AFFINE DECISION RULES FOR ROBUST OPTIMIZATION WITH
DECISION-DEPENDENT INFORMATION DISCOVERY
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ABsTrRACT. We study robust optimization problems with decision-dependent
information discovery under polyhedral uncertainty and continuous recourse.
We first establish structural properties of the resulting min—-max—min problem,
including existence of solutions and a condition under which information discov-
ery has no value. Then, we develop a heuristic approach that combines affine
decision rules with scenario generation and show that its adversarial separation
problem is NP-hard. Additionally, we introduce a sampling procedure to esti-
mate solution quality without solving the overall problem to global optimality.
Numerical experiments on knapsack and facility-location instances show that
the method outperforms a K-adaptability approach recently proposed in the
literature in terms of computation time while achieving comparable solution
quality. Our approach is applicable to polyhedral uncertainty sets that can
be expressed as 2 = {0+ — 07 : (6+,07) € ©} with a downward monotone
polytope ©.

1. INTRODUCTION

Robust two-stage optimization has settled as a well-established paradigm to
handle optimization problems facing uncertainty on their parameters. In essence,
the paradigm considers optimization problems where some variables (first-stage) are
to be decided before knowing the realizations of the uncertain parameters, while
the remaining variables (second-stage) can be decided upon full knowledge of these
parameters. The extension we study herein considers that some of the uncertain
parameters can be queried in the first stage, and that only these queried parameters
are known to the decision maker at the second stage. Hence, the resulting problem
still contains three levels: (i) the set of queried parameters is decided together with
the first-stage decisions, (ii) the adversary reveals the exact values for the queried
parameters, (iii) the decision maker commits to her remaining decisions, with the
constraint that they must remain feasible for all possible uncertain parameters that
have not been queried. The resulting problem, called decision-dependent information
discovery (DDID), is relevant in many applications, among which urban planning,
project management, resource allocations, scheduling, among many others; see, e.g.,
Vayanos et al. (2026) and the references therein.

In this paper we consider more specifically robust optimization problems with
DDID that can be cast as

inf su inf e’ ) DDID
TEX WEW /Leg yEV(w,z,p1) Y ( )
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in which X C R™ x Z" denotes the feasibility set for the first-stage decisions,
together with the set of possible information discovery W C {0,1}"¢,

B, = {pGR;%: A,ugr}

is the downward monotone polyhedral uncertainty set for some matrix A > 0 (see,
e.g., Poss 2018),

Er(wuu) = {5 €5,: w0§:woﬂ}
is the remaining uncertainty assuming that parameters corresponding to “w; = 1”
have been queried and revealed the values corresponding to vector u, and

Y(w,z,p) :={y € R™: T({)x + W({)y < h for each § € Er(w, )}

denotes the feasibility set for the adjustable variables, which are all assumed to
be continuous. Observe that costs on variables x could be incorporated into the
constraints of Y(w, z, u). Also, we assume, for the sake of simpler notations, that
functions T'(-) and W(-) are linear in &; one readily extends our results to affine
functions.

We observe that set Y(w, x, 1) involves robust constraints in its definition, since
some parameters are still uncertain when y is to be decided. In fact, choosing w; = 1
for each ¢ € {1,...,n¢} leads to the two-stage robust problem

inf sup inf 'y, (TS)
TEX eE, yeY(w,u)
where the robust constraints are no longer present in the feasibility set of the
second-stage variables

V(w,p) = {y € R": T(p)z + W(n)y < h}.
Similarly, taking w; = 0 for each i € {1,...,n¢}, problem (DDID) falls down to the
static robust problem with constraint uncertainty
inf inf c'y, (static)
TEX yeY(x)
where y are now first-stage variables that belong to the set
V(z):={y e R™: T(&)x + W(E)y < h for each £ € Z,}

featuring robust constraints characterized by Z,. Therefore, the optimal solution
cost of (DDID) lies between the optimal solution costs of (static) and (TS).
Problem (DDID) was originally introduced by Vayanos et al. (2026), wherein the
authors provide numerous applications and suggest solving approximately the prob-
lem through a K-adaptability reformulation, extending the idea initially proposed in
the context of two-stage robust optimization by Hanasusanto et al. (2015). Given the
difficulty of solving large instances of the problem, subsequent works have focused on
the special case where only cost is uncertain. On the one hand, Paradiso et al. (2025)
provided a logic-based Benders decomposition algorithm, able to solve to optimality
instances of medium size, as illustrated on a DDID variant of the orienteering prob-
lem. They also improved the previous K-adaptability reformulation. On the other
hand, assuming A does not contain too many rows (such as the budget uncertainty
set from Bertsimas and Sim 2004), Omer et al. (2024) proposed a branch-and-price
algorithm for the problem, able to solve larger problems than the previous works for
such uncertainty polytopes. In addition to these numerically-oriented papers, one
could also mention the recent line of research seeking to characterize the hardness
of very simple variants of (DDID) under cost uncertainty (Chen et al. 2026) and
constraint uncertainty (Chen et al. 2026; Chen and Poss 2026). An extension of
DDID to the distributionally robust setting was proposed in Jin et al. (2026).
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One important assumption we make in this paper that is restrictive is the
requirement that all recourse variables be continuous. If the assumption were
relaxed, one would enter the realm of two-stage robust optimization with mixed-
integer recourse which, despite having witnessed substantial advances in past years
such as those presented, e.g., in Lefebvre and Subramanyam (2026) and Lefebvre
et al. (2024), remains an extraordinarily challenging class of problems. In particular,
we are not aware of any existing work that treats convex uncertainty sets such
as the polytopes considered herein. We therefore focus on the case of continuous
recourse, which, despite being 35-hard in general (Lefebvre et al. 2026; Poss et al.
2026), is known to be significantly more tractable from a computational perspective.
Exact approaches for two-stage robust problems based on scenario generation have
been presented in Ayoub and Poss (2016), Flambard et al. (2026), and Zeng and
Zhao (2013), while approximate approaches based on linear decision rules have been
developed by Ben-Tal et al. (2004).

Contributions. Our contributions are both theoretical and algorithmic. On the
theoretical side, we provide in Section 2 three important properties of (DDID). First,
we show that (DDID) encompasses the more general setting where the polytope
is given by E/ 1= {0t —0~ € R™: A Zf <r ot,o” >0¢, for some A > 0.
Second, we show that the problem is either infeasible or admits a solution, which is
not immediate from the outermost infimum operator present in its definition, and
might be somewhat surprising given that the supremum operator is not guaranteed
to reach its optimal value in Z,., as we further illustrate by an example. Third,
we show that (DDID) is equivalent to the robust problem without information
discovery (static) whenever Y(w, z, i) contains a single uncertain constraint. This
generalizes an observation already made in Omer et al. (2024) in the setting of
DDID with cost uncertainty only, since the unique constraint of Y(w,x, 1) could
represent the (uncertain) costs through an epigraphic reformulation. We further
show numerically that whenever Y (w, z, ) contains two or more constraints, the
optimal solution of (DDID) may be strictly better than the one of (static).

