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Abstract

Distributionally robust optimization (DRO) minimizes worst-case risk under distri-
butional uncertainty, but its decisions can be suboptimal in terms of their excess
risk, or regret. We study this gap for multivariate least-squares regression, assum-
ing that the observed source law and unknown target law differ by an adversarial
2-Wasserstein perturbation of size €. We first identify the asymptotic complexity
of robust decision-making in the ¢ — 0 limit, characterized by a problem-specific
condition number «. Here, a wide spectrum of simple algorithms, including DRO,
achieve the instance-optimal rate of O(rke?). For fixed ¢ > 0, we prove that
DRO still achieves the minimax rate if the problem has bounded residual effective
rank. On the other hand, we identify significant failure modes where DRO is
provably suboptimal by dimension-dependent factors. Fortunately, we prove that
two alternative procedures, minimax regret optimization (MRO) and spectral-norm
regularization (SNR), attain the minimax rate. We derive an exact convex refor-
mulation of MRO and an accelerated proximal algorithm for SNR, along with
high-probability finite-sample guarantees. We support these theoretical results with
numerical experiments separating the performance of MRO and SNR from DRO.

1 Introduction

Distributionally robust optimization (DRO) is a flexible tool for hedging against model misspecifi-
cation in ML, statistics, and operations research (Rahimian and Mehrotral [2022; |Lin et al., 2022}
Kuhn et al., |2025)). Wasserstein DRO is a well-studied variant that minimizes worst-case risk over all
Wasserstein perturbations of the observed data distribution. For many tasks, this objective admits
dual formulations, tractable implementations, and regularization interpretations (Kuhn et al.||[2019;
Gao and Kleywegt, 2022} |Gao et al., [2024). Model misspecification comes in many flavors, e.g.,
sampling error, distribution shift, and data poisoning. In this work, we take an adversarial view: the
learner observes a source law and seeks a predictor that performs well under a nearby but otherwise
unrestricted target law. As we will see, robust risk at the source (the objective minimized by DRO) is
fundamentally distinct from decision quality at the target. Our motivating question is the following:

When does Wasserstein DRO make good decisions in the face of adversarial data
perturbations, and when can we efficiently outperform it?

We examine this for the setting of multivariate linear regression. Fix dimensions p, m > 1 and let
A = R™*P be the class of linear predictors. Set d := p + m and write P2 (R?) for the laws of
Z = (X,Y) € R? x R™ with finite second moment. For P € P,(R?), the least-squares risk of
A € Ais L(A, P) = Ep ||AX — Y%, and its excess risk, or (ex-ante) regret, is

A.P):=L(A,P)— inf L(A’, P).
R(A,P) (,)Al,neA(,)

This regret is ex-ante, rather than ex-post, because we benchmark against the best decision given
knowledge of P and not a realized pair (X,Y) ~ P. Both risk and regret depend on P only through
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its second-moment matrix X p := Ep[ZZ ], with blocks %, X and =L, = (=) T. Write
P* = {P € Po(RY) : L = 0} for the class of non-degenerate laws. For P € P*, its unique risk
minimizer is A p := X (X4 )71 and regret has the closed form

2
R(A,P) = ||(A—Ap)(=X)"|L
We write || - ||r and || - ||op for the Frobenius norm and Euclidean operator norm, respectively.

In our population model, an adversary chooses a source—target pair Py, P, € P(R%) satisfying
Wy (Ps, P;) < ¢ and reveals only the source P;. Given the radius € > 0, the learner applies an

estimator A : Py(R%) — A and incurs target regret R(A[P,], P;). We measure the robust regret of
A at areference law P by allowing P to occupy either the source or target role:

R.(A,P):= o max{R(A[P],Q), R(A[Q],P)},

where B.(P) = {Q € Pa(R?) : Wy(P,Q) < ¢}. The first term varies the target with fixed source
P, while the second varies the source with fixed target P.

Robust estimators. We primarily compare empirical risk minimization (ERM), Wasserstein DRO,
minimax regret optimization (MRO), and spectral-norm regularization (SNR)
ERMIP] € argmin L(A, P),
AcA
DRO.[P] € argmin sup L(A,Q),
AcA QeB.(P)
MRO,[P] € argmin sup R(A,Q),
AcA QeB.(P)
SNR.[P] € argmin L(A, P) + || A|12,.
AcA
Here, ERM fits the source law directly, returning A p when P is non-degenerate. MRO replaces the
risk objective in DRO with regret. Finally, SNR adds a squared operator-norm penalty to ERM.

Local guarantees. To quantify estimation complexity, we first study the local minimax benchmark

R*(P) =inf R.(A,P) = inf sup R(A,Q). (1)
A AcAgen. (P)
Equality follows by considering P in the source role for the “>" direction and considering constant
estimators for the “<” direction. For non-degenerate P, let Eg denote the second-moment matrix of
the residual Y — A p X. Our first result shows that the following limit exists and computes it exactly:

EP
. —2 % T E
kp =lime “RI(P)=1+ A\ ApA, + ——=— ).
el0 € ( ) max P Amin (E)P})
Thus, the condition number kp governs the optimal local regret, xpe? + o(g2). It reflects the size
of the regression coefficients and that of the residual second moment relative to the smallest feature
eigenvalue. All four estimators attain this local rate up to absolute multiplicative constants as ¢ |, 0.

Global guarantees. For fixed ¢ > 0, we tightly characterize estimator performance as a function
of ¢ and the condition number. For a class G C P, (Rd), define the worst-case and minimax regrets
R.(A,G) = suppcg R-(A, P) and R:(G) = inf R.(A,G), so that RX(P) = R:({P}). For
the well-conditioned family G(k) := {P € P* : kp < k}, our main findings are summarized in
Table Namely, the minimax rate is 0(552) for all £ > 0, and this is attained by MRO and SNR.
In contrast, ERM can suffer arbitrarily large regret even for well-conditioned instances. DRO lies
between these extremes; when m = O(1) or, more generally, when the residual second moment Eg
has low effective rank, we prove that it achieves the minimax rate. For x > 2, however, its worst-case
robust regret is suboptimal by a multiplicative factor of \/min{p, m} + /m/.

For upper bounds, our analysis employs the Bures—W> geometry of second-moment matrices to
prove a key regret stability lemma. In particular, we show that R(Ap, Q) < kpWa (P, Q)? for every

I All four optimization problems admit minimizers; see Section All of our regret bounds (upper and lower) hold for
any minimizer selection rule.



Estimator A ERM DRO. MRO. SNR.

Robust regret 00 (v/min{p, m} k + /mk)e* Kke? Kke?
Minimax optimal? X X v v
. Closed Convex (New) convex Accelerated proximal
Computation ) . .
form reformulation reformulation  gradient method (FISTA)

Table 1: Worst-case robust regret R. (A, G(x)) for our running estimators, up to absolute multiplica-
tive constants, for ¢ > 0 and x > 2. Computation uses second-moment matrices.

non-degenerate P and arbitrary Q € P2(R?). More generally, our stability lemma controls changes
in square-root regret through the predictor’s operator norm, explaining the role of the SNR penalty.
For lower bounds, we provide explicit constructions where these upper bounds are tight.

Computation and finite-sample statistics. We derive a novel, exact convex reformulation of
MRO, building upon previous results for DRO (Shafieezadeh-Abadeh et al.,|2018), along with an
efficient proximal algorithm for SNR, based on FISTA (Beck and Teboulle, |2009). Given a fixed
source second-moment matrix and radius € > 0, our SNR algorithm reaches objective gap § > 0
in 0(5*1/ 2) iterations, each using a singular value decomposition. We also extend our results to
two finite-sample models: adversarial corruption of independent and identically distributed (i.i.d.)
target observations, and i.i.d. source observations with a Wasserstein-perturbed population target.
Here, we prove high-probability regret bounds under fourth-moment assumptions, with improved
dependence on the confidence level under sub-Gaussian tails. Finally, we provide synthetic numerical
experiments illustrating the predicted separation of MRO and SNR from DRO.

1.1 Related Work

Wasserstein DRO (WDRO) for regression and other quadratic models has been studied extensively
through the lens of duality, regularization, and robust risk minimization; see, e.g., Nguyen et al.
(2022, 202 1a); Taskesen et al.|(2023) in addition to the works cited above. |Shafieezadeh-Abadeh et al.
(2018)) explicitly develop WDRO algorithms for our multivariate linear regression setting, applied to
a sequential Kalman filtering problem. More broadly, WDRO has gained interest in ML from the
perspective of adversarial training (Sinha et al. |2018)), and Wasserstein-robust risk has been well
explored by several communities (Lee and Raginskyl, 2018} |Blanchet and Murthy, |2019).

Our focus is different: we evaluate estimators by excess risk at the unknown target law, rather than
by risk at the observed source or worst-case law. This distinction is essential, since regret-optimal
procedures need not coincide with DRO. MRO, also called distributionally robust regret optimization,
has garnered significant study. |Agarwal and Zhang| (2022)) compare MRO and DRO with general
ambiguity sets and show that heterogeneity in irreducible risk can cause DRO to incur larger regret.
In operations research and control, related formulations have been studied for newsvendor models
(Perakis and Roels| 2008; |Chen and Xie, |2021), more general Wasserstein ambiguity sets (Cho and
Yang, [2024; [Fiechtner and Blanchet,2025), and multistage stochastic control (Fiechtner and Blanchet]
2026). However, these works do not establish worst-case robust regret rates for estimator comparison.

Fiechtner and Blanchet| (2025) introduce a first-order sensitivity parameter which nullifies for our
setting. Theorem 3 in Version 5 of their paper (posted after the conference submission of this work)
establishes a second-order sensitivity expansion whose coefficient in fact specializes to our condition
number. We provide a self-contained Bures-geometric derivation, an explicit formula for multivariate
least squares, and connect this local quantity to global stability bounds. Their all-radius optimality
result for ERM concerns losses jointly quadratic in the decision and uncertainty, excluding our setting.

Our model is closely related to adversarially robust statistics under Wasserstein perturbations. Scalar-
response linear regression has been studied under 1-Wasserstein (Zhu et al.| 2022; [Liu and Loh),
2023)) and 2-Wasserstein contamination (Chao and Dobribanl [2023)). These works establish robust
guarantees under different distributional and design assumptions; our global comparisons are instead
indexed by the local minimax condition number. Moreover, moving to multivariate responses is
crucial for us to separate the worst-case regret of DRO from the minimax rates of MRO and SNR.



1.2 Preliminaries

Notation. Unsubscripted vector norms are Euclidean. Write Si for the cone of positive semidefinite
d x d matrices and 0% := {U € R¥*?: UUT = U'U = 1} for the family of orthogonal matrices.
For symmetric matrices M, N of the same size, write M < N (M < N) when N — M is positive
semidefinite (positive definite), and define >, > analogously. Let Apin (M) and Ayax (M) denote the
smallest and largest eigenvalues of a symmetric matrix M. For a real matrix M, let M denote its
Moore-Penrose pseudoinverse. If square, write tr(IM) for its trace. Let 0 and I denote the zero and
identity matrices, respectively, indexed by dimension when needed. The notation diag constructs a
diagonal matrix from scalar arguments and a block-diagonal matrix from square-matrix arguments.
For M > 0, M/2 denotes its unique positive semidefinite square root. Write a < b if a < Cb for an
absolute constant C' > 0. Write a 2 bifb Saanda < bifa S bandb < a.

Bures-Wasserstein geometry. We employ the 2-Wasserstein distance defined for P, Q € Po(R?) by

1
2

WZ(PaQ) = inf IE(Z,Z’)NTA’ [”Z - Z/||2] )

Tell(P,Q)

where I1( P, Q) denotes the set of joint probability laws on R? x R¢ with marginals P and (. Since
our least-squares risk only depends on (uncentered) second moments, it is convenient to switch from
the full W, geometry on probability measures to its induced geometry on second-moment matrices.
In particular, we turn to the Bures distance, defined between positive semidefinite A, B > 0 by

B(A,B)? := tr(A) + tr(B) — 2tr((AZBAZ)3).

We refer the reader to|Bhatia et al.|(2019) for a recent survey of this metric and recall several of its
important properties below, deferring proofs to Appendix [B] We often use an equivalent formulation
of the Bures distance as the minimum Frobenius norm between square-root factors of A and B.

Lemma 1.1 (Procrustes formulation of B). Forall A,B € S%, we have

B(A,B) = min |A? - B2U|p = min  [|S - T|p.
Ue0d S, T

G]Rd xd
A=SS" B=TT"

Thus, B(A, B) < ¢ if and only if there exists A € R with |Al|p < € such that A = (B'/? +
A)(BY2+ A)T. The minimum is attained by U = 1 if A and B are simultaneously diagonalizable.

More importantly, this metric is precisely that induced by W on the space of second-moment
matrices. Namely, setting B.(X) := {&’ € S1 : B(X', £) < ¢}, we have the following.
Lemma 1.2 (W,-Bures equivalence). For all P € Py(R?) and ¢ > 0, we have

{Zq: Qe B.(P)} = B.(Zp) = {(B)* + M) + A)T ¢ |Aflr < e,
Throughout, we refer to Si equipped with B as Bures space.

2 Local Asymptotic Complexity and the Condition Number

We begin by exploring the fundamental limits of robust estimation in the asymptotic ¢ — 0 regime.
Recall the local minimax robust regret RX(P), defined in (I). In general, this quantity depends on
the complex interaction between P, R, and the W5 geometry. However, as € — 0, we show that the
complexity of robust prediction is dictated by the following limiting quantity, which we compute in
closed form under a mild non-degeneracy assumption.

Definition 2.1. Define the condition number of P € P* by rp = limsup, e *R}(P). For
convenience, we set kp = oo for P ¢ P*[]

Theorem 2.2 (Condition number formula). If P € P*, then RX(P) = rkpe?® + o(e?) as e | 0 and
kp =1+ Anax (ApAL + Anin(EX) 125,

2This definition and our resulting non-asymptotic analysis can be adapted to the setting where Z)§ is singular but the
condition number limit is finite (which occurs when the optimal risk is 0). We omit this edge case for ease of presentation.



This implies the useful bounds

)‘maX(Eg)

Amax(3p) Amax(B5)
)\min (E§ )

1+max{||Apc2,p, o (52
min X

} <rkp <1+|Ap|2, +

We derive this formula in Appendix [E.T|by separately considering perturbations to the feature coordi-
nates X and the response coordinates Y. The additive 1 term arises due to response perturbations
which leave X fixed, while the remaining eigenvalue term results from feature perturbations which
leave Y fixed. This latter term is determined by both the size of the optimal coefficient matrix and
the scale of the residual variation compared to that of the features.

The proof equates x p to a second-order sensitivity of R(A g, P) as () varies in the neighborhood of
P. In Bures space, this amounts to a squared operator norm of a suitable Euclidean derivative, which
we compute with some calculus and a scalarization trick that simplifies tensor calculations.

3 Non-Asymptotic Regret Bounds

Although & is defined by an £ — 0 limit, we seek regret bounds which hold for all € > 0. To derive
these, we prove a key lemma allowing one to transfer regret bounds between nearby distributions.

Lemma 3.1 (Regret stability). Forall A € A, P € P*, and Q € P2(R?), we have
| VR(AP) — VR(A, Q)| < (2v/Ap + [Allp)Wa(P,Q).
Moreover, for A = Ap, we have R(Ap, Q) < 4kpWs(P, Q).

The proof in Appendix [F.I] performs some finite-difference error analysis using a closed form for
the regret in terms of Euclidean projections, valid even for degenerate (). Here, (a variant of) the
Davis—Kahan—Wedin sine theorem (Wedin, [1972)) serves as a key technical tool, controlling the
Frobenius discrepancy between projection matrices onto the row spaces of nearby matrices.

Regret stability implies several important regret bounds for our main estimators.
Lemma 3.2 (Stability implications). Let P € P* and € > 0. We then have
R.(MRO., P) < kpe?, R.(SNR., P) < kpe.
In contrast, our ERM and DRO guarantees adapt to the largest condition number in a ball around P:

R.(ERM,P) < sup kge? R.(DRO.,P) < sup kge?
QEB:(P) QEB2:(P)

Ife? < Amin(2%X) /16, then these two upper bounds are at most O(k pe?).

We give the proof for MRO and SNR below, deferring the ERM and DRO arguments to Appendix [F.2]

Proof of Lemma[3.2] (MRO and SNR). Let Q € B: (P) and fix source—target pair (Ps, P;) equal to
either (P, Q) or (Q, P). For MRO, we set A := MRO,[P;] and bound

R(A,P)< sup R(A,Q)< sup R(Ap,Q)<16rpe’.
Q'eB(Ps) Q'eB(Fs)

The first inequality uses P, € B.(Ps), the second uses MRO optimality, and the last uses 5. (Ps) C
Baoe (P) and Lemman Supremizing over () and source—target pairs gives R.(MRO., P) < kpe?.

For SNR, take instead A := SNR. [Ps]. Since risk and regret differ by a constant independent of A,
R(A,P.) +*||A[3, < R(Ap, P.) +°||Ap|3, < 5rpe’,

where the first inequality uses SNR optimality and the second follows from Ps € B.(P), Lemma
and ||Ap ||op < kp (by Theorem . Applying Lemma again yields

VRA, ) < \JR(A, P) + (IA]lop + 2v/5F)z
< V2\/R(A, P) + 2| A2, + 2,/Fpe < 6y/Fpe.

The second inequality is Cauchy—Schwarz, and the last uses the objective comparison above. Squaring
this SNR bound and supremizing over () and source—target pairs gives R.(SNR., P) < kpe?. [




By combining the DRO guarantee above with existing DRO regularizer bounds (Gao et al.,[2024; Lee
and Raginsky, |2018)), we obtain an all-radius guarantee adapted to the residual effective rank. Writing
Tet (M) == tr(M)/[[M]|op for M = 0, with rg(0) := 0, we prove the following in Appendix[F.3]

Lemma 3.3 (Rank-adaptive DRO bound). For P € P* and e > 0, set 7 := rog(XL). Then
R.(DRO,, P) < (x/min{p,r}(np -1 ++r(kp—1)+ KJP)62

In particular, DRO achieves regret O(r pe?) whenever the residual second moment has effective rank
O(1). In the worst case, however, the effective rank can be as large as m.

Combining the above, we derive worst-case rates for the family G(k) = {P € P* : kp < k}.

Theorem 3.4 (Population-limit summary rates). Fix e > 0 and k > 1. Then the minimax rate for
the class G = G(k) is RX(G) < ke2, and this is achieved by both MRO, and SNR.. In contrast, we
have R.(ERM, G) = oo and

R.(DRO,, G) < (\/min{p, mik—1)++/m(k—1)+ li)f—:g.
In particular, if k > 2 and p > m, then R.(DRO, G) =< \/R/%?.

In summary, MRO and SNR are always minimax optimal, ERM can suffer unbounded regret, and
DRO is provably suboptimal by a dimension-dependent factor for x > 2. The upper bounds in
Appendix [F.4]apply Lemmas [3.2]and The minimax lower bound follows by rescaling the local
result from Theorem 2.2}, this works because the condition number is invariant to uniform rescaling.

