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Abstract. The classical traffic assignment problem determines the equilibrium flows on a congested network with many infinitesimal
users who choose paths to minimize their own travel times. Travelers care about cost (including tolls) as well as time, and different
travelers put different weights on these two criteria. We study a bicriteria traffic assignment problem in which travelers differ in their
tradeoff between a flow-independent cost, such as tolls, and a flow-dependent cost, such as travel time. Existing formulations require
either finitely many user classes or positive preference densities, including formulations for positive preference densities that are
either infinite-dimensional or nonconvex. We formulate a finite-dimensional convex optimization problem for arbitrary preference
distributions with bounded support, including distributions with a mixture of atoms, densities, and gaps in their support, and we
show how to convert an optimal solution to an equilibrium of the bicriteria traffic assignment problem. We propose an algorithm that
alternates between solving a convex problem for a (typically small) number of paths, and solving a parametric shortest-path problem.

Computational experiments on benchmark networks illustrate the performance of the algorithm relative to existing methods.
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1. Bicriteria Traffic Assignment Problem

Individual users, who want to travel from their origins to their destinations in a network, choose their
preferred paths (we use the term user instead of traveler/decision maker/player/agent). An important
problem is the determination of Wardrop equilibrium flows in the network, in which no user wants
to change their chosen path. We consider a problem with many infinitesimal (nonatomic) users,
so that an individual user’s path choice does not affect the desirability of the paths, that is, each
individual user can regard the desirability of the paths as independent of the user’s own path choice.
In addition, different users have different path preferences. For example, one type of user may prefer
a path from origin to destination with the least travel time, and another type of user may prefer a
path from the same origin to the same destination with the least monetary travel cost (such as transit
fees or tolls). We consider the bicriteria traffic assignment problem (BiTAP) in which users choose
paths from their origins to their destinations that minimize a weighted combination of two criteria,
one called (travel) time and the other called cost or toll. The travel time along a path depends on the
flows on each of the arcs of the path, typically due to traffic congestion. As pointed out in Marcotte

et al. (1996) and Marcotte and Zhu (1997), a necessary condition for the equilibrium conditions to
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coincide with the first-order optimality conditions of an optimization problem, is that one of the
criteria does not depend on flow rates. Therefore, in the standard BiTAP, the cost/toll along a path
does not depend on the flows on the path. Different users use different weights for the two criteria,
and users are partitioned into types according to their relative weights. If the number of user types is
finite, that is, the user type distribution has finite support, then a modification, with additional user
type indices, of the various formulations for the single criterion traffic assignment problem can be
used (see, e.g., Dafermos 1972). If the number of user types is infinite, then alternative approaches
are needed.

Next we set notation that will be used throughout, and then we present various formulations of
the BiTAP. Let (N, A) denote the finite directed network. For each origin-destination (OD) pair
(u,v) e N 2 let DY) > ( denote the demand rate (flow rate per unit time) for flow from u to v,
and let IT := {(u,v) € N? : D®Y) > 0} denote the OD pairs with positive demand. We use (u, v)
to denote an OD pair when it is necessary to be specific about the origin or destination, otherwise
we use m. Unless noted otherwise, it is assumed that D” is input; this is called the fixed demand
case. For each OD pair 7 € II, let R”™ denote the set of paths in the network for OD pair n, for
each arc a € A, let R} denote the set of paths for OD pair n that use arc a, and for each r € R”,
let AT denote the set of arcs on path r. For each arc a € A, let s, € Ry denote the cost per unit
flow on arc a that does not depend on the flow rates, and let 7, : R, +— R, denote the travel time
on arc a as a function of the total flow rate on arc a. We assume that ¢, is nondecreasing. A user
with weight w € R, for the cost relative to the travel time has preference consistent with bicriteria
cost c,(w,x,) :=1t,(x,) + ws, when x, is the total flow rate on arc a. Let x := (x4,a € A). It is
assumed that the bicriteria cost C7 (w,x) per unit flow for a path r € R” is the sum of the arc costs
per unit flow, C(w,x) = Zaeﬁ;r cqa(w,x,). For each OD pair 7 € I1, and each path r € R”, let
ST := Y gear Sa be the sum of the arc costs per unit flow, and let 7" (x) := X ;e #x 14 (x4) be the total
travel time as a function of arc flows x. For each OD pair 7 € I1, and each path r € R”, let f denote
the flow on path r, and let f := (f7,n € I1,r € R™). Given path flows f, the flow x, on each arc a is
uniquely given by x, = 2 ery 2rerr f;"- However, given arc flows x, the path flows f are not unique
in general.

As mentioned above, different users have different weights; let G™ denote the cumulative distri-
bution function of weight w among travelers for OD pair 7 € I1, and let [w™,w"] C R, denote the

smallest closed interval that contains the support of G".
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For each OD pair 7 € I1, we choose a total order < on the set of paths R” such that for any r,r’ €
R™ it holds that if » < 7" (implying r # r’) then S} > S7,. (Unlike previous papers on the BiTAP,
we do not require the order to be unique, that is, we do not require that if » < 7’ then §7 > S7,.)
The notation < does not show the dependence of the order on 7, because it will be clear from the
context.

Given arc flows x, a path r € R” is called efficient if there is an interval [w”, W] C [w", W"]
with w < w7 such that CJ(w,x) < Cl(w,x) for all ¥ € R™ and w € [w/,wy], and a path r €
R™ is called strictly efficient if there is an interval [w”,w;] C [w”,w”"] with w" < w; such that
CF(w,x) < C7(w,x) for all ' € R™ \ {r} and w € (w7, w)). Next we point out some basic prop-
erties that have been useful in previous research on the BiTAP. Consider two efficient paths r, 7’ €
R”™, and suppose that » <7’ (thus S7 > S7,). Consider any w € [w”,w)] and w’ € [w”,,w/,]. Then
T (x) + wST < T%(x) + wS7, and thus T%(x) — T (x) > w (SF —8%) > 0, hence T%(x) > T (x).
Similarly, 77 (x) — T/ (x) < w’ (SF — S7,). Previous papers assumed that different paths have dif-
ferent costs so that ST > S7,, in which case it can be concluded that w < w’. The assumption that
S¥ > 87, is awkward when these costs represent tolls (as in the canonical application), because
in many applications there are many paths with no tolls. Although the path costs could be per-
turbed for the purpose of numerical work, we show that this is unnecessary, and more importantly,
that the focus on weight intervals [w”,w)] is unnecessarily restrictive without contributing to effi-
cient computation. For the purpose of presentation and comparison with previous work, we will
also identify weight intervals [w”,w; ], and we will show that in any case (even if S} = S7,), the
intervals can be chosen such that w < w”,. The choices of intervals [w”,w ] and [w”,,w,] may
not be unique; for example, if r,7" € R™ are both efficient and ST = 87, (and thus 7" (x) =T7(x)),
then there is a common interval [w” ,,w’ ,] C [w™,w”"]| with wi, < wy ., such that CJ(w,x) =

Zr’ !

Cr(w,x) < CL,(w,x) for all ¥ € R and w € [w” ,,w; ,]. In such a case, if » </, then we will

choose intervals [w”, W], [wF,, w}/] C [mfvr,,WfJ,] such that wy < w”,. Also, if paths r,7" € R"
are both efficient, and r < r’, and there is no strictly efficient path r” € R” such that r < r” < v/,
then the intervals [w”,w}] and [w’,,w},] can be chosen such that w} = w”,. This allows the possi-
bility that there is an efficient path »”” € R™ such that r <" < 7" and w; = w”, =W}, = w’,. Thus,
given arc flows x, there is a nonempty set {r',...,r*} c R™ of efficient paths and a corresponding
sequence of thresholds w™ = w’, < w7 <--- <w%_ < w7 =W" such that for all i = 1,...,k it
holds that C”, (w,x) < Cl(w,x) for all " € R™ and w € [W;Tf_pwfi]- As mentioned above, the set

{r',...,rk} c R™ and the thresholds wrh < --- < w7 _, donot have to be unique, as illustrated in

Example 1.
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ExaMPLE 1. Fix an OD pair 7 € Il with support interval [w”,w"] = [0,0.14], arc

flows x, and a path set R*™ = {ry,ro,...,ri0} indexed so that r; < rp < --- < ryp.
Let (S7,S7,,....87,) = (5,4,4,3.7,3.35,3,2.6,2.25,2,1) and (7] (x),T}(x),...,T7 (x)) =

(0.04,0.05,0.05,0.135,0.16,0.12,0.18,0.235,0.19,0.31). Figure 1 shows the points (S7., 77 (x))
fori=1,...,10. As x changes, 7™ (x) changes, and thus the points move up or down. Note that, at
the given x, the cost pairs (Sfi, 17 (x)) for paths ry, rp, r3, re, r9, and ryg are on the efficient frontier,
whereas the cost pairs (Sfi, Tr’f (x)) for paths ry4, rs, r7, and rg are not on the efficient frontier.

Next we identify thresholds w” = wj < wi <--- <w]_| < wf =w" such that for all efficient

paths r; it holds that C} (w,x) < CZ(w,x) forall 7’ € R™ and w € [w] |, wT]. Note that C} (w,x) <
C7(w,x) for all ¥’ € R™ and w € [wg, w]] =[0,0.01], and that the slope between (7,7 (x)) and

ry’-r

(S%,T7(x)) is (the negative of) 0.01. Next, (S7,T7 (x)) = (S7.,TX(x)), that is, paths r; and r3 are

n’orn rp?Try r3*or3

exactly tied. Thus, C7 (w,x) = C7(w,x) < C7(w,x) for all " € R™ and w € [0.01,0.07], where
the slope between (87,77 (x)) and (ST ,T7 (x)) is (the negative of) 0.07. Because r; < r3, their

2o re> " re

intervals may be chosen as [w],w7]=[0.01,7] and [w],w7] = [5,0.07] for any n € [0.01,0.07].

Next, because paths r4 and rs are inefficient, wZ and w’5r have to be chosen as wj{ = wg = w’; =

0.07. However, we have to keep in mind that paths r4 and rs are inefficient, and thus it does not
hold that C} (w,x) < C7,(w,x) for all " € R™ and w € [w],w]] = [0.07,0.07], and similarly for
path r5. Next, note that point (S7, 7% (x)) lies on the line segment between points (S7,, 7}, (x)) and
(87,5 T75 (x)). Thus, wg also has to be chosen as w§ = wl = 0.07. However, in this case path rg is
efficient, and thus it holds that C7 (w,x) < C5 (w, x) forall ' € R" and w € [wZ,w¢] =[0.07,0.07].
Thus, path rg is not strictly efficient. Nevertheless, if the distribution G™ has a point mass at wg ,
then path r¢ may be preferred by a positive amount of demand, even though [wZ, w¢] is a singleton.
That does not mean that all the demand corresponding to the point mass at w¢ has to flow on path r¢
— the demand corresponding to the point mass at wg is partitioned among paths r2, r3, re, and
ro. In general, the demand corresponding to any point mass of G™ at w is partitioned among all
the paths r; such that C7.(w,x) < C7(w,x) for all v’ € R”. Also note that the status of path rg is
sensitive to small perturbations of 77 (x). For example, if x changes by a small amount to x” and as a
result 77 (x) increases to 7,7 (x”) that is slightly above the line segment between points (S7,, 7} (x"))

and (S7,, 77 (x)), as shown by the red circle in Figure 1, then path r¢ ceases to be efficient and
the flow on path r¢ can jump from a positive amount to zero. Continuing in the same way, paths
r7 and rg are inefficient, and thus w7 and wg have to be chosen as w7 = wg = wg = 0.07. Next,

note that C7 (w,x) < C5(w,x) for all " € R™ and w € [wg, wg] = [0.07,0.12], and that the slope
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Figure 1 Bicriteria cost pairs (S75,7,7(x)) for different paths r; for a given x, and the corresponding efficient frontier, as in

Example 1.
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2. Related Literature

Dafermos (1972) considered a BiTAP with a finite number of user types. It was pointed out that
it is a special case of the traffic assignment problem in which 7, depends on x and not just on x,,
that is, the travel cost on an arc a depends on the flow on other arcs and not just the flow on arc a.
The results of Dafermos (1971) were used to obtain the following sufficient condition for the user-
equilibrium to be given by a solution of an optimization problem: Let w =1,..., W index the user
types, let xa“ ") (w) denote the flow of type w users from origin u to destination v on arc a, and let

X denote the set of arc flows (x(” (w), (u,v) eTl,ae A,w=1,...,W) > 0 such that

DWW (w) ifi=u

Z Ej‘;))(w)— Z E;‘f))(w)_ D@ (w)ifi=y  YieN,V(@uv)ell, Yw=1,...

