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ABsTrACT. We study pessimistic bilevel optimization with bilinear objec-
tives and linear constraints. Assuming a compact polyhedral leader domain,
nonempty follower solution sets, and a finite pessimistic infimum, we derive
mixed-integer linear optimization formulations that attain this infimum, even
when the original problem has no optimal solution. This setting has applica-
tions such as pricing, security and decision-focused learning. The construction
combines LP duality, support selection, and homogeneous witnesses, together
with a KKT reformulation for leader-dependent follower constraints. Optimal
reformulation solutions yield explicit leader decisions with pessimistic objective
values arbitrarily close to the infimum. For rational data, all formulations have
polynomial encoding length, also showing that the problem is NP-complete.

1. INTRODUCTION

Bilevel optimization problems are hierarchical ones: they consist of an optimiza-
tion problem, called the upper-level or leader problem, that contains in its constraints
the requirement that some variables solve another optimization problem, called the
lower-level or follower problem (Dempe et al. 2015; Kleinert et al. 2021; Beck et al.
2027). The leader’s decisions enter as parameters in the follower’s problem and may
affect both its objective function and its constraints.

In the presence of several optimal solutions to the lower-level problem, the way
in which a solution is chosen leads to two classic approaches. In the optimistic
approach, the solution chosen is the one that favors the upper-level optimization
problem. In the pessimistic approach, the leader considers the worst upper-level
objective value over all optimal solutions of the lower-level problem (Wiesemann
et al. 2013; Liu et al. 2018). In this work, we consider the pessimistic bilevel bilinear
optimization problem

Vi=inf sup ' Ay+a'z+b'y, (1)
reX yeS(z)

where X C R™ and
S(x) :=argmin{z' By +c¢'y : Dy >d— Cx}.
The problem data is
A, BeR"™ " CeR™*" DeR™ ™,  geR™, bceR"™, deR™.

We refer to the x and y variables as the leader and follower decisions, respectively.
Both objective functions are linear in y for fixed x, whereas their joint dependence
on (x,y) can be bilinear.

Problem (1) presents two general challenges from the computational point of
view. First, it is NP-hard, since it contains pessimistic linear bilevel optimization as
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a special case (Buchheim 2023). Second, even in cases when V is finite, the infimum
may not be attained; see, e.g., Lampariello et al. (2019).

The problem structure studied here arises in many applications, such as in decision-
focused learning, Stackelberg security games, and in pricing problems. Decision-
focused learning trains predictive models to improve downstream decision quality
(Elmachtoub and Grigas 2022; Mandi et al. 2024). Pessimistic formulations evaluate
the worst realized cost among decisions that are optimal under the predictions
(Bucarey et al. 2026; Jiménez et al. 2026). With linear predictors and polyhedral
downstream problems, these formulations exhibit the structure considered here. In
Stackelberg security games, a defender commits to a randomized protection strategy,
after which an attacker chooses a best response (Sinha et al. 2018; Casorréan et al.
2019; Bustamante-Faundez et al. 2024). Expected payoffs are bilinear in the players’
mixed strategies, and pessimistic tie-breaking selects the attacker’s best response
that is the least favorable to the defender. A similar structure arises in network toll
setting (Brotcorne et al. 2001) and deterministic electricity-contract pricing (Jacquet
et al. 2024), where a seller sets prices and customers subsequently minimize travel
costs or maximize utility. The follower’s problem is linear over a price-independent
polyhedral feasible region, while the seller’s objective contains bilinear price-quantity
terms. Under bounded polyhedral price constraints, the pessimistic counterparts of
these models are special cases of our setting with C' = 0. In both security games
and pricing problems, optimistic tie-breaking is often justified by arguing that
small perturbations of the leader’s decision can induce a favorable follower response.
Such arguments, however, do not by themselves provide an explicit computational
procedure for constructing the required strategies or prices and controlling the
resulting loss in the leader’s objective. In this article, we propose a constructive
approach to this issue, recovering leader decisions whose pessimistic objective values
are arbitrarily close to the optimal value, even when this value is not attained.

To state our results, we make the following standing assumption.

Assumption 1.1. The set X is a nonempty polytope, S(z) # & for every z € X,
and V € R is finite.

Under this assumption, the follower value mingcy () 2" By + ¢y, where Y(x):=
{y € R"™ : Dy > d — Cx}, is finite and attained for every x € X. The follower
feasible sets may be unbounded. Moreover, the pessimistic value of a leader decision,

P(z):= sup z Ay+a'z+0b'y,
y€S(x)
may equal +oo for some z € X.

