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Abstract. This paper proposes a simple facet enumeration algorithm
for convex polytopes. The complexity of the algorithm is analyzed. The
algorithm is implemented in Matlab. Some polytopes with known H-
representations and V-representations are used as test examples. The
preliminary numerical test shows the e�ectiveness and e�ciency of the
proposed algorithm. Due to the duality between the vertex enumeration
problem and facet enumeration problem, we expect that this method can
also be used to solve the vertex enumeration problem.
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1 Introduction

For convex polytopes, there are two di�erent but equivalent representations: (a)
H-representation, and (b) V-representation. H-representation uses a set of closed
half-spaces to de�ne a convex polytope, i.e., a polytope is given as Ax ≤ b,
where A ∈ Rm×d and b ∈ Rm are given, and x ∈ Rd satisfying the inequality
constraints is the set of points in the convex polytope. A k-face of a polytope
is the set of x that meet two conditions: (1) Ax ≤ b, and (2) for some d − k
independent rows of Ak, Akx = b. For k = 0, a 0-face of the polytope is a
vertex; for k = 1, a 1-face of the polytope is an edge; for k = d−2, a (d−2)-face
of the polytope is a ridge; for k = d− 1, a (d− 1)-face of the polytope is a facet.
In the remainder of the paper, we use vertex, edge, and facet explicitly, but we
do not make distinction for other k-faces in general. V-representation uses a set
of vertices V = {v1,v2, . . . ,vn} to de�ne a convex polytope as a convex hull of
V. Given one of the representations, there is a need, in many applications [1, 8,
13], to know what the other corresponding representation is. The transformation
from (a) to (b) is known as the vertex enumeration and the other from (b) to
(a) is known as the facet enumeration.

Vertex enumeration is clearly related to the simplex method of linear pro-
gramming. The so-called double-description method can be dated back to Fourier
(1827) [30] and was reinvented by Motzkin [22]. This method constructs the poly-
tope sequentially by adding one constraint at a time. All new vertices produced
must lie on the hyperplanes bounding the constraint currently being inserted.
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A more popular vertex enumeration method is based on pivoting, which was
discussed by Chand and Kapur [10], Dyer [14], Swart [24], among others. The
most popular method in this category is the reverse search method proposed by
Avis and Fukuda [2]. Their method starts at an �optimum vertex� and traces out
a tree in depth order by �reverse� Bland's rule [5].

Noticing that the dual problem of a vertex (resp. facet) enumeration prob-
lem is the facet (resp. vertex) enumeration problem for the same polytope where
the input and output are simply interchanged, Bremner, Fukuda and Marzetta
[7] pointed out that the vertex enumeration methods can be used for the facet
enumeration problem. They suggested using a primal-dual approach proposed
in [16] that includes two purely combinatorial algorithms for enumerating all
faces of a d-polytope based on the combinatorial vertices' description and some
information on edges. In [3], Avis and Jordan published a scalable parallel ver-
tex/facet enumeration code. Avis and Jordan's paper is also a good source to
�nd the related works.

Although vertex enumeration can be used for facet enumeration using duality
theory, converting a primal problem to a dual problem to use vertex enumeration
and then converting it back would need signi�cant e�ort. Developing a direct
facet enumeration algorithm is therefore necessary. The convex hull computa-
tion can be used for this purpose. Given n points in d-dimensional Euclidean
space (some of them may not be vertices), convex hull algorithms �nd the H-
representation that has h ≤ n vertices, and the convex polytope contains all n
points. Some algorithms may represent the convex hull by an intersection of a set
of half spaces. For d ≤ 3, Chan's algorithm [9] and the Kirkpatrick�Seidel algo-
rithm [20] are well-known convex hull algorithms because of their low computa-
tional complexity O(n log n). For d > 3, the complexity of convex hull algorithms
might be higher according to McMullen's Upper Bound Theorem [21]. In [11],
the complexity upper bound is conservatively estimated as O(n⌊d/2⌋). In reality,
the upper bound of a carefully implemented beneath-and-beyond method can be
tightly related to the sizes of the input and output as we will see in Section 4. In
[17], the author implemented a beneath-and-beyond algorithm for vertex/facet
enumerations as a software framework (iB4e)1. For a �xed d, to obtain a single
facet, Seidel [23] proposed an algorithm, whose computational e�ort is estimated
as O(n2 + F log(n)), where F is the number of facets. Clearly, if n given points
are all vertices, the convex hull problem is reduced to the facet enumeration
problem. Therefore, in principle, convex hull algorithms, such as the Quickhull
algorithm [4] and its variants, for example [2, 11, 20, 24, 25], can be applied to
the facet enumeration problem.