{JEN: (i,j)eA} {/eN:(j.)eA} 0 otherwise

(D
Let xo (W) := X (0)em x4 (), and let x, = (x4(1),.. ., x.(W)). Let

X = J@pacd) txw)= . 2w, (("V)(w) (u,v) elaeA,w=1,. ,W)eX

(u,v)ell
denote the set of feasible arc flows for each user type. Let c¢,(w,x,) denote the unit travel cost

of type w flow on arc a, and let c¢(x) := (c,(w,x,),a € A,w=1,...,W). Then user equilibrium
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can be specified with the variational inequality x* € X, {c(x*),y —x*) > 0 for all y € X, that is,
—c(x*) € Nx(x*), where N5(x™) denotes the normal cone to X at x*.

If, for each arc a € A and all flow vectors x,, the matrix with entries dc,(w, x,)/dx, (W), w,w’ =

1,..., W, is symmetric and positive definite, then the user-equilibrium can be computed by solving
' W pxa(w)
min {a;{;/o ca(w, (z,x-a(-w)))dz : (1)}
where x_,(-w) = (xg(W),a’ € AW =1,...,W,(a’,w’) # (a,w)) denotes the vector of all

xqa(w’) except for (a’,w’) = (a,w). Note that in the case of the BiTAP, c¢,(w,x,) = t,(x4(1) +
< +x,(W))+wsg, and thus dc, (w,x4)/0x, (W) =dt,(x4(1) +- - - +x,(W))/dx. Hence, all entries
dca(w,x,)/0x,(w") of the matrix are the same positive number dz, (x,(1) +-- - +x,(W))/dx, and
therefore the matrix for the BiTAP is symmetric and positive semi-definite. Dafermos (1972) pro-
posed an algorithm that solves shortest path problems similar to the Frank-Wolfe algorithm for the
traffic assignment problem, but instead of the new point being a convex combination of the previous
point and the shortest path, the new point is determined by removing flow from the most expensive
path with positive flow for an OD pair, and adding the flow to the shortest path for the OD pair.

Dial (1979) considered the special case of the BITAP in which both s, and 7, do not depend on
the flow rates x. An algorithm was proposed that, for a given OD pair «, finds a set {ry,...,ry} CR”
of efficient paths, and corresponding thresholds w* = wj < wi <--- <w7_, <w} =Ww", such that
foralli=1,...,k it holds that CJ(w,x) < C7,(w,x) forall ’ € R" and w € [w] ,wT].

Daganzo (1983) considered a traffic assignment problem with a finite number of user types,
similar to Dafermos (1972). The model allows more general arc costs of the form ¢, (w,x) :=1,(x)+
ws, that may depend on the flows x on all arcs. It is assumed that the mapping ¢ : R +» R7A
is increasing. In addition, it is assumed that for each user type w = 1,..., W, there is a function

W R+ RA that maps arc costs to arc flows that is continuously differentiable with a negative

X
semidefinite Jacobian. The assumption that x" is continuous means that the Wardrop equilibrium
conditions (only OD paths with least travel cost have positive flow) do not apply. Existence of a
fixed point is established with Brouwer’s fixed point theorem and Kakutani’s fixed point theorem.
A stochastic approximation algorithm is proposed to compute fixed points.

Leurent (1993) considered the following BiTAP. (Leurent (1993) groups paths » € R™ with the

same value of ST into “monetary expense classes”, but to simplify notation we omit the classifica-

tion.) For each OD pair 7 € I1, and each path r € R™, let F[ := Z:,: 1 f7 denote the cumulative flow
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onpaths ' =1,...,r, let Fg :=0,and let F" := ) cpn fI = F;erﬂ denote the total flow for OD pair
. It is assumed that G™ has a positive density so that (G*)™! (¢) is a singleton for all ¢ € (0, 1).

The OD demand is allowed to depend on the mean total cost over all OD paths and all weights, as

7r FX/F™
> | st [ (G”)‘%q)dq])

s
reR”® r—1 F

follows:

F* = D~

for F* > 0, where D™ : Ry — R, is assumed to be continuous and decreasing. It is shown that
the equilibrium conditions coincide with the first-order optimality conditions of the following opti-

mization problem:

Ya FT[F™ F”
min{z [Tuoay e Ys [T @t @a-Y, [ o (q)dq} @
f20 acA Y0 mell reR” F k7 rel 70

It is shown that the objective function is convex. Similar to Daganzo (1983), a stochastic approx-
imation algorithm is proposed to solve the optimization problem. The algorithm enumerates paths.

Leurent (1996) considered the same problem as in Leurent (1993), with the possible addition of
arc capacity constraints of the form x, < C, (here, C, denotes the capacity of arc a). Three algo-
rithms are compared for the case without capacity constraints. For the case with capacity constraints,
an augmented Lagrangian algorithm is proposed.

Marcotte and Zhu (1996) considered the following formulation of the BiTAP. It is assumed
that G™ has a density, but as before we give a more general formulation here to match our nota-
tion. Let x7(w) denote the (unscaled) flow on arc a € A of travelers for OD pair 7 € IT with
preference weight w € [0, wmax|. Also, for each arc a € A, let X, = Y e /OW"“X x7(w)dG™(w)
denote the total flow on arc a. Let L7 denote the set of functions f : [0, wmax] +— R such that
fowmax f2(w)dG™(w) < oo; for any f7,g" € L7, let (f7,87)] = OW"“'X T (w)g™(w)dG™(w). Then,
for any f = (fF € LI, neT,a€A) € L= [Ten (£5)7, g = (¢f € LE,meM,a € A) € L3, let
(f>8)2 = Xrent Zaealfa» 8475 Forany x € X, let ¢ (w, x) :=1,(X,) + ws, (it has the same value
for all 7 € IT), and let c(x) := (¢} (-,x) € L], m €Il,a € A) € L. Then the equilibrium conditions
can be expressed as the infinite dimensional variational inequality x* € X, {(c(x*), y—x"), > 0 for all
y € X. Itis shown that the equilibrium conditions coincide with the first-order optimality conditions

of the infinite dimensional optimization problem

. Xa v Vg T
min {;{ /0 ta(2)dz+ ) s ) / wx (w) dG (w)} 3)

acA mellX
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It is shown that the objective function is convex. The Frank-Wolfe subproblem at x € X is

min Z Z /W [ta(X'a) +wsa] X7 (w)dG™(w) 4)

reX acAnell W
The Frank-Wolfe subproblem separates into the following shortest path problem for each (u,v) € I1

and each w € [w, w]:

min {Z [ta()_(a)+wsa]x((1”’v)(w) : (1)} %)

(u,v)
x(#v) (w)>0 aeA

It is mentioned that, for each (u,v) € I, problems (5) for all w € [0, wyax | can be solved by solving
one parametric shortest path problem with parameter w. Thereafter a line search problem is solved
to determine the minimizing convex combination between the previous flows x and the shortest
path flows obtained from the Frank-Wolfe subproblem. Marcotte et al. (1996) provided more details
about the proposed algorithm, as well as numerical results.

Dial (1996) considered the BiTAP in which both arc costs s, and ¢, are allowed to be functions
of the total arc flow x,. Two algorithms were proposed. One algorithm is a heuristic based on the
efficient paths algorithm of Dial (1979) and Frank-Wolfe steps. Another algorithm is based on the
same optimization problem as in Marcotte and Zhu (1996) and Marcotte et al. (1996), with s,
not varying with the arc flow x,. Dial (1997) considered the same problem as in Dial (1996). An
algorithm is proposed to solve the same variational inequality, x* € X, {(c(x*),y —x), > 0 for all
y € X, as in Marcotte and Zhu (1996). Instead of solving the optimization problem (3), the proposed
algorithm alternates between solving the parametric shortest path problem (5) at current flow x € X
that produces flow x™ € X in iteration m, and a linear programming approximation that chooses
the next flow as the convex combination x(A) := %,:1 /lmrxm/, Z,:l Ay =1, 1 >0, attempting to
minimize 3)”,_, max {0, {c(x(2)),x™ —x(xl))z}.

Marcotte and Zhu (1997) considered the problem in Marcotte and Zhu (1996) and Marcotte
et al. (1996) with more general linear constraints and with arc costs given by c7 (x)(w) =#,(X) +
wsq(X). Marcotte and Zhu (1997) showed that, if s and ¢ are Lipschitz continuous and continuously
differentiable, then c is a monotone mapping if and only if # : R — R™ is monotone and s : R™
R7A is constant.

Marcotte (1998) compared a number of formulations for the BiTAP. It was assumed that G™ has
a positive density g on [w,w] for all 7. Marcotte (1998) showed that the formulations in Leurent

(1993) (with fixed demand D™ and with the ratios f/F”" replaced by x,) and in Marcotte and Zhu
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(1996) and Marcotte et al. (1996) are equivalent. However, it is important to note that the Frank-
Wolfe framework applied to the formulations does not give equivalent algorithms. The reason is
that convex combinations of equivalent solutions for different formulations do not give equivalent

solutions. To illustrate that, consider the following simple example.

ExXAMPLE 2. The network has a single OD pair 7 with fixed demand D™ = 1, two paths indexed 1
and 2 from the origin to the destination with 1 < 2, and weights w are uniformly distributed on
[w™,w"] =0, 1] for both paths. Solution 1 puts all flow on path 1. Solution 1 for the formulations
of Leurent (1993) and Marcotte (1998) is depicted by the bottom right diamond in Figure 2(a), and
solution 1 for the formulation of Marcotte and Zhu (1996) and Marcotte et al. (1996) is depicted by
the top horizontal line in Figure 2(c). Solution 2 puts all flow on path 2. Solution 2 for the formula-
tions of Leurent (1993) and Marcotte (1998) is depicted by the top left diamond in Figure 2(a), and
solution 2 for the formulation of Marcotte and Zhu (1996) and Marcotte et al. (1996) is depicted by
the bottom horizontal line in Figure 2(c).

Next, consider the convex combination halfway between the two solutions. The convex combi-
nation for the formulations of Leurent (1993) and Marcotte (1998) is depicted by the middle dot
in Figure 2(a), and the convex combination for the formulation of Marcotte and Zhu (1996) and
Marcotte et al. (1996) is depicted by the middle horizontal line in Figure 2(c). Also, recall from
Example 1 and the preceding explanation that, given solution f” or X and taking into account that
1 <2, there are thresholds w”™ = wjj < wT <wl =Ww", such that users with weight w € (w7, wT)
travel on path i and thus contribute to flow f” or x;. Thus, solution f™ or X can be extended to
weight-dependent flow functions %;(w). (This statement is based on the distribution G™ having a
density, and we will show how this construction can be generalized for arbitrary distributions.)
Figure 2(b) shows the resulting weight-dependent flow functions % (w) =1 and X, (w) = 0 for all
w e (0,1/2) and X1 (w) =0and %>(w) =1 for all w € (1/2, 1). Note that the weight-dependent flow
functions ¥ resulting from the convex combination (1 — &) ™ +a f” is not equivalent to the convex
combination (1 — @)X + axX depicted by the middle horizontal line in Figure 2(c). Also note that
the weight-dependent flow functions X has the interval structure illustrated in Example 1 and the
preceding explanation, while no strict convex combination (1 — @)X + X has the interval structure.

This difference has important computational consequences. O

Marcotte (1998) also considered the following formulation for the BiTAP based on thresholds

w’ :wg < w’lr <--- <L W71re"—1 < Wha =w". Given w = (wl, m € I,r € R”), the flow on each path
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Figure 2 Difference between convex combinations for aggregate-flow formulations and convex combinations for function-valued

formulations for Example 2.

r € R”™ is equal to f(w”) = D" /vaf g"(z) dz, and the flow on each arc a € A is given by x, =
r—1
2rell Zrerr Ji (W), Assuming that costs S7 do not depend on the flows, and with thresholds as

decision variables, the equilibrium flows are given by the optimal solutions of the optimization

problem
Xq wrk
min Z/O ta(Z)dZ+ZD Z Sy / 78" (2)dz (6)
acA nell reR”™ Wi
st.wi—wi_, > 0 Vraell, reR” @)
wy = W, Whr = W Vrell )

As pointed out by Marcotte (1998), one issue with this formulation is that the objective is not convex
in w (the variational inequality is not monotone in w). On the positive side, it is shown that a point
that satisfies the first-order optimality conditions of (6)—(8) is an optimal solution of (6)—(8).