The main contribution of this short technical note is the derivation of mixed-
integer linear programming (MILP) formulations whose optimal value equals V'
and is attained, even when the original bilevel problem has no attainable optimal
solution. These formulations also allow us to recover leader decisions with pessimistic
objective values arbitrarily close to V. More specifically, given an optimal solution
of the MILP reformulations, we can construct an explicit infimizing sequence for (1).
Finally, the mixed-integer linear formulations are of polynomial size, which, in
particular, shows that the decision version of (1) is NP-complete.

1.1. Related Work. For a general treatment of pessimistic bilevel optimization,
we refer to Wiesemann et al. (2013). The relation to robustness over a decision-
dependent set of follower responses is discussed by Goerigk et al. (2025). Reformu-
lations based on LP duality are given by Dempe, Luo and Franke (2018) and Zheng
et al. (2018). Moreover, Zeng (2020) shows how to solve the pessimistic problem
via solving a suitably chosen optimistic one plus a potentially required single-level
problem. In the bilinear setting considered here, directly dualizing the intermediate
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maximization problem in this level-reduction approach can introduce cubic terms.
The dual stationarity equations permit an equivalent quadratic rewriting; see also
Stein and Zemkoho (2026, Section 4.3). Our constructions use LP duality and
support selection to obtain MILP formulations that attain the pessimistic infimum
and provide an explicit procedure for recovering leader decisions with pessimistic
objective values arbitrarily close to it. That optimal solutions need not exist even
for compact leader and follower domains is shown by Lampariello et al. (2019).

The work of Stein and Zemkoho (2026) gives a continuous nonlinear single-level
reformulation for (1). Their reformulation retains nonattained infima, i.e., if the
original problem does not attain its optimal value, neither does the reformulation
(see their Section 4.4, Example 2). Our MILP formulations always attain the
pessimistic infimum, provided it is finite, and yield explicit leader decisions with
pessimistic objective values arbitrarily close to it.

For C' = 0, we derive a MILP formulation directly. For general C'; we use the
KKT reformulation of nonconvex quadratic problems studied by Xia, Vera and
Zuluaga (2020) to again obtain a MILP single-level reformulation. The finite bounds
required for the MILP formulations are obtained using the basic-solution argument
of Buchheim (2023).

1.2. Additional Notation. For the ease of notation, we define

h(z):=d—Cz, qz)=B'z+ec, u(x):=A"z+b.
For a given leader decision, the follower minimizes ¢(z) Ty over Y (z) = {y € R"v :
Dy > h(z)}. The leader’s objective function is F(z,y) := a'x + u(x) 'y and the
pessimistic problem (1) can thus be rewritten as

V = inf P(z), P(x)= sup F(x,y). (2)
reX y€ES(z)

2. A SINGLE-LEVEL MILP FORMULATION FOR THE CASE OF C' =0

We first consider the case C' = 0, in which the follower feasible set is independent of
the leader decision. We denote Y (x) by simply Y and use the inequality description
X ={z: Hx <k}, with H € R™=*"= and k € R™=.

Let us describe the main components of our MILP construction. To this end, fix a
leader decision « and consider a follower dual optimal solution A. Let I = {i : A; > 0}.
By complementary slackness and strong duality, the set of all optimal follower
responses is the face

Y;:={y:Dy>d, Dry =d},
where Dy, d; are the rows indexed by I. Maximizing the leader’s objective over this
face gives a linear problem whose dual is

min{d w : D"w = u(x), wre <0, wy free},

where I¢ is the complement of I. Our formulation involves linear equations and
inequalities in the variables (z,y, A, w) that impose feasibility and optimality. Addi-
tionally, we introduce binary variables s1,. .., s;,, which are used to determine I
and impose tightness in certain inequalities based on I. Finally, and critically, we
introduce a homogeneous copy of all variables Z, 7, X, @ as well as a scaling variable
t. These copies and the scaling variable are what allow us to construct arbitrarily
near-optimal leader decisions when V is unattainable.
The formulation is given by

w W
SR
SN~—

min a'z+d w
st. Hx <k, Dy>d, (
D'AX=B'z+¢, A>0,

—
w
¢

~
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DTw=AT2z+0b, (3d)
t>1, Hi<tk, Dj>td, (3¢)
D'A=BTz+tc, A>0, (3f)
DT =AT7+th, (3g)
$i=0 — {Ai:~Ai:0’ i=1,...,my, (3h)
wi, w; <0,
Dy = d;,
si=1 = {Dij=td;, i=1,...,my, (31)
A > 1,
s e {0,1}™. (3§)

All continuous expressions are linear because ¢ only multiplies fixed data. We use
indicator constraints for the support conditions; their big-M linearization is briefly
discussed in Section 2.1.