But given additional information that all input points are vertices of the
convex polytope, we should make full use of the information to develop more
e�cient algorithm(s) speci�cally for the facet enumeration problem. In addition,
a complexity analysis of the corresponding enumeration algorithm should be
more accurate. In this paper, we consider the facet enumeration problem without

1 It is worthwhile noting that Beneath-and-Beyond [6, 18] has been widely used in
convex hull algorithms to facilitate the construction of facets.
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using duality of the vertex enumeration. This is a �direct� facet enumeration
method which avoids converting back and forth primal and dual problems. The
algorithm �rst �nds all edges of the polytope, which provides a vertex/edge
diagram (adjacent matrix) that connects every vertex to its neighbor vertices.
Then the information of the diagram (adjacent matrix) is used to e�ectively
construct all facets of the polytope and derive the complexity bound of the
proposed algorithm.

The �rst step of the proposed algorithm is similar to the edge-skeleton algo-
rithm described in [15]. Given a set of edges (each edge connects two adjacent
vertices), together with all edge directions of a polytope P, the edge-skeleton
algorithm of [15] computes edge-skeleton in polynomial time. In contrast, our
proposed algorithm does not require prior knowledge of edge directions of a
polytope P while still achieving the same goal in polynomial time.

The second step is similar to the reconstruction of a simple polytope from
its edge-skeleton graph discussed in [19]. But our proposed algorithm does not
limit the reconstruction for only simple polytopes as required in [19] (see also
[15]). To e�ciently construct all facets, we store the vertex-edge information in
an adjacent matrix D, which can be used to e�ciently generate a connected
tree. For any vertex, using matrix D, one can create a branch with depth of
d− 1 (the branch connects d vertices). If vertices in the branch of the tree from
a root vertex to an end vertex form a hyperplane, using exactly the strategy of
Beneath-and-Beyond, one can check if all vertices in V are in a half space de�ned
by the hyperplane. If the answer is true, the hyperplane contains a facet of the
polytope, otherwise, it does not. Repeating these steps for all vertices will �nd
all half spaces whose intersection forms the polytope.

Our experience shows that �nding all edges using the proposed method is
negligible compared to determining all the facets of the polytope. Once we �nd
all the edges of the polytope, the number of candidate facets is signi�cantly
reduced, thereby making the overall algorithm more e�cient. Finally, we would
like to mention that using the duality between the vertex enumeration problem
and facet enumeration problem, we expect that this method can also be used to
solve the vertex enumeration problem with some minor tweaks but that is not
the purpose of this paper.

The remainder of the paper is organized as follows: Section 2 discusses the
edge detection. Section 3 provides details of the proposed algorithm. Section
4 is focused on the complexity analysis for the proposed algorithm. Section 5
presents some numerical examples to show the e�ectiveness and e�ciency of the
algorithm. Concluding remarks are summarized in Section 6.

2 Edge detection

Assume that a d-dimensional polytope has n vertices. Each vertex vi is repre-
sented as a row vector, and the n vertices are stored in a matrix V ∈ Rn×d.
To have an e�cient algorithm and simplify the discussion, we set the centroid
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of the polytope v0 as the origin which is an interior point of the polytope. Let

ui = vi − v0, i = 1, . . . , n. (1)

We will denote by U = {u1, . . . ,un} the set of vertices which form a polytope
with its center as the origin of the coordinate system. We also use a matrix

U =

u1

...
un

 ∈ Rn×d

to store these vertices. Our idea is to calculate a column vector hi ∈ Rd, or the
hyperplane hT

i x = 1, where x ∈ Rd is the set of d-dimensional column vectors
that spans the hyperplane, so that the m half spaces (associated with the m
hyperplanes)

Hx := [h1, . . . ,hm]
T
x ≤ e (2)

de�nes the polytope, where e ∈ Rm is a column vector of all 1's.
The algorithm �rst establishes a vertex/edge diagram that describes all ver-

tex/edge relations of a given polytope. The process is as follows: given any vertex
ui on the polytope, the proposed algorithm identi�es its neighbor vertices which
are connected by edges. Let ui and uj be two vertices of the polytope. The line
pass both ui and uj can be de�ned by

L = {ui + t(uj − ui) | t ∈ R}. (3)

Assuming that a point z is on the line of L and the row vector z−0 = z (where
0 is the origin and the center of the polytope) is perpendicular to the line L,
then z satis�es the following equations:

z = ui + t(uj − ui), ⟨z,uj − ui⟩ = 0. (4)

Solving (4) for t yields

t = −ui(uj − ui)
T

∥(uj − ui)∥2
, (5)

which gives

z = ui −
ui(uj − ui)

T

∥(uj − ui)∥2
(uj − ui). (6)

We have the following claim:

Lemma 1. z ̸= 0 if L does not cross the centroid (origin).

