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Abstract

Interdiction for the direct current optimal power flow problem is commonly mod-
eled in two stages, where an attacker disables components in the first stage
and an operator makes remedial adjustments in the second stage. The resulting
bilevel mathematical program is often solved via transformation into a single-level
mixed-integer program using duality. A drawback of this approach is that the
single-level program often has big-M values that must be chosen large enough to
ensure optimality. We present a single-level reformulation along with theoretical
bounds on big-M values that allows for interdiction of branches, buses, and gen-
erators. Additionally, we provide a general approach to bounding big-M values
for combinatorial problems on graphs, leveraging techniques from spectral graph
theory. In doing so, we derive several tight lower bounds on the minimal eigen-
values of grounded Laplacians. We show computational results on standard test
problems using the theoretical bounds and on real power systems using heuristic
bounds. Finally, we demonstrate that our analysis applies to other interdiction
problems, such as the decoupled linear power flow problem and a second-order
cone formulation.

Keywords: interdiction, bilevel optimization, optimal power flow, big-M
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1 Introduction

Modeling interdiction of the power grid is essential for understanding potential impacts
from both intentional and natural threats. The interdiction problem seeks to determine
a set of components that causes the most disruption to a system if all components in
the set simultaneously fail. For a fixed power system, the direct current optimal power
flow (DCOPF) formulation is frequently employed for computational tractability as
it can be solved with linear programming. The interdiction problem with DCOPF
typically has two stages. In the first stage, the attacker/interdictor disables at most k
components, where components include generators, buses, and branches. In the second
stage, the system operator adjusts the remaining network components to minimize
load shed.

The two-stage setting leads to a bilevel max-min formulation, where the attacker
disables components to maximize load shed and the operator sets generation levels
to minimize load shed. To solve the bilevel formulation, it is common practice to
dualize the inner problem, which creates a max-max formulation that can be solved as
a single-level mixed-integer program. However, such formulations require McCormick
envelopes or disjunctive constraints to handle the product of continuous and binary
variables. This results in a formulation requiring dual variable bounds, or equivalently
big-M values, and it is difficult to determine big-M values that are large enough to
ensure optimality and small enough to allow practical solve times.

We present a novel formulation for the DCOPF interdiction problem that allows
for interdiction of generators, buses1, and branches2, and that has theoretical upper
bounds on all big-M values. To our knowledge, no such formulation currently exists
in the literature. The model allows for overgeneration and bounds on phase angle
magnitudes. We also provide a novel, graph-theoretic method for providing valid big-
M values for combinatorial optimization problems over graphs. As a byproduct of
this analysis, we establish multiple tight lower bounds on the minimal eigenvalues of
grounded Laplacians.

We show computational results on three test problems from the MATPOWER
power flow package [1] and a real model of the Texas power grid. Using reduced big-M
values that violate our bounds, we demonstrate that the formulation remains effective
with faster solve times. Finally, we demonstrate that our theoretical results are easily
applied to other problems, including interdiction based on the decoupled linear power
flow (DLPF) model and a second-order cone formulation for power flow interdiction.

Section 2 gives a brief literature review. Section 3 presents the DCOPF model
along with dual variable bounds achieved using direct methods. Section 4 derives the
new bounds for grounded Laplacians and shows an alternative approach to bounding
DCOPF dual variables. Computational results for the DCOPF model are given in
Section 5. Section 6 shows application of both the direct methods and the graph-
theoretic methods for bounding variables on other interdiction problems. A conclusion
is given in Section 7.

1We use the term bus to refer to any junction node in the model; a physical substation may contain many
buses.

2While not shown explicitly in this work, the model can also address interdiction of transformers via
branch groupings.
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2 Literature Review

General introductions to both interdiction and bilevel optimization can be found in [2,
3]. The survey by Brown et al. discusses approaches for both bilevel (attacker-defender)
and trilevel (defender-attacker-defender) interdiction problems with applications to
critical infrastructure [4].

For linear bilevel optimization in general, it is natural to ask if a given big-M value
is sufficiently large to ensure optimality. It has been shown that this problem is NP-
hard [5]. Alternatives to big-M formulations, such as disjunctive programming and
special ordered sets, have been developed and implemented in modern solvers [6, 7].
However, they do not yet offer general performance that is competitive with big-M
formulations for large problems.

Many studies have developed models for DCOPF interdiction without big-M
bounds. Motto et al. present a single-level mixed-integer program allowing for inter-
diction of generators, branches, buses, and substations [8]. Salmeron et al. develop a
generalized form of Benders decomposition to solve a similar problem, but they make
limiting assumptions about load shed and do not prove optimality [9]. Schmidt and
Thürauf present a lower and upper bounding scheme for networks with potential-based
flows, which include the DCOPF branch interdiction problem, but they assume that
the network remains connected and they only consider small test problems [10].

There are some theoretical results involving DCOPF interdiction. Johnson and
Dey consider the DCOPF interdiction problem where relays are targets [11]. While
relays serve as protective devices to shut down components in cases of faults, they can
be infiltrated by attackers wishing to disrupt the network. Instead of deriving bounds
on dual variables for the full DCOPF model, they prove sufficiency of a relaxed net-
work flow model for uncongested networks. Fattahi et al. consider the related problem
of big-M formulations for optimal transmission switching [12]. They show that find-
ing optimal bounds for mixed-integer programs with big-M values is NP-hard and
that no constant-factor approximation is possible unless P=NP. They also show a
bound strengthening method under the assumption that the network remains con-
nected. Assuming that a network remains connected is a problematic assumption for
interdiction since often an attacker can be most disruptive by breaking the network
into islands.

In work more closely related to this paper, Bienstock and Verma give mixed-integer
programming formulations for solving the interdiction problem on power grids in the
presence of branch disruptions [13]. They prove bounds on big-M values and their
proof techniques inspired many of the approaches that we use in this paper. Our work
also extends [14], which develops a formulation for DCOPF allowing the interdiction
of branches with bounded big-M values. In addition to including generator and bus
interdictions, we allow for nonzero minimum generation bounds as well as bounds on
phase angles, which are not included in [14]. We also make no assumptions about
network connectivity.

Beyond DCOPF, there are a variety of models offering alternative relaxations and
approximations of AC optimal power flow, some of which have been studied in the con-
text of interdiction. These relaxations are based on semidefinite programming (SDP),
second-order cone (SOC) programming, and linear programming [15–18]. Kocuk et
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al. present a comparison of six different relaxations [19]. Similar to our approach for
interdiction, Wu et al. use duality but with an underlying SOC optimal power flow
formulation to solve for branch interdictions [20].

3 DCOPF Model

We consider a standard setting for solving the DCOPF problem where a system oper-
ator has control of generator power levels and wishes to minimize the sum of load shed
and overgeneration. We present the primal formulation where interdiction variables
are considered fixed. We then take the dual to allow for simultaneous optimization of
interdiction and power flow, allowing the interdiction variables to vary. This creates
a bilinear formulation that is linearized to produce the final formulation. To simplify
expressions, we omit phase angle bounds from the analysis until the end of the section.
Table 1 summarizes all of our notation.

The primal linear program for the optimal power flow problem is shown in (1a) -
(1i). The objective function minimizes the sum of load shed and overgeneration. The
interdiction variables (sb)b∈B , (sl)l∈L, (sg)g∈G are equal to one for surviving compo-
nents and equal to zero for interdicted components. The placement of these variables
in the formulation differs from standard models and makes the formulation more
amenable to analysis. The interdiction variables are interpreted as fixed parameters
here but are allowed to vary later when looking at the dual formulation. Dual variables
are shown in parentheses. We assume all reactance values are strictly positive.

(DCOPF-Primal)

min
∑
b∈B

(rb + vb) (1a)

s.t. slso(l)sd(l)(θo(l) − θd(l) −Xlfl) = 0, ∀l ∈ L, (µl) (1b)

sb
∑
g∈Gb

sgpg −
∑

l|o(l)=b

slso(l)sd(l)fl

+
∑

l|d(l)=b

slso(l)sd(l)fl + rb − vb = Rb, ∀b ∈ B, (λb) (1c)

P−
g ≤ pg ≤ P+

g , ∀g ∈ G, (γ−g , γ
+
g ) (1d)

− Fl ≤ fl ≤ Fl, ∀l ∈ L, (ϕ−l , ϕ
+
l ) (1e)

rb ≤ Rb, ∀b ∈ B, (αb) (1f)

vb ≤ Vb, ∀b ∈ B, (βb) (1g)

rb, vb ≥ 0, ∀b ∈ B, (1h)

θb free, ∀b ∈ B. (1i)

Constraint (1b) enforces the appropriate phase angles for a given branch if the
branch, source bus, and destination bus are not interdicted. Constraint (1c) ensures
flow conservation for each bus. For a given generator, the generator and its corre-
sponding bus must be surviving for the generator to deliver power to the node. For
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Table 1 Mathematical Notation

Symbol Description

Sets
B set of buses
G set of generators

Gb set of generators at bus b
L set of branches

Parameters
b(g) bus connected to generator g
d(l) destination bus of branch l
Fl flow capacity of branch l

o(l) origin bus of branch l
Ml upper bound on magnitude of ηl
Nl upper bound on magnitude of ηl − ηl

P−
g minimum generation capacity for generator g

P+
g maximum generation capacity for generator g
Rb demand at bus b
T upper bound on magnitude of phase angle
Ul upper bound on magnitude of µl
Vb overgeneration upper bound at bus b

Wg upper bound on the magnitudes of λg and λb(g)

Xl reactance of branch l
k attacker budget

Variables
ab binary variable equal to 1 if bus b is attacked and 0 otherwise
ag binary variable equal to 1 if generator g is attacked
al binary variable equal to 1 if branch l is attacked
fl power flow through branch l
pg power output of generator g
rb load shed at bus b
sl binary variable equal to 1 if branch l survives and 0 otherwise
sb binary variable equal to 1 if bus b survives and 0 otherwise
sg binary variable equal to 1 if generator g survives

and 0 otherwise
s′l binary variable equal to 1 if branch l and adjacent buses

survive and 0 otherwise
s′g binary variable equal to 1 if generator g and its

associated bus survive and 0 otherwise
vb overgeneration at bus b
αb dual variable for load shed upper bound at bus b
βb dual variable for overgeneration upper bound at bus b

γ−
g dual variable for generation lower bound at generator g

γ+
g dual variable for generation upper bound at generator g
θb phase angle at bus b
λb dual variable for flow conservation at bus b
µl dual variable for phase angle constraint at branch l
µl dual variable equal to µl if branch l survives and 0 otherwise

ϕ−
l dual variable for branch l power flow lower bound

ϕ+
l dual variable for branch l power flow upper bound

χ−
b dual variable for phase angle lower bound at bus b

χ+
b dual variable for phase angle upper bound at bus b

simplified analysis, (1b) allows flow on a branch if it is interdicted, but the interdiction
variables in (1c) ensure that any such flow is not realized at bus injection. Similarly, a
generator can generate power if it is interdicted in the formulation, but the interdiction
variables do not allow the power to be injected at the bus.

We assume that all generators have a nonnegative lower bound on generation, so
the upper bound on load shed at a bus is given simply by the sum of the loads at
the bus, denoted by Rb. Without loss of generality, we assume for all generators that
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P−
g < P+

g . Likewise, we assume that all loads are nonnegative so the upper bound on
overgeneration is given by

Vb :=
∑
g∈Gb

P+
g , ∀b ∈ B.

Treating all interdiction variables s as fixed parameters, the dual linear program is
shown in (2a) - (2t). We refer to this as the dual reformulation, or DCOPF-DR, since it
is a linear programming dual only if the interdiction variables are fixed. The program
has been written such that all dual variables for inequality constraints are nonnegative.
The interdiction variables can be reinterpreted as variables in the dual as both the
dual power flow problem and interdiction problem have maximizing objectives. We
assume for the sake of presentation that the attacker/interdictor can attack at most k
components as modeled by constraint (2b). The formulation is compatible with other
interdiction constraints, such as assigning a unique price to each component.

The attacker only directly selects the attack variables (al)l∈L, (ab)b∈B , and
(ag)g∈G. The surviving variables (sl)l∈L, (sb)b∈B , and (sg)g∈G are determined as the
complements of the attack variables and are included to simplify presentation. Each
branch is only functional if its origin bus, destination bus, and the branch itself survive.
Hence we define (s′l)l∈L according to (2c). Similarly, each generator is only functional
if the generator’s bus and the generator itself survive, so we define (s′g)g∈G according
to (2d). The constraints are nonlinear logical constraints that can be linearized.

(DCOPF-DR)

max −
∑
l∈L

Fl(ϕ
+
l + ϕ−l )−

∑
b∈B

Rbαb −
∑
b∈B

Vbβb −
∑
g∈G

P+
g γ

+
g +

∑
g∈G

P−
g γ

−
g

+
∑
b∈B

λbRb (2a)

s.t.
∑
l∈L

al +
∑
b∈B

ab +
∑
g∈G

ag ≤ k, (2b)

s′l = slso(l)sd(l), ∀l ∈ L, (2c)

s′g = sb(g)sg, ∀g ∈ G, (2d)

sl = 1− al, ∀l ∈ L, (2e)

sb = 1− ab, ∀b ∈ B, (2f)

sg = 1− ag, ∀g ∈ G, (2g)

al, sl, s
′
l ∈ {0, 1}, ∀l ∈ L, (2h)

ab, sb ∈ {0, 1}, ∀b ∈ B, (2i)

ag, sg, s
′
g ∈ {0, 1}, ∀g ∈ G, (2j)∑

l|o(l)=b

s′lµl −
∑

l|d(l)=b

s′lµl = 0, ∀b ∈ B, (θb) (2k)

6



− s′lXlµl − s′lλo(l) + s′lλd(l) − ϕ+l + ϕ−l = 0, ∀l ∈ L, (fl) (2l)

s′gλb(g) + γ−g − γ+g = 0, ∀g ∈ G, (pg) (2m)

λb − αb ≤ 1, ∀b ∈ B, (rb) (2n)

− λb − βb ≤ 1, ∀b ∈ B, (vb) (2o)

ϕ+l , ϕ
−
l ≥ 0, ∀l ∈ L, (2p)

αb, βb ≥ 0, ∀b ∈ B, (2q)

λb free, ∀b ∈ B, (2r)

µl free, ∀l ∈ L, (2s)

γ+g , γ
−
g ≥ 0, ∀g ∈ G. (2t)

Allowing the interdiction variables to vary, the dual formulation has multiple bilin-
ear terms. We derive bounds on the continuous variables involved in bilinear terms.
The following inequality is required prior to analyzing specific variables.

Lemma 1 Let

R′ :=
∑
b∈B

max

Rb,
∑
g∈Gb

P−
g

 .

An optimal solution to (DCOPF-DR) always satisfies∑
l∈L

(ϕ+l + ϕ−l )Fl ≤ R′.

Proof The mathematical program (2a) - (2t) measures the sum of load shed and overgener-
ation, which must be nonnegative. We can thus restrict variables to the ranges that give a
nonnegative objective value, which is necessary for optimality. This gives the condition∑

l∈L

(ϕ+l + ϕ−l )Fl ≤ −
∑
b∈B

Rbαb −
∑
b∈B

Vbβb −
∑
g∈G

P+
g γ

+
g

+
∑
g∈G

P−
g γ

−
g +

∑
b∈B

λbRb. (4a)

Let

L(g) := −P+
g γ

+
g + P−

g γ
−
g , (4b)

L(b) := −Rbαb − Vbβb +
∑
g∈Gb

L(g) + λbRb, (4c)

so that the right hand side of (4a) is equal to
∑

b∈B L(b). Each bus in the optimal solution
must have either positive overgeneration, positive load shed, or zero overgeneration and zero
load shed.

In the case of positive overgeneration, load shed at a bus must be equal to zero. All
surviving generators at the bus must be operating at minimum generation, otherwise over-
generation could be reduced to improve the objective value, so γ−g ≥ 0 and γ+g = 0. For a
given bus b with surviving generator g ∈ Gb,

L(g) = P−
g γ

−
g = −P−

g λb,
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where we have used γ−g = −λb by (2m). If generator g is not surviving then L(g) = 0. Since
vb > 0, then by complementary slackness, −λb − βb = 1 and λb < 0. Hence

L(b) = −Vbβb +
∑
g∈Gb

L(g) + λbRb

≤ −βb
∑
g∈Gb

P+
g + λb

Rb −
∑
g∈Gb

P−
g


=
∑
g∈Gb

P−
g −Rb + βb

−Rb +
∑
g∈Gb

(P−
g − P+

g )


≤
∑
g∈Gb

P−
g −Rb.