On the algorithmic side, we detail in Section 3 a heuristic algorithm for (DDID)
combining the use of linear decision rules with scenario generation. We prove, in
particular, that the adversarial separation problem is NP-hard. Computing exactly
the objective value of a given solution being difficult, we further propose a sampling
algorithm that computes a lower bound for that value, converging to it almost surely
as the number of samples grows. We illustrate the algorithm numerically in Section 4,
and compare it with the approximation provided by the K-adaptability from Vayanos
et al. (2026). Our experiments, carried out on small knapsack instances, show how
our heuristic scales much better than the K-adaptability heuristic, while providing
solutions of the same quality as the best solutions returned by the latter. Our
experiments further underline the reasonable scalability of our heuristic on a DDID
variant of the robust facility location, illustrating its ability to be applicable to small
instances.

Remark 1. We have assumed throughout that no constraints link x and w only to
ensure that the cost of (TS) is not higher than the one of (static), thereby clarifying
the picture of how (DDID) stands between these two models. However, our technical
developments readily extend to the case where this assumption is relaxed.

Notation. For any vector z € R, we let [2]T denote the vector such that [z]; =
max {z;,0} for all i = 1,...,n. Let f be a given function. We let dom(f) :=
{z: f(x) < oo} and use the convention min {f(z): z € §} = co. For a set-valued
map S, its domain is dom(S) := {z: Jy € S(x)}.
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2. BASIC PROPERTIES

We begin by establishing basic structural properties of Problem (DDID). First,
we show that the downward monotonicity of =, can be relaxed to a larger class of
polytopes. Then, we study the existence of solutions and show with an example that
the inner supremum may not be attained. Last, we turn to the value of information
discovery and identify a class of problems for which information discovery cannot
improve upon the corresponding robust counterpart.

2.1. Relaxing downward monotonicity. We show next that the results derived
in this paper apply to the larger class of polytopes that can be defined as

{0+—07 € R"¢: A(Zt) <r,ot,o” 20}

for some A > 0. A well-known example of the above polytope is the budget
uncertainty polytope that arises when the uncertain parameters appear multiplied
by variables that are not necessarily nonnegative. In this case, the downward
monotone budget uncertainty polytope {& € [0,1]™¢: ||¢]|; < T'} is usually replaced
by the larger polytope

{eel-L s gl <Th={o* o7t [lo* i+ o7 L <T,0< 0%, 07 <1},

which is not downward monotone anymore. We present this generalization in the
next result, by describing the uncertainty polytope Z/. as the image of a downward
monotone polytope through a specific linear mapping.

Theorem 1. Let = C R™ and © := {(O’+,(7—) € R;BE: Ao < r} be polytopes such
that A >0, and f(©) = 2. for the linear mapping f defined by f(o) := ot —0o~.
Then, E!. = {0+ —o-€eR™: A (Zt) <r,ot, 0" > 0}, and the optimal solution

cost of the variant of (DDID) considering Z!. instead of 2, is equal to the one of

inf  sup inf cly, (1)
TEX WEW 5€O yEY(v,T,0)

where W = {(vt, ") €W x W: vt =07},
V(,z,0) :={y e R™: T(0)x + W(0)y < h for each 0 € O(v,0)},
T(0) =T(f(0)), W(0) = W(f(#)), and O(v,0) :={# € O:vof =voac}.

Proof. Observe first that 2/ = {0+ — 0~ € R™: A Zf) <r, ot,o” > 0} follows
immediately from the definition of f(©) = {f(6): 6 € ©}.

To prove the claimed equality, let us consider a pair w € W and (%) € W,
together with a pair p € =/ and o(p) := ([u]T,[—p]"). Observe that o(u) €
arg min {AZUI o€ f~Yu),o > 0} for each row Ay, of A, so that Z/. = f(©) implies
that o(u) € ©. We first prove that f(0(v,o(n))) = =/ (w, 1), which implies

(w3, 0(1)) = Vw2, 1), 2)
We start with the direct inclusion. For any 6 = (61,07) € ©(v,0(u)), we define
€ =01t —0~. We have that £ € =/ and wof = wol T —wof~ = woo(u) T —woo(u)~ =
w o u so that & € Z! (w, u). To prove the reciprocal inclusion, consider & € =/ (w, ),
and define 6 = ([¢]T,[—£]T), so f(0) = & We see that w o & = w o u implies

(w)ob=(w)oo(u). Furthermore, 0 € argmin{fl;—é: 0ecf1(),0> O} for each

row Ay, of A, so # € ©, implying also that § € O(v, o(p)).
We turn then to proving
sup  inf ¢’y = sup inf cly.
c€® yeY(v,x,0) HEE! yeV(w,x,u1)
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To do so, observe that for each o € f~1(u) N O, repeating the reasoning below (2)
for the direct inclusion to o yields f(O(v,0)) C E(w, p) = f(O(v,0(n))), so that
Y(,z,0(pn)) € Y(v,x,0), which implies that

inf c'y < inf ¢y,
yeY(v,z,0) yeY(v,z,0 (1))
so that
sup inf ¢'y=  inf cly. (3)
cef~1(w)n® yeEY(v,2,0) yeY(v,z,0(p))
Decomposing © = |J .=/ (f~1(pn) N O), we obtain
sup inf ¢y = sup sup inf ¢y = sup inf cly,
ce® yeY(v,z,0) HEE! sef-1(w)NO YEY(v,z,0) HEE yeEV(w,x, 1)

where the last equality follows from combining (2) and (3).
The equality finally follows from the trivial bijection between W and W that
maps any w € W to (1) € W, and reciprocally. O

2.2. Existence of solutions. The results described in this subsection and in the
subsequent one rely on the following assumption, which is naturally satisfied in most
applications.

Assumption 1. The sets X and =, are non-empty and compact. Moreover, for all
(w,z, 1) €W X X x B, Y(w,z, 1) CQ holds for some compact set Q.

We note that Assumption 1 does not necessarily imply that Problem (DDID)
is feasible, i.e., it is possible that {(w,z) e W x X: Vu € ., 3y € Y(w,x,u)} =0
holds.

To ease readability, we let ¢ denote the optimal-value function of the inner
infimum in Problem (DDID), i.e., we let

o(w,z,p) = inf {c"y: y € Y(w,z, )}
We start with a lemma showing some lower semicontinuity property of ¢.

