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Abstract

Constraint learning is an emerging paradigm of modeling optimization
problems with the help of machine learning. In this paradigm, trained
machine learning models are embedded into the optimization model. For
example, we can learn constraints empirically from available data, or we
can avoid using a nonlinear objective function by learning a simpler ap-
proximation for it. Neural networks become a compelling option if the
machine learning models must capture more elaborate and nuanced rela-
tionships. However, optimization models embedding neural networks may
become too large or too slow to solve. In this tutorial, we present practical
considerations for an effective and efficient use of constraint learning with
neural networks and validate it with a case study highlighting the benefit
of smaller and sparser networks.
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1 Introduction

We may not fully understand how neural networks arrive at a conclusion, but
we know that they can handle complex tasks better than more intuitive coun-
terparts, such as decision trees (Baldi et al., 2014} [LeCun et al, [2015). That
fits into a broader narrative outlined in [Sutton’s manifesto The Bitter Lesson
about how general-purpose methods backed by massive computation led to the
most effective advances in Al, from playing chess and Go at competitive levels
to achieving reliable results in speech recognition and computer vision (Sutton,
2019). And this narrative begets the question: what if some parts of a math-
ematical optimization model were learned with neural networks? In machine
learning, the cost of producing a model (training) is generally orders of mag-
nitude above the cost of using it (inference). However, if neural networks are
embedded into a mathematical optimization model and possibly queried several



times while solving the optimization model, then the inference cost adds up to
another order of magnitude. This tutorial is about when to use neural networks
in optimization models—and how to circumvent their computational cost.

We define as constraint learning the use of neural networks, or other ma-
chine learning models, as a proxy for some parts of a mathematical optimization
model. However, that term is also used more generally for the automatic process
of learning the model of a problem in Constraint Programming (CPE
2016}, [Lombardi and Milano), [2018). As observed by [Raedt et al/ (2018), con-
straint learning stands for an inductive (probabilistic) approach of learning con-
straints, in contrast to the deductive (provable) approach used for inferring
valid constraints (cuts). When machine learning is involved, this probabilistic
approach translates into approrimating through data a complex or unknown
constraint or term of the objective function. The special case of using neural
networks has been first explored in CP models by Bartolini et al|(2011)) and in
mathematical optimization models by |Say et al.| (2017)) and |Cheng et al.| (2017)),
to which many other studies followed in both communities.

Curiously, the term constraint learning would only find its way into math-
ematical optimization six years later, but would soon become widely used as
a synonym for embedding neural networks in optimization modelsEI However,
other terms have been used to denote special or general cases of constraint learn-
ing. While|Lombardi et al.| (2017)) suggested denoting the use of general-purpose
machine learning models for constraint learning as empirical model learning, the
practice of using simpler models to approximate complex or unknown relation-
ships in engineering has been generally denoted as surrogate modeling
land Terapetritou, [2018], |Grimstad and Anderssonl, [2019)).

Naming controversies aside, there are some important considerations for
achieving a successful use of constraining learning with neural networks. This
tutorial covers them in the following order:

e We discuss why neural networks can be helpful; what type of neural net-
work to use and how to incorporate them in mathematical optimization
models; and where they have been applied in [Why, What, and Where to|
|Use Neural Networks in Modeling?| This is our summary of positives.

o We briefly discuss when neural networks exceed the modeling needs and we
present alternatives for such cases in [When Not to Use a Neural Network]
[in Optimization Models?| This is our warning.

e Most importantly, we discuss what technical choices lead to a more ef-
fective use by illustrating those choices with experiments on a synthetic
dataset in [How to Use Neural Networks in Optimization Models?| This is
our practical advice, which we support with experimental results.

LCP is another technique for solving discrete optimization problems. For more information,

see [About CP| (in Appendix).

For a list of references, see [Adopting the Term Constraint Learning in Mathematicall

Optimization| (in Appendix).




o Finally, we briefly discuss advanced topics and related areas beyond the
scope of this tutorial in [Other Topics in Constraint Learning and at the]
[AI-Optimization Interfacel

2 Why, What, and Where to Use Neural Net-
works in Modeling?

For our purposes, it is convenient to think of a trained neural network as a
function f : R™ — R used to approximate an unknown function f, and so we
may refer to f as a proxy function with respect to f. Moreover, it is sufficient
to consider a feedforward neural network, such as illustrated in Figure[I} There
are certainly more sophisticated architectures that could be used for a neural
network, but we will justify along this section why we do not recommend starting
with them.
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Figure 1: Left: Structure of a feedforward neural network with input € R™,
hidden layers ¢ = 1 to L with ny, neurons each, and output y € R. Right: For-
mula for output ¢ of neuron i in layer £ from activation function o : R — R and
preactivation output g¢, which uses previous layer output h*~!, neuron weights

Wf*, and bias bf. For details, see INeural Network Structure and Mappingl (in

Appendix).




In the case of an optimization problem over decision variables in x that
is otherwise linear and with decision variables that are continuous (x € R™),
integer (x € Z™), or mixed-integer (x € ZP x R"P), a neural network can model
a constraint or term of the objective function as follows:

max 'z max ¢’z + f(x) @)
s.t Az <b (1) s.t Ax <b
flx)<d

For example, we can think of f as an estimate of resource consumption capped
at some value d in or of profit in . Note that f does not necessarily need
to involve all decision variables in .

2.1 Why Use a Neural Network?

There are two main types of applications for constraint learning:

(i) When there is no formula mapping x to y, but we can estimate it from the
available data.

(ii) When the formula mapping x to y is known, but it cannot be easily handled
by a solver if stated in the optimization model. In this case, we can generate
data and treat it as in (i).

Hence, we resort to machine learning to formulate the part of a mathematical
optimization model that is either (i) unknown or (ii) intractable. Working with
an unknown relationship based on the available data, such as in forecasting, is
a common application of machine learning. Working with parts of a model that
make an optimization problem harder to solve, such as with certain nonlinear
functions or probability distributions, is an area of growing application of ma-
chine learning. We survey the constraint learning literature related to both in
(Where Have Neural Networks Been Used/]

What makes neural networks particularly appealing in this context is that
they are known to be universal function approxrimators, meaning that they can
approximate most functions to an chosen precision . For example, suppose
that we want to approximate a function f with a neural network that pro-
duces a function f after being trained. For any valid «, approximating to such
a precision means that |f(z) — f(x)| < e. In other words, it is theoretically
possible that the output of the neural network will not differ from f by more
than €. Finding such a neural network has been shown to be possible if there
is a minimum number of neurons per layer (width) and a sufficient number
of layers (depth); or, conversely, a minimum depth and a sufficient width in-
stead (Huchette et all 2026). However, we may end up working with neural
networks that might not be as wide or deep; and we may depend on training
algorithms that have limited theoretical guarantees. Nevertheless, the success-
ful use of neural networks across a wide variety of domains is evidence that we
may still obtain very satisfactory results in practice.




By considering neural networks as approximators in constraint learning, we
are hoping to find a compromise to make it easier to solve optimization problems.
In fact, approximations are already widely used in nonlinear and stochastic
optimization. In nonlinear optimization, piecewise-linear functions are often
used to approximate nonlinear functions (McCormick| |1976, Mangasarian et al.
2005, [Vielma et al., 2010, [Misener and Floudas|, 2010, [Huchette and Vielma),
2023), and we can indeed train neural networks to produce piecewise-linear
functions. We illustrate in Figure an example of a neural network on = € [0, 1]2
(top) whose output y is piecewise-linear and depicted by contour plots (bottom
right). We leave other parts of this figure, as well as the case of modeling

probability distributions with neural networks, to be discussed in
lof Neural Network Should T Use?
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Figure 2: Top: Visual description of neural network used as example. Bottom
left: Lines partitioning the space based on what inputs produce a positive
output for each neuron, with the arrow pointing to the positive side, the length
of the arrow proportional to the magnitude of the weights, and the arrow label
denoting the influence on y. Bottom right: Contour plots of y over the lines
associated with neural activations. The example and plots are adapted from
'Tong et al| (2026).




2.2 What Type of Neural Network Should I Use?

In short, we recommend a feedforward neural network in which the activation
function is the Rectified Linear Unit (ReLU): o‘(u) = max{0,u}. Now we
proceed with the longer answer.

Why is ReLU a Good Choice? When we embed a neural network into
an optimization model, we are effectively simulating the neural network within
that model. However, unless the activation function ¢ is a nonlinear function,
the neural network is no more expressive than a linear regression[)] But we
should be careful with our choice for o because nonlinear optimization models
can be considerably more difficult to solve. As mentioned before, piecewise-
linear approximations are commonly used to approach nonlinear optimization
problems. That is because we can formulate piecewise-linear functions using
only binary variables and linear constraints (Vielma et al., [2010)), as we illustrate
after this discussion with formulation . Hence, we can keep using only linear
constraints and therefore a formulation based on or yields a Mixed-
Integer Linear Programming (MILP) model, which is more tractable than its
nonlinear counterpart.