For the case of positive load shed at a bus, all surviving generators at the bus must be
operating at maximum generation, so γ+g ≥ 0 and γ−g = 0. For a surviving adjacent generator
this gives

L(g) = −P+
g γ

+
g = −P+

g λb = −P+
g (1 + αb).

If the generator is not surviving, then L(g) = 0, so

L(g) ≤ 0.

Next,

L(b) = −Rbαb +
∑
g∈Gb

L(g) + λbRb

≤ −Rbαb + (1 + αb)Rb

= Rb.

For buses with zero load shed and zero overgeneration, there are four subcases. If both
Rb > 0 and Vb > 0, then αb = βb = 0. This gives

−1 ≤ λb ≤ 1

and

L(b) ≤ max

Rb,
∑
g∈Gb

P−
g

 .

If Rb > 0 and Vb = 0, there are no generators at the bus. Since rb = 0, αb = 0 and λb ≤ 1.
Thus

L(b) = Rbλb ≤ Rb.

If Vb > 0 and Rb = 0, then βb = 0 implies that −λb ≤ 1 and

L(b) =
∑
g∈Gb

L(g).

Then if λb ≥ 0, L(g) ≤ 0. On the other hand if λb ≤ 0, then

L(g) ≤ P−
g ,

which provides a valid bound for the subcase. Finally if Rb = 0 and Vb = 0, there are no
generators at the bus so

L(b) = 0.

□
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The inequality provided by Lemma 1 is sufficient for deriving upper bounds on
(ϕ+l , ϕ

−
l )l∈L.

Lemma 2 An optimal solution to (DCOPF-DR) can always be found with values of ϕ+ and
ϕ− satisfying

ϕ+l ≤ R′

Fl
, ∀l ∈ L,

ϕ−l ≤ R′

Fl
, ∀l ∈ L.

Proof We consider the mathematical program for a given ξ = ϕ+l or ξ = ϕ−l , where constraint
(6b) follows from Lemma 1.

max ξ (6a)

s.t.
∑
l∈L

(ϕ+l + ϕ−l )Fl ≤ R′, (6b)

ϕ+l ≥ 0, ϕ−l ≥ 0, ∀l ∈ L. (6c)

The bound follows from direct analysis or by using Lagrange multipliers. □

The dual program (2a) - (2t) has the bilinear terms in constraints (2k), (2l), and
(2m). We reformulate (2l) by introducing the variable ηl:

s′lηl = ϕ+l − ϕ−l , ∀l ∈ L,

ηl = −Xlµl + λd(l) − λo(l), ∀l ∈ L.

We then define the following variables representing products of continuous and binary
variables:

ηl := s′lηl, ∀l ∈ L, (7a)

µl := s′lµl, ∀l ∈ L, (7b)

λg := s′gλb(g), ∀g ∈ G.

This allows us to write the full linearized dual reformulation (DCOPF-LDR) given by
(9a) - (9y).

The linearization for the binary variables s′l and s′g is given by (9c) - (9f). Con-
straints (9m) and (9n) are the McCormick reformulations for ηl. Constraint (9o) is the
reformulation for µl; note that the second constraint in the McCormick reformulation
bounding the difference between µl and µl is not included because the variables µl are
not present anywhere in the program. Constraints (9q) - (9r) are the reformulations
for λg.

The following result bounds the magnitude of µ. The proof is similar to Lemma 4
in [14] even though it applies to a different model.
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Lemma 3 An optimal solution to (DCOPF-LDR) can always be found with values of µl
satisfying

|µl| ≤
(

R′
√
Xl

)
max
t∈L

{
1

Ft
√
Xt

}
, ∀l ∈ L.

Proof According to (7b), µ is only nonzero for surviving branches. For a fixed attack A,
consider a connected component K of L \ A, meaning no arcs in K have been destroyed.
From (7a), ηl = ηl for all l ∈ K. Rewriting constraints (9j) - (9l) for components restricted
to K gives

NKµK = 0,

−NT
KλK −XKµK = ϕ+K − ϕ−K , (8a)

where NK is the node-arc incidence matrix of K, containing +1 entries for origin nodes and
−1 entries for destination nodes, and XK is the diagonal matrix of {Xl : l ∈ K}. Multiplying
−NKX−1

K to the left-hand side of (8a) gives

NKX−1
K NT

KλK = NKX−1
K (ϕ−K − ϕ+K)−NKµK

= NKX−1
K (ϕ−K − ϕ+K). (8b)

We employ a grounding argument for a selected bus b. Let λ̂K := λK − λb1. Defining λ̃K as
λ̂K with bus b removed and ÑK as NK with row b removed, we have

NT
KλK = NT

K λ̂K = ÑT
K λ̃K , (8c)

where we have used that NT
K1 = 0. We then have

ÑKX−1
K ÑT

K λ̃K = ÑKX−1
K (ϕ−K − ϕ+K). (8d)

We compare the solutions in (8d) and (8b):

X
−1/2
K NT

KλK = X
−1/2
K ÑT

K λ̃K

= X
−1/2
K ÑT

K(ÑKX−1
K ÑT

K)−1ÑKX−1
K (ϕ−K − ϕ+K)

= HX
−1/2
K (ϕ−K − ϕ+K) (8e)

where the matrix

H := X
−1/2
K ÑT

K(ÑKX−1
K ÑT

K)−1ÑKX
−1/2
K

is symmetric and idempotent.

Multiplying X
−1/2
K to the left-hand side of all terms in (8a) gives

X
1/2
K µK = −X

−1/2
K NT

KλK +X
−1/2
K (ϕ−K − ϕ+K)

= −HX
−1/2
K (ϕ−K − ϕ+K) +X

−1/2
K (ϕ−K − ϕ+K)

= (I −H)(X
−1/2
K (ϕ−K − ϕ+K)).

Using the fact that if a matrix H is idempotent, I −H is also idempotent,

∥X1/2
K µK∥2 ≤ ∥I −H∥2∥X

−1/2
K (ϕ−K − ϕ+K)∥2

≤ ∥X−1/2
K (ϕ−K − ϕ+K)∥2. (8f)
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Similar to the approach used in Lemma 2, the square of the right-hand side of (8f) is upper-
bounded by the optimal value of the mathematical program

max
∑
l∈K

X−1
l (ϕ−l − ϕ+l )2 (8g)

s.t.
∑
l∈K

(ϕ+l + ϕ−l )Fl ≤ R′, (8h)

ϕ+l ≥ 0, ϕ−l ≥ 0, ∀l ∈ K. (8i)

The optimal objective value of (8g) - (8i) is equal to maxl∈K

{
X−1

l

(
R′

Fl

)2}
via standard

analysis. Using X
1/2
l |µl| ≤ ∥X1/2

K µK∥2 for all l ∈ K, we have

X
1/2
l |µl| ≤ max

l∈K

{
R′

Fl
√
Xl

}
≤ R′ max

l∈L

{
1

Fl
√
Xl

}
. (8j)

The last inequality follows since K ⊆ L. The expression (8j) holds for all possible connected
components K and hence for all l ∈ L. □

(DCOPF-LDR)

max −
∑
l∈L

Fl(ϕ
+
l + ϕ−l )−

∑
b∈B

Rbαb −
∑
b∈B

Vbβb−
∑
g∈G

P+
g γ

+
g +

∑
g∈G

P−
g γ

−
g

+
∑
b∈B

λbRb (9a)

s.t.
∑
l∈L

al +
∑
b∈B

ab +
∑
g∈G

ag ≤ k, (9b)

s′l ≤ sl, so(l), sd(l), ∀l ∈ L, (9c)

s′l ≥ sl + so(l) + sd(l) − 2, ∀l ∈ L, (9d)

s′g ≤ sb(g), sg, ∀g ∈ G, (9e)

s′g ≥ sb(g) + sg − 1, ∀g ∈ G, (9f)

sl = 1− al, ∀l ∈ L,

sb = 1− ab, ∀b ∈ B,

sg = 1− ag, ∀g ∈ G,

al, sl, s
′
l ∈ {0, 1}, ∀l ∈ L, (9g)

ab, sb ∈ {0, 1}, ∀b ∈ B, (9h)

ag, sg, s
′
g ∈ {0, 1}, ∀g ∈ G, (9i)∑

l|o(l)=b

µl −
∑

l|d(l)=b

µl = 0, ∀b ∈ B, (θb) (9j)

ηl = ϕ+l − ϕ−l , ∀l ∈ L, (9k)
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ηl = −Xlµl + λd(l) − λo(l), ∀l ∈ L, (9l)

−Mls
′
l ≤ ηl ≤Mls

′
l, ∀l ∈ L, (9m)

−Nl(1− s′l) ≤ ηl − ηl ≤ Nl(1− s′l), ∀l ∈ L, (9n)

− Uls
′
l ≤ µl ≤ Uls

′
l, ∀l ∈ L, (9o)

λg + γ−g − γ+g = 0, ∀g ∈ G, (pg) (9p)

−Wgs
′
g ≤ λg ≤Wgs

′
g, ∀g ∈ G, (9q)

−Wg(1− s′g) ≤ λg − λb(g) ≤Wg(1− s′g), ∀g ∈ G, (9r)

λb − αb ≤ 1, ∀b ∈ B, (rb) (9s)

− λb − βb ≤ 1, ∀b ∈ B, (vb) (9t)

ϕ+l , ϕ
−
l ≥ 0, ∀l ∈ L, (9u)

αb, βb ≥ 0 ∀b ∈ B, (9v)

λb free, ∀b ∈ B, (9w)

µl free, ∀l ∈ L, (9x)

γ+g , γ
−
g ≥ 0, ∀g ∈ G. (9y)

The final result is an upper bound on the magnitude of λb. The proof technique
relies on finding the largest possible sum of edge weights λo(l) − λd(l) along a path in
the graph. In this sense, it is analogous to the proof of Lemma 5 in [14] that upper
bounds the largest possible sum of edge weights θo(l) − θd(l) along a path for a primal
DCOPF formulation. This construction means the bound is dependent on the graph
size; this is likely inevitable since the λb variables are expressed as differences in the
dual. Lemma 4 establishes that not all λb values can be arbitrarily large for connected
buses, Lemma 5 bounds the values for disconnected buses, and Lemma 6 gives the
final bound.

Lemma 4 For any connected component consisting of buses B′ ⊆ B, an optimal solution to
(DCOPF-LDR) exists with variables λB′ satisfying at least one of the two conditions:

(i) There exists b− ∈ B′ such that λb− ≤ 0 and b+ ∈ B′ such that λb+ ≥ 0.
(ii) There exists b1 ∈ B′ such that |λb1 | ≤ 1.

Proof If the first condition is not satisfied, then it must be true that λB′ > 0 or λB′ < 0.
We consider for each bus b ∈ B′ the portion of the objective function defined by (4b) and
(4c). Note that λB′ can be shifted by a constant value without impacting feasibility of the
constraint (2l).

Starting with the case of λB′ > 0, if Vb > 0, then by complementary slackness, λb >
−βb − 1 implies that vb = 0 and hence βb = 0. Thus

L(b) = −Rbαb +
∑
g∈Gb

L(g) + λbRb.

Since λb > 0, it is not possible to have any connected generators operating at minimum
generation. Let G+

b be the set of connected generators operating at maximum generation and

12



let

Q+
b :=

∑
g∈G+

b

P+
g .

Then by (2m),

L(b) = −Rbαb −Q+
b λb + λbRb.

For a given λb, the optimal value for αb according to the objective function and (2n) is given
by

αb = max(0, λb − 1),

so

L(b) = −Rb max(0, λb − 1)−Q+
b λb + λbRb.

Since L(b) is non-increasing in λb for λb ≥ 1, any optimal solution with λB′ > 1 can be
adjusted by reducing λB′ by a constant amount until minb∈B′ λb = 1 to obtain an equivalent
optimal solution.

For the case of λB′ < 0, we again consider L(b). If Rb > 0, then by complementary
slackness rb = 0 and αb = 0, so

L(b) = −Vbβb +
∑
g∈Gb

L(g) + λbRb.

Let G−
b be the set of connected generators operating at minimum generation and let

Q−
b :=

∑
g∈G−

b

P−
g .

We have

L(b) = −Vbβb −Q−
b λb + λbRb.

By inspection, the optimal value for βb given λb is

βb = max(−1− λb, 0),

and thus

L(b) = −Vb max(−1− λb, 0)−Q−
b λb + λbRb.

For λb ≤ −1, L(b) is non-decreasing in λb, as Q
−
b ≤ Vb. Thus any optimal solution with λB′ <

−1 can be adjusted by increasing λB′ by a constant amount until maxb∈B′ λb = −1. □

Lemma 5 For any disconnected bus b ∈ B, an optimal solution to (DCOPF-LDR) exists
satisfying

|λb| ≤ 1.

Proof The arguments are similar to the previous proof. Consider an optimal solution to
(DCOPF-LDR). If λb > 1, then

L(b) = −Rbαb + λbRb.

For a given λb, the optimal value for αb according to the objective function and (2n) is given
by

αb = max(0, λb − 1),

13



so

L(b) = −Rb max(0, λb − 1) + λbRb.

Since L(b) is non-increasing in λb for λb ≥ 1, the solution can be adjusted by reducing λb to
a value of one without impacting the objective value.

If λb < −1, then

L(b) = −Vbβb + λbRb.

The optimal value for βb given λb is

βb = max(−1− λb, 0),

and thus

L(b) = −Vb max(−1− λb, 0) + λbRb.

Note that L(b) is non-decreasing in λb. Thus the solution can be adjusted by setting λb = −1
without impacting the objective value. □

Lemma 6 An optimal solution to (DCOPF-LDR) can always be found with values of λb
satisfying

|λb| ≤ 1 +R′ max
l∈L

{
1

Fl
√
Xl

}∑
l∈L

Xl


1
2

, ∀b ∈ B.

Proof The result holds for disconnected buses by the previous lemma. For connected buses,
from (8e), we have

X
−1/2
K NT

KλK = HX
−1/2
K (ϕ−K − ϕ+K).

Then,

∥X−1/2
K NT

KλK∥2 = ∥HX
−1/2
K (ϕ−K − ϕ+K)∥2

≤ ∥X−1/2
K (ϕ−K − ϕ+K)∥2

≤ R′ max
l∈K

{
1

Fl
√
Xl

}
, (12a)

where we have used that H is symmetric and idempotent, the inequality from (8f), and the
result from Lemma 3. For all l ∈ K, let dl := λo(l)−λd(l). From Lemma 4, if the first condition
holds, then ∥λK∥∞ is upper bounded by

∑
l∈K |dl|. If the second condition holds, ∥λK∥∞ is

bounded by 1+
∑

l∈K |dl|.We have that
∑

l∈K |dl| is bounded by the mathematical program

max
∑
l∈K

|dl|

s.t.
∑
l∈K

d2l
Xl

≤ R̃2,

where R̃ := R′ maxl∈L

{
1

Fl

√
Xl

}
and the constraint represents (12a). Using Lagrange multi-

pliers, it can be shown that the value of the program is equal to R̃
(∑

l∈K Xl

) 1
2 . The result

follows since K ⊆ L. □
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Bounds for the big-M values Ml, Nl, Ul, and Wg follow easily from the above
results. Since |ηl| ≤ max(|ϕ+l |, |ϕ

−
l |), the values for Ml are given by Lemma 2. For

Nl, bounds on the difference ηl − ηl are given by Lemma 7 below. Lemma 3 gives the
bounds for Ul. Finally, from constraints (9q) - (9r), it holds that |λg| ≤ |λb(g)|; thus
Lemma 6 provides the bounds for Wg.

Lemma 7 An optimal solution to (DCOPF-LDR) can always be found with values of ηl−ηl
satisfying

|ηl − ηl| ≤ 2 +R′ max
t∈L

{
1

Ft
√
Xt

}√Xl + 2

∑
l∈L

Xl


1
2

 , ∀l ∈ L.