For ERM, we consider a target law P with identically zero responses. A nearby source law with
a nearly collapsed feature and a response correlated with that feature forces the ERM solution to
diverge, yielding unbounded target regret even though xp = 1. The DRO lower bound requires more
care. We employ two constructions with Apin (%) = £2 and independent residual noise spread
across many response coordinates. In each, the adversary contracts one feature coordinate while
leaving the responses unchanged. We then exploit rotational symmetry and a strong duality formula to
characterize the DRO minimizers explicitly. The noisy response coordinates determine the minimum
value, and we tune the contraction so that attaining this value forces an inflated coefficient on the
contracted feature and hence large target regret. This demonstrates how independent residual noise,
which contributes an additive constant to target risk and thus cancels from regret, can nevertheless
lead to suboptimal DRO decisions.

4 Efficient Computation

We next treat computation, given an observed second-moment matrix 3 € Si and radius ¢ > 0.
Since risk and regret only depend on laws via their second moments, we define L(A, ¥) := L(A, P)
for any law P such that 3Xp = X, and likewise for R(A,X). By the Bures—W, equivalence
(Lemmal(I.2), the optimization problems defining our estimators admit equivalent formulations over
second-moment matrices, used below. We defer sampling considerations to Section [3}

ERM admits the canonical minimum-Frobenius-norm solution Ey X >t » Which can be computed via
eigendecomposition of > x. Alternatively, one may apply any standard convex solver to the objective
A~ LAY =tr(ATAS ) — 2tr(AXxy) + tr(Zy).

Shafieezadeh-Abadeh et al.|(2018) developed a convex reformulation for the DRO problem, accompa-
nied by a Frank—Wolfe method with convergence guarantees (see Theorem 3.3 therein). The convex
reformulation naively requires solving a large semidefinite program, so their Frank—Wolfe method is
a noted improvement, albeit with some dependencies on A, ()71 in their convergence rate. We
do not seek any further improvements, given the stronger performance of MRO and SNR.

The MRO objective A — supscp_ =) R(A,X) is convex as the pointwise supremum of con-

vex functions in A. However, regret is convex in X, as the pointwise supremum over A’ of
L(A,X) — L(A’,X) which is linear in X. This appears problematic, since the inner problem re-
quires maximizing over 3. Nevertheless, we show that it admits a convex reformulation. Here tr,,(H)
denotes the sum of the p largest eigenvalues of a symmetric matrix H, counted with multiplicity.



Theorem 4.1 (Convex reformulation for MRO). Lete > 0, ¥ € S, and S € R¥? such that
> =SST. Decompose

S = <§X>, SX S Rde, gy € Rde.

For A € A, consider the MRO objective F'(A) = sups,p_(s;) R(A, %) and the residual factor
Ea =Sy — ASx € R"™*%. Define the extended-real-valued function D : A x R — RU {+o0} by

DA ) = n(* = ISx |} + tr, (SXSx + BA((n— )L — AAT) 'Ea ) )

ifn > 1+ ||A||2, and +oco otherwise. Then D is convex as an extended-value function on A x R
and F(A) = inf, cr D(A, n). Consequently, MRO admits the lifted convex reformulation

e I S

This proof in Section|G.I]extends a known dual formulation for the inner DRO problem

sup L(A,E)= inf 77(62 + tr(Eg((n )L, — AAT)’lEA)), @)
SeB.(D) n>1+|| A2,
which underlies the Frank—Wolfe implementation in |Shafieezadeh-Abadeh et al.|(2018). In both
cases, the variable 7 is introduced as a Lagrange multiplier for the Bures ball constraint. However,
our route to the MRO formula involves an additional maximization problem over rank-p projection
matrices. Initially outside the infimum, we employ a non-convex minimax theorem to bring the
supremum inside, with the tr,, term arising due to the Ky Fan variational principle.

Theorem suggests solving the MRO problem by applying a subgradient method to minimize
D over A, 7. Indeed, subgradients can be computed via eigendecomposition, due to the Ky Fan
variational formula for tr, and Danskin’s theorem. Moreover, if A, 1) are a feasible, J-approximate

minimizing pair, then A is a §-approximate MRO solution. We defer a complete convergence analysis
to future work, since the minimax rate of MRO is shared by the much simpler SNR, explored next.

In contrast, the SNR objective G(A):=L(A, X)+¢&2 | A]|2, is convex and enjoys simpler subgradient
computations. Indeed, for unit singular vectors u € R™, v € R? satisfying Av = ||A||opu, we haveE]

2A3x — 28y x + 262||Allopuv " € DG(A).

Some simple bounds on the optimizer norm yield the following for a projected subgradient method.

Proposition 4.2 (SNR subgradient convergence). Let e Si and e > 0. If 3y = 0, then 0
minimizes G. Otherwise, define radius B := (dtr 3y )'/? /e, Lipschitz bound M = 2(B||Zx ||op +
|Zyx||r + €2B), and iteration count T = [M2?B25~2), for accuracy § > 0. Consider the update
A < projg(A;—\Gy), where Ay = 0, G; € 0G(Ay), A :== B/(MVT), and proj is the
Euclidean projection onto the Frobenius ball of radius B centered at 0. Then, the averaged iterate
Ap =771 Zle A, achieves G(Ar) < mina G(A) + 6.

The proof in Sectionis routine. Hence, we can solve SNR to accuracy § with O(5~2) iterations,
each computing a top singular vector. To accelerate this rate, we use that our nonsmooth penalty
admits an efficiently computable proximal operator, enabling the application of FISTA (Beck and
Teboullel 2009). In Section we prove an improved rate for the resulting Algorithm

Proposition 4.3 (SNR FISTA convergence). Fix X € S%, ¢ > 0, and § > 0. Then Algorithm
achieves G(Ar) < ming G(A) + 6 after T = [(4dAmax(Ex) tr(Zy )2~ - §1/2] iterations.

In particular, FISTA achieves accuracy & using O(6~'/2) full singular value decompositions.

3The first two terms for this subgradient representative are obtained directly by differentiating (-, f)). The last term
follows, for example, from the characterization of the spectral-norm subdifferential set in Example 2.8 of |[Lewis| (1995).

4Faster linear rates are available if L(-, 3) is strongly convex, but this requires Amin (3 x ) to be bounded away from 0,
which is not guaranteed.



Algorithm 1 FISTA for SNR

Require: Observed second moments ) x € RPXP, f)y x € R™*P penalty € > 0, iteration count T’
1: Compute M = 2\pax(Xx)

2: if M = 0 then return At =0

3: Set v = €2 /M, initialize Ag = Oy, p, Yo = Ag, to =1

4: fork=0,1,...,T — 1do

5: B, =Y — % (ka]X - f]yx) > gradient step for the smooth loss
6: A1 = ProxSpecSq(By, a) > proximal step
7: tho1 = 1+«/1+4t2 )/2

8 Yy =Apg + 34 — (Ak+1 Ayr) > Nesterov update

9: return A

Algorithm 2 ProxSpecSq: proximal map of af| - [|Z,

Require: Matrix B € R™*P, parameter o« > 0
1: Compute thin SVD B = P diag(c1,...,0,)Q",01 > -+ > 0, > 0, ¢ = min{m,p}
2: if oy = 0 then return B

3: Define o411 = 0. Find the unique k, € {1,..., ¢} such that

k
Oky > Thy 2 Ok, +1, T =y, 0i/(k +20).

4: Set T = 73, and define clipped singular values s; = min{o;, 7} fori € {1,...,q}
5: return P diag(sq,...,5,)Q"

5 Finite-Sample Statistics

We now turn to the finite-sample setting. Let 21, ..., Z, "4 pand P, =n"! Z?:l 0z,. We treat

two models, each specifying an observed empirical source measure P ,, and an unknown population
target P;. In the sample-corruption model, P, = P and Ps ,, = n™! >, 65 for an adversarially
perturbed sample {Z;}7_, only guaranteed to satisfy n=' 37" | [|Z; — Zz||2 S 2. Naturally, this
implies Wo(Ps ,, P,,) < . In the distribution-shift model, the learner instead observes P , = P,
and P, = @ for a perturbed population law Q) € B.(P). Let M, ,,(P) denote the family of joint laws
of (Ps ,,, P,) arising from either model, over all admissible, possibly randomized, sample-corruption
rules and all fixed @ € B.(P). Seeking robust, high-probability regret bounds, we thus define

Rens(An,P):= sup inf{T >0 P(R(An[Pm], P) < T) >1- 5},
]PEME,TL(P)

where § € (0,1) and A, is any (measurable) estimator mapping P, ,, to A, [Ps.n] € A

To control empirical convergence of second-moment matrices, we introduce the Bures variance proxy,
a rescaled fourth-moment bound given by

2
Ve(P) =Ep M(ZzT - EP)EL”HF] =Ep[|Z|PZ2"EL2] - tr(Zp). 3)

Writing P4 (R?) for the set of laws with finite fourth moments, we prove the following in Section

Proposition 5.1 (Vg properties). Let P € P4(R?). Then Vg(P) < oo, and Vg(P) = 0 if and
only if ZZ" = Xp for almost all Z ~ P. If Sp = 0, then Vg(P) < Ep[||Z||*]/Amin(Zp). For
Gaussian P = N (0,Xp), we have Vg(P) = (rank(Xp) + 1) tr(Xp), and if further P € P* is
non-degenerate, then Vg (P) > ptr(XL). Crucially, we have E[B(Xp, X p, )% < Vg(P)/n.

Hence, we can extend population-limit results to the finite-sample setting by treating sampling as
an adversarial Bures perturbation and slightly inflating e. However, this approach uses Markov’s
inequality, leading to sample complexity with inverse polynomial dependence on the failure proba-
bility. Alternatively, sub-Gaussian concentration controls the empirical condition number directly,



avoiding radius inflation. For K > 0, recall that a random vector W on R4 is K-sub-Gaussian if
Elexp((u' W)?2/K?)] < 2 for each unit vector u € R%. We prove the following in Section
Theorem 5.2 (Finite-sample regret bounds). Let P € P*, & > 0, and 6 € (0,1). Suppose first
that P € P4(R%), and fix V> Vg(P). Then, for sample size n > V6~ 'e~2 and expanded radius
en =€+ +/V/(nd), we have

Re,n,é(MRoeﬂ,a P)7 R5,7z,5(SNRen7p) ,S KP52-

Alternatively, let (X,Y) ~ P, write E =Y — ApX, and suppose that the whitened random vector
(=5)~V2X, (E)1/2E) is K-sub-Gaussian. Then, forn 2 K*(d + log +)(1 + tr(28)e2),

Re n.5(MRO,, P), R. , s(SNR., P) < kpe®.

Notably, the sub-Gaussian guarantee improves the polynomial dependence on 6! of the first sample-
size bound to logarithmic, and it requires no radius inflation. Still, these sample complexities are not
comparable in general, and we defer the question of optimal sample complexity to future work.

6 Experiments

Finally, we implement our estimators and compare their performance on synthetic finite-sample
instances. All methods use the empirical source second-moment matrix 3 p,_, . For ERM, we compute
the closed-form solution using NumPy. For MRO, we implement the lifted objective D(A, n) from
Theorem@in PyTorch, evaluating its tr,, term by eigendecomposition and computing subgradients
by automatic differentiation. We use the same template for DRO, replacing D(A, n) with the simpler
dual objective in (2). For both methods, we use the normalized subgradient method with kth iteration
step size k~1/2 1n1t1ahze A at the ERM solution and 1) = 2 4 ||A ||, and repair feasibility after
each step by taking n < max{n, 1+ ||A[|Z, + ¢} for a numerical buffer ¢ = 0.001. We return the
final iterate after 7' = 800 iterations. For SN R, we implement the FISTA method in Algorithm I]
using NumPy, with the same ERM initialization and 7' = 60 iterations. The population benchmarks
discussed below served as numerical diagnostics for selecting iteration counts and tolerances.

In Fig. [T} we consider two experimental settings based on the Lemma [F.10| construction. Both use
corruption budget ¢ = 1 and dimensions p = m = d/2 > 2. We take target measure P = P;
as the law of (X,Y), where X ~ ./\/(0 I,)andY = X + U, and U ~ N(0,diag(0,I,,_1)) is
independent of X. Then Ap = ¥ = 1,,, L = diag(0,1,,_1), and hence kp = 3. Target
population regret is therefore R(A, P) = ||A — L,,||3. Drawing {(X®, Y (®)}7_ iid. from P, we
replace each X" () by m~Y/ X () stopplng if needed before the first replacement that would exceed
a total squared perturbation budget of ne?. All other feature coordinates, responses, and unselected
observations remain unchanged. Writing X (1) for the resulting features, the observed empirical source
Pop=n"" 30 85w y ) satisfies Wa (Ps p, P)? < 23700 | X — X @2 < 2, obeying our
Sectlonl sample- corruptlon model. We use sample size n = 10m? to match, for fixed conﬁdence
the d(1 + tr(X£)) =< m? dimensional dependence in the sub-Gaussian bound of Theorem

We also compute population benchmarks using the source law P, of (diag(m~'/4,1,,_1)X,Y’) for
(X,Y) ~ P, corresponding to contracting every observation. This choice is justified because the
average cost of contracting every observation converges almost surely to (1 —m~/4)? < 2 asn —
oo. The estimators then receive X p, instead of X p_ . Appendixuses rotational symmetry to reduce
the population problems to optimization over the two-parameter family A («, 8) = diag(«, SI,,—1).
Under this reduction, ERM and SNR admit closed-form solutions, while DRO and MRO admit
constant-size semidefinite programs which we solve using CVXPY (Diamond and Boyd, 2016}
Agrawal et al.| |2018). These computations benchmark the estimators at exact population second
moments and provide diagnostics for the finite-sample optimization routines. For the population
MRO benchmark, we break ties by minimizing the source risk L(-, Py).

For Setting A, we supply radius p = ¢ = 1, vary d between 20 and 400, and plot the target population
regret R(A[P; ], P) for A € {ERM,DRO,, MRO,, SNR,}. This setting illustrates the dimension-

free behavior of MRO and SNR and v/d growth of DRO regret. For Setting B, we fix d = 400 and
vary the supplied radius p € [0.1¢, 20¢]. For small p, DRO, MRO, and SNR perform similarly to
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Figure 1: Target population regret R(A[Psﬁn], P) for Settings A (left) and B (right). Solid curves
show finite-sample averages, while dashed curves show population benchmarks. For Setting B, the
dashed vertical line marks the corruption budget € = 1.

ERM, and their relative ranking at p = ¢ matches Setting A. As the radius p varies, the best method
depends on its scale; SNR is strongest for radii below the budget e, MRO is strongest for most larger
radii, and for very large radii excessive regularization or robustification causes ERM to dominate.
This precise behavior is beyond the scope of our current theoretical results and warrants further study.

For both settings, the plots report target population regret averaged over 10 independent trials, with
error bars showing the minimum and maximum over trials, and dashed curves showing the population
benchmarks. Error bars are nearly imperceptible due to low variance at the chosen sample size.

See Appendix [J] for additional details and code, an alternative to Setting A where d is fixed but the
effective rank of Eg is varied, and a final experiment with real-world network traffic data (Koumar|
et al.| 2025). We emphasize that the observed separations between MRO/SNR and ERM/DRO need
not hold universally, with ample room remaining for finer-grained instance-dependent analysis.

7 Concluding Remarks

In this paper, we introduced a new framework for regret-optimal Wasserstein-robust decision-making,
focused on the setting of least-squares regression. We fully characterized the complexity of robust
estimation in the € — 0 limit, via the condition number, and extended these asymptotic guarantees
to all € > 0 using regret stability. While DRO is a natural robust algorithm, we proved and verified
empirically that it can be outperformed by MRO and our new procedure, SNR, for high dimensional
tasks. Moreover, we developed a new convex reformulation for MRO and an efficient proximal
gradient method for SNR. Moving forward, we hope that this initial work spurs more research into
characterizing and efficiently achieving regret-optimal performance for robust stochastic optimization.
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A Linear Algebra Preliminaries

This appendix collects linear algebraic tools used repeatedly in the proofs. We include short deriva-
tions when they are more convenient than a citation, and otherwise point to standard references.
Additional notation. Write S™ for the space of symmetric n x n matrices. For a matrix Ml € R2*?,
let range(M) denote its column space, so that range(M ") is its row space, and write rank(M) :=
dim range(M). Write vec(M) € R for its column-stacked vectorization and ® for the Kronecker
product. For matrices of the same size, we write (M, N)g := tr(M ' N) for their Frobenius inner
product. We order the singular values of M € R®*? as gy (M) > ... > Omin{a,p} (M) > 0,
including zeros, and write ouin (M) ‘= Ouin{a,p} (M). For H e S?and k € {1,...,d}, let tr),(H)
denote the sum of its k largest eigenvalues and write H . for its positive semidefinite part, obtained
by replacing negative eigenvalues by zero. Write (¢)4 := max{t, 0} for scalars. We write 0,, for the
zero vector in R™ and e; for the +th standard basis vector, with its ambient dimension specified when
needed.

A.1 Basic Matrix Inequalities and Identities

Lemma A.1 (Basic norm and projection inequalities). For dimension-compatible matrices,
IABC|lr < [|Allop Bl [[Cllop,
[AB|lop < [[Allop[IBllop,
|ABI[e < [|Aflop|BF,

[Allop < [[Alle,  [[Allp < /rank(A) [|Allop.
If I1 is an orthogonal projection, then
IMIT[[p < [Mllp, M = [|MIT[§ + [M(I - I

Finally,
(A, B)r| < [[A[[r[IB|r.

Proof. The first inequality holds for all unitarily invariant matrix norms, including the Frobenius
norm; see, e.g.,|Horn and Johnson, [1991] Section 3.5, Exercise 4. The second is a standard submulti-
plicativity property; see, e.g.,|Horn and Johnson, |1991] Section 3.5, Exercise 3. The third inequality
follows from the first by taking C = I. The comparisons between Frobenius and operator norms
follow from the singular-value identities ||A|lop = 01(A) and ||A||Z = 3", 0;(A)?. The projection
identities follow from IT(I — IT) = 0 and the Pythagorean theorem for the Frobenius inner product.
The last inequality is Cauchy—Schwarz for the Frobenius inner product. O

Lemma A.2 (Pseudoinverse and projection identities). Let M € R”*<. Then MM is the orthogonal

projection onto the row space of M, and MM is the orthogonal projection onto the column space
of M. We always have Mt = MT (MM "), If M has full row rank, then

M =M"(MMT")" !, MM’ =1, M |op = Tunin(M) L.
IfB = 0, then BTB2 = B.