Lemma 1. Let Assumption 1 hold. Then, for any fized w € W, the extended-real-
valued function ¢(w,-,-) is lower semicontinuous on X X E, and dom(p(w,-,-)) is
closed.

Proof. Let w € W be fixed. By definition, Z,.(w, ) # 0 holds for any u € =,.
Moreover, the set-valued map =,.(w, -) is polyhedral, hence continuous, and compact-
valued; see Assumption 1 as well as Example 9.35 from Rockafellar and Wets (1998).
Now, consider the function
Y(w,z,py) = max [Tz + W€y —h*| .
EEE,(w,p)

Clearly, the maximum is well-posed by compactness of Z,.(w, 1) and continuity of
the objective function. In addition, X x =, x Q C dom(¢)(w, -, -, -)) holds. By Berge’s
maximum theorem, since the set-valued map Z,.(w, -) is continuous, we have that
is continuous on X x =, x ).

Now, we may write ¢(w, z, ;1) = min, {cTy: Y(w,z, pu,y) <0, y € Q} By com-
pactness of © and continuity of ¢ (w, -, -,-), we obtain that

(z, 1) = {y € Q: P(w,z, p,y) <0}

is outer semicontinuous. Moreover, since J(w, x, i) is a closed subset of the compact

set 2, it is compact. Hence, by the Weierstrass theorem, the innermost infimum is
attained and we have

dom(g(w, ,-)) = dom(V(w, -, )).
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Furthermore, since graph(Y(w,-,-)) is closed and Y(w, z, ) C Q with Q compact,
its projection

dom(y(wv K )) = projr#(graph(y(w, K )))
is closed in X x Z,.. Hence, dom(¢(w,-,-)) is closed in X x E,..

Finally, by continuity of y + ¢’y and outer semicontinuity, Lemma 17.30
from Aliprantis and Border (2006) gives that ¢ is lower semicontinuous on its
domain. Since its domain is closed in X x Z, and ¢ = +oo outside its domain,
o(w, -, ) is lower semicontinuous on X' x =,.. O

We are now ready to state the theorem on the existence of solutions to Prob-
lem (DDID).

Theorem 2. Let Assumption 1 hold. Then, Problem (DDID) is either infeasible
or has a solution with finite value.

Proof. Since W is a finite set, Problem (DDID) can be solved (or proved to be
infeasible) by enumerating all w € W. Thus, let w € W be fixed. We show that the
remaining problem is either infeasible or has a solution.

By Lemma 1, ¢(w,-,-) is lower semicontinuous on X x Z,.. Moreover, it
is bounded from above by max, {c"y:y € Q} < oo on its domain. Since
pointwise supremum preserves lower semicontinuity, we obtain that the function
x> sup,, {¢(w, z, p): p € Z,} is again lower semicontinuous. The result is achieved
by compactness of X. O

Corollary 1. Let Assumption 1 hold. Then, Problem (DDID) can be written as
min sup min cly.
r€X,weEW ;e=, yeV(w,z,u)
In the last corollary, we note that the supremum is not turned into a maximum.
Indeed, one would need, e.g., to show that ¢(w,z,-) is upper semicontinuous for
this to be the case. Yet, the next example shows that this is not true in general.

Example 1. Consider Problem (DDID) with n, :=0, W := {1}, E, :=[0,1] and
the inner minimization problem given by

min @ —y—¢
Yy
st. Ey <& foreach € € =, (w,pn),
y €[0,3].
Because w is fized to 1, this problem is equivalent to
min {—y —u: py < p, y € [0,3]} = $(1, 1),

where the uncertain objective and right-hand side (formally absent from (DDID))
can be handled through an epigraph variable, and a constant coordinate for y. We
now show that ¢(1,-) is not upper semicontinuous. First, assume that u =0, then,
the constraint “py < p” vanishes and the optimal objective function value equals —3.
Otherwise, assume that p € (0,1], we have that the unique solution is y = 1 with
value —1 — u. We obtain

limsup ¢(1,p) = —1> ¢(1,0) = —3.

n—0+
Hence, the function is not upper semicontinuous and we can readily verify that the
supremum of —1 is not attained by any point in [0, 1].



AFFINE DECISION RULES FOR ROBUST OPTIMIZATION WITH DDID 7

2.3. Value of information discovery. In the previous section, we gave sufficient
conditions for Problem (DDID) to be well-posed. We now turn our attention to the
question of whether there is an advantage in solving Problem (DDID) compared to
its static robust version. To that end, we consider the so-called value of information
discovery, i.e., the relative difference between z(DDID) and z(static), which denote
the optimal solution costs of (DDID) and (static), respectively. More formally, the
value of information discovery can be expressed as
z(static) — z(DDID)
z(static)

Hence, VoD represents the relative amount of resources the decision maker is willing
to spend to set-up the information discovery represented by set W.

We show next that VoD = 0 whenever Y(w, z, 1) is defined by a single uncertain
constraint. To show this result, we reformulate Y(w,z, ) by (i) removing the
decision-dependence from the robust constraints and (ii) dualizing the resulting
constraints. The next lemma achieves step (i); it is also leveraged in the next section
to provide a solution algorithm for solving (DDID) approximately through linear
decision rules.

VoD := 100 x

Lemma 2. Let w € W and x € X be given. Then, we have
sup inf ¢y = sup inf ¢y,
pEE, YEV(w,z,u) HEE, yEYO(w,m,u)

where Y°(w, z, u) denotes the set of all y € R™ satisfying

T(C(M,M,g))ﬂ? + W(C(w7ﬂa§)>y <h, fOT each 6 € ET(/_L)D (4)
where ((w, 1, &) :=wopu+ (1 —w)of and r(p) :=r — Au.

Proof. Let (z,w) € X x W be given and define =Z2(w) :== {u € Z,: (1 —w) op =0}.
We first show that
sup inf cly= sup inf cly

ues, yeY(w,z,u) peze (w) YEV(w,m,u)
Consider any p € =, and let i := wo u. Since A > 0 and 0 < i < p holds, we have
that @ € Z,.(w). Moreover, w o i = w o y implies that Z,.(w, 1) = Z,(w, 1) and,
therefore, Y(w, z, i) = Y(w, z, u) holds. Hence, for any value attained by a vector
i € 2y, there is a vector i € =9 (w) that attains the same value, which proves the
equality.