Proof We begin by bounding the magnitude of ηl. By the relation (9l), Lemma 3, and Lemma
6, we have

|ηl| ≤ 2 +R′ max
t∈L

{
1

Ft
√
Xt

}√Xl + 2

∑
l∈L

Xl


1
2

 . (13)

If s′l = 0, then ηl = 0 and ηl − ηl = −ηl. Alternatively, if s′l = 1, then ηl − ηl = 0. □

To incorporate phase angle bounds into the preceding analysis, we assume all phase
angles have an absolute value of at most T . This adds to the primal problem

− T ≤ θb ≤ T, ∀b ∈ B, (χ−
b , χ

+
b ) (14a)

where χ+, χ− are the dual variables. The dual objective function becomes

max −
∑
l∈L

Fl(ϕ
+
l + ϕ−l )−

∑
b∈B

Rbαb −
∑
b∈B

Vbβb −
∑
g∈G

P+
g γ

+
g +

∑
g∈G

P−
g γ

−
g

+
∑
b∈B

λbRb − T
∑
b∈B

(
χ+
b + χ−

b

)
and constraint (2k) is replaced with∑

l|o(l)=b

s′lµl −
∑

l|d(l)=b

s′lµl − χ+
b + χ−

b = 0, ∀b ∈ B, (θb) (14b)

where

χ+
b , χ

−
b ≥ 0, ∀b ∈ B.

The following result replaces Lemma 1 to account for phase angle bounds, where R′ has
the same definition. Lemma 9 bounds the new dual variables, and Lemma 10 replaces
Lemma 3. Bounds on λb and ηl − ηl can be determined in a fashion similar to the
proofs of Lemma 6 and Lemma 7 with the appropriate bound on µl from Lemma 10.
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Lemma 8 With the presence of phase angle bounds (14a), an optimal solution to (DCOPF-
LDR) always satisfies ∑

l∈L

(ϕ+l + ϕ−l )Fl + T
∑
b∈B

(
χ+b + χ−b

)
≤ R′.

Proof Repeating the proof of Lemma 1, starting with the following inequality, gives the result.∑
l∈L

(ϕ+l + ϕ−l )Fl + T
∑
b∈B

(
χ+b + χ−b

)
≤ −

∑
b∈B

Rbαb −
∑
b∈B

Vbβb −
∑
g∈G

P+
g γ

+
g

+
∑
g∈G

P−
g γ

−
g +

∑
b∈B

λbRb.

□

Lemma 9 With the presence of phase angle bounds (14a), an optimal solution to (DCOPF-
DR) can always be found with values of χ+ and χ− satisfying

χ+b ≤ R′

T
, ∀b ∈ B,

χ−b ≤ R′

T
, ∀b ∈ B.

Proof Utilizing Lemma 8, the proof is nearly identical to the proof of Lemma 2. □

Lemma 10 With the presence of phase angle bounds (14a), an optimal solution to (DCOPF-
LDR) can always be found with values of µl satisfying

|µl| ≤
(

R′
√
Xl

)
max
t∈L

{
1

Ft
√
Xt

}
+
R′

T
, ∀l ∈ L.

Proof Rewriting constraints (9j) - (9l), with (14b) in place of (2k), for components restricted
to K gives

NKµK = χ+K − χ−K ,

−NT
KλK −XKµK = ϕ+K − ϕ−K . (16a)

Multiplying −NKX−1
K to the left-hand side of (16a) gives

NKX−1
K NT

KλK = NKX−1
K (ϕ−K − ϕ+K)−NKµK .

Similar to the proof of Lemma 3, removing the same arbitrary row from NK and λK , gives
the equivalent system

ÑKX−1
K ÑT

K λ̃K = ÑKX−1
K (ϕ−K − ϕ+K)− ÑKµK .

The grounding argument gives

X
−1/2
K NT

KλK = X
−1/2
K ÑT

K λ̃K

= X
−1/2
K ÑT

K(ÑKX−1
K ÑT

K)−1ÑKX−1
K (ϕ−K − ϕ+K)
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−X
−1/2
K ÑT

K(ÑKX−1
K ÑT

K)−1ÑKµK

= HKX
−1/2
K (ϕ−K − ϕ+K)−X

1/2
K JK(χ̃+K − χ̃−K)

where the matrix

HK := X
−1/2
K ÑT

K(ÑKX−1
K ÑT

K)−1ÑKX
−1/2
K

is symmetric and idempotent and

JK := X−1
K ÑT

K(ÑKX−1
K ÑT

K)−1

is the PTDF matrix for component K. Multiplying X
−1/2
K to the left-hand side of all terms

in (16a) gives

X
1/2
K µK = −X

−1/2
K NT

KλK +X
−1/2
K (ϕ−K − ϕ+K)

= −HKX
−1/2
K (ϕ−K − ϕ+K) +X

1/2
K JK(χ̃+K − χ̃−K) +X

−1/2
K (ϕ−K − ϕ+K)

= (I −HK)(X
−1/2
K (ϕ−K − ϕ+K)) +X

1/2
K JK(χ̃+K − χ̃−K).

Looking at the lth component of X
1/2
K µK ,

|X1/2
l µl| ≤

∣∣∣((I −HK)X
−1/2
K (ϕ−K − ϕ+K)

)
l

∣∣∣+ ∣∣∣(X1/2
K JK(χ̃+K − χ̃−K)

)
l

∣∣∣ . (16b)

Note that the first term in (16b) is bounded within the proof of Lemma 3 and we have∣∣∣((I −HK)X
−1/2
K (ϕ−K − ϕ+K)

)
l

∣∣∣ ≤ ∥(I −HK)X
−1/2
K (ϕ−K − ϕ+K)∥2

≤ R′ max
l∈L

{
1

Fl
√
Xl

}
.

For the second term, we have∣∣∣(JK(χ̃+K − χ̃−K)
)
l

∣∣∣ =
∣∣∣∣∣∣
∑
b∈K

(JK)l,b(χ
+
b − χ−b )

∣∣∣∣∣∣
≤
∑
b∈K

∣∣(JK)l,b
∣∣ |χ+b − χ−b |

≤
∑
b∈K

|χ+b − χ−b | (16c)

≤
∑
b∈B

(χ+b + χ−b )

≤ R′

T
,

where (16c) follows since a PTDF matrix on a network with positive reactances has entries
with magnitude at most one, and the last inequality follows from Lemma 8. Substituting into
(16b) gives √

Xl|µl| ≤ R′ max
l∈L

{
1

Fl
√
Xl

}
+
√
Xl

(
R′

T

)
.

□
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4 Spectral Bounds for Grounded Laplacians

We now consider another approach for obtaining valid big-M values in the interdiction
setting presented above. With this, we aim to provide an alternative to Lemma 6
that generalizes well to other interdiction problems on graphs, as we demonstrate in
Section 6 below. This new approach is motivated by the fact that the interdiction
problems that we consider in this paper are always defined on top of an underlying
graph, from which we may be able to extract useful information. Additionally, the
constraints in (DCOPF-DR) involving dual variables that we must bound for our
formulation depend directly on the topology of connected subgraphs of the underlying
graph via their incidence matrices. We demonstrate that there is a natural algebraic
manipulation of these constraints that yields valid big-M values, provided that one has
access to a lower bound on the minimal eigenvalue of the so-called grounded Laplacian
of the underlying graph.

In this section, we develop the necessary spectral results to carry out the method
alluded to above. Importantly, we expect that our results may be of independent
interest to researchers in spectral graph theory, social network analysis, and other
fields of operations research that may encounter grounded Laplacians. In Theorem 1
and Theorem 2, we develop two novel bounds on the minimal eigenvalues of grounded
Laplacians, both of which are tight for certain classes of graphs. Although the former
bound is more useful in the setting of interdiction (i.e., in the worst-case setting),
the latter bound provides better control over the minimal eigenvalues of grounded
Laplacians of dense graphs.

We also extend our bounds to signless grounded Laplacians; while we do not require
spectral bounds for these matrices for DCOPF, such results are needed when we study
second-order cone relaxations of ACOPF in Section 6.2 below.

To provide motivation for the results presented in this section, we first present the
manner in which an algebraic manipulation of the constraints of (DCOPF-DR) yields
a natural dependence on the minimal eigenvalue of a grounded Laplacian. Later, in
Section 6, we generalize this technique significantly, illustrating its applicability to two
additional interdiction models that are more complex than DCOPF.

The following analysis assumes that there are no bounds on phase angles in the
primal DCOPF problem. To begin, we require an intermediate lemma, using the same
notation as Lemma 6.

Lemma 11 Given a connected component K of L \A for a fixed attack A, as in Lemma 6,

there exists a dual-optimal point λ ∈ R|B| such that

∥λ̃K∥∞ ≤ R′∥(ÑKÑ
⊤
K)−1ÑK∥2

(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
=

R′

σmin(Ñ
⊤
K)

(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
,

where σmin(Ñ
⊤
K) denotes the minimal singular value of Ñ⊤

K .
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Proof First, we remark that if K is a connected component, then Ñ⊤
K has full column-rank

so that σmin(Ñ
⊤
K) > 0. Now, recall from (8a) that

N⊤
KλK = −XKµK + (ϕ−K − ϕ+K).

By again dropping an arbitrary row of NK to form a matrix ÑK with full row-rank, we can
ensure that Ñ⊤

K has a well-defined left inverse, given by its pseudoinverse

(Ñ⊤
K)† := (ÑKÑ

⊤
K)−1ÑK ∈ R(n−1)×m.

Note that from (8e), we have

X
−1/2
K ÑT

K λ̃K = HX
−1/2
K (ϕ−K − ϕ+K),

where H is symmetric and idempotent, which gives

∥Ñ⊤
K λ̃K∥2 ≤

(
max
l∈L

√
Xl

)(
max
l∈L

{
R′

Fl
√
Xl

})
.

We conclude by noting that

∥λ̃K∥∞ ≤ ∥λ̃K∥2 = ∥(Ñ⊤
K)†Ñ⊤

K λ̃K∥2
≤ ∥(Ñ⊤

K)†∥2∥Ñ⊤
K λ̃K∥2

≤ ∥(Ñ⊤
K)†∥2

(
max
l∈L

√
Xl

)(
max
l∈L

{
R′

Fl
√
Xl

})
= R′∥(ÑKÑ

⊤
K)−1ÑK∥2

(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
. (18a)

The conclusion now follows immediately, as the spectral norm of the Moore–Penrose
pseudoinverse of a matrix A ∈ Rm×(n−1) with full column-rank is simply given by

∥(A⊤A)−1A⊤∥2 = ∥A†∥2 =
1

σmin(A)
,

where σmin(A) denotes the minimal nonzero singular value of A. □

By combining Lemma 11 and Lemma 4, we obtain the following stronger result.
Below, we note that Ñ⊤

K depends on the choice of bus removed in the argument

from Lemma 3, and as a result, σmin(Ñ
⊤
K) also depends on this choice. To make this

dependence explicit, we write Ñb(K)⊤ to denote the incidence matrix induced by
removing bus b ∈ B′, where B′ is the set of buses in K.

Lemma 12 Given a connected component K of L \ A for a fixed attack A, there exists a

dual-optimal point λ ∈ R|B| such that

∥λK∥∞ ≤ R′

minb∈B′ σmin(Ñb(K)⊤)

(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
+ 1.

Proof As in Lemma 3, we may take

λ̂K = λK − λb1

for some b ∈ B′. Let λ̃K be the result of removing bus b from λ̂K , with Ñb(K)⊤ the corre-
sponding incidence matrix. Now, by Lemma 4, we also know that at least one of the following
must hold:
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(1) There exists b− ∈ B′ such that λb− ≤ 0 and b+ ∈ B′ such that λb+ ≥ 0.
(2) There exists b1 ∈ B′ such that |λb1 | ≤ 1.

If condition (2) holds, then observe that

∥λK − λb11∥∞ ≤ R′

σmin(Ñb1(K)⊤)

(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
implies that

∥λK∥∞ ≤ R′

σmin(Ñb1(K)⊤)

(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
+ 1

by triangle inequality. If condition (1) holds, then for all b ∈ B′ such that λb ≥ 0, we have
that

λb − λb− ≤ R′

σmin(Ñb−(K)⊤)

(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
,

which implies that

λb = |λb| ≤
R′

σmin(Ñb−(K)⊤)

(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
.

On the other hand, for all b ∈ B′ such that λb ≤ 0, we have that

|λb+ − λb| = λb+ − λb

≤ R′

σmin(Ñb+(K)⊤)

(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
so that

−λb = |λb| ≤
R′

σmin(Ñb+(K)⊤)

(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
.

In particular, for all b ∈ B′, it follows that

|λb| ≤
R′

minb∈B′ σmin(Ñb(K)⊤)

(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
+ 1

as claimed. □

The bound in Lemma 12 still depends on σmin(Ñ
⊤
K). This quantity is determined

by the topology of the underlying graph and the attacker’s choice of interdiction. Thus,
to obtain a tractable bound from Lemma 12, a universal lower bound on σmin(Ñ

⊤
K)

is required. The results that follow provide such a lower bound utilizing tools from
spectral graph theory. First, we recall the necessary definitions.

Definition 1 Given an undirected graph G = (V,E), with vertex set V and edge set E,
the Laplacian of G is given by L(G) = D(G) − A(G). In turn, fixing a vertex v ∈ V , the
grounded Laplacian of G with respect to v, denoted by Lv(G), results from removing the row
and column of L(G) corresponding to v.

Both the Laplacian and the grounded Laplacian of an undirected graph have an
alternative interpretation in terms of incidence matrices. Specifically, if G = (V,E)
has incidence matrix N(G) ∈ R|V |×|E|, formed by placing an arbitrary orientation

20



on the edges of G, then L(G) = N(G)N(G)⊤. Similarly, removing a row from N(G),
corresponding to a vertex v ∈ V , yields a matrix Nv(G) ∈ R(|V |−1)×|E| such that
Lv(G) = Nv(G)Nv(G)⊤ [21, Lemma 8.3.2]. Consequently, it is immediate that

σmin(Nv(G)) =
√
νmin(Lv(G)),

where νmin(Lv(G)) denotes the minimal eigenvalue of Lv(G).

Remark 1 The non-standard notation for eigenvalues in this section is intended to avoid
notational clash with the variables in (DCOPF-DR) that we aim to bound.

Unifying notation, the matrix ÑK above is preciselyNv(K), whereK is a connected
component of the graph that remains upon interdiction and v ∈ K is an unknown
vertex. With this in mind, we often write L̃ to denote a grounded Laplacian, with
L̃ = ÑÑ⊤, when the grounding vertex v ∈ V is arbitrary. At this point, we can state
our first bound on the minimal eigenvalue of a grounded Laplacian.

Lemma 13 Suppose that G = (V,E) is a connected graph on |V | = n ≥ 2 vertices. If L̃ is
an arbitrary grounded Laplacian of G, then there exists a connected graph G′ = (V ′, E′) on
|V ′| = 2n− 1 vertices such that

νn−1(L̃) ≥ ν2n−2(L
′) > 0,

where L′ is the Laplacian of G′.

Proof To construct G′, take two disjoint copies G1 = (V1, E1) and G2 = (V2, E2) of the

original graph G. If the vertex removed from G to form the grounded Laplacian L̃ is v ∈ V ,
then connect G1 and G2 at v. As a result, V ′ = (V1 \ {v}) ∪ (V2 \ {v}) ∪ {v}, and the edge
set of G′ is simply given by E′ = E1 ∪E2. Consequently, G

′ = (V ′, E′) is a graph on 2n− 1
vertices.

Now, let L′ denote the Laplacian of G′. For any vector x ∈ Rn−1 \ {0}, we observe that

x⊤L̃x = x⊤ÑÑ⊤x =
∑

(i,j)∈E,i,j ̸=v

(xi − xj)
2 +

∑
(i,v)∈E

x2i ,

where Ñ is the result of removing the row corresponding to v ∈ V from the node-arc inci-
dence matrix N of G. On the other hand, we enumerate the vertices of G′, given by V ′ =
{v′1, . . . , v′2n−1}, so that {v′1, . . . , v′n−1} = V1\{v}, v = v′n, and {v′n+1, . . . , v

′
2n−1} = V2\{v}.

In turn, define y ∈ R2n−1 by

yi =


xi 1 ≤ i ≤ n− 1,

0 i = n,

−xi−n n+ 1 ≤ i ≤ 2n− 1.

