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Multi-period distributionally robust optimization (DRO) is in general not time consistent. For a given multi-
period DRO problem with generalized moments ambiguity, we propose an Ambiguity Updating Robust
Architecture (AURA) that constructs the ambiguity set of all conditional distributions-to-go, given the
realized uncertainty. We prove that AURA is time consistent, but is more conservative than the original DRO
and is equal if and only if DRO was originally time consistent. AURA’s robust counterpart is a deterministic
dynamic program. When the support of the uncertainty is continuous, AURA contains all deterministic
distributions, thus is as conservative as parameter robustness. We term this “ambiguity collapse”. We trace
the origins of ambiguity collapse to distributions that become deterministic after some particular history
is traversed. We term these “conditionally clairvoyant” distributions. We propose a regularization of the
original DRO ambiguity set to remove such distributions; doing so allows ambiguity collapse to be avoided.

These results are illustrated using a stylized numerical experiment on a water management setting.
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1. Introduction

We consider the stochastic and robust optimization settings for optimization under uncertainty,
min Ep [c(z, w)] or min sup Eq [¢(z, w)],
x x QEM
where x are decision variables, P is the true distribution generating uncertainty w, and c¢ the cost
function to minimize. When true P is not known, its distributionally robust analogue optimizes

against a worst-case distribution Q in an ambiguity set U (Wiesemann et al. 2014), such as the
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Kullback-Leibler ( ), Wasserstein ( ), and scenario-
wise ( ) ambiguity sets. We study the multi-period problem

x4 (+)0<t<T Qeu =

T
min co(xo) +supEg [Z cy (:Bt('wl, ce W), W, . ,wt>] ,

where adaptive non-anticipative decisions «,(-) are made sequentially to ambiguities revealed over

time w; ( ). Multi-period distributionally robust optimization (DRO) can be
difficult to solve and intractable ( ). Often, optimal policies are sought
within restricted classes, such as linear decision rules (e.g. ); and under certain
assumptions, their optimality can be proven ( , ).

In many practical situations, as uncertainties materialize, they provide information about sub-
sequent uncertainties through temporal dependence. The decision-maker stands to improve subse-
quent decision quality, by focusing on only the remnant uncertainties and distributions that can

occur, given the materialized uncertainty. In this work, we examine how this can be done.

1.1. Capturing time dynamics in multi-period DRO

Capturing temporal dependence can lead to more meaningful solutions in multi-period DRO. In
early works, the ambiguity set is specified in a way that indirectly captures some dependence,
for example covariance in a moments ambiguity set ( ), or the empirical dis-
tribution in data-driven ambiguity sets. However, ambiguities over time often arise through some
underlying stochastic process or dynamics ( ). Additionally, the rise of machine
learning has allowed researchers to model ambiguity in more precise ways and this sparked the
present exploration into how this precision can be incorporated into optimization (

, ). We also see such trends in DRO, where ambiguity sets
incorporate structure from learning models ( , ), though this is still
largely confined to simpler learners. These forces motivate the search for better ways to incorporate
time dynamics in ambiguity sets.

Markov chains in Markov Decision Processes (MDPs) is one way to define time dynamics. MDPs
can be sensitive to transition probability estimates ( ), which provides justifi-
cation for incorporating robustness. ( ) study robust MDPs, by constructing
an ambiguity set of the confidence region containing the true transition probabilities. Except in
specific settings (e.g. linear quadratic control, ), MDPs or their robust ana-
logues are not necessarily tractable, leading to efforts to improve algorithmic efficiency, such as

( ) who propose deterministic lower and upper bounds on future costs and

updating them recursively. A wholly separate approach that retains generality in the structure of
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the time dynamics, while appealing to stochastic processes, is ( ). Here, the
authors examine the newsvendor context and propose an ambiguity set for the demand distribution
containing only martingales.

In these works, the ambiguity sets are defined around general models of stochastic processes, but
their tractability may not be guaranteed — at least not as tractable as the usual ambiguity sets that
do not explicitly model time dynamics. It is also unclear if they permit tractable approximations,
such as linear decision rules. Thus, the value obtained through modeling precision of the time
dynamics is not necessarily offset by costs to tractability.

To circumvent tractability limitations, an alternative approach works directly with conditional
distributions. Conditional distributions can be modeled through copulas in the DRO context (

), and is often invoked in the contextual optimization setting (

). In multi-period DRO, ( ) propose a time series ambiguity set
where the coefficients of the time series are known, but its shock terms are not. Such models are
often more tractable, however, they require precise specification of the conditional distribution.
For example, ( ) assume that the conditional distribution of the uncertainty is known
given the distribution of the shock term in the previous period. Such information is unavailable in
reality, or might lead to compound errors, where errors in estimation carry over into the definition
of the ambiguity set ( ).

In this work, we examine if ambiguity sets of conditional distributions can be constructed without
restricting the form of the conditional distributions or assuming independence. Central to our
approach is that we utilize Bayesian updating within the ambiguity set itself. Bayesian updating
does feature in the context of multi-period DRO, however, it is often applied to redefine the problem
( ), or in rolling horizon implementations where the model is optimized without

knowledge that Bayesian updating will subsequently be undertaken ( ).

1.2. Rolling horizon and time consistency

In practice, when multi-period DRO models are solved, the decision policy (-) need not be imple-
mented faithfully, but in a rolling horizon fashion ( ) — that is, only implementing
here-and-now decisions and then re-solving the problem-to-go with the resultant state, after the
uncertainty is revealed, as the initial state. Based on empirical and practical experience, this often
results in better decision quality. Here lies the problem — if one obtains a better solution by resolv-
ing the model with knowledge of the revealed uncertainty, this solution is the very certificate of
sub-optimality of the original decision. This problem is termed time consistency, i.e., does optimal

policy x(-) coincide with optimal policies of problems-to-go post-revelation of uncertainties? Time
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consistency has been studied for stochastic programs or MDPs ( , ),
mainly focusing on necessary and sufficient conditions for time consistency.

Specific to the DRO setting, a more perverse situation can occur, where the problems-to-go can
become infeasible or unbounded, despite the goal of robustness! For example,
( ) show in the inventory setting, the existence of infinitely many optimal policies that are
neither time consistent nor achieve the target inventory level, when the risk measure corresponding
to the ambiguity set lacks strict monotonicity. Rectangularity has been proposed as a sufficient
condition for time consistency ( ), and has been utilized to prove time consistency
(such as in ). Temporal independence is a special case that guarantees time
consistency, for example, in ( ), though their focus is on decision-dependence over
time, and ( ), where their proposed multistage DRO model with nested distance is
time consistent if the nominal distribution is independent in time.

There is a general recognition that characterizing the conditions for time consistency in multi-
period DRO is not easy. In this paper, we take a different approach. Instead of determining if a given
multi-period DRO problem is time consistent, we attempt to construct the smallest “completion”

of the ambiguity set that would make the DRO problem time consistent.

1.3. Contributions

In this paper, we propose a way to construct a time-consistent version of any given multi-period
DRO problem by updating the ambiguity set as uncertainty is revealed sequentially.

a) We propose the Ambiguity Updating Robust Architecture (AURA) that solves the worst-case
problem-to-go, imbued with an ambiguity updating series (LAUS) — a family of ambiguity sets
of conditional distributions that vary with revealed uncertainties of previous time periods.

b) If the ambiguity updating series is consistent with conditional distributions from the original
ambiguity set, then (i) (AURA) admits a time consistent optimal solution, (ii) this comes at
the price of poorer in-sample performance that is no larger than the conservativeness of a
parameter robust solution, and (iii) it coincides with the original DRO problem if and only if
the latter were also time consistent (Theorem 1).

¢) Under suitable Slater’s conditions, strong duality reduces the robust counterpart of (AURA)
to a deterministic dynamic program (Theorem 2).

d) When the support set of the uncertainty is continuous, (LAUS) can and often will contain all
deterministic distributions, causing (AURA) to coincide with the parameter robust model, in
a phenomenon we term “ambiguity collapse” (Theorem 3).

e) Ambiguity collapse is caused by distributions that become deterministic given some sample
path of history, which we term “conditionally clairvoyant” (CC) (Theorem 4). We argue that

CC distributions are unrealistic and guarding against them is needlessly conservative.
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f) Removing CC distributions from the ambiguity set averts collapse with a strictly positive gap
in objective values between (AURA) and the parameter robust model (Theorem 5).
g) To solve (AURA) on the new ambiguity set, we propose a discretized model, whose robust
counterpart reduces to a deterministic dynamic program under strong duality (Theorem 6).
In Section 2, we propose our model termed Ambiguity Updating Robust Architecture (AURA) and
its corresponding ambiguity updating series, illustrating its construction for a generalized moments
ambiguity set. In Section 3, we analyze how ambiguity collapse occurs in the continuous setting
and propose our fix. In Section 4, we illustrate our results on a stylized numerical experiment on

a water management problem. All proofs are deferred to Appendix A.

Notation

Let P(Z) be the set of probability measures with outcomes in Z. For a set A cZ and Pe P(Z),
we adopt the convention that when P[pe A,:] =0, P[:|pe A] =0. We use P, and P|,, to denote
the marginal and conditional distributions on random variable p and given p respectively. For a
series of vectors x,. ..,z in time, the notation  := (x1,...,2xr) collects them into a single vector.
Moreover, we use the notation x_; := (x1,...,x; 1) and similarly <, and x~; := (s, 1,...,27)
and similarly x-,. For a matrix G, G«; denotes the first ¢ columns of G. Let B.(w) denote the
open ball of radius e centered at w, with the metric implicitly assumed. conv(A), cl(A) and vol(A)

denote the convex hull, closure and volume (under the Lebesgue measure) of set A respectively.

2. Ambiguity Updating

Our multi-period setting is as follows: For times ¢t =0,...,7T, where T denotes the decision time-
window, let (z; € X; € R%)7_, denote d;-dimensional decisions, constrained within feasibility sets
X, that may be a function of uncertainties. At time ¢t = 0, decision x, is made without further
knowledge, incurring cost cy(@y). Subsequently, at the start of every time period ¢t =1,...,T,
some u;-dimensional uncertainty w, € W, € R* is revealed, then decision x; is made as a function
of manifested uncertainties wy,, incurring cost ¢;(x;; -, w<;). For notational convenience, we
suppress dependence of ¢; on past decisions x.; and uncertainty we;. Let P denote the joint

distribution of uncertainties w with joint support represented by W < ><tT=1 W;. Let

T
Jwo, e X W,, s.t. ('wgt,'w%)eW} and

T=t+1

W w_; = {fwteWt

(w<t7wt) € Wgt} )

denote the set of permissible sample paths (termed “histories”) up to time ¢ and the set of per-
missible realizations at time t for a given history w.;. We drop w.; from Wt\w<t whenever the

context is clear.
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DEFINITION 1 (NON-ANTICIPATORY POLICY). The solution x is non-anticipatory if for all time

periods t =1,...,T, decision x; := x;(w<,) is a function of the history only up to time ¢, i.e.
T (Wep, Wor) = Ty (Wep, War), YWy € Wiy, Y-, Wyt (Way, Wy ), (W, W) €W,
Thus, we represent the space of non-anticipative and feasible decision policies as
II:= {:c() ‘ x; : W<, — X, and x, is non-anticipative, V¢ =0, ... ,T}.
In a similar fashion, we let II; and Il;.7 represent the space of non-anticipative and feasible decision
policies for x; and x>, respectively.

ASSUMPTION 1. The support set W and all sets of permissible realizations W, are conver and

compact for allt=1,...,T.

AssumMPTION 2 (Relatively complete recourse). We assume relatively complete recourse, i.e.,

forall timest=1,...,T, feasible decisions x ., and histories wy;, there exists some feasible x; € X;.

The Assumptions above are commonly seen in the literature and simplify analysis of the theo-
retical content later.

We can write the nominal multi-period DRO model as follows:

T
151611;[1 co(xo) + %1;5 Eq [; Ct (mt(wgt)>] (DRO)

for some ambiguity set U of distributions that is exogenously defined by the decision-maker. We
refer to this ambiguity set U as the parent ambiguity set and (DRO) as the parent problem. For
reference, we also state the (parameter) robust optimization formulation, that optimizes against
the worst-case sample path:

T
min  ¢o(xg) + sup Z (mt Wy ) (RO)

x(-)ell weWw 1
2.1. Loss of time consistency in DRO

ExaMPLE 1. Consider the T'= 2 period setting. Suppose the parent ambiguity set is:
(w1, ws) ~Q:
U:=:2QeM(W:={0,1}*R) Eg[wy +ws] =p
Q(wy,wy)eW]=1
Suppose now, uncertainty w; = w; manifests and one wishes to solve the restricted problem on ws,
by capturing the conditional distributions of wsy | (w; = ;). This is non-trivial. The attempt

Wo ~ P
V(i p) =3 Pe MWy :={0,1},R)| Ep[w; +ws2] =p ,
]P)[’LUQ : (’Li)hwg) € W] =1
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which simply substitutes w; with @, is evidently wrong. To give a counterexample, suppose 1 <
u<2. Here, U # &, but if w; = 0 is revealed, then V(;;u) = &, since Ep[0+ we] <1 < u! In fact,
we can prove the stronger claim: Even if we use V(iq;v) where v # p and v := v(w,) € [0, 2] that
is even allowed to depend on w;, there is no such function v such that V(w;;v) contains all and

exactly all conditional distributions of ws|(w; = ;). (Proof in Appendix A.)