Proof. Take a compact singular value decomposition M = UDV T over its nonzero singular values.
Then Mt = VD1UT, so MM = VVT, MM! = UUT. These are exactly the claimed
row-space and column-space projections. Further, MM " = UD?U ", and so

MT(MM")' =VvDU' (UD?U") =VD'U" =M

If M has full row rank, then MM is invertible and the displayed formulas follow directly. The
claim for B > 0 follows from the eigenvalue decomposition of B. [

(3 9
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Lemma A.3 (Schur complement). Let



be symmetric. If A >~ 0, then
Q-0 < C-B'A'B>o.
The analogous statement holds with C = 0 and Schur complement A — BC™'BT.

Proof. Use the congruence

I 0\/A B)\/I -A"'B\ (A 0
-BTA-! 1)\BT C/\o I ~\0 C-BTA'B)

Congruence by an invertible matrix preserves positive (semi)definiteness. O
Lemma A.4 (Rectangular resolvent identities). Let M € R™*? and ) > ||[M|2,. Then
(Mg —M'™M)"'M" =M"(nI, —-MM "),
M(nIy—M'™M)! = (I, - MM ") 'M,
M M(nIy; —M M) =MT (5T, - MM ")~ M,
Ny —M M)t =1, + M (I, - MM")"'M.

Proof. We start by computing
M (I, —MM") = (nI; — M "M)M'.

The terms in parentheses are both invertible due to our lower bound on 7, so suitable left/right
multiplication gives the first identity. The second identity follows by taking transposes, and the
third follows by left multiplication of the second identity by M . The fourth identity follows by
combining the third with the identity 7(nI — C)~! = I+ C(nI — C)~!, which can be confirmed by
multiplying both expressions on the right by nI — C. O

Lemma A.5 (Lipschitz continuity of the smallest singular value). Let S, S € R"*%. Then
|Umin(g) - Umin(s)| < HS - S”Op-

Proof. This is the standard singular-value perturbation inequality; see, e.g., Theorem 3.3.16(c) of
Horn and Johnson|(1991)). O

Lemma A.6 (Row-space projection perturbation). Let My € R™? have full row rank, and let
M, = My + A for some A € R"™*%, Let Ty, II; € R4*¢ denote orthogonal projections onto the
row spaces of My, M, respectively. Then,

A

(T = )T fe < I(Ly — T0)Tho e < ==

Proof. Although we have not seen this precise statement in the literature, the left-hand side connects
to the principal angles between row spaces and has been well examined, with the closely related
Davis—Kahan—Wedin sine theorem providing a similar bound (see, e.g., Section 3 of [Wedin, |1972)).

For the proof, define the complementary projections IT;- := I; — II; for i € {0,1}. To prove the
first inequality, we compute

ITI3 I, |3 = tr((Tq — T1p)IT,) (IIy, II; projections)
= tl"(Hl) — tf(HoHl)
S tI‘(Ho) - tr(l'[ol_Il)
= || 113 Mo |3
The inequality uses that tr(Il;) < r = tr(IIp), since My has full row rank. Thus, it suffices to
bound || TI{ ITo||2.
Next, since My is full row rank, we can take a thin singular value decomposition

M, =UDV',
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where U € Q" is orthogonal, D € R"*" is diagonal with strictly positive entries, and V € R?*" has
orthonormal columns. By this choice, V.= MJ UD~! and II = VV ', implying that

I Tho [ = te(V I V) = [Ty V.

Since TI is the orthogonal projection onto the orthogonal complement of the row space R; C R? of
M, we have

|ITI{ V|p = min{|[V — W||p : columns of W lie in R }.
Consider the specific competitor W := M, UD ™!, whose columns lie in R;. We then have
V-W= (M, -M/)UD!=-ATUD ..
Therefore,

Al

I V]r < |ATUD g < [JAp|D ™ op = ——n.
[T Ve <] e < [[A[[eID™ lop min(Mo)
Combining the steps above, we obtain

Al
Umin(MO) ’

as desired. O

(I — TIo)TL ||p = T I [|p < || TI{ To|lp = [T V|p <

A.2 Scalar, Tensor, and Spectral Variational Facts

Lemma A.7 (Elementary scalar identities). For aq,...,a > 0,

k 2 k
<Za,;> SkZa?.
i=1 i=1
For A,B >0,
B
gn%(A+5)<1+6) = (VA+VB)?,
>

with optimizer 6 = V AB when AB > 0. Finally, for any norm || -

, we have

. 1
inf a2 — ol l}o = 112} = 7 w0 — 2112

Proof. The first inequality is Cauchy—Schwarz. For the second identity, expand

B AB
(A+5)(1+6> = A+B+3+ =5

Basic calculus confirms that this is minimized at § = Vv AB if AB > 0 or otherwise in the limit as
§ — 0. In both cases, the infimum value is (v/A 4 v/B)?, as claimed.

The last identity follows because any = with both distances at most r must satisfy ||xo — z1|| < 27,
while the midpoint achieves radius ||zo — z1||/2.

Lemma A.8 (Kronecker trace identity). For matrices A, B, C with dimensions such that the following
products are well-defined,

trf(ACBC") = vec(C) " (BT @ A) vec(C).

Proof. This follows from the matrix vectorization identities vec(ACB) = (B" ® A) vec(C) and
tr(UV ) = vec(V) T vec(U); see, e.g., Petersen and Pedersen, 2012, Section 10.2. O
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Lemma A.9 (Variational matrix formulas). For any matrix A,

|Allr = sup (A,B)r.
IBllr<1

ForanyH € S?and k € {1,...,d}, we have the Ky Fan variational formula

try(H) = max _ tr(HII),
m=r=I’
tr(IT)=k
and equivalently

tr(H) = I kr + tr(Y).

Proof. The Frobenius formula simply is Hilbert space duality. The projection formula is Ky Fan’s
maximum principle; see, e.g., [Horn and Johnson, |1991| Section 3.4. For the epigraph formula,

diagonalize H = Zle A\;u;u, , for an orthonormal eigenbasis {u;}%_ ;. For fixed 7, any feasible Y
satisfies u;) Yu; > max{\; — 7,0} for all i. Hence,

d
tr(Y) > Z()\i — 7).

Equality is attained by Y = (H — 7I;) . Thus the inner minimum equals

d
kr + Z()‘i -7+,
i=1

whose minimum over 7 is the sum of the k largest eigenvalues of H. O

B Bures—Wasserstein Geometry and Regression

This appendix develops the second-moment formulation of least-squares regression in Bures space
and collects some basic facts of Bures—Wasserstein geometry used throughout the proofs.

B.1 Common Block Decompositions

Throughout the proofs, we frequently apply two types of matrix block decompositions. Recall that
d=p+m.IfX € S%is symmetric, we write

> = (gy); %XYY) Yx €SP, Zxy =Xy €RPX™M By e S™.

This matches our existing notation for second moments when ¥ = 3 p. We employ this decomposi-
tion when 3 is a second-moment matrix, a nearby symmetric matrix, or a tangent direction to the
positive semidefinite cone.

If S € R**F is introduced as a square-root factor for a matrix 3 € S? ie., X = SST, or as the
difference between two such factors, then we often decompose

S — (SX)’ Sy € Rpxk7 Sy € R’mxk.

This decomposition arises naturally for Bures distance computations. For intuition when working with
such blocks, note that if Z = (X,Y) = (SxW, Sy W) for W ~ N(0,1;), thenE[ZZT] = SST.

B.2 Regression in Bures Space

Since all risks considered in the paper depend only on second moments, we extend the basic definitions
from the main body to Bures space. For ¥ € S¢ and A € A = R™*?, define
As = Zyx 3k,
LA, X) =tr(ATAZ ) — 2tr(AZxy) + tr(Zy),
R(Aa E) = L(Aa 2) - L(Aza E)a
EE = (AE _Im) b)) (AE _Im>T
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For P € P*, these agree with the distributional definitions in the main body when 3 = 3 p. We note
that the residual second moment can be simplified as follows:

Ty =
Sp = (As —Im)<zy); z:XYY>(A2 1,7

=AsYxAg — AxSyy — ZyxAg + 2y
= EYXZ;(EXE;(EXY - QEYXZE(EXY + Xy
=Xy — EYXE;(EXY»

where the last equality uses that EE( Yx 2;( = 2&.

The next lemma records several useful identities for these Bures-space regression quantities in terms
of a square-root factor for 3.

Lemma B.1 (Regression factor identities and regret formula). Let 3 € S%, and fix any S € R**"
suchthat ¥ = SST. Let TIx = STXS x be the orthogonal projection onto the row space of Sx. Then
As = Zyx 2k =Sy Si.

For the chosen factor S, the corresponding residual factor
E:=Sy —AsSxy =Sy(I-1IIx)

satisfies
ES} =0, Ellx =0, EE' = 3Z5.
Finally, for every A € A, we have L(A,X) = ||ASx — Sy ||% and

R(A,E) = |(Sy — ASx)IIx|7 = [[(A — Ax)Sx |}

Proof. By Lemma st =8L(SxS})f, and so
SySk = SySy(SxSx)f = TyxTh = As.
Thus, AxSx = SyS}SX = SyIIx, and hence E = Sy (I — ITx). Since HXS} = S;E and
(I - IIx)IIx = 0, we obtain
ES; =0, EIIx =0.
Moreover, (As; —1I,,)S = —E, and so

EE" = (Ays -1,)%(As -L,) =3

Finally,
L(A,%) = tr((ASx — Sy)(ASx —Sy)") = |ASx — Sy 3.
We decompose this norm using ITx and I — ITx:
|ASx — Syl = [[(ASx — Sy)IIx % + [|Sy (T — IIx) 2.

The second term is independent of A and the first is zero for A = Ax. Thus,

R(A, %) = [|(ASx — Sy)Ix ;.
Finally, since SxITx = Sx and AxSx = SyIly,

(ASx — Sy )IIx = (A — Ax)Sx,
which gives the final equality. O
Next, set

Cr={Zp:PeP}={2esl =y 0}

Using the second-moment formulation of the risk together with Lemma([I.2] the condition number
and our main-body estimators admit equivalent Bures-space formulations. For 3 € C*, define

R:(XE):= inf sup R(A,X), x(X) = limsupe 2R*(Z). 4)
AcAsiep () €l0
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Then, by () and Lemma kp = k(X p) for P € P*. Likewise, the estimators can be written as

ERM[X] € argmin L(A, X),
AcA

DRO.[X¥] € argmin sup L(A,X),
AcA SVeB.(%)

MRO.[X] € argmin sup R(A,X'),
AcA S/eB.(T)

SNR.[X] € argmin L(A, %) + *[|A[12,.
AcA

B.3 Bures—Wasserstein Geometry

We now turn to proofs of the Section[I.2]lemmas on the Bures metric.

Proof of Lemmal[I.1] Given A, B € S¢, the identity

B(A,B) = min [|A* -~ B U )
= min IS — T|r. (6)
S, TeR**

A=SS" B=TT"
is well-known; see, e.g., Bhatia et al.| (2019, Theorem 1).
Suppose B(A,B) < e. Fix U € 0% minimizing (3), so that [|[AY/2 — BY/2U||p < e. Setting
A = AY2UT — B'/2, we then have || A||r = |AU||r < ¢ and
(B: +A)B* +A)" =AUTUAZ = A,
as desired. On the other hand, if such A exists, then S = B3 +Aand T = B? are feasible
square-root factors for (@), and so

B(A.B) < [S — Tllr = |Ar <.

If A and B are simultaneously diagonalizable, then A'/? and B'/? commute. In this case, we have
B(A,B)” = tr(A) + tr(B) — 2tr((A%BA%)%)
= tr(A) + tr(B) — 2tr(A2B?)
= lIA% - B,

implying that the minimum in (3} is attained by U = 1, as claimed. O

Proof of Lemmall.2] The second equality follows directly from Lemma|[I.1] We now prove the first.

Proposition 1 of Nguyen et al.|(2021a)) establishes a related claim for the augmented Gelbrich distance
over mean—covariance pairs, assuming non-singular covariance matrices. Here we give a direct
argument for the Bures case with uncentered and potentially singular second-moment matrices.

C direction. Fix Q € B.(P) and any coupling of random variables (Z, Z') with Z ~ Pand Z' ~ Q.
Setting C := E[Z(Z") "], the block second-moment matrix

(e =)
Cc' Xg
is PSD. Hence, there exists a contraction K € R%*¢ with | K||op < 1 such that C = E},/QKEE/Q

(see, e.g.,[Bhatia, 2009\ Proposition 1.3.2). Therefore, by duality between the operator norm || - ||op
and nuclear norm || - ||, (the sum of singular values), we have

tr(C) = w(KESY?) < [ BP2)|, = (T 2oz ).
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It then follows from definition of B that
E|Z - Z'|* = tr(Zp) + tr(Zg) — 2tr(C) > B(Zp, Eg)*.
Infimizing over couplings gives Wy (P, Q) > B(Xp, Xq). Thus Xg € B.(Xp).

D direction. Fix 3 € B.(Xp). It suffices to identify ) € B.(P) such that 3 = X,. Abbreviate

By = X}/% By the Bures bound and Lemma there exists a factor B € R%*? such that
|IBp —B|lr <eand BB' = . Let IT € R%*< be the orthogonal projection onto range(Xp) =

range(Bp). By Lemma we have IT = BPBL = B;BZJPBT , where T denotes the Moore—
Penrose pseudoinverse. Let Z ~ P and W ~ N(0,I; — II) be independent. Now consider the

random variable U := BLZ + W, constructed so that
E[UUT] =BLEpBL + I, - =T +1, -1 =1,
BpU =11Z+BpW = Z.

Indeed, Z is supported on the range of X p and W is supported on the null space of Bp. We take Q)
as the law of Z’ := BU. Indeed, since U has identity second moment, we have g = BB =3X.
Moreover, the coupling (Z, Z’) certifies that

W2 (P,Q)* <E[|Z - Z'|°] = E[l|(Bp - B)U|’] = |Bp — B[} <&”.
Thus, @ € B.(P), as desired. O
Lastly, we apply Lemma I.1]to prove a simple upper bound on the Bures distance.
Lemma B.2 (Bures distance upper bound). For A,B € S% with range(B) C range(A), we have

B(A,B)? < tr((B - A)AT(B - A)).

Proof. We assume without loss of generality that A > 0. Indeed, if A = 0, then the range constraint
forces B = 0 and the claim holds trivially. Otherwise, since range(B) C range(A ), both matrices
vanish on range(A)-. We may therefore restrict to range(A), where A is positive definite and AT
agrees with its inverse.

Set C := A~1/2BA~1/2 = 0. By construction, we have
B = AY2CAL/2 — (A1/2cl/2) (A1/2cl/2)T_

Using the square-root characterization of the Bures distance (Lemma|[I.T]) with the particular square-
root factors A1/2 and A/2CY/2, we obtain

B(A,B)? < [|[AY/%(CY2 — 1)
Since C'/2 —1; = (C — 1,)(CY2 +1;)~' and ||(C'/2 + 1)~ !{|op < 1, we further bound

[AYA(CH2 1) < |A12(C = 1)€Y + 1) oy (Lemma&T)
< [[AY2(C 1)
By our choice of C, we have A/?(C — 1) = (B — A)A~"/2, and thus
2 -
[AV2C ~ 1) = tr((B ~ A)A (B - A)).
Combining the above gives the claimed bound on B(A, B). O

Finally, we establish Lipschitz continuity of the square root of the smallest feature eigenvalue.

Lemma B.3 (Bures continuity of the smallest feature eigenvalue). For £, 3 € S%, we have

’\/)\min(EX) - \//\min(EX)‘ < B(E’ 2)

In particular, Ayin (X x) is continuous with respect to the Bures metric.
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Proof. By Lemma|L.1} there exist square-root factors S, S € R**¢ of ¥ and ¥ such that
IS = S|r =B(Z,%).

Using the Sectionblock decompositions, we have ¥y = Sx S} and ¥y = Sx S;. Hence, by
Lemmal[A.3]

’\/)\min(z_]X) - \/Amln(EX)‘ = ’Umin(SX) - O—min(SX)‘
< [Sx = Sxllop
< IS S|r
—B(E,%).

The continuity claim follows immediately. O

C DRO Duality and Symmetry Reductions

This appendix establishes a dual formulation for the inner DRO maximization problem and an
averaging principle for DRO, MRO, and SNR under orthogonal symmetries. We use sup @ = —oco.

C.1 Strong Duality for the Inner DRO Problem

We first establish a helper lemma, which will be applied both for the inner DRO problem below and for
the fixed-projection problem in Section|[G.1] Very similar arguments appear in [Shafieezadeh-Abadeh
et al.| (2018)); Nguyen et al.| (2021b), but we provide a self-contained proof to account for the case
where r < d (untreated in those works).

Lemma C.1 (Quadratic-ball duality). Let M € R**4 qnd W € R¥*", where k,r > 1. Set
b= ||[M||2,. Foreveryn > b, we have

sup {IMW]2 = n|W — W]} = ntr((L - MMT)"'MWWMT). ()
WERxT

Moreover, for every t € R, with sup @ = —o0, we have

sup  IMWI[E = sup inf {[MW]2+n(t - [W - W|2)}

WeRdxr WeRdxr 7720
[W—W|j7 <t
—inf sup {IMW]Z +n(t— [W - W) | ®)
UZOWERdxr

7171;1277(15 + tr((nIk - MMT)‘lMWWTMT)).

Proof. Fixt € R. Forn > 0, define
) = sup {IMWIE+(t— |W - WI3) }.
WGRdXT
We first compute this supremum for 7 > b. Expanding the quadratic expression gives
IMW[f — W = W[§ = —tr(W ' (gLs — MTM)W) + 2)(W, W)p — 5| W

Since nI; — MM > 0, this expression is strictly concave in W. Its unique maximizer satisfies

(nls —MTM)W =W,
and therefore equals 77(nT; — M M)~ 'W. Substitution yields

@) =t + 1 tr(W (g = MTM) W) — | W2
=t ntr (W [ — MTM) ™"~ 1] W)

=nt+ ntr((nIk - MMT)flMWWTMT) 9)
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where the last equality uses Lemma([A.4]and cyclicity of trace. Subtracting nt proves (7).
We next prove the final equality in (8). Given (), it suffices to show

inf ®,(n) = inf ®,(n).
inf +(n) inf ¢(n)

For 0 < 7 < b, varying one column of W along a top eigenvector of M " M makes the expression
defining ®;(n) unbounded above, since its leading quadratic coefficient is b — 7 > 0. Thus ®;(n) =

+o00. At the endpoint 77 = b, observe that as 7 |. b, the functions W > [|[MW |2 — ||W — W |2
increase pointwise to their values at b, so their suprema converge to the supremum at b. Further,
n — nt is continuous, SO we obtain

17%1 () = 4(b),

allowing +oo. Hence excluding all 7 < b does not change the infimum.
We now return to the initial constrained supremum in (8). For each fixed W, we have

MW, [|W — W2 <t,

. 2 A7112 _
lﬂf{HMWHF + n(t — W - WHF)} o { 00, otherwise.

n=0
This proves the first equality in (g).
For the remaining equality, suppose first that ¢ > 0 and set
. 2
7= _max IMW ||%.
WeRX"
IW-WIE<t

This maximum exists and is finite because the feasible set is compact and the objective is continuous.
By definition of v, the quadratic implication

t—[W-W[F>0 — y—[MW]|Z>0

holds for every W. The first inequality is strictly satisfied at W = W. After vectorizing W, the
S-lemma (Pdlik and Terlakyl [2007, Theorem 2.2 and Section 8.1) thus gives some 1 > 0 such that

= MW — gt~ [W - W[E) 20 YW e R,

Equivalently, ®;(n) < . Conversely, ®;(n) > ~ for every n > 0, since the additional term in the
definition of ®; is nonnegative on the feasible set. Consequently,

= inf ®,(n).
7 = inf ®(n)
This yields the second equality in (8) when ¢ > 0.