Second, we show that
. T . T

sup inf c'y= sup inf c'y

EE, YEYC (w,m,u) pEES (w) YEVC(w,m,p)
also holds. Let again p € =, and g := w o . Using A > 0, we easily show that
that (i) > r(p) holds, and thus Z,(,) C Z,(z). Moreover, note that {(w, fi,§) =
C(w, u, &) also holds, implying that Y°(w,z, n) C V°(w, z, 1) and we get

inf ¢y > inf cly
yeY° (w,x,j1) YeY° (w,x,1)
== sup inf cly> sup inf cly.
REES (w) YEVC(w,a,f) peEEe (w) YEVC(w,a,p)

The reverse inequality follows from Z2(w) C Z,., which shows the claimed equality.
It remains to show that
. T . T
sup inf c'y= sup inf c'y
HEES (w) yeY(w,z,p) HEES (w) yeYO (w,x,u)

is satisfied. To this end, it is enough to show that, for any u € Z%(w), we have

Er(w, ) = {C(w,p1,€): £ €Er(y } -
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Thus, let p € Z2(w) be given and let us show the “D” direction first. Thus, take
any & € Z,(,,). Since A > 0 and &, u > 0, we have
AC(w,1,€) = A(wo ) + A((1 —w) 0 &) < Au+ A <.

Moreover, we have w o ((w, p1,§) = w o pu. Hence, ((w,
show the “C” direction. Let £ € Z,.(w, i1), and define £ :=
Since p € =Z2(w), we have & = p+ ¢, and hence

AL = A& — Ap <7 — Ap = r(p),
so that £ € Z,(,). O

w,&) € Zp(w, u). Next, we
(

The next lemma reformulates Constraint (4) by dualization, effectively achieving
(ii).
Lemma 3. The i-th robust constraint in (4), i.e.,
E(C(w, My f))(E + WZ(C(TU, M, f))y < hiv fOT’ each 5 € Er(u)a
holds if and only if there exists A; > 0 such that
(ATA), = (L= wi) (Tiler)z + Wiler)y), ke {l,....ne},
Ti(wo p)z +Wiwo p)y +r(u) " A < hy,

where e, denotes the k-th unit vector.

®)

Proof. Write c;, := (1—wy) (T;(ex)x+W;(ex)y) for the coefficient of &. By linearity
of T; and W;, and writing £ = ), &rey, the constraint is equivalent to

I?gg{{;cikﬁki A§<T(M)} <hi=Ti(wop)z—Wi(wopu)y.

The left-hand side is a linear program in £. Associating multipliers A; > 0 with the
constraints A¢ < r, LP duality gives

) o Ty . (AT
rngaé{ {zk: Cir &t AE < r(u)} = )I\Illg(l) {r(uw)"Ni: (A ’\i)k > ¢, for each k} .
A minimum is at most a given value if and only if some feasible point attains that
value; dropping the minimum therefore yields (5). O

The next theorem follows from a well-known result in the two-stage robust
optimization literature due to Marandi and Hertog (2018), and shows that there is
no value of information discovery if only one constraint is subject to uncertainty.

Theorem 3. Let Assumption 1 hold and assume that Y(w,x, ) is defined by a
single uncertain constraint. Then, VoD = 0 holds.

Proof. Consider that Y(w,z, ) is defined by a single uncertain constraint and
observe that the uncertainty appears only in one of the constraints of (5). Hence,
the uncertainty appears in only one of the constraints of the resulting problem and
it is evidently constraint-wise in the sense defined by Marandi and Hertog (2018).
By Assumption 1, the sets =,., X', W and ) are compact, and after linearization of
the products involving w and (z,y), the constraints are defined by functions that
are bilinear in (w,z,y, A) and p. Furthermore, by the boundedness of z and w and
Cramer’s rule for basic solutions, we can also define A > 0 such that the constraints
[IAloo < A can be added to (5) without affecting the solution; see, e.g., Buchheim
(2023). Hence, all conditions of Marandi and Hertog (2018, Theorem 1) are met
(constraint-wise, convexity and compactness of the uncertainty set and recourse
set, and convexity/concavity of the involved functions) so the theorem immediately
implies z(static) = z(DDID). O
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3. NUMERICAL SOLUTION

3.1. Linear decision rules and scenario generation. Problem (DDID) has a
two-stage structure in terms of decisions variables, with x and w being the first-stage
decisions. As such, it can be addressed approximately through linear decision rules,
assuming that y is a linear function of u, which we denote by Y (w o p). Plugging
the decision rules in (DDID) and considering the reformulation in (4) leads to

0>c"Y(wopu), foreachpc€Z,,

min {0 T(Cw, 1,€))a + W (Cw, 1, €)Y (wo ) < by . (DDID-LDR)
wew.,6 for each pu € E;, § € =)

The resulting problem (DDID-LDR) is a robust linear optimization problem with
quadratic dependency on the uncertain parameters. It can be solved “efficiently”
as long as the separation problems can be solved “efficiently”. Specifically, for the
objective uncertainty, we solve the following separation problem:

max ¢'Y(wo p).

HEEr
Furthermore, since T' and W are matrices, there is an additional separation problem
for each row ¢ of the constraints

_max  Ti(C(w, p, §))x + Wi(C(w, 1, €)Y (w o ). (6)
HEEr,EEE ()

Within a standard cutting-plane algorithm, if the optimal value of the objective
separation problem strictly exceeds 6, a new constraint is added to the master
problem to update the objective bound. Similarly, if the optimal value of the
i-th row separation problem strictly exceeds h;, a new constraint is generated to
enforce that row. Note that while the objective separation is a linear problem,
the row separation problems are quadratic problems subject to linear constraints.
Despite their non-convexity, solvers like, e.g., Gurobi, are able to solve them to global
optimality in a short amount of time given the size of the problems at hand. Finally,
the products between w and (z,Y, 1) can be linearized, thanks to w being binary.

3.2. NP-hardness of the row separation problem. In this section, we show that
the row separation problem (6) is NP-hard by a reduction from the maximization of
a quadratic form over a box. To that end, we formally introduce the latter problem.

Definition 1 (Box-QP). Given a symmetric matrix @ € Q"*™, solve
mzax{zTQz: ze[-1,1]"}.
The next result is well known from the literature.
Proposition 1 (Sahni 1974). Box-QP is NP-hard.
We now give the complexity result.
Theorem 4. The row separation problem (6) is NP-hard.