The objective depends on the main variables. We call the variable copies a strict
witness because, after division by t, its selected dual multipliers are strictly positive.
This scaling encodes strict positivity exactly, without the need of a numerical
tolerance on the multipliers.

We now formally state the relation between the MILP and the pessimistic problem.

Theorem 2.1. Suppose that the standing assumptions hold. Then, Problem (3) has
an optimal solution and its optimal objective function value equals the pessimistic
nfimum V.

Proof. We first show that every feasible objective of (3) is at least V. To this end,
for each feasible solution of (3) set

U=a'a+dw, I={i:s =1}
We normalize the homogeneous witness by setting
(9.0 0) = 1555 0), U=aTé+d"a. 4)
Now consider an arbitrarily chosen 0 < 7 < 1 and consider the convex combination
(@7, Yrs Arywr) = (1= 7) (2,9, A, w) +7(2, 9, A, D). ()
Since the constraints are affine for fixed s, we obtain
zr € X, Dy.>d, Dry,=dj,
DA =q(x:), Ar>0, (A)re=0, (A)i=7/t>0 (i€l),
D w, = u(z,), (w;)r <O0.

With the leader decision z., fixed, the primal-dual gap of any follower decision y € Y’
is

g(z-) "y —d A =Y (A)i(Diy — dy) > 0. (6)
iel
Equality is attained at y,. Moreover, since (\;); > 0 for ¢ € I, equality holds if and
only if Dyy = d;. Hence,
S(zr)={y: Dy >d, Dry=dr}. (7)
Thus, every follower-optimal solution y € S(x.) satisfies

u(mT)Ty = w:Dy = Z<w7>zdz + Z(wr)zDzy < dTU}Tv
icl il
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where the last inequality follows from (w,)re < 0. Taking the supremum over all
optimal follower responses y € S(z,) yields
V<P)<a z.+d w,=(1-7)U+7U. (8)

Taking the limit 7 \, 0 proves V < U.
Conversely, we show that the infimum of (3) is at most V. Let x € X with
P(z) < 400 be given. The follower’s primal and dual problems are

min{q(z) "y : Dy >d}, max{d'\: D"\ =q(z), A >0}.

We choose an optimal primal-dual pair (y, A) and set

I'={i: >0}, s;=1gen.
Complementary slackness implies Dyy = d;. The calculation in (6), with this
primal-dual pair, shows that

S(z)={y:Dy>d, Dry=ds}.
Since P(z) is finite, the following primal and dual problems have finite optimal
values and admit optimal solutions:

max{u(z) "y : Dy >d, Dy =d;},
min{d"w: D" w = u(z), wr <0, w; free}.
Let w be a dual optimal solution. By strong duality,
a'z+d"w=P(x). 9)

For I # @, we choose the finite scalar

1
t= max{l,max};
icl )\z

In particular, for I = @, we take t = 1. Finally, we set
(%7, \, ®) = t(z, y, A, w).
By construction, these variables are feasible for Problem (3), and their objective
value is P(x) by (9). Hence, the value of Problem (3) is at most P(z) for every
finite-cost x. Taking the infimum over x proves the missing inequality of the values.
It remains to show that (3) admits an optimal solution. For fixed s, Problem (3)
is an LP. Every feasible such LP is bounded below by V', as shown in the first part
of the proof, and thus has an optimal solution. The second part and finiteness of V'
ensure that at least one binary assignment is feasible. Since there are only finitely
many assignments, the best of their optimal values is attained and equals V. [

Remark 2.2. The equality of optimal values does not imply that an optimal main
decision solves the pessimistic problem. At a feasible main point, U = a2z +d w
need not be an upper bound on P(x): selected main multipliers may vanish, so
additional follower responses become optimal at . The pessimistic value can then
exceed the cost of the selected face. By the strict witness, this face is the entire
follower optimal set at every interpolated x, with 7 > 0. Thus, (3) attains a limiting
value even if the pessimistic problem has no optimal solution.
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2.1. An MILP Reformulation using Big-Ms. To obtain an ordinary MILP,
let M be a sufficiently large constant. Then, the indicator constraints in (3h)—(3i)
can be re-written as

0 <\ < Msy, si <\ < Ms;,
w; < Ms;, w; < Ms,, (10)
OSDiy—diSM(l—Si), OSDig—tdiSM(l—Si),

for i = 1,...,my; see, e.g., Bonami et al. (2015) for an overview of optimization
problems including indicator constraints. The existence of a finite M preserving
an optimal solution follows from Theorem 2.1. For rational data, Buchheim (2023)
derives polynomially sized big-M constants that can also be computed in polynomial
time, which can also be used in this setting. However, these big-Ms are typically
too large to be used in practice and Kleinert et al. (2020) showed for optimistic
linear bilevel optimization that computing the tightest big-M value is NP hard.
Hence, one typically relies on problem-specific big-M derivations in practice or uses
SOS1-type constraints as discussed in, e.g., Kleinert and Schmidt (2023).