If t = 0, the only feasible point is W = W, so the constrained supremum is [ MW ||%. Moreover,
the formula (9) established for ®;(n) implies that

inf ®g(n) < lim By(n) = |[MW]|Z

inf o(n) < lim ®o(n) = | (=
using that n(nl; — MM )~! — I,. Since ®((n) is at least the constrained supremum for every
1 > 0, equality follows.

Finally, if t < 0, the constrained feasible set is empty and its supremum equals —oco. Meanwhile, the
formula (9) for ®, gives

Di(n) =nt + O(1) - —o0 as 1 — 0o,

so inf, > ®;(n) = —oo as well. O

We now apply this to the inner maximization problem in the DRO formulation. For A € A, write
My = (A —I,) e R™*4,
so that L(A, P) = Ep ||[Ma Z||. Direct multiplication gives
MAM, = AAT 4T, [[MA]3, =1+ [A[Z,

We state the dual result for a generic quadratic loss before specializing to regression.
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Lemma C.2 (Inner DRO strong duality). Let P € Po(R?), & > 0, and M € R¥¥ for 1 < k < d.
Then

sup Eq|MZ|?= inf n(e®+tr((nly — MMT)"'MZpMT)).
QEB.(P) n>[IMJj2,

For regression, taking k = m and M = M gives

sup L(A,Q)= inf e2+tr((n—1I, —AAT) IMAZpMA)).
Qezsffp)( Q) n>1+HAngn( (((n—1) )" ' MaXpM,))

Proof. By Lemma the second moments of laws in B.(P) are precisely the matrices WW T,
where W € R4 satisfies |[W — 23/%||2 < 2. Since E, [|[MZ]% = tr(MZ,M"), we obtain
sup. Eo [MZ[IP = sup  [[MW]|

QeB.(P) WeRdxd
[W-x}/% |2 <e

nf (e +tr((nly —MM")T'TMEpMT)),

i
n>[ M3,

where the second equality applies Lemma with r = d, W = 2}3/ > andt = g2,
Finally, the regression specialization follows by taking M = M and using MaM ) = AAT +1,,
together with L(A, Q) = Eq [|[Ma Z|2. O

We note that the infimum over the open dual domain need not be attained; its value may be approached
at the left endpoint. We next specialize to the case where AA " is diagonal.

Corollary C.3 (Diagonal case). Let P € Po(RY), & > 0, and A € A satisfy
AAT =diag(a?,...,d2).
Fori=1,...,m, define the ith coordinate residual second moment
r? =Ep[(e] (AX —Y))?] = e/ MaZpM e;.

We then have
m 2
. 2 j : T
sup L(A,Q) = lnf 77(5 + £ 77_12_(13) .

QEB(P) n>1+max; a%

Proof. In the regression formula of Lemma|C.2]

1 1
— DL, — AAT) ! =di )
(r=1) ) lag(n—l—af’ ’n—l—a?n>

Taking the trace of its product with Mo X pM  gives the stated sum. O

C.2 Averaging over Symmetries

All symmetry reductions used below preserve the feature and response subspaces. We therefore
formulate the averaging principle directly for block-diagonal orthogonal transformations. Recall that
for a measurable map 7', Ty P denotes the pushforward law of 7'(Z) when Z ~ P.

Lemma C.4 (Averaging over symmetries). Let U be a compact subgroup of
{diag(Ux,Uy) :Uyx € @p’ Uy € @m}

Suppose P, P € Py(R?) satisfy UyP = P and UyP = P for every U € U. Let ¢ > 0, and fix any
minimizer A € A for the DRO[P], MRO[P], or SNR.[P] optimization problem.

Let 1 be normalized Haar measure on U and define

A= /U Uy AUy du(U).
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Then A is a minimizer of the same optimization problem, is invariant in the sense that
UjAUx=A VvUeU,

and satisfies R(A, P) < R(A, P). Consequently, restricting any of these optimization problems to
invariant coefficient matrices preserves its optimal value. Moreover, to lower bound the target regret
of every optimizer, it suffices to lower bound the target regret of every invariant optimizer.

Proof. For U = diag(Ux, Uy ) € U, define the linear coefficient transformation
Tuy(A) = UyAUy.
Orthogonality gives
L(A,U;Q) =Eq ||[AUx X — UyY|?
= Eq |UyAUxX —Y|?
= L(Tu(A), Q).
The map T is a bijection from A to itself, so
inf L(B,U,Q) = inf L(B,Q).
Subtracting this identity from the preceding risk identity yields
R(A,UyQ) = R(Tu(A), Q).
Also, left and right multiplication by orthogonal matrices gives || Ty (A)|lop = || Allop-
The source ambiguity set is invariant under each U € U. Indeed,
W2(UyQ, P) = W5(UQ, Uy P) = Wa(Q, P).
Applying this also to U~ proves UyB.(P) = B.(P). It follows that each of the three objectives

sup_ L(A,Q), sup_ R(A,Q),  L(A,P)+ 2| AllZ,
QEB.(P) QeB.(P)
is invariant under Tyy. Each objective is also convex in A.

The integral defining A is well-defined because its integrand is continuous on the compact group U.
For any fixed V = diag(Vx, Vy) € U,

VyAVy :/U(UYVY)TA(UXVX)du(U)

= A,
where the last equality uses right invariance of Haar measure under U ~ UV. Thus A is invariant.

Let J denote whichever of the three objectives is minimized by A. By convexity, invariance, and
Jensen’s inequality,

J(A) < /U J(Tu(A)) du(U) = J(A).

Since A is a minimizer, A is also a minimizer.

Finally, invariance of P gives R(Ty(A), P) = R(A, P). The regret is convex in its coefficient
argument, so another application of Jensen’s inequality yields

R(A.P) < /U R(Tu(A), P)du(U) = R(A, P).

This proves all claims. O



D Remaining Proofs for Section[I]

D.1 Existence of Minimizers (Footnote [T

We treat the estimators individually.

ERM. Solving the normal equation V o L(A, P) = 0 reveals that £  (X%)T is always a minimizer
of L(-, P).

DRO. Since L(-, Q) is continuous and convex, the DRO objective F'(A) = supgep, (py L(A, Q)
is convex and lower semicontinuous as the supremum of continuous convex functions. It thus

suffices to show that F' is coercive. To prove this, consider the feasible measure ) = P *
N (0,2 diag(I,, 0, xm )/p), which certifies that

82 52
F(A) =2 L(A,Q) = L(A, P) + EEWNN(O,IP) AW > 5||A||%-

Thus ||A||r — oo implies F/(A) — oo, and so F is coercive, as desired.

MRO. Similar to the above, continuity and convexity of R(-,Q) imply that the MRO objective
G(A) = supgep. (p) R(A, Q) is convex and lower semicontinuous. It thus remains to show that
G is coercive. To prove this, consider the same feasible measure () as for DRO. Since () is non-
degenerate, we have

2
G(A) > R(A,Q) = ||(A — AQ)(ED) % = %HA — Agll3.

Thus ||A||r — oo implies G(A) — oo, and so G is coercive, as desired.

SNR. The regularized objective H(A) = L(A, P) + || A2, is clearly convex and lower semicon-
tinuous. Moreover, since the risk is non-negative, it is also coercive.

E Remaining Proofs for Section

E.1 Condition Number Formula (Proof of Theorem 2.2)

We formulate the proof in Bures space, adopting the conventions of Appendix B} Initially, we find it
simpler to analyze the alternative condition number & : C* — [0, oo, defined for ¥ € C* by

#(X) :=limsupe 2 sup R(As,X), (10)
€10 S EB.(S)

which we will later show coincides with «.

Our first step is to differentiate the parameter map g(X) = Xy x 2)}1. To avoid boundary issues, we
extend this map to the open domain C := {X € S¢ : T = 0}.

Lemma E.1 (Parameter map derivative). The map g : C — A is continuously differentiable, with
Dg(Z)[H] = (Hyx — g(Z)Hx)E;' VH e S
Proof. The maps 3 — Xy x and 3 — X x are linear, while matrix inversion is smooth on the

positive definite cone. Hence g is continuously differentiable on C. By the product rule and the
standard derivative of the inverse map,

Dg(2)H] = HyxI}' — Sy x IV HEY
= (Hyx — g(2)Hx)Zy,

as claimed. ]

We now characterize < in terms of this derivative. We prove a slightly strengthened, uniform claim.
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Lemma E.2 (Derivative expression for &). Fixing ¥ € C* with square root S := /2, we have

R(Z) = sup |Dg()[SAT + As|=Y?|%. (11)
AERIX | Allp<1

Moreover, the expansion

sup R(g(XZ),X) =&(X)e? +o(e?) =0 (12)
>'eB(X)

holds uniformly as 3 varies in any compact subset of C*.
Proof. Write Z(A) == (S+A)(S+A)T =X +SAT +AS+AAT, and let K be any compact
subset of C*. By Lemmal|E.T] g is continuously differentiable on C O K, and so
9(X +H) - g(X) = Dg(2)[H] + o(|H]|r)
as H — 0, uniformly over ¥ € K. Further,

1Dg(Z)llop = sup [[Dg(Z)[H][|r

(IH||=<1

is bounded for 3 € K. Further
I=(A) - = < 2|S[lpllAllr + Al =2V (D) Allr + [AF = O(Allr)
as A — 0, uniformly for ¥ € K. Combining gives
9(B(A)) —g(2) = Dg(T)[SAT + AS + AAT] +o(|A[r)
Dg(Z)[SAT + AS] + (1 +[|Dg()l|op)o(| Allr)
Dg(Z)[SAT + AS] +o([|A|r)

as A — 0, uniformly over 32 € K. Hence,
2
»l/2 1/2
[oa)) —s2)s?| = |armyisaT + as) +o(lale) 2|
- HDg )SAT + AS]E 1/2H +E(S,A)
where, by Cauchy—Schwarz and submultiplicativity of the Frobenius norm
|E(2,A)] < 2| Dg(D)||opSAT + AS|[ro(|Alle)IZx [ + o Allf) | Zx]|r
< 4| Dg()[lopVir(Z) [ Allro(|All) [Zxlr + o(| AR BxIp
= o([lAllF)
as A — 0, uniformly over ¥ € K. Combining this with Lemma [I.1] gives

sup R(g(X), %) = sup R(g(E(A)),E)
3'eB. (%) AcRIX|Allp<e

2
= sw o [eE@) -g=)sy?
AeRI*4:||Allp<e ¥

2
= sw |(Dg=)sAT +AS]+o(Alr) Y|
AcR | Allp<e F

2
= sup Dg(Z)[SAT + AS}E;/zH e? + o(e?),
AcRIXd | A|r<1 F

as € — 0, uniformly over ¥ € K. The lemma then follows by the definition of <. O

Next, we substitute the derivative formula from Lemma [E.T] into (TT) and simplify. We use the
variational form of the Frobenius norm || X||r = supy. |y, <1 (X, Y)F to streamline calculations.
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Lemma E.3 (Closed form for ). For 3 € C*, we have
A(E) =14 Amax (AsAg + Anin(Zx) ' 2E).
In particular, we have

)\max(EE)
)\min(ZX)

/\max(xE)

1+maX{||AE||C2)p, m

} <R(Z) <1+ |As]? +

Proof. Abbreviate A = g(X) = Sy x X! and S := X!/2. Combining Lemmas E.1|and [E.2] gives

R(E) = sup  [Dg(Z)[SAT +ASIZY?|2
AR Ap<1
— sup [(Sy A% + AyS} — A(SxAL + AxSY))= WHF
AcRIXd || Alp<1
2
_ sup H((Ay ~AA)SL + (Sy — ASX)A)T()E)_(l/zHF.

AcRIXd||Allp<1

To simplify the objective, write Q := S 2)_(1/ 2 e RixP, noting that Q" Q = I, and that QQ " €
R?*4 is the orthogonal projection onto the row space of Sx. Further define the residual factor
E =Sy — ASx € R™*? which by Lemma atisﬁes EE" = X and ES} = 0 (implying
EQ = 0). Substituting these definitions into the equation above and rearranging, we obtain

A(E) = s [[(Ay - AAX)Q+BALS?)R.
PNEES!
Tw—1/2 2
= sup HEAXEX —AAXxQ+ AyQ H
——

lAallr<1 F

feature perturbations response perturbations

The first component depends on the perturbation A x to the feature factor Sy, while the second
component depends on the perturbation Ay to the response factor Sy .

To simplify further, we use the variational form of the Frobenius norm. For B € R™*P_ define
$(B;A) = (B,EAYS* — AAxQ + AyQ),.

Since the Frobenius unit ball is symmetric, we have

2
k(X)) = sup sup ¢o(B;A)| = sup  sup #(B;A)L
lAllr<1\ [B|r<1 lAr<1|B|r<1

We now swap these suprema and maximize over A for fixed B. Grouping terms according to the
perturbed row block and using cyclicity of the trace gives

$(B;:A) = (=7’ BTE- ATBQ", Ax), + (BQ,Ay),.
Since the Frobenius norm is self-dual,
>/’ BTE - ATBQ"
BQ" ) P
_ 2
= |=x/"BTE- ATBQ"|; + |BQT |
= |=’BTE|: +|ATB|2+  |B|3.
N——

feature contribution response contribution

sup ¢(B; A)? H<

lAlle<1

The last equality uses EQ = 0 to eliminate the cross term within the feature contribution and applies
Q' Q = I, to simplify the other norms. For fixed B, restricting to Ay = 0 leaves exactly the first
bracket, while restricting to A x = 0 leaves the final term.
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By homogeneity, the outer supremum may be restricted to ||B||r = 1. The response contribution is
then 1 for every B. Using EET = 31 and LemmalA.8] we obtain

A(E) =1+ sup {tr(Z3y'B'ZgB)+tr(AA'BB')}
IBlr=1

=14+ sup vece(B)T =Y eZp+L,® AAT) vec(B)
IBllr=1

=1+ 0Zp+ Lo AAT| .

The remaining operator norm measures worst-case sensitivity to feature perturbations alone.
To compute it, eigendecompose X x = U diag(sy, ..., sp)UT, where U e QP and 0 < 81 < --- <
sp. Conjugating by U ® I,,, gives a block-diagonal matrix with blocks s 'S5+ AAT. Since

571 < s7'and g > 0, the first block dominates all others in Loewner order. Consequently,

R(Z) = 1 + Amax (AAT +57'55).

response contribution

feature contribution

This proves the formula since s; = Apin (X x)-

Finally, positive semidefiniteness of the two matrices inside Ay« and subadditivity of Ay .« give
max{[|A[2,, 57 Amax(Tp)} < R(Z) — 1 <AL, + 57 Amax(Zi),

establishing the remaining bounds. O

We next show that « and & coincide. The upper bound is relatively direct in light of (T2).
Lemma E.4 (Condition number comparison, upper bound). Forall ¥ € C*, k(X)) < £(X).

Proof. We upper bound () in @) by considering the feasible parameter A = Ay, = g(X). This
gives

k(X)) <limsupe™? sup R(g(Z),¥)

el0 > EB. (%)
< limsupe™? sup sup  R(g(Z"),¥").
<10 S EB. () BV EB. ()

Noting that the convergence in (I2) is uniform over 3’ € B.(X), that expansion implies

k(X) < limsupe? sup  &(ENe? 4 o(e?)
10 5B (Z)

=limsup sup /(X))
el SEB.(Z)

= /(3).

The final equality uses continuity of &, which is evident from our closed form in Lemma[E3] O

We prove a slightly stronger result in the other direction (using lim inf instead of lim sup below).

Lemma E.5 (Condition number comparison, lower bound). For all 3 € C*, we have
K(X) > Js =liminfe 2 inf sup R(A,X) > &(X).
( ) == el0 AcA E'EBEP(E) ( ) - ( )

Proof. The first inequality is immediate from (@), since lim sup > lim inf.

For the second inequality, fix A, € R%*? with ||A,||r = 1 achieving the supremum in formula
for £(X), noting that a maximizer exists by compactness of the Frobenius ball and continuity
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of the objective. Now, for each ¢ € R, define 2 := (£1/2 + tA,)(Z1/2 +tA,)T, which satisfies
B(X!, X) < |t by Lemma. [1.1] In particular, *¢ € B.(X). We thus have

Js =liminfe 2 inf s R(A,Y
= =gt ol o, A
> liminfe™? inf max{R(A,X"¢), R(A,X7°)}
€l0 AcA

S o _ 2
:hrgibnfs 2‘/i1é£‘max{||(AfAJrs)(EJ’6 )/2 H(AfA_s)(EXE)l/QHF}, (13)

=

where A; := g(X?!). Since £, — X x as t — 0, we have for fixed A € (0, 1) that X% > A\Xx for
sufficiently small ¢t. Consequently, we have

Jss > sup Aliminfe? inf max{ A—-A 1/2
> = /\e(opl) 20 Aca H( +a

P 2 2
= liminfe 2&2&max{”(A_A+€)2§(/2HF’H(A_A*ﬁ)zi(/QHF}'

el0

I & = A_=2 )}

By Lemma[A.7] the infimum is attained by the midpoint A. = (A ;. + A_.)/2. This gives,

1/2

1. ..
Js > zhriénfg 2H(A+€ —A )X HF

By construction, we have
T -3 =2e(BV2A] + A EY?),
which, since ¢ is continuously differentiable, gives
A —A L =g(E7) —g(=7)
= Dg(2)[Z7° — 3] - Dg(T)[E7° — Z] + oe)
= Dg(B)[Z*° - X7 +o(e)
=2:Dg(X)[E2A] + ALY + o(e)

as € — 0. Substituting this expansion into the preceding lower bound for Js; and using optimality of
A, , we obtain

Js > |Dg(2)[S2A] + A BV}
= sup  |Dg(D)[EVPAT + ASVAE|2
AcRIXd || Alp<1
= /(Z),
as desired. O

Combining Lemma [E.4]and Lemma [E.5| with (@) gives

) =&(2) =1 f R(A,Y) =lime 2RX(Z
K(2) = K(X) = lime™ AEAE,SEP(E)( ) lim e~ 1, (%)

for X € C*. The theorem then follows by the Lemma [E.3|formula and inequalities. O
F Remaining Proofs for Section

F.1 Regret Transfer (Proof of Lemma 3.1)
We first establish a refined bound by comparing projected residual factors. The argument separates the

direct effect of the perturbation from the change in the feature row space, and it allows the perturbed
feature second-moment matrix to be singular.