Xie et al. (2026) considered the formulation (6)—(8), and confirmed that the first-order optimality
conditions for (6)—(8) coincide with the equilibrium conditions for the BiTAP. Similar to Marcotte
and Zhu (1996) and Marcotte et al. (1996), Xie et al. (2026) used a parametric shortest path algo-
rithm to generate efficient paths. Unlike previously proposed algorithms based on Frank-Wolfe,
instead of performing a line search between the current solution and an optimal solution of the
Frank-Wolfe subproblem, the Single-Boundary Adjustment (SBA) algorithm proposed by Xie et al.

(2026) adjusted one threshold w7 at a time using an Armijo line search algorithm.
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3. Alternative Formulation of the Bicriteria Traffic Assignment Problem

Recall that the formulation (3) considered in Marcotte and Zhu (1996) and Marcotte et al. (1996)
1s a convex optimization problem, but that it has infinite dimensional decision variables (weight-
dependent flow functions), and that even if two solutions have the interval structure possessed by
optimal solutions, a strict convex combination of the two solutions loses the interval structure. These
properties are detrimental to efficient computation. In contrast, the formulation (6)—(8) considered
in Marcotte (1998) and Xie et al. (2026) has finite dimensional decision variables that maintain
the interval structure by construction, but the objective function is not convex. In this section, we
propose an alternative formulation. Similar to the formulation (2) considered in Leurent (1993) and
Leurent (1996), our formulation is a convex optimization problem with finite dimensional decision
variables. All the previous formulations either require G” to have finite support or require G” to
have a positive density on [w”,w”] for each 7 € I1. In contrast, our formulation does not require
anything of G”. To simplify the presentation and algorithm, we also assume that G™ has bounded

support; this assumption can be removed at the cost of complicating the algorithm.

3.1. Notation

For a convex set S C R”, the relative interior of S is denoted by ri(S), and the normal cone to S at x
is denoted by Ns(x). Consider a convex function ¢ : R” - R U {co}. The effective domain of ¢ is

denoted by dom(¢) :={x e R" : ¢/ (x) < oo}. Let
0p(z) = wueR :y()2y(@)+u,7-z) V7 eR"} 9)

denote the subdifferential of  at a point z € dom(y). For a finite set T, let R? denote the vector

Ar = {XER{ . ZX,‘ZI}

iel

space indexed by 7. Let

denote the standard simplex over 7. Let
A7 = {xe€A; : x;>0Viel}

denote the relative interior of Ay. For any Borel set S C R, let £ (S) denote the set of cumulative
distribution functions on S. The quantile map for any G € P ([w,w]) is defined as the set-valued

map G~': [0, 1] — 2% given by

G‘l(p) = {xeR:G(y)<pVy<xandG(y)=pVy>x}.
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Note that G™'(p) is a nonempty closed interval for all p € (0,1), and G~'(0) = (=0, w] and
G~!(1) = [w’, ) for w < w < w’ <W. The quantile map is non-decreasing in the sense that for any
0<a<b<l,x,€G ' (a),and x;, € G~1(b), it holds that x, < x;.

For any 0 < a < b < 1, let the truncation of G € P([w,w]) be given by
Gap(x) = max{a,min{b,G(x)}}.

Note that G, is nondecreasing and right-continuous, and it induces a finite Lebesgue-Stieltjes

measure on R, which we also denote by G, ;. Its total mass satisfies
/dGa,b = lim Gyp(x) = lim Gup(x) = b-a.
R X—00 X——00

Note that for any integrable Borel measurable function f : R+— R andany 0 <a <b <c <1, the

additivity property

/ F() dGae(x) = / () dGap(x) + / () dGpe () (10)
R R R

holds.

3.2. Formulation

The variables g7 denote the fraction of demand D™ for OD pair 7 € I that flows on path r € R™. Let
q = (g7, m €Il,r € R"). As before, the weight thresholds are denoted with w = (w7, € I1,r € R™).
Recall that for each OD pair 7 € I1, we choose a total order < on the set of paths R” such that for any
r,r’ € R™ it holds that if < 7" (implying r # r’) then ST > S7,. To make expressions more concise,

for every m € I1, and r € R”, let

pr = Z qy
{r'eR™:r'<r}
denote the cumulative fraction of demand D” for OD pair 7 € II that flows on paths r’ € R™ with
' < r. Also, let the linear operator L™ : R®" —» RR” be given by
Lig) = Y qr = (A <) eR) (g r €RY)
{r'eR7:r'<r}

so that p™ = L™ (g™). Also, for each r € R™, r — 1 denotes the path that is the immediate predecessor
of r, so that p7_, := > 1 egr . /<) 4> With the convention that if r has no predecessor in R”, then
p,_,=0and w’_, =w”. Given g, for each arc a € A, let

xu(q) = ZD"Zq’; VaedA (11)

nell reR’

denote the total flow on arc a, and let x(g) := (x,(g),a € A).
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3.2.1. Equilibrium Conditions The pair (g, w) satisfies the equilibrium conditions if the fol-
lowing hold for all 7 € IT:
1.
q" € Ags, ie. ) qf =1and gf > 0VreR" (12)

reR”®

that is, each ¢” is a probability distribution with support on R”.

WHS"'<W7T_

Swi Swi<-<w” (13)

that is, the thresholds w7 are properly ordered between w”™ and w”. We can also require that
the last threshold be equal to w”, but given the other conditions, it is not necessary.

3. For each r € R™ such that g7 > 0, it holds that

Cr(w,x(q)) < CL(w,x(q)) Vr'eR™, Vwelwl ,wi] (14)

r=1>"r

that is, each used path is user-optimal for all weights w in its interval.

wr € (G (LT (¢")) VreR™ (15)
that is, the thresholds and probabilities are consistent with each other.

EXAMPLE 3. Consider Example 1, and suppose that OD pair 7 with demand D" =1 is the only

OD pair with positive demand. Let

0 ifw<0
0.05 if0<w <0.01

G"(w) = {0.3+5(w-0.01)if0.01 <w <0.07
0.8 if0.07<w<0.14
1 ifw>0.14

as shown in Figure 3. Let (q’}l,...,qu) = (0.1,0.3,0.3,0,0,0.1,0,0,0,0.2), so that condi-
tion (12) holds and (pfl,...,pfm) = L™(¢") = (0.1,0.4,0.7,0.7,0.7,0.8,0.8,0.8,0.8, 1). Fig-
ure 3 shows how ¢’ partitions the demand among the used paths. Consider (w’lr ,e ..,w’{o) =
(0.01,0.03,0.07,0.07,0.07,0.07,0.07,0.07,0.12,0.14), which are the thresholds of Example 1
with the choice n =0.03, so that conditions (13) and (14) hold. Figure 3 shows that condition (15)

also holds, and thus (g, w) is an equilibrium. Recall that paths r, and r3 are tied. It is clear how



Aguirre, Kleywegt, and Monteiro: Bicriteria Traffic Assignment

14

qF, =02

g7 =0.1

q;; =0.3

r L) 3 T'e r10

Figure 3 The distribution G™ of Example 3, the fractions ¢ as brackets to the left of the vertical axis, the cumulative fractions

T /9

p7 on the vertical axis, the thresholds w]* on the horizontal axis, and the intervals [w”_,,w[] as brackets below

the horizontal axis. Dashed lines connect each cumulative fraction p7 to the thresholds w” € (G™)~!(p7) of condi-

tion (15).

their order could be swapped and thus (¢, w) is not a unique equilibrium. Figure 3 exhibits some
features excluded by formulations that require a positive density and distinct costs: paths r; and r;
split the jump at w{, paths r3 and r¢ split the jump at w3 = --- = wg, path r¢ carries positive flow
although its interval is a singleton, and path rg carries zero flow although its interval [0.07,0.12]
is not a singleton. The example does not show how 77 (x) specified in Example 1 is obtained from

the travel time functions 7, and the flow partition ¢ — that will be demonstrated in Example 6. O

3.2.2. Optimization Problem In this section we formulate a convex optimization problem that
we use to compute an equilibrium. In a typical solution of the traffic assignment problem, only
a small fraction of the paths r € R” for an OD pair 7 € II is used (has g > 0). For algorithmic
efficiency, it is important to maintain sparse solutions, and our proposed algorithm is designed to
consider small subsets of paths R™ R”™, 7 €Il, and find the best solution for the subsets in each
iteration. Therefore, we extend the notation to make provision for the smaller as well as the full
optimization problems. For each a € A, let ﬁg =R™ N R7Z denote the paths in R™ that use arc a.

Note that, for each 7 € IT, the same order < applies to every subset R” ¢ R”. When a nonempty
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subset R™ ¢ R” of paths is considered, we will let g := (q’rr mell,reRr ) we will require that

pr = Z a7

{r’ef(” ir'<r}

2repr gy =1 and

and thus the linear operator L™ : RR™ s RR™ will be given by

A T A
L7 (q) = Z qr = (IL{r’ <r}, r'e 73”) (C[r” r' e ﬂ”)
{rreR7:r <r}
so that p™ = L™ (g”). Also, for each r € R”, r — 1 will denote the path that is the immediate prede-
cessor in R” of r, so that Pl =2 (reR7 :r<r} q7,. (The subset R™ will be clear from the context,

and therefore is not displayed in the notation.) Then, let ¢ : [ [ ;cr; Ag» — R be given by
0@ = 30" Y8t [ a6, o (16)
nell reRn R '

where, in this formulation, variables p7 are not regarded as separate decision variables, but rather

as linear functions of g. Also, let ¢ : [[;c;y Ag~ — R be given by

*a(q)
wig) = ), / ta(y) dy (17)
acA 0
where
xq.(q) = ZD”Zq’[ VaeA
nell reRz

denotes the total flow on arc a. For any subsets R” c R”, rr € II, the optimization problem is as

follows:

mqin {Y(q) =y(q@)+é(q) : q¢€ nAqén} (18)

mell
A similar formulation can be written with p7 as decision variables, with no apparent advantage
of one formulation over the other. Note that, whereas the equilibrium conditions are stated for a
pair (g, w), a solution of the optimization problem is ¢ only. Thus, unlike previous approaches, the
first-order optimality conditions of the optimization problem do not coincide with the equilibrium
conditions. Instead, we will show how, given a solution ¢ of the optimization problem for R”™ = R”,
m € I, thresholds w can be determined in run time that is linear in the number of efficient paths,

such that (¢, w) is an equilibrium.
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4. The Optimization Problem and Equilibria
4.1. Preliminary Results

First we confirm that the value of ¢(q) is not affected by the choice of total order on R”.

LEMMA 1. For any n € I, consider two total orders < and < on R” such that for any r,r’ € R"

it holds that if r <r’ or r <r’ then ST > S7,. Consider any R™ ¢ R™ and any ¢* € Ag,. For each

reR”, let
pr o= Z qy and pr o= Z qr
{r’e?é":r’ﬁr} {r’e‘ﬁ”:r%r}
Then
>t [vac o0 = Yt [yaG 0
reﬁ” re‘f?”

and thus ¢(q) is invariant with respect to the chosen order.
Next we establish some pertinent properties of the function ¢. For that purpose, consider any

[w,w] R4, any G € P([w,w]), and the function ¢ : [0, 1] — R given by

o) = [ wdGo, )
It follows from [w, w] C R, that ¢ is nondecreasing. Note that ¢(0) =0 and ¢(1) € [w, w]. We will
also use the result in Lemma 2.

LEMMA 2. The function ¢ : [0,1] — R is convex and Lipschitz continuous, and d¢(p) = G~ (p)
for every p € [0, 1].

For every m € I1, let ¢™ : [0, 1] — R be given by
) = [waag, o

and given any subset of paths R” c R” and any r € R”, let @7 : Ag. — R be given by

¢r(q) = ¢"(L7(q))

Then it follows from Lemma 2 that ¢7 : Ay, — R is convex and Lipschitz continuous. Also,
range(L™) Nri(dom(¢™)) = (0, 1) # @, and thus it follows from Rockafellar (1997, Theorem 23.9)
that

07(q) = (107 =r), ¥ €RT) (G™) (LF(@) + Nage (@)
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Let §7. :=min{S} : r € R™}. For each r € R™ that has a successor in R” in the order <, let r+ 1 €

R”™ denote the immediate successor in R” of r. Note that, if » does not have an immediate successor

in R™, then S7 = ™

min’

and py = LT (g") =1 for any g™ € Ap,, and thus ST¢™ (p7) =8". ¢"(1)isa

min

constant independent of ¢g”. Hence

6(q) = D D" ) ST (PP —¢" ()]
rell réﬁn
= Zpﬂ Z [1{r+1eR™} (ST -7 ) ¢ (¢") + 1{r+1¢R7}S™. o™ (1)]
rell reﬁn

LEMMA 3. The function ¢ : [ [ e Ag» — R is convex and continuous, and

os(a) = [|p7 D) (SE-smy) (107 =0}, 7 R} (G (LF(g™) + Nage (47)

nell {reR7:r+1eR™}
Recall that ¢, : R, — R, is assumed to be nondecreasing. Next we show that it is sufficient for ¢
to be convex. For any x > 0, let 7 (x) := lim, #,(y) denote the left limit of 7, at x, and for any x > 0,
let ¢} (x) :=1limy, #,(y) denote the right limit of #, at x. It follows from #, being nondecreasing that

t;(x) <t} (x) for all x > 0.
LEMMA 4. The function y is convex and continuous on [ | ey Agx, and
ow(q) = {g = (gf,fr €llre 7?”) Lgr=D" ) T T € [17(xa(@), 15 (xa(@))] Vare ﬂ}+ﬂ Nag (a7
acAF nell
with (17 (0),15(0)] := (—c0, 1 (0)].
To convert an optimal solution g of problem (18) to a pair (g, w) that satisfies the equilibrium

conditions (12)—(15), we will assume that ¢, : R, — R is continuous, in addition to being nonde-

creasing. Then Lemma 4 simplifies to Lemma 5.