The issue at hand is time consistency. We adopt the following definition that is consistent with
(2021):

DEFINITION 2 (TIME CONSISTENCY). Let #,1(W<;U) and -, (W<;;U) denote the sets of all
possible conditional marginal distributions of w;,; and w-; respectively, given W, that arise from
some parent distribution in /. For every time period ¢ and history w«; € VA\/@,

i. Define the Bellman recursion:

FT<QZT;’12J) = CT(iﬂT),

Pz W) 1= co(®) + sup Equ,,, [Frr1(Tze01 Wer, wein)] . (1)
Qi+1€ Fer1 (D<)

We say that an optimal policy *(-) of (DRO) is type-I time consistent if *(-) € argmin Fy(x).
ii. Define the distributional worst-case problem-to-go by

FT(iD<T,ﬁJ<T) = min CT(:BT)a

mTGXT
B T
Ft (m<t, ’ﬁ]gt) = mln Ct (mt) + Sup EQ Z Ct/ (mt/ (wgt/)) . (2)
m?t(')ent:T Qef>t(’lil<t;u) t=t+1

We say that an optimal policy *(-) of (DRO) is type-II time consistent if, for every time

period ¢ and every history w,, its continuation policy x%,(w<,,-) is optimal for Fi(xoy,e,).

In general, optimal solutions of (DRO) are not time consistent ( ). Our explanation,
and what Example 1 shows, is because the geometry of the ambiguity set is not preserved under
conditioning. Hence, solving (1) or (2) after the uncertainties w<; have materialized often results
in stronger performance than faithfully following the optimal decision rule in (DRO) for all times
t. This is otherwise referred to as a rolling horizon implementation. As we know, Bellman recur-
sion naturally produces time-consistent policies, whereas rolling horizon provides no guarantee of
optimality. The above definitions therefore formalize time consistency from both Bellman recursion

and rolling horizon perspectives.

PROPOSITION 1 ( ( )). An optimal policy z*(-) of (DRO) is Type-I time

consistent if and only if it is Type-II time consistent.
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REMARK 1. Bellman’s Principle of Optimality works even when we sequentially take supremums
within the expectation on each time period, while (DRO) takes the supremum for the worst-case

distribution all at once. This mechanics is better illustrated in the proof of Theorem 1i. later.

Proposition 1 indicates that both definitions are equivalent when discussing about optimal poli-
cies. For convenience, we will adopt the definition of Type-I time consistency (1) since defining
uncertainties to-go as a function of past observations is more natural than defining possible pasts
conditional on given futures. Hereon, we will not differentiate which type of time consistency we
are referring to for optimal solutions. Note that there is also a set of definitions for whether the
problem (DRO) is time consistent or not — we are not concerned about that in this manuscript.

In practice, one cannot solve (1) in Definition 2 just yet, because it is unclear how to define the
ambiguity set _#;,1(w<,;) originating from the parent ambiguity set U, given revealed uncertainty
w,. Nalve attempts to update the constraint RHS’s in the ambiguity set (which often is done
in practice) can lead to disaster, as Example 1 illustrates. Avoiding this altogether, by directly
prescribing information about w; |w—; in U (such as in ), or by assuming temporal
independence, can lead to over-specification of the ambiguity beyond what the data supports or
incur estimation error. Instead, we directly tackle the problem of defining #,i(w<,), without
assuming more distributional information than available in ¢/, and return to solve (DRO), but with

knowledge of how ambiguity sets U, (w<;) are updated in subsequent problems-to-go.

2.2. Ambiguity updating robust architecture

Motivated by the definition of (1), we proposed our model, the Ambiguity Updating Robust Archi-

tecture (AURA), in the Bellman recursion form:

min Co(mo) + sup E@wl [F1 (m;l; 'LU1>] (AURA)
x(-)ell Quw, €71
st. FToy oy, wy) = Ct(wt) + sup Quyy 1 |(<c 1) [Ft+1(€17>t+1; (ﬁ]<t7wt)7wt+1)] )

th+1|(ﬁ’<t”wt>
€ Jt+1(W<t,wi)

FT(CBT;’lD<T7wT) 3=CT(513T)

where F} : 11,7 x W@ — R are the problems-to-go for optimizing decisions-to-go @(-) given prior
uncertainty manifested w_; € W<t with uncertainty-to-go w; € Wt. For notational convenience, we
shorthand Qu,_ ;jw<, as Qr41.

Critically, we aim to define a family of ambiguity sets % :={ _#1,..., _Zr}, where for all t =
1,...,T and for all w_, € W_,, then () < M(Wt,R) contain all conditional distributions of

wy|(w~; = W~;) from the parent ambiguity set U. More specifically,
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DEFINITION 3 (AMBIGUITY UPDATING SERIES). Assuming axiom of choice, the sequence of ambi-
guity sets % = {U,,...,Ur} is an ambiguity updating series, if forallt=1,...,T—1 and w¢, € We,
the ambiguity set U, 1(w<;) € P(W,,1) contains only distributions defined on w,;.

Given parent uncertainty set U, we say that, with respect to U, ambiguity updating series % is:

i. Inclusive: For all Peld, and for all t=1,...,T, for all W € W@ such that Plw, € B.(w<,)]| >

0, Ve > 0, there exists some Q;;1 € U1 (W<;) such that Q; [-] =Plw;y 1 = |w<, = W< ]; and,
ii. Traceable: For all t =1,...,T, for all W, € VAVQ, and for all Qyyq € Uy (W<, ), there exists
some P el such that Q,1[-] =Plw,1 = |we, = W<

If ambiguity updating series % is both inclusive and traceable with respect to U, we say it is ezact.

The Definition demands that the ambiguity sets in the series indeed contain marginal distribu-
tions of the uncertainties at time ¢, conditional on past revealed uncertainties w;. ‘Inclusiveness’
requires that no parent distribution that was contained in I/ was lost; while ‘traceability’ requires
that the series does not contain distributions that cannot be retraced to some parent distribution

in . Their combination mimics a ‘weak equivalence’ between parent I/ and series % .

THEOREM 1. If % is an exact ambiguity updating series for parent ambiguity set U, then
i. (DRO) < (AURA) < (RO).
it. There exists some optimal solution x*""* for (AURA) that is time consistent.
iti. There exists some optimal solution to (DRO) that is time consistent if and only if (DRO) =
(AURA).

Result i. explains that (AURA) has to pay an additional premium, bounded above by the conser-
vativeness of the parameter RO solution, because of the time consistency afforded in Result ii.. The
latter is core because (AURA) can always recover time consistent solutions, as long as it is imbued
with a suitable ambiguity updating series %, whereas there is no guarantee that (DRO) generates
an optimal solution that is time consistent. Result ii. holds essentially since (AURA) is equivalent
to the Bellman recursion form (Proposition 1), thus it must be time consistent (

). Here, note that degeneracy is expected in (AURA), since there are feasible solutions defined
on non-worst-case sample paths that do not threaten the optimality on the worst-case sample path.
Should (DRO) generate a time consistent optimal solution, then Result iii. shows that (AURA)
does no poorer. Since we will be able to solve (AURA) later, this provides a computational approach
to determining the time consistency of (DRO) that did not previously exist.

Curiously, while ‘inclusive’ and ‘traceable’ conditions in Definition 3 seems to mimic sufficient
and necessary conditions, a gap between (DRO) and (AURA) remains. To understand why, consider
the reconstruction Q*[w] = []/_, Q% _ from worst-case conditional distributions Q% _ €Uy, (<,).

wgt wgt

This need not lie in the parent set Q* ¢ I/. In fact, in the proof of Result iii., time consistency occurs
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if and only if worst-case distributions Q,_, are common across histories w;. Thus, (AURA) is pro-
tected against more distributions than (DRO). Hence, we view (AURA) as a kind of “completion”
of (DRO) under conditioning.

2.3. Constructing an ambiguity updating series
To see how an ambiguity updating series can be constructed, consider the following structure:

ASSUMPTION 3. The parent ambiguity set is a generalized moments ambiguity set
4 Eg[g(w)] =0,
U=LQeM| X RER || w~Q: , (3)
t=1 QlweWwW]=1.

with support W and constraints g(-) : W — R®.

For all times t =0,...,T7 — 1 and histories W, define the lifted ambiguity updating series (LAUS):

( w1~ Quir
/t+1 (wgt) =1 Qt+1 € M (Rut+1,R) EI]P)GZ/{ : Qt+1['] =P [wt+1 = |w<t = wSt] (4)
Qi1 [wt+1 € Wt+1|wgt] =1
T
Wy~ Qppy, IPeM <>< Rut,R> ,w~1P:

t=1

Ep [g(w)] =0
=14 Q441 e M (R"+1 R) PlweW] =1 > . (LAUS)

Plw,; € B.(w<)] >0, Ve>0
Qlwi1] =

\ P [wgt = /lb<t] J

(4) describes that ¢, (<) must contain all marginal distribution of Pef on w,,, conditional
on history w;. Notice that the distribution Plw<; = W] (or essentially Plw; € B.(w<;)] in the
continuous case) remains unobserved even if the manifestation Wy, is observed — that is the whole
point of distributional ambiguity! The key to construct an ambiguity updating series % is lifting,
specifically P e U itself. Hereon, we specifically use the notation of _#, ., (<) to refer to (LAUS).

We first note that if the parent ambiguity set U is convex and compact, then this transfers to

(LAUS) under mild conditions.

PROPOSITION 2. Suppose the parent ambiguity set U of the form (3) is convex and compact. Then

for all times t=1,...,T and histories W¢; € VAV@, the ambiguity set 7, 1(W<;) is convex.

ProprosITION 3 (LAUS is exact). (LAUS) is an exact ambiguity updating series for (3). Con-
sequently, the objective value of (AURA) wunder (LAUS) is an upper bound for that of (DRO)

under (3), and a time consistent optimal solution exists.
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(LAUS) involves a linear fractional relationship between P and Q. By leveraging fractional pro-

gramming techniques ( ), its robust counterpart can be computed:

LeEmMA 1 (Reformulation). For all times t = 0,...,7 — 1 and histories W<, € Wgt; where
Fi1(W<,) # B, the worst-case problem over the ambiguity set (LAUS) has upper bound,
sup Eq,,, [Fii1(Tpe1; War, W) ] S Dy(T2p 415 W<y),
Qiy1€ Fry1(ost)

where Dy(Xsi11; W) is defined as the problem:

~ inf o<t (5)
AWt W<t free
s.t. AP<t glw) + 07<t1 [we, = W< (6)
> Fi1(Tsi41; Wey, wig1)1 [we, = W], VweW

Prima facie, (AURA) is a distributionally robust stochastic dynamic program, which can be
very difficult to solve. However, Lemma 1 reformulates each problem-to-go F}; into a deterministic
form D;. This allows a full reformulation of (AURA). For notational convenience, let W<, refer to

the initial state, thus any variable indexed by W<, has no dependence on w.

ASSUMPTION 4 (Slater’s condition). Define
( ’thQt,HPEM(W,R),'w~P: A
Ep[g(w)] =

Plwe, 1 € B 1)] >0, Ve >0 ’
P [wgtfl =W 1, Wy = ’wt]
w —
L Q[ t] P [wstfl = wétfl]

(1) =4 QeM (Wt,R>

where a is in a small neighborhood of 0. There exists a tight and weakly closed subset of probability
ft(fvgt,l) M (Wt,R) such that 7% (W<,—1) C jt('tbgt,l) for all a close to zero. “Tight” means
that Ve > 0, there exists a compact set Wf c R“, such that Qt(W§) >1—-¢VQ, e 7.

THEOREM 2. Under Assumptions 3 and 4, for any fixed policy x(-) € X, (AURA) has strong dual:

sup  Eq,, [Fi(xz1;w1)] (7)
lee/1
= min %<0 (AURA-RC)
A0 free

s.t. ngtTg('w) +0P<1 [wg, =] > (Ct+1($t+1) + Qs < T — 1]) 1w, =],

VE=0,...,T—1,Ywe W, YweW, (8)

(AURA) reformulates into a deterministic dynamic program. Ignoring uncertainty and replacing
expectations with nominal values already requires a dynamic program to solve in general, thus in
some sense, akin to many robust optimization results, we obtained distributional robustness (and

in our case, time consistency as well) ‘for free’.
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3. Ambiguity collapse in the continuous space

There is a disparity between two settings: If W is discrete, then all is theoretically fine and while
(AURA-RC) may have a large number of constraints, there are also associated techniques to deal
with these large-scale problems, such as constraint generation. The goal of our paper is not about
the computational methods to solve dynamic programs; and we leave this discussion here.

If W is continuous, it is possible that (LAUS) may simplify, for all ¢ > 0 and for all W, € We,
into {Q e M (R¥t+1 R) ’ Q [th € WtH] = 1}, the set of all distributions that are supported on the

possible remaining trajectories Wt+1- To see how this occurs, consider the following illustration:

EXAMPLE 2 (AMBIGUITY COLLAPSE). Consider the example where W) = W, = [0, 1] and w; does
not restrict the allowed uncertainty of w,, i.e. Wg(?f}l) =W, for all w, € [0,1]. For simplicity,
consider a parent ambiguity set in the form of (3) where g(w) = (1,1)"w — 1.5 is linear. Note that
the curve g(w) = 0 must intersect the square [0,1]?, otherwise the parent ambiguity set is empty.

For any w;,ws € [0,1], consider the distribution:

¢ when w = (10, w,) " ¢ when w = (w0, w,)"
Plw]=41-¢ when w=(1,1)" or Plw]=<{1-¢ whenw=(0,0)"
0 otherwise 0 otherwise

depending on whether g(iw;,w;) <0 (former) or g(w;,ws) > 0 (latter). Regardless of w,,w, € [0, 1],

1
2(2—w1 —w2)

there always exists some ( € [0, 1] such that Ep[g(w)] = 0 (see Figure 1). Indeed, pick { =
and ¢ = m respectively (in both cases, ¢ € [0, 1]; for the former, g(w;,ws) < 0 implies w; +wq <
1.5, hence ¢ € [0,1]; for the latter, g(w;,wy) > 0 implies w; + wy > 1.5, hence ¢ € [0,1]). Under P,
wy occurs almost surely given wy, = wy, i.e. for every w, € W, there exists some parent distribution

P that yields outcome w, w.p. 1 given w; = w;. Thus, all of the one-point distributions on each

wy € Wy lies in _Z5(w1). Since #, is convex, ¢ contains all distributions supported on W.