The ReLLU is convenient because it is a popular and relatively simple piecewise-
linear function, consisting of the maximum between zero and the preactivation
output of the neuron. ReLU started being adopted in deep neural networks by
Nair and Hinton (2010) and |Glorot et al.| (2011) and in few years became the
most commonly used activation function (LeCun et al., 2015, [Ramachandran
et al.,|2018]), only losing space with the emergence of the architectures currently
used for generative artificial intelligence in transformers (Vaswani et al., [2017))
and diffusion models (Ho et all [2020)). In machine learning folklore, the ReLU
is “nonlinear enough, but no more than necessary.”

By “nonlinear enough”, we mean that with the ReLU we can already model
complex and nuanced relationships. Let us turn back to Figure 2| to understand
this in more detail. At the top of Figure [2] we have a hidden layer with 5
neurons, each with its own parameters influencing its output. For example, the
output of the first neuron is h} = max{0,zy — 0.7}, implying that its output
is positive (hl > 0) only when z2 — 0.7 > 0 (i.e., z2 > 0.7). In other words,
the first neuron has no influence on the neural network output when zo < 0.7.
At the bottom left of Figure [2] this translates into the horizontal blue line at
x9 = 0.7, which has an arrow pointing upwards to indicate the side where the
neuron influences the network output. When we increase the value of x5 beyond
0.7, an increment of § to 2 implies an increment of § to hi. Because of the
negative influence of i on the network output y, an increment of § to xo implies
a decrement of § to y. At the bottom right of Figure [2] we see that the contour
plots above x5 = 0.7 are more horizontal and that the network output goes
down as we increase x9. This reflects the influence of the first neuron on the
network output.

3For an explanation, see [VVhy Use a Nonlinear Activation Function?| (in Appendix).




Considering the influence of all five neurons in Figure 2] we have a piecewise-
linear function with 12 pieces in « € [0,1]2. Each one of those pieces, which is
known as a linear region in machine learning, corresponds to a different subset of
neurons influencing the network output. Hence, we may think that every extra
neuron doubles the number of linear regions. That exponential growth may
indeed happen at first, but it slows down when a layer has more neurons than
inputs and becomes polynomial for a fixed number of layers, as we will discuss
later. Still, the number of linear regions may keep growing exponentially with
the number of layers (Huchette et al.; |2026)). This expressive power makes ReLLU
networks very appealing for modeling and approximation.

How to Embed a ReLU in a Mathematical Optimization Model?
When we consider optimization and neural networks, there is an interesting
contrast between training and constraint learning:

e In training, the inputs are fixed and we change the parameters (sets of
weights and bias) to obtain values for the preactivation output and output
that should match the training set.

e In constraint learning, the parameters are fixed and we change the in-
puts to obtain values for the preactivation output and output that would
produce solutions that are feasible and better.

We believe that it is important for the reader to understand how a neural net-
work gets embedded into an optimization model, especially for discussing what
design choices are more effective afterwards. But later the reader may use frame-
works that automate this embedding, such as MeLOn (Schweidtmann et al.
2020), JANOS (Bergman et al., |2022), OMLT (Ceccon et all 2022), OCL (Fa-
jemisin et al.l 2024), MathOptALjl (Parker et al.,[2024), Gurobi Machine Learn-
ing (Gurobi Optimization, [2025), and PySCIPOpt-ML (Turner et al., 2025).

Modeling Each Neuron We will describe two equivalent formulations for
modeling each neuron, as presented in |Serra et al.| (2018]) and |Fischetti and Jo
(2018)). The first uses only algebraic expressions, which makes it implementable
in any MILP solver. The second also uses logic expressions, which can be very
convenient if they are supported by the solver.

For every neuron i in every layer £, the row of weights W, and the bias bf of
the neuron are constant; whereas the input h*~!, preactivation output gf , and
output hf are decision variables. Hence, we formulate the algebraic mapping



from the input k! to the output h{ as follows:

Mne—1

> Wi b =gj (3a)
k=1

g =hi — hj (3b)
(3¢)

(3d)

hi >0 (3e)
(3f)

2 €{0,1} (3g)

With constraint 7 we model how the output hf;fl of every neuron k in layer
¢ — 1 contributes to the preactivation output g¢ of neuron i in layer £. With
the remaining constraints, to , we model the relationship between that

preactivation output g¢ and the neuron output . The central element in those
constraints is the binary decision variable zf modeling if the neuron is active:

o If we set zf = 1, then constraints to simplify as follows:

gf = hi — hf
L < ft _
Er, g = b~ I ol =
WS g = 0<hi<Hf p=4 0<hi<H (4)
Ez;O hi =0 (.gi >0)
(z=1)

In the first step, we reduce the terms that are dependent on zf, turning
H!z! into Hf and H!(1 — 2¢) into 0. In the second step, we combine the
constraints bounding h{ and h¢ respectively into 0 < hf < H! and h{ = 0.
Finally, we state that gf = hf because Bf = 0, which implies that gf > 0.

e Otherwise, if we set zf = 0, then constraints (3b)) to simplify as

follows:
gi = hi —h
ht <0 - _
Rt < ft g: :_hf - flf g9 = —hﬁ
WS 0 ={ 0<hi<H! »=< 0<hi<H! (5)
i = =0 (.gf <0)
hf 2 0 i S0 >
zf =1

In the first step, we reduce the terms that are dependent on z{, turning Hfz!
into 0 and HY(1 — 2{) into Hf. In the second step, we combine the constraints
bounding h¢ and hf respectively into hf = 0 and 0 < h{ < H. Finally, we state
that gf = —h! because h{ = 0, which implies that g{ < 0.



In terms of the ReLU function hf = max{0, g¢}, 2f = 1 corresponds to the
case in which the neuron is active and hf = gf; whereas z{ = 0 corresponds to
the case in which the neuron is inactive and hf = O However, this formulation
is only valid if, for any possible input h¢~!, we assure that gf < Hf in the first
case (since hf < Hf) and g¢ > —H? in the second case (since h¢ < HY). Hence,
the values of Hf and H’f should be large enough. Those are the big—M constants
used in the big-M constraints and : when zf =1, it is as if constraint
did not exist; and likewise for constraint when z{ = 0. Still, those
constants should be preferably as small as possibloﬂ

As you may have guessed, or may have painfully experienced yourself, han-
dling big—M constants is not very convenient: making them too large leads to
numerical issues and making them too small leads to an invalid formulation.
Many modern solvers support indicator constraints for expressing big—M con-
straints and delegating the calculations involved to the solver. To formulate as

in [Fischetti and Jo| (2018) but with the notation above, we replace constraints
(Bc) and (3d) as follows:

Z=0-hi<0 (3¢)
Z=1-ht<0 (3d")

Modeling the Entire Network Now we can effectively model the func-
tion f(«) represented by a neural network using Mixed-Integer Linear Program-
ming (MILP) as follows:

x = h? (6a)
Ba) VvV Ce{1,...,L+1},
ic{l,... ne} (6b)
By to@Bg) Vv Ce{1,...,L}, (6¢)
iG{l,...,ne}
gt =y (6d)

The whole-network formulation models the preactivation output gf of each
neuron i in layer ¢ in terms of its input h‘~! with constraint and the
output hf in terms of gf with constraint . Both constraints are applied to
the L hidden layers with ReLU activation, but only the first one is applied to
the output neuron in layer L 4+ 1. We do not apply the ReLLU activation to this
last neuron because it would prevent us from representing negative outputs with
f(x). The other two constraints, and , are just “syntax sugar” between
the internal naming of the network decision variables at each end, h® and glL +1
and the external naming of decision variables in Figure [1| and formulations
and (2)), # and y. Hence, we can model either formulations or as an

4A neuron is active when gf > 0 and inactive when gf < 0. But what if gf = 0?7 For our
purposes, since hf = gf =0, it can be either.
5For more detail, see [On Calculating (Pre) Activation Bounds for Neurons with ReLU|

Activation| (in Appendix).
pp




MILP by denoting f(x) as y along with the constraints in @ for binding « to
Y.

What About Other Choices? Readers who are more familiar with ma-
chine learning may have questions because they have seen more sophisticated
architectures elsewhere, such as other activation functions that have gained pop-
ularity recently, convolutional neural networks as a bare minimum in computer
vision, and transformers as the standard architecture in contemporary natural
language processing. Continuing with the longer answer, we will now discuss
if and how other common architectures and variants are amenable for use in
constraint learning as presented here.