LEMMA 5. Ift,: R, +— R, is continuous, then
W(q) = {g = (gf, nellre 7?”) Ll =D" > ta(xalg)) = D”Tf(X(q))} | [ Nage (4
acAr mell
4.2. Optimality Conditions
Next we establish necessary and sufficient conditions for g* € [[,cr; Ap- to be optimal for prob-

lem (18). For each € I1, let ™ denote the dual variable associated with the simplex upper-bound

constraint ) .4~ gy =1, and let A := (4", € II).
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LEMMA 6. A vector q* € [|,cri Ag~ is optimal for problem (18) if and only if there exist
™ = (1),a € A) with 1, € [t;(xa(q*)),t;(xa(q*))], w = (Wf*,ﬂeﬂ,reﬁ”) with wi* €

(G™) (L7 (™)), and 2* = (™, & € ), such that the following holds:

gr D™ > T+ > (ST —S7 JwE |+ = 0 Vzaell, VreR”
aeAl {r’eﬁ”:rﬁr’,r’ﬂeﬁ"}
(19)
D™ > T+ > (% =87, WS |[+4™ > 0 VrellLVreR™  (20)
acAT {Weﬁ”:rﬁr’,r%leﬁ”}

If 1, : Ry — R, is continuous, in addition to being nondecreasing, then Lemma 6 simplifies to

Lemma 7.

LEMMA 7. Suppose that t, : Ry — R, is continuous. Then, a vector q* € [ ] cri Ay is optimal for
problem (18) if and only if there exist w* = (w’}*,ﬂ ell,re ﬁ”) with wi* e (G™)~! (LT (g™)) and
A* = (A", €Il), such that the following holds:

g D™ | T (x(g")) + Z (ST =87 )wi|+4™ ¢ =0 Vraell, VreR"
{r'eR™ .r<r’ r'+1eR7}

(21)

D™ |T"(x(q%)) + Z (7 —S%, Jwr|+4™ > 0 Vaell,VreR™ (22)

{reR7:r<r’,r’+1eR~}
4.3. From Optimality to Equilibrium

Recall that optimization problem (18) has solution g, whereas the equilibrium conditions (12)—(15)
are stated for a pair (¢, w). Next we present Algorithm 1, that takes any subsets R”, 7 € I, of paths,
and optimal solution g for problem (18), as input, and produces the subset R". C R™ of paths on
the efficient frontier, with thresholds w = (wf ,mell,re{0}uU RT ), as output. Algorithm 1 makes
provision for multiple tied paths, that is, paths » and " with §7 = 87, and T (x(¢q)) =T} (x(g)), with
zero or positive flow.

A brief summary of the steps of Algorithm 1 is given next. First, for each OD pair 7, the algorithm
selects the path with the least cost C7 (w”™, x(q)), initializes w] «— w” for lower indexed (inefficient)
paths, and starts the list RT. ~of efficient paths. Second, each iteration applies one of the cases

(24), (26), (28), or (30) to determine the next threshold value and the next efficient path. Third,
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Algorithm 1 Threshold Selection Algorithm Thresholds((N, A),IL, ((G™, [w™, w”]), 7 € 1), (¢4, 54),a €
A), (R™,m€ll),q)

Require: Network (N, A), set IT of OD pairs with cumulative distribution function G’ with support interval [w”,w”] for each

N

11:

12:
13:

14:

15:
16:

17:
18:

19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:

33:
34:

R IADd2NHE®

7 €11, cost functions 7, : Ry — R and costs s, € Ry for each a € A, any nonempty path sets R”™ indexed with r = 1,..., R™
such that Si’ > > Sgn for each 7 € T1, optimal solution g := (g7, w € IL,r =1,...,R™) € [] rer1 Ag~ for problem (18)
for 7 €Il do

i« min{argmin {77 (x(q)) +w™S7 : reR™}} (23)
forr=0,...,r1 —1do
wi—w’
end for
RE. — {rlA}, 1
while r, < R™ do
if (S7 > 57 ) then
. T (x -T7(x . .
W?m - mm{ ¢ (4)73 r;( (q) :re{r€+1’.”7Rﬂ}}’ W;r, - min{w?‘m,wﬂ} 24)
SE — 57
T (x -T7(x N
rerl — min{argmin{ Al (q)ﬂ) r;;( @) :re{rg+1,...,R”}}} (25)
SE —SP
else (Sf/ =SZ+1)
T}ni“ — min{T) (x(¢)) : S} =57,. re{re+1,...,R™}}
if (Tg,nin =T (x(q))) then
W T max{wg_l,min{we(G”)_l(Lf[(q”))}} (26)
res1 — min{argmin {77 (x(q)) : SF =87, re{re+1,...,R"}}} 27
else (T;;ﬂ" ST (x(q)))
if ({reR™ : 5% > S7} #0) then
. T (x -T7(x N .
WI(}nn - min{ 7 ( (q)ﬂ) rfr( () :S;;>S,7,r, VER”}, W;r[ - min{w?m,wﬂ} (28)
! Srg_Sr
7 (x -T7(x N
Teel — min{argmin{ il (q)ﬂ) r;( @) . 87 >S;’,re‘R”}} (29)
SE 57
else ({re??” D S% >S;T}:®)
Wit WAL Wl e W (30)
end if
end if
end if
if Wi <W” then
R[’;iﬂ - R:rrlinu{r[*'l}
else
resl < R
end if
forr=rp+1,...,rps1 — 1 do
wi — wl
end for
{ — (+1
end while
wg” — w" (€20)
end for

Output w = (w;r,n eIl,r e {0} U‘ﬁ”) and R™. 7 eTl
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whenever the next threshold value is feasible, the algorithm appends the next efficient path to the
list RY. , and fills in the threshold values for inefficient paths with intermediate indices, while
preserving monotonicity of the threshold sequence. Finally, it assigns terminal inefficient paths

threshold values of W™, and outputs both the thresholds w and the lists R” . of efficient paths.

EXAMPLE 4. In this example, we apply Algorithm 1 to the path data of Example 1 and the path
fractions g of Example 3. Example 6 will verify that these fractions g solve problem (18).

At w™ = 0, relation (23) selects path rj. The minimum in (24) is 0.01, attained by
both paths r; and r3, so the minimum-index rule in (25) selects r, and sets wi =
min{0.01,0.14}. Because S, = S7,, T]" (x(q)) = T3 (x(q)), and L7, (¢™) = 0.4, case (26) gives w] =
max {0.01, min {w e (G™M! (0.4)}} =0.03, and relation (27) selects r3.

Starting from r3, the minimum in (24) is 0.07, attained by rg and r9. The minimum-index rule
selects rg, sets wg = min{0.07,0.14}, and the fill step sets wZ = wg = 0.07. Next, starting from
re, the minimum in (24) is also 0.07, attained by rog, setting wg = min{0.07,0.14}, and the fill
step sets w; = wg = 0.07. Starting from rg, the minimum in (24) is 0.12, attained by ro, setting
wg =min{0.12,0.14}. Finally, the terminal step sets w/; = w”™ =0.14. Consequently,

Rﬂ'

min

= {r1,r2,73,76,79,710}, (wg,....wiy) = (0,.01,.03,.07,.07,.07,.07,.07,.07,.12, .14)
(32)
which is the threshold vector of Example 3. Figure 3 verifies that (15) holds, and Figure 4 shows

the corresponding optimality intervals. m|

In the remainder of the paper we assume that 7, : Ry — R is continuous. Example 5 shows that

continuity of 7, is needed to guarantee existence of an equilibrium.

EXAMPLE 5. Consider a network with a single OD pair 7 with demand D™ =1, and two disjoint
paths, indexed 1 and 2. The weight w is O with probability 1, that is, it is a classical single-criterion
traffic assignment problem. The travel time on path 1 is 71 (x;) = 1+ 21{x; > 1/2}, and the travel
time on path 2 is 7 (x;) = 2. Note that x| (¢) = g1 and x2(g) = g2. Any solution with g < 1/2 satisfies
g2 > 1/2 but CT(w,x(q)) < CJ(w,x(q)), and any solution with g > 1/2 satisfies C] (w,x(q)) >

C7(w,x(gq)). Thus there is no solution that satisfies equilibrium condition (14). O

LEMMA 8. Assume that t, : Ry — R, is continuous for all a € ‘A. Consider any optimal solution
q for problem (18), and the resulting output w and R7 . , m € I, of Algorithm 1. Then the following
hold:
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0.7 +
= 06t
=
2
~ 0.5 + w’
E; W97f 10
> 0.4 + r10
S wi=: =l
=
Q
N
s
S
(5]
=
)
G}

0 0.01 0.03 0.07 0.12 0.14
Weight w

Figure 4 Application of Threshold Algorithm 1 to the data of Examples 1 and 3. The thin gray lines are the distinct bicriteria
path-cost functions CF (w,x), r € R™ (note that the functions for 7 and r3 coincide), and the thick segments show
the intervals assigned along the lower envelope. The values 0.01, 0.07, and 0.12 are intersection thresholds where the
slope of the lower envelope changes. The value wg =0.03 is not a kink, rather it is the quantile threshold that separates
the intervals assigned to the tied paths r, and r3. The orange point at w = 0.07 is the singleton interval assigned to rg,

and the gray segment is the positive-length optimality interval of the zero-flow path rg.
(1) The thresholds w satisfy w" =wg <wj <+ < wgn =w" for all m €TI.
(2) Every path with positive flow is an efficient path, that is, {r eR™ : qr > 0} CRE. .
(3) The thresholds w satisfy wT € (G™)7! (LT (g™)) forallmel, r € R,

(4) For every m € Il and every re € R . it holds that

T7, (x(q)) +wS;, < T (x(q))+wS; VreR", Vwe [(wy,_»wr,] (33)

= re

Y/ g— T _ s
where wy = wg=w".

THEOREM 1. Assume thatt, : Ry — R is continuous for all a € A. Consider any optimal solution
q for problem (18) with R™ = R™ for all & € I1, and the resulting output w of Algorithm 1. Then
(q,w) satisfies the equilibrium conditions (12)—(15).

4.4. Solving the Optimization Problem

Section 4.3 showed how an optimal solution g of optimization problem (18) can be converted to
an equilibrium (g, w) that satisfies conditions (12)—(15). In this section we propose an algorithm

to solve optimization problem (18) for the full set R* = R”, r € I1, of OD paths. Lemma 9 shows
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that the optimality conditions (21)—(22) are satisfied by (g,4,w) for any optimal solution g of
problem (18), 4 given by (34), and with w given by Algorithm 1.

LEMMA 9. Assume that t, : Ry — R, is continuous for all a € ‘A. Consider any optimal solution

Ve

q for problem (18), and the resulting output w and R". =A{r1,...,rp} of Algorithm I. Let R™ be

A

indexedwithr=1,...,R™, and let

o= DT |TT (x(q)) + 7 (S;TL—Sgn)] Vrell (34)

L
Then (q,A,w) satisfies the optimality conditions (21)—(22).

