; having (e, f) € SF

i are any values that we want them to be. Specifically,

there must exist a linear combination of the equations (6) that yields an equation of the form

Z OleXe + Z ﬁefyef + Z Befyef =0, (22)

eck (e.f)eSE 4 (e./)ERE;

where the coefficients f3, r having (e, f) € Sf f

are valid for aff {P(G) } , we know that (22) is valid for aff {P(G)} as well.

« are the same as those found in (18). Since the equations (6)

The final step of the proof is to show that given any equation of the form (8) that is valid for aff { P(G)}
and any distinct edges i, j,k € E, each B, having (e, f) € RE ;& is completely determined by the f, ¢ having

(e,f) €S

Lk If we can prove this final step, recognizing that (18) and (22) are both of the form (8) and are

both valid for aff {P(G)}, then the coefficients f5, 7 of (18) and B, ¢ of (22) would then satisfy Bef =B, 4 for

10
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all (e, f) € Rf k> SO that equation (22) would be expressible as

Z Opxe + Z Z Bef}’ef =0,

¢cE ecE fcE
[>e

meaning that (9) can be expressed as a linear combination of the equations (6), as desired. We will proceed
by proving the stronger result that each B, having (e, f) € Rf ) can be defined in terms of only those B

having (s,7) € Sf ik in exactly the following manner:

Ber = Buie) + Bui.yy — Buijy — Buiy + Bij- (23)
We will use the shorthand notation El(e]j,? to represent the single equation (23), and the notation ]EF ik 0
represent the entire system of |R§E f W = m253m such equations. Thus, to prove the final step, we simply need

to show that the equations of the system Efs ik in the variables 3 from (8) hold true.

The proof is inductive on the number of vertices n in the graph G. For the n = 4 base case, we consider the
complete graph on four vertices, which is the smallest possible 3-connected graph, and the only 3-connected
graph having four vertices. The proofs for both the n = 4 and n = 5 base cases are found in Appendix B.

For the inductive step, let 7 > 6, and assume that, for every 3-connected graph G = (V, E) having |V| =
n — 1, the coefficients of every equation of the form (8) valid for aff {P(G)} satisfy ]Ef ik for every choice
of distinct edges i, j,k € E. Now consider a 3-connected graph G = (V,E) with |V| = n, together with an
arbitrary equation of the form (8) that is valid for aff {P(G)} . The key to the inductive argument is that we
can identify six distinct edges within G — three 3-contractible edges which we will call ¢;,¢,, and {3, and
three additional edges which we will call g,r, and s — such that for any pair of edges (e, f) € Ri rss there
exists an edge £ € L ={{,¢»,¢3} and a T such that the edges e, f, g, r and s all remain in the contracted graph
G[¢,T] (that is, {e, f,q,r,s} C E\({¢} UT)). For clarity of the argument, we refer to this step that we must
still establish as the six-edge identification step.

By the inductive hypothesis and Theorem 5.2, completion of the six-edge identification step will imply
that the equation E,(;}{;) in the variables 8 from (8) holds for any (e, f) € R? r.s- Therefore, Theorem 5.1 from
Appendix A will give that the equations of the system Ef]k in the variables B from (8) hold true for any
distinct edges i, j, k € E, and the proof will be complete.

We first consider the six-edge identification step for the case where |V| = 6. In this case, G must contain

one of the non-isomorphic minimally 3-connected graphs pictured in Figure 4 as a spanning subgraph [2, 6],

and we can identify the six edges as shown in the figure. (A 3-connected graph is minimally 3-connected if

11
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the removal of any edge results in a graph that is no longer 3-connected.)

q

b

Figure 4: The minimally 3-connected graphs on 6 vertices.

