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Abstract The infimal displacement vector of the nonexpansive operator un-
derlying the primal-dual hybrid gradient algorithm (PDHG) is known to en-
code useful information for infeasible optimization problems. In particular, for
the ellipsoid separation problem (ESP), where the goal is to find a separating
hyperplane between two collections of ellipsoids, the infimal displacement vec-
tor corresponding to an infeasible second-order cone program (SOCP) encodes
a separating hyperplane. We show FISTA computes a sequence of approxima-
tions to the dual component of the infimal displacement vector and establish
that a solution to the ESP can be obtained in (’)((5;‘2) iterations. Here 64
denotes the distance between the convex hulls of the two ellipsoid collections.

Keywords primal-dual hybrid gradient - infimal displacement vector -
FISTA - ellipsoid separation problem

1 Introduction

Recent work has shown that when an optimization problem is infeasible or un-
bounded, the iterates of the primal-dual hybrid gradient algorithm (PDHG)
can encode useful information through the infimal displacement vector (IDV)
[1,6]. In particular, in [1] the authors show that the IDV is able to certify
infeasibility and unboundedness of linear programs. Jiang et al. [6] further
show that the IDV associated with an infeasible second-order cone program
(SOCP) can be used to solve the ellipsoid separation problem (ESP), which
seeks a hyperplane that strictly separates two finite collections of ellipsoids.
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This problem arises in robust classification, where each data point is repre-
sented by an ellipsoid describing uncertainty in its location [8].

For the infeasible SOCP considered in [6, Section 6.2], differences between
successive PDHG iterates converge to the IDV, and thus solve the ESP asymp-
totically. In this paper, we reformulate the SOCP solved by PDHG as a least-
squares problem with second-order cone constraints so that it can be solved by
FISTA, and show that the FISTA residuals converge to the dual component
of the IDV which encodes a separating hyperplane for the ESP. We estab-
lish that a separating hyperplane can be obtained in finitely many iterations
and derive a data-dependent iteration complexity for obtaining such a hyper-
plane. In particular, we show that a separating hyperplane can be obtained in
(’)(6;\2) iterations, where 4 is the distance between the convex hulls of the
two ellipsoid collections. Thus, the number of iterations required depends on
the geometry of the problem, with better-separated ellipsoids admitting faster
convergence to a separator, highlighting a novel role for the IDV.

2 Primal-dual hybrid gradient

The primal-dual hybrid gradient algorithm (PDHG) is an algorithm for solving
saddle point problems of the form

inf sup y?T Az + f(x) — g(y) (1)
ZER™ yeRm

where A : R™ — R™ is linear and f and g are proper, lower semicontinuous,
convex functions. Let (zg,yo) € R” x R™ and suppose the parameters o,7 > 0
are chosen to satisfy o7||A||?> < 1. PDHG generates its iterates by repeatedly
applying the operator T

prox, ;(x) — o AT yy) >

€T = T xr =
(@ks1, Y1) = T(@x, yr) (prong(yk + 7AQ2prox, ;(x) — o ATyr) — )

Under appropriate constraint qualifications, (*,y*) is a fixed point of T if
and only if (z*,y*) is optimal for (1) [6, Proposition 3.1]. In the inconsistent
case, where 0 ¢ range(Id —T'), the iterates (x,yy) diverge [5,2]. However,
the successive differences (xx,yr) — (Tk+1,Yr+1) converge to the IDV v =
(vR,vp), defined as

v = argmin llw]|ar,
wecl(range(Id —T7))

where ||lwl|/yr = VwT Mw is the norm induced by the matrix
o~ —AT
M= < —A 7'1[> ’

The assumption o7||Al|?> < 1 ensures that M is positive definite.
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3 Ellipsoid separation as an SOCP

Given two finite collections of ellipsoids in R,
{C1,....C}}, {Dy,...,Di},

the ellipsoid separation problem asks whether there exists a hyperplane strictly
separating the two collections. We write the ellipsoids as

Ci={z:|A7 (z—e)| <1}, i=1,....],
D;={z:|B Y (z—d)|| <1}, i=1,...,1,

where A;, B; € R4*¢ are nonsingular and ¢;, d; € R? are the ellipsoid centers.
We make the assumption throughout that the data is scaled so that

maix { mac{ ], |1 4i |}, max{|di . | Bill} } = 1. (A)

We seek w € RY and s, ¢ € R such that

wlz<—s, VzeC;, i=1,...,7,
wlz >t VzeD;, i=1,...,1,
with s +¢ > 0. In this case, any hyperplane {z : wlz = h} with h € (—s,1)

strictly separates the two collections. By [6, Lemma 6.18], these halfspace
containment conditions are equivalent to

T _dr
(Cha)e-an (1) e o,

forall ¢ = 1,...,7 and i = 1,...,l, respectively, where Cgﬂ denotes the
second-order cone. Consequently, the ellipsoid separation problem can be for-
mulated as the following homogeneous second-order cone program:

MaXg ¢ S+
S
st. AT | t | <¢0, (2)
w

where the matrix A7 € RUFTD(@+1)x(d+2) iq

AT

Ay

AT =] _
B

Bf
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1T . 1OC;T T . Olfdz1
Ai "(00A1T + Bi=loo BT )>

and the notation a <¢ b means that a — b € —C, where

with

C:=Citt x ... x Cgtt.