By construction, we observe that

1⊤y =

2n−1∑
i=1

yi =

n−1∑
i=1

xi −
n−1∑
i=1

xi = 0
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so that y is orthogonal to the nullspace of L′, spanned by the vector of all ones. Moreover,
we can explicitly compute

y⊤L′y =
∑

(i,j)∈E1,i,j ̸=v

(xi − xj)
2 +

∑
(i,j)∈E2,i,j ̸=v

(xi − xj)
2 +

∑
(i,v)∈E1

x2i +
∑

(i,v)∈E2

x2i

= 2x⊤L̃x,

while it is immediately clear that y⊤y = 2x⊤x. Thus,

x⊤L̃x

x⊤x
=
y⊤L′y

y⊤y
.

If we define

W := {y ∈ R2n−1 \ {0} : y⊤1 = 0},

then

x⊤L̃x

x⊤x
=
y⊤L′y

y⊤y
≥ inf

w∈W

w⊤L′w

w⊤w
= ν2n−2(L

′),

applying the Courant–Fischer min-max theorem in the last equality. Applying the same result
to the left-hand side in the previous display, this time taking the infimum over all nonzero
x ∈ Rn−1, we find that

νn−1(L̃) ≥ ν2n−2(L
′)

as claimed. □

As an immediate corollary to Lemma 13, we obtain the following worst-case lower
bound on the smallest eigenvalue of a grounded Laplacian.

Theorem 1 If G = (V,E) is a connected graph on |V | = n ≥ 2 vertices and L̃ is an arbitrary
grounded Laplacian of G, then

νn−1(L̃) ≥ 2

(
1− cos

(
π

2n− 1

))
.

Proof From Lemma 13, there exists a connected graph G′ on 2n− 1 vertices, with Laplacian
L′, such that

νn−1(L̃) ≥ ν2n−2(L
′).

Now, ν2n−2(L
′) is the algebraic connectivity of G′. Among the set of all connected graphs

on 2n − 1 vertices, algebraic connectivity is minimized by the path graph P2n−1 on 2n − 1
vertices so that

νn−1(L̃) ≥ ν2n−2(L
′) ≥ ν2n−2(P2n−1) = 2

(
1− cos

(
π

2n− 1

))
,

with the expression for ν2n−2(P2n−1) coming from [22]. □

Recalling that L̃ = ÑÑ⊤, we immediately obtain

σn−1(Ñ) ≥

√
2

(
1− cos

(
π

2n− 1

))
= Θ(n−1),
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taking a Taylor expansion of cosine to obtain the asymptotics of the lower bound on
σn−1(Ñ). For the purposes of converting the bound in Lemma 12 into an inequality
that does not depend on K, the connected component that results from the attacker’s
choice of interdiction, this result suffices and yields the following big-M values.

Lemma 14 Given a connected component K of L \ A for a fixed attack A, there exists a

dual-optimal point λ ∈ R|B| such that

∥λK∥∞ ≤ R′
{
2

(
1− cos

(
π

2n− 1

))}−1/2(
max
l∈L

√
Xl

)(
max
l∈L

{
1

Fl
√
Xl

})
+ 1.

If R′ = O(n), as is typically the case from Lemma 1, then we obtain a big-M
bound on λ that satisfies ∥λ∥∞ ≤ O(n2) from Theorem 1, where n is the number of
vertices in the underlying graph.

For the sake of completeness, we present a different lower bound on the minimal
eigenvalue of a grounded Laplacian that, while not optimal in the worst-case setting,
will outperform Theorem 1 for certain dense graphs. Specifically, if the connected
component K is known a priori, this alternative bound can be preferable.

Several important results connect the spectra of Laplacians and grounded Lapla-
cians. For instance, the following two forms of Kirchhoff’s matrix tree theorem, one
of the most fundamental results of spectral graph theory, form an elegant connection
between spanning trees of a connected graph and the spectrum of its Laplacian (resp.
an arbitrary grounded Laplacian).

Proposition 1 (Theorem 13.2.1, [21]) Let G be a graph on n vertices with Laplacian L =
L(G) ∈ Rn×n. Fix an arbitrary vertex v, and remove the corresponding row and column

from L to form the grounded Laplacian L̃ := Lv(G). Then, if τ(G) denotes the number of
spanning trees of G, we have that

τ(G) = det(L̃) =

n−1∏
i=1

νi(L̃).

Note that the above proposition still holds, even if G is disconnected. Indeed,
τ(G) = 0 for a disconnected graph, as do both of the characterizations of the number

of spanning trees in terms of L̃. We can also characterize τ(G) directly in terms of the
spectrum of L.

Proposition 2 (Lemma 13.2.4, [21]) Let G be a graph on n vertices, with the eigenvalues
of its Laplacian L = L(G) ordered as ν1(L) ≥ . . . ≥ νn−1(L) ≥ νn = 0. Then, we have that

τ(G) =
1

n

n−1∏
i=1

νi(L).
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Evidently, combining Proposition 1 and Proposition 2 reveals that, given a
connected graph G on n vertices,

n−1∏
i=1

νi(L̃) =
1

n

n−1∏
i=1

νi(L),

where L̃ is an arbitrary grounded Laplacian of G. To provide a nontrivial bound on
the singular values of a grounded Laplacian, we require one more intermediate result
from linear algebra: Cauchy’s interlacing theorem.

Proposition 3 (Theorem 4.3.17, [23]) Let B ∈ Rn×n be a symmetric matrix, with y ∈ Rn

and a ∈ R. Taking

A =

[
B y

y⊤ a

]
∈ R(n+1)×(n+1),

we have that

ν1(A) ≥ ν1(B) ≥ ν2(A) ≥ . . . ≥ νn(A) ≥ νn(B) ≥ νn+1(A),

with the eigenvalues of both matrices sorted in decreasing order.

Equipped with the preceding results, we can now state and prove our second
spectral bound for grounded Laplacians.

Theorem 2 Let G be a connected graph on n vertices. If N denotes the node-arc incidence
matrix of G and Ñ denotes the node-arc incidence matrix with an arbitrary row removed,
then

σn−1(Ñ) ≥ n−1/2σn−1(N).

Proof As hinted at above, we combine the results of Proposition 1 and Proposition 2. In
particular, if L = NN⊤ and L̃ = ÑÑ⊤ denote the Laplacian and an arbitrary grounded
Laplacian of G respectively, we have that

n−1∏
i=1

νi(L̃) = τ(G) =
1

n

n−1∏
i=1

νi(L).

Isolating νn−1(L̃) = σn−1(Ñ)2, observe that

νn−1(L̃) =

(
1

n

n−2∏
i=1

νi(L)

νi(L̃)

)
νn−1(L).

Now, recall that L̃ can be equivalently viewed as a principal (n− 1)× (n− 1) submatrix of
L. Thus, the interlacing result from Proposition 3 applies, revealing that

νi(L) ≥ νi(L̃) > 0
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for all i = 1, . . . , n− 1. We have that

n−2∏
i=1

νi(L)

νi(L̃)
≥ 1

so that

νn−1(L̃) ≥
1

n
νn−1(L).

Taking the square root of both sides of the above equation yields the result. □

Results analogous to Theorem 2 have arisen in both automatic control and social
network analysis; see [24] for instance. In particular, in automatic control, the matrix

Lv := ÑKÑ
⊤
K

is labeled the grounded Laplacian of a connected graph, with grounding set of size
|S| = 1. The minimal eigenvalue of Lv is of particular interest in automatic control
systems because it describes the rate of convergence in multi-agent control systems
with leader-follower dynamics [25]. To the best of our knowledge, [26] provides the
best available bounds on the minimal eigenvalue of Lv.

Proposition 4 (Theorem 1, [26]) Consider a connected graph G = (V,E), and select a

grounded vertex v ∈ V . Let νn−1 denote the smallest eigenvalue of the grounded Laplacian L̃
and x the corresponding nonnegative eigenvector, normalized so that maxi=1,...,n−1 xi = 1.
Then, writing xmin := mini=1,...n xi,

dv
n− 1

xmin ≤ νn−1 ≤ dv
n− 1

,

where dv is the degree of the grounded vertex v.

The above result relies on the fact that, due to the Perron–Frobenius theorem, the
eigenvector of L̃ corresponding to its minimal eigenvalue can be taken to have non-
negative components. Furthermore, if removing the grounded vertex and its incident
edges does not result in a graph with multiple connected components, then the com-
ponents of the eigenvector x may be chosen to be positive [26]. Next, [26, Lemma 1]
derives a bound on xmin, the minimal component of the (ℓ∞-normalized) eigenvector
corresponding to νn−1. First, enumerate the vertices of V as (v1, . . . , vn), and assume
without loss of generality that v = vn. We define, for i ∈ {1, . . . , n− 1},

δi :=

{
1 (vi, vn) ∈ E,

0 otherwise.

Taking ∆ := diag(δ1, . . . , δn−1), we can write L̃ = L + ∆, where L is the Laplacian
of the graph formed upon removing vertex v and all its incident edges from G. If L
corresponds to a connected graph, as is the case if the vertex connectivity of G exceeds
one, then [26] provides the following:
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Proposition 5 (Lemma 1, [26]) Let L ∈ R(n−1)×(n−1) be such that L̃ = L+∆, as defined
above, and x the eigenvector corresponding to νn−1, as in Proposition 4. Then,

xmin ≥ 1− 2
√
dv

νn−2(L)
,

where νn−2(L) > 0 is the smallest nonzero eigenvalue of the modified Laplacian L and dv is
again the degree of the grounded vertex v.

Here, we remark that for graphs where removing a single vertex results in multiple
connected components, the above proposition does not apply. Additionally, the bound
on xmin is only useful in the case that νn−2(L) > 2

√
dv, which need not be the case

even when L describes a connected graph. For instance, take L to be the Laplacian of
the chordless cycle graph on n vertices. Then, L is the Laplacian of the path graph
on n− 1 vertices. In turn, we have that

νn−2(L) = 2

(
1− cos

(
π

n− 1

))
< 2

√
2 = 2

√
dv,

even though L still describes a connected graph, with the above characterization
of the algebraic connectivity of the path graph coming from [22]. Thus, in many
cases, the result of Proposition 5 provides trivial lower bounds when substituted into
Proposition 4.

Given the result of Theorem 2, we return to the bound in Lemma 12. In particular,
it remains to establish a tractable bound that holds for any connected component K
of a graph after interdiction. Because

σnK−1(ÑK) ≥ n
−1/2
K σnK−1(NK),

it suffices to establish a lower bound on σnK−1(NK) =
√
νnK−1(LK) =

√
α(K), where

α(K) := νnK−1(LK)

denotes the algebraic connectivity of K. Here, we distinguish nK , the number of
vertices in a connected component K, from n, which we will use to denote the number
of vertices in the underlying graph (prior to interdiction). In turn, we aim to obtain
an optimal lower bound on σnK−1(NK) that only depends on n and other invariants
of the underlying graph. To begin, observe that nK ≤ n for any connected component
K. On the other hand, because the path graph minimizes algebraic connectivity (see
[22]), we have that

α(K) ≥ 2(1− cos(π/nK)) ≥ 2(1− cos(π/n)).

Thus, a Taylor expansion of cosine again yields

σnK−1(ÑK) ≥ n−1/2
√

(π2n−2 +O(n−4)) = Θ(n−3/2).
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Converting this into a bound akin to that of Lemma 14, we would obtain ∥λK∥∞ ≤
O(n5/2). In the setting of interdiction, it appears difficult to systematically improve
this bound without any knowledge of the topology of the connected component K.
More specifically, if we could instead find the connected subgraph of a graph that
minimizes algebraic connectivity (rather than relying on the coarse lower bound pro-
vided by the path graph), then it would also be possible to obtain a better bound in
Lemma 14. Unfortunately, this is an NP-hard problem.

Lemma 15 The following decision problem is NP-complete: given a connected graph G on
n ≥ 2 vertices, does there exist a connected subgraph K ⊆ G with α(K) ≤ 2(1− cos(π/n))?

Proof We reduce from the Hamiltonian path decision problem: given a graph G = (V,E),
does G contain a Hamiltonian path? Recall that a Hamiltonian path is a path that visits
every vertex of G exactly once, and the above decision problem is known to be NP-complete
for general connected graphs G; see [27, Section A1.3].

On one hand, suppose that for all connected subgraphs K ⊆ G, we have that

α(K) > 2(1− cos(π/n)).

Then, G cannot contain a Hamiltonian path Pn. Indeed, if G did contain a Hamiltonian path,
then

α(Pn) = 2(1− cos(π/n)) < α(K),

a contradiction of the fact that α(K) > 2(1−cos(π/n)) over all connected subgraphs K ⊆ G.
On the other hand, suppose that α(K) ≤ 2(1−cos(π/n)) for some K ⊆ G. If K has k ≤ n

vertices, then because the path graph minimizes algebraic connectivity over all connected
graphs on k vertices (see [22]), we have that

α(K) ≥ 2(1− cos(π/k)) ≥ 2(1− cos(π/n)),

with equality if and only if k = n due to the monotonicity of the expression α(Pk) in k.
Thus, α(K) = 2(1 − cos(π/n)), and K has n vertices. From the well-known fact that the
path on n vertices uniquely minimizes algebraic connectivity over all connected graphs with
n vertices (see, for instance, [28, Section 3]), it follows that K = Pn. In other words, G has
a Hamiltonian path.

We have established that G has a connected subgraph K with α(K) ≤ 2(1 − cos(π/n))
if and only if G has a Hamiltonian path. This also proves that the decision problem belongs
to NP because a Hamiltonian path provides a certificate that can be verified in polynomial
time. □

Corollary 1 Given a graph G on n vertices, finding that connected subgraph K ⊆ G that
minimizes algebraic connectivity is NP-hard.

We can now comment on the utility of Theorem 1 and Theorem 2, which are tight
for different classes of graphs. Indeed, the inequality in Theorem 2 is tight for the
complete graph Kn on n vertices, for which

σn−1(Ñ) = 1 = n−1/2σn−1(N).
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On the other hand, for the path graph Pn on n vertices, solving a linear difference
equation for the eigenvalues of the grounded Laplacian shows that the bound from
Theorem 1 is tight; see Lemma 16 below. Nonetheless, to the best of our knowledge,
both Theorem 1 and Theorem 2 provide novel, tight spectral bounds for grounded
Laplacians that may be useful beyond the setting of interdiction.

Lemma 16 If Pn is the path graph on n vertices with grounded vertex v an endpoint of the
path and L̃ is the corresponding grounded Laplacian, then

νn−1(L̃) = 2

(
1− cos

(
π

2n− 1

))
= ν2n−2(L

′),

where L′ is the Laplacian of the path graph on 2n− 1 vertices.

Proof We can explicitly compute the eigenvalues and eigenvectors of the grounded Laplacian
in this case, observing that the grounded Laplacian is given by

L̃ =



1 −1
−1 2 −1

−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 2


.

In turn, the equation L̃x = λx can be written as
x1 − x2 = λx1,

−xk−1 + 2xk − xk+1 = λxk, k = 2, . . . , n− 1,

xn = 0.

First, we solve the homogeneous linear difference equation

−xk−1 + (2− λ)xk − xk+1 = 0

via the ansatz λ = 2(1− cos(θ)) for some θ ∈ (0, π). If this is the case, then 2− λ ∈ (−2, 2),
and the auxiliary equation p(r) = r2 − (2 − λ)r + 1 has two complex roots with magnitude
one. As a result, the linear difference equation has a general solution of the form

xk = A sin(kθ) +B cos(kθ), k = 1, . . . , n

for some coefficients A,B ∈ R. From the condition x2 = (1−λ)x1 = (2 cos(θ)− 1)x1, we find
that

A sin(2θ) +B cos(2θ) = (2 cos(θ)− 1)(A sin(θ) +B cos(θ))

= 2A sin(θ) cos(θ) + 2B cos2(θ)− (A sin(θ) +B cos(θ)).

Applying double-angle identities to the left-hand side, we find that

B = A sin(θ) +B cos(θ).

We then find that

B =
A sin(θ)

1− cos(θ)
=

2A sin(θ/2) cos(θ/2)

1− (1− 2 sin2(θ/2))
= A

cos(θ/2)

sin(θ/2)
.
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From the condition xn = 0, we then compute

A sin(nθ) +B cos(nθ) = sin(nθ) sin(θ/2) + cos(nθ) cos(θ/2) = 0,

assuming that A ̸= 0. Finally, because cos(θ − ϕ) = cos(θ) cos(ϕ) + sin(θ) sin(ϕ), we obtain

cos((n− 1/2)θ) = 0,

from which it follows that(
2n− 1

2

)
θ =

π

2
+ πk =⇒ θ =

2k + 1

2n− 1
π

for some k ∈ Z. For k = 0, . . . , n − 2, this yields n − 1 distinct eigenvectors of L̃, with
corresponding eigenvalues

νn−k−1(L̃) = 2

(
1− cos

(
2k + 1

2n− 1
π

))
.