2.2. Recovery of Pessimistic Decisions. The interpolation in the proof of
Theorem 2.1 also gives the following recovery result.

Corollary 2.3. Let a feasible solution of (3) with leader component x and objective
value U be given. Then, for every 0 < 7 <1,

2, =01 —-7)z+72€X, Px,)<U+7U-0). (11)
Furthermore, for any target tolerance n > 0, choose
1, U<uU,
T = R R (12)
min{l,n/(U-U)}, U>TU.
Then, P(x;) < U +n holds.
Proof. The first claim follows from (8). The choice in (12) ensures 7(U — U) < 5
and proves the second claim. O

2.3. Example: A Pessimistic Stackelberg Security Game. To illustrate the
reformulation and the recovery of leader decisions, we consider a simple Stackelberg
security game. These are bimatrix games having bilinear objective functions and
the players do not affect the feasible region of the other player, i.e., C = 0.

In this example, we consider a game in which a defender protects one of two
targets with some probability and an attacker chooses a target after observing the
defender’s mixed strategy. Table 1 gives the payoffs, with the defender’s reward first
and the attacker’s reward second.

TABLE 1. Payoffs of the Stackelberg security game example

Attack 1 Attack 2

Protect 1 (10,—10) (—5,6)
Protect 2 (—8,4) (6,—4)

We denote by x € [0, 1] the probability of protecting target 1 and by y € [0, 1]
the probability of attacking it. The attacker’s pure-attack rewards are 4 — 14x and
10z — 4, while the defender’s are 18x — 8 and 6 — 11z. To write this game as a
minimization problem, we take the leader’s cost to be 6 minus the defender’s reward.
Omitting a term in the follower objective that is independent of y yields

q(z) =24z -8, F(z,y)=1lz+ (14—-292)y, Y =[0,1].
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Allowing mixed strategies for the attacker preserves the pessimistic value because,
at a tie, the worst affine defender reward is attained at a pure attack. The attacker
chooses y =1 for < 1/3, y =0 for x > 1/3, and is indifferent at = 1/3. Hence,

14 — 18z, x<1/3,
P(x) =148, x=1/3, (13)

11z, z>1/3.
The infimum V = 11/3 is not attained. Equivalently, the defender’s pessimistic
reward has supremum 6 — V = 7/3, approached from x > 1/3. At the defender

strategy = = 1/3, where the attacker is indifferent, the defender’s actual reward is
—2.

(a) Pessimistic value (b) Follower best responses
'% 2 1{—o
z
2 o 3
g Z
e} o
£ -2 z
< 2 0.5
=] =
g —4 g
= S
Z _¢ s
= 6 =
A g 0
T T T T T T T T
0 1/3 2/3 1 0 1/3 2/3 1

FIGURE 1. Pessimistic defender reward and follower best responses
in the security game example. Left: The open circle marks the
unattained limiting reward and the solid circle marks the actual
reward at indifference. Right: The vertical segment is the full
best-response set S(1/3) = [0, 1].

Using reformulation (3), we have that A = —29, a =11, b= 14, H = (1,-1) T,
k=(1,00T,B=24,c¢= -8, D= (1,—-1)T,and d = (0,—1)T. The optimal support
variables are (s1,s2) = (1,0), an optimal main point and a normalized strict witness
are given by

(1/3,0,(0,0), (13/3,0)),
= (1/2707 (4’ O)a (_1/270))a
1

(xﬂy?)\)w)
(&, 9, \, )
t

Corollary 2.3 gives

v, =v4+@—-a)r=1+ir, Pl,)=4%+7 o<r<1
These decisions uniquely induce attack 2 and yield defender reward 6 — P(z,) =
7/3 — 117/6, which converges to 7/3 for 7 N\, 0. Hence, the finite strict witness

allows us to recover pessimistic leader decisions approaching the supremum from
the optimal MILP solution.