Proof. Since z is on L and L does not cross 0, it must have z ̸= 0. ⊓⊔

Thus, z = 0 implies that uj is not a neighbor vertex of ui (this will reduce
the computational e�ort if such a scenario appears). Therefore, we may assume,
without loss of generality, that z ̸= 0. Denote a row vector a = z/∥z∥ ̸= 0 and
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a constant c = azT = zzT

∥z∥ = ∥z∥ ̸= 0. Then, a hyperplane P passing line L with

the normal direction aT is given by

a(x− zT) = ax− c = 0, (7)

where a is a known row vector, c is a constant, and x ∈ Rd is any point on
the hyperplane P. Dividing both sides by c and denote hT = a/c, i.e., h is a
column vector, we get

hTx = 1. (8)

Intuitively, from the construction of P, if for all uk, we have

hTuT
k ≤ 1 (9)

with equality hold for only ui and uj , then the segment between ui and uj is
an edge of the polytope and ui and uj are adjacent vertices. We summarize the
discussion as the following theorem.

Theorem 1. Let ui and uj be two vertices of a convex polytope. Let L be the
line as de�ned in (3). For t given in (5), z = ui + t(uj −ui) is perpendicular to
L. Denote a = z/∥z∥ and c = azT (a and z are row vectors). Let hT = a/c.
Then,

hTx = 1, ∀x ∈ Rd (10)

is a hyperplane passing ui and uj, and the following claims hold:
(a) If inequality (9) holds for all uk, and the equality holds for only ui and

uj, then the segment between ui and uj is an edge of the polytope, i.e., ui and
uj are adjacent vertices.

(b) If inequality (9) holds for all uk, and the equality holds for more than two
but less than d vertices, then the line segment between ui and uj is on a k-face
which is part of the hyperplane.

(c) If inequality (9) holds for all uk, and the equality holds for at least d
vertices, then the line segment between ui and uj is on the hyperplane and a
facet of the polytope is part of the hyperplane.

Proof. We show part (a) only because parts (b) and (c) follows similar argument.
Since (9) holds for all vertices k = 1, . . . , n, all points of the polytope are inside
of the half space hTx ≤ 1. The half space contains the polytope. Since ui and
uj are on the hyperplane, all points on the line segment between ui and uj are
on the hyperplane. Since hTuT

k < 0 holds for all uk satisfying ui ̸= uk ̸= uj , for
any point in the convex hull such that

n∑
k=1

λkuk

with at least one λk > 0 and k /∈ {i, j}, we have hT
∑n

k=1 λku
T
k < 1 because∑n

k=1 λk = 1. Therefore, all those points in the convex polytope are not on the
hyperplane. Since for all points of the polytope, only line segment between ui

and uj are on the hyperplane, the line segment between ui and uj is an edge of
the polytope. ⊓⊔
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Remark 1. For the purpose of facet enumeration, we are only interested in cases
(a) and (c) because case (a) of Theorem 1 implies that uj is a neighbor vertex of
ui, which is used to construct vertex/edge diagram, and case (c) will be recorded
to reduce computational e�ort.

If inequality (9) does not hold for at least one of uk, k = 1, . . . , n, then we
need to be a little bit more careful. Denote the middle point between uj and ui

as a row vector r = [r1, r2, . . . , rd] =
uj+ui

2 , which is also the vector from the
origin to the middle point of uj and ui

2. Therefore, for a row vector

y ̸= r, (11)

then, y− r is a vector starting from the middle point of uj and ui and pointing
to y. We consider all y such that y− r is perpendicular to uj − ui. This implies
that y satis�es 〈

y − r, uj − ui

〉
= 0, (12)

where ⟨·, ·⟩ denotes the inner product of its arguments3. This is equivalent to

y(uj − ui)
T = r(uj − ui)

T. (13)

We want to �nd a bounded vector y − r such that the smallest angle between
y− r and uk − r, for k /∈ {i, j}, is maximized, which is equivalent to solving the
following min-max problem:

min
y

max
k/∈{i,j}

〈 y − r

∥y − r∥
,

uk − r

∥uk − r∥

〉
. (14)

However, in stead of considering the nonlinear problem (14), we prefer to deal
with a simpler problem. Let

f = max
k/∈{i,j}

〈 y − r

∥y − r∥
,

uk − r

∥uk − r∥

〉
. (15)

Since ∥y−r∥ is independent of k, we may consider the following linear program-
ming problem:

min
y,f

f

s.t. (uj − ui)y
T = r(uj − ui)

T,

(uk − r)(y − r)T ≤ f∥uk − r∥, k /∈ {i, j},
−1 ≤ y − r ≤ 1, (16)

2 If
uj+ui

2
= 0, then, according to Lemma 1, {ui,uj} is not an edge and will not be

considered further.
3 Here, we abuse the notation of inner product by not restricting its augments to be
column vectors. The only restriction is that they must have the same dimension.
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where 1 ∈ Rd is a row vector of all ones. Let y∗ and f∗ be the solution of (16)
(y∗ is a constant row vector to be determined), then the column vector x in
the following equation

(y∗ − r)
(
x− rT

)
= 0 (17)

de�nes a plane that is perpendicular to y∗ − r and passes the line segment
between ui and uj . Substituting xT = ui to the left side of (17) and applying
(12) gives

−1

2

〈
y∗ − r, uj − ui

〉
= 0. (18)