In each graph pictured in Figure 4, contracting any ¢ € L = {¢, (5,3} results in a wheel on five vertices.
The corresponding contraction of G therefore contains a wheel as a spanning subgraph, meaning that it is
3-connected. Thus, ¢1,¢>, and ¢3 are 3-contractible. Observe that, in each configuration in Figure 4, the six
selected edges form a connected spanning subgraph containing a cycle C that includes ¢, r, and s. Consider
any two distinct edges e, f € E, and define H = (V,Ey), with Eyy = {e, f,q,r,s}. Note that H could contain
fewer than five edges depending on the selection of e and f. For the sake of contradiction, suppose that none
of ¢1,4,, or /3 admits a choice of I" for which every edge of H is retained in the contracted graph.

Then for each ¢ € L, either £ € Ey, or two edges of H form a triangle with ¢. (If neither condition held, ¢
could be contracted while retaining every edge of H.) Consequently, the endpoints of ¢ are joined by a path of
length at most two in H. Adding the edges in L to H therefore cannot join different connected components;
call this new graph H*. Since H™ contains the connected spanning subgraph formed by the six selected
edges, we know that H* is connected and spans V. Hence H is also connected and spans V, since H has the
same number of connected components as H ™. Since H has six vertices and at most five edges, it must be a
spanning tree.

Let k denote the length of C. Replace each edge of C by the unique path in H joining its endpoints. This
produces a closed walk in H visiting all k vertices of C. The edges g, r, and s each contribute one step to the
walk, while each of the remaining k — 3 edges belongs to L and therefore contributes at most two steps. Thus
the walk has length at most 3 4+ 2(k —3) = 2k — 3.

On the other hand, the edges traversed by this walk form a connected subgraph of the tree H containing
at least k vertices, and hence at least k — 1 edges. Since a closed walk in a tree traverses every edge it uses at
least twice, its length is at least 2(k — 1) = 2k — 2, a contradiction.

Therefore, some ¢ € L admits a choice of I" such that Ey C E \ ({¢} UT). Since e and f were arbitrary,

12
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this establishes the six-edge identification step for |V | =6.

It remains to complete the six-edge identification step when |V| > 7. By [7, 10], the set of 3-contractible
edges cannot be covered by two vertices. Hence there must exist two vertex-disjoint 3-contractible edges,
call them ¢ and ¢5, as well as a third distinct 3-contractible edge ¢3. Since the three edges in L = {¢;,¢,¢3}
do not form a cycle (because /| and ¢, are disjoint) and G is connected, we know that there exists a spanning

tree T = (V,Er) containing all three edges in L. Moreover,

Er\L| =n—4 >3, so we may choose three
distinct edges g,r,s € E7 \ L. The subgraph F = (V,Er), where Ep = LU{q,r,s}, is therefore a forest with
six edges and exactly n — 6 connected components, counting isolated vertices (see, for example, [5, Section
2.2, p. 20]).

Now consider any two distinct edges e, f € E, and define H = (V,Ey), with Ey = {e, f,q,r,s}. Since H
has at most five edges, it has at least n — 5 connected components. For the sake of contradiction, suppose that
none of ¢1,¢,, or /3 admits a choice of I" for which every edge of H is retained in the contracted graph.

As in the |V| = 6 case, the endpoints of each ¢ € L are then joined by a path of length at most two in
H. Consequently, adding the edges in L to H does not join different connected components, so the resulting
graph (again, call it H™) still has at least n — 5 components. We know that H™ contains F as a spanning
subgraph and therefore has at most n — 6 components, a contradiction.

Thus some ¢ € L admits a choice of I" such that Ey C E\ ({¢} UT"). Since e and f were arbitrary, this

completes the six-edge identification step for |V| > 7. O

The main result of the paper, which completely resolves the open question studied by [3] and [12],

follows as a direct result of Theorems 2.1 and 3.2.

Theorem 3.3. Let G = (V,E) be a simple connected graph with |E| > 4. Then every linearizable QMSTP

instance on G has a weak sum symmetric cost matrix W, as defined in (3), if and only if G is 3-connected.