1 1
N ’ N
U 1= <Ceo
AN C,I \‘/
N ’ RS
4
\\ II /, \\
¥ N
) ST Wy t+ Wy = 1.5 ,// ST Wi+ Wy = 1.5
N N
Wo ,I Wy /K:’/,
7
) A%
,/
’
7/
7’
7
4
0 w0, 1 0 @, 1
w1 Wy

Figure 1  How P is constructed for given history w1, if the intended wo lies below (left) or above (right) g(w) = 0.
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The result of Example 2 turns out to be more general.

DEFINITION 4. For a given parent ambiguity set U,
i. If 0 lies in the strict interior of the convex hull conv{g(w) : w € W}, then we say that U
satisfies the containment property,
ii. If for every admissible realization w; € W, the prescribed moment vector 0 is attainable by

a probability distribution over its feasible continuations, i.e.,
0 € conv {g(w, w=1) : wy =W, weW}, Vi, € Wy, 9)

then we say that U satisfies the recoverable property.

THEOREM 3 (Price of time consistency). Suppose W is a continuous space and parent ambi-
guity set U is of the generalized moments form (3). Let % :={%,...,%r} be some exact ambiguity
updating series for U. Denote the ambiguity updating series of (LAUS) by {_#1,..., Zr}. Then:
b U1 (W<t) 2 _Fii1(Wsy), for all t >0 and almost surely for all W, € Wei; and,
it. Suppose U obeys containment. Then, under (LAUS), the problems-to-go of (AURA) and
(RO) coincide at all times t =1,...,T and for all histories W<, € We,. Additionally, if U is
recoverable, we have (AURA) = (RO).

Theorem 3ii. proves that, under mild conditions of containment and recoverability, (LAUS) will
always degenerate to the set of all possible distributions, if the parent ambiguity set is a generalized
moments ambiguity set of the form (3). This means that the price of solving (AURA) is the con-
servativeness of parameter robustness. We term this “ambiguity collapse”. Generalized moments
ambiguity sets cover a very general group of ambiguity sets that we use to model practical problems
today. Together with Theorem liii., this means that if these multi-period DRO models that we
have been solving thus far are not at least as conservative as their parameter robust counterparts,
then they are certainly not time consistent. Note that we do not show the non-existence of mod-
els more conservative than (DRO), but less conservative than (AURA), that can generate a time
consistent solution. Nonetheless, Theorem 3i. guarantees that amongst exact ambiguity updating
series, where time consistency is guaranteed, (LAUS) is already the smallest construction, hence
least conservative. Later in the simulations, we will see that other methods for generating comple-
tions of the parent ambiguity set can be extremely large and needlessly conservative. Despite so,
the price of pursuing time consistency through (LAUS) is already parameter robustness.

It is worthwhile to note that the discrete setting is spared this fate — there, in our numerical
simulations later, we see that (i) the gaps between (DRO) < (AURA) < (RO) can be large; and,
(ii) the gap between (AURA) and (RO) shrinks as we increase the number of points sampled to

mimic a convergence of the discrete setting to the continuous case.
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3.1. Sufficient conditions for ambiguity collapse and its avoidance

Before proceeding, note that if (DRO) = (RO), then by Theorem 1, there is no way for (AURA),

which sits between them, to produce a different objective value. Hence, we impose

AssumpTION 5 (Positive distance). There are no single-point distributions amongst the worst-

case distributions of U for the given optimization problem (DRO). Consequently, (DRO) < (RO).

AssumPTION 6 (RO non-degeneracy). For any given time t and history W, € Wt, under the
worst-case policy x"° for the (RO) problem, its resulting problem-to-go is non-degenerate, i.e.,

there exists some w?, such that W := (W<, w*,) €W and for all W := (W<, ws;) such that

T T
Z Cy (wfo(’lbgt)) < Z Cy (wfo('lbgt)>
t=t+1 t=t+1

Assumption 6 is a further assumption to guarantee on the other side that (RO)’s worst-case
sample path is non-degenerate. Thus, this means that the worst-case distribution in (DRO) if we do
not impose any distributional constraints in parent ambiguity set ¢/ is uniquely some deterministic

distribution. This simplifies the attempt to characterize ambiguity collapse.

Theorem 3 is a tragic result in the pursuit of time-consistent solutions. While the class of general-
ized moments parent ambiguity sets is large, it is key to differentiate that not all parent ambiguity
sets might lead to ambiguity collapse under (AURA), as we will later see. This leads to an impor-
tant realization that ambiguity collapse is inherently a property of the parent ambiguity set I/, and
not of the (AURA) framework. We will also subsequently argue that there is something structurally
‘poor’ about generalized moments that do not work well, and is in fact unrealistic, in uncertainties
with genuine temporal dependence.

To achieve this, we aim to obtain sufficient conditions for ambiguity collapse and for its avoidance,

that are based on properties of the parent ambiguity set U.
DEFINITION 5. For any time ¢t =1,...,T, we say that a metric d(-,-) defined on the weak topology
of P(W,) is point distribution Lipschitz (PDL) if there exists some constant D > 0 such that

A (Gur0uy ) < D, —wi],  Vaw,,w; W, (10)
Trivially, the p-Wasserstein distance for p > 1 is PDL, since dy, ((5wt,6w£> < |wy — wy,, and all
p-norms are Lipschitz-equivalent in Euclidean space.

DEFINITION 6. Let t=1,...,T —1 be a given time. We say that a history w¢; € Wst up till time ¢,
i. Collapses U (denoted W<, || U) if the set of conditional distributions _#; 1 (W<:;U) is exactly
the set of all distributions supported on Wt+1.
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ii. Buttresses U (denoted W, 11 U) if there exists some 7 :=r(w,;) > 0 (uniform over w;; €
Wt+1), such that the set of conditional distributions _#; 1 (W<:;U) contains no neighborhood

B, (dw,,,) of any deterministic distribution on the support W1, i.e.,

Br(dwtﬂ) N /t+1(ﬁ’<t§u) =, Vw i € Wt+1,

where B, (0y,.,) :={Qe€ PWis) d(Q,0w,,,) <7} is the ball of radius » about the point

distribution 6. for any given PDL metric d(-,-).

W41
Furthermore, we say that the time t is a collapse (resp. buttress) time of U if for all W, € Wgt,
W< || U (resp. W<, 1T U). We collect all collapse and buttress times in the sets €' (i) and ZB(U)

respectively. Moreover, if €(U) = {1,...,T} contains all times, we say U is perfectly collapsible.

Definition 6i. formalizes what it means for ambiguity collapse to occur at a particular time ¢ and
on a particular sample path with revealed history w;. If every possible history w«; up till time
t can collapse parent ambiguity set I (as we have seen in Example 2), then a global collapse has
occurred and we record that time ¢ as a collapse time. The following Corollary indicates that our

definition of collapse is consistent with ambiguity collapse seen earlier in Theorem 3.

COROLLARY 1. If the generalized moments parent ambiguity sets U satisfies containment and its

constraints g(-) are continuous and finite, it is perfectly collapsible.

Definition 6ii. describes the opposite scenario where there is an absence of any deterministic
distributions in the set of conditional distributions #, 1(@W<;;U). As we shall soon see, this avoids
ambiguity collapse. The more technical point of note here is that, without stronger assumptions,
the exclusion of these deterministic distributions alone is not enough, since one may still arbitrarily
closely approach these deterministic distributions should (i) a ball around them not be excluded,
and (ii) there is no uniform minimal finite radius keeping the set of conditional distributions away

from these deterministic distributions.

THEOREM 4 (Conditions for collapse). If any given time t =1 obeys for all T = t,7 € €(U),
then the problems-to-go of (AURA) and (RO) at time t given any history W<, € W, coincide.
Additionally, if U is perfectly collapsible and satisfies the recoverable property, then (AURA)=(RO).

The key conclusion from Theorem 4 is that distributions that abruptly become deterministic
given some history or sample path, which we term “conditionally clairvoyant (CC) distributions”,
are the culprits behind ambiguity collapse. In a sense, CC distributions are highly unlikely in reality
— uncertainties never ever completely vanish after some time, even without the intervention of deci-
sions. Hence, to plan against such distributions is to be needlessly conservative in practice. What

is interesting is that many common ambiguity sets, such as the generalized moments ambiguity
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set of form (3), do not exclude CC distributions by construct, thus leading to ambiguity collapse.
Critically, CC distributions are also those that play a role in the time consistency of (DRO), since
they cause (AURA) = (RO), yet without considering conditioning, we retain (DRO) < (AURA).

The concept of buttressing histories provides a way forward to address this issue — simply exclude
these CC or ‘near’-CC distributions that would land in this ball around a deterministic distribution.

This can be done for any given parent ambiguity set and we imminently present a way to do this.

3.2. Avoiding collapse through removal of CC distributions
A possible approach to removing CC distributions is through requiring density continuity.

DEFINITION 7 (CVD-REGULARIZED AMBIGUITY). For a given parent ambiguity set U, with gen-
eralized moments, define its continuously varying distributed (CVD )-reqularized ambiguity set with
given parameter L >0 as
. Er [g(w)] =0,
U*(L) =< PeM <>< R“ﬁR) w~P:  |pp(w) —pp(w)|<L|jw—-w|, Yw,weW, ;,

t=1

PlweW]=1.
(11)

where pp is the density function of P with respect to the Lebesgue measure.

The critical addition is the (Lipschitz) continuity requirement that prohibits the distribution
from varying too wildly across nearby uncertainties. By definition, since CC distributions become
deterministic given some history, therefore, about that history, their density cannot possibly be
Lipschitz continuous. We will imminently prove this mathematically. We have termed this CVD-
regularization, as we are pruning the parent ambiguity set U, so that it is well-behaved and devoid
of pathological exceptions, much like the concept of regularization in machine learning.

An alternative explanation for the continuity requirement is as follows. Distributions that vary
wildly within a small neighbourhood of points describe immense sensitivity, and therefore instabil-
ity, of the likelihood to specific uncertainties. These unstable distributions decrease the usefulness
of the propagation of information over time — a slight measurement error in the uncertainty can lead
to vastly different outcomes, which would ultimately require the decision-maker to be extremely
conservative despite knowing the present manifestation of the uncertainty. This interpretation is
consistent with the broader literature of how conditional distributions are handled in uncertain
contexts (for example, , who employed the notion of trimmings to
avert the issue of degeneracy of the event w¢; = W«;).

We show that CVD-regularization fixes the problem of collapse, i.e., for a well-chosen Lipschitz
parameter L, the regularized U*(L) has a non-empty set of buttress times Z(U* (L)) # &, and this
leads to a positive bound between the difference in objective values of (AURA) and (RO).
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DEFINITION 8. For given € € R” and € (0,1)7, we say that the support set W is (g,n)-dispersed,
if for all times t=1,...,T,

vol (Bst (wip1) N Wt+1(ﬁ7<t)>

sup - <l-—mn,. (12)
IbthV}@t VOI (Wt+1(,ﬁ]<t)>
wi1€EWE41

This is a technical definition to ensure that set of permissible realizations WtH does not con-

centrate only at any particular point w; ;.
THEOREM 5. Suppose W is (e,m)-dispersed. Define
w~P, 3w, € Wey, Jwyy 1 € Wiy :
Dy :=Dy(er, ) =< Pel| Plw, eB. ()] >0, Ve>0 and

P [BEt (thrl) | Wgt = ﬁ’gt] =1-—mn,
[pp(w) — pp(w’)]

L.(e = Inf
) = e SR, T —w]
w;é'w'

Then,

i. Li(es,me) >0 for all times t; and,
it. For all times t where L(g;,m;) > L, for all of its histories W<, € Wst,

a) W, MTU*(L), hence te BU*(L)) is a buttress time; and,

b) The objective gap between the problems-to-go of (AURA) and (RO) is at least

Fi (e, wiyy) — sup Eo[FAT™ (Wer, wir1)] = 0D (W<i, 1) >0, (13)
Qe Fry1(w<estd* (L))
where

B . RO (5 * RO [ A
Ai(Waryer) = FiG (W<, W)y ) — Jmax. FG (<, wy 1),
wi41EWr41\Bey (W, 1)

is the gap of (RO) excluding worst-case continuation wf , and its neighbourhood. More-
over, Ay(W, ) > 0.
Consequently, if L is chosen such that L < max; Li(es, 1), then Z(U*(L)) # &, and (AURA) <
(RO). If L is chosen such that L < min, L,(e4, 1), then all problems-to-go of (AURA) achieve
strictly smaller objective than that of (RO) at any time t and any history W<, € Wgt.

Theorem 5 shows that CVD-regularization can indeed avoid ambiguity collapse. This can be

done in a *

‘weak” fashion by choosing L < max; L;(€;,7;) and only guaranteeing that some time
period avoids collapse; or in a “strong” fashion by choosing L < min; L;(e;,7;), where collapse is
avoided at every time and under every possible history realized, with the certified gap of at least
n:A;. Note that we will not lose time consistency, because we will still apply (AURA) upon U*(L),

treating it like a new parent ambiguity set, thereby reaping the guarantees from Theorem 1ii..
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3.3. Computational approach, reformulation and tractability

Solving (DRO) with (11) as its ambiguity set is non-trivial, much less (AURA). To avert this, we

propose a discretized approximation for the Lipschitz constraint in (11):

dP(w) — | dP(w)

Bk Ek

<L-D(By,B)), Vk=1,...,K, (14)

Here ((Bk,ﬁk)le) are pairs of bounded sets used to discretize the uncertainty space W. Then
D(-,-) defines a distance measure between two sets. Notice that if the size of the sets shrinks
to 0, then we will recover |p(w)—p(w’)| < L |w — w’|. For convenience, we choose the following

distance metric:

D(B, B):= W,(U[B],U[B]),

where Wi (+,-) is the 1-Wasserstein metric between two distributions and U[B] is the uniform dis-
tribution over the set B. In Appendix A.12, we present the result that this indeed defines a pseudo
metric. This is deliberately chosen as opposed to the more usual D(By, B,) = infaep yep || — yl|,
so as to ensure that even if B n B # &, D(By, B,) can still be non-zero. With this approximation,

we formally propose the discretized CVD-regularized ambiguity set:

( w~P: )
T Ep [g(w)] =0,
UNVP(L) = PeM(XR“t,R) B >
t=1 J ]P’(d'w)—f P(dw)| < L-D(By,B,), k=1,... K,
Bk Ek
L PlweW]=1.