First, there are other activation functions that are also piecewise-linear, and
as such they can also be modeled using a MILP formulation (Vielma et al.,|2010)).
Some of the most popular examples include the leaky ReLU (Maas et al.| 2013)),
parametric ReLU (He et al) [2015), and maxout (Goodfellow et al., 2013); with
a formulation for the latter described in |Serra et al. (2018).

Second, there are some popular activation functions used to shape the net-
1

work output as a probability, such as the sigmoid o(u) = Trew Rumelhart
e

m, m for single (scalar) outputsﬂ Unlike the original setting that we
described in Figure [1| and refined in [Neural Network Structure and Mapping]|
(in Appendix), in this case we are also applying an activation function to the
internal representation of the network output g™, ie., y = ot*! (gf) =
1
If the neural network models a constraint as in formulation ll
1+e

ie, f ( ) < d for d constant, then we can reformulate the sigmoid output as a

1
linear constraint: f(x) = ——— < d implies that - > In(d) — In(1 — d).
1+ 6’91
In turn, if the neural network models the entire objective function, as in formu-

lation (2)) but with ¢ = 0, i.e., the objective function is simply max f(x), then
we can use the monotonicity of the sigmoid function to maximize (or minimize)
directly on gLle In other words, we maximize glL+1 instead of y = o&1! (gf“).
Other possibilities, such as an objective of the form max ¢’z + f(z) for ¢! # 0,
would require a more sophisticated approach, which is beyond the scope of this
tutorial.

Third, there are other types neural networks in which the same parameters
are applied over multiple parts of the input. For example, that is the case of
convolutional neural networks used in computer vision (LeCun et al. [1998]),
where a filter consisting of a small set of parameters is applied to multiple re-
gions centered on different pixels of the image. This concept is generalized to
other forms of structured data with graph convolutional networks
, where a filter is applied to the neighborhood of each node of a
graph representing the data. In both cases, every filter is equivalent to multiple
neurons in terms of our setting in this tutorial, each of which applying the same

L+1 N

6For probabilities over multiple (vector) outputs, see[Using the Softmax Function in Linear|
[Optimization Models| (in Appendix).
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transformation but to different regions of the input. Therefore, it is also possi-
ble to work in constraint learning with convolutional and graph convolutional
neural networks with piecewise-linear activation functions. In fact,
extend the OMLT framework for that purpose. But because every filter
corresponds to multiple neurons, this compact representation may disguise the
much larger MILP formulations that are produced—to the point that it may
become difficult to solve them, as we will see in [How to Use Neural Networks|
[in Optimization Models?|

Finally, and less fortuitously, some other activation functions that have
gained popularity in recent years are not piecewise-linear, such as the Gaus-
sian Error Linear Unit (GELU) (Hendrycks and Gimpel, 2016)), the Sigmoid-
weighted Linear Unit (SiLU) (Elfwing et al., 2018), and Swish (Ramachandran
et al), [2018). However, they are more often associated with generative mod-
els (Shazeer, 2020) and with improving predictive performance in large-scale
models. Since one of the tacit premises of constraint learning is that of using
the neural network as a more tractable approximation for nonlinear parts of a
formulation, which entails the use of modestly-sized models and activation func-
tions more amenable to optimization, those activations would be less appealing
in this case.

2.3 Where Have Neural Networks Been Used?

Neural networks have been used in many constraint learning applications, most
notably to represent chemical engineering processes and power systems dynam-
ics. We outline a non-exhaustive list of references in Table [I] by approximate
chronological order, briefly describing the type of optimization problem ap-
proached and the purpose of the neural network within that optimization model.
References presenting multiple applications (Schweidtmann and Mitsos] [2019]
Dumouchelle et al., 2022} [2024blal [Liu and Oliveiral [2025) are separated with
horizontal lines for ease of reading.

We have deliberately excluded from Table [1| other optimization problems
discussed in those and in other references if the optimization model embeds
another type of predictive model; such cases are briefly outlined in
[to Use a Neural Network in Optimization Models?| For brevity, we have also
excluded more recent references revisiting the same settings with a different
approach.

On the other hand, we have deliberately included some references in Table/[]]
describing applications in which a neural network is used but not explicitly
embedded in an optimization model; such cases correspond to the first four rows.
All of them are applied optimization problems in chemical engineering, sharing
the common theme of using a neural network as a surrogate for a complex
system. Among them, the closest to the constraint learning setting is
land Cremaschi| (2012)), which uses a disjunctive programming formulation. Most
of them predate the popularization of the ReLU activation in neural networks,
which was a turning point because the ReLU activation can be embedded in
more tractable optimization models than the activation functions used earlier.
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Reference Il

Type of problem(s)

Prediction(s) involved

Catalyst composition
Synthesis of a specific oil product
Biodiesel production plant design

PSA operation for No/CHy separation
Computational workload dispatch
HVAC, navigation, reservoir control

Catalytic performance
Outcome of a catalytic process
Unit operation, thermodynamics, mixing
Nitrogen/methane purity and recovery
Processor efficiency for assignment
State transition in sensors

Operation of a fermentation process
Operating point of a compressor plant
Operating point of a cumene process

Fermentation outcome
Compressor power consumption
Process-unit outputs throughout the plant

Well production, pipeline pressure drop
Scholarship acceptance
AC power-flow solution
Safisfaction of security constraints
Customer demand
Return on investment
Client demand
Product demand
Node voltage
Demand, day-ahead price, solar generation
Molecule boiling point
Optimal intra-day generation
Optimal second-stage objective
Optimal second-stage objective
Optimal knapsack value for a follower
Profit following network attack
Return on projects developed by recipient
Total network travel time
Diet palatability

Offshore oil well operation
Scholarship allocation
Unit commitment
AC power flow dispatch
Facility location
Investment decision
Server allocation
Pooling
Energy production
Electricity pricing
Molecular design
Day-ahead power generation & trade
First-stage robust knapsack decision
First-stage investment decision
Knapsack minimization for a leader
Network nodes to protect
Donation allocation
Network design
Diet planning

Dumouchelle et al 2022

Alcantara and Ruiz| (2023a/
cantara an uiz| (
|McDonald et al.| (2024
|Kronqgvist et al.| (2024

|Dumouchelle et al.[(2024b))

|Dumouchelle et al.| (2024a)

|Maragno et al.| (2025

Liu and Dvorkin| (2025 Data center allocation Electricity price
Liu and Oliveiral (2025 Jet engine turbine blade design Maximum blade temperature

Conversion of natural gas to Ha
Wind farm planning
Kerosene production
Design and operation of Carnot batteries
Underground hydrogen storage and operation|

H> and N2 concentrations, other process outputs
‘Wind power production
Thermochemical and catalytic subprocesses
Thermodynamic properties
Hydrogen recovery factor

Table 1: Applications from constraint learning studies in which neural networks
are used.

3 When Not to Use a Neural Network in Opti-
mization Models?

We have seen that a neural network can be a very expressive model for function
approximation, which can be helpful in many applications. However, we may
not need to always go that far. For example, there are many studies based on
embedding much simpler predictive models into optimization models, such as
the non-exhaustive list of references illustrated in Table 2l We list the types of
models by perceived complexity, citing earlier or most relevant references using
each type.

Before training any neural network, it might be wise to run at least a linear
regression and evaluate how good the predictions and decision quality can be
with it. Moreover, as we will see next, the size of a neural network may affect
how long it takes to solve the optimization model embedding it, sometimes in a
prohibitive way if we are not careful. Hence, smaller and simpler can be better.
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Type of predictive model Il References

Linear regression Bertsimas et al.](2016)), [Verwer et al](2017)
Logistic regression Bergman et al.| (2022)
Support vector machine Hooshmand and Nikoomanesh| (2025)
Multivariate adaptive regression spline Martinez et al.| (2017)
Regression tree Verwer et al.| (2017), |]Ammari et al.| (2023))
Decision tree Bonfietti et al.| (2015)), |[Lombardi et al.| (2017)),|Kudla and Pawlak| (2018])
Random forest \ Bonfietti et al.| (2015)

Table 2: Constraint learning studies in which other types of predictive models
are embedded.

4 How to Use Neural Networks in Optimization
Models?

So far we have discussed the potential applications, expressive power, and mod-
eling convenience of embedding neural networks in MILP models. But as we
have just alluded to in the previous section, dimensioning the neural network
properly is crucial for a successful use in constraint learning.