4 Conclusions

This paper uses the polyhedral framework of [12] to resolve an open question of [3] regarding linearizable
QMSTP instances. In particular, we show that among simple connected graphs with at least four edges, the
graphs for which every linearizable QMSTP instance has a weak sum symmetric cost matrix are exactly the
3-connected graphs. A remaining open problem is to obtain a general characterization of linearizable QMSTP

instances on graphs that are not 3-connected.
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S Appendix A

Consider an instance of QMSTP defined on a graph G = (V, E) along with an equation of the form (8) that is
valid for aff {P(G)} . This appendix proves a result about equations defined by (23) in the variables 3 from
(8), given in Theorem 5.1, that is used in the proof of Theorem 3.2. Then Theorem 5.2 gives a result that is
critical to the inductive argument in the proof of Theorem 3.2.

Theorem 5.1. If the equations of the system IE:E ik defined by (23) hold for some distinct edges i, j,k € E, then

E
T8t

the equations of the system Ky, , hold for every choice of distinct edges r,s,t € E.

Proof. Suppose that the equations of Ef ;& hold. We first construct a vector A € R™ such that

ﬁ(e.f) =Ae+ lf 24)

for all distinct e, f € E. Define

Bii.jy + Biixy — Biik

= :

, and Ay = By — A forall g€ E\{i}.
By construction, (24) holds for every pair of edges involving i. It also holds for the pair (j,k), since

Aj+ A= Biijy + Biix) — 24 = Bk

Thus (24) holds for all pairs of edges in Sf ik For every remaining pair (e, f) € Rf ke the corresponding
equation of Ef | gives
Ae+Ap = Biie) + Biipy — 24
= Biiey + Buipy = Biijy = Buny + By
= Bes-
Therefore, (24) holds for all pairs of distinct edges e, f € E.

Now consider any distinct 7,5, € E and any (e, f) € RE,,. Then we have that

rs,t*

Burey + By — Brsy — Biray + Bis)
:()Lr‘f'le)_’_(lr""‘lf)_(kr+ls)_(lr+lf)+()~s+lt)

= lg—l—lf = ﬁef.

14
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This is the desired equation of EZ_,. Since (e, f) € RE

rs.t- rs, and the distinct edges r,s,7 € E were arbitrary, the

conclusion follows. O

Theorem 5.2. Consider an instance of QMSTP defined on a 3-connected graph G = (V,E) with |V| > 6,
along with an equation (EQ1) of the form (8) that is valid for aff {P(G)}. Furthermore, suppose we know
that for any instance of QMSTP defined on a 3-connected graph G = (V,E) having |V| = |V| — 1, along
with any equation (EQ2) of the form (8) that is valid for aff {P(G)} , the equations of the system EF ik in the
variables B from (EQ2) hold true for any three distinct edges i, j,k € E.

Let { € E be a 3-contractible edge, and let q,r,s € E\{{} be distinct. If (e, f) € RE

0.r.s» and there exists a

contraction G[{,T] such that {e, f,q,r,s} C E\({¢}UT), then the equation E,(fr]:) holds for the coefficients 3
Sfrom (EQ1).

Proof. Suppose that (EQ1) is given by

Z Oexe + Z Z Befyef =K, (25)
ecE ecE fcFE
[>e

and arbitrarily choose any (e, f) € Ri rs that satisfies the conditions given in the statement of the theo-

rem. That is, there must exist a contraction G’ = (V' E’) = G[{,T'] for which e, f,q,r,s € E', meaning that
e’f?qu’s ¢ F'
The fact that (25) is valid for aff {P(G)} means that it holds for all binary x € X(G), with y.r = Xex;.