(CVD)

PROPOSITION 4. Suppose the discretized CVD-regularized (DRO) ambiguity set obeys Slater’s con-
dition (Assumption 7), then for any fized policy x(-) € X, it has the strong dual:

T
sup Z iDt 'w<t
Pet/CVD(L) t=1
K

= min ;ﬂrp,c -L-D(By,B,)
0,X free
T
s.t. +9+Z [w e By] —l[weB ,ok—plC Z (i (wey)) YweW

where p, p are the dual variables corresponding to the CVD constraints.

Under (CVD) as the parent ambiguity set, both (DRO) and (AURA) can be reformulated and
the latter’s dual possesses a similar structure as before in Theorem 2. For brevity, we present the

specific Slater’s conditions for both models in Appendix A.13.
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THEOREM 6. Under Assumption 7, for any fized policy x(-) € X, (AURA) under (CVD) has the

strong dual:

sup Ko, [Fi(@=1;w1)]

le €Uy
= min ge=o (Cont-RC)
p,p=0
A,0,m free
st AP0 g(w) + 09<0 > ¢y (@) + O @<0wD) Ywe W

K
ey | e > P i i<
A=t g(w) +n*<t + Z (1 ['wEBk] - 1['“7651@]) (P P, <t)
k=1
+ aﬁjgt 1 [wét = ﬁ’gt] = (Ct+1($t+1) + a(ﬁjgt’th)l[t <T- 1]) 1 [wst = ﬁ’st] 5

Vi=1,....,T—1,Ywe W, Vive W,

D=

_ W<t _
n

(P +p,) - L-D(By,B,) >0, Vi=1,...T—1,VYweW,.

k=1

where p, p are the dual variables corresponding to the CVD constraints.

Theorem 6 states that, like with Theorem 2, (AURA) under (CVD) has a robust counterpart
that is a deterministic dynamic program. The proof mirrors that of the latter and is omitted, with

the intermediate one-stage reformulation, akin to Lemma 1, presented in Appendix A.13.

4. Numerical Experiments

We demonstrate the proposed models and derived results using the example of multi-period water
management, where rainfall and demand manifests at every time period and is related across time.

Here, we shall present two settings, where the uncertainty is discrete or continuous.

4.1. Water management problem

In the water management problem, the decision-maker optimizes production and transfer of water
between water bodies and water types, namely rainwater and potable water (that is safe for drink-
ing), to satisfy water demand and minimize the chance of floods (the volume of water exceeding the
capacity of any water body). The system contains different water bodies and production facilities
represented by nodes and a network of pipes adjoining them represented by edges. These include:
1. Water bodies: Nodes v that hold a certain amount of water (of different types); its state at
the end of any time period ¢ is represented as s!. They have fixed lower and upper capacities ¢,

and k, respectively. A flooding event occurs whenever the state of the water body at the end

of the time period exceeds the upper capacity s! > k,; while a drought event occurs whenever

the state falls below the lower capacity s! < ,. For all water bodies, note that it is possible

for the throughput of water to exceed the actual capacity of the water body without resulting

in a flooding event.
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(a) Reservoirs: Denoted by index r € R, the set of all reservoirs, these are water bodies that
hold s! amount of rainwater that is untreated and unsafe for drinking, and receive an
uncertain amount of rain w! at every time period ¢.

(b) Tanks: Denoted by index h e H, the set of all tanks, these are water bodies that hold s},
amount of potable water and are used to serve an uncertain amount of demand wj}, for

potable water at every time period ¢.

. Production facilities: Nodes v that do not have any storage capacity (thus, have no associ-

ated state), but instead transform water from a water body into another type and released into

another water body. They all have maximum production capacities 7,,. The cost of production

¢! is modeled as throughput, i.e. on the cost of flows in and out of these facilities.

v

(a) Treatment plants: Denoted by index p € P, the set of all treatment plants, these are plants

that transform a quantity of rainwater a;fﬂ}p from a reservoir r into an equivalent quantity

t

of potable water x;, , =

xfm to a tank h at time period ¢, that is to be decided.
(b) Desalination plants: Denoted by index d € D, the set of all desalination plants, these are

plants that transform a quantity of seawater zj , from the external node v = 0 into an
equivalent quantity of rainwater zj;, = x{ ; to a reservoir r at time period ¢, that is to be

decided. It is customary to dilute desalinated water with rainwater in practice.

3. External node: We model a sink/source node for convenience and label it vertex v = 0.

Figure 2 Water bodies (boxes; gray arrows represent decisions and blue arrows represent uncertainties) and

production facilities (ovals; gray arrows represent decisions).

Rainfall Reservoir Rainwater
Potable Tank Consumption
water an (demand)

. Treatment Potable
Rainwater
plant water
Seawater Desalination .
Rainwater
(external) plant

Nodes are connected via a series of pipes, which could be bi- or uni-directional, represented as

directed edges (m,n) e & from node m to node n. Some edges represent uncertainties w, such as

rainfall and water consumption (demand), while the rest represent decision variables x

t
m,n?

flows

from node m to node n at time ¢. Floods or droughts can occur, and the system is not a closed
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system. However, to guarantee complete recourse, we allow all water bodies to flow to and from

the sink/source node v =0, with infinite capacity and at very high costs.

4.1.1. Sequence of events. Our planning horizon has T' periods, denoted 7 = {1,...,T}.

t—1
v

Each period has two stages. At the start of period ¢, water bodies v possess a state s~ of water.

Before uncertainties in that period w; materialize, the decision-maker makes here-and-now deci-

sions on flows, denoted x>

m,n’

from node m to node n at the period ¢. Let £~ < £ denote the set
of all edges involved in here-and-now (first-stage) decisions. These decisions have upper capacity
K, and unit cost c};".
1. Production: Flows incident to a production facility are decided, =}, and x5 for allve PuD
and (m,v), (v,n) € €. Production is committed ahead of the uncertainties as it takes time.
2. Transfer: Flows between reservoirs and between reservoir and the source/sink node are decided,
zh for me R, ne R u {0}, (m,n)e . Large volumes of water transfer take time.

After this, uncertainties in rainfall w! and consumption demand w}, realize. The decision-maker

t,—
m,n

reacts through additional highly capacitated K, and expensive c transfers between nodes,

n
denoted as ;7. The set of edges involved in these recourse decisions is denoted £~ < €.
1. Balancing: Last minute balancing between reservoirs and between reservoir and the source/
sink node is conducted, z;7, for me R, ne R u {0}, (m,n) e ™. The allowed water volume
is limited, K, « K, , and the cost is pricier than here-and-now decisions, ;7 > cl;7,.

2. Flooding events: To maintain complete recourse, we permit flooding events, modelled by

separate edges from any water body v € R U C to the sink/source node 0, xi? They have
unlimited capacity and incur astronomical costs ci”g’ » 0 to discourage its occurrence.

3. Drought events: Similarly, we permit drought events, modelled by separate edges from the

sink /source node 0 to any water body ve R uC, xé’:, representing a last recourse injection
of water. They also have unlimited capacity and incur astronomical costs 03’; » 0.
At the end of the time period ¢, the new state of all water bodies s, ve R uC is updated:
sh=stTb D abn = D akn D ahn = Y ah whlery — whljen-
(m,v)eE (v,n)eE (m,v)eE (v,n)eE
In the simulations, we record if any flooding or drought event has occurred (if their decision variables
are non-zero). Table 2 in Appendix B.1 summarizes the notation. To ensure non-anticipativeness,
first-stage ™~ are a function of uncertainties only in the previous time periods w.;, whereas
second-stage & can be a function of uncertainties including in that time period wy;. In total,
the uncertainty has dimensions w € RTURI*I*)  comprising rainfall into each reservoir r € R and

demand for water from each tank h e H, for every time period te 7.
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4.1.2. Optimization formulations. The sequence of events leads to the following nominal

stochastic optimization formulation for the water management problem (WMP):

T
min Eq Z (ct’“Tmt’“(wd) + ct’“Ta:t‘“(wgt)) (WMP)
2= () () <
s.t. Z Ty < Ty, VvePuD,teT (15)
(v,n)e€
Z T, = Z T, VpeP,teT (16)
(m,p)e€ (p,n)eE
Ly <sh + Z T — Z Ty + Z z) (17)
(m,v)eE (v,m)eE (i,v)e€
— Z 2,7+ W lery — Whlpeny < Ko, VveRUH,teT
(v,j)eg™
0<az, <K, V(m,n)e&T,teT (18)
0<az, <K, V(m,n)eE teT (19)

Here, the objective comprises the costs incurred in every time period, with contributions from
the here-and-now and recourse decisions respectively. There are no costs incurred directly by the
state of the system at the end of time period s’ or explicitly as a function of the uncertainties.
Constraint (15) limits the maximum production capacity of production facilities and (16) ensures
that inflow and outflow at these facilities are balanced. (17) contains the final state of a water body
within its upper and lower capacity limits. Finally, (18) and (19) constrain the capacities on the
flows for the here-and-now and recourse decisions respectively.

To set up the robust optimization formulation, we use the parent ambiguity set:
Eq [Gw] < p,
QweW] =1. } '
For narrative brevity, the corresponding (WMP-DRO) and (WMP-RO) versions are provided in

U= {QEM (RT(W{H\'HD,R) w~Q (20)

Appendix B.2. Here, G € R?*TURIFH) ig a given matrix of coefficients and g € R? is the constraint
vector, where b represents the number of constraints imposed. This induces the following models.
For brevity, when we say that a model is solved in rolling horizon fashion, we mean that its corre-
sponding problem-to-go is re-optimized at each stage using the present state as initial conditions,
and only first-stage decisions are implemented.
i. RO: We solve (WMP-RO) with support set W. It is implemented both as a static model and
updated in rolling-horizon fashion.

ii. DRO: We solve (WMP-DRO) under ambiguity set (20). It is implemented staticly (i.e., deci-
@m“(-) and 7 (+) are implemented with no updating or resolving), or with naive updat-
ing. Without time consistency guarantees, a rolling-horizon implementation requires updating
(20), by updating the right-hand side of the distributional constraint, to obtain ambiguity set

ws, ~Q:

Z;L(wd) ={QeM (R(T—t+1)(\R\+\C\)’R) Eo [Gsiws,] < poy:= p— G_,_,+¢ , (21)

Qws,: (Woy,ws,) W] =1.
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where p — é<tﬁJ<t is the expected value-to-go of the constraint and e loosens the constraint.
When ¢ is small, Z/L(lb<t) = ¥ possibly for particular histories w_,. This can occur despite

—

complete recourse where decisions = and x ™ are always feasible, whereupon we term it
“infeasibility” . Z/L(’lf)<t) can be made nonempty for € large enough, though at the cost of
additional conservativeness. Specifically, we will use €€ {0,0.2,0.4,0.6,0.8,1}.

ili. AURA: (AURA) is always solved under the ambiguity updating series (LAUS) induced by

parent ambiguity set (20), and always implemented in rolling-horizon fashion.

CVD-regularization is always implemented on the parent ambiguity set (20),

w~Q: A
Eg [Gw] < p,
UYP(L):={ QeM (RT(\RH\C\)’R) _ (22)
J* P(dw)—f P(dw)|<L-D(B,,B,),k=1,..., K,
QlweW]= 1.7’

For details on how sets (By, B,) are chosen, please refer to Appendix B.3.2. When discussing
CVD-regularization, we will only be comparing AURA against DRO(static) (both solved under
UYP(L)) and RO (which is unaffected by CVD-regularization). It is unclear how to update CVD-

regularized DRO under rolling horizon, so we do not test it.

4.1.3. Experimental set-up. For simplicity, we consider a simple water network with 2
reservoirs, 1 treatment plant, 1 desalination plant and 1 tank. Figure 9 in Appendix B.1 illustrates
how these nodes are connected and the edges that are active in the here-and-now decisions before
uncertainties materialize £~ and in the recourse decisions after uncertainties materialize £7. For
simplicity, we consider T' = 2 in this illustration, hence it is a two-period, two-stage problem.

We assume that G and W are known and without error, i.e., they are consistent in- and out-
of-sample. The matrix G has b= |R|+ |H|+ 1 constraints on (i) the average rainfall expected for
each reservoir 7 € R over the T' time periods, E [}, w!] < p,, (ii) the average demand of water
expected for each tank h e H over the T time periods, E[Y, w}] < pp, and (iii) the average net
inflow into the system over the T' time periods, E[D>, > wi —>, >, w}] < ftue. True distribution
[P need not lie in the ambiguity set (20) used to solve the models. We simulate this by assuming
that Ep[Gw] = poos, which is elementwise either (i) equal poos = p (exactly specified), (ii) smaller
Loos < i (lying strictly within U, hence is over-specified) or larger poos > @ (lying outside U,
hence is under-specified) than the assumed vector p. This is achieved by letting p1,.s take values in
{0.99 u, p, 1.01 p}. Uncertainties are scaled so that rainfall is supported on [0, 1]. Correspondingly,
demand is scaled to fall within [1,3] (it is larger than total rainfall so that water production is
necessary, in expectation). The resulting support is W < [0, 1]R1*T x [1,3]"*T. In the base case,

we specify p = (fry, forys s Ponet) = (0.7, 0.8, 4, —3), where DRO is feasible and DRO < RO.
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To undertake out-of-sample testing, we generate 20 test distributions for each case of poog tested.
All results presented are averages over the 20 distributions unless otherwise stated. For more details

on generation of these distributions, please see Appendix B.3.1.

4.2. Discrete uncertainties

In this section, we simplify the experimental setting by assuming rainfall realizations within
{0,0.25,0.5,0.75,1}, while water demand is discretized into {1, 1.5, 2, 2.5, 3}. The support set of

the uncertainties is assumed to be known and is constructed from 300 sampled historical paths.