Taking k = 0 yields the smallest eigenvalue νn−1(L̃) and thus the result. □

We conclude this section by extending some of the above bounds to the setting of
signless grounded Laplacians. Although these objects do not appear in our study of
DCOPF, they will be useful when we extend the methods presented in this section
to other power flow models such as the second-order cone relaxations of ACOPF
presented in Section 6.2. Therein, we require a bound on the singular values of the
signless incidence matrix S ∈ R|V |×|E| for a graph G = (V,E), with entries

Sve =

{
1 vertex v is incident to edge e,

0 otherwise.
(23)

In turn, S defines a signless LaplacianQ ∈ R|V |×|V | viaQ := SS⊤. Unlike the standard
graph Laplacian, the signless Laplacian is full rank when G is connected and not
bipartite [29, 30]. The signless incidence matrix S of a graph G = (V,E) is defined in
(23) above, and the corresponding signless Laplacian is given by Q = SS⊤. As with
the standard Laplacian, the signless Laplacian also admits a representation in terms
of the degrees D = diag(d1, . . . , dn) and adjacency matrix A of G, with Q = D +A.

In the case that G is bipartite, then it is well-known that the Laplacian L = D−A
and the signless Laplacian Q are similar via a diagonal matrix R and hence have the
same spectrum; see [31, Proposition 1.3.10]. In fact, it is easy to see that this similarity
extends to grounded Laplacians and their signless counterparts. In the signless case,
the grounded signless Laplacian Q̃ is again a principal submatrix of Q, obtained by
removing a row and column indexed by a vertex v ∈ V from Q.

Lemma 17 If G = (V,E) is a connected bipartite graph with |V | = n ≥ 2 vertices and L̃ and

Q̃ are grounded signed and signless Laplacians respectively, formed using the same grounded
vertex v ∈ V , then L̃ and Q̃ are similar and hence have the same spectrum. In particular,

νn−1(Q̃) = νn−1(L̃) ≥ 2

(
1− cos

(
π

2n− 1

))
.
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Proof From [31, Proposition 1.3.10], there exists a diagonal matrix R ∈ Rn×n such that

L = RQR−1. Moreover, L̃ = J⊤LJ and Q̃ = J⊤QJ , where J ∈ Rn×(n−1) is the identity
matrix with the column corresponding to the grounded vertex v removed. Observe that
J⊤J = I ∈ R(n−1)×(n−1), while JJ⊤ ∈ Rn×n is a diagonal matrix that commutes with R
and R−1, both of which are also diagonal. In turn, we compute

L̃ = J⊤LJ = J⊤RQR−1J = J⊤JJ⊤RQR−1JJ⊤J

= J⊤RJJ⊤QJJ⊤R−1J

= R̃Q̃R̃−1,

where R̃ = J⊤RJ is diagonal with nonzero diagonal entries by the definition of J . The lower
bound on νn−1(Q̃) then follows directly from Theorem 1. □

Finally, by eliminating edges from a connected graph to obtain a spanning tree,
which is certainly bipartite, we obtain a lower bound on the minimal eigenvalue of the
grounded signless Laplacian for any connected graph.

Lemma 18 If G = (V,E) is a connected graph on |V | = n ≥ 2 vertices and Q̃ is an arbitrary
grounded, signless Laplacian, then

νn−1(Q̃) ≥ 2

(
1− cos

(
π

2n− 1

))
.

Proof Say that T = (V,E′) is a spanning tree of G, with E′ ⊆ E. Because Q̃ = S̃S̃⊤, we can
write

Q̃ =
∑
e∈E

s̃es̃
⊤
e ,

where s̃e ∈ Rn−1 is the eth column of S̃. The corresponding grounded Laplacian Q̃′ of the
spanning tree T is given by

Q̃′ =
∑
e∈E′

s̃es̃
⊤
e =⇒ Q̃− Q̃′ =

∑
e∈E\E′

s̃es̃
⊤
e ⪰ 0.

Because Q̃ ⪰ Q̃′, the variational characterization of the minimal eigenvalue of a matrix
implies that νn−1(Q̃) ≥ νn−1(Q̃

′). Finally, T is a spanning tree and hence a bipartite graph

on n vertices, so by Lemma 17, the stated lower bound on νn−1(Q̃
′) and hence νn−1(Q̃)

follows. □

5 Computational Results

We tested our DCOPF formulation on three test problems from the MATPOWER
power flow package ([1]) and a model of the Texas power grid developed by the Electric
Reliability Council of Texas (ERCOT). All test problem sizes are shown in Table 2.
To match standard practice and improve numerical stability, we normalized all of the
power flow, generation, and load values by a factor of 100. We did not include phase
angle bounds in these experiments. To match assumptions made in Section 3, negative
loads in the data were excluded, and any generators with negative generation bounds
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Table 2 Test problem sizes.

Test Problem Buses |B| Branches |L| Generators |G|
RTS96 73 110 33
Case300 300 411 69
Case2746wop 2746 3514 514
ERCOT 8412 9971 795

were adjusted to have nonnegative bounds. Negative reactance values in the data were
retained, but for calculating bounds as a function of reactance, we used the absolute
value of the reactance. For instances containing negative reactances, this substitution
is heuristic; the theoretical validity guarantees derived under positive reactances do not
directly apply. While we allowed both load shedding and overgeneration, we modified
the formulation to only penalize load shed in the primal objective function.

Since big-M formulations are not the only way to represent the product of binary
and continuous variables, we considered two alternate encodings for such products:
indicator constraints and the generalized disjunctive programming (GDP) hull. For
a constraint y = bx, where b is binary and x is continuous, an indicator constraint
specifies that if b = 1, then y = x, while an alternative constraint specifies that if
b = 0 then y = 0 [32]. With the GDP hull encoding, the hull reformulation defines
separate lifted variables for the two cases b = 0 and b = 1. The lifted variables are then
restricted via linking constraints and bound-scaling constraints in terms of b, allowing
for the relaxation b ∈ [0, 1] during the branch and bound procedure [33]. Indicator
constraints perform better with dual variable bounds and the GDP hull requires dual
variable bounds, so we employed the same bounds that we used for the big-M values.

For RTS96 and Case300, we used both full big-M values from the bounds presented
in Section 3 and reduced big-M values obtained by taking the minimum of each
evaluated bound and the corresponding cap in Table 4. The reduced big-M values
illustrate that the formulation remains effective with smaller big-M values and runs
significantly faster. For the larger cases Case2746wop and ERCOT, optimizing with the
full big-M values created numerical issues that rendered the formulation unsolvable,
so we were only able to obtain results with the reduced big-M values. The largest
evaluated bounds for each variable and test case are shown in Table 3. For RTS96
and Case300, we used the bound on λb from Lemma 6 as opposed to the bound from
Theorem 2 since it was lower. The caps for all experiments with reduced big-M values
are shown in Table 4.

Table 3 Largest big-M value bounds for test cases.

Variable RTS96 Case300 Case2746wop ERCOT
λb from Lemma 6 1.20E3 4.67E2 1.56E6 2.21E7
λb from Theorem 2 3.77E4 1.83E5 4.34E9 7.96E11

ϕ+
l , ϕ−

l 4.88E1 1.01E0 3.72E3 6.15E5
µl 4.35E3 2.2E3 3.08E7 7.39E8
ηl, ηl − ηl 2.60E3 1.04E3 3.22E6 4.75E7
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Table 4 Caps for
reduced big-M values.

Variable Value
λb 3

ϕ+
l , ϕ−

l 3
µl 20
ηl, ηl − ηl 4

The formulation was implemented in Pyomo 6.7 with Python 3.9, using Gurobi 10.0
for optimization ([7, 34, 35]). For the GDP hull experiments, we modeled the linear
disjunctions in Pyomo.GDP and generated the hull reformulation using its gdp.hull
transformation. For all experiments we used a single node on LLNL’s Borax/Boraxo
high-performance computing cluster. This cluster is a 64-bit Linux system running
TOSS 4 with Intel Xeon Gold architecture and has 2.3 GHz processors with 36 cores
per node and 192 GB memory per node. Gurobi parameters were chosen to improve
runtime and use the appropriate number of threads for the cluster. The set of param-
eters differing from the default values is shown in Table 5. We imposed a wall-clock
time limit of four days for all experiments.

Table 5 Gurobi
parameters.

Parameter Value
presolve 2
mipfocus 3
heuristics 0.5
cuts 3
threads 36

For all of our experiments, following determination of interdicted components from
the mixed-integer programming formulation, we solved a separate linear program for
each experiment that calculates load shed resulting from the disabled components.
This linear program serves as a validation test as it is not susceptible to numerical
issues that can arise in mixed-integer programs with large big-M values, such as trickle
flow. Trickle flow occurs when a constraint of the form y ≤Mb, where b ∈ {0, 1} and
y ∈ R+, is intended to fix y = 0 when b = 0. However, if M = 1E5 and b = 9.99E-5,
then with an integrality tolerance of 1E-4, y can be as large as 9.99 while b is accepted
as zero within the integrality tolerance.

Results for RTS96 with k = 1 to k = 6 and the full big-M values from bounds
are shown in Table 6. The MIP and LP objective values match for k = 1, 2, 3 and
differ slightly for k = 4, 5, 6. The most noticeable discrepancy is with the indicator
encoding for k = 5, but in all cases the objective value difference is less than 1%.
Table 7 shows the results using the reduced big-M values. The smaller big-M values
improve numerical stability as all MIP and LP objective values match. All runtimes
are reduced to less than five minutes, allowing larger k values to be considered.

32



Case300 results with full big-M values are shown in Table 8. Since the problem
has significantly more buses and branches than RTS96, we were only able to solve
to optimality with k = 1, 2, 3 for all constraint encodings (along with k = 4 for the
hull encoding) as we imposed a four day time limit on all experiments. The dagger-
marked entries for k = 4, 5 indicate the best incumbent solution after four days. There
are slight numerical differences in the MIP and LP solutions for k = 4, 5. Using the
reduced big-M values as shown in Table 9 gives minimal numerical differences and
runtimes less than five minutes. For both RTS96 and Case300, there is agreement
between the full and reduced big-M LP load shed values for all k tested with both
choices of bounds.

Results for Case2746wop and ERCOT are shown in Table 10 and Table 11. The
full big-M values were too large to generate numerically stable formulations for these
test cases so we cannot claim that the results are optimal. For choosing reduced big-M
values, note that if the MIP objective and LP objective values differ significantly for
any k, that provides evidence that big-M values are too small and need to be increased.
We chose the reduced big-M values by starting with small values and increasing them
until there were no discrepancies in MIP and LP objective values. The final values
shown in Table 4 were found after only a few experiments; there may be smaller values
that still yield the same results as our experiments. While significant differences in MIP
and LP objective values often imply that the big-M values are too small, matching
objective values do not necessarily imply that the big-M values are sufficiently large.
Thus we cannot claim that our selection heuristic is necessarily strong or sufficient.

Across the test cases, the performance of big-M , indicator, and GDP hull formula-
tions is comparable, but the GDP hull formulation is slightly favorable. No formulation
was uniformly fastest; for instance, the indicator encoding is faster than the other two
encodings on RTS96 with full big-M values for k = 5, 6, but it is slower than the
GDP hull encoding on Case300 with reduced big-M values for k = 2, 3, 4, 5. However,
aggregating across all 41 experiments, big-M converged in 37 experiments, indicator
in 36, and GDP hull in 38. The average runtimes for the 36 experiments where all
three algorithms converged are 5,938.7s for big-M , 7,511.8s for indicator, and 5,713.2s
for GDP hull.

The final interdiction solutions in all four test cases are mostly composed of buses
and generators as opposed to branches. In all cases for k = 1, the solution is a bus
interdiction. For k = 10, the interdiction for RTS96 is nine buses and one generator,
and the interdiction for Case300 is ten buses. Likewise for Case2746wop and ERCOT,
the interdictions for k = 5 are all buses. This behavior is expected as disabling a bus
interrupts all of the branches connecting to it and is often more powerful than disabling
a single branch. We conjecture that some optimal interdictions containing generators
admit alternative optimal solutions that interdict the corresponding buses instead.

6 Additional Applications

To demonstrate the generality of our results, we apply the proof methods in Section 3
and Section 4 for interdiction under two new models: the decoupled linear power flow
(DLPF) formulation from Yang et al. and a second-order cone formulation similar to
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Table 6 Experiments for RTS96 with full big-M values from bounds.

k Big-M Indicator Hull
Shed (MW) Time (s) Shed (MW) Time (s) Shed (MW) Time (s) LP Shed

1 333.0 4 333.0 6 333.0 6 333.0
2 666.0 14 666.0 16 666.0 19 666.0
3 999.0 105 999.0 79 999.0 108 999.0
4 1317.1 506 1316.8 598 1316.0 371 1316.0
5 1635.2 5334 1636.2 2542 1635.1 6649 1633.0
6 1952.0 33704 1951.2 8046 1951.1 39500 1950.0

Table 7 Experiments for RTS96 with reduced big-M values.

k Big-M Indicator Hull
Shed (MW) Time (s) Shed (MW) Time (s) Shed (MW) Time (s) LP Shed

1 333.0 2 333.0 1 333.0 1 333.0
2 666.0 10 666.0 5 666.0 9 666.0
3 999.0 10 999.0 9 999.0 8 999.0
4 1316.0 12 1316.0 17 1316.0 12 1316.0
5 1633.0 18 1633.0 40 1633.0 18 1633.0
6 1950.0 47 1950.0 50 1950.0 38 1950.0
7 2217.0 46 2217.0 71 2217.0 52 2217.0
8 2550.0 50 2550.0 121 2550.0 62 2550.0
9 2883.0 86 2883.0 224 2883.0 89 2883.0
10 3216.0 113 3216.0 281 3216.0 116 3216.0

Table 8 Experiments for Case300 with full big-M values from bounds.

k Big-M Indicator Hull
Shed (MW) Time (s) Shed (MW) Time (s) Shed (MW) Time (s) LP Shed

1 1019.2 82 1019.2 92 1019.2 117 1019.2
2 2299.1 624 2299.2 840 2299.1 676 2299.1
3 3318.5 26147 3318.4 25279 3318.8 22352 3318.3
4 4237.3† (52%) 345600 4242.3† (29%) 345600 4238.6 223590 4236.2
5 5517.2† (59%) 345600 5521.9† (48%) 345600 5517.6† (38%) 345600 5516.1

†Terminated at time limit of four days with indicated MIP gap.

that of Wu et al. [18, 20]. Since our goal is to demonstrate applicability, we only allow
branches to be interdicted in both models. To further simplify algebraic expressions,
we do not account for overgeneration, and we assume that all generators have lower
bounds on generation equal to zero.

The notation in the following subsections is similar to the DCOPF notation. To
distinguish between real and imaginary components, we use the superscripts P and Q
throughout. We redefine some variables, such as R′, with the intent of making them
specific to each subsection.
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Table 9 Experiments for Case300 with reduced big-M values.

k Big-M Indicator Hull
Shed (MW) Time (s) Shed (MW) Time (s) Shed (MW) Time (s) LP Shed

1 1019.2 12 1019.2 11 1019.2 4 1019.2
2 2299.1 20 2299.1 21 2299.1 15 2299.1
3 3318.3 30 3318.3 48 3318.3 26 3318.3
4 4236.2 65 4236.2 57 4236.2 51 4236.2
5 5516.1 69 5516.1 147 5516.1 94 5516.1
6 6535.3 75 6535.4 152 6535.3 144 6535.3
7 7389.0 155 7389.0 142 7389.0 125 7389.0
8 8408.2 129 8408.2 155 8408.2 129 8408.2
9 9013.2 159 9013.2 203 9013.2 125 9013.2
10 9631.6 180 9631.7 253 9631.6 171 9631.6

Table 10 Experiments for Case2746wop with reduced big-M values.

k Big-M Indicator Hull
Shed (MW) Time (s) Shed (MW) Time (s) Shed (MW) Time (s) LP Shed

1 619.9 209 619.9 281 619.9 205 619.9
2 978.8 862 978.8 1660 978.8 971 978.8
3 1267.8 4351 1267.8 6102 1267.8 4089 1267.8
4 1539.8 20511 1539.8 44334 1539.8 21771 1539.8
5 1806.3 182832 1806.3† (6%) 345600 1806.3 195386 1806.3

†Terminated at time limit of four days with indicated MIP gap.