Proof. Fixw =1and z = 0. Withw = 1, {(w, u,§) = u, and the coupling constraint
in Z,(w, p) impose £ = p. The term T;(£)x vanishes, so the row separation objective
simplifies to max,ec=, W;(1)Y (). Let n be the dimension of @ in Definition 1, and
set the uncertainty dimension to ng = 2n, writing p = (u*, u~). Take

ET:{ueRi":ugl},
which fits the general form =, = { € R'*: Ay < r}. Both W;(-) and Y (-) are linear
in p and free to choose, so we take Y () := p* — p~ and W;(p) := (u* — u’)TQ.
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With these choices, and using the mapping z := u™ — ™, the row separation problem
becomes
+ T + -y _ T
max — — = max 2z @z,
ME[OJ]M(M po) QT =) Jnax, Q
so its optimal value equals the Box-QP value. By the proposition above, Box-QP is

NP-hard; therefore the row separation problem is NP-hard. O

3.3. Assessing the objective value. Let (w,z) € W x X be a feasible first-
stage solution for (DDID), such as, e.g., the optimal solution of (DDID-LDR). We
typically do not know the value of (w,z) for the true objective function of the
problem, namely
®(w,x) = sup inf cly.
ues, yeY(w,z,u)

Moreover, observe that computing ®(w, ) is a difficult problem in general as (i)
it is closely related to the coNP-hard adversarial problem in two-stage robust
optimization (Chekuri et al. 2007), and (ii) it involves computing the supremum of
a function that may not be upper semicontinuous as illustrated in Example 1. For
these reasons, we take a further heuristic step herein and compute a naive lower
bound of ®(w, x) by sampling the uncertainty set. Specifically, we construct a set
é,’f C Z, by sampling k vectors in =, with uniform distribution and define

*(w, ) := max inf cly.
pesk yeY(w,z,u)

Note that the supremum has been replaced by a maximum because éff is finite.
Moreover, ék(w, x) can be computed in polynomial time for each p € é’f, by solving
the dualized linear program resulting from Lemma 3.

We show next that the lower semicontinuity of ¢(w,z,-) proved in Lemma 1

implies that ®*(w,z) converges almost surely to ®(w, z) as k goes to infinity.

Proposition 2. Let Assumption 1 hold and let (w,x) € W x X. Then, ®F(w, z) is
nondecreasing in k, bounded above by ®(w,x), and

Ok (w, ) 1 B(w,x) almost surely.

Proof. Monotonicity follows from éff C éf“ and the upper bound from éff C =,
Let (4/);>1 C 2, be such that ¢(w,z, /) — ®(w,x) as j goes to infinity, which
exists by definition of the supremum, and fix j. Every ball (relatively to the
affine hull of =,.) centered at p/ having positive measure in Z,., with probability
1 the sets éff contain a sequence ék € éff that converges to p’/ as k goes to
infinity. By Lemma 1, ¢(w,-,-) is lower semicontinuous, so ¢(w,z,-) is, and we
get liminfg_, o qb(w,x,ék) > ¢(w, x, p?), so that liminfy_, @k(w,x) > p(w, z, 1)
because &% (w,z) > ¢(w,z,EF). This holds with probability 1 for each j, hence,
these events being countably many, with probability 1 for all j simultaneously, and
letting j go to infinity yields lim infy_, o ®*(w, ) > ®(w,z). The result follows

since ®F (w, z) < ®(w, z) for every k. O
Following the above sampling, we can also define the approximate value of

discovery of a given heuristic solution (w,z) as

(i,k(xstatic wstatic) _ (i)k(w .73)

(i)k (xstatic’ wstatic)

_——— k
VoD (w,x) := 100 x

)

static static)
)

where (x w is any optimal solution to (static); the superscript k& will be

—— k
removed from VoD (w,z) when clear from the context. It is important to note here

that the error of @(w,m) arises from two sources: (i) ®*(w,z) < ®(w, z), and (ii)
(w, ) may not be a global solution to (DDID), so in general, ®(w,z) > z(DDID).
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— k
Overall, this means that it is not possible to relate VoD (w,z) to VoD for an
arbitrary point (w,z). However, if (2*, w*) is guaranteed to be the global solution,

. ——k
then ®F(2*, w*) < 2(DDID), and therefore, VoD (z*,w*) > VoD.
4. NUMERICAL RESULTS

We now assess the proposed linear decision rule approach on two classes of
problems. We first consider a fractional knapsack problem, where we compare Prob-
lem (DDID-LDR) with the K-adaptability formulation of Vayanos et al. (2026) and
evaluate the resulting discovery decisions using the sampling procedure introduced
in Section 3.3. We then turn to a capacitated facility location problem to investigate
the effect of the uncertainty budget on both the value of information discovery and
the computational performance of Problem (DDID-LDR).

Models are implemented in Julia using JuMP and solved with Gurobi 13.0.2. All
experiments were run on an Apple M2 with 8 cores. The code needed to reproduce all
experiments reported in this paper is available at https://github.com/hlefebvr/
adr-for-robust-ddid.

4.1. Fractional Knapsack Problem.

4.1.1. Problem Definition. We consider an uncertain variant of the fractional knap-
sack problem with n items. The deterministic version can be modeled as

n n
max ;e siy; < C
ydmw{;;mm Zgzm_ },

where p; and s; denote the profit and the weight of item i, respectively, for all i =
1,...,n. The robust counterpart to this problem regards the profits and the weights
as uncertain. To that end, let p; and p; denote the nominal profit and its maximum
deviation, respectively. We assume that the profit of each item i, i € {1,...,n},
can be expressed as p;(§) := p; — p;&; where ; is an uncertain parameter. Similarly,
we denote by s5; and §; the nominal value and maximum deviation of the weight,
and write s;(£) := 8; + §;&;. The uncertain parameters are assumed to belong to a
budgeted uncertainty set with parameter T', i.e., Zp = {£ € [0,1]™: ||€]]1 < T'}, while
at most ¢ items may be queried, i.e., W :={w € {0,1}" : [Jw|1 < ¢}.

Given an information discovery decision w € W with its corresponding parameter
vector u, the remaining robust fractional knapsack problem reads

min Yo
Y0,y

st — Zpi(f)yi <yo foreach &€ Z,(w,pn),

3

Zsi(f)yi < C foreach ¢ € E, (w,p),

0<y<1l
Hence, denoting by Y(w, 1) the feasible region of the above problem, the overall
DDID problem reads

min sup  min
weW egp yEV(w,p)

Since yy bounds the negative of the total profit, we report —yg throughout this
section, so that larger reported values correspond to better guaranteed profits.


https://github.com/hlefebvr/adr-for-robust-ddid
https://github.com/hlefebvr/adr-for-robust-ddid
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4.1.2. Ezxperimental setup. We compare Problem (DDID-LDR) with the K-
adaptability approximation of Problem (DDID) proposed by Vayanos et al. (2026).
In the latter, K candidate second-stage policies are selected before the uncertainty
is revealed, and the best feasible policy is chosen after the discovered coordinates
become known. The corresponding reformulation for the fractional knapsack prob-
lem, together with the data mapping to Vayanos et al. (2026, Theorem 4), is given
in Appendix A.