Isolating only those spanning trees of G that contain edge ¢ and no edge from the set I', we have that

Z (G +ﬁ<e,f} )Xe + Z Z Befyef =K—-0 (26)
ecE’ ecE’ feF’
f>e

holds for all (x,y) corresponding to such spanning trees. Lemma 3.1 then gives us that (26) is an equation of

the form (8) that is valid for aff { P(G’) } . Since ¢ is 3-contractible, G’ is 3-connected. Moreover, [V'|=|V| -1,

meaning that the hypothesis applies to (26) and therefore the equations of the system ngr,s must hold true,
which includes the equation IE,(fr{) |

6 Appendix B

Theorem 3.2: n =4 base case. Consider an instance of QMSTP defined on the complete graph with four

vertices, G = (V,E) = K4, along with an equation of the form (8) that is valid for aff {P(G)}. The equations

15
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of the system Ef ;  defined by (23) in the variables B from (8) hold true for any distinct edges i, j,k € E.

Proof. Note that portions of this argument appear in [12], but are included here for completeness. Consider
an instance of QMSTP defined on the complete graph G = (V,E) = K4 with n = 4 vertices and m = 6 edges,

as shown in Figure 5, along with some arbitrary equation of the form (8) that is valid for aff {P(G)} .

1

a
Figure 5: The complete graph with n = 4 vertices and m = 6 edges.

There are 4*~2 = 16 solutions to & € X(G) of (1), « binary, meaning that |P(G)| = 16, with each of the
16 corresponding spanning trees containing 3 edges. Notationally, we distinguish each of these solutions with
artow vector 6 € {1,2,3,4,5,6} so that 24 denotes that binary solution having xg() = 1 foralli € {1,2,3},
and all other x, = 0. For example, x| 5 4) has x; = x2 = x4 = 1 and x3 = x5 = x¢ = 0. Define yg appropriately
so that (zg,ye) € P(G). Since (8) is satisfied by all (x,y) € P(G), the 16 equations listed below must hold,

where L(xg) denotes that linear equation obtained by setting & = g and y = yg within (8).

(A1) L(z(103) o +0+ 03+ Bia+ B3+ P =k
(A2) L(x(104) 1+ 0+ 04+ Pra+PratPu=x
(A3) L(z(125)) i1+ +as+Pra+ Pis+Pos =k
(Ad) L(z(134)) 01+ 03+ 04+ B3+ Pia+ P =K
(AS) L(z(136)) : 1 + 03+ Qs+ P13 + Bio + P3s = &
(A6) L(x(145)) 01 +0a+ s+ Pia+ Pis+Pas =k
(A7) L(x(1 46)) : 01 + Q4+ Qs+ Pra + Bro + Pas = K
(A8) L(z(156)) : 1 + s+ s+ Pis + Bis + Pss = &
(A9) L(x(234)) i 2+ 03+ 0s+Po3+ Pra+Paa =k
(A10) L(x(235)) : 02+ 03+ 05 + o3 + Pos + B35 = K
(A11) L(z(236)) : 02 + 03+ 0t + P23 + Bas + B3 = K

(A12) L((2,46)) : 0+ 04+ 0t + Bog + Pos + Pas = K

16
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(A13) L(z(256)) : 02 + 05 + 06 + P25 + Pos + Bse = K
(Al4) L(z(345)) : 03+ 04+ 05 + B3g + B3s + Pas = K
(A15) L(z356)) : 03+ 05 + 0t + B35 + B3 + Bse = K

(A16) L(x(456)) : 04+ 05 + Ot + Bas + Pag + Bse = K

In accordance with (20) and (21), we have that S115,5,6 ={(1,2), (1,3), (1,4), (1,5), (1,6), (5,6)}, and
R‘Ei6 ={(2,3), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6), (4,5), (4,6) }. The following linear combinations of
equations (A1)—(A16) above recursively express the nine coefficients ., having (e, f) € Rf 56 10 terms of