2.4. Example: Decision-Focused Learning. Decision-focused learning trains
predictors to improve the decisions obtained from their predictions. Let us consider
linear predictors. Let §*) be the realized cost vector of observation i = 1, ..., Nops,
and let ¢(9(z) = (B®)Tz be its predicted cost, with the observed features in-
corporated into B(® and predictor parameters z € X. For a fixed nonempty
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polytope Y = {y : Dy > J}, pessimistic regret minimization is the pessimistic
bilevel optimization problem

Nobs
1 ) .
; N T o (1) _
gICIél)I(l y(l),_l_T_{sz(Nobs) Nobs le(q ) y FDFL
(i) @) T .
s.t. y'Y € argmin(q¢'’ (z)) 'y, 1=1,..., Nobs,
yey

where kprr, = N c;)i. ZZ minyey((j(i))—ry is the constant perfect-information baseline.
The inner minimization selects prediction-optimal decisions, and the maximization
evaluates their worst realized cost.

Stacking the decisions into y, this is our model with
1

obs

D = diag(D, ..., D), d = col(d,...,d),

and A=0,a=0,C =0, c=0. Hence, Model (3) yields an exact MILP for the
optimal pessimistic regret with objective d"w — kppr, and optimal value V — kppr,.
This provides a mixed-integer linear alternative to the nonconvex and quadratically
constrained quadratic formulation presented by Bucarey et al. (2026).

The connection also explains the role of Bucarey et al. (2026, Theorem 1), which
establishes membership of SIMPLE-REGRET in NP by constructing polynomial-size
predictors that preserve the downstream optimal faces. Our binary support variables
encode these face choices explicitly, while the strict witness certifies their realizability.
For rational data, the resulting MILP has polynomial encoding length and provides
an optimization counterpart to this certificate argument. NP-completeness follows
by combining membership in NP with the known NP-hardness result by Elmachtoub
and Grigas (2022).

B=[BW ... pWer)] = col(@V, ..., gNevs)y,

3. A SINGLE-LEVEL MILP FORMULATION FOR THE CASE OF C' # 0

We now extend the construction to general C. Adapting the same formulation
as before results in a quadratic objective; we prove that this MIQP reformulation
attains the pessimistic infimum. In addition, we establish a recovery result for this
formulation. Finally, we use KKT conditions to reformulate the MIQP as an MILP.

3.1. An MIQP Formulation. We use the same variables introduced in the pre-
ceding section and define

go(z,w)y=a"z+hz) w=a"z+d w—-2z"CTw. (14)
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The formulation for general C' reads

min  go(z,w) (15a)
st. Hx <k, Dy+Cx>d, (15b)
D'AX=BTz+4+¢, A>0, (15¢)
D'w=A"2z+0b, (15d)
t>1, Hi<tk, Dj+Ci>td, (15¢)
D'A=BTz+tc, A>0, (15f)
DT = ATE 4 th, (15g)
si=0 = {ZZZU:;OO i=1,...,m,, (15h)
Dy + Cix = d;,
si=1 = { D+ Cii=td;, i=1,...,my, (151)
Ai 21,
s € {0,1}™M. (15j)

For fixed s, all constraints remain affine, whereas the objective is now quadratic.
Hence, the problem is a nonconvex MIQP in indicator form. As before, the binary
variables select a follower face, and the homogeneous copy provides a strict witness.
The following theorem establishes equality of the optimal values and existence of an
optimal MIQP solution.

Theorem 3.1. Problem (15) has infimum V and admits an optimal solution with
this value.

Proof. We adapt the proof of Theorem 2.1. For a feasible solution of (15), set
I = {i : s; = 1}, normalize its witness by ¢, and interpolate as in (5). By the
primal-dual gap argument in the proof of Theorem 2.1, now with right-hand side
h(z.), for 0 < 7 <1, we have

S(z.)={y: Dy+ Cx, >d, Dry+ Crax, =ds}. (16)
Using D Tw, = u(x,) and (w;)re <0 yields
1% S P(zT) S gC(xTawT)' (17)

Continuity of go then gives V' < go(z,w) as 7\ 0.

Conversely, fix z € X with finite P(z) and an optimal follower primal-dual
pair (y,A). For I = {i: \; > 0}, the same face argument and LP duality give an
optimal solution w of

min{h(z) w: D w = u(x), wre <0, wy free},

with go(z,w) = P(z). Scaling (z,y, A\, w) as in the proof of Theorem 2.1 provides a
feasible homogeneous witness for (15). Hence, its infimum equals V.