4.1.3. A Toy Example. We consider a two-item toy instance of the fractional knap-
sack problem for which the optimal discovery decision can be identified directly
from the data. Item 1 has deterministic weight but uncertain profit, whereas item 2
is subject to substantial weight uncertainty. The instance parameters are

ﬁ:(?’v?’)a ﬁ:(4a3)7 52(2’2)7 ‘§:(0a3'5)7 C=4, T'=1, ¢=1

Both items have uncertain profit and item 2 additionally has uncertain weight, so
the adversary can spend its budget on either coordinate.

Problem (DDID-LDR) is solved by cut generation in 0.68 seconds and terminates
after 11 iterations. The resulting solution queries item 2, i.e., w = (0,1), and
attains an objective value of 1.7507. This instance is small enough to be solved by
hand: the static robust value is z(static) = 9/7 ~ 1.2857, while under w = (0, 1)
the adversary solves max,,¢(o,1 —Tu3 + 2.75u, + 2, attained at s ~ 0.4688, so
that z(DDID) ~ 1.75066. The affine decision rule therefore matches the optimal
value of Problem (DDID) on this instance to four decimals, while remaining a
restriction of it. We then solve the K-adaptability formulation of Vayanos et al.
(2026) for K € {1,...,5}, imposing a time limit of 300 seconds for each run. Table 1
reports, for each value of K, the objective value of the best feasible point found at
termination, the corresponding relative optimality gap, and the total computation
time.

TABLE 1. Empirical results for the K-adaptability approach on the
fractional knapsack toy example.

K | Obj. Val. Opt. Gap (%) Time (s)

1 1.284 0.00 0.45
2 1.667 0.00 0.64
3 > 1.727 9.60 300
4 > 1.743 59.04 300
) > 1.748 71.61 300

Because selecting K = 1 reduces the problem to its static robust counterpart,
no benefit from information discovery can be realized: the objective value does
not depend on w, so every discovery decision is optimal and we report w = (0,0).
For every K > 1, however, the computed solution is w = (0,1); querying item 1
instead gives the same worst-case value, so on this instance either query is optimal.
Increasing K improves the quality of the K-adaptability approximation, but the
computational burden grows rapidly. No run with K > 3 is solved to optimality
within the 300-second time limit; at K = 3 the remaining gap is still 9.60%, and it
reaches 59.04% and 71.61% for K = 4 and K = 5, respectively. Note also that none of
the K-adaptability runs reaches the value 1.7507 returned by Problem (DDID-LDR)
in 0.68 seconds: the best bound, at K = 5, is > 1.748 after 300 seconds.

We finally stress that the objective values produced by Problem (DDID-LDR) and
by the K-adaptability formulation are not directly comparable. The two approaches
restrict the recourse policy in fundamentally different ways: Problem (DDID-LDR)
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restricts recourse decisions to affine functions of the revealed uncertainty, whereas K-
adaptability restricts them to a finite set of K candidate policies. Consequently, the
values reported by the two formulations correspond to different approximations of
the original DDID problem. Hence, differences between their objective values reflect
differences between the two approximations and do not, by themselves, indicate
that one method has identified a better discovery decision. In the next section, we
evaluate the discovery decisions returned by both methods on random instances via
sampling, following Section 3.3.

4.1.4. Random instances. We now extend the comparison to four randomly generated
instances of increasing size, with n = 2,4,6,8. For each instance, we draw p; ~
Ul2,5], 5 ~ U[L3], p; ~ U[1,5] and §; ~ U[L,4], and set C = >_,5;. The
uncertainty budget is fixed to I' = 1 and the discovery budget is ¢ = 1.

We compare the discovery decisions returned by Problem (DDID-LDR) and the
K-adaptability approach using the sampling procedure introduced in Section 3.3,
with k£ = 2000 scenarios drawn from =Zp. Table 2 reports, for each instance size and
method, from left to right, the objective value returned by the respectlve method,
the sampled ex-post value <I> the resulting approximate value of discovery VOD and
the computation time. Each run was executed with a time limit of 120 seconds.

TABLE 2. Empirical results for Problem (DDID-LDR) and the K-
adaptability approach on four randomly generated instances of the
fractional knapsack problem. With K = 1 a single recourse plan is
chosen before anything is revealed, so the K-adaptability objective
does not depend on w; we therefore report the static robust value
in those rows.

n ‘ Method Obj. Val. & VoD (%) Time (s)
(DDID-LDR) 4.9984  4.9984 4.45 0.08
9 K=1 4.7808  4.7854 0.00 0.03
K=2 >4.9971  4.9987 4.46 120
K=3 >4.9986  4.9984 4.45 120
(DDID-LDR) 7.7087  7.7086 4.82 0.11
4 K=1 7.3473  7.3543 0.00 0.17
K=2 > 7.6900  7.7442 5.30 120
K=3 > 7.7299  7.7442 5.30 120
(DDID-LDR) 15.6269 15.6272 2.71 2.18
6 K=1 15.2003 15.2154 0.00 0.86
K=2 > 15.7097 15.7184 3.31 120
K=3 > 15.7166 15.7184 3.31 120
(DDID-LDR)  22.5030 22.5935 0.74 0.82
8 K=1 22.4149 22.4270 0.00 0.33
K=2 > 22.7299 22.7857 1.60 120
K=3 > 22.7299 22.7857 1.60 120

Both approaches capture most of the value of information discovery relative to
the static solution, and the discovery decisions they return are of comparable quality.
For n = 2 the two approaches select the same item and attain the same sampled
ex-post value. For n = 4, 6 and 8 they select different items, and the decisions
returned by K-adaptability with K > 2 attain a slightly higher sampled value than
those returned by Problem (DDID-LDR): 7.7442 against 7.7086 for n =4, 15.7184
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against 15.6272 for n = 6, and 22.7857 against 22.5935 for n = 8, i.e., differences of
0.46%, 0.58% and 0.85%, respectively. These gaps are small in absolute terms, but
they are systematic and grow mildly with the instance size, so the richer recourse
structure of K-adaptability does translate into marginally better discovery decisions
here. The comparison must, however, be read together with the computation times
reported in the same table.

The main difference between the two approaches is computational. Prob-
lem (DDID-LDR) is solved to optimality for all four instances in at most 2.18
seconds, and in less than one second for three of them. By contrast, none of the
K-adaptability runs with K > 2 is solved to optimality: all of them reach the 120-
second limit without closing the optimality gap. The marginally better discovery
decisions of K-adaptability are therefore obtained at a cost that is two to three
orders of magnitude higher, and they come without any optimality guarantee, since
the corresponding runs are interrupted by the time limit.