Problem (18) is a convex optimization problem, and therefore can be solved by general convex
optimization algorithms. However, typical instances of the traffic assignment problem have many
paths for most OD pairs, only a small fraction of which have positive flow in an equilibrium. Thus,
we propose Algorithm BTA (Algorithm 2) that exploits both convexity as well as the sparsity of
typical solutions. More specifically, Algorithm BTA maintains a (typically small) subset R™ c R”
of paths for each OD pair 7 € II, solves the convex problem (18) for the subsets R”, 7 € II, to
produce flow fractions § = (cif ,nell,re ﬁ”), update arc flows x,(§) and travel times #,(x,(g)),
a € A, and then solves a parametric shortest path problem for each origin u € N such that YV, :=
{veN : (u,v)ell} # 2. Algorithms for the parametric shortest path problem have been proposed
in Karp and Orlin (1981). Algorithm 3 solves the parametric shortest path problem for a given origin
u € N. If the parametric shortest path problems produce paths not yet in the subsets R”, then the
new paths are added to R”, and Algorithm BTA returns to solving problem (18) for the updated
subsets R”, 7 € IT; otherwise Algorithm BTA returns § = (cjf ,nell,re ﬁ”). Note that ¢ contains
path flow fractions g7 for paths r € R™ only. Lemma 10 shows that the expanded solution ¢* with
qr =qrforre R™ and g =0forr e R™ \ R™ is optimal for problem (18) with the complete set of
paths. As shown in Section 4.3, Algorithm 1 can be used to convert ¢g* to an equilibrium (g*, w*)

with the complete set of paths.

REMARK 1. Algorithm 3 returns both shortest paths R®“"* as well as thresholds
wé”’v)+, o, w;”(i)v;. The thresholds are not used in Algorithm BTA, but facilitate the following
point. Lemma 8 established that, given any optimal solution ¢ for problem (18), the thresholds
produced by Algorithm 1 satisfy (13), (14), and (15). In contrast, as shown next, the thresholds
produced by Algorithm 3 satisfy (13) and (14), but not (15). Consider the data of Example 3,

and suppose that each path r; is associated with a separate arc also denoted with r; and that the
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Algorithm 2 Bicriteria Traffic Assignment Algorithm BTA((N,A),IL ((D™,G™, [w™,w"]),n €
), ((ta, 54),a € A))

Require: Network (N, A), set IT of OD pairs with demand D™ and cumulative distribution function G™ with support [w”,w”]
for each n € I1, cost functions ¢, : R+ — R, and costs s, € R, for each a € A

1: forue N do

2: Vy—{veN:(uv)ell}

3 if V,, # @ then

4: (RWY) @)y 'y e V)  BPSP((N,A), u, Vi, ((ta(0), 54),a € A), ([wH") w1 v e V)

S: end if

6

7

8

: end for

1

: whilep=1do

9: n<0
10: (2<—argrnin{Y(q) : quneHAﬁn}
11: for u € N such that V,, # @ do

12: ((RWV)* y@v)+) e )« BPSP((N, A), u, Vi, ((ta(xa(9)), sa), a € A), ([w@V) w#)] v e v,))
13: for ve Y, do

14: if R(V)+ ¢ RULV) then

15: ﬁ(u,v) — ﬁ(u,v) UR(“’V)+

16: ne1

17: end if

18: end for

19: end for

20: end while
21: Output § and R” for all 7 € I1

input data with #(; ;) = #(; j)(x(;,j)(q)) is provided to Algorithm 3. Then wj = w =0, and path r
is the unique shortest path with arc costs c(; j) = #(; j) + WS, ;). Then w’ = 0.01, A" = {ra, 73},
and wi =w’ = 0.01. Algorithm 3 does not specify which arc in A’ is selected to construct the
next tree. Whichever arc in A’ is selected, in the next iteration w’ = 0.07, A’ = {rg,r9}, and
wl =w’ =0.07. Recall from Example 4 that w] = (G’T)_l(Lf2 (¢™)) = 0.03, which cannot be
obtained by solving the parametric shortest path problem. The point is that although a parametric
shortest path algorithm computes a sequence of thresholds, when there are ties on the efficient
frontier, these thresholds may not satisfy (15), because the distribution G™ is immaterial to the
parametric shortest path problem. Algorithm 1 is designed to produce thresholds that satisfy both
the quantile condition (15), as well as, similar to a parametric shortest path algorithm, the minimal

cost condition (14).

LEMMA 10. Assume that t, : Ry — R, is continuous for all a € A. For each nt € 11, let R™ denote
the complete path set and let R™ c R™. Consider any optimal solution § for problem (18) with path
sets R™, m € IL. Let W = (W’rr,nen,r e {0} Uﬁ”) and R*

r = A1{F1,...,F;} denote the output of
Algorithm I with input R™ and §.
Let q* = (¢7*, 7 € I1,r € R”) be as follows: For eachr € R” let g™ = §7, and for eachr € R™ \ R™

let g7* =0. Then x(q*) =x(q).



Aguirre, Kleywegt, and Monteiro: Bicriteria Traffic Assignment

24

Algorithm 3 Bicriteria Parametric Shortest Path Algorithm from One Origin to All Destinations
BPSP((N, A),u, Vi, ((ta,5a), a € A), ([w), w ], v e V)

Require: Network (N, A), origin u, set V,, of destinations, costs ti,j) € R+ and 5(; ;) € Ry for each (i, J) € A, support intervals
[@“’V),w(”)] forallv eV,

I: w, < min {m(u,\/) Ty E(Vu} and W,, < max {W(“"’) Ty E(Vu}

2 wew —w,
3: Compute a shortest path tree (N, A, ) from origin u to destinations v € V,, on network (N, A) with arc costs ¢(; j) =#(; j) +
WS(i,j)

4: forie N do

5: T; < the t-cost from u to i in the shortest path tree (N, A,)

6: S; « the s-cost from u to i in the shortest path tree (N, A, )

7: end for

8: forveV,do

9: if w(Y) < then

10: RW-¥)*+  (path from u to v in the shortest path tree (N, A,)}

11: R+ ]

12: else

13: RMV)I*+ @

14: R+

15: end if

16: w(()u’v>+ —wy)

17: end for
18: while w” <w,, and {(i, /) € A\ Ay : Si+s(;,jy <Sj} #2 do
19:

, Tty -T
w o« mln{Sj TSi—sa 2 (i,)) e A\ Ay, S; +5(i,7) < Sj}
A’ «— ar min{M () e ANA, Si+s(i; <S'}
£ Si=Si=sajy " S =

20: if w’ <w, then
21: Select (i, j) € A’
22: Find (i/, j) € Ay
23: Ay — A VLG DI )}
24: N —{j}
25: AT —Ti+t; jy—T;
26: AS —Si+s3,j)—Sj
27: while N’ # @ do
28: Remove i” € N’
29: Update T; < T;» + AT and S;» < S +AS
30: if i”” €V, then
31: Update (R (41" + y (:8")+)  UpdatePSP((N, Ay ), (N, ALY, u,i”, [w ") 501 gy g7 QI+ 1y, (7))
32: end if
33: for (i"”,j’) € A, do
34: N N U{j’}
35: end for
36: end while
37: we—w’
38: Ay — A,
39: end if

40: end while
41: forv eV, do

42: if w < w(Y) then

43: R+ {path from u to v in the tree (N, Ay)}
44: wlH)* py)

45: RV ]

46:  else (W) <w)

47: wlon it gpy)

48: end i{e

49: end for

50: Output R:Y)+ and w(()u’v)+, .. ,w;“(;‘fg; for all v € V,
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Algorithm 4 Update Parametric Shortest Paths and Thresholds UpdatePSP((N, A,), (N, A,,), u, v, [w () 350y R

Require: Trees (N, A,) and (N, A},), origin u, destination v, support interval [m(”"’),w(”"’)], current thresholds w < w’, path
list R4+ with |R #Y)*| = RV threshold List w(#-¥)+

10 if w < w(®¥) <3wY) <3/ then
2: R+ {path from u to v in the tree (N, Ay)}
3: CRDAEE UAD)
4: R+
5: elseif w <w(Y) <w <w(Y) then
6: RU-Y)*+  (path from u to v in the tree (N, A,)}
7. (u,v)+ —w
8: 72%“"’“ — R+ {path from u to v in the tree (N, A},)}
9: Rt 2
10: else if w(*Y) <w <Ww(*¥) < w’ then
M wieh) el
12: else if w(*") <w <w’ <w") then
13: ;;(uv\))t —w’
14: R+ Ruv)+ {path from u to v in the tree (N, A},)}
150 RO RUVIF 4]
16: end if

—_
<

: Output path list R(#V)*  threshold list w(*-V)*

Let w* = (W™, w €Il,r € {0} UR") and R =A{r],...,r;.} denote the output of Algorithm 1

with input R™ and q*. Let R”™ be indexed withr =1, ..., R”", and let
AT = _pr [T”L () + 7 (sz* _ ;)] Vrell (35)

Let A* := (™, € I1). For each nt € 11, let R™ denote an optimal set of paths for the parametric
shortest path problem (over the complete path set R™) with arc costs t,(x,(G)) and s,. That is,
R™ can be indexed such that R™ = {r',...,r*} and there are thresholds w”™ = wih <wi <. <
w’:k_, < Wfk =W" such that for all i = 1,...,k it holds that Cfi(w,x(cj)) < Cr(w,x(q)) for all
r'eR" andw € [wa ,w”.]. Suppose that R™ c R™ for each nt € I1. Then it holds that (g*,1*, w*)

satisfies the optimality conditions for the complete path set:

R™-1

¢ D™ | T (x(¢")) + Z (% =87, Wi [+4™F = 0 Vaell, VreR" (36)
R™-1 )

D™ | T (x(¢%)) + Z (ST, -8, Y)W |+4™ > 0  Vrell,VreR" (37)

THEOREM 2. Algorithm BTA returns a solution § = (§%,n € I1,r € R™) in O (Zﬂen |7§”|) steps.
Then q* = (q7",m € ll,r € R™), where q7* = g7 forall mell, r € R™ and g’ =0 for all m €11,
r e R™\ R”, is optimal for problem (18) with the complete path set. Given q* and the resulting
output w* of Algorithm 1, (¢*,w") is an equilibrium of the BiTAP.
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ExXAMPLE 6. We present a network for which (g, w) given in Examples 1 and 3 is an equilibrium.

We also present the steps of Algorithm BTA. Let
N = {M9V’Z19"-’Z10}’ ﬂ = {(u’zl)9(zlvv) lzl”lo}’

letIT= {n} with m = (u,v),let D™ =1, and let path r; = ((u, z;), (z;,v)). Forevery i, let ¢, .,y (y) =0,

S(uz) =0, and s(z, ) =87, with § as in Example 1, and let

t(Z],v) (y) = 003 +O.1y, t(Zz,V) (y) = 005,
Z(Z3,V) (y) = 0'04"‘)7/30, t(z4,v) (y) = 0.135,

t(zsm) (¥) = 0.16, f(zem)(¥) = 0.11+0.1y, (38)
Z(Z7,V)(y) =0.18, t(zg,v)(y) = 0.235,
t(ZQ,V) (y) = 019’ t(ZIO,V) (y) = 0.31.

The paths are arc-disjoint, so (11) and (38) give

q° = (.1,.3,.3,0,0,.1,0,0,0,.2) = T"(x(¢")) = (.04,.05,.05,.135,.16,.12,.18,.235, .19, .31),
(39)

as required. Starting with arc travel times 7,(0), Algorithm 3 gives initial path set R” = R™ =

{r1,r3,r6,r9,r10}. Path r; is omitted because S}, = Sy, and tzw)(0) =.05 > .04 =1t(,, ,)(0); Fig-

ure 5(a) shows that the other omitted paths also lie above the efficient frontier.

The optimal solution § for problem (18) with initial path set R is (47> 4rsdre> Ares dr,y) =
(833 - 35, 1), with thresholds (W, WF,, WE, W7, W7,) = ( 7k o 7o 35- 5 ) - Optimality con-
ditions (21)—(22) hold with 2™ =-31/100.

At this solution, 7,7 (x(4)) = 1/20 < 49/900 = T (x(3)). Algorithm 3 with arc travel times
ta(xa(§)) gives path set R™ = {ry,r2,76,r9, 710}, and thus R* « R™ U {r,}. The optimal solu-
tion for problem (18) with updated path set R™ gives ¢* in (39). Algorithm 3 with arc travel times
ta(x.(q")) gives path set R™ = {r1,r2,r¢,79,710} C R If Algorithm 3 selects r3 instead of r, at
w =0.01, or skips path r¢ at w = 0.07, it still holds that R™ c R™. Algorithm BTA terminates, and

Lemma 10 verifies optimality for the full path set. Algorithm 1 then gives w* in (32). O

5. Numerical Results

In this section we compare Algorithm BTA with the methods of Dafermos (1972), Daganzo (1983),
Dial (1996), Marcotte et al. (1996), and Xie et al. (2026). Specifically, from Dafermos (1972) we

use the path-correction algorithm for the multiclass problem, in its TNTP surrogate cost mode.
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(a) Parametric shortest path solution with zero initial flow. (b) Parametric shortest path solution after the first flow
update.
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(c) Parametric shortest path solution for flow x(g*).
Figure 5  The three parametric shortest path solutions produced by Algorithm 3 in Example 6. Thin gray lines are the bicriteria

costs of all ten paths and thick colored pieces their lower envelope. Panel (a) shows the first path set R”. Panel (b)
shows the parametric shortest path solution for the updated flow x(§); path r¢ is optimal only at the marked singleton
w =0.07. Panel (c) shows the final parametric shortest path solution for the final flow x(g*), when every parametric

shortest path is already in R”.