Finally, every feasible fixed-support problem is a QP over a polyhedron, bounded
below by V. It attains its minimum by the Frank—Wolfe existence theorem (Frank
and Wolfe 1956). Since V is finite, at least one support is feasible. There are only
finitely many supports, so their best minimum is attained and equals V. O

3.2. Recovery of Pessimistic Decisions. The interpolation used in the proof
again allows us to recover leader decisions for the pessimistic problem. We normalize
a feasible homogeneous witness, set U = go(x, w), and define

Ar =% —2, Aw=u—w.
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The interpolation remains feasible, and its objective value satisfies
golz + TAz, w+ TAw) = U + K17 + KoT2, (18)
k1 =a' Az + (d— Cx)" Aw — (CAz) "w,
Ky = —(CAz) " Aw.
By (17),
Plxy) SU+ kT + kom? KU+ 7K, K= k| +|ra|, 0<7<1. (19)

Corollary 3.2. Let a feasible MIQP solution with objective value U and a tolerance
n > 0 be given. Choose T =1 if K =0 and otherwise choose

7 =min{l,n/K}.
Then, P(x;) < U +n holds. If the MIQP solution is optimal, i.e., U =V, the
recovered decision is n-optimal.

Proof. For 0 < 7 <1, combining (17) and (18) gives P(z,) < U+7K. The proposed
choice makes 7K <. O

We finally note that for C' = 0, we have ko = 0 and x; = U - U, so we obtain
the affine bound (11).

3.3. KKT Linearization of the MIQP. We now reformulate the MIQP as
an MILP with the same optimal value. To this end, we apply the KKT-based
reformulation of nonconvex QPs studied by Xia, Vera, and Zuluaga (2020); see, in
particular, Section 2.1 and their discussion of valid multiplier bounds. We apply
this result to the continuous QP obtained by fixing the support variables.

3.3.1. Linearizing the Quadratic Objective. We collect all continuous variables
of (15), including the homogeneous witness and ¢, in a vector ¢ and write

go(z,w) =o(¢) = 3¢TQC+IT¢ Q=QT.

The only nonzero blocks of @ are the x, w cross-blocks @y, = —C' " and Q,, » = —C.
The only nonzero blocks of ¢ are ¢, = a and £, = d.
For a fixed binary assignment of s, we can write the continuous problem as

min{6(C) : GC < b, EC = e.}, (20)

for suitable matrices G, E and right-hand side vectors by, e.. The KKT conditions
of this problem are

QC+(+G u+E"v=0,
GC < by, EC=ex,
=0,
/,Lj((b*)j — G]C) = 0 fOI" all j
Here, the equality multipliers v are unrestricted in sign. Due to all constraints
being affine-linear, these conditions are necessary without any further constraint
qualification. Consequently, every global minimizer admits KKT multipliers.

Multiplying the stationarity condition by (T and using primal feasibility and
complementarity, we obtain

CTQC+LT¢+b]p+elv=o0.
At every KKT point, we therefore have

$(Q) =3(7¢—blp—elv). (22)
Thus, we can replace the quadratic objective by the right-hand side of (22) and
impose (21) without changing the global minimum. Indeed, a global QP minimizer

(21)
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admits KKT multipliers. Conversely, every KKT point is feasible for the QP, and
the linear objective equals its quadratic objective value. The reformulation therefore
requires global minimization over the KKT points since an arbitrary stationary
point need not be globally optimal.

3.3.2. Finite Primal and Dual Bounds. To obtain a MILP formulation from the
KKT system (21), we require the following bounds. First, bounds on the continuous
variables of (15) to linearize the indicator constraints and to bound the KKT
slacks. Second, bounds on the inequality KKT multipliers (u) to linearize the
complementarity conditions and the products between them and the binary variables.
No bounds on the equality multipliers v are needed, since they appear neither in
complementarity conditions nor in products with binary variables.

Proposition 3.3. Under the standing assumptions, there exist finite bounds on
the continuous variables of (15) and on the KKT inequality multipliers such that
imposing them preserves an optimal solution of value V. If all problem data and
the inequality description of X are rational, such bounds have polynomial binary
encoding length and can be computed in polynomial time from the data.

Proof. For each feasible support assignment in (15), consider the QP KKT sys-
tem (21). For each complementarity condition, we consider the two alternatives:
either the multiplier or the corresponding primal slack is zero. Every choice of these
alternatives defines a polyhedron in the KKT variables.