Lemma F.1 (Regret stability, refined). Foralle >0, A € A, P € P*, and Q € B.(P), we have
)\max(zp)
R(A,P) - VR(A, ’< A= Aplos /14 ||A|2 Zmax\&p) )
[VR(A.P) - VR(A.Q)| < (max{n Plovs 11813, } + /2255 )
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Proof. We adopt the Bures-space conventions and block decompositions of Appendix [B] Set X :=
Ypand ¥ = Xg. By Lemmas and , there are square-root factors S, S € R4*9 such that

£=88", =£=8S8", A=S-8, |Alp<e

Let ITx and ITx denote the orthogonal projections onto the row spaces of Sx and Sx, respectively,
and define the residual factors

EA . Sy—ASX, EA = Sy—Agx, E = EA):-
By Lemma|[B.I] we have

VR(A,X) = [[Eallx||F, R(A,X) = |[Eallx|F,

and the optimal residual factor E satisfies EITy = 0 and EE™T = X5.
We compare these projected residuals directly. Since SxIIx = Sx and SxIIx = Sy, we have
Eallx — EAIlx = (Sy — ASx)IIx — (Sy — ASx)IIx
= Sy(HX — ﬁx) — Ayﬁx + AAX

Since our desired bound does not depend on Sy or 3y directly, we substitute Sy = AsSx + E for
the first term to obtain

Sy(Ilx —Mx) = (AsSy + E)(ITx — IIx)
=AsSx — AxSxIIx — Ellx (SxIIx =Sx, EIlx =0)
— AsSx(I, - Tx) — EMy
=AsSx(I; - TIx) - AsAx(I; — IIx) — Ellx
= —AsAx(1; - IIx) — Elly,

where the last equality uses Sx (I — IIx) = 0. Substituting this into the previous equation gives
Eallyx — EATly — ~AsAx(Iy — TTy) — Eflx — AyTTy + AAy

=(A-As)Ax(I;—IIx)+ (AAx — Ay)IIx — EIlx.

Let T denote the sum of the first two terms in the last line, and write

ci= maX{HA —Aslop, \/1+ HAng}

Note that 1+ [|A[|Z) = Amax(Im + AAT) = [|[(A —I,,)|2,. Moreover, the two terms of T have
orthogonal right projections, so we obtain

ITIF = (A - As)Ax(Ig — Ix)[[E + [[(AAx — Ay) x|}
<A = As[5Ax (Lo — x)[IF + (A —Tn)[[2, AT || (Lemma[A.T)
<A (lAx s — Ox)[E + [AxTIx[F + Ay Ix[3)
<A(lAax]E +lAyv]E) = Al
The last inequality uses the orthogonal decomposition of A x and the contraction property of ITx.

It remains to bound EITx, the component of the original optimal residual in the perturbed feature
row space. Since EILx = 0, the row-space perturbation bound (LemmalA.6) gives

|ETx ¢ = [[E(Iq — IIx )IIx |
IEl|op | (Ta — TLx)Ix||r

IE]lop
—— ||A
(S x) Ax|F

)\maX(EE) c
B Arﬂm(z:X) '

Here S x has full row rank because 3 x > 0; no rank assumption on S is needed.

IN

IN
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Finally, the reverse triangle inequality yields

’\/R(Aj)) —\/R(A, 2)’ < |EAlyx — EATLx||p

< | Tl + [|ETLx [p
)\max (EE)
<le+y)| ——=—|&
< )\min (EX)
Translating back to P and @) proves the claim. O

Proof of Lemma[3.1} By Theorem [2.2]

VEp > max{,/l + |AP[Z,, WEP}

Moreover, the triangle inequality for || - ||op and subadditivity of the square root imply

max{ A = Arllop /1+ 412, } < [|Allop +max{| Apop, 1}
< [ Aflop + V5.
Applying Lemma [F 1| with & := W(P, Q) thus gives

[VE(AP) ~ VR(A,Q)| < (|Allop +2VFF)Wa(P, Q).

For A = Ap, we have R(Ap, P) = 0, and so Lemma|F.1] gives
2

m'lx EP
R(Ar.Q <\/1+||Apzp 2£§> Wa(P.Q)?
mln b'e
< 4’<5PW2(PaQ) ’

proving the second claim. O

F.2 Stability Implications for ERM and DRO (Remaining Proof for Lemma 3.2)

We employ a few helper lemmas, adopting the notation and block decompositions from Appendix

Lemma F.2 (Perturbed condition number). Fix X €C* and T € Sjl_ with B(2, ) <1/ Amin(Zx)/2.
Then X € C* and k() < 19x(X).

Proof. By Theorem [2.2] the condition number is determined up to constants by the operator norm
of the optimal coefficient matrix, the maximum eigenvalue of the residual second-moment matrix,
and the minimum eigenvalue of the feature second-moment matrix. We now control each of these
quantities for X in terms of those for 3, beginning with the minimum feature eigenvalue.

Sete :=B(X, %), A = Anin(Sx) > 0and X == A\pin(Ex). By Lemma|B.3|
VA> VA —e> V)2,
since ¢ < v/A/2. Thus A > \/4and T € C*.
Next, let A :== Ax, A := Ay, and k := x(X). We then bound
VXA = Allo, < VXA - Al (Lemma[A_T)
< [[(A - 2)=Y?||,

R(A,X) (regret formula)
< 2ke. (Lemma[3.1)

31



Since e/vVA < 1and ||A|lop < Vk by Theorem it follows that

2Vke
e < 3VEk.

We now bound the residual relative to the smallest feature eigenvalue. By Lemma [I.1] there are
square-root factors S,S € R¥¥4 of X, % with A := S — S satisfying |Al|[r < e. Define the
corresponding residual factors and projection

[Allop < || Allop +

E:=Sy -ASx, E:=8Sy-ASy, IIyx:=SSy.
By Lemma EE' =35, EE" = X5, E =Sy (I; — IIx),and Sx (I; — IIx) = 0. Further,
Sy =Sy +Ay =E+ASx + Ay =E+ ASx — AAx + Ay.
We thus compute
E =Sy (I; - Ix)

=(E+ASxy —AAx +Ay)(I; —IIx)

=(E+Ay - AAx)(I; - TIx).
Since the right-hand projection is a contraction, we have

[Ellop < [Ellop + Ay — AAx[lop

< \IZlp + /14 1412, ¢
<VEk(VA+e).

Here the second inequality uses ||[(—A  I,)|op = /1 + ||A|2,, and the last uses Theorem

Therefore, we bound B )
1S5l _ IEIZ, _ | (VA e)
A AT (\ﬂ —¢)?

where the last inequality uses ¢ < v/A/2.
Finally, Theorem [2.2] gives

< 9k,

_ _ )
K(E) <1+ |Al2, + % <1+ 18k < 19k
using k£ > 1. O
Lemma F.3 (DRO strong duality). Let ¢ > 0. For all P € P* and P € B.(P), we have

inf  sup L(A,Q)= max inf L(A, Q).
AE'AQEBE(p) QeB.(P)AcA

In particular, a maximizer exists for the right-hand side.

Proof. By Lemma|l.2] it suffices to prove

inf max L(A,X) = max inf L(A,X), (14)

AcAXeK YeK AcA
where K = B.(X ). The factor representation in Lemma 1.2 shows that K is the continuous image
of a compact Frobenius ball and hence compact. It is convex because Wasserstein balls are convex
under mixtures, as follows by mixing transport couplings, and the second-moment map is affine.
Since L is continuous, convex in A, and affine in 3, Sion’s minimax theorem (Sion, |1958)) gives
equality of the infimum—supremum values. Finally, 3 +— infac 4 L(A, X) is upper semicontinuous
as an infimum of continuous functions, so its supremum on K is attained. O

We now prove the remaining excess risk bounds for ERM and DRO.

32



Lemma F.4 (Stability implications, ERM). Let P € Py(R?) and & > 0. We then have

R.(ERM, P) < 4e® sup kg.
QEB(P)

If additionally €2 < Apin(2%)/4, then R.(ERM, P) < 76k pe>.
Proof. The first bound is trivial if B.(P) contains a law outside of P*, since that law has infinite
condition number. We may therefore assume B.(P) C P*.
For any @ € B.(P), the ERM solutions at P and @ are unique. Applying Lemma3.1|then gives
R(ERM[P], Q) = R(Ap, Q) < 4k pe?,
R(ERM[Q], P) = R(Aq, P) < 4kge®.
Since P € B.(P), both bounds are at most 4¢> Supgep. (p) k@' - Taking the maximum over the two

orientations and then the supremum over () € B, (P) proves the first bound.

If €2 < Apmin(T5) /4, then Lemmasandgive kg < 19k p for every Q € B.(P). Substitution
yields the second bound. O

Lemma F.5 (Stability implications, DRO). Let P € Py(R%) and ¢ > 0. We then have

R.(DRO., P) < 16¢* sup KQ.
QEB2.(P)

Ife? < Amin(2%)/16, this implies that R.(DRO., P) < 304x pe?.

Proof. The first bound is trivial if By, (P) contains a law outside of P*, since that law has infinite
condition number. We may therefore assume Ba. (P) C P*.

Fix Q € B.(P) and let (P, P,) be either (P, Q) or (Q, P). Set A := DRO_[P,]. We first identify
A as the ERM solution at a least-favorable law, then transfer its zero regret there to the target.

By Lemma there exists a maximizer Q of

inf L(A,Q").
Q/eBL (P, AcA (A Q)

DRO optimality and the minimax identity (Lemma [F.3) give
LA,Q < swp L(AQ)
Q'eB(Ps)

= inf sup L(A,Q’
AGAQ'EBE(PS) ( )

— inf L(A,Q'
Q/EBL(P,) ALA (A.Q)

= inf L(A,Q).
Jnf L(A,Q)
The reverse inequality is automatic, so A minimizes L(-, Q). Moreover, Q € B-(P,) C Bo.(P) C
P*. Its risk minimizer is therefore unique, implying A = A o

Since both @ and P; belong to B.(P,), we have W5(Q, P;) < 2e. Applying Lemma with
reference law () therefore gives

R(A,P) = R(Agy, P) < 4rpW5(Q, P)* <166 sup kg
Q'€B2:(P)

Supremizing over source—target pairs ) € B.(P) yields the claimed bound for R.(DRO,, P).

Finally, if €2 < Apin(E%)/16, then 26 < /Apin (E%)/2. By Lemmas and ko < 19kp
for all Q" € Ba.(P). Substitution then gives R.(DRO., P) < 304r pe?.
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F.3 Rank-Adaptive DRO Bound (Proof of Lemma

To start, we establish an additional robust regret bound for DRO by more directly exploiting its
min-max problem formulation. Similar bounds exist in the literature, typically stated for more
generic loss functions (Gao et al., [2024; |Lee and Raginskyl 2018).

Lemma F.6 (DRO regularizer bound). For P € P*, define

Ip = \ftr((L + ApAL)EE).

Then, for every € > 0,
R.(DRO., P) < 4T pe + 5k pe?. (15)
Proof. Fix P € P*, and abbreviate
A=Ap, S=3Y) M=(A -1,), E:=8,—ASy.
By Lemma[B.1l EET = £ Hence
IM'E|§ = tr(I, + AAT)EE) =T%.
Also, [M]|2, =1+ [|A[2Z, < xp by Theorem

We first bound changes in the risk of the fixed predictor A in the neighborhood of P. For any § > 0
and Q € Bs(P), Lemmal[l.2]provides A € R?*¢ such that

Be=(S+A)S+4a)", Al <o
Since the residual factor at ) for A is E — MA, we have by Lemma@]that
L(A,Q) ~ L(A,P) = |E - MA[; — | E|}
=-2(M'E,A)r + |[MA|;.
Cauchy-Schwarz and [MA|§ < [M]|Z, | Al < xpd? then give the two-sided bound
—2I'pd < L(A,Q) — L(A, P) < 2T'pé + kpd>. (16)

For the lower bound, we have simply discarded the nonnegative quadratic term.

Target role. We now bound regret when P is the target law. Fix Q € B.(P) and set A := DRO.[Q].
Since P € B.(Q), DRO optimality and a comparison with A imply that

L(A,P)< sup L(A,Q)
QEB(Q)

< sup L(A,Q")
Q'€B:(Q)

< sup L(A,Q)
Q'€Bo. (P)

< L(A, P) + 4T pe + 4rpe’.

The third inequality uses B.(Q) C Ba.(P), and the last applies (I6) with § = 2¢. Subtracting
L(A, P) = infgec 4 L(B, P) gives

R(DRO.[Q], P) < 4T pe + 4k pe?.

We note that, using the terminology of |Gao et al.|(2024), the RHS is an upper bound on the Wasserstein
regularizer of the loss (z,y) — ||Apx — y||* at P, evaluated at radius 2¢.

Source role. Now set A := DRO,[P]. Comparing with A, we bound regret at Q € B.(P) by

R(A,Q)=L(A,Q) - L(A,Q) + R(A,Q)

< sup L(A,Q)—L(A, Q)+ R(A,Q)
Q'€B:(P)

< A4T'pe + kpe? + R(A, Q)
< AT pe + brpe’.
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The first inequality uses feasibility of () and DRO optimality. The second applies the upper bound in
(T6) to Q' and its lower bound to @, both with § = ¢. The last uses R(Ap, Q) < 4kpWa(P, Q)?
from Lemma[3.11

Taking the maximum of these two role-specific bounds and then the supremum over ) € B.(P)
gives (13). O
Next, we combine Lemma [E.6] with Lemma[E3]to obtain the claimed result.

Proof of Lemma[3.3] Fixing P € P*, we abbreviate
A= Amin (X)), 1= Amax(Z5), r=reg(Eh), s=kp— 1.
The condition number formula (Theorem [2.2)) gives
[ApllS, <5, p<sA
Also tr(X%) = rp, including when ¥, = 0 under the convention r = 0.
If €2 < /16, the small-radius bound in Lemma [F.5| gives
R.(DRO., P) < kpe?,

which suffices. We therefore assume £2 > /16 below.

To bound I' p, we estimate its coefficient-dependent trace term in two ways:
tr(ApALSE) < [|Ap|3, t1(SE) = rul A2,
tr(ApALSE) < pllApllE < pulAplZ,.

with the inequalities using Lemma Taking the smaller bound and using [|Ap||2, < s yields

% = tr(25) + tr(ApALEE)
< pu(r + smin{p,r})
< A(rs+ s*min{p,r}).
Using Va+b< Va+ Vb for a,b > 0, we further bound

Tp < VA(VFs + sy/min{p, } ).

Since VA < 4e, Lemmanow gives
R.(DRO,, P) < 4T pe + 5k pe?

< (163\/min{p7 r}+16v/rs + 5/@:)52
< (\/min{pm} (kp— 1)+ /r(kp—1)+ KP)E2,

as desired. O

F.4 Main Population-Limit Regret Bounds (Proof of Theorem 3.4)

We start with upper bounds, which follow from our existing results. Indeed, Lemma [3.2] implies
that R.(SNR., G), R-(MRO., G) < ke?. Moreover, Lemma and the basic effective rank bound
Tt (X5) < m imply that

R.(DRO.,G) < (y/min{p,m} (k=1)4+vm(k—1)+ 5)52,
as desired. Of course, no upper bound was claimed for ERM.

For the lower bounds, we scale up the local minimax result to obtain the minimax lower bound
for G. Then, we give an explicit construction establishing unbounded regret for ERM. Two further
constructions, whose analysis is more subtle, yield the dimension-dependent terms in the DRO rate.

We start with a helper lemma that demonstrates a certain invariance to rescaling.
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Lemma F.7 (Rescaling invariance). Let P,Q € P2(R%) and A € A. For A > 0, let Py and Q»
denote the pushforwards of P and Q), respectively, under z — \z. We then have

W (Py, Qx) = AW (P, Q),
L(A, P\) = M2 L(A, P),
R(A,P\) = \>R(A, P),

Rpy, = Kp.

Moreover, for e > 0, R;_(P\) = \>RZ(P), and the optimization problems defining DRO [Py and
DRO.[P] have the same minimizer set.

Proof. Scaling both coordinates of a transport coupling multiplies its expected squared cost by \2.
Applying the same argument to the inverse scaling proves the Wasserstein identity. The risk and
regret identities follow from Xp, = A2X p. The condition number formula is invariant under this
scaling, as is membership in P*.

The Wasserstein identity implies that By.(Py) = {Q»x : @ € B.(P)}. Combining this with regret
homogeneity and (T)) proves the local minimax identity. Likewise,

sup  L(A.Q) =X\ sup L(A,Q),
Q'EBX:(Px) QEB(P)

so the DRO minimizer sets coincide. O

We now turn to the minimax lower bound for G (k).

Lemma F.8 (Minimax lower bound). For every e > 0 and k > 1, we have RX(G(k)) > re?.

Proof. Let P € Py(R%) be the law of (X, Y") where
)("\’./\/((),:Izp)7 Y =vk—1Xeq, e; € R™.

By construction, A p has only one potentially nonzero entry, /x — 1 in position (1, 1), and the
optimal residual is zero. Thus, Theorem[2.2] gives kp = k.

For ¢t > 0, let P, be the pushforward of P under z + tz. By Lemma[E7] P, € G(x) and
RZ(G(k)) = RE(P) = t*R% ), (P).
Further, the local expansion in Theorem [2.2] gives
lim t*R7 ), (P) = ke”.

t—o0

Since the preceding lower bound holds for every ¢t > 0, the claim follows. O

Next, we prove the lower bound for ERM.

Lemma F.9 (ERM lower bound). For everye > 0 and k > 1, R.(ERM, G(k)) = oo, independently
of the choice of ERM minimizer.

Proof. Consider target P € P5(R?) defined as the law of (€W/2,0,,,) where W ~ N(0,1,,). Then
L =(e2/4)1,, Ap = 0,and £ = 0. Hence kp = 1 and P € G(k).
For § € (0,1), consider source Qs € P2(R?) taken as the law of

X=§(5W1,W2,...,Wp), ?:%Wlel, e; € R™.

The coupling using the same W gives

Wa(P.Qi? < (1= 0 +1) < &2

The source feature second-moment matrix is positive definite, and its unique ERM solution has entry
1/6 in position (1, 1) and zeros elsewhere. Therefore,

462

Letting § | O proves the claim. O
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For the DRO result, we combine two lower bounds in addition to the minimax lower bound. Although
DRO solutions are generally difficult to characterize, we are able to streamline analysis in both cases
by exploiting rotational symmetry. We fix € = 1 for now to simplify presentation.

Lemma F.10 (DRO lower bound, A). For every k > 1,

Rl(DR017 g(ﬁ)) 2 V min{pa m} (H - 1)7

independently of the choice of DRO minimizer.