Table 11 Experiments for ERCOT with reduced big-M values.

k Big-M Indicator Hull
Shed (%) Time (s) Shed (%) Time (s) Shed (%) Time (s) LP Shed (%)

1 0.9 5590 0.9 5579 0.9 6356 0.9
2 2.9 21017 2.9 30545 2.9 23784 2.9
3 5.4 93444 5.4 142416 5.4 77413 5.4
4 7.4† (19%) 345600 7.4† (61%) 345600 7.4† (20%) 345600 7.4
5 9.9† (84%) 345600 9.9† (97%) 345600 9.9† (94%) 345600 9.9

†Terminated at time limit of four days with indicated MIP gap.

6.1 DLPF Model

The main features of the DLPF model are that it models both real and reactive
power flow and provides estimates of bus voltage magnitude [18]. This makes it more
sophisticated than DCOPF, though it can still be solved for a fixed network as a
linear program. The DLPF primal linear program allowing for branch interdictions is
shown in (DLPF-Primal). All generation, flow, and load shed variables are complex.
The objective function minimizes the sum of combined real and imaginary load shed,
where c ≥ 0 is a fixed constant. We denote the real and imaginary upper bounds
on power generation by PP

g and PQ
g , respectively. Each bus has a voltage variable Vb

constrained by bounds V −
b , V

+
b . We assume that there exists a shared voltageW ′ such
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that for all buses, V −
b < W ′ < V +

b . The branch parameters B′
l and B

′′
l are determined

based on modeling assumptions. In the simplest case, both B′
l and B′′

l are equal to
the branch susceptance Bl = X−1

l .
The dual reformulation is shown in (DLPF-DR). Its structure is similar to the

DCOPF dual but with sets of constraints for real and imaginary components. Basic
dual variable bounds are provided in Lemma 19 and Lemma 20. The existence of λP

and λQ values that are close to zero for at least one bus is shown in Lemma 21.

(DLPF-Primal)

min
∑
b∈B

(
rPb + crQb

)
(24a)

s.t.
∑
g∈Gb

pPg −
∑

l:o(l)=b

slf
P
l +

∑
l:d(l)=b

slf
P
l (24b)

+ rPb = RP
b , ∀b ∈ B, (λPb ) (24c)∑

g∈Gb

pQg −
∑

l:o(l)=b

slf
Q
l +

∑
l:d(l)=b

slf
Q
l (24d)

+ rQb = RQ
b , ∀b ∈ B, (λQb ) (24e)

V −
b ≤ Vb ≤ V +

b , ∀b ∈ B, (κ−b , κ
+
b ) (24f)

0 ≤ pPg ≤ PP
g , ∀g ∈ G, (γPg ) (24g)

0 ≤ pQg ≤ PQ
g , ∀g ∈ G, (γQg ) (24h)

0 ≤ rPb ≤ RP
b , ∀b ∈ B, (αP

b ) (24i)

0 ≤ rQb ≤ RQ
b , ∀b ∈ B, (αQ

b ) (24j)

sl
(
fPl −B′

l(θo(l) − θd(l))
)
= 0, ∀l ∈ L, (µP

l ) (24k)

sl

(
fQl −B′′

l (Vo(l) − Vd(l))
)
= 0, ∀l ∈ L, (µQ

l ) (24l)

− Fl ≤ fPl ≤ Fl, ∀l ∈ L, (ϕP−
l , ϕP+

l ) (24m)

− Fl ≤ fQl ≤ Fl, ∀l ∈ L. (ϕQ−
l , ϕQ+

l ) (24n)

Lemma 19 Let

R′ :=
∑
b∈B

(
RP
b + cRQ

b

)
.

There always exists an optimal solution to (DLPF-DR) that satisfies∑
l∈L

Fl(ϕ
P+
l + ϕP−

l + ϕQ+
l + ϕQ−

l ) ≤ R′.

Proof The proof is almost identical to the DCOPF case, except we need to show here that∑
b∈B

(−κ+b V
+
b + κ−b V

−
b ) ≤ 0.

36



It is clear that ∑
b∈B

(−κ+b V
+
b + κ−b V

−
b ) ≤

∑
b∈B

W ′(−κ+b + κ−b ).

Summing (27h) over all buses gives∑
b∈B

−κ+b + κ−b =
∑
l∈L

slB
′′
l µ

Q
l −

∑
l∈L

slB
′′
l µ

Q
l = 0. (26a)

□

(DLPF-DR)

max
∑
b∈B

(
RP

b (λ
P
b − αP

b ) +RQ
b (λ

Q
b − αQ

b )− κ+b V
+
b + κ−b V

−
b

)
+

∑
g∈G

(
−PP

g γ
P
g − PQ

g γ
Q
g

)
−
∑
l∈L

Fl(ϕ
P+
l + ϕP−

l + ϕQ+
l + ϕQ−

l ) (27a)

s.t. − γPg + λPb(g) ≤ 0, ∀g ∈ G, (pPg ) (27b)

− γQg + λQb(g) ≤ 0, ∀g ∈ G, (pQg ) (27c)

− αP
b + λPb ≤ 1, ∀b ∈ B, (rPb ) (27d)

− αQ
b + λQb ≤ c, ∀b ∈ B, (rQb ) (27e)

sl(−λPo(l) + λPd(l) − µP
l )− ϕP+

l + ϕP−
l = 0, ∀l ∈ L, (fPl ) (27f)

sl(−λQo(l) + λQd(l) − µQ
l )− ϕQ+

l + ϕQ−
l = 0, ∀l ∈ L, (fQl ) (27g)

κ+b − κ−b −
∑

l:o(l)=b

slB
′′
l µ

Q
l +

∑
l:d(l)=b

slB
′′
l µ

Q
l = 0, ∀b ∈ B, (27h)

∑
l:o(l)=b

slB
′
lµ

P
l −

∑
l:d(l)=b

slB
′
lµ

P
l = 0, ∀b ∈ B, (27i)

γPg , γ
Q
g ≥ 0, ∀g ∈ G, (27j)

αP
b , α

Q
b , κ

−
b , κ

+
b ≥ 0, ∀b ∈ B, (27k)

λPb , λ
Q
b free, ∀b ∈ B, (27l)

ϕP+
l , ϕP−

l , ϕQ+
l , ϕQ−

l ≥ 0, ∀l ∈ L, (27m)

µP
l , µ

Q
l free, ∀l ∈ L. (27n)

Lemma 20 Let

V ′ := min
b∈B

min{V +
b −W ′,W ′ − V −

b }.

There always exists an optimal solution to (DLPF-DR) that satisfies∑
b∈B

(κ+b + κ−b ) ≤ R′

V ′ .
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Proof We have∑
b∈B

(
κ+b V

+
b − κ−b V

−
b

)
=
∑
b∈B

(
(V +

b −W ′)κ+b + (W ′ − V −
b )κ−b

)
≥ V ′ ∑

b∈B

(κ+b + κ−b ), (29a)

where we have used (26a). Since the dual objective function must be nonnegative at
optimality, we have∑

b∈B

RP
b (λ

P
b − αP

b ) +
∑
b∈B

RQ
b (λQb − αQ

b ) +
∑
b∈B

(−κ+b V
+
b + κ−b V

−
b )

≥
∑
g∈G

(PP
g γ

P
g + PQ

g γ
Q
g ) +

∑
l∈L

Fl(ϕ
P+
l + ϕP−

l + ϕQ+
l + ϕQ−

l )

≥ 0.

Then, ∑
b∈B

(
κ+b V

+
b − κ−b V

−
b

)
≤
∑
b∈B

RP
b (λ

P
b − αP

b ) +
∑
b∈B

RQ
b (λQb − αQ

b )

≤ R′. (29b)

Combining (29b) and (29a) gives the result. □

Lemma 21 For any connected component consisting of buses B′ ⊆ B, an optimal solution
to (DLPF-DR) exists with variables λPB′ , λ

Q
B′ satisfying both conditions:

(i) There exists i∗ ∈ B′ such that 0 ≤ λPi∗ ≤ 1.

(ii) There exists j∗ ∈ B′ such that 0 ≤ λQj∗ ≤ c.

Proof We consider the impact of λPB′ , λ
Q
B′ on the objective function and the constraints

(27b)–(27e). Define

LQ(b) := RQ
b (λQb − αQ

b )−
∑
g∈Gb

PQ
g γ

Q
g .

Choosing αQ
b and γQg optimally as a function of λQb , we have

LQ(b) =


RQ
b λ

Q
b , λQb < 0,

RQ
b λ

Q
b − (

∑
g∈Gb

PQ
g )λQb , 0 ≤ λQb ≤ c,

RQ
b c− (

∑
g∈Gb

PQ
g )λQb , λQb ≥ c,

which is a concave function that is maximized when λQb ∈ [0, c]. Note that constant shifts

to λQb do not impact the remaining constraints. Hence the portion of the objective function∑
b∈B′ L

Q(b) has a maximum where for some j∗ ∈ B′, λQj∗ ∈ [0, c]. An analogous argument

shows that for some i∗ ∈ B′, λPi∗ ∈ [0, 1]. □

Note that whenever a surviving connected component is a singleton, Lemma 21
immediately gives bounds on ∥λPK∥∞ and ∥λQK∥∞. Hence, we assume that |V (K)| ≥ 2
throughout the following lemmata.
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The bilinear terms in (DLPF-DR) are handled with substitutions analogous to the
DCOPF case:

slη
P
l = ϕP+

l − ϕP−
l , ∀l ∈ L,

ηPl = −µP
l + λPd(l) − λPo(l), ∀l ∈ L,

slη
Q
l = ϕQ+

l − ϕQ−
l , ∀l ∈ L,

ηQl = −µQ
l + λQd(l) − λQo(l), ∀l ∈ L.

The new variables are then

ηPl := slη
P
l , ∀l ∈ L,

µP
l := slµ

P
l , ∀l ∈ L,

ηQl := slη
Q
l , ∀l ∈ L,

µQ
l := slµ

Q
l , ∀l ∈ L.

Bounding µP
l is nearly identical to bounding µl in the DCOPF case with no phase angle

bounds as constraint (27i) is an expression that only involves the dual variables µP
l , or

equivalently µP
l . This is shown in Lemma 22. On the other hand, since constraint (27h)

contains the voltage bound dual variables κ+b −κ
−
b , bounding µ

Q
l must be accomplished

using an approach similar to the DCOPF case with phase angle bounds, as shown in
Lemma 23.

Lemma 22 An optimal solution to (DLPF-DR) can always be found with values of µPl
satisfying

|µPl | ≤
R′√
B′
l

max
t∈L

{√
B′
t

Ft

}
, ∀l ∈ L.

Proof Consider a surviving connected component K. Let B′
K be the diagonal matrix for

{B′
l : l ∈ K}. We have

NKB′
Kµ

P
K = 0,

−NT
Kλ

P
K − µPK = ϕP+

K − ϕP−
K . (32a)

Multiplying −NKB′
K to the left-hand side of (32a) gives

NKB′
KN

T
Kλ

P
K = NKB′

K(ϕP−
K − ϕP+

K )−NKB′
Kµ

P
K

= NKB′
K(ϕP−

K − ϕP+
K ). (32b)

Grounding gives the equivalent system

ÑKB′
KÑ

T
K λ̃

P
K = ÑKB′

K(ϕP−
K − ϕP+

K ). (32c)

We compare the solutions in (32c) and (32b):

B′1/2
K NT

Kλ
P
K = B′1/2

K ÑT
K λ̃

P
K
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= B′1/2
K ÑT

K(ÑKB′
KÑ

T
K)−1ÑKB′

K(ϕP−
K − ϕP+

K )

= HB′1/2
K (ϕP−

K − ϕP+
K ) (32d)

where the matrix

H := B′1/2
K ÑT

K(ÑKB′
KÑ

T
K)−1ÑKB′1/2

K

is symmetric and idempotent.

Multiplying B′1/2
K to the left-hand side of all terms in (32a) gives

B′1/2
K µPK = −B′1/2

K NT
Kλ

P
K +B′1/2

K (ϕP−
K − ϕP+

K )

= −HB′1/2
K (ϕP−

K − ϕP+
K ) +B′1/2

K (ϕP−
K − ϕP+

K )

= (I −H)(B′1/2
K (ϕP−

K − ϕP+
K )).

Using the fact that I −H is idempotent,

∥B′1/2
K µPK∥2 ≤ ∥I −H∥2∥B′1/2

K (ϕP−
K − ϕP+

K )∥2

≤ ∥B′1/2
K (ϕP−

K − ϕP+
K )∥2. (32e)

The square of the right-hand side of (32e) is upper-bounded by the optimal value of the
mathematical program

max
∑
l∈K

B′
l(ϕ

P−
l − ϕP+

l )2 (32f)

s.t.
∑
l∈K

(ϕP+
l + ϕP−

l )Fl ≤ R′, (32g)

ϕP+
l ≥ 0, ϕP−

l ≥ 0, ∀l ∈ K. (32h)

The optimal objective value of (32f) - (32h) is equal to maxl∈K

{
B′
l

(
R′

Fl

)2}
. Using√

B′
l|µ

P
l | ≤ ∥B′1/2

K µPK∥2 for all l ∈ K, we have

√
B′
l|µ

P
l | ≤ max

l∈K

R′
√
B′
l

Fl


≤ R′ max

l∈L


√
B′
l

Fl

 . (32i)

The last inequality follows since K ⊆ L. The expression (32i) holds for all possible connected
components K and hence for all l ∈ L. □

Lemma 23 An optimal solution to (DLPF-DR) can always be found with values of µQl
satisfying

|µQl | ≤ R′√
B′′
l

max
t∈L

{√
B′′
t

Ft

}
+

1

B′′
l

(
R′

V ′

)
, ∀l ∈ L.
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Proof Consider a surviving connected component K. Let B′′
K be the diagonal matrix for

{B′′
l : l ∈ K}. We have

NKB′′
Kµ

Q
K = κ+K − κ−K ,

−NT
Kλ

Q
K − µQK = ϕQ+

K − ϕQ−
K . (33a)

Multiplying −NKB′′
K to the left-hand side of (33a) gives

NKB′′
KN

T
Kλ

Q
K = NKB′′

K(ϕQ−
K − ϕQ+

K )−NKB′′
Kµ

Q
K .

Grounding and removing reference bus b0 gives the equivalent system

ÑKB′′
KÑ

T
K λ̃

Q
K = ÑKB′′

K(ϕQ−
K − ϕQ+

K )− ÑKB′′
Kµ

Q
K .

Then,

B′′1/2
K NT

Kλ
Q
K = B′′1/2

K ÑT
K λ̃

Q
K

= B′′1/2
K ÑT

K(ÑKB′′
KÑ

T
K)−1ÑKB′′

K(ϕQ−
K − ϕQ+

K )

−B′′1/2
K ÑT

K(ÑKB′′
KÑ

T
K)−1ÑKB′′

Kµ
Q
K

= HKB′′1/2
K (ϕQ−

K − ϕQ+
K )−B′′−1/2

K JK(κ̃+K − κ̃−K) (33b)

where the matrix

HK := B′′1/2
K ÑT

K(ÑKB′′
KÑ

T
K)−1ÑKB′′1/2

K

is symmetric and idempotent and

JK := B′′
KÑ

T
K(ÑKB′′

KÑ
T
K)−1

is the PTDF matrix for component K. Multiplying B′′1/2
K to the left-hand side of all terms

in (33a) gives

B′′1/2
K µQK = −B′′1/2

K NT
Kλ

Q
K +B′′1/2

K (ϕQ−
K − ϕQ+

K )

= −HKB′′1/2
K (ϕQ−

K − ϕQ+
K ) +B′′−1/2

K JK(κ̃+K − κ̃−K) +B′′1/2
K (ϕQ−

K − ϕQ+
K )

= (I −HK)(B′′1/2
K (ϕQ−

K − ϕQ+
K )) +B′′−1/2

K JK(κ̃+K − κ̃−K).