Therefore, ui is on the plane de�ned by (17). Substituting xT = uj to the left
side of (17) and applying (12) gives

1

2

〈
y∗ − r, uj − ui

〉
= 0. (19)

Therefore, uj is on the plane de�ned by (17). Let hT = y∗ − r, according to
(11), it must have h ̸= 0. Assuming that the middle point of ui and uj is not in
the origin, i.e., r ̸= 0, we can write the plane of (17) as

hTx = hTrT = c ̸= 0. (20)

If the minimum of (16) f∗ < 0, it means that all uk, k /∈ {i, j}, are not on
the plane, and they are all on one side of the plane, therefore, the line segment
connecting uj and ui is an edge of the polytope. If f∗ = 0, it means that besides
uj and ui, there are additional vertices uk, k /∈ {i, j} on the plane; although
all vertices are on the same side of the plane de�ned by (17), uj and ui do not
form an edge of the polytope. If f∗ > 0, it means that it is impossible to �nd a
plane which passes uj and ui, such that all uk are on the same side of the plane.
Therefore, uj and ui do not form an edge of the polytope.

Summarizing the above discussion, we have the following theorem.

Theorem 2. Let ui and uj be any two vertices of a convex polytope, y∗ and f∗

be the optimal solution of (16). Denote that c = hT
(

uj+ui

2

)T

, then the following

claims hold:
(a) If f∗ < 0, then, the line segment connecting uj and ui is an edge of the

polytope.
(b) If f∗ = 0 and y∗ − r ̸= 0, then, uj and ui do not form an edge of the

polytope and the hyperplane contains either a k-face if less than d vertices are
on the hyperplane or a facet if at least d vertices are on the hyperplane.

(c) If f∗ > 0, then, uj and ui do not form an edge of the polytope and the
hyperplane does not form a k-face or a facet of the polytope.

Remark 2. If f∗ = 0 and y∗ − r = 0, this solution of (16) does not give us the
necessary information to use Theorem 2, in this case, we may add an additional
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inequality constraint:
d∑

k=1

(yk − rk) ≥ 1 (21)

in the linear programming problem (16) to enforce y∗ − r ̸= 0.

Remark 3. It is worthwhile to point out that the Matlab function linprog of-
tentimes fails to �nd the optimal solution of (16), while the facet pivot method
developed in [29] has no problem for all tested problems.

Remark 4. Assume that y∗ ̸= r and f∗ = 0 be the solution of (16). Denote
the index set K = {k | (uk − r)(y∗ − r)T = f∗∥uk − r∥, k /∈ {i, j}}. Then,
F = {ui,uj ,uK} forms a k-face. In addition, if |F| ≥ d, then, F forms a facet.
This information will save some computational e�ort in the next section.

3 Constructing facets from adjacent matrix

First, we discuss the information storage, which is important for algorithm de-
sign. Let D be the n× n adjacency matrix whose (i, j) element is one if the line
segment between ui and uj is an edge or is zero otherwise. Matrix D is obtained
by the process described in Theorem 1 or Theorem 2. Since D is symmetric,
using this property will reduce the computational e�ort to �nd all edges of the
polytope.

Let us consider a vertex tree associated with D and starting from vertex u1,
which connects a series of adjacent vertices. Clearly the structure of the tree is
de�ned by matrix D. To e�ciently carry out the search, we denote by Uo the
set of vertices for which all relevant facets have been found, by Uc the set of
vertices in the current iteration for which the associated hyperplanes are to be
determined, by Ut the set of the vertices that are not in Uc yet and therefore
whose facets have not been examined. Uo = ∅ and Uc = u1 before the iteration
starts. The proposed algorithm has two loops. The outer loop uses breadth-�rst
search. For a vertex ui ∈ Uc, the algorithm in the inner loop �nds all facets that
intersect at ui, once all facets containing ui are found, ui is moved from Uc to
Uo. While �nding facets containing ui ∈ Uc, new vertices on each of these new
facets become members of Uc. This process is repeated for every ui ∈ Uc until
for every vertex, its intersecting facets are found, i.e., the process will terminate
when Uo includes all vertices of {u1, . . . ,un}.

Having the vertex/edge diagram of D that connects all the vertices in V, the
inner loop uses the following method to identify all the facets that intersects at
ui ∈ Uc. Since every facet that contains ui can be associated with an edge, for
each of these edges directly connected to ui, we can create a branch of length d−1
(with d− 1 edges) as follows. Note that nonzero (i, j) elements of the adjacency
matrix D de�ne the branch under the vertex ui. For each ui, assuming that ui

is the ith vertex, we look at the ith row of D to select the next vertex j among
all (i, j) = 1 such that the jth vertex has not been used in the construction of
the current hyperplane; once vertex j is selected, we look at the jth row of D
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to select the next vertex k among all (j, k) = 1 such that the kth vertex has not
been used in the construction of the current hyperplane; repeat this step until d
vertices are found.