Overall, the experiments indicate a clear trade-off. Increasing K enriches the
recourse flexibility of the K-adaptability formulation and can yield slightly better
discovery decisions, but exploiting this flexibility becomes increasingly difficult as the
corresponding formulations become harder to solve, and none of the runs with K > 2
terminates within the time limit. Problem (DDID-LDR), in contrast, is solved to
optimality in seconds and recovers most of the value of information discovery, losing
under one percent of the ex-post value on the considered instances. This supports the
use of the affine-decision-rule formulation as a computationally attractive approxima-
tion for robust optimization problems with decision-dependent information discovery,
in particular when the number of items makes the K-adaptability reformulation
impractical.

4.2. Facility Location Problem.

4.2.1. Problem Definition. We consider a capacitated facility location problem with
n facilities and m customers, in which customer demands are uncertain and may be
partially revealed before the allocation decisions are made. Opening facility ¢ incurs
a fixed cost f; and provides capacity C;, while ¢;; denotes the unit transportation
cost from facility ¢ to customer j. For each customer j, let d}- and cfj denote the
nominal demand and its maximum deviation, respectively, and define d;(&) =
dj + cijfj. The uncertain parameters belong to the budgeted uncertainty set =r :=
{£ €1]0,1]™: ||€|lx < T}, while at most ¢ customer demands may be queried, i.e.,
W im {w e {0,1}" ull; < q}.

Given first-stage decisions = € {0,1}™ and w € W, together with the revealed
parameter vector u, the remaining robust allocation problem reads

min yo
Yo,y

s.t. Zfzml + Z Ztijdj(ﬁ)yij <o, foreach¢eZ,(w,p),
i=1

i=1 j=1

Zdj(ﬁ)yij < Ciz;, i=1,...,n, for each { € =, (w, pn),
j=1

n
Zylj217 j:17"'7m7
i=1

0<y<L

Here, z; indicates whether facility 7 is opened and y;; denotes the fraction of the
demand of customer j served by facility ¢. Hence, denoting by Y (w, x, i) the feasible
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region of the above problem, the overall DDID problem reads

min sup min 0-
z€{0,1}", weW pesr (Yo,y)EV(w,a,um)

Thus, the first-stage decisions determine both which facilities are opened and
which customer demands are queried, while the allocation decisions are adjusted
after the selected demands have been revealed.

4.2.2. Instance Generation. We generate random instances using parameter ranges
taken from Zeng and Zhao (2013) in the context of two-stage robust optimization.
Nominal demands are sampled as &j ~ U[10,500], while the corresponding deviations
are defined as cfj = a;d; with a; ~ U[0.1,0.5]. Facility opening costs, capacities,
and transportation costs are sampled as f; ~ U[100, 1000], C; ~ U[200, 700], and
t;; ~ UJ1,1000], respectively. Since this procedure may generate instances that
are infeasible under the worst-case demand realization, we rescale all capacities by
a common factor whenever necessary so that the total available capacity exceeds
the total demand at £ = 1 by 5%. We consider different instance sizes (n,m) €
{(4,4),(5,5),(6,6)} and generate 10 instances for each size. For each instance, the
uncertainty budget I" ranges over all integer values in {1,...,m}. Note that the
case I' = m corresponds to the full box uncertainty set, beyond which increasing I"
has no effect. Finally, since the discovery budget has no analogue in the reference
model of Zeng and Zhao (2013), we set ¢ = [m/2], allowing approximately half of
the customer demands to be investigated.

4.2.3. Numerical Results. In this section, we evaluate the solutions returned by
Problem (DDID-LDR) using the sampling estimator introduced in Section 3.3, with
k = 500 scenarios drawn uniformly from Zr. For each instance size and uncertainty
budget, the same pool is used for every instance, so that the reported values are
directly comparable.

Table 3 contains the main outcome of our experiments. For each instance size
and uncertainty budget I', from left to right, we report the number of instances
solved to optimality within the time limit, the approximate value of discovery \70\D,
the average computation time, the shifted geometric means of the time spent on
the master problem and on the separation problems, and the average number of
cutting-plane iterations. Each run is executed with a time limit of 180 seconds. The
reported averages are computed over the instances solved to optimality.

First, we see that the approximate value of discovery decreases consistently as
the uncertainty budget I' increases. This pattern is visible across all instance sizes.
For (4,4), VoD falls from 7.21% at T' = 1 to 0.32% at T’ = 4, while for (5,5) it
decreases from 9.12% to 1.11% as T" increases from 1 to 5: as I’ grows, a larger
number of customer demands may deviate simultaneously, so the information gained
by observing a subset of them becomes less valuable.

Second, the uncertainty budget also has a substantial impact on computational
time. This effect is particularly visible for the (6,6) instances. Increasing I' from
2 to 5 raises the average computation time from 5.97 to 128.38 seconds and the
average number of cutting-plane iterations from 37.2 to 160.0. At I" = 5, only four
out of ten instances are solved within the 180-second time limit, while at I' = 6
none of the instances is solved within the prescribed time.

The last two columns show where this effort is spent. The separation problems
remain cheap throughout: on the (6,6) instances their shifted geometric mean grows
only from 0.68 to 2.24 seconds as I' goes from 2 to 5, because each subproblem keeps
the same small size regardless of I'. The time spent solving the master problem,
by contrast, grows from 3.45 to 119.71 seconds over the same range. Its share of
the total time increases steadily with I': master solves remain a minority of the
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TABLE 3. Empirical results for Problem (DDID-LDR) on the fa-
cility location instances. Columns “Master” and “Sep.” report the
shifted geometric mean (shift 0.01 s) of the time spent by the solver
on the master problem and on the separation problems, respectively;
note that these two columns use a different averaging scheme than
the “Time” column, so they are not directly additive.