4.1 The Effect of Neural Network Design Choices

In order to choose more appropriate neural networks to embed in optimization
models, we may benefit from insights from both the machine learning and the
mathematical optimization communities. In what follows, we will discuss three
dimensions that we believe are reasonably well understood by those communi-
ties, although what each community knows may not be fully realized by the
other.

Dimension 1: Number of neurons. The total number of neurons N =
25:1 ng is perhaps one of the best metrics to start discussing performance
tradeoffs in constraint learning; but also one for which the priorities of ma-
chine learning and the mathematical optimization practitioners may not be
fully aligned.

From a machine learning perspective, more neurons is better: it is intuitive
that a neural network with more neurons is more expressive; and we can say
even more if the activation function is the ReLU. Consider again the example
in Figure 2] and the explanation about linear regions in Page[7} we can think of
a neural network with ReLU activations as a piecewise-linear function, where
each piece corresponds to a different combination of neurons being active or
inactive. If we have N neurons, then we may potentially have a piecewise-linear
function with 2V pieces. Indeed, at some point we may also have too many
neurons and the neural network may actually overfit for its purpose, meaning
that it performs well on the data used for training because of memorization
instead of generalization, and by consequence it does not perform as well on
unseen data. The neural network may also become too expensive to train or
use at that point. However, as we will see next, we are unlikely to reach such a
point in constraint learning because of other adverse effects.
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From a mathematical optimization perspective, less neurons is faster: it is
intuitive that solving an optimization model embedding a larger neural network
takes longer. If we consider the formulation 7 mapping inputs to output
of each neuron with ReLU activation, one of the main issues is the use of big
M constraints and , for which the values of the constants Hf and HY
must be as large as the variables hf and Bf could ever be for any valid input.
At a microscopic leveﬂ the main issue with such big M constraints is what
happens in the linear relaxation when those output variables take much smaller
values. For example, if we relax the binary variable z¢ to be continuous between
zero and one, then we can satisfy constraint with hf = 1 and 2{ = 0.001
in a formulation where H{ = 1000; although h! > 0 requires z{ = 1. When a
solution with many binary variables having small values is obtained at a node
of the branch-and-bound tree, we get very limited guidance on how to branch
next. Because we may risk exploring as many as 2"V branch-and-bound nodes,
solver runtime may induce a smaller choice of N than training, use, or overfitting
would.

Dimension 2: Size of the input. Although less evident, the size of the input
ng of a neural network is an important metric; and one for which a smaller size
can be advantageous from both perspectives. Even if the size of the input is not
typically under our control, understanding its effect helps explaining why neural
networks that are otherwise identical yield very different results. Intuitively, a
dataset with fewer dimensions may require a smaller neural network, but that
is just the tip of the iceberg.

From a machine learning perspective, fewer inputs means a simpler model:
the neural network is modeling a function on a smaller domain. When we
use the ReLU activation function, that surprisingly translates to modeling a
piecewise-linear function with fewer pieces. Consider one more time the example
in Figure [2} where a neural network with 5 neurons models a function with 12
pieces. If every piece, also known as a linear region, is defined by a combination
of which neurons are active or not, then we could potentially have as many as
2% = 32 regions. However, for a neural network with two inputs, we can only
define up to 16 regions with five neurons in a single hidden layer; no matter
how we change the network parameteraﬂ Similarly, a small network input also
affects the number of regions defined by neurons after the first layer and, more
generally, any hidden layer being too narrow also affects the number of regions
defined by the layers that follow it (Huchette et al., |2026). Serra et al. (2018)
coined it as the bottleneck effect.

From a mathematical optimization perspective, fewer linear regions means a
smaller feasible set: if every linear region corresponds to a different assignment
to the binary variables in z, then having fewer linear regions means that more
of the binary assignments to z are infeasible. When it comes to solving the

"For a broader discussion about alternatives to formulation (3a)—(3g), see|Other Formula-|
tions for the ReLU| (in Appendix).

8Tor a geometric argument, see [How Does Geometry Constrain the Number of Linear|

(in Appendix).
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MILP formulation by using branch-and-bound, we are likely to reach infeasible
nodes more often with a neural network having fewer inputs in the formulation.
Hence, even if the formulation is weak because of the big M constraints, we
may not need to go very deep before coming across dead ends with the branch-
and-bound algorithm. For the same reason, local search methods that explore
their neighborhood more thoroughly—and thus resemble more the enumerative
approach of the branch-and-bound algorithm—tend to be more competitive
when the neural network has smaller input size. For smaller inputs, the method
by [Perakis and Tsiourvas| (2022) tends to produce better solutions in comparison
to the method by Tong et al.| (2024), and the latter tends to produce better
solutions in comparison to the method by |Tong et al.[(2026). Conversely, we can
find better solutions within a fixed time limit for optimization models embedding
larger neural networks, and especially neural networks with larger input size, if
we use heuristics that move faster from solution to solution; hence reversing the
order of preference among the heuristics cited above. Moreover, we encourage
the reader to be less afraid of trying larger neural networks when the input is
smaller simply because the solver runtime is not going to be impacted as much.

Yet from a modeling perspective, this means that identifying any form of
dimensionality reduction can be beneficial if we would like to use an MILP
solver. Part of the modeling process consists of identifying what would be the
inputs of the neural network, each input also being known as a feature among
machine learning practitioners. For example, if we observe that two features
are highly correlated, meaning that one can be a proxy for the other, then there
might be also a benefit to solver runtime if one of those were to be dropped
from the neural network that will be trained.

Dimension 3: Connectivity between neurons. We often observe neural
networks being measured and compared in terms of their number of parameters.
For example, the number of parameters is often used as a proxy for the capa-
bility of generative models: when a new and arguably more capable model is
announced, its larger number of parameters is often emphasized. Indeed, more
capable neural networks tend to have larger dimensions, and therefore it seems
intuitive that having a larger number of parameters should be better. How-
ever, reducing the number of parameters of a neural network can be beneficial.
This is usually done with network pruning, where we fix some of the parame-
ters, typically the weights, to zero after training and keep them at zero going
forward.

From a machine learning perspective, the training of larger neural networks
is often more successful for at least a couple of reasons. First, training is solved
as an unconstrained optimization problem using first-order methods, where the
objective function is known as the loss function; and larger neural networks
define a smoother loss, yielding better convergence (Li et all [2018, [Sun et al.|
2020)). Second, having more neurons per layer prevents the layers from becom-
ing entirely inactive and stall training (Riera et all) 2022)). But after training,
we can remove as much as half of the parameters of sufficiently large neu-
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ral networks and still recover or improve upon the original predictive perfor-
mance by retraining after pruning, which is known as finetuning
2021)); where “sufficiently large” depends on what we train the neural network
for (Liebenwein et al., |2021)), and finetuning is generally brief because the loss
landscape from zeroing out pretrained networks yields a faster convergence (Jin
. But curiously, and also fortunately, the number of linear regions
is not affected by a moderate amount of pruning 2023). Finally, a
simple heuristic known as magnitude pruning, which consists of removing the
weights with smallest absolute value, tends to be very effective for moderate
pruning (Pham et al. 2026).

From a mathematical optimization perspective, MILP solvers have been his-
torically designed to exploit the sparsity in models. Dey et al|(2018) observe
that the number of nonzero coefficients in constraints is often very small in
benchmark problems, and that Linear Programming (LP) solvers rely on linear
algebra routines that can be made more efficient by exploiting matrix sparsity.
One such example is the study by |Crowder et al. (1983) that first solved sev-
eral large-scale but sparse LP models. Validating how this trend continued to
influence MILP solvers design, empirically verified a significant
slowdown when models are augmented with a few dense constraints. In fact,
some of the applications previously mentioned in [Where Have Neural Networks|
have deliberately applied network pruning to exploit the benefit of
sparsity in MILP solvers (Say et al.|2017, Kody et al.|2022) and recent method-
ological studies have considered this topic in more detail (Cacciola et al., 2024,
[Pham et al.| [2026] Lastrucci et al., [2026]).

4.2 A Case Study

Having discussed mathematical formulations, potential applications, and hypo-
thetical design choices of constraint learning, here we stand, poor fools, barely
wiser in practice than beforeﬂ

We address this gap with a computational experiment. We use a hypotheti-
cal problem with a synthetic dataset generated from a function of our choosing
because that allows us to compare neural network predictions with actual out-
comes (i.e., the ground truth). This is typically not necessary when neural
networks are used for prediction because we can reserve part of the dataset (the
validation set) for comparing different neural networks. However, the solution
coming out of the optimization model may assign inputs to the neural network
that are outside the dataset.

In this example, we will focus on two factors mentioned in
[Neural Network Design Choices| (i) number of neurons and (ii) connectivity be-
tween neurons, illustrating how they affect prediction quality, decision quality,
and computational runtime. Those factors often require empirical calibration
in constraint learning. The other factor, size of the input, would be harder to

9This is a pastiche of a quote in (2005) that translates as “I HAVE, alas!