Proof. The claim is immediate for k = 1. Write ¢ := min{p, m}. If ¢ < 65, then Lemma [F.8|gives
R1(DROy,G(k)) = RY(9(K) 2 K Z vV (k= 1).
We may therefore assume x > 1 and ¢ > 65.
Construction. Setb := /(k —1)/2 > 0. Let X ~ N(0,1,) and
E ~ N(0,diag(0,5*I;_1,0.,—4))
be independent. Take target P as the law of (X,Y") where
Y = (8:1;1) +E
Here and below, empty blocks of size zero should be omitted. By this construction,
bI 0yx(p—
Ar= <0<m—Z>Xq 0<mq—xq§px(;)—q))’ x =1
and X% = diag(0,b°I,_1,0,,—,). Thus,
ApAL + Ain(EX) 1] = diag(b?, 26°I,—1, 0y,
and Theoremgives kp =14 2b% = k.

For the perturbed source, take P as the law of (X, Y'), where X, = ¢X; and Xg:p = Xop, for
c € (0,1] to be tuned. This construction ensures Wo (P, P)? < E[|| X — X|?] < 1.

Average over symmetries. Consider the compact subgroup
U = {diag(1,H,sI,_,, 1, H,tL,_,) :He 07!, s,;t € {-1,1}} C O~

Both P and P are invariant under pushforwards by each U € U. Moreover, the invariant coefficient
matrices (in the sense of Lemma|[C.4) are exactly

A(a,B) = (diag(a’m“) Oax(p-a) ) a,BeR.

O(m—q)xq 0(m—q)x(p—a)

Indeed, varying s and ¢ eliminates the extra feature columns and response rows. Within the leading
g % g block, taking H = —I,_; eliminates the off-diagonal blocks, and commuting with every
H € 07! forces the remaining (¢ — 1) x (¢ — 1) block to be a scalar multiple of the identity. By
Lemma|C.4] it therefore suffices to lower bound the target regret of invariant DRO optimizers.

Construct candidate DRO optimizer. Define the invariant objective by
J(a,8) = sup L(A(a,B),Q).
QEB1(P)

We have
A(Oz, ﬁ)A(OZ, ﬁ)—r = diag(a2v 52]:(1711 Oqu)a
and the coordinate residual second moments at the source are

(ac —b)?, 1=1,
E[(A(a, )X —Y)]| = (B—0)2+b?, 2<i<g,
0, qg<i<m.
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Thus Corollary [C.3|with ¢ = 1 gives

: (ac—b)*  (g—1)[(B—b)*+??]
J(a, B) = f 1 . 17
(Oé ﬂ) 7]>1+Inlar;lc{(x2,[1’2}77< + n—1-— a? * n—1-— ,62 an
Now consider the related problem associated with coordinates 2, .. ., ¢q:
: (¢ —D[(B—b)*+0
\%4 = f 1 .
) n>1{1+62 77( * n—1- 32

By Lemma[A.7] with § = 7 — (1 + 32), this infimum is attained at
n(B) =1+ 8>+ (1+82)(q— DB —b)>+?,

with value

2
V(g) = (VI+F +Via-DIB-17 +¥7) .
This function is strictly convex and coercive. Let 3, denote its unique minimizer, set 7, = 7(5s),
and let oy, == /m, — I > 0. We set the free scaling parameter ¢ to b/, > 0. Below we shall verify
that ¢ < 1, ensuring that P € B;(P).

Certify optimality. We next show that J is uniquely minimized at (v, S5 ). For every feasible 7 for
(T7), n/(n — 1 — a?) > 1. The remaining terms are bounded from below by V'(3), so

J(a, B) 2 V(B) + (ac = b)* = V(B,).
At (o, B4), the first-coordinate residual vanishes because a,c = b. Also a2 > 32, so
(¢ — DB —b)* + bQ])
n—1-p;
When minimizing instead over the larger range 7 > 1 + /32, our construction ensures that the
minimum is attained at 7 = 7,. Although 7, is excluded from the current feasible range, the objective
is continuous there, so the infimum is approached as 1) | 7, and equals V(). The preceding lower

bound then forces every minimizing pair («, 3) to satisfy 5 = S, and ac = b. Since ¢ = b/ay > 0,
this implies that (4, 3, ) is the unique minimizing pair.

J(o, By) = niilrg* 77<1 +

Bound o, and 3, from below, verify c is admissible. Define

h(B) = V(B) = V1+ B2+ qa—1/(B—b)2+12,

so that 3, € argming h(3). This function is strictly convex and coercive. For 3 < b/2,

gy~ B —_ B-b ., Ja-1
h(ﬁ)—m—h/q 1\/m§1 = <0,

The inequality uses 8 — b < —b/2. Hence (3, > b/2. It follows that

af =n.—1

> /F #)a— DIG: 0P + 7]
Zg q—1 (18)

Since ¢ > 65, this implies o, > 2b and hence ¢ = b/, < 1/2.

Lower bound regret. Since ¢ < 1, Pe B1(P), and its unique invariant DRO optimizer satisfies

R(A(ax, Bs), P) = (s = 0)* + (¢ = 1) (B = 1)*
(o = b)?

1 2

it

b2

g q—12Vq(k—1).

Y

Y

Y
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The first equality uses X% = I, and the regret formula, the second inequality uses that a, > 2b, the
third inequality uses (T8), and the last inequality uses b*> = (k — 1)/2.

By Lemma every DRO optimizer at P has target regret at least that of A(«,,). Since
P e G(k)and P € B1(P),
R;(DRO1,G(k)) > R(DRO:[P], P) > R(A(a, By), P) 2 /g (k — 1).
This proves the claim for every choice of DRO minimizer. O
Lemma F.11 (DRO lower bound, B). For every k > 1,
R1(DRO4,G(K)) 2 vVm(k — 1),

independently of the choice of DRO minimizer.

Proof. The claim is immediate for x = 1. If m = 1, then Lemma[F.38]gives
R1(DRO1,G(k)) > Ry(G(K)) 2 k> VK — 1.

We may therefore assume x > 1 and m > 2.

Construction. Set
1
s=k—1>0, N:=(m-1)s >0, a::§min{\/§,N1/4}>0.

Let X ~ N(0,1,) and E ~ N(0,diag(0, sI,,,—1)) be independent. Fix target P € Pa(RY) as the
law of (X,Y), where
Y =aXie1+ F, e; € R™.

By this construction,
Ap= (ael Omx(p—l))v 2§ = Ipv Eg = dlag(ov SImfl)'

Thus
ApAL + M\uin(Z8)712F = diag(a?, sI,,_1).

Since a® < s and m > 2, Theorem[2.2|gives kp = 1 + s = k.

For the perturbed source, take P as the law of ()N(7 Y'), where X, = ¢X; and ngp = Xo.p, for
¢ € (0,1] to be specified. Coupling the same X, E gives

Wy (P,PP2<E|X -X|?=(1-¢)?<1.

Average over symmetries. Consider the compact subgroup
U = {diag(1,¢I,_,1,H) : t € {-1,1}, He O™ '} C O
Both P and P are invariant under pushforwards by each U € U. The invariant coefficient matrices
(in the sense of Lemma[C.4)) are exactly
Aa) = (ae1 Opx(p-1)), a e R.

Indeed, varying ¢ eliminates columns 2, ..., p, and taking H = —1I,,_; eliminates rows 2,...,m.
By Lemma|[C.4] it therefore suffices to lower bound the target regret of invariant DRO optimizers.

Construct candidate DRO optimizer. Define the invariant objective by

J(a) = sup L(A(a),Q).
QEBL(P)

We have
A(Oz)A(O()T = diag(a27 0m71)7

and the coordinate residual second moments at the source are

~ ac—a)?, i=
E[(A(@)X —Y)?] = {( . 1.’<



Thus Corollary [C.3|with ¢ = 1 gives

. (e —a)? N
J(a) = f 1 . 19
(a) n>l?+a2”< Sy p e (19)
Now consider the related problem associated with coordinates 2, ..., m:

N
=infn(14+ ——).
v 7171;177( +17 1)

By Lemma with § = 1 — 1, this infimum is attained at 77, == 1 ++/N and V = (1 + v/N)2.
We now set o, i= /7, — 1 = N'/*and ¢ := a/c,. Our choice of a gives 0 < a < o /2 and hence
0 < ¢ < 1/2. Thus the source construction is admissible.

Certify optimality. We next show that .J is uniquely minimized at a,. For every feasible 7 in (I9),
n/(n — 1 — a?) > 1. The remaining terms are bounded from below by V/, so

J(a) >V 4+ (ac—a)* > V.
At o = a, the first-coordinate residual vanishes because o, c = a. Since 1 + af = 1), We obtain
N
J = inf 14+ ——
() = inf 77( + 1)

When minimizing instead over the larger range n > 1, the bulk minimum is attained at n = 7,.
Although 7, is excluded from the restricted range, the objective is continuous there, so the infimum
is approached as 7 | 7, and equals V. Thus J(a,) = V.

If o is any minimizer of .J, the preceding lower bound gives 0 = J(a) — V > (ac — a)?. Hence,
ac = a and, since ¢ > 0, @« = a/c = ay. Thus, A(ay) is the unique invariant DRO optimizer.

Lower bound regret. Since EP = I, the regret formula and our choice of ¢ = a /o give

R(A(a), P) = ||A(a) — Ap|E

= (o — a)?

2(1—6)2

12 1\/(m71)(m71)>\/m(n71)‘
> 4 1 <

The inequality uses ¢ < 1/2, and the final comparison uses m — 1 > m/2 for m > 2.
By Lf,mma every DRO optimizer at P has target regret at least that of A (). Since P € G(k)
and P € B,(P),

R1(DROy,G(k)) > R(DRO:[P], P) > R(A(a), P) = /m(k — 1).

~

This proves the claim for every choice of DRO minimizer. O

Combining the results above, we obtain the following unified lower bound.
Lemma F.12 (DRO lower bound). Foralle > 0 and k > 1, we have

R.(DRO.,G(k)) Z (vmin{p,m}(k — 1) + /m(k — 1) + k)&

no matter how ties are broken to select DRO solutions.

Proof. Scale the hard source—target pairs from Lemmas [F.10]and [F11]by . By Lemmal[F7} their
condition numbers are unchanged, their Wasserstein dlstances are multiplied by ¢, and the DRO
minimizer sets are unchanged when the supplied radius changes from 1 to €. Their target regrets are
multiplied by £2. Combining these bounds with Lemma [F.8|and using max{a, b,c} > (a + b+ c) / 3
gives the claim.
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G Remaining Proofs for Section 4]

G.1 Convex Reformulation for MRO (Proof of Theorem [4.1)

Throughout, we use the notation from Theorem4.T|and the block decompositions from Section[B.1}
The observed matrix 3, its square-root factor S, and the radius € > 0 are fixed, and their dependence
is suppressed. We use sup @ = —oo. Recalling EA = Sy — ASX, our goal is to prove

F(A) = inf n(€2 —ISx|% + trp(HAm)) VA € A,
n>ba
where ba =1+ ||A[|2, and, for n > ba,

HAJ} = g}SX + EZ((U ) m AAT) EA.

We must also show that the displayed objective, namely D(A,n), is jointly convex in (A, n) on its
convex domain 7 > ba . Infimizing over A then gives the claimed convex reformulation of MRO.

By Lemmas and the worst-case regret in the e-neighborhood of > is
F(A)= sup R(A,X)= sup [(Sy —ASx)s, |3,
SeB. () SeRréx4
IS—S|lr<e

where IIg, € R%*? denotes the orthogonal projection onto the row space of Sx € RP*?. This
projection has rank at most p and depends on Sx. We will relax this dependence by introducing an
independent projection from the family

p={IlesSt I =11, tr(II) = p}, (20)

while retaining the constraint Sx = SxII. This means that the row space of Sx is contained in
range(II), a condition satisfied by Ilg, by definition.

For A € A, a squared perturbation budget ¢ > 0, and IT € II,,, define

fm(At) = sup |(Sy — ASx)]3, 21
SeRdxd
Sx=SxII
Is—Sliz<t
Va(t) == sup fri(A,t). (22)
Hell,

Every Ils, is dominated in Loewner order by some IT € II,,. For such an extension, Sx = SxII,
and the projected squared residual can only increase. Consequently,

F(A) < Va(e?).
The remainder of the proof proceeds in three steps.

1. Fixed-projection duality. Consider the Lagrangian reformulation

fa(A = suwp it {|(Sy - ASOTIE +n(t— S-SR} @3)
serixd 120
SX le—.[

We first prove that the supremum and infimum can be exchanged. Specifically, for n > 0,
define the fixed-projection Lagrangian envelope

An(Atn) = sup {H(sy — ASI|2 +7(t— S — S||%)}. (24)
SySxTI
We show that
n>ba
via a change of coordinates and Lemma@ The same lemma also gives the closed form

An(A.t.n) = n(t = [Sx [} + tr(Ha, D), 7> ba. ©5)
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2. Projection—-multiplier minimax exchange. Applying the non-convex minimax theorem
Ricceri (2019, Theorem 1.1), we obtain

Va(t) = sup inf Am(A,t,n)
e, 1>ba

= inf sup An(A,t,n)
n>ba Iell,

inf (¢ — [Sx? + try(Ha,) ).
n>ba

The last equality uses the Ky Fan variational formula from Lemma Att = &2, this
matches our claimed expression for F'(A). It remains to show that F'(A) > Va (£2).

3. Exactness and joint convexity. For fixed A, the final expression above reveals that V is
concave in the squared budget ¢, and its definition implies that it is finite for every ¢ > 0.
Hence, V4 is continuous on (0, 00). For 0 < s < €2, fix IT € II,, and any S feasible for the
supremum in (2I) defining fr1(A, s). Using the spare perturbation budget, we approximate
S by factors within distance € of S whose feature row-space projection is exactly I1. Their
actual regrets approach ||(Sy — ASx)II||2. Supremizing over S and then IT gives

Va(s) < F(A) < Va(e?).

Letting s 1 €2 and using continuity proves F'(A) = Va (¢2). Joint convexity follows by
expressing D as the supremum over IT € II, of the envelopes Az (A, €2, ), each jointly
convex in (A, 7).

We now establish these three steps in order.

Lemma G.1 (Fixed-projection duality). For every A € A, t > 0, and II € 11, the Lagrangian

envelope Ary satisfies (23) whenever n > ba. Moreover,

fra(A,t) = inf Ap(A,t,n) = inf Ag(A,t,n). (26)
n>0 n>ba

Proof. Fix A € A,t > 0,and IT € II,, and write M := (A —1,,) so that | M2 = ba.

We first reparameterize the supremum in defining fr1 using reduced coordinates which eliminate
the row-space constraint. We then apply Lemma [C.1]to establish strong duality and derive (23).

Step 1: Reduced coordinates. For any S € R?¥9 satisfying S x = SxTI, feasible for the supremum
in (ZI)), consider substituting Sy with Sy IT + Sy(Id — TII). This preserves the objective and cannot
increase ||S — S||2, so it preserves feasibility. Thus, we may freely restrict the feasible set to those S
which further satisfy Sy (I; — IT) = Sy (I; — IT). Now fix any U € R4*? whose columns form an

orthonormal basis of range(IT), so that UTU = I, and UUT = II. Define the reduced coordinates
of feasible S by

Wx

Wx = SxUERpXP, Wy = S)/IJERmXp7 W = (W
Y

) = SU e R¥P,

On the restricted feasible set, the correspondence between S and W is bijective, since Sy = SxII =
WxUT, SyII = Wy UT, and Sy (I — II) is fixed. Further define

Wy =SxU, Wy =Sy U, W = <V~VX> = SU.
Wy

‘We then have
IS =S|t = (Sx — Sx)II||E + |(Sx — Sx)(Ly — ID)||3 + ||(Sy — Sy)II|[3
= [[(Wx = Wx)UT [l + [Sx (s — )| + [|(Wy — Wy)U ||}
= [|[W — Wz + [ISx (I — )|,
~—_——

=cr
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using UT U = I,,. Returning to (Z1)), this yields

(A, t) = sup I(Sy — ASx)II|3
Serixd
SX:S’:)(H
Sy (Ia—II)=Sy (I;—II)
S-Sz <t

= sup I(Wy — AW ) U [[%
W~€Rd><p
[W-W||§<t—cn
= sup Wy — AW x ||2. 27
WEREXP
W —W|[F <t—crt
Likewise, for all n > 0, an analogous argument gives

An(A.tm) = sup {IMWIR +n(t - cn — [W - W|2) }. (28)
WeRdxP

Step 2: Apply quadratic-ball duality. Since Wy — AW x = —MW, the reduced formulations in
and match the constrained and dual problems in Lemma|[C.1} with & = m, r = p, center

W, and budget parameter ¢ — cgy. Since ||M]|2, = ba, that lemma gives
fa(A,t) = inf Ag(A,t,n) = inf An(A,t,n).
n=0 n>ba
For n > ba, (7) also gives
Am(A,t, ) = 5t — emr) + ntr<(n1m - MMT)—lMWVVTMT).
Recall that _ _ _ _
MM'™ =AAT +1,,, MW = (ASx — Sy)U = —E,U.

Since UUT = II, substitution yields

An(A,t,n) =n(t — co) + ntr(((n — DI, — AAT)‘1EAHEX), n > ba. (29)
Combining (9) with the identity crr = ||Sx||2 — tr(SkSxII), cyclicity of the trace, and the
definition of Ha ,,, we obtain (23). O

Lemma G.2 (Projection—multiplier minimax exchange). For every A € Aandt > 0,

Va(t) = inf sup Am(A,t,7n)
n>ba T1ell,

. (30)
- (- 1n,)

Proof. Fix A € Aandt > 0, and write
I:= (bA7OO)? Ij = [bA+1/j7bA +.7]a .722
These nested compact intervals exhaust I. By Lemma|G.T]and the definition of Vj,

Va(t) = sup inf Ag(A,t,7n).
Iieln, nel

We now apply the minimax theorem of Ricceril (2019, Theorem 1.1) to the joint objective g(II,7) =
—An(A,t,n), with exhaustion sequence {I; } ;>2. This requires checking the following assumptions.

Compactness, continuity, and convexity. The set II, is closed, since its defining constraints in
20) are continuous. Moreover, ||II||% = tr(II) = p for each IT € II,, so it is in fact compact.
This implies that each IT — inf, ¢, g(II, ) is relatively inf-compact (see the definition in |Ricceri,
2019) because the domain II, is compact. Equation (23), established in Lemma [G.T} shows that
(IT,n) — Am(A,t,n) is jointly continuous on II,, x I. Finally, for fixed II, n — Ar(A,¢,n) is
convex as a supremum of affine functions in (24).
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Connectedness of best-response sets. Fixing n € I, we next prove that the set of projections
IT € II, maximizing A (A, t,n) is connected. Since n > 0, 25) gives

argmax Ar (A, t,n) = argmax tr(Ha ,IT).
e, IIell,

List the eigenvalues of Hp ,, € Sjl_ in decreasing order, counted with multiplicity, and let « be the
pth eigenvalue. Let P project onto the direct sum of eigenspaces with eigenvalues strictly greater
than q, set >, = rank(P~) < p, and write V := null(Ha ,, — oI). The equality conditions in the
Ky Fan principle (Lemmal[A.9) show that every maximizing projection is P, + Q, where Q projects
onto an r-dimensional subspace of V, with r :==p — r-.