(n,m) I' # Solved VoD (%) Time (s) Master (s) Sep. (s) # Iter.
(44),q=2 1 10/10 7.21 0.27 0.03 0.09 12.1
2 10/10 3.86 0.53 0.15 0.12 18.5
3 10/10 1.51 1.11 0.60 0.16 26.6
4 10/10 0.32 1.91 1.17 0.18 38.8
(5,5),¢g=3 1 10/10 9.12 0.79 0.11 0.22 15.9
2 10/10 7.60 2.56 1.35 0.48 29.6
3 10/10 4.20 4.40 2.76 0.44 36.7
4 10/10 2.03 14.84 11.81 0.78 83.0
5 10/10 1.11 27.73 24.34 0.97 121.6
(6,6),g=3 1 10/10 6.92 0.90 0.13 0.24 16.1
2 10/10 5.51 5.97 3.45 0.68 37.2
3 10/10 3.29 15.47 11.44 0.79 49.3
4 10/10 1.85 48.94 41.92 1.40 106.0
5 4/10 1.39 128.38 119.71 2.24 160.0
6 0/10 - - - - -

total time at I' = 1 for all three instance sizes, and additionally at I' = 2 for the
(4,4) instances, but become the majority of the total time from I' = 2 onward for
(5,5) and (6,6), and from I = 3 onward for (4,4). The bottleneck is therefore the
master problem: as cuts accumulate, the mixed-integer program solved at each
iteration becomes progressively harder, and larger uncertainty budgets require more
cuts before termination. We also note that the columns “Master (s)” and “Sep. (s)”
report shifted geometric means while “Time (s)” reports an arithmetic mean, so
their sum need not equal the total even before accounting for solver overhead; the
remaining gap is the cost of building the separation models in JuMP. At I' =4 on
the (6,6) instances, for instance, each iteration solves 85 separation subproblems
(one objective, six capacity, six demand, and 36 each of upper- and lower-bound
separations), so an average run of 106 iterations builds around 9,000 such models.

5. CONCLUSION

In this paper, we studied robust optimization problems with decision-dependent
information discovery under polyhedral uncertainty and continuous recourse. Our
results give structural properties of this problem class and show that affine decision
rules provide a practical approximation despite the difficulty of the resulting separa-
tion problems. The computational experiments further indicate that the proposed
approach can produce discovery decisions of comparable quality to those obtained
with K-adaptability, while requiring substantially less computational effort on the
considered instances.

A natural direction for future research is the development of exact solution
methods for Problem (DDID). In particular, it would be interesting to investigate
whether decomposition or scenario-generation techniques can be designed to solve
the original DDID problem without restricting the recourse policy to linear decision
rules.
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APPENDIX A. K-ADAPTABILITY REFORMULATION OF THE FRACTIONAL KNAPSACK

We instantiate the K-adaptability model of Vayanos et al. (2026, Theorem 4)
on the knapsack problem of Section 4.1. In that model, each policy k € [K] :=
{1,..., K} comes with its own copy &* of the uncertain vector. We add a constant
coordinate to that vector, writing £ = (&, ...,&,) with {§o =1, so that n =n+1,
and we let w := (0, wy, ..., w,), since the constant coordinate is never queried. The
augmented counterpart of Zr is then written as {f e R A¢ < 7"}, where we keep
the nonnegativity constraints as rows of A, which therefore has R := 2n + 3 rows.

Our instance has no first-stage variable x, and w appears neither in the objective
nor in the capacity constraint. What is left of the data is

D1
Pi= N CH@Y) = (C =gk - —sayk),
D
plus the recourse row 5'. Indeed, (€¥)T Py* = — > (p; — pi£F)yF holds; note that
the minus sign turns the profit maximization into a minimization as used by Vayanos
et al. (2026). Further, we have that 5" y* < H(y"*)¢* models the capacity constraint
“37i(5i + 8:&F)yF < €. Here the uncertain weights have been moved into H, as
detailed in Remark 4 of Vayanos et al. (2026) which makes H depend on y*.

Each vector ¢ tells us, for every plan k, whether that plan is feasible (¢, = 0)
or which constraint it violates (¢, # 0). We have a single second-stage constraint,
so £:={0,1}", with £, = {1} and 0L = £\ {1}. For £ € 9L, we let Ag(f) :=
{,u € Rf: 1Tpu=1, pp =0Vk: £}, # 0}. Finally, we bound all dual variables by a


https://doi.org/10.5802/ojmo.33
https://doi.org/10.1287/ijoc.2023.0290
https://doi.org/10.1016/J.DISOPT.2017.09.004
https://doi.org/10.1016/j.disopt.2017.09.004
https://doi.org/10.48550/arXiv.2608.21574
https://doi.org/10.1007/978-3-642-02431-3
https://doi.org/10.1137/0203021
https://doi.org/10.1287/mnsc.2021.00160
https://doi.org/10.1016/j.orl.2013.05.003

REFERENCES 19

constant M > 0. Given a scalar € > 0, the program reads

min T

st. weW, TeR, y* 0,1, ke K],
all) € [0,ME, ~(0) € [0, M), tecL,
ok (0) € [0, MR, n¥(0) € [-M, M|"*', ke [K], LeL,
Bgr(0) e[0,M], kelK], {€dL,
w(t) € Ag(0), LedL,
ATa(t)= Y won*(t), tecL,

ke[K]
ol (0) = H(y*) " B*(0) + won" () = m(0) Py*, €L, k: lx =0,

AT 0+ Hy") (0 +@on*(0) = () Py*, L€ DL, ki #0,

rzr (a0 + Y b)) - Y (5Ty)B40)

k)E[K} k4, =0
+ > T —n0, teoc,
k0,0

ATa™ (1) + H(y*) "y(1) + @ on*(1) =0, ke [K],

rt (a(l) + Z Oék(1>) + Z (87" —e)w(1) < 1.

ke[K] ke[K]

The products between @ and 7*(¢) have a binary factor and are therefore handled
exactly by McCormick inequalities. However, the remaining products involve two
continuous factors. Since our recourse variables are continuous, the linearization
into a mixed-binary linear program discussed by Vayanos et al. (2026) after their
Theorem 4 does not apply, and the model is solved directly as a nonconvex quadrat-
ically constrained program. We use M = 10° and € = 10~ in our experiments. The
worst-case profit reported in Section 4.1 is —7*.

(Henri Lefebvre, Michael Poss) LIRMM, UNIVERSITY OF MONTPELLIER, CNRS, MONTPEL-
LIER, FRANCE

(Ugur Karabas) DEPARTMENT OF INDUSTRIAL ENGINEERING, BILKENT UNIVERSITY, ANKARA,
TURKEY

Email address: henri.lefebvre@cnrs.fr

Email address: michael.poss@lirmm.fr

Email address: ugur .karabas@ug.bilkent.edu.tr



	1. Introduction
	Contributions
	Notation

	2. Basic properties
	2.1. Relaxing downward monotonicity
	2.2. Existence of solutions
	2.3. Value of information discovery

	3. Numerical solution
	3.1. Linear decision rules and scenario generation
	3.2. NP-hardness of the row separation problem
	3.3. Assessing the objective value

	4. Numerical results
	4.1. Fractional Knapsack Problem
	4.2. Facility Location Problem

	5. Conclusion
	Acknowledgements
	References
	Appendix A. K-adaptability reformulation of the fractional knapsack