Since hyperplane (10) is uniquely de�ned by h, we will loosely use hi ∈
Rd for the ith facet of the polytope if the hyperplane hi contains the facet.
Let ui1 be one of vertices in the vertex set Uc in current iteration. We say
that {ui1 ,ui2 , . . . ,uid} is a branch of length d − 1 in the tree under ui1 if
for ij ∈ {i2, . . . , id−1}, uij is connected to only uij−1 and uij+1 in the set of
{ui1 ,ui2 , . . . ,uid}. Given these d vertices {ui1 , . . . ,uid} which are on the branch
of the tree starting from ui1 , if the base matrix formed by {ui1 , . . . ,uid} is
linearly independent, one can solve the linear systemui1

...
uid

hi := Uihi = e. (22)

for a candidate facet hi. If h
T
i u

T
k ≤ 1 for k = 1, . . . , n, then hi is the hyperplane

that includes a facet. Since (22) may also create an unwanted hyperplane, these
unwanted hyperplanes can be identi�ed using one of the following rules4: �rst,
inequality hT

i u
T
i ≤ 1 is violated, i.e.,

Uhi ≤ e (23)

does not hold for some ui ∈ U; second, the hyperplane has been found earlier in
this process (in this case, the hyperplane will not be added to the matrix H). If
the newly found hyperplane contains a facet of the convex polytope that is not
in the matrix H, it is then added to H. Otherwise, discard the hyperplane and
continue the search in the tree.

For ui ∈ Uc, the idea of the proposed algorithm is to examine all branches
ui1 , . . . ,uid under ui = ui1 ∈ Uc in a systematical method to reduce the e�ort
to �nd facets associated with ui that has not been found. However, given the
vertex ui ∈ Uc, we may not need to calculate all hyperplanes associated with it
because some facets associated with ui may be on other hyperplanes de�ned by
some hj which have been found in current or previous iterations.

We use cross-polytope of Example 4 to describe the process, for which the
D matrix is obtained by using the method given in the previous section:

D =



0 1 1 1 1 1 1 0
1 0 1 1 0 1 1 1
1 1 0 1 1 0 1 1
1 1 1 0 1 1 0 1
1 0 1 1 0 1 1 1
1 1 0 1 1 0 1 1
1 1 1 0 1 1 0 1
0 1 1 1 1 1 1 0


. (24)

4 This is essentially the same idea of beneath-and-beyond [6, 19]; but because of the
use of the adjacency matrix D, the search number for potential facets has been
signi�cantly reduced.
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Assume Uc = {u1}, the branches are constructed as follows: In view of the �rst

Fig. 1. The branches under ui = u1 ∈ Uc.

row of D, u1 is connected to u2,u3,u4,u5,u6,u7. We consider the branch with
its �rst edge between u1 and u2 as an example. The second row of D indicates
that u2 is also connected to u3,u4,u6,u7,u8, we select the �rst vertex such that
the branch includes u1,u2,u3. The third row of D indicates that u3 is connected
to u4,u5,u7,u8, again, we select the �rst vertex such that u1,u2,u3,u4 forms
the �rst branch with length d = 3 . Using the aforementioned method, we can
examine if this branch forms a hyperplane. If it does, save it; otherwise, discard
it. To construct the next branch, we move one level up at a time and check if
there is any vertex that has not been considered on this level. In this case, u5

is the �rst vertex that has not been considered, a new branch u1,u2,u3,u5 is
formed; and the new branch is examined to see if it forms a new hyperplane.
Repeating this process, the order of the selected branches is described in Figure 1
that is from the left to the right. After all the branches under u1 has been
examined, 8 facets are found. Set U0 = {u1}. From Figure 1, it is clear that
Uc = {u2,u3,u4,u5,u6,u7,u8}. The above process can be repeated for every
ui ∈ Uc until U0 = {u1,u2,u3,u4,u5,u6,u7,u8}.

Denote the number of members of a set U by |U|. The proposed algorithm is
therefore given as follows:

Algorithm 1

1: Data: Vertex matrix V.
2: Initial step: Calculate centroid v0 and vertex set U , adjacent matrix D, and

initial facet matrix H. Set up initial U0, Uc, and Ut.
3: while |U0| < n do

4: set U2 = ∅.
5: for i = 1: |Uc| do
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6: Step 1: Start from ui1 , from row i1 of D, �nd the �rst vertex ui2 that
has not been considered in the branches under ui1 so that the new branch
includes ui1 and ui2 .

7: Step 2: Repeat the process until a new branch ui1 , . . . ,uid is formed.
8: Step 3: Solve (22) to get a candidate facet hi. Test if hi is indeed a new

facet. If it is, add it to H; otherwise discard it.
9: Step 4: Add new vertices to the set U2 whose members are on the hy-

perplanes of the new branches but are not in Uc.
10: Step 5: Move one level up at a time in the current branch until either

(1) there is a vertex on this level that has not been included in a branch
under ui1 , then repeat Steps 2-4; or (2) all branches under ui1 have been
investigated, increase i by 1.