Set n := dim V. If 7 = n, the maximizing set is a singleton. Otherwise, choose V € R4*" whose
columns form an orthonormal basis of V, and set Qq := diag(I,, 0, ). The maximizing set is then

{P. +VOQ,0'V':0e0", det(0) =1}

Indeed, allowing all O € Q" generates every projection onto an r-dimensional subspace of V. The
determinant restriction loses none of them, since negating one column of O changes its determinant
sign but leaves OQyO " unchanged because Qq is diagonal. The displayed set is therefore a
continuous image of the special orthogonal group in dimension n, which is path-connected. Hence
the maximizing set is connected.

Lastly, fixing IT € II,, and j > 2, we must show that the set of 7 € I; minimizing Arr(A,t,n) is
nonempty and connected. This follows directly by continuity and convexity of the objective in 7.

To conclude, Ricceri’s theorem then gives

Va(t) = inf sup Am(A,t,n).
n>ba TI€Tl,

Substituting and applying Lemma[A.9] gives

sup Art(A, t,n) =1t = [Sx 2 + tr, (Ha.)),
Iicil,

which proves the second equality in (30). O

Lemma G.3 (Exactness and joint convexity). For each A € A, the function t — Va(t) is finite,
concave, and continuous on (0, 00), and

F(A) = Va(e?).

Moreover, D, extended by 400 outside 1 > ba, is jointly convex on A x R.

Proof. We prove the claims separately.

Finiteness, concavity, and continuity. Fixing A € A, the supremum in 22)) defining V4 (¢) is
feasible for each ¢t > 0. Indeed, we may take S = S and let I € II,, project onto a p-dimensional

subspace containing the row space of Sx. Moreover, since each IT € II,, is dominated in Loewner
order by I;, we have

0 < Va(t)

sup [|Sy — ASX||%
seRdXd
Is—S|iz<t

<bs sup |S|3 (Lemma[AT)
SeRdxd
S-Sz <t

<ba(lISlr + v2)* < .

By Lemma|G.2] ¢ — VA (¢) is the infimum of affine functions of ¢, hence concave. Being finite and
concave on the open interval (0, co), this function is continuous there.

<
<

44



Exactness of the projection relaxation. The inequality F'(A) < Va (¢?) was established above. For
the reverse inequality, fix 0 < s < 2 and a pair (IL, S) € IT,, x R4*? satisfying

Sx =SxII, |S—S|%<s.
Now choose U € R?*? with U'TU = I, and IT = UU'. Since Sy = SxII, we may write
Sy = CUT with C := SxU € RP*P_ Then, for 7 > 0, define

()
S(;) = (C+7L,)U", S = (SSX )
Y

The polynomial det(C + 7I,)) has leading coefficient 1, so it is nonzero for sufficiently small 7 > 0.
For such 7, Sgp has full row rank and Hs“) = II. Moreover,
X

IS —S|lp < S~ S|lr + IS ~Sp < Vs +ryp<e

for sufficiently small 7. By Lemma[1.2} () := S(")(S(™))T thus belongs to B () for sufficiently
small 7. Hence, Lemma [B.T] gives

F(A) > lim R(A,27) =lim [[(Sy ~ AS)H = [[(Sy ~ ASx)TI[f.

Taking the supremum over (IL, S) gives
Va(s) < F(A) < Va(e?).
Letting s 1 £2 and using continuity proves F/(A) = Va (£2).
Joint convexity. For fixed S, IT, the expression
I(Sy — ASx)II|[% +n(s* — [IS — S[I)

is convex in A and affine in 7, with no mixed term. It is therefore jointly convex in (A, 7). The
constraint Sx = SxII is independent of these variables, so taking the supremum in (24)) preserves
joint convexity. Thus Ay (-, &2, -) is jointly convex on A x [0, o) for every fixed IT. By (23) and the
Ky Fan formula,
D(A,n) = sup Am(A,£2,n) when 7 > ba.
ell,

Hence D is jointly convex on this domain. The domain itself is convex, being the strict epigraph of
A — 1+ [|A||2,. Extending D by +oo outside this domain preserves convexity.

Proof of Theorem By Lemmas [G.2]and
F(A)=Va(e?) = inf D(A,n) VAEcA,
n>ba

and D is jointly convex as an extended-value function. Taking the infimum over A gives

inf FI(A) = inf D(A
AirelA (A) Aeg,lneR (A,m),

as claimed. O

G.2 Subgradient Method Convergence for SNR (Proof of Proposition d.2)

If f]y = 0, then G(0) = 0. Since G is always non-negative, 0 is a minimizer, as claimed.
Otherwise, recall that
B = (dtrZy)Y?/e
M = 2(B|Zx|lop + |y x|lr +°B)
T :=[M?*B?52].

First, we note a simple bound on the norm of a minimizer of G(A) = L(A,X) + &2 A2,
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Lemma G.4 (SNR solution bound). Each minimizer A, of G satisfies ||A||r < B.

Proof. By optimality, we have
| ALlIE, < G(AL) < G(0) = tr(Sy),
and so || A, || < Vd||ALllop < (dtr(y))/? /e = B. O

Thus, writing K for the Frobenius ball of radius B centered at A; = 0, we have G(A,) =
minaecx G(A). Moreover, the projection operator appearing in the proposition is exactly the
Frobenius projection onto K.

Next, we claim that G is M -Lipschitz under the Frobenius norm over the domain /C. Indeed, we can
write the subdifferential set 0G(A) as the convex hull

conv{zASX — 2%y x + 2¢2||Allopuv| s u € R™, v € RP, |Juf = |jv] = 1, Av = ||AHopu},

Here, the operator-norm subgradient is handled via the characterization of the spectral-norm sub-
differential set in Example 2.8 of [Lewis| (1995). Thus the Lipschitz constant of G over K is at
most

sup H?AZNIX—2Z~JYX+252HA||OpuvTH < M,

AcK F

wER™ Jluf| <1
veR? vl <1

using the triangle inequality and Lemma[A.T]

Noting that the Frobenius geometry is Euclidean, Proposition[.2]then follows by standard guarantees
for the projected subgradient method (e.g., Theorem 3.2 of Bubeckl 2015). O

G.3 FISTA Convergence for SNR (Proof of Proposition 4.3)

First, we observe that Algorithm |2} given input B and parameter «, evaluates the proximal operator
of a|| - |2, at B. In other words, it solves the minimization problem

1
: 2 L p2
Lmin al[CJ2, + 51C - BJ.

Indeed, by the discussion of orthogonally invariant matrix functions in [Parikh and Boyd (2014,
Sections 6.7.2-6.7.3), the solution to the proximal problem above can be obtained by first computing
an SVD of B and then applying the ¢2_ proximal operator to the vector of its singular values. The
clipping procedure of Algorithm [2]is the squared-{, proximal operator derived in[Jacobsson et al.
(2017, Theorem 4).

Given that Algorithm [2| correctly implements the proximal operator for «|| - ||c2)p, Algorithm |1}is
simply a standard application of the FISTA algorithm (Beck and Teboulle, 2009), applied to the

objective G, decomposed as the sum of the smooth term L(-, 32) and the proximable term £2]| - 12,
In particular, letting A, denote any minimizer of GG, Theorem 4.4 of [Beck and Teboulle|(2009) gives

2M | AR
— < 0 70

using that L(-, ) is M = 2Apnax(Xx) smooth. By Lemma |AL||Z < dtr(Zy)/e?, and so
A7 has additive approximation error § once T > (2Md tr(Xy)) /21 - §71/2, as claimed.

H Remaining Proofs for Section

H.1 Properties of the Bures Variance Proxy (Proof of Proposition [5.1)

Let Z ~ P and abbreviate X := 3 p. Since Vg(P) is the expectation of a quartic in the entries of Z,
it is finite for P € P4(R%). By non-negativity of the Frobenius norm, Vg(P) vanishes if and only if

(22T —2)S? =0 = 22T =%
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almost surely. The equivalence holds because Z lies in the range of 3 almost surely.

Expanding the squared norm in the definition of Vg and using ¥XtZ = Z almost surely gives
2
H(ZZT - E)ET/QHF —|12|?P27=tZ — 2| Z))? + (Z).

Taking expectations and using Ep | Z||? = tr(X) proves the equality in (3).

For X # 0, let A, (
from the inequality

¥) denote its smallest positive eigenvalue. The fourth-moment bound follows

2
_>\+ (%)

min

on range(3), implying that

E |z
N (D)

min

Ve(P) < Ep[|Z]?27=12] <

This is finite whenever P € P,(R?) and X # 0. The ¥ = 0 case requires Z = 0 almost surely and
hence Vg(P) = 0. When 3 = 0, \. (E) = \,in(X), giving the stated bound.

min

Now suppose that P = AN(0,X) is Gaussian, and assume without loss of generality that 3 is
diagonalizable in the standard basis, with eigenvalues A\; > Ay > -+ > A4. Restricting to range(X),
let r :== rank(3X) and write

7= VNGie;,  GEEN(,).
J=1

This gives
7' z=>"G5 2P = Z)\ G2,

j=1
and so we compute

Ep[|Z|?P2"22) =Y ME|G}Y G}

= i)\i(?ﬂr (r—1))
= (r+2) tr(X).
Therefore, Vg(P) = (r + 2) tr(X) — tr(X) = (r + 1) tr(X).
If further P € P* is non-degenerate, we then have r = rank(X) > rank(X x) = p. Moreover,
tr(X) > tr(Sy) = tr(ApExAL) + tr(Zg) > tr(Zg).
Combining with the above gives Vg(P) > (p+ 1) tr(Xg) > ptr(Xg), as claimed.

It remains to prove the empirical Bures bound. Since each Z; € range(X) almost surely, we have
range(Xp,) C range(X) almost surely. Therefore Lemma|[B.2] gives

B(Z,%p,)° <tr((Zp, — 2)EN(Zp, — %)).
Next, set H; = ZZ-ZZ»T —3,sothat ¥p — 3 = Z?Zl H, /n. The H; matrices are independent and

mean zero, so the cross terms vanish in expectation:

Etr((Zp, - 2)BH(Zp, - B)) = — ZEtr (H;XTH,) = lVB(P),
n

=1

where the last equality uses (B). This proves the claim. O
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H.2 Finite-Sample Regret Bounds (Proof of Theorem

We first establish some empirical estimates needed for the sub-Gaussian guarantee.

Lemma H.1 (Empirical conditioning and ERM error). Fix P € P* and § € (0,1). Let (X,Y) ~ P
and E =Y — ApX. Suppose that the random vector (£8)~1/2 X, (2E)1/2E) is K-sub-Gaussian.
Then for n > K*(d + log(1/6)), the following hold simultaneously with probability at least 1 — §:

P P, P
EDNER D I
kp, S4K/P7
< K* tr(Eg)(d—l—log(l/(S)).

n

R(ERMI[FR,], P)

In particular, P, € P* on this event.

Proof. Define the random vectors
X ==X,  E=EH2E, W= (X,E).

We will consider both P and P, as their base probability law. Let Iz project onto range(X£). Then
E € range(XE) almost surely, and the population normal equation gives Ep[EX "] = 0. Therefore,

L = Ep[WW '] = diag(I,, Ig).

The vector W is supported on R? x range(X%) and has identity second moment on this subspace,
whose dimension is at most d. The feature directions have unit second moment, so K > 1. Applying
Vershynin| (2026, Theorem 4.7.1 and Remark 4.7.3) on this subspace gives an event £ of probability
at least 1 — ¢ on which

d + log(1/3)

1
|Ep, [WW '] — Evaop < a,=CK? - <7

Here C'is an absolute constant, and the sample-size assumption absorbs the linear term in the cited
concentration bound. The second-moment formulation does not require W to be centered.
Define the empirical blocks

H, =Ep [XX ] € RP*P,

C,=Ep [EXT] € R™*P,

J, =Ep [EET] € R™*™,

On £ we have .
[Hn = Llop, [[Callop; [In — Mpllop < an < 1 3D
Condition on this event for the remainder of the proof. Since
EQL = (2§)1/2H7t(2§)1/27

we obtain the claimed bounds for the empirical feature second-moment matrix, with the lower bound
implying that P, € P*. Also, [|[H,, [lop < (1 — )™t < 4/3.

The identities Y = ApX + E and F = (££)'/2E imply that
S = ApE +Ep [EX T = ApEir +(25)V2C,(B5) V2
Combining the above with the formula for Ap gives
Ap, —Ap =D (B - Ap
= (=52, (=R (s
= (3p)"?C.HH(BE) 72 (32)

Consequently,




Using (32)), the empirical fitted residual can be written as
Y -Ap X=E+(Ap—Ap )X = (ZL)Y¥E - C,H,'X).
Using the definitions of C,,, H,, and J,,, along with symmetry of H, !, we compute
Ep, [(E - C,H,'X)(E - C,H,'X)"]

=J,-Ep [EX"H,'C] —C,H,'Ep [XE'|+C,H,'Ep [XX"|H,'C,

=J,-2C,H,'C} +C,H,'H,H,'C,

=J,-C,H;'C/.
Consequently, we have

T =Ep, [(Y —Ap, X)(Y — Ap,X)T]

(5?3, - C.H,'C)(=E)?
< (25)23.(25)?

5
< Zzg.

The last inequality follows from J,, < IIg + a,I,, and (2£)Y/?TIIg = (££)'/2. Combining the
above with Theorem [2.2] gives

/\max (2 )

P,
kp <1+|A ?, + E
P, AP, 5p Aot (527

5
<1+2|Ap|%, +2|Ap, — Ap|2, + 4

2 5\ Amax(ZE)
<1+2|Ap|2, + <9 + 3> S—1a) (2,’;3)
min X

S 4I€p.

Finally, (32) gives
R(ERM[P,], P) = [[(Ap, — Ap)(SK)'2[}
= [I(ZE)*CuH,

042

<_—n P
ST=a) tr(3g)
< K* tr(Eg)(dJr log(1/6))
~ n ?
as claimed. O

We now prove the two guarantees separately. For each, we establish a high-probability event
depending only on the i.i.d. sample from P, under which the claimed bounds hold uniformly over the
admissible choices in both perturbation models.

Fourth-moment guarantee. Abbreviate p := ¢,,. By Proposition[5.1} E[B(Zp,, Xp)?] < V/n, so
Markov’s inequality gives B(Xp, , Xp) < 4/V/(dn) with probability at least 1 — §. On this event,

Vv
B(Xp. ., Xp) +B(Zp,Zp) Se+/ 5n =P (33)

under either adversary model. Indeed, under the sample-corruption model, we have P, = P and
Wo (P, Pp) < €, so the claim follows by the Wo—Bures equivalence (Lemma . Likewise, under
the distribution-shift model, we have P, ,, = P, and B(Xp,,Xp) < Wy(P,, P) <e.

Equation (33) implies that B(Xp, ,,¥p),B(Xp,,Xp),B(Zp,,,Xp,) < p, with the last case
holding by the triangle inequality. Note that p < 2¢ under our assumed sample complexity. We
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now proceed as in the population-limit proof. In particular, we use the equivalent second-moment
formulations of the estimators and regret stability, justified by Lemmal|[I.2]

For the MRO guarantee, set A :== MRO,,[P. ,,] and bound

R(A,P)<  sup R(AX) (B(Zp,,..Tp) < p)
EGBP(EPS 'n,)
< sup R(A j3) (MRO optimality)
XeBy(Zps ;)
< sup R(Ap,X) B(Zp,.,..Xp) <p)
EEBQp(EP)
< 4/1p(2p)2 (Lemma [3.1)
< 64k pe?, (p < 2¢)

as claimed.
For SNR, set A := SNR o[Ps,n]. Since risk and regret differ by a constant independent of the
coefficient matrix, SNR optrmahty implies

R(A, Ps,n) + p2||Ang < R(APvPs,n) + p2||APng < 5"€PP2~

The last inequality follows from B(Xp,  ,Xp) < p, Lemma L and [|Ap||2, < kp from Theo-
rem[2.2] To convert this to a regret bound under P;, we apply regret stability tw1ce using P as the
reference law in both applications:

VRA,P) < \/RA,P) + (2Vir + [Allop) B(Zr, )

< RA P + (2vFr + Al

where the last inequality uses (33). By Cauchy—Schwarz and the SNR objective comparison above,

VR(A,P) < V3\/R(A, P.,.) + p?I|A|2, + 2y/Frp < 6\/Frp < 12/Fpe.
Squaring gives the desired SNR bound.

Thus, both estimators incur target regret O(rxpe?) under the specified event. The bounds hold
uniformly over all admissible sample corruptions and population targets in the respective models,
including randomized, sample-dependent choices. The event has probability at least 1 — § under
every admissible rule, since the reference sample has law P®". Taking the supremum over M. ,,(P)
therefore proves the first assertion.

Sub-Gaussian guarantee. Our assumption on the sample size allows us to apply Lemma[H.T] Fix a

realization on its event of probability at least 1 — 6. Then P,, € P*, kp, < 4kp, and 2§ < %2;}".
Moreover, we have

K* tr(3p)(d + log(1/9)) _

~ I

en =R(Ap,,P) S
n

where the last inequality uses the theorem’s sample-size assumption.

We first establish a comparison that will be used in both perturbation models. For each A € A, the
regret formula and the squared triangle inequality imply that

R(A,P) = (A - Ap)(ZH)V?E
<2[[(A = Ap,)(ZX)2E + 2e,

8
< gl(A - Ap,)(ZE)2IIE + 26,
_ g R(A, P,) + 2, (34)

where the last inequality uses 3£ < %2 §
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In the sample-corruption model, fix An € {MRO¢, SNR_ } and any admissible observed source P ,,.
Set A = A, [Ps,n]. Since Wo(Ps ,, P,) < € and P, € P*, Lemmaggives
R(A,P,) < R.(A,,P,) < kp,e® < kpe’.
Applying (34), we obtain
R R 8 .
R(A,P,)=R(A,P) < gR(A, P,) +2e, < kpe?,

~

using e, < €2 and kp > 1. This proves the desired target regret bound uniformly over admissible
corruptions.

In the distribution-shift model, FPs,, = P, and P, = @) € B; (P). Since @ need not belong to
B (P,), we will first transfer regret from P,, to P, then from P to Q). For the second transfer, we
also need to control the coefficient norm.
For A = SNR. [P,], comparison with the empirical risk minimizer A p, gives

R(A,P,) + A3, < R(Ap,, P) +€°||Ap, |2, = || AR, I3, < rp,c”.
Here the first inequality uses SNR optimality, and the last uses Theorem[2.2] Since both terms on the
left are nonnegative, this bounds the empirical regret and coefficient norm separately.