the six coefficients B, having (e, f) € Sﬁ 56°

(A2) — (A3) = (A12) +(A13) : Bas = Bra — Bis +Bss
(A1) = (A2) — (A11) + (A12) = B36 = P13 — PBra + Pas = P13 — Bra + (Bra — Bis + Pss)
= P13 — Pis + Bse
(A4) — (A7) — (A14) + (A16) : B35 = Bi3 — Bis + Bss
(A2) — (A3) — (A9) +(A10) - B34 = Bra — Pis+ B35 = Bra — Bis + (Bi3 — Bis + Bss)
= B3+ Bia — Pis — Bis + Bss
(A4) — (A5) — (A14) + (A15) = Bas = Bra — Brs + Bss
(A6) — (A3) — (A16) + (A13) - Bas = P12 — Pra + Bas = P12 — Pra+ (Bra — Bis + Pss)
= B2 —Pis + Bse
(A6) — (A7) — (A10) +(A11) = Bas = Bis — Pre + Bas — B3s + P36 + Pas — Pae
= Bis— Bis + (Bi2 — Bis + Bse) — (B3 — Bie + Bse) + (B3 — Bis + Bse)
+ (Bia — Bis + Bss) — (Bia — Bis + Bso)
= B2 — Bis + Bse
(A7) — (A8) — (A12) +(A13) = B4 = Pra — Pus + Bos = PBra — Pus + (Br2 — Bue + Bse)
= B2+ Bia — Bis — Pis + Bso
(A11) — (A12) — (A15) 4 (A16) : B3 = P24 + B3s — Pus
= (Bi2+ Bra— Bis — Bre + Bse) + (B3 — Bre + Bse) — (Bra — Bre + Pse)
= B2+ P13 — Pis — Bis + Bss
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Notice that these equations can be written as the following system, which is exactly IE‘IE 5 ¢ defined by (23).

Efse:  Bos=PBia+Piz—Pis— PBie+ s
B24 = Br2+ Bra— Bis — Bis + Pse
B2s = Bi2 — Bis + Bse
B26 = Bi2 — Bis + Bse
B34 = B13+ Bra— Bis — Bis + Pse
B3s = P13 — PBis + Bso
B36 = P13 — PBis + Bso
Bis = B1a— PBrs + Bso
Bas = B1a — PBis + Bso

Since the equations of the system Ef,s,e hold true, we know by Theorem 5.1 found in Appendix A that the

equations in the system ]EfE ik hold true for any choice of distinct edges i, j,k € E. O

Theorem 3.2: n = 5 base case. Consider an instance of QMSTP defined on a 3-connected graph G = (V, E)
with [V| =5, along with an equation of the form (8) that is valid for aff {P(G)}. The equations of the system

IE:E ik defined by (23) in the variables 8 from (8) hold true for any distinct edges i, j,k € E.

Proof. Consider an instance of QMSTP defined on a 3-connected graph G = (V, E) with |V | =5, along with

some arbitrary equation of the form (8) that is valid for aff {P(G)}, say

Z OeXe + Z Z Befyef =K. 27
eckE ecE feE
f>e

The fact that (27) is valid for aff {P(G)} means that it holds for all binary « € X(G), with y.r = x.xs. Note
that G must contain the minimally 3-connected graph pictured in Figure 6 as a spanning subgraph [2, 6]. (A
3-connected graph is minimally 3-connected if the removal of any edge results in a graph that is no longer

3-connected.) The four “rim edges” in Figure 6, labeled ¢,, ¢}, ¢, and {;, are 3-contractible.
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la

Figure 6: The minimally 3-connected graph with n = 5 vertices.

Let L = {{q,lp,Lc,la}. We will proceed by showing that there exists a vector 4 € R" such that B, ) =
Ae + Ay for all distinct edges e, f € E. Substituting this identity into (23) will establish the desired result.

Let & be the collection of all retained edge sets of the form E’ = E \ ({¢} UT"), where ¢ ranges over L
and T ranges over all admissible choices for the contraction G’ = G[¢,T]. Since contracting any edge £ € L
will produce K4 (even when G has additional edges not pictured in Figure 6), every E’ € & must consist of
six edges.