(§+1) times

Due to homogeneity, the objective does not yield a finite maximum; rather,
feasibility with s+t > 0 certifies that the halfspaces are disjoint and a separator
exists. Otherwise, the optimum is 0, certifying that no separating hyperplane
exists.

4 FISTA for ellipsoid separation

It is not apparent how to apply FISTA [4,7] directly to (2), since there

is no closed-form expression to project onto the constraint set {(s,t, w) :

AT (s,t,w) =c 0}. It turns out that the dual SOCP admits a constraint set

that can be efficiently projected onto. Introduce the dual variables A1, ..., Aj, p1,..., 1 €
R and p1,...,P;,q1,---,q € RY, and define

The dual SOCP is then
ming 0
st. Az =0 (3)
x EC 07

where b = (1,1,0). Written explicitly, the constraint Ax = b becomes

M-+ N =1,
w1t =1,

J

!
Z (Nici + Aipi) — Z (nidi — Big;) = 0,

i=1 i=1
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while the constraint & >¢ 0 becomes
Ipill < Ai Vi=1,...,j
il < g Vi=1,...,1

The dual feasibility problem (3) has a simple geometric interpretation. The
constraint Ax = b, together with € C, is feasible if and only if

COHV(ClUCQU"'UCj)ﬂCOHV(DlUDQU“'UDl)#@.

Consequently, the ellipsoid separation problem has a solution if and only if the
dual conic feasibility problem is infeasible. To obtain a separating hyperplane,
we apply FISTA to the problem

ming f(x) := 3| Az — b||? (5)
s.t.x >=¢ 0.

This formulation is amenable to FISTA because V f is Lipschitz continuous
with constant L = ||.A||? and projection onto the product of second-order cones
C can be computed in linear time (cf. [3, Example 6.37]).

Let x; denote the iterates generated by FISTA and define the residuals

VE = b— .A:L‘k

We next establish how these residuals can be used to construct a separat-
ing hyperplane, and subsequently bound the number of iterations required to
obtain one.

In the following analysis, we consider the infimal displacement vector of
PDHG applied to (3) with 7 = 1 and o > 0 satisfying o A% < 1.

Theorem 1 For any minimizer & of (5), the dual component of the PDHG
infimal displacement vector, vp, satisfies

Up = b— .ACE
Furthermore, the FISTA residuals converge to the dual part of the IDV: v, —
Up.
Proof Jiang et al. note that ker(.A) NC = {0} [6, Section 6.2], so we may take
7=11n [6, Lemma 6.8 (vi)] to obtain
vp = Projy_ 4(cy(0) = proj a(cy)- (b). (6)

In particular, a minimizer & of (5) exists, and every such minimizer satisfies
vp = b— AZ. For any z € A(C), the first-order optimality conditions of the
projection give

vh (vp — (b—2)) <0. (7)

We may write

| Az — b||2 — | Az — b|% = | Az — Az|? + 2(Az — b)T (Az — Az),
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and substitute b — AZ = vp to obtain
Az — b|> — | Az — b]]® = || Az — Az|> — 205 (vp — (b— Az)).
Let v := b — Ax. Applying (7) gives the inequality:

|z — bl|* — [|AZ — bl|* = || Az — AZ|* - 2v)(vp — (b~ Az))
> || Az — Az|?

= |lv —vp|*.

Taking & = x) where @y represents the kth FISTA iterate, we may use the
fact that the iterates of FISTA converge in objective value, so vy — vp. 0O

The preceding theorem establishes that the FISTA residuals converge to the
dual component of the PDHG infimal displacement vector. The significance
of this result is that vp encodes a separating hyperplane whenever the two
collections of ellipsoids are strictly separable. We show this in the following
lemma.

Lemma 1 Suppose the two collections of ellipsoids are strictly separable, and
denote

s
Vp = t*
w*
Then s* +t* = ||lvp||? > 0, and
(w*)T'z < —s*, VzeCiU...UC;
(w*)TzZt*, Vze Dy U...UDj.

That is, any hyperplane {z : (w*)Tz = h} with h € (—s*,t*) strictly separates
the two collections.