A globally optimal KKT point belongs to at least one of these polyhedra. Min-
imizing the linear objective over that polyhedron gives the same QP optimum.
We can therefore select finite optimal representatives for the finitely many feasible
support assignments. In particular, if we let N = dim (, there exists R such that
¢ € [-R, RN preserves the MIQP optimum V. We next provide an estimate for
such an R.

For rational data, let L be the input encoding length and pg, gy bound the
inequality and equality row counts of any fixed-support QP. These counts are
polynomial in L and obtained directly from (15). If we move to standard form, we
need to split free variables and add slacks; this gives at most r = N + 2pg + qo
equations per linear KKT piece. The coefficients are signed input entries, zeros,
or +1. Multiplying by the product of all input denominators therefore gives a
common integer bound K > 1 on the absolute coefficients and right-hand sides.
This common bound satisfies log K = O(L) and is computable in polynomial time,
without enumerating supports or complementarity choices. Each relevant LP has
an optimal basic feasible solution after deleting dependent equations. Buchheim’s
basic-solution estimate (Buchheim 2023, Lemma 4) bounds its coordinates by r! K.
Undoing the free-variable splits, we may thus take

R=rlK", logR=0O(rlog(r+1)+rlogK).

Hence, R has polynomial encoding length and is computable in polynomial time.
We remark that this bounds optimal representatives, rather than every stationary
point.

Once the bounds on ¢ are imposed, the support indicators can be linearized as in
(10). In particular, for the slacks

Dyy+ Cix —d;, D;y+ C;T —td;,
we can use the bounds
L = R(IDilly + Cilly) + |dal,  L§ = R(IDslly + | Cillx + |da))-
This yields a bounded MIQP of the following form
min {3¢TQC+7¢C: GC<by+Ts, E¢ =e, s€{0,1}™}. (23)
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Here all matrices and vectors are fixed. The box |(;| < R, the sign restrictions,
and the lower bound ¢t > 1 are included in the linear constraints. The matrix T
represents the dependence of the right-hand side on the support variables s. Each
conditional equality is enforced by primal feasibility and a conditional inequality.
We then apply the same basic-solution argument to the KKT system of the
fixed-support QPs to obtain bounds on the inequality multipliers. The new box
and indicator coefficients have polynomial encoding length. If the bounded QP
has p inequality and ¢ equality rows, its standard-form KKT pieces have at most
ro = N + 2p + ¢ equations. As before, clearing denominators and bounding the
support-dependent right-hand sides in (23) by [(bo);| + >_, |Tj:| gives a uniform
integer coefficient and right-hand-side bound K3 > 1, with log K5 polynomial in L.
Thus, setting pu; < f1; for fi; := 72! K3* preserves an optimal KKT certificate. The
fz; have polynomial encoding length and can be computed in polynomial time. [J

3.3.3. An MILP Formulation. To reformulate (23), for each fixed s, we impose KKT
conditions with respect to the continuous vector (. The binary variables are held
fixed and do not enter the stationarity conditions as optimization variables. We
define the primal slacks by

p="by+Ts— GC.
Let r; > 0 be finite bounds preserving an optimal KKT certificate, as given in
Section 3.3.2. A valid upper bound on the jth slack is

By = 1(bo);| + > ITyil + RIG;]1.

These bounds have polynomial encoding length and can be computed in polynomial
time. To model complementarity, we introduce binary variables u;. Moreover, we
use continuous variables v;; for every pair with Tj; # 0 to represent the products
HjSi-

The resulting MILP reads

1

min 3 (7¢C—bip—e'v— Z T;ivj (24a)

3,8: T #0

st. p=by+Ts—G(, E(=e, (24b)
QC+l+G u+E"v=0, (24c)
0<p; <mjuj, 0<p; <p;(1—u;) forallj, (24d)
0<wj <H;si, wvji<p; (Tj#0), (24e)
vji > pj — (1 —si)  (Tji #0), (24f)
se€{0,1}™v, wu; €{0,1} for all j. (24g)

The variables v are unrestricted in sign, and all constraints and the objective are
linear. Constraints (24e)—(24f) imply v;; = p;s;. Hence, the objective in (24a)
equals the right-hand side of (22) with b, = by + T's and e, = e. For p inequality
rows, at most pm, product variables are introduced. Proposition 3.3 therefore
ensures that this MILP can be constructed in polynomial time with polynomial
encoding length.

Theorem 3.4. Suppose that valid representative bounds are used as specified above.
Then, the MILP (24) has an optimal solution with objective value V. Fuvery feasible
solution yields main and homogeneous witness variables for which the recovery

bound (19) holds.