11: end for

12: Update Uo = Uo ∪ Uc. Set Uc = U2.
13: end while

14: Recover the polytope by shifting the origin H(x− v0) ≤ e.

4 Complexity analysis

First, it is easy to derive the complexity for edge-detection process.

Theorem 3. Given n vertices of the polytope, it needs to solve n(n−1)
2 linear

programming problems (16) to �nd all edges of the polytope to form the adjacency
matrix D.

Proof. Given n vertices, to �nd all edges of the polytope, one needs to examine
all pairs of vertices. According to Theorem 2, one needs to solve

(n− 1) + (n− 2) + · · ·+ 1 =
n(n− 1)

2

linear programming problems in the form of (16), with d + 1 variables, n − 2
inequality, 1 equality, and 2n boundary constraints. ⊓⊔

Remark 5. Our edge detection process solves roughly the same amount of linear
programming problems as in [15] but our method does not need to know all edge
direction information as required by the edge-skeleton method of [15].

Remark 6. There are two popular types of algorithms for solving the linear pro-
gramming problem, namely the simplex method [12], and the interior-point al-
gorithms [26, 28]. It is widely believed that for large-scale linear programming
problems with tens of thousands variables and constraints, the interior-point
algorithms with complexity of O

(√
n log

(
1
ϵ

))
are more e�cient [27]; but for

smaller linear programming problems, simplex algorithms are better choices, be-
cause of the McMulen's upper bound theorem [21], it is impracticable to solve
facet enumeration problems for polytope in tens of thousands dimensional space.
Therefore, simplex method is considered in our implementation. We selected a
recently developed facet pivot simplex method because of its merits discussed
in [29].
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The complexity analysis for reconstructing the facets from adjacent matrix
D is slightly trickier. Assume that a branch includes vertices ui1 ,ui2 , . . . ,uid . In
view of (24), a feasible branch is de�ned by d− 1 elements

{D(i1, i2), D(i2, i3), · · · , D(id−1, id)}

in the adjacent matrix D with D(i1, i2) = D(i2, i3) = . . . = D(id−1, id) = 1,
where D(iα, iβ) is the (iα, iβ) elements of the D matrix, and {i1, i2, . . . , id−1, id}
are distinct. This means that {D(i1, i2), D(i2, i3), · · · , D(id−1, id)} are in di�erent
rows and di�erent columns in the adjacent matrix D.

Theorem 4. Assume that the adjacent matrix D (that describes the structure
of the polytope) is given. Let N be the total number of all feasible branches. To
reconstruct the H-representation of the polytope, Algorithm 1 needs to examine
at most N branches by using Beneath-and-Beyond method.

Proof. We start to consider a cross-polytope of Example 4, and examine a set of
branches starting with u1 and composed of u1,u2,u3,u5 or denoted by 1, 2, 3, 5
for brevity. There are 6 possible branches {1 → 2 → 3 → 5, 1 → 2 → 5 →
3, 1 → 3 → 2 → 5, 1 → 3 → 5 → 2, 1 → 5 → 2 → 3, 1 → 5 → 3 → 2}.
Among them, only {1 → 2 → 3 → 5, 1 → 2 → 5 → 3} are feasible branches
because D(1, 2)D(2, 3)D(3, 5) = 1, D(1, 5)D(5, 3)D(3, 2) = 1, D(2, 5) = 0, and
D(5, 2) = 0. This idea can be applied to any branch starting from any vertex for
the cross-polytope of Example 4. Moreover, given the adjacent matrix D (that
describes the structure of the polytope), this idea can be applied to any convex
polytope. This shows that Algorithm 1 needs to examine at most N branches.

⊓⊔

Remark 7. From the proof of Theorem 4, one can see that there may be multiple
feasible branches that represent the same facet. Therefore, in the implementa-
tion, for every new feasible branch obtained in Step 2 of the algorithm, we may
�rst check before Step 3 if all its vertices in the feasible branch are considered
in some identi�ed facet. If the answer is yes. We may ignore the remainder steps
and search for a new feasible branch.

From this remark, the upper bound in Theorem 4 can be improved further.
For all feasible branches, we may group them as M mutually exclusive subsets
as follows: in any of the subsets, every branch includes the same vertices. We
name these subsets as equivalent sets. For each of these equivalent sets, we need
only to examine one branch.

Theorem 5. Assume that the adjacent matrix D (that describes the structure
of the polytope) is given. Let N be the total number of all feasible branches which
are grouped as M equivalent sets. To reconstruct the H-representation of the
polytope, Algorithm 1 needs to examine at most M branches, and these branches
are from distinct equivalent sets.
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Remark 8. The upper bound presented in Theorem 5 is tighter than the fa-
mous McMullen's upper bound theorem because the former is concerned only
with facets while McMullen's upper bound theorem is concerned with all faces.
Besides, polytope's structure has been taken into consideration in Theorem 5.