4.2.1. Infeasibility and conservativeness of Naive updating. In our experiments, (dual)
infeasibility arising from time inconsistency in DRO does occur. This motivates updating the

ambiguity set. Table 1 reports the infeasibility rates for DRO(naive) under different values of e.

Table 1  Rate of infeasibility of DRO(naive) under different RHS relaxation e

| :
After uncertainty revelation

in time period ¢ H 0.0 0.2 0.4 0.6 08 10
t=1 81.82% 69.70% 48.48% 30.30% 12.12% 0.0%
t=2 81.82% 69.70% 48.48% 30.30% 12.12% 0.0%

When ¢ is small enough, time inconsistency presents as infeasibility. In 12.12% of sample paths
tested, the problems-to-go were dual infeasible, i.e. DRO(naive) model failed to return a solution,
even after relaxing the RHS of the distributional constraint by € < 0.8. Feasibility is only recovered
after € reaches 1.0, a value exceeding the maximum expected rainfall (0.7,0.8) of the reservoirs!
Relaxing constraint by this much necessarily comes at the cost of increased conservativeness. In
Figure 3, we plot the out-of-sample costs, obtained by varying ptoos, incurred by the four models,
with DRO(naive) is fixed at e = 1.0, where feasibility is guaranteed.

Naive updating pays the price of conservativeness for maintaining feasibility under rolling hori-
zon. The relaxation is so large that DRO(naive) performs almost as poorly as RO(rolling). In
contrast, AURA, which directly models the remaining set of conditional distributions, achieves the
best out-of-sample performance. We also recover the common observation in the literature that a

rolling horizon implementation of DRO often performs better than the static version.

4.2.2. DRO vs AURA vs RO. We temporarily leave Figure 3 behind to delve into the
relationship between DRO, RO and AURA. In-sample, Theorem 1 guarantees (DRO) < (AURA)

< (RO). We examine how the time consistency premium TCP := %, which represents the

(in-sample) price that AURA pays for making DRO time consistent, as a fraction of DRO’s cost,
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(a) Out-of-sample with mean < u

Period 2 Stage 2
225.00 217.38 — Period 2 Stage 1
204.82 Period 1 Stage 2
200.00 —— Period 1 Stage 1
175.00 174.13 174.13
9 163.75
3 150.00
o
o
8‘ 125.00
o
Z 100.00
75.00
50.00
25.00 - - - - -
RO DRO RO_RH DRO_RH (e=1) AURA
Static models Rolling models

(b) Out-of-sample with mean = u

Period 2 Stage 2
225.00 22Q.36 —— Period 2 Stage 1
203.56 Period 1 Stage 2
200.00 —— Period 1 Stage 1
175.00 162.81 163.7
9 2 63.76 156.82
3 150.00
o
o
g’ 125.00
o
Z 100.00
75.00
50.00
25.00
RO DRO RO_RH DRO_RH (e=1) AURA
Static models Rolling models

(c) Out-of-sample with mean > u

Period 2 Stage 2
225.00 217.85 —— Period 2 Stage 1
207.11 Period 1 Stage 2
200.00 —— Period 1 Stage 1
175.00
) 16Q.07 16Q.07
3 150.00 15141
O
o
g‘ 125.00
o
Z 100.00
75.00
50.00
25.00
RO DRO RO_RH DRO_RH (e=1) AURA
L J L J
Static models Rolling models

Figure 3  Average out-of-sample costs of different models, broken down by period and stage, under different

evaluation means poos.-
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and the collapse gap CG := w, which represents the savings upon RO obtained for solving

the distributionally robust AURA, as a fraction of RO’s cost, vary with tightness of the parent
ambiguity set. We do so by fixing the maximum expected rainfall at u,, = 0.7 and p,, = 0.8 for
both reservoirs, while varying the maximum expected demand over p, € [3.7,5] and net inflow over
tnet € [—5.0,—2.5]. Results are reported in Figures 4. Notably, we recover (DRO) < (AURA) <

(RO) in all cases, which verifies Theorem 1i..

Objective Gap Between AURA and DRO
B ’

S o~

o (o]

HMnet

D
Objective gap (TCP%)

N

o

Objective Gap Between RO and AURA

Hnet

=

w
Objective gap (CG%)

Hd
Figure 4 TCP (above) and CG (below) as maximum expected demand pq and net inflow p,.; varies. Black regions

relate to values without feasible distributions for DRO or AURA.

The TCP is largest when the parent ambiguity set is neither too large (moving rightwards or
upwards in the chart) or too small (moving leftwards or downwards). When the parent ambiguity
set is small, there are few feasible distributions and both AURA and DRO will identify very similar
worst-case distributions; when the set is large, both models approach RO as the ambiguity set
comes close to all distributions defined on the support (i.e. the distributional constraint becomes
so loose as to be redundant), and thus agree in that limit. The intermediate range where the parent
ambiguity set is neither large or small, presents a large boundary where seeking “closure” under

conditioning would lead to many new distributions considered in AURA but not in DRO.
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Instead, the CG is monotone non-increasing as the ambiguity set grows. This behavior is expected
because RO is independent of the ambiguity set, whereas a larger ambiguity set makes AURA

more conservative thus its objective value increases.

4.2.3. In-sample vs out-of-sample. While AURA pays a TCP in-sample in Figure 4, it
gains in time consistency out-of-sample in relation to DRO, as seen by the reversal in performance in
Figure 3. Note that AURA’s final stage final period costs are the least among all the models. Barely
visible, AURA incurs the highest costs in the first-stage of period 2. This explains how Theorem
1 works — by being more conservative, AURA reaps long-term dividends, where customizing to
the revealed history through updating and the avoidance of time inconsistency penalties depress
recourse costs. These findings are also robust whether the true distribution P lies inside, on the
boundary of, or outside the parent ambiguity set.

At this point, it is important to explain the nuance in how Figure 3 is generated. Crucially, the
optimal solution of (WMP-DRO) has degeneracy for the same reasons that we discussed for AURA
in Theorem 1ii. — decisions on non-worst-case sample paths do not influence the overall objective
value, thus are degenerate. However, different degenerate solutions do result in vastly different
out-of-sample costs. We plot this in Figure 5. Here, we search among the degenerate solutions of

DRO out-of-sample, for each testing distribution, to find the worst-performing, best-performing

and default solver solutions, and compare them against AURA.

Total costs of static DRO under alternative solutions versus AURA

== DRO worst solution - DRO best solution X DRO Gurobi solution  ---- AURA = DRO
Hoos = 0.99 Hoos =1 Hoos =1.01
) ) 00 K- HOK— W X
— — — SEUEIPHIEE Vs
X 0K S0R0NK X XX %
3 200 2001 2001
o 2 X X
(] X
S 180 180 Z 180
O e ’ /’7
= /
5 = A e
© 160 = 160 o 160 ]
8 o = =
n = = P
g = o
140 2 140 ~ 140 e
-
140 160 180 200 140 160 180 200 140 160 180 200
AURA total cost
Figure 5  Total Costs of Static DRO under Alternative Solutions versus AURA across Test Distributions.

The results are illuminating. Best-performing DRO solutions may even slightly beat AURA’s
out-of-sample costs. This makes sense because AURA is indeed more conservative. Unfortunately,

the worst-performing DRO solutions can be very much worse than AURA (as much as 68% costlier),
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especially when the true distribution lies outside of the parent ambiguity set. Gravely, to the best
of our knowledge, we do not know of any method, computationally or analytically, to differentiate
these degenerate solutions in-sample for DRO since without ambiguity updating, DRO does not
have a well-defined problem-to-go! AURA, on the other hand, has a well-defined problem-to-go
that always selects the time consistent solution. Consequently, it becomes a gamble as to which
solutions is picked for DRO. Incidentally, solvers have a tendency to select the worst-performing
DRO solutions, as Figure 5 indicates! This little analysis stresses the importance of time consistency

and the theoretical backing that underpins AURA’s construction.

4.2.4. Ambiguity collapse. Finally, we also illustrate the presence of ambiguity collapse. To
do so, we track the CG as the discretization of W (rainfall between [0, 1] and demand between [1,3])
is progressively made finer. We use p = (0.7, 0.8, 4.29, —3) for this illustration so as to maximize
the starting CG (c.f. Figure 4 below). We plot this in Figure 6. Note that RO’s objective value

O

remains unchanged throughout, since the worst-case uncertainty w®° is an extreme point.

Objective Convergence under Support Set Expansion

200

= =
(o)} [oe]
o o

Objective Value

-
S
o

=
N
o

—e— AURA

100 --- RO =1230.4

300 600 900 1200 1500 1800 2100 2400
Support Set Size

Figure 6  Objective convergence of AURA to RO (dotted) as the support set size increases.

From the Figure, the CG gradually decreases as the support set becomes denser. As more
points are added to the support set, the likelihood that the worst-case uncertainty w®° is sampled

increases. This eventually occurs at 2,400 sample paths, whereby AURA collapses to RO.

4.3. Continuous uncertainty

In this subsection, we approximate continuous support W, using the 2,400 sample paths of Section
4.2.4, retaining the parameters of that experiment. As we have seen, AURA = RO at that specifi-
cation. Here, we consider the effect of CVD-regularization. We specify two pairs of sets (By, B,.),

k=1,2, and vary the Lipschitz bounds L. Figure 7 reports the resulting in-sample objectives.
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In-sample objectives under different L
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Figure 7 In-sample objective values of RO, AURA and DRO by varying Lipscthiz parameter L.

AURA’s objective value increases as L increases and approaches that of RO at L =0.3. This is
expected: when L is large, few CC distributions are eliminated and the un-regularized AURA is
recovered, which collapses to RO. This empirically validates the result of Theorem 5 that CVD-
regularization averts collapse. While slight, the objective value of DRO does also increase with L.
This is consequential as it confirms that the removal of CC distributions from the parent ambiguity
set does not come at a high penalty to conservativeness, indicating that CC distributions do not
necessarily play a role in deciding the worst-case distributions when updating is not considered.

In Figure 8, we study the out-of-sample costs of AURA and DRO, as a proportion of RO’s out-
of-sample cost, which is unaffected by CVD-regularization. There are three notable observations
when focusing on the exactly specified case of .., = p. First, at large L, AURA’s performance
approaches RO’s. This again is consistent with the notion of collapse. More interestingly, we notice
a threshold value, whereupon the performance of AURA splits into two regimes, a collapse regime,
where L is not small enough to eliminate enough CC distributions, and a buttress regime, where
AURA achieves around 10% lower costs than AURA. Further analysis indicates that there is in
fact a continuum between the two. Second, the minor changes in DRO’s objective value in Figure 7
are amplified in this out-of-sample result, however, the change in DRO’s performance with L is still
small compared to AURA. This again validates our earlier conclusion that CVD-regularization does
not play a fundamental part in the conservativeness of DRO solutions. Finally, we note that in the
buttress regime, AURA out-performs DRO, indicating that once CC distibutions are sufficiently
controlled and collapse is avoided, we successfully recover the gains from updating.

We also examine the over- and under-specified cases. The performance when .., < @ is very
similar to case when p,., = . When the ambiguity set is under-specified, i.e. .., < , the true
distribution will lie outside the ambiguity set. Here, CVD-regularization loses its robustness rapidly
with both DRO and AURA’s performance degrading at roughly the same degree. AURA maintains
its edge over RO, but DRO could potentially perform even worse that RO (under rolling horizon).
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Out-of-sample total costs relative to RO
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Figure 8 Out-of-sample total costs of AURA and DRO with respect to RO by varying Lipschitz parameter L.

5. Conclusion

This paper is the first to construct an ambiguity set of conditional distributions in multi-period
DRO and its reformulation, via our proposed AURA framework. It recovers time consistency. When
the support is continuous, AURA collapses to the RO problem, driven by the presence of CC
distributions, which can be eliminated via CVD-regularization to avert collapse. Our journey from
ambiguity collapse then back tells an important moral — ambiguity sets can contain distributions
that do not respect temporal rules! While we examined CC distributions here, other temporal
structures could still be present in ambiguity sets. An example is time reversibility; many ambiguity
sets are isometric and do not prohibit substituting w; with w; say. Thus, we conclude our treatise

with a call-to-arms for more study on defining structurally consistent yet tractable ambiguity sets.
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A. Proofs

We do not prove Proposition 1 and the reader is referred to ( ).

A.1. Claim in Example 1

We illustrate this for w; = 0 as the case of w; =1 is analogous. Consider € [1,2). Consider the
following two parent distributions for some «a:0 < a < 2*7":
o if w=(0,0)
Pilw]=<2(1-a)—p if w=(1,0)
p—(1l—a) ifw=(1,1)

o if w=(0,1)
PyJw]=12(1—-a)— (p—a) if w=(1,0)
p—1 if w=(1,1)

In both cases, it is not difficult to verify that Ep [w; + ws] = g = Ep,[w; + w,], thus they both lie
in the parent set P;,P; € . However, under P; and P,, wy takes values 0 and 1 respectively with
probability 1, conditional on the event w; = w; = 0. Thus, Ep [wa|w; = 1] =0 # 1 = Ep, [wa|w; =

w;]. Hence, there does not exist a v such that both Py |y, —a,, Polw, —e, € V(W1;7). o

REMARK 2. The proof also indicates that the best we can do, if we are to preserve the structure
of the moments constraint and still require all conditional distributions of parent distributions to
be contained in the ambiguity set, is
wy ~ P
V(wl) = PEM(WQ = {O,l},R) E[p[’ll)2]€ [0,1]
P[wg : (12)1,11/2) € W] =1

But this makes the moment constraint Ep[ws] € [0, 1] utterly redundant, since w, € {0,1} anyway.
In other words, we need to be far more conservative than required, if we wish to only ‘update

the RHS’ to preserve the geometry of the ambiguity set, something that is also concurred in our

numerical experiments.

A.2. Theorem 1

For brevity, we suppress the dependence of  (and w) on ¢. Let AURA(x) and DRO(x) denote
the objective values of (AURA) and (DRO) for a given policy @, with optimal policies &%, and
¥ s respectively.