Philosophy, Medicine, Jurisprudence too, And to my cost Theology, With ardent labour,
studied through. And here I stand, with all my lore, Poor fool, no wiser than before.”
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illustrate with a single example without an extensive discussion about dimen-
sionality reduction.

Some technical details are intentionally omitted from the description below
for ease of reading. For more details, we refer the reader to
Dataset Generation| and to [Additional Details About Computational Experi|
ments| (both in Appendix). Moreover, we note that this experiment is simply
intended to substantiate our discussion, hence why we are focusing on a single
problem.

The Problem A firm must decide how to spend their marketing budget for
advertising a product across eight channels: television; radio; social media,
including which platform to use; influencer sponsorship; billboard advertising;
browser advertising; email advertising; and event sponsorship. Those decisions
are influenced by product price, sales in the last month, and the marketing
budget of the largest competitor; which we assume as exogenous parameters
(i-e., not under our control). The goal is to maximize the estimated revenue
from advertising decisions based on historical data associating past advertising
decisions and exogenous parameters with product sales.

The Optimization Model To describe a model for this problem, we first
introduce some notation. Problem dimensions:

e n. = 8: the number of advertising channels.
e n, = 5: the number of social media platforms.
e n. = 3: the number of exogenous parameters.

Bounds on the problem data:

e [¢ € Ry: lower bound on spending in channel ¢ for i =1,...,n..
e uf € Ry: upper bound on spending in channel ¢ for i =1,...,n,.
e [¢ € Ry: lower bound of exogenous parameter ¢ for i = 1,...,n..
o uf € Ry: upper bound of exogenous parameter ¢ for i = 1,...,n..

Decision variables:
e x;: how much the firm spends in channel i for i = 1,..., n..
o z;: if social media platform ¢ is used for ¢ =1,...,n,.
Instance data:
¢ B € R, : marketing budget for advertising the product.

e & € Ry: observed value for exogenous parameter ¢ for i = 1,..., n,.
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Now we can formulate this problem as follows:

max f(x,z,§) (7a)

Ne

st. Y z;,<B (7b)
=1

Son=l (7c)
i=1

I°<z <’ (7d)
z €{0,1}" (7e)

Where function f : R} — R models revenue based on the values assigned
to the decision variables in vectors & and z as well as on the values of the
exogenous parameters in vector &.

The Dataset As a reminder, in constraint learning we work under the as-
sumption that we cannot optimize directly over f even if we know the exact
expression for f, which is why we replace it by a prozy function f learned with
a neural network. Hence, we constructed a nonlinear function f intended to cap-
ture diminishing returns from spending more in each channel, different revenue
peaks based on what social media platform is used, and declining revenue with
price and competitor spending. Then we generated a synthetic dataset with
observations of the form (fl,fg, U - PR z;p,él, cosbn, f(2,2,€) + 5),
where ¢ is a small fluctuation based on random noise. This dataset is partitioned
into training and validation sets, which are used for obtaining and evaluating
neural networks to be used as a proxy function f in the place of f. The vali-
dation set is only used to evaluate neural network predictions. For evaluating
downstream decisions based on a neural network acting as a proxy, we use the

ground truth function f directly. Other details can be found in
[Dataset Generation| (in Appendix).

Neural Networks Evaluated Using 10 different random seeds to initialize
the network parameters, we trained fully connected neural networks with L = 2
hidden layers, each layer ¢ € {1,2} having width n, = w. We trained small
neural networks with w = 10, 20,...,100 neurons as well as large neural net-
WOI‘k&H with w = 100,200, ...,1,000 neurons. To each trained network, we
applied magnitude pruning to remove a fraction p of the weights, with pruning
rate p = 0.0,0.1,...,0.9 and, except for p = 0.0, finetuned the pruned network.
Given the number of seeds, widths, and pruning rates used in the computational
experiment, we trained a total of 1,900 neural networks. We use the number of
weights as one of the metrics for comparing these neural networks in terms of

10We regard neural networks with width w = 100 as being both small and large. Using
w = 100 as a baseline by including those results in both groups makes it easier to compare
across groups. But if we need to choose one group only, we regard them as small.
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size. The number of weights is calculated as
W(d,w,p) = (dw + w? +w)(1 — p) (8)

for an input size d, width w in the two hidden layers, and pruning rate p. Other
details can be found in [Additional Details About Computational Experiments|
(in Appendix).

Predictive Accuracy Does the number of weights tell us everything, or at
least something, about predictive accuracyﬂ We start by comparing (a) the
number of weights W (d, w,p) for different choices of width w and pruning rate
p with (b) predictive performance in Mean Squared Error (MSE) on the vali-
dation set, averaging across random seeds. Indeed, we observe a size-accuracy
tradeoff: the configurations that are not dominated by any other in both criteria
define an efficient frontier, within which no other configuration is more accurate
if smaller or less accurate if larger. Figure [3|illustrates all 190 (w,p) configura-
tions evaluated, where the efficient frontier contains 34 of those configurations.
Although the most accurate configurations have a larger number of weights (see
right side of the efficient frontier), note how those configurations at the efficient
frontier tend to have higher pruning rates (see the markers becoming more red
than blue). In other words: even if predictive performance improves with the
number of weights, the most accurate models are pruned. Hence, there is a con-
nection between the two metrics, but this connection is insufficient as a proxy
for network accuracy: the configurations with the largest number of weights,
which have almost 10 times more weights than any configuration at the efficient
frontier, perform in line with small networks. So we turn to network pruning to
understand the nuance of this relationship.

1We use words such as accurate and accuracy (as adjectives) to discuss the quality of
predictions of different neural networks for regression, not classification. Hence, we are not
referring to the metric accuracy (as a substantive) that is used in classification.

+ 4 4 4 +++h — Efficient frontier
o Efficient, small (w < 100) 0.8
O Efficient, large (w > 100)
+  Not efficient, small (w < 100) 0.7
X Not efficient, large (w>100)

Mean validation MSE
5

10*

10° 10° 10* 10° 10°
Number of weights

Figure 3: Comparison of predictive quality with number of weights of configu-
rations (as a scatter plot), contrasted by pruning rate (as a color gradient). The
configurations that are not dominated by any other in both predictive quality
and number of weights define the efficient frontier (as a line chart).
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Effect of Pruning on Accuracy Can we always predict the effect of prun-
ing in accuracy, or at least understand how it changes as neural networks get
largerﬂ We refine our understanding about this dichotomy between (i) more
accurate networks being larger and (ii) the most accurate networks being pruned
by directly comparing, for networks with each width w, the pruning rate p with
their predictive performance. Figure [4] presents line chars for networks with
width 10, 50, 100, and 1,000, with each configuration (w,p) at the efficient fron-
tier being circled. By presenting the results in this way, we can take advantage
of the following: if a line chart contains points at the efficient frontier, then the
pruning rate p* with most accurate networks is the leftmost point. Figure [I0]
(in Appendix) presents the results across all widths, to which we may refer for
generality. From the plots, we note that p* tends to increase with w. In fact,
Figures [] and [I0] show three pattens regarding which pruning rates are at the
efficient frontier, depending on w, and those patterns help us understand how
the pruning rate p vary along the efficient frontier in Figure [3}

e When the neural network dimensions are very small, any reduction in
the number of weights worsens network accuracy, and so pruning is not
beneficial. That happens in Figure for w = 10, where pruning more
implies lower accuracy, and therefore all choices of p are on the efficient
frontier. In Figure |3 that explains the leftmost points (up to 3 x 103
weights), going from red to blue (p = 0.9 to p = 0.0) with the number of
weights.

o For other small networks, the neural network is slightly more accurate with
a low pruning rate p*, and so moderate pruning is beneficial. That happens
in Figure [10] for w = 20 to w = 100, where some choices between p = 0.2
and p = 0.6 are on the efficient frontier. In Figure [3] that explains the
middle segment of the efficient frontier (from 3 x 103 to 10* weights) going

12Cue: whenever a sentence starts with a question like this, the answer leans towards the
what is expressed at the end of the question.

Network width w
—— 10
—— 50
5| —— 100
10 1000
©  Efficient configuration
O Peakratep*

Mean validation MSE
s

100!