Looking at the lth component of B′′1/2
K µQK ,

|
√
B′′
l µ

Q
l | ≤

∣∣∣((I −HK)B′′1/2
K (ϕQ−

K − ϕQ+
K )

)
l

∣∣∣+ ∣∣∣(B′′−1/2
K JK(κ̃+K − κ̃−K)

)
l

∣∣∣ . (33c)

The first term can be bounded using arguments within the proof of Lemma 22 and we have∣∣∣((I −HK)B′′1/2
K (ϕQ−

K − ϕQ+
K )

)
l

∣∣∣ ≤ ∥(I −HK)B′′1/2
K (ϕQ−

K − ϕQ+
K )∥2

≤ R′ max
l∈L


√
B′′
l

Fl

 .

For the second term, we have∣∣∣(JK(κ̃+K − κ̃−K)
)
l

∣∣∣ =
∣∣∣∣∣∣
∑

b∈K,b̸=b0

(JK)l,b(κ
+
b − κ−b )

∣∣∣∣∣∣
≤

∑
b∈K,b̸=b0

∣∣(JK)l,b
∣∣ |κ+b − κ−b |
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≤
∑
b∈K

|κ+b − κ−b |

≤
∑
b∈B

(κ+b + κ−b )

≤ R′

V ′ .

Substituting into (33c) gives

√
B′′
l |µ

Q
l | ≤ R′ max

l∈L


√
B′′
l

Fl

+
1√
B′′
l

(
R′

V ′

)
.

□

From Lemma 22 and Lemma 23, we can obtain bounds on λQb and λPb using the
same strategy as in Section 4. In particular, from (32a) (resp. (33a)), we can leverage

bounds on µP
K (resp. µQ

K) and a bound on the smallest nonzero singular value of Ñ⊤
K .

For the sake of notational clarity, we define

ρn :=

√
2

(
1− cos

(
π

2n− 1

))
, (34)

the quantity that arises from the lower bound on the minimal eigenvalue of a grounded
Laplacian of a connected graph on n vertices from Theorem 1.

Lemma 24 Given a connected component K of L \A for a fixed attack A, there exist dual

optimal points λQK and λPK such that

∥λPK∥∞ ≤ R′

ρn

max
l∈L

1√
B′
l

max
l∈L


√
B′
l

Fl


+ 1

and

∥λQK∥∞ ≤ R′

ρn

√
n− 1max

l∈L

 1√
B′′
l

max
t∈L

{√
B′′
t

Ft

}
+

1

B′′
l V

′

+max
l∈L

{
1

Fl

}+ c,

where n is the number of vertices in the underlying graph.

Proof We replicate the proof of Lemma 12 in both instances. For λPK , we begin with (32d),
which states that

B′1/2
K NT

Kλ
P
K = HB′1/2

K (ϕP−
K − ϕP+

K ).

We can apply Lemma 21 to find an index b ∈ K such that, at optimality |λPb | ≤ 1. Upon

dropping the column of N⊤
K and entry of λPK − λPb 1 corresponding to the bus b ∈ K to form

Ñ⊤
K and λ̃PK , respectively, we obtain

B′1/2
K ÑT

K λ̃
P
K = HB′1/2

K (ϕP−
K − ϕP+

K ),
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where ∥λPK∥∞ ≤ ∥λ̃PK∥∞ + 1. Taking norms of both sides and leveraging the fact that H is
symmetric and idempotent, as well as the bound from Lemma 19, we obtain

∥ÑT
K λ̃

P
K∥2 ≤ R′ max

l∈L

 1√
B′
l

max
l∈L


√
B′
l

Fl

 .

Now, repeating the exact same computation as in (18a), we find that

∥λ̃PK∥∞ ≤ R′

σmin(Ñ
⊤
K)

max
l∈L

 1√
B′
l

max
l∈L


√
B′
l

Fl

 .

From Theorem 1, the minimal singular value of Ñ⊤
K is bounded below by

σmin(Ñ
⊤
K) ≥ ρn

where n is the number of nodes in the underlying graph, thus yielding the stated bound on
∥λPK∥∞.

To obtain a bound on λQK , we instead utilize (33a), which reads

−N⊤
Kλ

Q
K = µQK + ϕQ+

K − ϕQ−
K .

Given a connected component K, we can find a spanning tree T ⊆ K and an associated row-
selection matrix PK ∈ R|E(T )|×|E(K)| such that PKN

⊤
K = N⊤

T , where NT is the incidence
matrix of the spanning tree. Multiplying the above system by PK , we obtain a modified
system

−N⊤
T λ

Q
K = PK(µQK + ϕQ+

K − ϕQ−
K ),

where the right-hand side satisfies

∥PK(µQK + ϕQ+
K − ϕQ−

K )∥2 ≤ ∥PKµ
Q
K∥2 + ∥PK(ϕQ+

K − ϕQ−
K )∥2

≤
√
n− 1∥µQK∥∞ + ∥ϕQ+

K − ϕQ−
K ∥2.

We use the fact that T has at most n− 1 edges as a spanning tree of a graph on at most n
vertices and for v ∈ Rm, we have that ∥v∥2 ≤

√
m∥v∥∞.

Now, Lemma 21 shows that, at optimality, there exists a bus b ∈ K such that |λQb | ≤ c.

Let λ̂QK := λQK −λQb 1. Define λ̃QK by removing the entry corresponding to bus b from λ̂QK , and

define ÑT by removing the corresponding row from NT . We now obtain a system of the form

−Ñ⊤
T λ̃

Q
K = PK(µQK + ϕQ+

K − ϕQ−
K ),

where ∥λQK∥∞ ≤ ∥λ̃QK∥∞ + c. Repeating the exact same reasoning as before, applying
Lemma 23 and Lemma 19, we obtain

∥λ̃QK∥∞ ≤ R′

σmin(Ñ
⊤
T )

√
n− 1max

l∈L

 1√
B′′
l

max
t∈L

{√
B′′
t

Ft

}
+

1

B′′
l V

′

+max
l∈L

{
1

Fl

} .

For the first term above, we use the bound on ∥µQK∥∞ from Lemma 23. For the second term,
the same reasoning as in the proof of Lemma 22 yields the bound

∥ϕQ−
K − ϕQ+

K ∥2 ≤ R′ max
l∈L

{
1

Fl

}
.

Finally, applying the lower bound on σmin(Ñ
⊤
T ) from Theorem 1 gives the desired bound. □
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We can also obtain a slightly cleaner, albeit asymptotically equivalent, bound on
λQK as follows.

Lemma 25 There exists a dual optimal point λQK such that

∥λQK∥∞ ≤ R′

ρn
max
l∈L

 1√
B′′
l


max

l∈L


√
B′′
l

Fl

+

√
n− 1

V ′ max
l∈L

 1√
B′′
l


+ c.

Proof Beginning from (33b), we multiply by the same row selection matrix PK as in the
proof of the preceding lemma to obtain the system

N⊤
T λ

Q
K = PK(B′′

K)−1/2(HKB′′1/2
K (ϕQ−

K − ϕQ+
K )−B′′−1/2

K JK(κ̃+K − κ̃−K)).

As above, T ⊆ K is a spanning tree. Shifting λQK by λQb 1, where |λQb | ≤ c, to form λ̃QK and

Ñ⊤
T , we see that

∥Ñ⊤
T λ̃

Q
K∥2 ≤ 1(

minl∈L

√
B′′
l

)∥HKB′′1/2
K (ϕQ−

K − ϕQ+
K )∥2 + ∥PKB′′−1

K JK(κ̃+K − κ̃−K)∥2

≤ 1(
minl∈L

√
B′′
l

)∥B′′1/2
K (ϕQ−

K − ϕQ+
K )∥2 + ∥PKB′′−1

K JK(κ̃+K − κ̃−K)∥2,

noting that ∥PKv∥2 ≤ ∥v∥2 for any v ∈ R|E(K)|.
Now, by the same reasoning as in the proof of Lemma 22, the first term is bounded by

∥B′′1/2
K (ϕQ−

K − ϕQ+
K )∥2 ≤ R′ max

l∈L


√
B′′
l

Fl

 .

On the other hand, it was established in the proof of Lemma 23 that

∥JK(κ̃+K − κ̃−K)∥∞ ≤ R′

V ′ ,

so it follows that

∥PKB′′−1
K JK(κ̃+K − κ̃−K)∥2 ≤

√
n− 1∥PKB′′−1

K JK(κ̃+K − κ̃−K)∥∞

≤
√
n− 1∥B′′−1

K JK(κ̃+K − κ̃−K)∥∞

≤
√
n− 1∥JK(κ̃+K − κ̃−K)∥∞ max

l∈L

{
1

B′′
l

}
≤

√
n− 1R′

V ′ max
l∈L

{
1

B′′
l

}
.

Hence, the same spectral bound as in the proof of Lemma 24 shows that

∥λ̃QK∥∞ ≤ R′

ρn
max
l∈L

 1√
B′′
l


max

l∈L


√
B′′
l

Fl

+

√
n− 1

V ′ max
l∈L

 1√
B′′
l


 ,

and the fact that we can choose λ̃QK such that ∥λQK∥∞ ≤ ∥λ̃QK∥∞ + c gives the result. □
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In both Lemma 24 and Lemma 25, the bounds on ∥λQK∥∞ scale as O(n5/2). Indeed,
R′ = O(n), ρn = Θ(n−1) upon invoking Theorem 1 instead of Theorem 2 (as a worst-
case bound), and we obtained an extra factor of

√
n− 1 from the norm-equivalence

bound ∥v∥2 ≤
√
n− 1∥v∥∞ for v ∈ Rn−1. This stands in contrast to the O(n2) bound

on ∥λPK∥∞ from Lemma 24.

6.2 SOC Model

The second-order cone formulation for optimal power flow is formulated over the same
directed graph structure as the DCOPF formulation, but each branch has separate
variables for forward and backwards flow. For a directed edge (i, j), we denote by fPij
and fQij the real and imaginary components for forward directed flow. Analogously, we

denote by ePij and eQij the real and imaginary components for backwards directed flow.
Generation and load shed variables are also complex.

The primal formulation given a fixed branch interdiction is shown in (SOC-Primal).
The formulation closely resembles the model given in Wu et al. [20]. Lifted variables
are used to represent voltage terms. Given underlying complex bus voltages (Vi)i∈B ,
the squared voltage magnitude |Vi|2 for each bus i is denoted by the quantity Wii.

The terms WP
ij and WQ

ij represent the real and imaginary components of the product
ViV

∗
j . Bounds on squared voltage magnitudes are given by (37f). Similar to the DLPF

model, we assume there exists a squared voltage W ′ such that V 2−
i < W ′ < V 2+

i for
all buses i ∈ B. Note that (37g) enforces the constraint

(WP
ij)

2 + (WQ
ij )

2 ≤WiiWjj .

We use the convention that branch admittance is defined as Yij = Gij − jBij where
Gij ≥ 0 is the conductance, Bij > 0 is the susceptance, and j :=

√
−1. This overloads

the set notation for generators and buses, but the variable meanings should be clear
from context.

The SOC dual reformulation is shown in (SOC-DR). While strong duality ensures
that optimal primal and dual objective values are equal in the DCOPF and DLPF
models, second-order cone formulations generally only guarantee weak duality. Some
efforts have been made to establish conditions ensuring a zero duality gap (see, for
example, Farivar and Low [36]), but we assume here that the dual formulation only
gives a lower bound on the optimal interdiction.

With the intent of bounding λP and λQ variables, we show how our methods can
be used to express these variables in terms of bounds on the dual variables ω0, τ0,
and δ0. While we obtain upper bounds on ω0 and τ0, there is no clear approach for
bounding δ0. The problem can be modified to yield a bound on δ0, for instance by
penalizing it in the dual objective function, but we proceed simply by expressing final
bounds in terms of a bound on δ0.

We anticipate that our methods can be applied to the general lossy case where
all branches have Gij > 0, but we focus on the simplified lossless case here where all
branches satisfy Gij = 0. Lemma 26 establishes a new R′ for this section as well as an
expression for bounding ω0

ij and τ0ij .
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(SOC-Primal)

min
∑
b∈B

rPb (37a)

s.t.
∑
g∈Gb

pPg −
∑

(b,j)∈L

sbjf
P
bj −

∑
(i,b)∈L

sibe
P
ib (37b)

+ rPb = RP
b , ∀b ∈ B, (λPb ) (37c)∑

g∈Gb

pQg −
∑

(b,j)∈L

sbjf
Q
bj −

∑
(i,b)∈L

sibe
Q
ib (37d)

+ rQb = RQ
b , ∀b ∈ B, (λQb ) (37e)

V 2−
i ≤Wii ≤ V 2+

i , ∀i ∈ B, (κ−i , κ
+
i ) (37f)

||2WP
ij , 2W

Q
ij ,Wii −Wjj ||2 ≤Wii +Wjj , ∀(i, j) ∈ L, (δij) (37g)

0 ≤ pPg ≤ PP
g , ∀g ∈ G, (γPg ) (37h)

0 ≤ pQg ≤ PQ
g , ∀g ∈ G, (γQg ) (37i)

0 ≤ rPi ≤ RP
i , ∀i ∈ B, (αP

i ) (37j)

0 ≤ rQi ≤ RQ
i , ∀i ∈ B, (αQ

i ) (37k)

sij

(
fPij − (Gij(Wii −WP

ij) +BijW
Q
ij )

)
= 0, ∀(i, j) ∈ L, (πP

ij) (37l)

sij

(
fQij − (Bij(Wii −WP

ij)−GijW
Q
ij )

)
= 0, ∀(i, j) ∈ L, (πQ

ij) (37m)

sij

(
ePij − (Gij(Wjj −WP

ij)−BijW
Q
ij )

)
= 0, ∀(i, j) ∈ L, (ψP

ij) (37n)

sij

(
eQij − (Bij(Wjj −WP

ij) +GijW
Q
ij )

)
= 0, ∀(i, j) ∈ L, (ψQ

ij) (37o)

||fij ||2 ≤ Fij , ∀(i, j) ∈ L, (ωij) (37p)

||eij ||2 ≤ Fij , ∀(i, j) ∈ L, (τij). (37q)
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(SOC-DR)

max
∑
i∈B

(
RP

i (λ
P
i − αP

i ) +RQ
i (λ

Q
i − αQ

i )− κ+i V
2+
i + κ−i V

2−
i

)
+

∑
g∈G

(
−PP

g γ
P
g − PQ

g γ
Q
g

)
−

∑
(i,j)∈L

Fij(ω
0
ij + τ0ij) (38a)

s.t. − γPg + λPb(g) ≤ 0, ∀g ∈ G, (pPg ) (38b)

− γQg + λQb(g) ≤ 0, ∀g ∈ G, (pQg ) (38c)

− αP
i + λPi ≤ 1, ∀i ∈ B, (rPi ) (38d)

− αQ
i + λQi ≤ 0, ∀i ∈ B, (rQi ) (38e)

sij(λ
P
i + πP

ij) + ωP
ij = 0, ∀(i, j) ∈ L, (fPij) (38f)

sij(λ
Q
i + πQ

ij) + ωQ
ij = 0, ∀(i, j) ∈ L, (fQij )

(38g)

sij(λ
P
j + ψP

ij) + τPij = 0, ∀(i, j) ∈ L, (ePij)

(38h)

sij(λ
Q
j + ψQ

ij) + τQij = 0, ∀(i, j) ∈ L, (eQij) (38i)

κ+i − κ−i

+
∑

j:(i,j)∈L

[
sij(−Gijπ

P
ij −Bijπ

Q
ij)− δ0ij − δ∆ij

]
+

∑
k:(k,i)∈L

[
ski(−Gkiψ

P
ki −Bkiψ

Q
ki)− δ0ki + δ∆ki

]
= 0,∀i ∈ B, (Wii)

(38j)

sij

(
Gij(π

P
ij + ψP

ij) +Bij(π
Q
ij + ψQ

ij)
)
− 2δPij = 0, ∀(i, j) ∈ L, (WP

ij)

(38k)

sij

(
−Bij(π

P
ij − ψP

ij) +Gij(π
Q
ij − ψQ

ij)
)
− 2δQij = 0, ∀(i, j) ∈ L, (WQ

ij )

(38l)

(ωP
ij)

2 + (ωQ
ij)

2 ≤ (ω0
ij)

2, ∀(i, j) ∈ L, (38m)

(τPij)
2 + (τQij )

2 ≤ (τ0ij)
2, ∀(i, j) ∈ L, (38n)

(δPij)
2 + (δQij)

2 + (δ∆ij )
2 ≤ (δ0ij)

2, ∀(i, j) ∈ L, (38o)

γPg , γ
Q
g ≥ 0, ∀g ∈ G, (38p)

αP
i , α

Q
i , κ

−
i , κ

+
i ≥ 0, ∀i ∈ B, (38q)

λPi , λ
Q
i free, ∀i ∈ B, (38r)

ω0
ij , τ

0
ij , δ

0
ij ≥ 0, ∀(i, j) ∈ L, (38s)

πP
ij , π

Q
ij , ψ

P
ij , ψ

Q
ij , δ

P
ij , δ

Q
ij , δ

∆
ij free, ∀(i, j) ∈ L. (38t)
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Lemma 26 Let

R′ :=
∑
b∈B

RP
b .