Part i. We first show the relationship between (AURA) and (DRO): We aim to show that
AURA(x) = DRO(z) for any feasible decision policy @(-), then (AURA) = sup AURA(z) >
sup DRO(x) = (DRO). Fix policy «(-). For any t =2,...,T, ’

sup Eq,_, [Ct,l +EQ(wgt,1> [Ft(wzt;wét—lth)]] (23)
Qf’ '
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=Eq, , |cio1+ sup ]E@(wst—l) [Fi( T a1, wy)]
. t
@iw@_l)eut(w@fl)
(wgi—1) . my*¥(wgi—1) h *#(wgi—1) E F oA f 1
Q, = Q, , where Q, e argsup @(wshﬂ[ HTsp; Wey 1, wy)] for a
—(wgi_1) t
Q, St Ve (wer—1)

wey_1 € Wey_1, is always a feasible solution for the problem on the LHS of the inequality (23).
Moreover, it attains the same objective value on both sides of the inequality if and only if Q; (wse-1)
is a measurable function in wg;_;, which holds due to the condition ‘traceable’, which requires
that Q} (w<e-1) originates from some distribution in the parent ambiguity set. Hence, by induction,

AURA(z) =sup Eq, | c1+ sup E cat+--+ sup E wor_pler] -
Q:

(w1)
e @ Qlw=T-1) Qr
= sup Eq, [61 + E@(wn [62 + o+ E werner] - H
() 2 QT
Q1,...,Qr

inst_l)EUt(w<t71),Vt,Vw<t71€W<t71
=sup Ep, [¢1 +Ep, [co + -+ Ep,.[cr]---]] = DRO(x), (24)

Peu

where P; = Plw,; |w<, 1] are the conditional distributions of w; given history we, ; for all ¢t =
2,...,T and P; = Plw,] is marginal distribution of w;. Here, the inequality (24) holds as the
‘inclusive’ condition implies that for the optimal distribution P* of the RHS of (24), there is some

iwét—l)[

feasible family belonging to the ambiguity updating series, defined as Q w; = | =P*lw, =
Jwe1] for all t =2, ..., T and for all w<,_; € Wq,_;.

We next show the relationship between (AURA) and (RO): Given any decision policy z(-) € X,
for any time ¢ and any history wy; € Wgt, we have, for every probability distribution Q,,, ,, the
inner expectation of problem-to-go for (AURA)

[Fi1(To41; Wey, Wigq)] <J sup Fip1(Top1; Wer, Wipy) dQu, [wi 1]

Wig1(W<t) wyp16Wyy1(ogt)

= sup Fipi(Topg1; ey, wip1)
wyp1€EW 1 (W<t)

th‘f*llﬁ)st

Since this holds for all Q.,,,, € U;+1(W<;), we have the conclusion
sup EQWHIW [Fii1(Tope1; Wy, wip)] < sup Fii1 (o413 Wey, Wein)
Quy g EUp+1 (<) <t wy €W 41 ()
The conclusion follows since the above inequality holds for every time ¢, every history w«;, and
every admissible policy x(-).

Part ii. We prove this by contradiction. Denote the set of optimal solutions of (AURA) as

X*—{az*

co+ sup Eg, [Fi(zl;w)] —fmfg}(l{co + sup Egq,, [Fl(a?;l;wl)]} }

Quoy €t Quoy €Uy
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Assume that all £* € X'* are not time consistent. For each x* € X*, there is some largest time ¢,

realization w_; = w_,; (that depends on the solution x*) and policy-to-go &~ such that
Ft(wﬂ;t;ﬁ)<t) >Ft(i2t;’ﬁ)<t)- (25)
Let t be the largest such time t across all £* € X*, and let W be the set of all histories @w_; for

which there exists some policy * € X'* such that (25) holds. For each w_; € W , pick some

avz(;gd) () earg I?in Fi(z=:(-); w-f).
z>7(+)

Now, construct the set of solutions X by replacing the solutions on history w.; with :E(;tfd)(-)

for all * € X'*. Specifically,

X::{w

By definition, these solutions are feasible. Notice that if X ¢ X*, in other words, there is some

(g, —
Hw*EX*:w(w<t—;.): wt'A() 1f’w<t€'W .
x*(w<s;-) otherwise

& € X such that & ¢ X* and some x* € X'* such that

bor) = <00 ifdeW
x*(w—s;-) otherwise

then Fy(xl;w<r) = Fi(Z=5W<), Vg € W_r. Consequently, it also holds that

sup Eq, Fi(2% 5 w7) = sup Eq, Fi(Z>7 W<g).

Qs Qs

Since z* and & coincide on all decisions prior to time ¢, thus AURA (z*) > AURA(&). But & ¢ X'*,
thus AURA (z*) > AURA(&), which contradicts the optimality of x*.

Hence, X € X*. We can repeat the above process with X instead of X*, but now, the largest
t must be strictly smaller than ¢, due to the assumed maximality of ¢. This either arrives at a
contradiction if X &€ X*, or until £ =0, at which point, all € X’ are time consistent.
Part iii. («<): Suppose (DRO) = (AURA). By part ii., there exists some time consistent opti-
mal solution to (AURA), % z.- Then =% . is also optimal for (DRO) because DRO(x% 5, ) <
AURA(z% 1) = DRO(x},,) < DRO(x% 5, ), where the first inequality is due to part i., and the
second holds by the optimality of x5, for (DRO). Hence, all inequalities must hold at equality.

For the first inequality to hold at equality, this means that (24) must hold with equal-
ity for x%, ;.. We claim that (24) holds with equality if and only if there is some optimal
family {QT,...,Q;O : Qf(wgt’l) eUy(wey1),Vt,Ywe, ewgt_l} and some optimal P € U with

f(w@*l)[’wt =] =Plw, =-|w<,_1] for all ¢ and for all w; ; € Wgt,l except on a set of measure

0. Indeed, if such a common P exists, then both sides of (24) attain the same objective value. On
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the other hand, if (24) holds with equality, then there is some optimal P that achieves the same
objective as the LHS, itself being feasible for the LHS problem.

Thus, such a P leads %, to be time consistent for (DRO), since Q* being optimal for (AURA)
under time consistent solution x%, ;. implies that it is also the certificate for the optimality of

i ra for every problem-to-go.

(=): We prove this by contradiction. Suppose that (DRO) < (AURA). Let %, be a time consis-
tent optimal solution of (DRO), and let P* denote the worst-case distribution attained under this
solution. If AURA (x},,) = DRO(z},,,), then (DRO) < (AURA) < AURA(z},,) = DRO(zf,,) =
(DRO), contradicting our premise. Thus, by part i., AURA(x},,) > DRO(z},,) and there exists
some optimal ambiguity updating series {Qf, e, Q;(') ‘ Qf(ws’f’l) eUy(wey 1), Vt,Ywe, 1 € VAV@_l}
for AURA (z ) such that

o+ Egx [cl +...+ EQ*(%TA) [cT]] > o+ Eps [¢1 + ...+ cr]. (26)
T

Consider the distributions @i e M <>< Wt,R>, 7 =1,...,T, defined by @j[wl,...,’wT] =

t=1
@jfl[wl,...,wT_l]Qf(wéT’l). By (26), there is some smallest time ¢ > 1 where @i[wl,...,wT]
and marginal distribution P*[wy,...,w,] differ on a set of measure zero for all 7 <¢; and a set
W; < W<{ of measure larger than 0 on which
EQ;‘(“’sffl) [C{ + ...+ EQ;(ngfl) [CT]} > EP?‘W@q [ci+...4+cr], Ywei e Ws. (27)

By (27), for each w<;_;, there must exist a set W(wgg,l) c Wg of measure larger than 0, where

]E’ *(wg) Cit1 +...+ ]E' *(wep_1) [CT] > E]Pik
Q< o

|w
P+l t+177s

. [ciy1+ ...+ 7], VweeW(we 1) (28)
Combining (27) and (28), there is thus some set Wy, < W_i+1 of measure larger than 0, where
E *(weyp) Ciy1 + ...+ E #(wep_q) [CT] > Epﬁ_k lw_+ [C{+1 + ...+ CT] y VW<EGW{+1 (29)
Qp1a Qr st
By induction, we can find a set Wy € W_r of measure larger than 0, where EQ*<w<T) [er] >
- T
[er], Yw_r € Wr. Now, by the definition of ‘traceable’, Q;(wd) must originate from some

%
IPTl"-"<T

Pelf in the parent uncertainty set. Hence,

Pilw_p ¢ argsup Ep, [cr] (30)

P : IPEU Pp=Pl|w_

Fix any w_p € Wy. Denote Vi (w<r) = mi)r(l cr(zr) and the (T —1)™ period problem-to-go as
TTEAT

Vr_i(wor)=  min {CT_l(CCT_l) + sup Ep,. [VT('wST)]} . (31)

zr_1()EXT_1 P : IPEU P =Pl _p»
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As xf . is time consistent, 3, ,(wor,-) € argmincp(zr). But (30) implies that
T

Vir_i(wer) > cr1(T5po 1) + Eps [V (wer)],

contradicting the optimality of xf .. ,._, for (31).

A.3. Proposition 2

Fix time ¢t and history w«; € W,. For distributions Q,,Q, € Hii1(ws;), we aim to show that
Q* = aQ; + (1 — a)Qy, lies in (LAUS), Q%€ _#Z;11(Ww<), for any ae (0,1). It suffices to seek some
parent distribution P €/, whose conditional distribution is Q<.

By definition of Q; and Q,, there exist parent distributions Py, Py € U such that, Q;[-] = P[- |
we;] and Qq[] =Py[- | <]. Then we have

Q*[]=aPi[- [, ]+ (1 —a)Po[ | <] =

Py [ ]Pa <]
_ alPy[wey, |Po[w<,] + (1 — )Py, P[]
O[IPl [/l:bst]]P)Q [’l.bgt] + (1 — Oé)Pl [wst]PQ [’LIJ@
_ alPy [y, |Po[r ] + (1 — a)Poflg, - |P: [, ] alPy [, |Pog] + (1 — )Py [, P[]
(1= )P [, ] + aPy[w<] (1= )P [ ] + aPsy[tv,] .
(32)
: _ aPg[w<y] _ (1—a)Py [wt]
Letting 8 = G m o Tiabas] 2ence 1= 8= G piaciraramo] Loe RHS of (32) becomes

Qa[] _ BPl[ﬁJSta ] + (1 - B)PZ['&’@, ] _ Pa[ﬁkt, ]
BPl [ﬁjét] + (1 - /B)IPQ [ﬁjét] P [wgt] ’

where P* = 5P, + (1 — B)P,. Moreover, since P* is a linear combination of P; and Py, by convexity

of U, P*eU. Thus, P is the parent distribution corresponding to Q% that we seek.

A.4. Proposition 3

First of all, by definition, for all ¢+ = 1,..,7 — 1 and 1<, € Wy, Fip1(we) € MWy, R).
Given any P e U, for all t = 1,...,7 and histories wy; € W<t7 the distribution Q[w; ] :=
Plwsi=t<twir1=wi ] o, —iey] = Plwy 1 = w1 |we, = We,] lies in U, . On the other hand, for all
t=1,...,T and histories w<; € Wey, for any Q4 € Fi+1(W<,), by definition, there exists P such
that Ep[g(w)] =0 and Plw e W] =1, that is Pelf and B[wsi=t<iwii1=wii]fpfuwo,=ie,] = Qw4 ].

A.5. Lemmal

We eliminate Q,,; by writing sup Eg, , [Fis1(Tsi41; Wy, wii1)] as
Qt+1€ Fiv1(wse)

sup
q=0

f w<tawt+17w>t+1) dws ;11
J Fii1(Toig1; Wep, Wegr) dwy g (33)
Wiy1

f w<t7 w>t) dw..,
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-1
where ¢ ~ IP represents the density of P. By a change of variables, r = (Jq(’lbgt,’w») dw>t>
and ¢ = gr, (33) becomes

sup f Jq(wétawt+17w>t+1) dw>t+1Ft+1(m;t+1§w<t; wt+1) dw, 1 (34)
q,r=0 Wit
s.t. JqN('w)g('w) dw=0 (A)
| atw)dw =+ ()
Jq(wgtawx) dw., =1 (0)

Its dual forms an upper bound to (34):

inf 0 (35)

0>0,,0
st ATg(w) + 10+ 01 [wey, = Way] = Frin (X1 Wer, W) 1 [wey = we], YweW ()

which is equivalent to D (x>, 1;W<;) as n must take value 0 at optimality.