From Daganzo (1983) we use the stochastic approximation algorithm, with the feasible Cesaro
average. From Dial (1996) we use T2-ETA, which calls T2-MPA as its minimum-path assignment
subproblem. From Marcotte et al. (1996) we use the parametric shortest path descent with the
paper’s exact line search (not its Armijo variants). From Xie et al. (2026) we use SBA rather than
the Frank-Wolfe or T2-0 algorithms that accompany it.

Table EC.1 gives summary network data such as the numbers of nodes, arcs, zones, OD pairs,
and total demand, for each benchmark network used in the numerical tests. Link travel times are
given by the BPR function #,(x,) =2(1 + a,(x4/cq)Pe), with a, and B, given in Table EC.2. The
arc flow monetary costs are given by s, = apx>°t, (x3°), called marginal-cost tolls, rounded to
the nearest 0.01 for every a € A, with g =1 (except for the results discussed in Section EC.4.5)

and x>© being the system optimal arc flows for the same instance. Tests were performed with two
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types of instances: smooth instances, meaning that Y is smooth (a sufficient condition is that G”
has a positive density on [w”,w"], as the methods of Marcotte et al. 1996 and Xie et al. 2026
require), and nonsmooth instances. For the smooth instances, all methods used w ~ U [6,30], and
for the nonsmooth instances w followed a “staircase” distribution with equal point masses at w =
0,2.5,5,7.5,10.

All methods, except the SBA method, are implemented in C11 with POSIX threads, and compiled
via Clang. The SBA code, obtained from the authors of Xie et al. (2026), was written in C++14, built
from GCC 12.3.0. The reported computation times exclude the computation of x°° to determine
input arc flow monetary costs s,. We ran BTA with two solvers for solving problem (18) with
subsets of paths R” in Line 10 of Algorithm 2: The FISTA method of Sujanani and Monteiro (2024)
was used for the smooth instances, and the two-cut adaptive proximal bundle method (Ad-GPB) of
Monteiro and Zhang (2024) was used for the nonsmooth instances. Table EC.2 gives the parameters

used for these solvers.

5.1. Benchmarking Metrics

For each instance i and method m, let g; ,,(¢") denote the incumbent solution at CPU time #’, and let
Vim (1) = Itl,lgl Y; (Qi,m(t/)) (40)

denote the best objective value attained by time ¢. For each instance i we also compute a lower

bound on the optimal objective value Y, as follows. It follows from convexity of Y; that

Y: > Yi(q) +min{<g,y—q> : yGHAw} 41)

mell

for any feasible ¢ and any subgradient g € dY;(q) at ¢. For instance 7, let L; denote the largest lower
bound of (41) over all iterates ¢ produced by all methods m. Thus, L; is the best lower bound on
Y computed during the test. Let q? denote an initial feasible solution for instance i obtained after
Line 4 of Algorithm 2. Then the relative gap for any method m on instance i at time 7 is
Vim(t) = L;

. 42
Yi(q)) - L; 2

Yim (t) =

Thus, y; sTa (0) = 1. Note that the denominator does not depend on the method m, and is used only

for scaling. For any tolerance &; > 0 and maximum compute time 7; for instance i, let

inf{r € [0,T}] : yim(t) <&} if{r€[0,T]:yim(t) <&}+0

T; otherwise
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Table 1 Comparison of BTA and the methods of Daganzo (1983), Dial (1996), Marcotte et al. (1996), and Xie et al. (2026) for
smooth instances, in terms of the shifted geometric mean completion time g, its normalized value 7,;, the fastest share /,,, and

the number of instances i solved in time 7;.

Method 8&m 'm h,, Instances i solved in time 7;
Daganzo 3120.898 250.622 0.000 1/17
Dial 196.485 15.779 0.000 12/17
Marcotte—Zhu 68.737 5.520 0.000 13/17
SBA 59.983 4.817 0.000 13/17
BTA 12.453 1.000 0.824 14/17

denote the time at which method m first reaches the tolerance for instance i, capped at 7;. We used
g; = 107 for smooth instances and &; = 1073 for nonsmooth instances. We used 7; = 3600s for
all instances, except for the smooth Goldcoast, Chicago Regional, and Philadelphia instances, for
which 7; = 21600s, and the nonsmooth Goldcoast, Chicago Regional, and Philadelphia instances
(each with more than a million OD records), for which 7; = 86400s. As a time-dependent aggre-
gate performance metric over set J of instances, we compute the fraction of instances for which

method m finds a sufficiently good solution by time 7, given by

- L (min{, T} < &
Pal®) = 5 D Hyim(min{t ) <}

iel

Other aggregate performance metrics for each method m are

/11|
8
iel T &
1 .
hm = mz]l {yi,m(n) < & lim :n,}il/nti’m,} ’
iel

the shifted geometric mean capped completion time, its normalized value, and the fraction of all

instances for which method m reaches the tolerance &; by time 7; and is the fastest.

5.2. Convergence Performance on Benchmark Networks

Table 1 and Figure 6 compare BTA with the methods of Daganzo (1983), Dial (1996), Marcotte
et al. (1996) and Xie et al. (2026) for smooth instances. No method reached the target tolerance &;
by time 7; for the Goldcoast, Chicago Regional, or Philadelphia instances, and BTA was the fastest
on all 14 remaining instances.

Table 2 compares BTA with the method of Dafermos (1972) for nonsmooth instances for which w

has finite support. Dafermos reached the target tolerance &; by time 7; for all 17 instances, while BTA
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Figure 6 Plot of P,;,(t) for BTA and the methods of Daganzo (1983), Dial (1996), Marcotte et al. (1996), and Xie et al. (2026)
over all 17 smooth instances. BTA reaches 0.82, missing only Goldcoast, Chicago Regional, and Philadelphia, for

which no method reaches the target tolerance; SBA reaches 0.76, Marcotte-Zhu 0.76, Dial 0.71, and Daganzo 0.06.

Table 2  Comparison of BTA and the method of Dafermos (1972) for instances with finite support for w, in terms of the shifted

geometric mean completion time g, its normalized value r,,, the fastest share 4,,, and the number of instances i solved in time 7;.

Method gm 'm h,, Instances i solved in time T;
Dafermos 25.641 1.000 0.882 17/17
BTA 204.737 7.985 0.118 15/17

Table 3 Solution times ¢; pTa and final gaps y; gta (T;) for BTA.

Smooth, w ~ U[6,30] Nonsmooth, w ~ staircase

Network Time Gap Time Gap
Braess <0.001 <107 0.016 <1073
Sioux Falls 0.032 <1073 0.191 <1073
Berlin Tiergarten 0.040 <1073 7.915 <1073
Friedrichshain 0.045 <1073 15.671 <1073
Anaheim 0.321 <1073 140.964 <1073
Berlin Prenzlauerberg 0.168 <1073 39.797 <1073
Berlin Mitte 0.070 <1073 33.597 <1073
Winnipeg-Asym 1.275 <107 42.728 <1073
Berlin M.-P-F. 1.038 <107 275.643 <1073
Terrassa-Asym 9.935 <1073 280.418 <1073
Hessen-Asym 14.657 <1073 314.519 <1073
Winnipeg 4.673 <1073 84.343 <1073
Barcelona 5.987 <1073 2093.585 <1073
Berlin Center 25.352 <1075 2014.743 <1073
Goldcoast 21600 1.09 x 1072 86400  4.75x 1073
Philadelphia 21600 5.06 x 1074 86400  1.62x 1072
Chicago Regional 21600 2.03x 107! 20352.302 <1073

reached g; by time 7; for 15 of the 17 instances (excluding Goldcoast and Philadelphia). Tables EC.3
and EC.4 in Appendix EC.4 report the per-instance computation times for both comparisons.
Table 3 reports the solution times #; gra and final gaps y; gra(7;) for BTA. If #;gta < 7; then

YisTa(T;) < &, and if t; gTa = T; then y; pra (T7) > &;.
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6. Conclusion

The method for the bicriteria traffic assignment problem proposed in this paper has a number of
advantages. First, it can be used with any distribution for the weight that trades off the two criteria,
whereas previously proposed methods were either restricted to a distribution with finite support or a
distribution with a positive density on an interval. Second, with the proposed method an equilibrium
can be computed by solving a finite dimensional convex optimization problem. This advantage con-
tributes to the proposed algorithm having better empirical performance than previously proposed
algorithms, with the exception that the algorithm of Dafermos (1972), designed for instances with
a finite number of user classes (the distribution has finite support), often performs better on such
instances. A closer look at the relative performance of the algorithms on these instances reveals a
shortcoming of the proposed algorithm — it spends too much time solving the restricted problem
with a small subset of paths to the accuracy required of the final solution, instead of stopping the
iteration earlier to generate new paths. A related enhancement requires a different algorithm, and

is the topic of further research.
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Electronic Companion

EC.1. Proofs for Results in Section 4.1

Lemma 1 For any n € I, consider two total orders < and < on R”™ such that for any r,r’ € R™

it holds that if r <r’ or r <r’ then ST > S7,. Consider any R™ ¢ R™ and any ¢* € Ag,. For each

reR”, let
Z q, py = Z qy

{r’eﬁ”:r’ﬁr} {r’e‘ﬁ”:r%r}

T /s — T T
> 5t [ 3465, p0) = 37 [yacy 0
reRn reR”®

and thus ¢(q) is invariant with respect to the chosen order.

and

Then
(EC.1)

Proof. Consider any r € R™. Let r’ € R satisfy ST, =S8y and ST, > Sy forall r'” € R7™ such that
" <r’, and let r” € R™ satisfy S7, =587 and §7,, <7 forall " € R”* such that r” < r””. Similarly,
let #/ € R satisfy §%, =87 and §7,, > Sy for all ¥ € R” such that r”” </, and let // € R” satisfy
S%, =87 and 7, < S7 for all " € R” such that #”” <r””. Then {r"” € R™ : ST, > 87y =A{r"¢€ R
P <y ={r" e R L < {1 eRT ST, =ST ={r" e R 1 < r <} ={r" eR" :

F<r” <"}, and {r"” € RT ST, < STy ={r" e R" 11" <r"}={r"" € R" : i <r"}. Thus,

T _ T
pr/_] = Z qrr//
{r//reﬁﬂ : r//r<rr}
and
T _ T T
pr/, - pr/_l + Z qr,’/
{r///eﬁn P <y ﬁr”}
Hence,
T T
R Z Sr”/ Ay dGP:r//;_l,me (y)
{r"er7:8%,,=5"}

= Z q:rr// = p:;r/_l
{rllleﬁﬂ ZI"”<I’"}
= pr_,+ > a. = pl
{r/// eﬁﬂ . f’4r”’4i”}
— T Ve
- r’ N Z Ry de:r//l_l7p’7.r/// (y)
{I‘HIE‘RR :r’ﬁr”’sr”}

10) on x

< s [yagg, L)
— T Ve
= 57 [ 3463 )

R 7 ¥

(10

O N [raen, 0

{rrlleﬁn : ,'.r4r/rr4}:./r}



ec2 e-companion to Aguirre, Kleywegt, and Monteiro: Bicriteria Traffic Assignment

_ D s7, /R ydGpr  pr, ()

{reR7 87, =8I}

The equality holds for every value S7 and every n € II, and therefore (EC.1) holds. O

Lemma 2 The function ¢ : [0,1] — R is convex and Lipschitz continuous, and 0¢(p) = G~ (p)
forevery p € [0,1].

Proof. Recallthat G™'(p) # @ forall p € [0, 1]. We first show that for every p € [0, 1] and every
W € G71(p), W is a subgradient of ¢ at j, which establishes that ¢ is convex and that G™'(p)
d¢(p). For every p € [p, 1] it holds that

o(p)—9(p) = /R w dGo,p(w) - /R w dGos(w) /R wdGpp(w) > /R W dGp,(w) = W(p—p).

Also, for every p € [0, p] it holds that

w dGy,,(w) —/w dGos(w)
R

op)-ep) = [

A —/Rw dG,s(w) > —/RW dG,s(w) = w(p-p).
Thus ¢(p) —@(p) > Ww(p—p) forall p € [0, 1]. It follows that ¢ is convex and that G~ (p) c dp(p)
for all p € [0, 1]. Also, for any 0 < p < p < 1 it holds that
W
ep)=e(p) = [ wdGs,0) < Wp-p)

and thus ¢ is Lipschitz continuous with Lipschitz constant w.