For any such contraction G’ = (V' E’), isolating only those spanning trees of G that contain edge ¢ and

no edge from the set I, we have that

Z (ae+ﬁ(e,€>)xe + Z Z ﬁef)’ef =K—0y (28)
ecE’/ ecE' fcE’
f>e

holds for all (x,y) corresponding to such spanning trees. Lemma 3.1 then gives us that (28) is an equation of

the form (8) that is valid for aff {P(G’)}. Applying the n = 4 base case, the equations of Eg:q’, hold for any

distinct p,q,r € E'. Define

Bip.g) + Bip.) = Big)
2

AE = , and AF = By, — Ay forall 1€ E'\ {p}.

Using the same argument that was used to establish (24) in the proof of Theorem 5.1 in Appendix A, these

definitions together with the equations of ]Ef;ﬂ./q’, give
er +AEF = ﬁ@.f) 29)
for all distinct edges e, f € E’. Moreover, for any three distinct edges e, f,g € E’, (29) implies

__E
=AF

Besy +Bies) ~ By _ OF +AF)+ OF +2F) = AF +2£)
2 2
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Thus AE is uniquely determined. In particular, if E{,E} € & have at least three edges in common, then

E E!
A=A, forevery e € E{ NE).

We next show that this agreement holds for two arbitrary sets E{,E} € &. Suppose that E| and E} arise
from contracting ¢; € L and ¢, € L, respectively. If /| = {5, then E|{ UE} excludes ¢}, so |E] UE}| <9 (since
|E| <10). If £, and ¢; are distinct and share a vertex, write ¢ = {u,v} and ¢, = {v,w} (meaning, for example,
that the edge ¢, is incident to vertices u and v). Each of Ei and Eé contains at most one of the three possible
edges {u,v},{v,w},{u,w}. Hence their union omits at least one of the ten possible edges on the vertex set V,

again giving |E] UE}| <9. In either case,
|E1NEy| = |Eq|+|E)| — |[E{UE)| > 6+6-9 =3,

El E}
so A, ' = A2 for every e € E{ NE}.

It remains to consider the case where ¢ and ¢, are opposite rim edges (i.e., they do not share a vertex).
Fix e € Ei ﬂEé. Each of the other two rim edges shares a vertex with both ¢; and ¢», and at least one of them,
call it /3, differs from e. Since ¢3 # e, an admissible choice of I" allows us to contract /3 while retaining
e. Let E} € & be the resulting retained edge set. By the preceding argument, E} shares at least three edges
with each of E{ and Eé Since e belongs to all three sets, we have that ),f i = 7LeE 3 = 7LeE é. Therefore, because

L E! E!
e € E| NE) was chosen arbitrarily, we have A, ' = A, 2 for every e € E{ NE}.

We next show that every pair of distinct edges lies in some E’ € &. Consider any distinct edges e, f € E. If
an edge ¢ € L is different from both e and f, and the edges {e, f,¢} do not form a triangle, then an admissible
choice of I allows us to contract £ while retaining both e and f. At most three edges fail these conditions: e, f
and the edge completing a triangle with them, if such an edge exists. Since L contains four edges, some £ € L

must admit a contraction retaining both e and f. Thus every pair of distinct edges lies in some E’ € &.

In particular, every edge itself belongs to at least one member of &. We may therefore define A, = },eE/
using any E’ containing e, and the argument above makes this definition independent of the choice of E’. For

any distinct edges e, f € E, choosing a set E’ containing both edges gives

ﬁ(e.,f> :)‘eE/"‘AE/ :)“e+2'f'
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Now fix any distinct i, j,k € E and any (e, ) € Rf; ;. We have

Buie) + Bii.py — Bii.jy — Buiky + B
= Ai+2A)+ i+ Ar) = (Ai+A) — (Ai+ )+ (4 + )

= lg—‘rlf = ﬁef.

This is precisely (23), so the equations of Ef ik hold for every choice of distinct i, j,k € E.
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