A.6. Theorem 2
We first prove weak duality, i.e., (7) < (AURA-RC). Define problems (S,) for 7=0,...,7 —1:

)i\Iif go=o (S-)
9or

s.t. Aﬁjgfl—rg(w> + Hﬁ’@’ 1 [ng/ = wsT/] = (CT/+1<$T/+1) + e(ﬁ,g""w"/*l)) 1 [ng/ = ﬁ)ST’] s

V7r'=0,..,7—1; Vwe W, Vi<, € We

)‘fugT g(w) + eﬁng 1 [wST = ﬁ’ST] = F‘r+1(m>‘r+1§ wSH w-r+1)1 [w<‘r = ﬁ’@'] ’ (36)
Ywe W Vi, e W,
For brevity, we write 6, for (9’1’@,9‘2’@, S, 0UsT cab € Wg) and similarly Ac,. When 7 =0,

(So)= inf %<0 (37)

AW<0 AW<0

st AP0 g(w) + 070 > Fy (22 w), YweW

Hence, (7) < (Sp) by Lemma 1 applied on ¢t =0. When 7 =T — 1, Fr(x7;Wr_1, wr) = cr(xr) and
thus (S7_1) = (AURA-RC). We attempt to prove that (S;) < (S;41) for all 7=0,...,T — 2, which
by induction implies (7) < (AURA-RC). Now, for all (t<,,w,,1)€ W;,1, by Lemma 1,

F‘F+1(m>7'+1; wSTa w‘r+1) - CT+1(xT+1)

= sup EQT+2 [F-r+2(w>7—+2; (11767'7 w7'+1)a w7'+2)]
Qri26 742

< inf P(o<rwri1) (38)
A< wryg)
g(W<r wry1)

s.t. Xﬁ]éﬁwT“TQ(ﬁ’) + =T O] [,y = (Wer, Wrpn)]

= FT+2(1:BT+2; (wSTaw7—+l)7'a}T+2) 1 [ﬂ)ST+1 = (wSTawTJrl)] ] VweW
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Consider (36), for all W<, as the system of constraints:

AP< " g(w) + 0%<"1[we, =, ]

>\ cri(Tegr) + inf O <) |1 [we, =<, ], YweW
)\(ng“"7+1) (39)

o(W<r wry1)

A("l’éfva+1>Tg(ﬁ}) O] [,y = (W<, Wya)]

\ = FT+2 (w27+2; (wé'ra w7'+1)7 ﬁ}7'+2> 1 [’L_U<7'+1 = ('a}ST; w7'+1)] ) V’U_}T+1 € WT+1? Ve W

By (38), if the pair (A®<r, 6%<r) fulfills (39), it also satisfies (36). Thus the feasibility set for
(A®<r g¥<r) admitted by (39) is contained within that for (36), yielding an upper bound for (S, ):

L inf <o (40)

st A%<

Tg(’lU) + eﬁyg’_/ 1 [wsf/ = ’a}<7./] = (CT’+1($7—’+1) + G(ﬁjﬁT”wT’-%-l)) 1 [w@/ = ’LAUST/] s

=

V' =0,..,7—1; Ywe W, V... € W,

A= g(w) + 071 [we, — ] (41)
= Cry1 (w7'+1> + (a inf ) 9(@g77w7+1) 1 [wéﬂ' = ,a}S‘r] ’ Vwe W7 vaT € WST’
e
A ) g () 4000 [, 4 = (s, w,4)] (42)

> FT+2(xZT+2; (wé‘ra w7'+1)a ﬁ}7'+2) 1 [ﬁ]<7—+1 = (ﬁ)éra w7'+1)] )

Vw, 1 €W, 1, Ywe W, Vb, € W,

(41) can be relaxed to finding feasible (A(¥<rwr+1) (@<rwri1)) while in (42), the composition
of e, € st and w, . € WT+1]1DgT is the same as W, 11 € Wsr+1~ Thus, the change of variables
(Wer,Wri1) — Wery yields (40) = (S,41). This completes the induction.

To prove equivalence, we need to prove strong duality. Assumption 4 is the distributionally
robust version of the “inf-compactness” condition proposed in ( ). If W, € R* (not a
singleton) is compact, then #,; is weakly compact, a consequence of Prokhorov’s theorem (if W,
is compact, then ¢, is tight and therefore, weakly compact). From ( ), Proposition
2.3, supg,c », Eq,[c:(2,)] is lower semicontinuous in x;. From ( ), Proposition 2.4, we
know that the dual of this model satisfies strong duality. Since ¢;_;(x;_1) is lower semicontinuous,
Fy1=c¢i1(@4-1) +supg,e g, Eq,[ci ()] is lower semicontinuous. It is clear that v(x) = co(zo) +

sup [Eq,, [Fi(Z=1;w1)] is lower semicontinuous and strong duality exists.
le €S

A.7. Theorem 3i.

We prove this by contradiction. Suppose there exist some time ¢ and a history w«; such that there
exists a distribution Q. € (LAUS); 1 (<) but Q41 ¢ % +1(W<,). By the definition of (LAUS),

there exists a parent distribution P € U such that Plw;,; = - | we; = We;] = Q441[]. Since % is
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exact, it is inclusive with respect to parent set U. Hence the conditional distribution induced by
this particular P on history w<; must belong to %, ,(Ww<;). In other words, Q;.; € %1 (W<,),

which contradicts the supposition. Thus, (LAUS), (<) S %1 (W<;).

A.8. Theorem 3ii.

We aim to prove that for all @, such that (<, W; 1) € VA\)@H, the distribution Q where Q[w;,; =
W11 =1 lies in (LAUS), Q€ _#;41(W<;). Moreover, if U has recoverable property, then for all
W, € W, there exists a probability distribution P €U such that Ep[g(w;,w~,) |w; = w;] = 0, by
which the ambiguity set contains all single-point marginal distributions of w;. Then, (AURA) =
(RO).

Fix ab; ;. We aim to find some parent distribution IP € &/ whose conditional distribution given b,

gives Wy, 1. Denote the filter operator that filters W by the given history w«; or W«; 1 respectively

Hy={weW :wgy =W},

%t-&-l = {w eW: Wiyl = ’lZ)<t+1} .

Evidently, H;.; < H;. Here, we eliminate the special case where W\'H; = ¢J. In this case, for all
wEeW, we; = W,. In other words, there is no uncertainty for all times up to time ¢. Thus, (AURA)
= (RO) if and only if their problems-to-go after W, is revealed coincide. We can easily deal with
this by induction on the time horizon T'. Thus, hereon, assume that W\H, # &.

Let P’ be any distribution that is supported on H;,; and therefore, note that P'[w; ; = W1 |
We; = We,| = 1. It is not guaranteed that P’ € Y and in particular, let m' := Ep[g(w)] where in
general m/ # 0. Our strategy is to find some distribution P” that is supported on W\H,; where
Epr[g(w)] = =2 for some small a € (0,1). Then the distribution P:= o’ + (1 —a)P” is the parent

et

distribution we are looking for, namely that Ep[g(w)] = 0 and Plw;,; = Wy | wey = Wy =
Plwi 1 =Wy | we = W] =1, since P” is not supported on w;.

To construct P”, consider the sequence of lemmas:

LEMMA 2. Let S be a convex set and let {G,,})_, be a finite collection of hyperplanes where S N
ﬂi\le G # & orS. Then

M M
smﬂgmgd(s ﬂgm>.
m=1

m=1
Proof of Lemma 2. Let a€ S n ﬂfyvl[:l G, be any point in the set. Take any b e S\ ﬂf\f:l Gm.
Consider the line segment £ adjoining a and b. Now, since each G,, is a hyperplane, either LN G,, =
{a} or L G,,. Hence, either LAN"_, G = {a} or LS NY_, G,.. However, the latter contradicts
the fact that b¢ (_, G,.. Moreover, since a,be S is convex, £ < S. Hence £\{a} = S\("_, Gum.
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By choosing points on £, there is a sequence b, € £\{a}, therefore b, € S\(._, Gm, such that
b, — a. Thus, a € cl (5\ Ny, gm).

LEMMA 3. For a set S, we have cl(conv {S}) = cl(conv {cl(S)}).

Proof of Lemma 3. On the one hand, since every set is contained in its closure, and by taking

convex hull, conv {S} < conv {cl(S)}. Taking closure again,
cl(conv {S}) < cl(conv {cl(S)}). (43)

On the other hand, S < conv {S}, thus cl(S) € cl(conv {S}). Moreover, we claim that if set R
is a convex set and A € cl(R), then conv {4} < cl(R). Indeed, let a € conv { A}, then there exists
a'e Aand )\ €[0,1], >, \; =1, such that a = >, \;a’. Since a’ € A< cl(R), for each 7, there exists
sequences (") € R such that () — a’ as n — o0. Let v, = >, \ir("). Then by the convexity of R,
r, € R, for all n. Hence, r,, — a as n — o and so a€cl(R).

Letting A = cl(S) and R = conv {S}, we get that conv {cl(S)} < cl(conv {S}), again taking closure
cl(conv {cl(S)}) < cl(conv {S}) (44)

Putting (43) and (44) together yields the result. o
LEMMA 4. There exists some small radius € >0 such that B.(0) < conv {g(w) : w e W\H,,1}.

Proof of Lemma 4. By containment property of U, 0 lies in the strict interior of
conv {g(w) : we W}. In other words, there exists some ball B.(0) < conv {g(w) : w e W}. We argue
that the same ball must lie in conv {g(w) : w e W\H,1}.

By Lemma 2, using S =W and G,,, = {w : w,,, = W, } for Vm < t, we get that H, < c(W\H,). Con-
tinuity of g implies that {g(w):we H;} S cl({g(w) : w e W\H,}). Trivially, {g(w) : we W\H,;} <
cl({g(w) : we W\H,}), thus {g(w) : we W} = {g(w) :we H;} U {g(w) : we W\H,;} < cl({g(w) :
w e W\H,}).

We can also show that cl({g(w) : w e W\H,}) < {g(w) : w e W}. In fact, we first claim that
cl{g(w) : w e W\H,}) < {g(w) : w e c(W\H,)}. Indeed, suppose there is a sequence of w,, €
W\H, such that g(w,) — g* for some limit g*. Since W is compact, there is a convergent subse-
quence w,, — w* € c(W\H,). By continuity, g(w,, ) — g(w*). Hence, g(w*) = g* for some w* e
cl(W\H;). This proves the claim. Moreover, since cl(W\H;) € W, hence cl({g(w) : w e W\H,}) =
{g(w):weW}.

Putting both together, we find that cl({g(w) : w € W\H;}) = {g(w) : w € W}.
Using Lemma 3, we have cl(conv{g(w): weW\H,;}) = conv{g(w):weW}. Then, B.(0) <
cl(conv {g(w) : we W\H,}). As the ball is open, B.(0) < conv {g(w) : w e W\H,}. o
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By Lemma 4, for a small enough, “m € B.(0). Thus, there is a collection of w; € W\H, and

€ [0,1] where >}, p1; = = >, ig(w;). Let P” be the distribution which takes

am

value w; with probability p;. Then Epr [g(w)] = 5 by construction. This is the P” we seek.

A.9. Theorem 4

Given any policy @, under time ¢ and history W<, € W;, the problems-to-go of (AURA) and (RO)

are
FpVRM (o) = e () + sup Eg,., [FAT (<, wi11)] 5
Q¢r1€ L14+1 (<)
FFO (<) := cy(2y) + sup Ftliol(’lbétawt-&-l%
wi1€EWE41
where  sup  F/{q (W<, wis1) = sup  Eq,,, [FRQ (W<, witq)].
wi1€EWs 11 Q1P Wet1)

Since 7€ € (U), for all history W, € W;, the ambiguity sets _Z,,,(w<,) contains all distribu-
tions, i.e., Zri1(W<,) = P(W,.1). This holds for all times 7 > ¢. Thus, by backward induction,
FAVRA () = FRO(dv_,) for all times 7 > t and histories W<, € We..

Additionally, when U is perfectly collapsible, FAUR (db,) = FRO (1, ) for histories w; € Wy := W.
Thus, for the initial problems of (AURA) and (RO),

FpURA := co(xg) + sup Eg, [FPVRA ()]
Qie 21

F© = co(@o) + sup F7*°(wn)

wi1eEW]

where 7 = {P,,, : PelU} is the set of all marginals of parent ambiguity set &. Moreover, since
U has recoverable property, because of (9), for every w, € Wl, there exists some distribution Qi’{

such that EQM [g(w;,w~1)] =0. Then we can construct a joint distribution by
>1
P:= 64, Q2]

Then, Ez[g(w)] =0, thus Pelf and P; = 0w, € #1. This holds for any w0, thus _#; contains all
single-point marginal distributions supported on W;. Thus, on the one hand, F;*""** < F*°; on the

other hand, since F}'° attains its maximum at some point, we have

sup Eq, [F"*(w;)] = sup F°(w,).
Qe 1 wieW

AURA _
Ey =

Consequently, E3°. Finally, since this holds for any policy @, we have the conclusion,

(AURA) = (RO).
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A.10. Theorem bi.

Clearly, Lt(et,nt) 0. We argue by contradiction. Suppose L;(g;,7) = 0. Let ¢(P) :=

|pp(w)—pp(w)|
Jw—w]

sup . Then there exists a sequence {P, € D,}*_; such that ¢(P,,) — 0. Let p,, denote

w#w' ew
the density of P,,.
Since W is compact, it is bounded and sup |w —w'| < M <« for some M. Hence, ¢(P,) — 0
w#w’
implies that sup,, . |pn(w) — p,(w’)| — 0. Thus,
0 < max p, (w) — min p, (w) < sup [p,(w) — pa(w')| — 0.
w w

w,w’

Thus, max,, p,(w) — min, p,(w) — 0. Now, min,, p,(w) < p,(w) < max,, p,(w) for all we W.
Hence, integrating over w € W, we get for all n, min,, p,(w) < < maxy, p,(w). (Note: 0 <

vol (W) < 00.) This implies that

1
vol(W)

1
s L (w) — < maxp’ (w) — min p’ (w) — 0.
Sup 1P (w) = 2oy | S max P (w) = min p (w)

This is to say that for all £ > 0, there exists some N := N(§), such that for all n > N:

—&<ph(w) < +&, YweW. (45)

1
vol (W) vol (W)

As P, € D, there exists some w2, and some w” corresponding to each PP, such that

>t+19

a1
SBEt (w?Jrl)ﬁWtJrl DPn (wgt’ w>t)dw>t

SWH1 P (WL, W) dws,

)

P, [Bsz (wtn+1)|w<t = ’wst] =

=1—mn,.

By (45), we have for all n > N (&),

1 n A
e (B w00
n ~n vol(W)
1 —n <P,[B, ('wt+1)"w<t = ’wSt] < (1

vol(W) f vol (WtJrl)
Hence,
W —¢ ol (Bgt (wy,) N Wtﬂ) vol (Bgt (wie1) N WtH)
(1—m)— < - < sup - <1-—mn,,
vol(W) +£ vol (Wt+1> ﬁ’steVYsb vol (Wt+1>
wi1EWr 1

where the last inequality is by assumption of (12). However, V°1(1W)+ : 1, as £ 0, thus
vol(W)

w
vol (Bst (wiy1) O Wt+1>

(I-n)< sup
W<tEWxs, vol (Wt+1>

wi1€EW 41

— Mt

which is a contradiction.
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A.11. Theorem bii.