Proof Taking 7 = 1 in [6, Lemma 6.8 (viii)] gives ||vp||? = bTvp. But b =
(1,1,0), so

|lvp|? = bTvp = s* +t*,
By (6), vp € (A(C))°, thus ATwp € C°. Therefore vp is feasible for (2) with
s* 4+ t* > 0. The constraints of (2) encode

s+clw  dtl t—dlw _ dt1
(AiTw)E Cy, BTw e -Gy,

forall i =1,...,5 and ¢ = 1,...,[, respectively. The conclusion follows by
the equivalence between the halfspace containment conditions and the second-
order cone membership shown above [6, Lemma 6.18]. O
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We now have a procedure for obtaining a separating hyperplane from the
optimal FISTA residual vp = (s*,t*,w*). Simply choose any h € (—s*,t*)
and the corresponding separating hyperplane is {2z : (w*)Tz = h}. However,
vp is only guaranteed to be obtained from FISTA in the limit. Our goal is to
find a separator after finitely many iterations, without computing vp exactly.
To this end, write

Sk

Vg = tk) )
wy,

and consider the candidate separating hyperplane

—Sg + tg
—

The next theorem establishes how close v must be to vp in order to guarantee
that Hy separates the two collections of ellipsoids.

Hy :={z: wsz =my}, my, 1=

Theorem 2 Suppose the two collections of ellipsoids are strictly separable.
The residual vy, defines a strict separator {z : w,{z = my} = Hy, provided

lvp|®

V18

Proof For any z € C; U...UC}, we have that (w*)”z < —s*. This inequality
holds true if and only if

vk —vp| <

'wgz <my + (wi — 'w*)Tz — 5" —my.

Let * t* t * —|—t*
* S — Sk — lg S
ri= s —w') - Jlz) - 25+ 5 - 2

By Cauchy-Schwarz, any z € C; U... U C} satisfies

wgz =my + (wp —w*) Tz + w2z —my
<y + e — w' | 2] - 5 =
=mg +T.
It follows that if we have r < 0, then wsz < my. Under the normalization

assumption (A), we have that ||z|| < 2, and it is easy to verify that r < 0 is
implied by the condition

STt > 5" — ]+ [ — ] + 4wy — w*]]. (8)

The implication z € Dy U...UD; = w} 2z > my holds under the same
assumption. Therefore, the satisfaction of the condition (8) implies that the
residual vy defines a strict separator.

Now observe the bound

[s* — sg| + |t* — tr] + 4]|wg — w*|| < V18]||vg — vp||
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holds, so a new condition for vy defining a strict separator is

Jox — wpll < S

v — :

k= UD N

From Lemma 1, s* +¢* = |Jup||*, which completes the proof. O

We have shown that sufficiently accurate FISTA residuals yield separating
hyperplanes. In the next section we derive a bound on the number of FISTA
iterations required before vy, is sufficiently accurate per Theorem 2.

5 A data-dependent iteration complexity bound

In order to derive a data-dependent bound on the number of FISTA iterations
needed to obtain a separating hyperplane, we relate ||vp|| to the distance
between the convex hulls of the two ellipsoid collections.

Our strategy is to use a minimizer of (5) to construct a point in the convex
hull of the C; ellipsoids and another in the convex hull of the D; ellipsoids,
whose distance can be bounded in terms of |[vp||. Combining this geometric
bound with the convergence rate of FISTA provides an iteration complexity
bound that depends on the separation between the two collections.

Let «* € C such that b — Ax* = vp, which exists by Theorem 1. Let

Al AL
pi D1
A A
¥ = p{; and &= P,
H1 251
qi q1
1 fha
a; q
where X* = (A],..., A7), A= (A1, .., ), " = (p3, s 1), 0= (i, - - -, ),

by e pl A <AL
i = v
j otherwise
qi=q" herwis
q;, otherwise,

where A* = (A € R : \; >0, Vi € [t], Y.'_,\i = 1}. By construction,
zeC.
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Lemma 2 |\~ All; = |1 €7 = |s*| and [|u* — s = [1 - e ] = |t°].

Proof We will prove |A* —All; = |1 —eT A*| = |s*| only, since the proof of the
second expression is analogous.

By definition of A and the identity (s*,t*,w*) = vp = b — Ax*, we have
s =1—el A%

Recall A := proj a; (A*) is given by

Ai = max{\* — 0,0},

where 6 € R is chosen to make Zgzl Ai = 1. Since X* > ||p¥||, we have \* > 0.
If 7, Af > 1, then 6 > 0, so for all ¢

i <A

(2

On the other hand, if Zgzl Af <1, then § < 0, so for all ¢

Ai > AL
It follows that all A} — \; must have the same sign for all 7. So we may write

> (3 -3)

i=1

J
A=Al =2 A=Al = =[1—e"N|.
i=1

Lemma 3 ||p; — pi|| < |Xi = N[ and [|g; — g7 || < |Ai — 1]