00 01 02 03 04 05 06 07 08 09
Pruning rate

Figure 4: Comparison of predictive quality with pruning rate p (as a line chart
for each width w) for neural networks with width 10, 50, 100, and 1,000. The
pruning rate px with smallest validation error for each width w is circled. The
configurations at the efficient frontier are diamond-shaped.
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from red to neutral (p = 0.0 to p = 0.5), albeit with some fluctuations
(such as p = 0.6 in between).

o For large networks, the neural network becomes pronouncedly more accu-
rate with a high pruning rate p*, and so aggressive pruning is beneficial.
That happens in Figure [I0] for w = 500 to w = 1,000, where only choices
with p = 0.8 and p = 0.9 are on the efficient frontier. Although the most
beneficial pruning rate p* keeps increasing, it never reaches the largest
choice (p* < 0.8 for w < 1000). In Figure 3| that explains the final seg-
ment of the efficient frontier (from 10 weights onward) having a drastic
shift towards red (p = 0.9) while the largest pammeter—eﬁicz’enﬂ network
configuration (the rightmost point) has a slightly lower, but still high,
pruning rate (p = 0.8).

From a predictive accuracy perspective, network pruning is therefore not only
beneficial, but actually necessary to obtain large neural networks that are more
parameter-efficient. However, we have not yet put that in the context of solving
optimization models in constraint learning.

Decision Quality and Optimization Bias If neural networks with more
weights and adequate pruning are better for prediction, are they also better for
optimization? To answer this question, we carry out the following sequence of
steps with each neural network that we trained or pruned:

1. We solve the problem with the neural network by maximizing f (z,z,€)

subject to constraints to (7e)['*l That gives us a solution (z*,z*)

with the network optimal value f(x*,z*,&).

2. We measure how good that solution actually is through the ground truth
value f(x*, z*,£).

3. We measure the disagreement between the two by simply taking their
difference, which [Lombardi et al.| (2017) defines as the optimization bias

B = f(m*7Z*7£) - f($*7Z*a€)~

When solving the optimization models, we set a time limit of 1,000 seconds
to avoid spending too long with configurations that may not be the most
parameter-efficient. As we will see from the plots, that time limit was suffi-
cient for our experiments.

Based on the values that we observe for configurations at the efficient frontier
in Figure bl we can draw some conclusions for sufficiently large neural networks.
First, and not very surprisingly, larger networks naturally yield better solutions

13 Although we only prune weights and thus we measure and compare number of weights
across configurations, we use the term parameter-efficient for referring to the networks with
best prediction for their size because that term is more popular.

14\We fix the values of the exogenous parameters in vector £ and of the budget B in constraint

7b|) before solving the optimization model associated with this step. For more information,
see [Additional Details About Computational Experiments| (in Appendix).
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because the ground truth value tends to increase and the optimization bias tends
to decrease. Second, and as expected from |Lombardi et al.| (2017)), the optimiza-
tion bias is typically positive in this case because the optimal solution from the
neural network tends to be a solution that the neural network overestimates in
maximization problems. Finally, and a little more subtly, the network optimal
value can be useful on its own to evaluate decision quality because it slowly
decreases and approaches the ground truth value in larger networks. Since the
network optimal is the only of those three values that we would always have in
practicoE we may use it for an educated guess about the benefit of using even
larger networks.

—— Network optimal
4000 —— Ground truth
—— Optimization bias = Network optimal - Ground truth

3000

2000

U/M

-1000

Value

102 e o
Number of weights

Figure 5: Comparison of decision quality with number of weights for configura-
tions at the efficient frontier (as line charts with error bars). Using the solution
obtained with the optimization model, we evaluate it as an input of the embed-
ded network and compare it with the ground truth.

Moreover, Figure[6]shows that configurations at the efficient frontier are also
more effective for optimization: the ground truth values for other configurations
are often smaller or at best have comparable values if better, despite the op-
timization bias oscillating above and below the curve defined by the efficient
frontier.

Comparing Runtime and Decision Quality While the benefit in terms
of both accuracy and decision quality diminishes when neural networks get
sufficiently large, what happens to solver runtime? Figure [7] shows a steady
increase in solver runtimes as networks get large. The diminishing benefit of
using more solver runtime with a larger network becomes more pronounced if
we consider the small difference in ground truth value across the large networks
at the efficient frontier.

Predictive Accuracy vs. Decision Quality For a complementary view,
what would happen if we primarily used accuracy for selecting which neural
networks to embed? Figure [§| shows that there is indeed a positive correlation

15When the ground truth is unknown, we cannot calculate the optimization bias, and thus
we can only rely on the network optimal.
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Figure 6: Comparison of decision quality with number of weights for configu-
rations at the efficient frontier (as a line chart; the same ones from Figure [5))
vs. other configurations (as a scatter plot), contrasted by pruning rate (as a
color gradient). For ground truth value, 104 configurations are below the curve
defined by the efficient frontier, 15 are above, and 37 are outside the range. For
optimization bias, 84 of those configurations are above the curve, 35 are below,
and 37 are outside the range.
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Figure 7: Comparison of solution time with number of weights at the efficient
frontier (as a line chart) vs. other configurations (as a scatter plot), contrasted
by ground truth values (as a color gradient).

between predictive accuracy and decision quality, meaning a negative correlation
between the log of mean validation MSE (reversed in the plot) and ground truth
value, but also that this correlation does not tell the full story. By repeating
this plot twice with the color gradient contrasting by different metrics, we can
also dissuade the reader about why the configurations corresponding to points
above the line chart defined by the efficient frontier are not advisable: those are
networks with more weights and with longer solution time for either the same
validation (i.e., by fixing the z axis) or for the same ground truth value (i.e., by
fixing the y axis).
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Figure 8: Comparison of ground truth value with predictive accuracy at the
efficient frontier (as a line chart) vs. other configurations (as a scatter plot),
contrasted on the left by the number of weights and on the right by solution time
(as a color gradient in both; the plots are otherwise identical). The plots exclude
configurations with mean validation MSE above 3 x 10*. The correlation across
for the points shown at the efficient frontier is -0.9535, dropping to -0.7885 for
all points.

5 Other Topics in Constraint Learning and at
the AI-Optimization Interface

So far in this tutorial, we have only covered the fundamentals of constraint
learning with neural networks. Inspired by a Sesame Street book, we have
intentionally left this “Everything Else’m section at the end to (i) provide ref-
erences for additional topics; and (ii) briefly discuss other prominent forms of
integrating optimization with machine learning and Artificial Intelligence (AI).

We begin with directions that have been explored to improve or expand
constraint learning:

(i) We can reduce the solver runtime for the MILP formulation described in
the tutorial if we can use smaller values for its big M constants, often called
activation bounds. Because finding the smallest possible value becomes as
expensive as solving the entire model, there is extensive work on developing
cost-effective bounding methods. Some of this work is described in [On]
[Calculating (Pre) Activation Bounds for Neurons with ReLU Activation
(in Appendix).

(ii) We can use entirely different MILP formulations for embedding neural
networks, or at least generate cutting planes based on the same mechanism
yielding such formulations. Those formulations are often much larger but
are also tighter, meaning that they may require exploring fewer branch-
and-bound nodes before concluding that an optimal solution has been

16 At the end of Grover’s visit to the Everything in the Whole Wide World Museum (Stiles
and Wilcox, [1974)), there is a door labeled “Everything Else” that leads to the outside. That

is where Grover finds all the things that he did not see inside the museum.
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found. Some of those formulations are mentioned in [Other Formulations
for the ReLU| (in Appendix).

(iii) We can restrict the neural network to learn only convex proxy functions
by using an Input-Convex Neural Network (ICNN) (Amos et al. 2017)).
This is a popular architecture, but not the only one ensuring convex-
ity (Gagneux et al., 2025). ICNNS have been used in many studies where
a convex approximation is sufficient (Chen et al. 2020, Rosemberg et al.|
2024} [Liu et al., 2026a)b)) because their optimization can be done more
efficiently (Duchesne et al.l [2021]).

(iv) We can use convexification techniques to work more efficiently with acti-
vation functions that are not piecewise-linear, which entail Mixed-Integer
Non-Linear Programming (MINLP) embedding formulations. For exam-
ple, this is possible in the MAINGO solver (Bongartz et al., [2018)) through
the MeLOn framework (Schweidtmann et al., 2020). Convex envelopes for
S-shaped activation functions are studied in more detail by
(202).

(v) We can avoid the complexities associated with embedding the neural net-
work in the optimization model by using a weaker form of integration, such
as by evaluating the neural network from a callback (Parker et al., [2024)),
which nevertheless may further limit claims of optimality or limit access
to network parameters or gradients by the optimization algorithm.