Every feasible solution to (SOC-DR) with nonnegative objective value satisfies∑
(i,j)∈L

Fij(ω
0
ij + τ0ij) ≤ R′.

Proof The proof is almost identical to the DCOPF case, except we need to show here that∑
i∈B

(−κ+i V
2+
i + κ−i V

2−
i ) ≤ 0.

It is clear that ∑
i∈B

(−κ+i V
2+
i + κ−i V

2−
i ) ≤

∑
i∈B

W ′(−κ+i + κ−i ).

Summing (38j) over all buses gives∑
i∈B

−κ+i + κ−i =
∑

(i,j)∈L

sij(−Gij(π
P
ij + ψP

ij)−Bij(π
Q
ij + ψQ

ij))− 2
∑

(i,j)∈L

δ0ij

= −2
∑

(i,j)∈L

(δPij + δ0ij)

≤ 0,

where we have substituted (38k) and used that |δPij | ≤ δ0ij . □

Moving towards bounding the λ variables, for surviving connected lines, we have
with simple substitution

−Bij(−ωP
ij − λPi + τPij + λPj ) +Gij(−ωQ

ij − λQi + τQij + λQj ) = 2δQij

and equivalently,

−Bij(λ
P
i − λPj ) +Gij(λ

Q
i − λQj ) = −2δQij −Bij(−ωP

ij + τPij) +Gij(−ωQ
ij + τQij ).

Note that we also have

Gij(λ
P
i + λPj ) +Bij(λ

Q
i + λQj ) = −2δPij −Gij(ω

P
ij + τPij)−Bij(ω

Q
ij + τQij ).

In matrix form, using the convention that the node-arc incidence matrix N has +1 at
node origins and −1 at node destinations, we express both relationships as

−BKN
⊤
Kλ

P
K +GKN

⊤
Kλ

Q
K = −2δQK +BK(ωP

K − τPK)−GK(ωQ
K − τQK),

GKS
⊤
Kλ

P
K +BKS

⊤
Kλ

Q
K = −2δPK −GK(ωP

K + τPK)−BK(ωQ
K + τQK).

Note that in the lossless case, GK = 0, decoupling λPK and λQK and providing a path
towards bounds in terms of δ0, ω0, and τ0.
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To begin, we illustrate how our spectral bounds can be extended to signless inci-
dence matrices. In the lossless setting, λPK and λQK are decoupled, leaving us with the
equations

BKS
⊤
Kλ

Q
K = vK , (41a)

−BKN
⊤
Kλ

P
K = wK (41b)

having defined

vK := −2δPK −GK(ωP
K + τPK)−BK(ωQ

K + τQK),

wK := −2δQK +BK(ωP
K − τPK)−GK(ωQ

K − τQK).

The right-hand sides of both equations are bounded by the following lemma.

Lemma 27 At every feasible solution to (SOC-DR) with nonnegative objective value, any
surviving connected component K ⊆ L satisfies

max{∥vK∥∞, ∥wK∥∞} ≤ Cδ := 2

(
∥δ0∥∞ + ∥B∥∞ max

(i,j)∈L

{
R′

Fij

})
, (42)

where δ0 and B are defined over all edges (i, j) ∈ L.

Proof From Lemma 26, we have that

max
(i,j)∈L

{
ω0
ij , τ

0
ij

}
≤ max

(i,j)∈L

{
R′

Fij

}
.

In turn, the SOC constraints in the dual program imply that

max
(i,j)∈L

{
|ωP

ij |, |ω
Q
ij |, |τ

P
ij |, |τ

Q
ij |
}
≤ max

(i,j)∈L

{
R′

Fij

}
,

while max(i,j)∈L{|δPij |, |δ
Q
ij |} ≤ ∥δ0∥∞. Thus, for any surviving connected component K ⊆ L,

we have that

∥vK∥∞ ≤ 2

(
∥δ0∥∞ + ∥B∥∞ max

(i,j)∈L

{
R′

Fij

})
.

By identical reasoning, we have the exact same bound on ∥wK∥∞ for any surviving connected
component K. □

We can now use our spectral framework to bound the spread of both λPK and λQK ,

although a true bound on the entries of λPK and λQK remains slightly out of reach. With
a result akin to Lemma 21 for the SOC model, our graph-theoretic approach will yield
absolute bounds on both λPK and λQK . More specifically, with the exact same strategy as
Section 4 above, we can bound the oscillation oscb∈Kλ

P
K := maxb∈K λPb −minb∈K λPb .

Then, with a slightly more nuanced argument that handles the signless incidence
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matrix that arises in (41a), we obtain a similar bound on ∥λQK∥∞ in terms of |λQmin| :=
minb∈K |λQb |. Throughout, it is useful to denote by

ρn :=

√
2

(
1− cos

(
π

2n− 1

))
(43a)

the tight lower bound on σmin(Ñ
⊤
K) that Theorem 1 yields. Recall that Cδ is the

constant, depending on δ0, that appears in (42).
Finally, it is sometimes useful to reduce from a general connected component K

to a tree. To do so, take an arbitrary spanning tree T ⊆ K. If E(K) and E(T ) denote
the edge sets of K and T respectively, then there exists a matrix PK ∈ R|E(T )|×|E(K)|

such that PKN
⊤
K = N⊤

T and PKS
⊤
K = S⊤

T , where N⊤
T and S⊤

T denote transposes
of the standard and signless incidence matrices of the spanning tree T , respectively.
Multiplying (41b) and (41a) by B−1

K and PK in that order, we obtain

S⊤
T λ

Q
K = PKB−1

K vK , (43b)

N⊤
T λ

P
K = −PKB−1

K wK . (43c)

Importantly, because PK is a row selection matrix, the right-hand sides of (43c) and
(43b) remain bounded in norm by Lemma 27.

Lemma 28 Given a connected component K of L\A for a fixed attack A, any dual optimal
point satisfies

oscb∈Kλ
P
K ≤

√
n− 1

ρn
Cδ max

(i,j)∈L

{
1

Bij

}
,

where n is the number of vertices in the underlying graph.

Proof Assuming that Bij > 0 for all (i, j) ∈ L, (43c) becomes

N⊤
T λ

P
K = −PKB−1

K wK .

The right-hand side satisfies

∥PKB−1
K wK∥2 ≤ max

(i,j)∈L

{
1

Bij

}√
n− 1∥wK∥∞

≤ max
(i,j)∈L

{
1

Bij

}√
n− 1Cδ,

leveraging the bound on ∥wK∥∞ from Lemma 27 as well as the fact that for v ∈ Rn, we have
that ∥v∥2 ≤

√
n∥v∥∞. Importantly, we use the fact that the spanning tree T has at most

n− 1 edges.
On the other hand, picking the index b ∈ K such that λPb is minimized, recall from

Section 4 that λPK − λPb 1 remains a solution to (43c). In particular, if λ̃PK is the result of

removing the entry of λPK − λPb 1 corresponding to λPb and ÑT the result of removing the
corresponding row from NT , then

Ñ⊤
T λ̃

P
K = −PKB−1

K wK , (44)
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where ∥λ̃PK∥∞ = oscb∈Kλ
P
K by construction. To conclude, we apply the exact same reasoning

as in Section 4, observing that

∥λ̃PK∥∞ ≤ ∥λ̃PK∥2 ≤ 1

σmin(Ñ
⊤
T )

∥Ñ⊤
T λ̃

P
K∥2

≤
√
n− 1

ρn
Cδ max

(i,j)∈L

{
1

Bij

}
as claimed. □

With this, we can move towards the more challenging task of bounding the spread
of λQK . In comparison to the previous lemma, such a bound is complicated by the fact
that, unlike N⊤

K , the nullspace of the signless incidence matrix S⊤
K is only nontrivial if

K is bipartite. However, we can sidestep this difficulty with some casework, leveraging
a bound from [37] on the minimal eigenvalue of the signless Laplacian QK = SKS

⊤
K in

the case thatK is not bipartite. WhenK is bipartite, our usual approach, coupled with
a bound on the smallest eigenvalue of a grounded signless Laplacian, still suffices with
minimal modifications. First, we have the following bound on the minimal eigenvalue
of the signless Laplacian when K is not bipartite.

Lemma 29 If G = (V,E) is a connected, non-bipartite graph with |V | = n ≥ 2 vertices and
maximal degree ∆, then if Q denotes the signless Laplacian of G, the minimal eigenvalue of
Q satisfies

νn(Q) ≥ 1

2∆n2
.

Proof We leverage the bound on νn(Q) from [37], which was originally presented in [38,
Theorem 3.2], up to an additional factor of two.

First, if U,W ⊂ V , let e(U) := {(i, j) ∈ E : i, j ∈ U} and e(U,W ) := {(i, j) ∈ E :
i ∈ U, j ∈ W}. Similarly, define cut(U) := e(U, V \ U). With this notation, [37] defines the
quantity

ψ(G) := min

{
2|e(U)|+ 2|e(W )|+ |cut(U ∪W )|

|U ∪W | : U,W ⊆ V,U ∩W = ∅, U ∪W ̸= ∅
}
.

In a sense, this quantity measures the “bipartiteness” of a graph, with ψ(G) = 0 if and only
if G is bipartite. Indeed, 2|e(U)|+2|e(W )|+ |cut(U ∪W )| = 0 if and only if U and W form a
bipartition, as cut(U ∪W ) = ∅ =⇒ U ∪W = V , with e(U) = e(W ) = ∅. Thus, in our setting

2|e(U)|+ 2|e(W )|+ |cut(U ∪W )| ≥ 1,

while clearly |U ∪W | ≤ n. Thus, for a non-bipartite graph G,

ψ(G) ≥ 1

n
.

Now, as shown in [38, Theorem 3.2] and noted in [37], we have that

νn(Q) ≥ ψ(G)2

2∆
,

and the desired bound follows immediately from the lower bound on ψ(G) for non-bipartite
G. □
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With this result, we are equipped to handle both bipartite and non-bipartite
components K that result from an attacker’s choice of interdiction.

Lemma 30 Suppose that K is a connected component of L \A for a fixed attack A. If K is

not bipartite, then any dual optimal point λQK satisfies

oscb∈Kλ
Q
K ≤ 2n

√
2∆m max

(i,j)∈L

{
1

Bij

}
Cδ, (45)

where Cδ is defined above, ∆ is the maximum degree of the underlying graph G = (V,E)
containing K, with |V | = n and |E| = m.

Proof If K is not bipartite, then S⊤
K has full column rank. From (41a), we know that

S⊤
Kλ

Q
K = B−1

K vK . (46)

As in Lemma 28,

∥B−1
K vK∥2 ≤ max

(i,j)∈L

{
1

Bij

}√
mCδ

so that

∥S⊤
Kλ

Q
K∥2 ≤ max

(i,j)∈L

{
1

Bij

}√
mCδ.

Because S⊤
K has full column rank, we have that

∥λQK∥∞ ≤ ∥λQK∥2 = ∥(S⊤
K)†S⊤

Kλ
Q
K∥2 ≤ 1

σmin(S
⊤
K)

∥S⊤
Kλ

Q
K∥2

≤
√
2∆m n max

(i,j)∈L

{
1

Bij

}
Cδ.

In particular, it follows that

oscb∈Kλ
Q
K ≤ 2

√
2∆m n max

(i,j)∈L

{
1

Bij

}
Cδ.

□

If K is bipartite, our path is slightly less direct. On one hand, it is possible to use
the same strategy to bound the oscillation for buses on the same side of a bipartition of
K. To this end, fix a bipartition U,W ⊆ V of K. There exists a vector uK ∈ {±1}|K|

such that S⊤
KuK = 0, with (uK)b = 1 for b ∈ U and (uK)b = −1 for b ∈ W . If b ∈ K

is the bus at which |λQb | is minimized, we want to bound λQb′ − λQb for all remaining
buses b′ ∈ K. Assume, without loss of generality, that b ∈ U . If b′ ∈ U , then observe
that the corresponding entry of λQK − λQb uK is given by λQb′ − λQb , and

S⊤
K(λQK − λQb uK) = B−1

K vK ,

and we may moreover reduce to the case of a spanning tree T ⊆ K as above, obtaining

S⊤
T (λQK − λQb uK) = PKB−1

K vK . (47)
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Additionally, the entry of λQK −λQb uK corresponding to bus b is zero. Hence, removing

the row of ST corresponding to bus b to form S̃T and the corresponding entry of
λQK − λQb uK to form λ̃QK , we obtain a system

S̃⊤
T λ̃

Q
K = PKB−1

K vK . (48)

Taking Q̃T = S̃T S̃
⊤
T , where Q̃T denotes the grounded, signless Laplacian

corresponding to bus b, Lemma 18 shows that

σmin(S̃
⊤
T ) ≥

√
2

(
1− cos

(
π

2n− 1

))
= ρn.

Repeating our tried-and-true strategy for obtaining a bound using a pseudoinverse,
we have that

∥λ̃QK∥∞ ≤
√
n− 1

σmin(S̃⊤
T )

max
(i,j)∈L

{
1

Bij

}
Cδ ≤

√
n− 1

ρn
max

(i,j)∈L

{
1

Bij

}
Cδ. (49)

By the definition of λ̃QK , it follows that the difference λQb′−λ
Q
b satisfies the same bound.

However, when b′ ∈ W = V \ U , across the bipartition from the bus at which |λQb |
is minimized, we cannot use this approach. Indeed, shifting by a constant multiple of
uK yields, at best, a bound on |λQb′ + λQb | for b′ ∈W .

This can still be used to derive an oscillation type bound that, in the presence
of a result analogous to Lemma 21, yields bounds on the entries of λQK . Specifically,

if b′ ∈ W , then returning to (47), we observe that (λQK − λQb uK)b = 0, while (λQK −
λQb uK)b′ = λQb′ + λQb . Forming S̃T and λ̃QK as above, the exact same reasoning as in
the case that b′ ∈ U yields

∥λ̃QK∥∞ ≤
√
n− 1

ρn
max

(i,j)∈L

{
1

Bij

}
Cδ.

However, we now observe that by the reverse triangle inequality

|λQb′ | − |λQb | ≤ |λQb′ + λQb | ≤
√
n− 1

ρn
max

(i,j)∈L

{
1

Bij

}
Cδ.

Of course, the same inequality also applies to (49), yielding the following result.

Lemma 31 Suppose that K is a connected component of L \A for a fixed attack A. If K is

bipartite, then any dual optimal point λQK satisfies

∥λQK∥∞ ≤
√
n− 1

ρn
max

(i,j)∈L

{
1

Bij

}
Cδ + |λQmin|,

where Cδ is defined above and |λQmin| := minb′∈K |λQb′ |.
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7 Conclusion

We have provided a single-level mixed-integer programming formulation for the
DCOPF interdiction problem that allows for interdiction of branches, buses, and gener-
ators and has bounded big-M values. The model is capable of finding optimal solutions
for standard test problems. Using reduced big-M values improves solve times dra-
matically and allows for analysis of real-world systems. This work establishes a new
state-of-the-art standard for DCOPF computational performance and theory.

More generally, we have presented a collection of tools for bounding dual variables
using both direct methods and spectral bounds from grounded Laplacians. We estab-
lished two new tight lower bounds on the minimal eigenvalues of grounded Laplacians.
We then showed that both the direct and spectral methods are valuable for finding
dual bounds in other interdiction problems, including a second-order cone formulation.

Additional work may investigate how our grounded Laplacian results can be
applied further, particularly in second-order cone formulations. For the model we
examined, our results can be made more general by considering the lossy case with
nonzero conductance. Across all interdiction problems, realized dual variables are often
smaller than bounded values, so there are opportunities to improve bounds and find
tight examples. It may be possible to establish better bounds from an average-case
perspective, for instance, by employing random graphs or randomly generated problem
parameters.
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