Next we show that d¢(p) € G~ (p) for all p € [0, 1]. Consider any w ¢ G~'(p). Then, either
W <min{w € G"1(p)} or w > max{w € G~1(p)}.

First, consider the case in which W < min{w € G~!(p)}, that is, there is a w > W such that J :=

G (W) < p. Then
o) —o(p) = - /R wdGpp(w) < - /R W dGpw) = —w(p-p) < W(-p)

and thus W ¢ d¢(p). Next, consider the case in which W > max{w € G~1(p)}, that is, there is a

w < W such that p := G(w) > p. Then
o(P) - 9(p) = /]R wdGy(w) < /R ®dGs,w) = w(F-p) < W(p—p)

and thus W ¢ 0¢(p). Hence dp(p) c G1(p) for all p € [0, 1].
Therefore it has been established that d¢(p) =G~ (p) forevery p € [0,1]. O



e-companion to Aguirre, Kleywegt, and Monteiro: Bicriteria Traffic Assignment ec3

Lemma 3 The function ¢ : [ cr1 Ap= — R is convex and continuous, and

apa) = [ (o™ D, (sr-sm) (107 =), € R (G (LE(G™) + Naga (47
nell {reR™:r+1eR7}
Proof.  Itfollows from ST > §7 | and Lemma 2 that ¢ is convex and continuous. For each € I1,

let " : Ap. — R be given by

$"(q") = D" ) [I{r+1e R} (ST -S7,)) 67 (¢") +1{r+1 ¢ RIS, ¢ (1)]

reRx

For each 7 € I1, it holds that

ﬂri(dom(gﬁf)) = A, # O

reR”®

and thus it follows from the Moreau-Rockafellar Theorem (Rockafellar 1997, Theorem 23.8) that

DT ) (ST ST) 987(4") + Naga (47)
{reR7 :r+leR™}
b b 7r ’ !~ P =1 (yn/ 7 b
DTN (Spsm) (10 <, R (G L) + Naga (47)
{reR7:r+1eR™}

99" (4")

Then it follows from ¢(q) = i1 @™ (¢”) being separable that

99(q) = | |09™(a™

nell

= [1{er > sr=sm) (107 <), 7 e R) (G (LE(g™) + Naga (47

nell {reR7:r+1eR7}

O

Lemma 4 The function y is convex and continuous on [ ey Agx, and

o (q) = {g=(gf,nen,re7%”)  gT=D" Y T T € 1 (@) 12 (v (9))] Vaeﬂ}+ﬂNAw<q">

acAr rell
with [17(0),1}(0)] := (=0, £} (0)].

Proof. It is convenient to extend the domain of ¢ before establishing its subdifferential: Let

0 = {q:(qf,ﬂel’l,reﬁﬂ) :xa(q)ZOVaeﬂ}
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Note that [ [ ey Agr C [1ren Rf" C QO Cllzen RR™ Let Ui e RR" 5 RU {0} be given by (17)

if g € [Tren Ages and Y(q) = 00 if g & [T Agn that is, ¥(q) =¥ (q) + Zren Op p (@) for all
q € [ren Rﬁﬂ, where

) Saer it dy ifgeQ

Y(q) =
00 ifggQ

and, for each 7w € I1, 673 : RR" 5 RU {oo} is the indicator function of Ag, given by
4R77.'

i i 0 ifg" eAp,
5A'fe" (q") =
oo ifqg" ¢ Ay
Note that
ri (dom(lﬁ)) N ri

mnn(Ejagwj) = [ |4 # o

mell mell

and thus it follows from the Moreau-Rockafellar Theorem (Rockafellar 1997, Theorem 23.8) and
¥ (q) = ¥(q) + Lren 83, (¢7) that 0y(q) = 0Y(q) + 0 Lren 53, (¢"). Also, it follows from
D rell 627%” (¢™) being separable that 9 ) ,cry 527%” (") = en aégw (q") = [Tren Nag. (¢7)-
Next we determine dy/(g). Consider any ¢ € Q and any g such that " = D™ Y Ax Tas Ta €
[ta_ (x4(9)), t;'(xa(c}))] Va e A. For any g € Q and a € A, first consider the case in which x,(q) >

x4(g). Then
xa(q) xa(q) xa(q)
/0 fa(y) dy - /0 fa(y) dy /xa@ fa(y) dy
£ (5a(@)) [xa (@) ~xa(@)] 2 7o [5a(@) —xa(@)]

A%

Next consider the case in which x,(q) < x,(§). Then

xa(q) xa(q) xa(g)
/ ta(y) dy - / ta(y) dy - / ta(y) dy
0 0 xa(q)

2 _t;(xa(q\)) [xa(qA)_xa(Q)] > Tq [xa(Q)_xa(éI\)]
Thus,
xq(q) xq(4)
J - b(G = a d - a d
-0 = 3, /0 w0 -3 /0 ta(y) dy

\%

D T [xa(@) = xa(9)]

acA
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ZTa ZD” Z q’f—ZD" Z qr

acA mell reﬁg mell reﬁg

22D ) a4 = &=

nell peRn acAr

and hence g € 0y/(§). Therefore,

A (q) > {g:(gf,nel_[,reﬁﬂ) :gf=D" Z Ty, Ta € [r;(xa(q)),tZ(xa(q))] VaEﬂ}

acAj

Next, consider any g ¢ {g = (gf,ﬂ ell,re 7@”) 1 gy =D" Y eqr Tas Ta € [t;(xa(c})),t;(xa(c}))] Vae ﬂ}.
Let Ag :={a € A : x,(q) =0}, A= :={a € A : xa(§) > 0,1,(xa(§)) = 137(xa(§))}, and
Ay i={aeA :x,(q) >0, t;(xs(4)) <t;(xa(4))}. Then

¢ = min > e (EC.2)

mell reﬁn’

st OF > gr-D" Y 1, Vmell,VreR” (EC.3)

acAr
or > D"Zra—g;f Vrell, VreR" (EC.4)
acAr

T, = t,;(x4(9)) YaeA, (EC.5)
. <t (xa(9)) YaeAyUA, (EC.6)
T, = ta(x4(§)) YVaeA- (EC.7)

satisfies Z > 0. Let n” > 0 denote the dual variables associated with (EC.3), let {7 > 0 denote the
dual variables associated with (EC.4), let A, > 0 denote the dual variables associated with (EC.5),

let A7 > 0 denote the dual variables associated with (EC.6), and let A, denote the dual variables

associated with (EC.7). Then

t= max 3> G-+ Y @@ - Y @@+ Y ta(xa(@);

74,47, A% nell peRn acA, aceAUA, aeA-
(EC.8)
st. 7" +¢7 =1 Vaell, VreR” (EC.9)
—+ YYD -L) =0 VaedA (EC.10)

nell peRr
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(G=a5)+>. > D" (f=¢f) =0 Vaed, (EC.11)
nell peRr
a;+z ZD”(n;f—g;f) =0 VaecA (EC.12)
nell reRz
7,{,A7,47 =2 0 (EC.13)

Let (j,£,A~, A%, A7) be an optimal solution of (EC.8)—(EC.13). Let § : Ry — [T ey RR” be given
by g(a) :=g§+a (7 —£). Consider any € € (0,2/Y yeq Yient Y ekx D7).
For any a € Ay, it holds that

(EC.13) .
0 < alr 2V a0} N D -d) = ) Y DR (@@ - d) = (@) -xi(@)

nell peRr nell peRr

(EC.14)
Thus x,(g(@)) = x,(g) = 0 for all @ > 0. Also note that x,(g(-)) is continuous, and thus
limgjox4(G(@)) = x4(¢) and limg ot (x.(G(@))) < ti(x4(§)). (It is possible that A} = 0 and
xa(g(@)) =x4(g) for all @, in which case it may hold that 7, (x,(J(@))) < £} (x,(g)) for all @.) Let
Ag > 0 be such that 7, (x,(¢(@))) < 1} (x4(§)) + € for all @ € [0, A,]. Then, for all @ € [0, A,] it
holds that

xa(g(@)) xa(q) xa(d(a))
bui@)=dua) = [ o= [T ame = [T wm

a(q)
EC:19 [t (xa(9)) + €] @,

(EC.15)

< [tz (xa(@) +e] [xa(d(@)) = xa(9)]

It follows from (EC.9) and (EC.13) that 77 — Af < 1 and thus

A N Z Zr 2x D™
O D I e P o

Z
“ Za’eﬂouﬁ‘h Znel‘[ Zreﬁ;rl D7

nmell ref{,’{
Consider any a € A,. It follows from #; (x,(§)) < t}(x,(4)) and complementary slackness that
A A% =0. First consider a € A, := {a €At Lnent Lyeir D (17 = &) > 0}. Then it holds that
Ay Ay (EC.I1) U y . v .
a(-25) T2 @) Y DT@F=E) = >, ), DM (a (@) —4)) = xa(d(@)=xa(q) = O
nell reRz nell peRr
(EC.17)
Thus A; = 0 and x,(§(a)) > x,(§) > 0 for all @ > 0. Let A, > 0 be such that #,(x,(d(a))) <
1} (xa(§)) + € for all @ € [0, A,]. Then, for all @ € [0, A,] it holds that
A A *a((@)) %a(@) *al(@))
Va(d(@)) =¥a(q) = /0 ta(y) dy —/0 ta(y) dy = / ta(y) dy

a(q)
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< [ (xa(@) + 6] [xal@(@) = xa @1 =7 [12(xa(@) +2] @l
(EC.18)

It follows from (EC.9) and (EC.13) that 57 — f 7 <1 and thus

T

A A ~_y (EC.11) . A R Zneane@gD
el = e(A-1;) = g§ § D™ (AT -¢F) < 5 s S D
ﬂeﬂreqég a’eAgUA, Lunell reRZ,

— (EC.19)

Next, consider a € A, := {a € Ay : Yent Dyepxr D™ (07 = &7 < 0}. Then it holds that

ar  a_y (EC.ID) b . A y 5
a(lp-2;) "= a )y, Y DTr-4r) = ), ), DT (a5 (@) -dF) = xa(d(@)-xq(@) < 0
nell peRr nell peRr
(EC.20)
Thus A} = 0. Note that x,(§) > 0. Also note that lim, o x4 (d(@)) =x4(§) and limy o 74 (x4 (G (@))) >
17 (x4(g)). Let A, > 0 be such that 7,(x,(§(@))) = t; (x4(§)) — &€ and x,(f(a)) > 0 for all @ €
[0,A,]. Then, for all @ € [0, A,] it holds that

R . xa(g(a)) xa(4) xa(q)
Va(d(@)) —va(q) = /O ta(y) dy—/o ta(y) dy = —/(v( ))ta(y) dy
xq(g(a

_ A “ A (EC.20) _ R Al
< [ (xa(@) -] [xa(d(@) =xa(P] =" —[17(xa(9) -] 2
(EC.21)
It follows from (EC.9) and (EC.13) that /% — /" < 1 and thus
) o A Srent S opx D7
el = e(;-21) "€V > N pr(Er-an) <z T ek (EC.22)

Z
N Ve
rell reﬁg Za’eﬂmﬂh Znel‘[ ZrGRS, D

Consider any a € A-. First consider a € A-, = {a € A= 1 Yren 2Zyegr D™ (Ar - ff) > 0}. Then
it holds that

A~ (EC.12) xlam B - o y N
—ady T2 a ) Y DT -8 = )LD DT (@) =4F) = xa(d(@) —xa(g) = 0
nell reRr nell peRr
(EC.23)
Thus A5 < 0 and x,(d(@)) > x,(4) = 0 for all @ > 0. Let A, > 0 be such that ¢, (xa(d(a))) <

tq4(xa(q)) + & for all @ € [0,A,]. Then, for all @ € [0, A,] it holds that

. s xq(g(@)) ~ xa(q) _ xa(d(a))
Bald(@) —ba(d) = /0 () dy /0 fa(y) dy = /xa@ f(y) dy
< [ta(xa(@) +&] [xa(d@(@) =xa(@] “=7 ~[ta(xa(@) +¢] @l

(EC.24)



ec8 e-companion to Aguirre, Kleywegt, and Monteiro: Bicriteria Traffic Assignment