Proof. Let a feasible MILP point be given. It satisfies the continuous KKT conditions
of (23) for the selected s. By (22), its linear objective value is ¢(¢) = go(z, w). The
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primal variables are feasible for Problem (15), so their objective value is at least V'
by Theorem 3.1.

Conversely, the primal box preserves a global optimum of (15). Thus, Problem (23)
has a global optimum with value V. For its selected s, this point is also globally
optimal for the continuous QP and admits KKT multipliers. The multiplier bounds
preserve such an optimal certificate. We choose u according to complementarity
and set v;; = p;8;. The resulting point is feasible for (24) with objective value V,
proving equality and attainment. Finally, the main and witness variables are feasible
for (15), so the recovery bound (19) applies. This proves the recovery claim. O

We finalize this subsection with a computational complexity consequence of our
MILP reformulation. For the decision version of (1), the input consists of rational,
binary-encoded problem data, including H,k, and a rational threshold . The
question is whether V' < 6. This need not be equivalent to the existence of x € X
with P(z) < 6, since the pessimistic infimum may fail to be attained.

Corollary 3.5. The decision problem V < 6 for Problem (1) is NP-complete.

Proof. By Theorem 3.4, V < 6 holds if and only if (24) has a feasible point with
objective at most 6. Fixing the binaries s, u and adding this threshold constraint
leaves a rational LP of polynomial encoding length. If feasible, it has a rational
solution of polynomial encoding length. The binaries and this solution form a
polynomially verifiable certificate, proving NP membership. NP-hardness holds
already for the pessimistic linear special case discussed in the introduction. O

3.4. The Modified Dempe Example. We consider a modified version of an
example in Dempe et al. (2015) in which we allow both endpoints of the follower’s
feasible interval to depend on the leader’s decision. Hence, we consider

X =[-1,1], S(z)= argmin{-zy}, F(z,y)=2zy—x+y.
r<y<z+1

In the notation of the general model, the data are
A=2, B=-1, a=-1, b=1, ¢=0,

-] (%) - [}]

Thus Dy + Cx > d is equivalent to z <y <z + 1 and C # 0. The follower
feasible region is nonempty and compact for every x € X. The response map and
pessimistic value are given by

{z}, x <0, 222, -1 <xz<0,
S =401,  z=0 P =41 r=0, (25)
{r+1}, z>0, 202 +2r+1, 0<x<1.

Every pessimistic value is strictly positive, but P(z) — 0 as ' 0. Consequently,
V =0 and the infimum is not attained. The global optimistic solution is (z°,y°) =
(0,0) with objective value zero. See Figure 2.

For the support (s1,s2) = (1,0), Formulation (15) gives y = z, A\ = —z > 0,
wy < 0, and w; — wy = 2z + 1. Hence, its objective reduces to

go(z,w) = —x + 2w — (1 + 2)wy = 222 — wy > 0.

The other nonempty feasible support gives the minimum 222 + 22 4+ 1 > 1 on [0, 1],
while the empty support gives value 1 at x = 0. Thus, an optimal main point and a
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(a) Pessimistic value (b) Follower best responses
51 91
B >
x4 3
Z 4 g 1
3 h 17}
e =
Z 24 8
: oo
0 =1+
T T T T T T T T T T
-1 —0.5 0 0.5 1 -1 —0.5 0 0.5 1

FIGURE 2. Pessimistic cost and follower best responses in the mod-
ified Dempe example. Left: The open circle marks the unattained
limiting cost and the solid circle marks the actual cost at indif-
ference. Right: The vertical segment is the full best-response set

S(0) = [0,1].

normalized strict witness are

(a:,y, )\,U)) = (O’ 0, (070)’ (170))7
(jﬂga 5‘7’“3) = (_17 -1, (17 0)7 (_17 O))7
t=1.

The main objective is 0, although P(0) = 1. This point also extends to an optimal
certificate of the KKT MILP (24): use the primal box R = 3, the support bound
wa < 3sg, and inequality-multiplier bounds 7z; = 1. The objective gradient has only
one nonzero component, —1 in the wsy coordinate. Assigning multiplier 1 to this
active support bound and zero to all other inequality and equality rows then verifies
stationarity and complementarity.

Interpolating with the witness gives z, = y, = —7, A\, = (7,0), and w, =
(1 =27,0) for 0 < 7 < 1. The follower response is unique and

P(z;) = gc(zr,w,) = 272,

Thus, k1 = 0 and ke = 2 in (18), and the choice 7 = min{1, 1/n/2} yields an
n-optimal pessimistic decision for every n > 0.
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