Proof If N\ > Af, then the inequality is clear. If i < Af, then p; = Xipf/)\;‘,
o 1ps — P | = Il — AP/ < Ai — Afl, since [[p ]| < A¢- The proof of
i — a7 | < | — 2] is analogous. 0

Theorem 3 Define § 4 to be the distance between the two convex hulls

J l
04 = dist (conv (U C'i) , conv <U DZ>> .
i=1 i=1

Then 8.4 < 3|jvp].
Proof Since b — Ax* = vp = (s*,t*, w*), we have that b — Az = (0,0,7),
where
J . l
ri=w" +Z ((AF = A)ei + Ai(p; —pi)) +Z (= (i — pi)di + Bi(g; — Gi)).

i=1 i=1
From Lemma 2,
J

l
DN SN DIk Al < 17,
i=1

i=1
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so from Lemma 3, we have that

i I
YoIpi =il <Is7l Dl — @l < [t
=1

=1

Also by the normalization assumption (A), ||c;|| < 1, ||4i]l < 1, ||di]| < 1,
| Bi]| < 1. These inequalities allow us to conclude that

[l < llw™[| + 2[s™| + 2[¢7] < 3[lvp].

Since & € C, ||ps]] < ;. Define for all i € [j] with A; > 0

1
zZ;i=c; + TAlﬁl
>\.

T

Then
14, (2 — )| <1,

so z; € C;. Hence, we can define
j ~
w:=> (hici + Aipy),
i=1

such that u = Zi:?\i>0 \;zi. Since Zle \; =1 and \; > 0, it follows that

J
u € conv (U C’i> .
i=1

A similar construction shows that

1 l
v = Z(ﬂzd, — Bzﬁz) € conv (U Dl> .
i=1 i=1
By the definition of r, we have r = v — u. Consequently,
04 < Jlu—wvl =l <3fvp]-
O

Corollary 1 Suppose the two collections of ellipsoids are strictly separable.
The residual v, = b— Axy = (sg, tr, wi) gives rise to the strict separator Hy,

provided

0%

272

lok —wp|| <
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Proof We have shown in Theorem 2 that vy is a strict separator provided
lvx —vp|| < ||vpl|?/V/18. We have also shown in Theorem 3 that we can lower
bound |lvp|| by the distance between the two convex hulls d4: ||vp|| > Ja/3.
Hence, to ensure |lvy — vp|| < ||vpl|?/V/18, we require that

0%

272

vk —vp| <
0

Theorem 4 Suppose the two collections of ellipsoids are strictly separable.
FISTA applied to the reformulation of the ESP (5) with o = 0 finds a sepa-
rating hyperplane in at most

108+/6(j + 1)
04

iterations.

Proof From Corollary 1, we know that vy = (sg, tx, W) encodes a separating
hyperplane when ||vi, — vpl| < 0% /(27v/2). We want to know when vy, lies in
an open ball of radius 6% /(27v/2) around vp. Recall (cf. [3, Theorem 10.34])
that for iterates xj generated by FISTA and any € {x € C: b— Az = vp},
2L||xo — x|?

(k+1)2

where x is the starting point of the algorithm and L = ||.A||? is the Lipschitz
constant for V f. We thus obtain

flzx) — f(2) <

2| A[* |20 — 2|
(k+1)2

From the proof of Theorem 1, we have ||vx — vp|| < V2/f(zx) — f(Z), so
applying this to the above we obtain the bound

2| Alll|lzo — 2|
k+1 '

flay) = f(2) <

vk —vp| <

For any x € C,
J l
) =" (A2 + Ipall?) + > (1 + llaill?)
i=1 i=1

j !
§2i)\f+22uf
i=1 i=1

. 2 2

() +(2)

< 2| Az||*.
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From (6), AZ = b —vp = b — proj,_ 4(¢y(0) = proj 4 (b), and 0 € A(C), so
by the nonexpansiveness of the projection

lzo — &[] < V2] A2l < V2[|proj 4c) (b) — projace)(0)l < vV2|[bl| = 2.

It follows that we can guarantee that vy lies in an open ball of radius 5?4 / 272
around vp when 4[| A||/(k+1) < 6% /(27/2). Under Assumption A, a sufficient

condition is
. 108v/6(j +1) 108V/2|| Al
[ S O

O

Verifying separation. Suppose the collections of ellipsoids are separable. For
the FISTA residual vy = (s, t, wi), the hyperplane Hy, strictly separates the
collections of ellipsoids if and only if

CTWk+||A?Wk|| < mg, iil,...,j,

df wy, — | Bf wi|| > mg, i=1,...,1,

where the expressions on the left hand side are the maximum and minimum,
respectively, of w,{z over the corresponding ellipsoids (see, for example, [6,
Lemma 6.18]). It follows that separation can be verified efficiently at each
FISTA iteration without the knowledge of vp.
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