(vi) We can reduce the influence of incorrect predictions of the neural network
in the solutions produced by the optimization model in some ways. First,
we can use multiple neural networks (an ensemble) to map inputs to the
average output across those networks (Wang et al., 2023). Second, we
can restrict the inputs and output that can be produced by the model to
what is observed in the dataset, such as by only allowing inputs within the
convex hull of samples (Shi et al.) or by similarly accounting for both
inputs and output (Zhu and Burer| [2026)). Finally, in the case that access
to the ground truth function is available, we may also generate additional
samples to retrain the neural network (Liu and Oliveiraj, 2025)).

In a related approach known as Decision-Focused Learning (DFL), predictors
such as neural networks are trained with the primary goal of improving decision
quality of the optimization model rather than predictive accuracy alone
et all [2019] [Elmachtoub and Grigas| [2022], Mandi et al.]
2025), which is a form of end-to-end learning (Donti et al.}[2017). In the context
of embedding neural networks in optimization models, this modification may
be beneficial, provided that repeatedly solving the optimization model during
training is sufficiently inexpensive.

There are other forms in which prediction and optimization can be com-
bined. First, the optimization model can be represented as a differentiable layer
of the neural network (Amos and Kolter} 2017, |Agrawal et al., 2019} [Ferber|
2020). That brings along the cost of solving an optimization problem in
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inference (forward pass) and performing something similar to sensitivity analysis
by differentiating on an optimal solution in training (backward pass). Second,
the neural network may be used to produce decisions directly, in what is often
denoted an optimization prozxy (Chen et all 2024blc). While it is only possible
to ensure a worst-case optimality gap or feasibility straight from the neural net-
work in some special cases, feasible solutions can be obtained by postprocessing
and optimization proxies can be used in many settings where a short runtime
is critically important.

More broadly, machine learning and Al in general have been applied in many
different ways to mathematical optimization. Some of this work taps into the
long-standing application of machine learning to improve optimization solvers
and algorithms in general, recently discussed in a survey by |Bengio et al.|(2021)),
but dating back to earlier work such as Hutter et al.| (2009) and [Kadioglu et al.
(2010). In the last years, we have seen a growing use of Large Language Models
(LLMS) in optimization. To mention a few noteworthy cases, LLMs have been
used to explain why optimization models are infeasible (Chen et al.| [2024a);
generate models based on problem descriptions (AhmadiTeshnizi et al., [2024);
configure solver parameters based on problem structure (Lawless et al., [2025));
and explain a model and answer what-if questions to end users (Chen et al.|
2026)).

Last, but not least, optimization is usually how training in machine learning
is framed. To mention but one reference for the interested reader, consider
Gambella et al.| (2021)).

6 Conclusion

In this tutorial, we have shown how neural networks can be beneficial when used
for constraint learning, which consists of embedding a machine learning model
as part of an optimization model. We have discussed the fundamentals of this
type of approach, what technical choices are often made, which applications
have been explored, how to calibrate a neural network for more effective and
efficient results, and what references to consider for advanced topics related
to constraint learning. This is currently an active topic of research, for which
reason we recommend the reader to stay alert to new developments. May your
problems have good approximations and fast solutions!
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Appendix

The sections below provide more references, context, and detailed mathematical
formulations. They are mentioned when relevant in the main text of the tutorial.
We believe that they are not necessary in a first read, but that they may become
more relevant as the reader keeps refining their understanding and needs further
background on the topics.

A About CP

Constraint Programming (CP) is a discipline of modeling and solving combina-
torial problems based on backtracking, logical inference, and specialized domain
propagation algorithms (Dechter} 2003|). CP has many parallels with mathemat-
ical optimization (Hooker,[2012); and tends to be a competitive alternative when
obtaining feasible solutions is difficult, such as in scheduling problems (Laborie
et al., 2018). Lustig and Puget| (2001) present a qualitative discussion of the
merits and differences between CP and mathematical optimization. While this
tutorial is focused on mathematical optimization, we will refer the reader to
some papers using CP due to its complementary strengths.

B Adopting the Term Constraint Learning in
Mathematical Optimization

The term constraint learning has been widely adopted since 2023 by publica-
tions describing mathematical optimization models embedding machine learn-
ing models, which in most cases are neural networks, including |Alcantara and
Ruiz| (2023alb), [Fajemisin et al.| (2024), |Sang et al.| (2024), [Song et al.| (2024),
Shi et al.| (2024)), |Cacciola et al.| (2024)), [Maragno et al.| (2025|), [Hooshmand and
Nikoomanesh| (2025)), Zhu and Burer| (2026), Pham et al.| (2026, and |Tong et al.
(2026).

C Neural Network Structure and Mapping

The neural network in Figure [I| maps every input = [z1 22 ... z,,]T € R™
to an output y € R. This mapping is supported by L hidden layers, denoted
by £ =1 to £ = L. The ¢-th hidden layer has n, neurons, denoted by ¢ = 1 to
i = ng. Those neurons produce intermediary outputs h* = [h{ h% ... ht Z]T.
For simplicity, we can think of & as h®. Every hidden layer has a matrix of
weights W* and a bias vector b’. Using the i-th column of weights W, and the

ne—1
i-th bias element bf, we calculate the preactivation output gf = ij h; + b
j=1

Every hidden layer also has an activation function of : R — R, with which the
obtain intermediary output hf = o*(gf). For the output layer, we similarly use
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a matrix of weights WX+! and a bias vector b“*!, which become a vector and
scalar since y is a scalar. We do not use an activation function for the output;

and thus, for simplicity, we can think of y as glL'H.

D Why Use a Nonlinear Activation Function?

Every neuron i in layer ¢ calculates a preactivation output g¢ based on a linear
function on the output h*~! from the previous layer using the set of weights
W{ and the bias b%; then its output is given by hf = of(g!). In other words,
the output of every neuron is the composition of the activation function with a
linear transformation of its inputs.

If we were to bypass the activation function by directly outputting the pre-
activation output (h¢ = gf), then the entire neural network would be equivalent
to a linear transformation. The same would happen with any linear activation
function o*(u) = au + b because the composition of two linear functions is also
a linear function. Hence, we need a nonlinear activation function to make the
neural networks more expressive than a linear regression.

E On Calculating (Pre) Activation Bounds for
Neurons with ReLU Activation

We would like to find small but valid values for Hf and Hf, which should be
such that —H! < g¢ and g/ < H!. These are the values commonly referred in
the literature as activation bounds, which we prefer to define as pre-activation
bounds. However, they can only be defined if we bound the inputs of the neural
network. To simplify notation, let —ﬁ? and H? be finite lower and upper
bounds of each input z; = hY of the neural network.

First we explain how to find the smallest possible values. Because this is
going to be as expensive as solving the optimization model in which they depend,
we will discuss some alternatives afterwards. The smallest possible values can
be obtained by solving

Hf/ :mang/ (9a)
(34) Vo ore{l,....0},
ie{l,....n) (9b)
to Vo le{l,... 0—1}, (90)
ie{l,...,ne}
—H) <hiy<H Vie{l,...,n0} (9d)
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and

H{ =~ min g/ (10a)
([3al) vV ole{l,..., 0},
ie{l,....n) (10b)
(BY) to (Bg) V o le{l,... -1}, (100)
iE{l,...,n(}
—H) <hiy<H Vie{l,...,n0} (10d)

We assume that H, f > (), since otherwise the neuron is never truly inactive; and

that H{ > 0, since otherwise the neuron is never truly active. In case either
assumption fails, we can simplify the MILP formulation by fixing the neuron
state. Note also that we need to solve those models for the first ¢ layers before
calculating activation bounds for layer ¢ + 1.

Moving to the other extreme, one of the simplest ways to obtain valid bound
is by calculating the maximum contributions for each item within the summation
the defines the preactivation output, through what is commonly denoted as
interval arithmetic. For a neuron ¢ in layer £ > 2, we calculate the bounds as

ne—1

Hf = max{W/;H|™" 0} +b] (11)
j=1

B ne—1

Hf = min{W/H{"",0} + b} (12)
j=1

For the first layer, given that zero is not necessarily a valid lower bound of each
input to the neuron, we use

ne—1

Hf = max{W;H, " WLH ™"} + b} (13)
j=1

— ne-1 —

Hf = min{WjH{ ' W;H "} 4 b (14)
j=1

Many authors have explored calibrations balancing the tightening of the
bounds with the runtime to find such bounds, sometimes aiming for a compro-
mise that would reduce the runtime of solving the optimization model embed-
ding the entire neural network (Cheng et al., |2017] |Serra et al., 2018, [Fischetti
and Jo| (Grimstad and Andersson), 2019] [Liu et al.| 2021} Badilla et al.
2023, [Zhao et al. 2024, [Hojny et al.l 2024, [Sosnin and Tsay, [2024)).
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F Using the Softmax Function in Linear Opti-
mization Models

The softmax is an activation function used for shaping the output of a neural
network as a probability distribution (Bridle, [1990]) by taking all inputs of the
layer to which it is applied into account to produce the same number of outputs
with .
e k2
ot(u); =

nyg

Z el
j=1

Note that this moves away from our premise in the tutorial of working with
neural networks having a scalar output.