Fix history w«; € Wgt. Hereon, we shorthand Jyyq(W<;;U*(L)) as _#i41. Since

inf sup [pe(w) = pe(w) =L;>1L,

PEDt(Et,nt) Hw - le

w,w'eW,
w;éw'

it follows that for all P € D, there are some w,w’ € W, w # w’, where for the corresponding density

p, [p(w) — p(w’)| > Ljw —w'|. Thus, P¢U*(L), i.c. Dy nU*(L) = B.

Claim: For all Q€ ¢, and for all w,; € Wiin, Q[B.,(wi41)] <1 —mny.

Proof: Suppose there is some Q€ _#,,; and some w,; € WtH, such that Q[B.,(w;1)] =1 —1n,.
Then there exists some P € 4*(L) such that Q[-] = P[-|w<, = w<,]. Hence, P[B.,(wi1) | we, =
W] =1—mn,, and thus PeD,, contradicting Dy nU*(L) = . o

We now prove the respective statements.

a) Now, we seek r:=r(<;) > 0 such that B,(dw,,,) N Fis1= T, Vw1 € Wtﬂ. Define

=inf{¢: w1 € Wiit 8.t. Be(Ouy,y) 0 Fi1 # B}

If » > 0, then this is the  we seek and we are done.
L n=1,...,00, there exists some w},, € W, ,
such that Bl/n(éwn )N _Fii1 # . Note that if there exists some n where for all th € Wt+1
such that Bj,(d wy, ) N _Zivy1 = &, then because Bg(d,, n+1) < By (0 wy ) if € < , therefore

r = %, contradicting the supposition that r = 0. Since Wt+1 is compact, there is a subse-

Instead, assume that r = 0. Hence, for &, =

quence of (wy,,), that is convergent. Hence, w.l.o.g., for notational clarity, we assume that

wy, | — Wy € Wtﬂ. Moreover, since Bl/n((sw;wﬂ) N _Zi1 # &, hence there exists a sequence
of distributions (IP"),, such that P" € By, ( w N _Fii.
We argue that for all >0, By(da,,,) N /t+1 # f. Note that
n n n g 1
d(éﬂ"Hl?P ) < d(éﬁul’é’wﬁl) + d(éwﬁlﬂp ) < DHwt+1 - wt-HH + ﬁ? (46>

where the first inequality holds due to the triangle inequality; and in the second inequality,
the first term holds as the metric d(-,-) is PDL and the second term holds by definition of
P e Bl/n(éwn ). Consequently, for any 6 > 0, since wy,; — W;41, we can pick some m; such
that |w},; — W] < 55 for all n > my, and pick my such that + < § for all n > m,. Take
P") <0, i.e. P" € By(dw,,,) N Fi+1 for all

n =m, in particular, By(dg,,,) N Zi+1 # . This proves our claim.

m = max{ms,ma}. Thus, for all n>m, d(0g,,,,

Thus, there exists a sequence of distributions Q™ € ¢4, such that Q™ — 4. weakly

Wit

under d(-,-). Consider the function f(w) = max {1 — bom®y] O}, which is bounded and con-

€t

tinuous. Thus,

| i, w) - | fw)ddn,, (w) -1 (47)
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[w— 41|
t

However, since <1 is equivalent to w € B., (w;1), according to the Claim,

f £ (w)dQ, (w) < @, [Be, (@51)] <11,

which contradicts (47). Thus, r # 0.
b) For any Qe _#,.,, the Claim gives that Q[B.,(w;11)] <1—n;, Vw41 € W41, in particular, for

worst-case w, |, we have Q[W,;1\B., (w?, )] = 1. Moreover,

EQ[FtiUlRA(w<t7wt+l)] <Eg t+1(w<t7wt+1)] (48)
<Eo[FS (W<t wi1) B, (wiy )] Q[B:, (wf )]

+ Eo[FfS (W<t wi1) Wit \Bey (wi )] QDVet\Be, (w )]

<R (<, wi QB (wi )]+ (FES (<, wiy ) — Ay (b<i;2,)) QW \Be, (w],)] (49)
_FtR+01 (Wer,wiyy) — Al )Q[Wt+1\85t (wiy1)]
Ftlj-ol (W< ) A(D<iser) ey (50)

where (48) holds due to Theorem 1i., (49) holds by definition of A,(w<;;&;) and (50) holds as
A (W<y;e) =0 by definition. Taking supremum yields the desired bound:

Ftpﬁ(ﬁ’ 'wt*+1) — sup EQ[Ftﬁ—UlRA(IlDStthH)] = A(Weys €4)-

Qe _Zi41

Moreover, since W1\ Bz, (wy,,) is compact and the RO problem-to-go F59 (W<, -) is contin-
uous, the latter attains its maximum on W ,\B., (w?,,). Under Assumption 6, this objective

value is strictly smaller than FR9 (<, w} ), hence A(w,;e,) > 0.

A.12. Proof that D(-,-) defines a pseudo-metric

PROPOSITION 5. The distance D(-,-) is a pseudo-metric on bounded sets. Moreover, D(B,B’) =0

if and only if the sets B and B’ differ on a set of measure 0.

Proof of Propostion 5 We verify the defining properties of a pseudo-metric. First, for any
bounded sets B; and Bs,
D(By, By) =W, (U(B,),U(Bsy)) =0,

because W; is nonnegative. Moreover,
D(Bl,Bl) = Wl(U(Bl), U(Bl)) - 0
Second, for any bounded sets B; and By,

D(B1, By) = Wi(U(B1),U(Bz)) = Wi(U(B2),U(B1)) = D(Ba, By),
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where the second equality follows from the symmetry of Wj.
Third, for any bounded sets B, Bs, Bs,
D(By, Bs) = Wy(U(B1),U(Bs3))
<Wi(U(B1),U(Bz)) + Wi(U(Bz),U(Bs))
= D(By,B,) + D(By, Bs),
where the inequality follows from the triangle inequality of Wj.
Therefore, D(-,-) is a pseudo-metric on bounded sets. Moreover, By and B, differ on a set of mea-
sure 0 if and only if U(B;) and U(B;) are the same distribution if and only if W, (U (B;),U(B)) =0

since W is a metric on the space of distributions. o

A.13. Theorem 6

ASSUMPTION 7 (Slater’s condition). i. there exists some P e P(W) satisfying Es[g(w)] =0
and |P(By) —P(B,)| < LD(By,B,),k=1,..., K.

1. For every stage t, history Wwe<;_1, and sufficiently small perturbation wvector «, define
I (W<—1) as the collection of conditional distributions satisfying the perturbed moment con-
straints as in Assumption 4, together with the (CVD) condition |p(w) — p(w')] < Lljw —
w' |, Yw,w', where p is the density of the corresponding parent distribution. Assume that there
exists a tight family %(ﬁjgt,l) such that Z%(W<i—1) < %(’&Jgt,l) for all sufficiently small
«a. Moreover, assume that there exists at least one strictly feasible density p satisfying the

perturbed moment constraints and the above density reqularity conditions.

The one-step reformulation for the problems-to-go is presented below. Both the proof of the

Lemma and the Theorem are omitted as they are identical to Lemma 1 and Theorem 2 respectively.

LEMMA 5. For all times t =0,....,T — 1 and histories W<, € Wq,, if TP (wey) # &, the worst-

case distribution problem over the ambiguity set (CVD) has upper bound,

e CcVD LA
sup EQHl [Ft+1(m>t+law<tawt+1)] <D, ($>t+17w<t)7
Q1€ £5Y P (w<r)

where DEVP(x2;,1;W<,) is defined as the problem:

min <o (51)
A=0,p,p=0
0,n free
T K _ i
st A<t g(w) + (nw<t + Z (1[we By —1[we B,]) (p,~' —p;”<‘)> 1[t>1]
k=1
+6v<1 [wep = Wey] = Fiy1 (X515 Wer, Wey1) 1 [wey = Wey] VweW,
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B. Further details on the water management problem

In this Appendix, we present further details on the problem we considered for better context. For

reference, our notation used in the main text is provided in the table below.

Table 2 List of Parameters and Variables

Sets and indices

teT : Time periods

reR . Reservoirs holding rainwater

heH : Tanks holding potable water

peP : Treatment plants converting rainwater to potable water

deD . Desalination plants converting sea water to rainwater

ETET : Edge sets for flows to be decided as here-and-now and recourse decisions respectively
Parameters

Ko : Upper capacity of water body ve RuC

Ly :  Lower capacity of water body ve R uC

Tv : Maximum production capacity of production facility ve P u D

Ko n, K, @ Maximum flow capacity on edge (m,n) in £ and £ respectively

i, cf,f; : Unit cost of flow in period ¢ on edge (m,n) in £~ and £ respectively
Uncertainties

wt : Uncertain volume of rain that falls into reservoir r € R at time ¢

w, : Uncertain volume of water consumption demanded from tank c€ H at time ¢

State variables

Sy : Initial volume of water at water body v€ R uC at the end of time period ¢

Decision variables

T (w<) : Here-and-now decision given historical realization w<¢ € W, in period t on edge (m,n) €&

o (ws<e) : Recourse decision given historical realization w<; € Wx, in period t on edge (m,n)e ™

B.1. Details on the problem setting and experimental set-up

The specific network considered in the simulation is presented in Figure 9 below.
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Figure 9  Water network considered in this numerical illustration, showing the full network (topmost), here-and-

now decision structure (middle) and recourse decision structure (bottom-most).

Reservoir 1 Reservoir 2

Treatment
plant 3

Desalination
plant 4

Tank 5

(a) Full graph of the network

Desalination

plant 4 Reservoir 1 Reservoir 2

Treatment

sl 3 Tank 5

(b) Permitted here-and-now decisions before uncertainties materialize, £

Desalination

plant 4 Reservoir 1 Reservoir 2

Treatment

sl 2 Tank 5

(c) Permitted recourse decisions after uncertainties materialize, £
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B.2. Optimization formulations

Denote the feasible set of the water management problem under uncertainty as

Z vn (w<t)<7—v7 VUGPUD,tGT,Vw<t€W<t
(v,n)e€
Z roo (W) = Z o (wey), VpeP,te T Yw., e W,
(m,p)eE (p,n)e€™
Ly S S + Z Lo v w<t Z xf;;\n(w<t)
X ) (m,v)eE™ (v,m)eE >
=<z
+ Z ;7 (we) — Z ) (we)
(i,v)e€ (v,7)e€E™
+w:;1{v€72} w, ].{ve;l.[} Koy, YveR v %,tET, V'wét EWgt
ngfr’:;z(w<t) <I(;L\,n? v(Tnvn)egk\vte7-7v’u)<teVV<t
L 0<ZL' (’lU<t)<Kmn, V(m,n)egﬂ,tGT,V’wgtEW@)

The parent DRO version of (WMP) is

T
t~T 2t r\ tos Tt _
h{mn ()%1615 [; ( (wey)) +c"7 (wgt)>] (WMP-DRO)

x

st. (x7,x7)eX.

where the parent ambiguity set U is defined in (20). As the adaptive policies x(-) are constrained by
the uncertainties w,, each constraint in (WMP-DRO) is individually reformulated into its robust
counterpart, ensuring feasibility for all admissible uncertainty realizations.
The corresponding RO version is
T
min  max Z (ct"“th’“(’wq) + ct”’Tmt”’('wq)) (WMP-RO)
(1), 27 () wew vt

st. (27, x7)eX.
where the support set W is given as discrete in 4.2 or continuous in 4.3.

B.3. Details of parameters and simulations setting

B.3.1. Out-of-sample generation. To test solutions obtained from above models, for each
Loos, we generate 20 test distributions over W, with five at each density level: dense, moderately
dense, moderately sparse, and sparse. The first three levels require positive probability on all, at
least 50%, and at least 10% of the samples, respectively. The sparse level imposes no minimum
coverage requirement. All distributions satisfy the prescribed moment constraints. Moreover, for the
CVD experiments, we follow the same procedure with the CVD constraints additionally imposed.

The pseudo code to generate test distributions is as follow:
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Algorithm 1 Generation of OOS test distributions
Require: Support W, test moment bounds pt,.., threshold § > 0

Require: Moment functions g; CVD inputs L and (B, B,)K |
1: for each a€{1,0.5,0.1,0} do
2: fori=1,...,5do

3: Draw ¢ NN(O,I‘W‘)
4: Uniformly select N'< {1,...,|W|} with |[N| = round(a|W)|)
5: Solve the following LP:
W)
min, ;ijj
=
W]
s.t. Z p; = ].,
j=1
W

Zp]g(w]) < Hoos
=1

p; =0, j=1,...,|W|,
p;j =0, jeN,
LD(Bi,B,)< Y. pi— Y, pi<LD(By,By), k=1,..,K. (if with CVD)
jiwieBy jiwieB,
6: If feasible, store p* with labels (fto0s, @, 7); otherwise report infeasibility
7: end for

8: end for

B.3.2. Parameters setting for CVD experiments. Here, we discuss two aspects of the
CVD-regularization experiments in the continuous case, namely, the construction of the pairs of
sets (B, B) and how (g,m) are chosen in the computation of the bounds.

We construct two types of (B, B) pairs in (22) based on the worst-case sample paths of (AURA)
with parent (20), where ambiguity collapse occurs. Given the optimal policy *, these paths are
identified as W™ := arg maXyew 3, (x (w<)). Let HY := {w<r_1 : we W} denote the cor-
responding worst-case histories. For each h € H"°, define

Wie:={weW" :wep_1 = h},

anc = {'w € W\WWC CWer_1 = h}

Type I (within-history): For each worst-case history h, we construct (By, B,) from Wy and Wave,

respectively. These constraints limit probability-mass concentration on worst-case paths relative

to alternative continuations under the same history. A sufficiently restrictive L can exclude the
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targeted CC distributions.

Type II (cross-history): For each worst-case history h, we construct pairs from Wy° and

{ng,leVAVST,l TWer_ 1 ;éh}. These constraints further restrict probability-mass imbalances
across histories, limiting the ability of parent distributions to exploit arbitrarily small marginal

probabilities of worst-case histories to induce deterministic conditional distributions.
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