For MRO, define the objective F,(A) = supgcp, (p,) (A, Q'). We first show that
F,(A)>&(1+Al2,) VAcA (35)

By the Wy—Bures equivalence (Lemma [I.2)), we may apply Theorem with observed second

moment X p . Define the square-root factor S,, := 2}3{1 % and let Sn.x € RP*4 be its feature row

block. For every 1 > 1 + ||A||2,, the matrix inside the tr,, term in that theorem is S, 'S, x plus a

positive semidefinite matrix. The tr,, term is therefore at least
(S, xSn.x) = (S xSu.x) = [Su.x |

where the first equality uses rank(Sl +Sn.x) < p. Consequently, the dual objective is at least ne?,
and the reformulation gives

F,(A) > inf e2 =21+ ||A]%).
&)z int et = (14 AL,

This proves (33).
Now take A = MRO_[P,]. Since P,, € B.(P,), MRO optimality gives
R(A,P,) < F,(A) < F,(Ap,) < 4rp,e>.

The last inequality follows from Lemma [3.1] with reference law P, and coefficient A p,. Combining
this upper bound with (33)) also gives

(L +[|A]3,) < Fa(A) < 4rp,e?,

and hence ||A |2 < 4rp,.

Thus, for either choice of A,, € {MRO,,SNR_} and A=A, [P,], we have
R(A,P,) Swpe,  |IAlR, S ke,

using kp, < 4xp. The empirical-to-population comparison thus yields
R(A,P) < §R(A,P,) + 2e, < kpe’.

Finally, for every Q € B.(P), Lemma3.1|gives

VR(A.Q) < \/R(A,P) + 2y + | Allop) Wa(P, Q)

< VR, P) + (2y/Fp + [Allp)e

< VEPE.

Squaring proves that R(A, P,) < kpe? in the distribution-shift model.

On the chosen sample event, both estimators satisfy the claimed bounds for every admissible sample
corruption and every population target () € B (P) in the respective models. The event has probability
at least 1 — & under every admissible rule, since the reference sample has law P®", Taking the
supremum over M, ,, (P) therefore proves the second assertion. O
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I Exact Reductions for Population Benchmarks in Section [6]

In this section, we derive closed forms and exact constant-size semidefinite program (SDP) refor-
mulations for the population benchmarks in Section @ Write P := P, and P := P, for the target
and source laws, respectively, and let p > 0 denote the supplied radius, which may differ from the
corruption budget € = 1.

Set ¢ := m — 1. Recall that m = p = d/2 > 2 and that our P is the law of (X,Y"), where
X ~N(0,L,), Y =X+U, U ~ N(0,diag(0,1,)),
and X and U are independent. For o, 8 € R, consider the diagonal coefficient matrix given by
A(a, B) = diag(a, B1,).

With this notation, our source measure P is the law of (A(c,1)X,Y), where ¢ := m~/4. Since
Ap =1, and £ =1,,, the target regret of A(a, 3) is given by
R(A(e, B),P) = (o= 1)* +q(8 — 1)*. (36)
Moreover, the source risk is
L(A(a,8), P) = (ca = 1)* +q((8 — 1)* +1). (37)

Finally, since Ef( = diag(c?,1,) > 0, the population ERM solution is unique and satisfies
ERM[P] = A(c™',1),  R(ERM[P],P) = (¢t — 1)

I.1 Reduction to Scalar Optimization Using Rotational Symmetry

Asin Lemma both P and P are invariant under the compact group of orthogonal transformations
{diag(1,H,1,H) : H € 07}.

Its invariant coefficient matrices (in the sense of Lemma|C.4) are exactly those of the form A («, 3)
for some «, 5 € R. Indeed, taking H = —I, eliminates the off-diagonal blocks, and commuting with
every H € 07 forces the remaining ¢ x ¢ block to be a scalar multiple of I,. Hence, by Lemma
each objective

JDR()(A) = sup~ L(A,Q),
QEB,(P)

Juro(A) = sup R(A,Q),
QEB,(P)

Jsnr(A) = L(A, P) + p°[|A|l3,

admits a minimizer of the form A (a, ).

1.2 Constant-Size SDP Reformulations for DRO and MRO

Using this symmetry reduction, we now derive SDP reformulations for the DRO and MRO problems.
Fix A = A(a, ) for now and write v := 1 + max{a?, 32}.

Our first goal is to derive a clean dual formulation for Jpro(A) and Jyro (A ). We then introduce
epigraph variables and simplify the resulting convex programs using Schur complements and a
variational formula for tr,,.

Step 1: Initial dual problems. A convenient square-root factor of the source second moment is

& . (diag(c,I,) 0,.xm S&T _ v
S'—( L, diag(0,1,)) 55 =¥p

Set EA = Sy — ASX and Ba, = (n — DI, — AAT. Then, the Wo—Bures equivalence
(Lemmal[I.2)) and the DRO and MRO dual formulas in () and Theorem [4.1] give

Joro(A) = 321;{%2 + tr(UEXBR},,EA) }7

Juro(A) = inf {10* = 18x1) + tr,n (nSESx + nEABR, Ea) }.
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Here, we used p = m and positive homogeneity of tr,,. To unify these formulas, define
K, = nSTS + nEXBZ}nEA.

Substituting into the above gives

Joro(A) = inf {n(p? = I8]}) + tr(K,)}. (38)

uro(A) = inf {n(e” = [Sx[[?) + tr (K, = nS7Sy) }. (39)
The matrices here are structured, due to our choice of source law, leading to further simplifications.
First, writing Ma = (A —I,,), Lemmaimplies that

K, =7*ST(nly — MAM,)~'S.
Next, note that the source random variables can be written as
(X17Y1):(CG17G1); (XwYYz):(GhGlJ'_Hl% i=2,...,m,

with independent standard Gaussian latent variables GG; and H;. The corresponding factors are

1 0
S = (§f>7 Sy = (1 1)7

with the subscript “b” denoting the “bulk” of the coordinates. For a scalar coefficient « € R and a
fixed block factor S € R2**_ define

M(a) = (a -1), K(a,S,n) =n?ST (nIy — M(a) ' M(a))™'S, 7 >1+d>
Write k1 :== K(a, S1,7), identifying the 1 x 1 matrix with its entry, and K, :== K(5, Sy, 7). In

latent-coordinate order G, (Ga, Ha), . .., (G, Hy,), H1, the matrices K,, and S;Sy become
diag(k1, Ky, ..., Kp,0), diag(1,151, ,...,1515,0), 1y =(1,1)".
—— —_———
q times q times

The final zero comes from the unused latent coordinate H;. We also compute
ISIF = ¢® +1+3q,  [Sxllf =" +q.
Substituting these decompositions into (38) and (39), we arrive at
Joro(A) = inf {n(p* — &~ 1= 30) + by +qtr(K) |, (40)

Juro(A) = inf {n(p* = ¢* = )+ tr,, (diag (b — 1. Ky —nlal, ... . K, —n1al]) ) b (4D)

q copies

Here, we removed the final zero from the matrix inside tr,,. This is permissible because this matrix
coincides up to a permutation of rows and columns with K;, — nSy-Sy . By the definition of K, that

matrix is greater in Loewner order than nS)T( Sx = 0and is thus positive semidefinite. The remaining
blocks have dimension 2m — 1 > m, so removing the zero does not change the eigenvalue sum.

Step 2: Introduce epigraph variables and simplify. We now introduce epigraph variables ¢ > k;
and T}, > K. To make these lower bound constraints affine in A and 7, we use that for p > 1 + a2,
a Schur complement (LemmalA.3) gives

nlz — M(a) "M(a) 7S
- -
T > K(a,S,n) — ( ST T = 0.
The upper-left block is quadratic in a. A second Schur complement replaces this quadratic term by
an additional scalar block, yielding the affine constraint Q(a, S, 7, T) = 0, where
nla - M(a)" 7S
Q(a,S,n,T) = | M(a) 1 01x5 | € SH3.
ST Opa T
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In particular, for n > 1 + a2,
9(a,S,n,T) =0 <«<— T=K(aS,n).

For general n € R, its Schur complement at the scalar block 1 also shows that

9(a,8,7,T)=0 = n=>1+d (42)
Define the two instances of this constraint by

Qi(a,n,t1) = Qa, Sy, 1, 1) € S*,

(8.1, Ty) = Q(B,Sy,n, T) € S°.
Retaining the constraint that > v in (40) and @I)), we replace k1, K, by the epigraph variables
t1, Ty and minimize over them subject to Q1 («v, 1, t1) = 0 and Qy(5,n, Tp) = 0. Both traces are

nondecreasing in Loewner order, and equality is feasible at t; = k;, T, = K. Thus this substitution
preserves the values of (@0) and (). For MRO, we additionally reparameterize using variables

21 =t — 1, Zy, =Ty —nlsl,, Z = diag(z1, Zy, ..., Zy).
W—/
q times
By Lemma[A.9] we have
tr,(Z) = min m7 +y1 + qtr(Yp). (43)

TER, Y120, y1221—7
Y,€8%, Y20, Y =Zp— 71

Substituting these representations into (40) and (1)) and taking the infimum over (v, 8) results in the
programs below with the additional constraint that > . We show next that this constraint can be
dropped and that the resulting minima are attained.

Proposition 1.1 (Constant-size SDP formulations). A population DRO optimizer is obtained by
extracting coefficient variables («, ) from any solution to
min t1 + qtr(Ty) +n(p? —c* — 1 —3q)
a,B,m,t1, Ty
st. Qi(a,n,t1) =0,
Qb(ﬁv m, Tb) i 07
n >0, T, € S2.

(44)

Likewise, a population MRO optimizer is obtained by taking (c, B) from any solution to
D (P =& =)t mT g+ qtr(Ye)

st. Qi(aym,t1) = 0,
Qb(ﬁ, , Tb) =0,
n>0, (45)
y1 >0, Y1 > 21— T,
Y, =~ 0, Yy = Zy —7Io,
T,, Y, € S2

Both minima are attained, and the regret of the returned coefficient pairs at the target law P can be
computed via (36).

Proof. By @2)), both SDPs impose > v = v(«, 3). The preceding argument establishes the
desired optimal value identities with the additional restriction 17 > +. It remains to remove this strict
constraint and prove that minimizers are attained.

For fixed (a, ), let n > ~. By taking the remaining variables sufficiently large, we can obtain a
feasible point with this strictly feasible value of . Moreover, the feasible set is convex, and the
objective is continuous. Thus, the presence of the strict constraint does not affect the infimum.
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For attainment, fix an optimal coefficient pair («, 3), which exists by Section Choose a feasible
objective value C for either SDP in the statement, and restrict to feasible points with objective at
most C. This does not change the infimum. We show that the restricted feasible set is compact.

First, 7 > « > 1. Extracting principal submatrices from the Q;, Q, = 0 constraints gives
(& e (G )
Since 17 > 0, Lemmal[A.3]implies that
t1 >nS! 81 =n(ct +1), T, = 1Sy Sy :77<? })
For MRO, we therefore have
2=t —n >, Zb=Tb—n1212~Tin((1) 8>,

implying that the combined matrix Z = diag(z1, Zy, . . . Zy), with ¢ copies of Z;, satisfies Z = 0
and tr,,(Z) > n(c® + q). The SDP objective formulas and @3)) now show that both objectives are at
least np2. By our choice of C, the multiplier 7 must therefore lie in the bounded interval [y, C'/p?].

For DRO, boundedness of the objective and multiplier bounds ¢, + ¢ tr(T}). Since t; > 0, Tp = 0,
and ¢ > 1, both t; and T, must be bounded.

For MRO, boundedness of the objective and multiplier bounds m7 + y; + ¢ tr(Y;) from above. In
the other direction, the constraints y; > 0 and Y}, > 0 imply that

m7 +y1 + qtr(Yp) > mr.
Further, the SDP constraints for y; and Y, and the early observation that Z > 0 imply that
mt +y1 + qtr(Yp) >mr 4+ 21 — 7+ qtr(Zy — 1)
>tr(Z) — (1+2¢ —m)T
> —qrT.

Since m, g > 0, these bounds control 7 in both directions. They then bound y; and tr(Y}) separately,
since y; > 0 and Y, >~ 0. Moreover,

0<2 <y +7, 0=7Z, XYy + 7l

so the shifted blocks z; and Z; are bounded. The identities ¢ = z; + n and Ty = Zy, + 77121;— then
bound the remaining variables ¢; and T},

Thus, for either SDP, the restricted feasible set is bounded. It is also nonempty and closed, because
the constraints are closed and the objective is continuous. It is thus compact, and so the continuous
objective attains its minimum on this set. O

1.3 Closed form for SNR

For SNR, we obtain an explicit solution and closed form for the regret under P.

Lemma 1.2 (Closed-form SNR solution). Let A := p?. Then the unique minimizer of A +
L(A, P) + M|A|Z, is A(ax, Bx), where

c
<1 0<A<c¢(l-¢)
2 )\’ >’ = = ’
(anBr) =4 O T 0+ (46)
(tastr), = PRSI A>e(l—c).
Consequently, its exact clean regret is
2
<C2j—)\1>’ 0<A<c¢(l—c),
R(SNR,[P], P) = .\ , 47
m(qjc,zifl) Az el—o).

The two expressions agree at A = ¢(1 — ¢).
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Proof. By our discussion in Section it suffices to minimize over A («, /3). Dropping the additive
constant g from (37), the reduced objective is

Fy(a,B) = (ca — 1)? 4+ ¢(B — 1)? + Amax{a?, 3*}. (48)
Recall that ¢ = m~1/4 € (0, 1]. Because £ = diag(c2,1,) - 0, the risk is strongly convex in the
full matrix A. Hence the regularized objective has a unique minimizer.

Introduce an epigraph variable ¢ > 0 with constraints || < ¢ and |3| < ¢. For fixed ¢, the quadratic
part of (@8)) is minimized by projecting its unconstrained minimizers a = ¢~ and 8 = 1 onto [, t].
Since both are positive, the constrained minimizers are

a(t) == min{t,c '}, B(t) == min{t, 1}.
Thus the epigraph problem reduces to minimizing
oA(t) = A2+ (1 —ct) +q(1 —t)3,  t>0.
Here A = p2 > 0and 0 < ¢ < 1, so ¢, is strictly convex. For ¢t > ¢! it equals \t? and increases,
so its minimizer lies in [0, c!]. Moreover,

SO =M el —et) — gL, A1) =A— el o)

If 0 < A < ¢(1 — ¢), the minimizer lies in [1, c~!], where the derivative vanishes at

o

2+ N

The corresponding coefficients are o« = ¢t and 5 = 1. If A > ¢(1 — ¢), the minimizer lies in [0, 1],
where the derivative vanishes at

t

__4tfc

gt AN
In this case « = 8 = t. At A = ¢(1 — ¢), both expressions give ¢ = 1. This proves (@6). Substitution
into (36) proves {@7). O

J Full Experimental Details and Additional Experiments

The synthetic experiments for Fig. [I]in Section [6] and Section below were run in 8 hours on
an m8g.large Amazon EC2 instance with 2 vCPUs and 8 GB of RAM, while the experiment for
Section [I.2] was run in less than one hour on an M1 MacBook Air with an 8-core CPU and 16
GB RAM. Code for the experiments and plots is available at https://github.com/sbnietert/
regret-optimal-regression.

J.1 Additional Synthetic Experiment with Varied Residual Rank

For Setting C, we modify Setting A by fixing p = m = 200 (d = 400), n = 10m?,and p = ¢ = 1,
and varying the residual effective rank over 10 equally spaced values r € [1, m — 1]. Specifically, for
each r, the target law P, is the law of (X, Y"), where

—1
X ~N(@O1,), Y=X+U,, MNN@ﬂ%@L;—JmO)

and X and U, are independent. Then Ap = E?‘ = 1,,,, and the residual second moment satisfies
r(EF)=r,  |ZFle=1  ra(EZy)=r
In particular, each K p, = 3. The endpoint » = m — 1 recovers the target law of Setting A at m = 200.

For each r, we draw n i.i.d. target observations and apply the same corruption as in Setting A.
We fit each estimator A € {ERM, DRO,, MRO,,, SNR,} to the resulting empirical source law P ,,.,
using the implementations described in Section[6] In Fig.[2] we plot the target population regret
R(A[Ps ), P) = ||A[Psn] — L,||% against r. Curves report averages over 10 independent trials at
each value of r, with error bars showing the minimum and maximum over trials (again imperceptible
due to low variance).
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Setting C: Regret vs. Effective Rank
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Figure 2: Target population regret R(A[Ps,n], P,) for Setting C, as a function of the target residual
effective rank 7 = rog(XL7).

J.2 Network-Traffic Experiment with CESNET Dataset

Finally, we test our estimators on a real-world network-traffic dataset, albeit with synthetically
introduced Wasserstein perturbations. We employ the CESNET-TimeSeries24 dataset (Koumar et al.|
2025)), which contains network-traffic time series data from the CESNET3 network connecting public
and research institutions in the Czech Republic. Specifically, it records hourly, institution-level counts
of packets and bytes transmitted over the network between October 2023 and July 2024, and we
attempt to predict byte totals from packet counts. We use 268 institutions with nonconstant counts
and finite, nonnegative measurements for at least 99% of the 6,717 observed hourly timestamps,
and intersect their valid timestamps, obtaining n = 6,228 paired observations. For each response
dimension m € {8, 16,24, 32,48, 64,96, 128,192, 256, 268}, we take our target response vector
to be the first m byte-total channels and its corresponding feature vector to be the first ¢ = m/2
matching packet-count channels plus an appended intercept term of 1, so p = g + 1. We center and
normalize each physical channel according to its mean and standard deviation under the full empirical
law of the raw observations, keeping these transformations and the observation set fixed throughout.
Denote the resulting standardized target law by P,,, € P2 (RPT™), treated as a population measure to
isolate the complexity of robust regression from that of handling sampling error.

This setup was selected so that some of the feature and response coordinates are highly correlated,
while others are nearly independent, yielding a range of effective ranks. Coordinate-wise normaliza-
tion is a relatively common preprocessing procedure, and it helps to keep the condition number of the
target law from growing too quickly with m. In particular, the effective rank of EIED’” grows roughly
linearly with m, while the target condition number «p,, grows more slowly, as shown in Fig. 4l

To obtain the corresponding corrupted source law Py, we apply the frozen transformation above to
the same n observations, but with the first packet-count channel first multiplied by a gain of 0.5 (all
other channels are unchanged). By coupling observations according to their timestamps, one can
directly upper bound Wo (P, Pm) < ¢ :=1.08679, independent of m. We then fit each estimator
A e {ERM, DRO,, MRO,, SNR.} to P, using the implementations described in Section @ In

Fig. |3l we plot the target regret R(A[Pm]7 P,,) against m. We observe qualitative similarities to
the separation observed in our synthetic experiments, with MRO and SNR outperforming DRO and
ERM as the dimension grows (although the gap is less pronounced). We emphasize that ample room
remains for more refined empirical study, e.g., to identify the most realistic modes of data corruption
for specific applications and to compare the performance of these estimators beyond the worst case.
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CESNET: Regret vs. Response Dimension
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Figure 3: Target regret R(A[]Bm], P,,,) for our CESNET experiment, as a function of the response

dimension m.
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Figure 4: Effective rank tr(2%5™) /| 35" ||op and condition number « p,, of the target law P, in our
CESNET experiment, as a function of the response dimension m.
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