While we cannot directly embed an entire neural network with softmax into
a linear optimization model, we may still apply linear optimization in some
cases where softmax is only used at the last layer. For example, this is typically
what happens when a neural network with ReLU in all other layers is trained
for classification and has an output element for each class. One application
of linear optimization in that case is network verification against adversarial
inputs: given an input & that is correctly classified as belonging to class ¢ (and
thus f(z;) > f(z;) for every output element j # i), we may look for a small
perturbation & such that & 4 € gets classified as belonging to another specific
class j. Informally, this relates to solve the optimization problem maxy; — y;
subject to x = & +¢€ and y = f(x), where y; > y; (a positive objective function
value) implies that the incorrect class j has a higher value than the correct class
i. Because the largest inputs of the softmax layer correspond to the largest
outputs of the softmax layer, we can drop the softmax layer from the verification
problem and replace y; and y; with the corresponding inputs of the softmax
layer, say g,LL and g]’-:, and still ensure that an adversarial perturbation will be
obtained from solving it to optimality if such a perturbation exists.

G Other Formulations for the ReLU

At a macroscopic level, size is not everything, but we need to balance the
size of a formulation with the strength of its linear relaxation. For example,
let us consider classic Traveling Salesperson Problem (TSP), where the num-
ber of constraints of the Miller—Tucker—Zemlin (MTZ) formulation is quadratic
on the number of cities (Miller et al. [1960) while the Dantzig—Fulkerson—
Johnson (DFG) formulation has an exponential number (Dantzig et al.,1954),
but the latter can be solved reasonably faster because the former has a very weak
linear relaxation (Balas, [1985)—meaning that it allows many more fractional
solutions. Drawing an analogy with the TSP, formulation 7 would be
the equivalent of MTZ, but we do not have a practical equivalent of DFG. Nev-
ertheless, we do know how to use general-purpose lifting techniques to produce
a stronger extended formulation, as illustrated in Huchette (2018]), and then
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applied for generating cutting planes in |Anderson et al. (2020) and manage-
ably larger, but moderately stronger, formulations in (Tsay et al.|(2021) that are
generalized in [Kronqvist et al.[ (2026)).

H How Does Geometry Constrain the Number
of Linear Regions?

The neural network in Figure [2] with two inputs (ng = 2) and five neurons in
a single hidden layer (L = 1 and ny = 5), defines 12 linear regions. Given that
each linear region is defined by a combination of which neurons are active or
not, then we could potentially have as many as 2° = 32 regions for ng = 2,
L =1, and n; = 5. However, we cannot go further than 16 in this case.

So why 16 instead of 32?7 There is a geometric argument for it, which is easier
to understand with a simpler example first. Consider Figure [0} where we define
half-spaces in one dimension (left) and two dimensions (right). In one dimension,
we can define half-spaces overlapping at the point 1 = 2 (21 < 2 and 7 > 2)
and at the point 1 = 5 (x; < 5 and x; > 5). However, there is one combination
of these half-spaces that is not feasible (x; < 2 and 21 > 5), for which reason
we only define three regions with overlapping boundaries (z1 < 2, 2 < 7 < 5,
and 1 > 5). In two dimensions, we can now define half-spaces overlapping at
lines. If we pick two of the lines shown, say 1 — x5 = 0 and z1 + 22 = 5, we can
see four regions with overlapping boundaries. But if we consider the three lines,
hence including x5 = 3, we can see only seven regions instead of eight because
one combination is infeasible (1 — x2 > 0 and x1 + 9 < 5 with o > 3).
Geometrically, this is because the third line cannot go through the interior of
more than three regions defined by the other two lines. More generally, if we have
a d-dimensional space and n equalities defining half-spaces in it, the maximum
number of regions that we can define is Z?:o (?) (Zaslavskyl [1975). In other
words, the dimension of the space affects how many full-dimensional regions
we can get by splitting it into half-spaces: we can only get 2" regions with n
inequalities if d > n. Returning to the previous example: with ng = 2, every

neuron in layer 1 draws a line (Z;il Wix; + b = O) between the half-space in

ij
x where the neuron is active (Z;il Wlljxj +b} > 0) and the half-space where

the neuron is inactive (E;’;l mljscj +b} < 0); and with n; = 5 neurons, we

can only define up to Y7 (') = 16 regions.

I Details About Dataset Generation

We have generated 10,000 observations, which were split at a 80:20 ratio between
the training and validation sets.

The observation values were obtained as follows. For the spending values of
the eight advertising channels, the values were generated from a uniform dis-
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Figure 9: Geometric illustration of how defining half-spaces with hyperplanes in
more ways than the number of dimensions does not imply that every intersection
of half-spaces is feasible. Left: two partitionings in one dimension lead to a
maximum of 3 regions instead of 4. Right: three partitionings in two dimensions
lead to a maximum of 7 regions instead of 8.

tribution with minimum bound 0 and maximum bounds of 120 for television,
100 for radio, 300 for social media, 200 for influencer sponsorship, 80 for bill-
board advertising, 100 for browser advertising, 40 for email advertising, and 60
for event sponsorship. For the choice of social media, we have used 5 binary
columuns, randomly setting all but one to zero (a one-hot encoding). For the
exogenous parameters, product price was generated from a normal distribution
with mean 500 and standard deviation 20, rounded to two decimal places; sales
in the last month was generated from a normal distribution with mean 2500
and standard deviation 200; and marketing budget of the largest competitor
was generate from a uniform distribution with bounds 0 and 1,000. The prod-
uct sales are evaluated using the ground truth function f, to be discussed next,
to which we added a random noise generated from a normal distribution with
mean 0 and standard deviation 1, and then we rounded to the nearest integer.

The ground truth function f was defined as follows. Let x denote the vector
of spending values, with x; for television, x5 for radio, x3 for social media, x4 for
influencer sponsorship, z5 for billboard advertising, z¢ for browser advertising,
w7 for email advertising, and xg for event sponsorship. Let z € [0, 1]° denote the
vector of social media choice. Let & denote the vector of exogenous parameters,
with & for product price, & for sales in the last month, and &3 for marketing
budget of the largest competitor. We define the advertising-response component
as

5
R(z, z) =1004(z1) + 504(z2) + 1002 zil(gi(z3))
+130£(z4) + 300(z5) + 60¢(xg)
+90¢(z7) 4 204(xs)
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where
L(u) = logy (max{u, 1})
and
gl(u) = a;u — b¢u2

with a = [6.66,2.22,1.33,0.95, 0.66]T and b = [0.111,0.012, 0.004, 0.002, 0.001]T.
We define the contextual contribution as

C(e) = 10501 W 012

and combine those components into the ground truth function

f(x,2,&) = 0.2& + 0.8[R(x, z) + C(&)].

J Additional Details About Computational Ex-
periments

All numerical experiments were implemented in Python 3.10.8 using PyTorch
2.13.0 for training the neural networks and Gurobi 9.5.2 for solving the MILP
models. The experiments were conducted on a dual-socket compute node at the
University of lowa’s Argon cluster, with 56 physical CPU cores, 112 hardware
threads, and approximately 512 GB of system memory. The source code and
example dataset are publicly available at https://github.com/fangjiaxiao/
constraint-learning-nn-experiments.

Each MILP was solved using a single Gurobi thread, with up to 10 inde-
pendent optimization tasks executed concurrently. Each MILP was solved with
a time limit of 1,000 seconds and a relative MIP gap tolerance of 1%. We
measured wall-clock time for each optimization task, including loading, MILP
construction, and solver execution. The maximum budget B was set to 500 and
the exogenous parameters were set to their mean value on the dataset.

Each model was trained for up to 1,000 epochs using the Adam optimizer,
with a batch size of 64, a learning rate of 1073, and a weight decay of 10~%.
Training minimized the mean squared error, with early stopping after 30 con-
secutive epochs without improvement in validation MSE. After pruning, each
model was fine-tuned for up to 200 epochs using the same optimizer settings,
with early stopping after 20 consecutive epochs without improvement in valida-
tion MSE. The checkpoint with the lowest validation MSE was retained at each
stage.

K Additional Results

Figure [I0] complements Figure [4 by showing the results for all network widths
used in the experiments.
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Figure 10: Comparison of predictive quality with pruning rate p (as a line
chart for each width w) in small (left) and large (right) neural networks. The
pruning rate px with smallest validation error for each width w is circled. The
configurations at the efficient frontier are diamond-shaped.
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