The upper bound presented in Theorems 5 eliminates many non-feasible and
equivalent feasible branches in the process of determining facets. This is partic-
ular useful when D is a sparse matrix, and we would like to point out that in
many cases, matrix D ∈ Rn×n is a sparse matrix. Considering Example 6, if
p = 18 (p is de�ned in Example 6, for this problem, it has 2p+2 = 38 vertices),
the matrix D ∈ R38×38 is given as follows:

D =



0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0



. (25)
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Given n vertices of a polytope in d-dimensional space, without the edge informa-
tion in matrix D, the search by brute force for all facets may need to examine as
many as nC(n−1,d−1) hyperplanes (where C(n−1, d−1) denotes the combination
of n−1 choosing d−1), while using the information provided in D, we examined
738 branches of length 2 (facets) in Example 6, a tremendous saving!

We conclude this section by providing an explicit overall complexity result.

Theorem 6. Given a convex polytope with n input vertices (V-representation)

and m output facets (H-representation), Algorithm 1 requires solving n(n−1)
2 lin-

ear programming problems to construct vertex/edge diagram (adjacent matrix
D). Assume that the adjacent matrix D contains M > m equivalent sets. Al-
gorithm 1 needs to examine at most M feasible branches by using Beneath-and-
Beyond method to identify m facets.

Remark 9. By examining the proofs in this section, we conclude that the com-
plexity bound is both accurate and attainable, which distinguishes it from the
estimated upper bounds commonly found in the literature. However, M is not
an a priori known quantity, and the gap between M and m remains unknown.
Determining the gap shoud be a future research topic.

5 Numerical examples

Several examples are provided in this section. Testing was performed on an old
Dell Inc 2014, Intel(R) Core(TM) i5-4440 CPU @3.10GHz, 3101Mhz, 4 Core(s),
4 Logical Processor(s).

Example 1. The �rst example is a d-dimensional simplex convex polytope. For
d = 2, it is a triangle whose vertices are given by:

V =

0 0
3 0
0 3


The centroid is (1, 1). Algorithm 1 �nds the H-representation as

H =

 0 −1
−1 0
1 1

 b =

0
0
3


in 0.0050 seconds. For d > 2, using Matlab notation, the vertices of the simplex
are given by:

V =

[
zeros(1,d+1)
eys(d+1)

]
.

Algorithm 1 �nds the H-representation as expected.
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Example 2. The second example is a 3-dimensional convex polytope that is a
cube. Its vertices are given by:

V =



0 0 0
0 0 1
0 1 0
1 0 0
0 1 1
1 0 1
1 1 0
1 1 1


The centroid is (0.5, 0.5, 0.5). Algorithm 1 �nds the H-representation as

H =


−2 0 0
0 −2 0
0 0 −2
0 0 2
0 2 0
2 0 0

 b =


0
0
0
2
2
2


Example 3. This example is a 3-dimensional convex polytope which is a octahe-
dron. Its vertices are given by:

V =


0 0 1

−1 0 0
0 −1 0
1 0 0
0 1 0
0 0 −1


The centroid is (0, 0, 0). Algorithm 1 �nds the H-representation as

H =



−1 −1 1
1 −1 1
1 1 1

−1 1 1
−1 −1 −1
1 −1 −1
1 1 −1

−1 1 −1


b =



1
1
1
1
1
1
1
1


It is worthwhile noting that this is a degenerate polytope (there are 4 facets
intercepting at the same vertex of the polytope in the 3-dimensional space).
Since the proposed algorithm �nds all edges of the polytope which are used to
construct the facets, it has no di�culty at all for degenerate polytopes.
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Example 4. This example is a 4-dimensional convex polytope which is a cross-
polytope. Its vertices are given by:

V =



0 0 0 1
−1 0 0 0
0 −1 0 0
0 0 −1 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1



The centroid is (0, 0, 0, 0). Algorithm 1 �nds the H-representation as

H =



−1 −1 −1 1
−1 −1 1 1
−1 1 −1 1
−1 1 1 1
1 −1 −1 1
1 −1 1 1
1 1 −1 1
1 1 1 1

−1 −1 1 −1
−1 1 1 −1
1 −1 1 −1
1 1 1 −1

−1 −1 −1 −1
−1 1 −1 −1
1 −1 −1 −1
1 1 −1 −1



b =



1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1



For the above problems, using Theorem 1 can �nd all the edges of the corre-
sponding polytopes. However, for the following convex polytope, we need Theo-
rem 2 to �nd some edges.
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Example 5. This example is a 3-dimensional convex polytope. Its vertices are
given by:

V =



1 0 1
1 0 −1

1.25 −1 1
1.25 −1 −1
0.25 −1 1
0.25 −1 −1
−1 0 1
−1 0 −1

−1.25 1 1
−1.25 1 −1
−0.25 1 1
−0.25 1 −1


The centroid is (0, 0, 0). The polytope is depicted as in Figure 2. Each vertex
is numbered and its coordinate is provided in the �gure. There are 12 vertices,
8 facets and 18 edges in this polytope. Let {i, j} represent the line segment
that connects vertices i and j. Using Theorem 1, we can determine 14 edges.
However, for the rest of the 4 edges, {1, 2}, {5, 6}, {7, 8}, and {11, 12}, we have
to use Theorem 2 to identify them.

Fig. 2. The polytope of Problem 5.

The projected �gure of the polytope in the x-y plane is depicted in Figure 3
which may help us verify the upcoming results. First, we consider the {1, 2} edge.



18 Yaguang Yang

Fig. 3. The projected �gure of Problem 5.

Given i = 1 and j = 2, i.e., u1 = [1, 0, 1] and u2 = [1, 0,−1], using Theorem 1,
we cannot determine if {1, 2} is an edge. It is not di�cult (but tedious) to verify
that the corresponding linear programming problem (16) can be written as

miny,f f

s.t.



0.25 −1 1
0.25 −1 −1

−0.75 −1 1
−0.75 −1 −1

−2 0 1
−2 0 −1

−2.25 1 1
−2.25 1 −1
−1.25 1 1
−1.25 1 −1



y1 − 1
y2
y3

 ≤ f



1.43614
1.43614
1.60078
1.60078
2.23607
2.23607
2.65753
2.65753
1.88746
1.88746


,

[0, 0, −2][y1, y2, y3]
T = 0, 0

−1
−1

 ≤

y1
y2
y3

 ≤

2
1
1



(26)

which has the optimal solution y∗ = [2, 0.6821, 0] and f∗ = −0.300878. Ac-
cording to Theorem 2.(a), the line segment {1, 2} is an edge.

Given i = 1 and j = 5, i.e., u1 = [1, 0, 1] and u5 = [0.25,−1, 1], using
Theorem 1, we cannot determine if {1, 5} is an edge. It is not di�cult (but
tedious) to verify that the corresponding linear programming problem (16) can
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be written as

miny,f f

s.t.



0.375 0.5 −2
0.625 −0.5 0
0.625 −0.5 −2

−0.375 −0.5 −2
−1.625 0.5 0
−1.625 0.5 −2
−1.875 1.5 0
−1.875 1.5 −2
−0.875 1.5 0
−0.875 1.5 −2



y1 − 0.625
y2 + 0.5
y3 − 1

 ≤ f



2.0954
0.8004
2.1542
2.0954
1.7002
2.625
2.4012
3.125
1.7366
2.6487


,

[−0.75, −1, 0][y1, y2, y3]
T = 0.0313,−0.375

−1.5
0

 ≤

y1
y2
y3

 ≤

1.625
0.5
2



(27)

which has the optimal solution y∗ = [0.625, −0.5, 1] and f∗ = 2.7756e − 16.
According to Theorem 2.(a), the line segment {1, 5} is not an edge.

Using the same strategy, we can determine that {5, 6}, {7, 8}, and {11, 12}
are also edges. Algorithm 1 �nds the H-representation as

H =



0 0 1
1 0.25 0
0 −1 0

−1 −1.25 0
−1 −0.25 0
0 1 0
1 1.25 0
0 0 −1


b =



1
1
1
1
1
1
1
1


Example 6. The last example is a convex polytope in 3-dimensional space as
described as in Figure 4, where a1, a2, . . . , ap and b1, b2, . . . , bp are two regular
p-polygons. The polytope has 3p facets, 2p+2 vertices, and 5p edges. For p ≥ 20,
the CPU time is given in Table 1.

p 20 40 80 100 120 140 160 180
# of facets 60 120 240 300 360 420 480 540
CPU (s) 0.2 0.6 3.4 6.2 10.7 16.9 24.5 36.3

Table 1. CPU time increases with p.

This problem is highly degenerate, for p = 180, the top and bottom vertices each
intercepts with 180 facets, the algorithm �nds all facets of the polytope without
any di�cult (in about 36 second on this very old PC).
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Fig. 4. Polytope of problem 6.

In summary, for all tested convex polytopes with known H-representations
and V-representation, the algorithm performs as expected.

6 Conclusion

In this paper, an intuitive and novel facet enumeration algorithm is proposed.
The idea is purely based on geometric observation; therefore, it is easy to un-
derstand. The outer loop of algorithm is based on breadth-�rst search which
eventually covers all the vertices of the polytope. The inner loop of the algo-
rithm is based on depth-�rst search which will �nd the facets associated with
the vertex under consideration. The complexity of the algorithm is analyzed
which shows the e�ciency of the proposed algorithm. The algorithm is imple-
mented in Matlab5 and numerical test shows the e�ciency and e�ectiveness of
the algorithm. Due to the duality between the vertex enumeration problem and
facet enumeration problem, we expect that this method can also be used to solve
the vertex enumeration problem with some minor tweaks.

Disclosure of Interests. The author declares that he has no con�ict of interest.
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