It follows from (EC.9) and (EC.13) that 57 — ’ 7 <1 and thus

R n Zn Zr 2x D™
LS ez < o LenZn e

“ Za’eﬂ()u?u ZneH Zreﬁg/ D7

nell peRr

Next consider a € A-_ := {a € A= 1 Yent Lyesr D7 (117 — {r) < O}. Then it holds that

ofy V=T a )] D D=8 = 3 D D@ -4 = %(@(@) -x() < 0

nell peRr nell peRr
(EC.26)

Thus A3 > 0. Note that x,(§) > 0. Let A, > 0 be such that 1, (x,(G(@))) > t4(x4(§)) — & for all
a € [0,A,]. Then, for all @ € [0, A,] it holds that
. - %a(d(@)) %a(d) *a(@)
bua@)-0a@) = [ wwa- [Tame = - [ wme
0 0 xa(d(@))
~[ta(xa(@)) €] @
(EC.27)

(EC.26)

< ta(xa(9) - &] [xa(G(@) = xa(§)]

It follows from (EC.9) and (EC.13) that /% — " < 1 and thus

A St Syeig "
sy "2V e ) 2. DT (Er-) < 2 T e (EC28)

“ Za’eﬂoufu ZneH Zreﬁg, D7

nell peRr

Let A:=min{A, : a € A} > 0. Note that x,(¢(a)) >0 forall @ € [0, A] and all a € A, and thus
gd(a) € Q for all @ € [0, A]. Then, for all @ € (0, A] it holds that

0(G@)=3(@) = ) [ald(@) (@]

acA
- Zﬂ; [Fa(d(@) —da(@)] + ; [Fa(d(@) ~da(@)] + ; [0a(d(@) ~da()]
+ 3 [dald@@) = da(@)]+ . [dald(@) - da(@)] _
(EC.15)(E(6;.61?)=(;5CS.2l)(EC.24)(EC.27) Z ‘[l:;;a(q)) N 8] a/iz
acA
+ ; [ (xa(9)) + €] @A} - Zﬂ] 17 (xa(§)) — &) @
- Z [ta(xa(@)) +&] @ - Z [ta(xa(@)) - £] @y
aceA_, aeA-__

xa(Q))

(EC.16)(EC. 19)(EC 22)(EC.25)(EC.28)
@)t

acA
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+a Z t;(xa(@))/iZ—a Z t;(xa(qA))/i;

aceA+ €A, _
A~ ZHGH Zreﬁ" D
-« ta(lxa(§))A, +a b4 -
a;_ a( ¢ ) “ c;ﬂ Za’eﬂ ZneH Zreﬁ” D
=« Z t xa(‘]) /l ta Z xa(‘]) /l -—a Z xa(Q) /1 -—a Z la xa(CI))/1 +az
acAy aceA, acAy acA=
= o D @) Y (@) —a ) ta(xa(@)A
acA)UA, acA, acA=
w3 G-+ ) @) - ) @)+ ) ta(ra(@) G
nell peRn a€A, aceAgUA, aceA-

ag"(i-{) = &"(4(a)-4)

and thus g ¢ 9/ (§). Therefore, it has been established that
ap(q) = {g = (gf,ﬂ €ll,re 7?”) L gl =D" ) Tar Ta € [17(xa(9), 5 (xa(q))] Va e ﬂ}
acAr

and the result of the lemma follows. O

EC.2. Proof for Result in Section 4.2

Lemma 6 Avector q* € [],c1 Agx is optimal for problem (18) if and only if there exist T* = (1,,a €
A) with T, € [t;(xa(q*)),t;“(xa(q*))], wh = (wf*,n ell,r Eﬁ”) with wi™* € (G™)~! (LT (g™)),
and A" = (™, € 1), such that the following holds:

gr D™ | > T+ D (ST —S%, )W |+4™ % = 0 Vxell,VreR”
acAf {r’eﬁ” : rﬁr’,r’+1€7§"}
D*| > T+ > (5% —S7 Wi |[+4™ = 0 Vrell,VreR”
aeAr {r’Eﬁ” :rSr’,r’+1€‘ﬁ”}

Proof. Convexity of Y : [[ iy Ag» — R follows from Lemmas 3 and 4. It follows from convex-
ity of Y and [[,cry Ag~ that g* € [[er1 Ap- is optimal for problem (18) if and only if 0 € Y (g%).
Note that Y(q) =¢(q) +¢(q) + Xren 63, (¢7) and

= ﬂA‘iﬂ £ 0

mell

ri (dom()) N ri (dom(¢)) N ri (dom(;%n)

and thus it follows from the Moreau-Rockafellar Theorem (Rockafellar 1997, Theorem 23.8)
that Y (q) = 0y (q) + 0¢(q) + 0 Xzenn 04, (q”). Hence, it follows from Lemmas 3 and 4 that
4R7T
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0 € 0Y(g*) if and only if there exist 7* = (7},a € A) with 7 € [t (x4(¢")). 1} (xa(g")], w* =
(wf*,ﬂ ell,r Eﬁ”) with wi™ e (G™)! (LT(g™)), and v™ = (v™*,r € R™) € Nagr (g"™) for all
m € I1, such that

0 =D"| Y i+ > (8% =87, )W +v*  VYrell,VreR™ (EC.29)
acAr {r’eﬁ” :rﬁr’,r’+1€§é”}

Note that v™ € N, (¢™) if and only if there are A™* and p;* > 0 for all r € R7™, such that v =

™ — ™ and g™ =0 for all r € R*. Therefore, in both the cases g™ =0 and g™ > 0, (EC.29)

r

is equivalent to (19)—(20). O
EC.3. Proofs for Results in Section 4.3

Lemma 8 Assume that t, : Ry — R, is continuous for all a € ‘A. Consider any optimal solution g
Jor problem (18), and the resulting output w and R7. , € I, of Algorithm 1. Then the following
hold:

(1) The thresholds w satisfy w" =wg <wj <+ < wgn =w" forall m € IL

(2) Every path with positive flow is an efficient path, that is, {r eR™ : qr > 0} CRE.-

(3) The thresholds w satisfy wT € (G™)~! (LT (g™)) forallmel, r € R

(4) For every m € Il and every r¢ € RZ . it holds that

T/, (x(q)) +wS;, < T (x(q))+wS; VrieR", Vwe [wy,_»wr,]

re

T _ T _ T
where wy = wg=w".

Proof. Consider any « € I1. Let R™ be indexed with r = 1,...,R", let Rl’;ﬁn ={ry,...,rp},and

let p = L7 (q™). All the properties will be established together by induction.

Initialization.
T T — vt — T T, — =T — _ To_
(1) Note that w™ = wo = =W, and Wi, =Wl = =Wl for¢=1,...,L—-1, and wy =
Wi = =W = w”. Thus, to establish (1), it remains to show that w™ < w? <wj) <w”

for {=1,...,L — 1. Next we show that w" < w’f]. In Algorithm 1, w’rr] is determined by (24)
or (26) or (28) or (30). First consider the case in which w7 is determined by (24) or (28).
If it > W", then L =1 and w™ < w =w". Otherwise, w, = wi" <Ww", ST > S7 and

T7 (x(q)) +wy ST =T (x(q)) + wy, Sy, . Suppose that w™ > w7 . Then

(SE—SE)w™ > (S} -SE)wh = TA(x()-TZ(x(q) = TE(x(q)+w™Sk > TE(x(q)+w"S~

2 1 2 2

which contradicts (23). Thus w”™ < w7 < wrLIf wy, is determined by (26) or (30), then it follows

immediately that w™ <w] <w".
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(2) We will show that for any r € R \ RT. it holds that g7 = 0. First consider any r < ry. Then
Sy > 87, and it follows from (23) that T (x(q)) + w"Sy > T (x(q)) + w”S7,. Suppose that

1
g~ > 0. Then for all 7’ > r it holds that p™ > g7 > 0, and thus any W € (G*)~' (p7,) satisfies

w > w". Consider the directional derivative of Y at ¢ in the feasible direction ey — e7:

R™-1
max{ D™ T (x(q)) + Z (ST, =87, )W | +A" - iy,

r'=rq
R™-1
(D7 |Tr @) + Y (S5 -SE)RE [+ 27| W e (G (7)o, e (G (PR )

r'=r

l‘t;'rl Z O’ Iui’rl q;rl :O}

rl—l

T2 (x(q) = TZ (x(q) = Y (S5~ S%.,) w} (i W (7 IR AR (el i ey }

r'=r

= max {D”

Dﬂ'

IA

ri—1
T7 (x(9)) - TF(x(q)) ~ Y (S5~ S%.) m”]

r'=r

= D" [T}, (x(q)) = T] (x(q)) + (S, = S7) w"| < 0

which contradicts the optimality of g. Thus for all r < ry, it holds that g7 = 0.
(3) Note that p¥ =0 and w? = w”™ € (G™)™' (0), and thus w* € (G7)! (pg). By Algorithm 1,

wl = w” for all r < ry. It was established in (2) above that g7 = 0 for all r < ry, and thus

pr=0and w7 € (G™)™! (pT) forall r < ry. Also, P, =landwk =Ww"e (G™~1(1), and thus
we e (6N (pr ).

Next we show by contradiction that w7, € (G™)™! (p™ ). For each r € {0} UR™, if pT € (0,1)
then let (G™)™" (p¥) = [w™, W}, if pJ =0 then let (G)™" (pT) = (—co0,wT], and if p7 =1 then
let (G™) ™! (pF) = [wF, o0).

Case 1: Suppose that i <w .
Note that wy < w7 implies that G"(wy|) < p7,. Also, it follows from g7 =0 for all r <r; and
pr, > Othat g7 > 0. In Algorithm I, w7 is determined by (24) or (26) or (28) or (30). It follows

from wi < w7 that w is not determined by (26). Also, it follows from w <w[ < w” that

wy, is not determined by (30). Thus w7, is determined by (24) or (28). In both cases, S}, > S7

ry?

and wy =wy forall r € {ry,...,rp — 1}. It follows from wy, <wt <" that
- T (x -Tr (x . T™ (x Ty
W= W min { FED) @) Rﬂ} _ TA6(0) T (x(9)
Srl - Sr Srl _Srz
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= TZ((@)+WLSE = TE(x(q)+ W ST,

1 2

= T/ (x(q)+wS > T (x(q))+wS), VYw>wy (EC.30)

1 2

It follows from gy, > O that direction e7 — 7, is feasible. Next, consider the directional deriva-

/

tive of Y at g in the direction ey, — ey :

R™-1
max{ D™ |T7 (x(q)) + Z (ST =ST )Wr [+ 27—,
r=ry
R™-1
—| D7 |TE @)+ Y (ST -8 ) AE [+ 27| AT e (6N (pE) W e (G (PR, )
r=ri
lu:’rz Z 0’ l’l:’rzqz*rz = 0}
-1
= max {D” T2 (x(9) ~ T7 (x(g)) = > (ST —S’:H)fvf] W e (G (pr) W e (G (pfz_l)}
r=ri
rz—l
< D™ |TE(x(q)) T} (x(q) - ) (SF —S;:l)ﬂl]

r=ri

D" |77 (x(9)) ~ T () + (57, - 57 wr | <"

which contradicts the optimality of g.

Case 2: Suppose that wf > Wy .

Note that w? > Wy implies that 1 > G™(w] ) > p . It follows from p7 <1 that {re{r+
l,...,R"} : qT >0} £@. Let# :=min{r € {r; +1,...,R"} : g7 > 0}. It follows that pT = p7
and (G™)~" (pF) = (G™)~" (pF) = w* W} ] forall r € {ry,...,F—1}.

Case 2.1: 57 =S7.

Then wy, is determined by (26) or (28) or (30). It follows from wfl_l =wh<wl <w, <
wy, that wi is not determined by (26). If w}, is determined by (28) or (30), then T7 (x(q)) >
Tlmin > T (x(q)), and thus T (x(q)) + wST > T} (x(q)) + wS7, for all w, which contradicts the
optimality of g with ¢ > 0.

Case 2.2: 57, > ST.

Then wy, is determined by (24) or (26) or (23). It follows from wfl_l =w" <wl <w, <wj

that wy, is not determined by (26). If wy, is determined by (24) or (28), then
min : {Tr”(X(q)) —T7(x(q))

o TF(x —T7(x
w? < wi = min : S;T >S;T, reRT r( (q)) r1( (Q))
ST _SF !

= Sp ST

r
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“4)

"lr

= T[(x(q)+w;S; < Ti(x(q)+wyS

= T/ (x(g)+wS; < Ti(x(q)+wS; Yw<wy (EC.31)

It follows from q’rf > 0 that direction e’ — e’; is feasible. Next, consider the directional derivative

of Y at g in the direction ey, —e7:

R™—1
max{ D™ (T (x(q)) + Z (ST =ST )W +A" =l
r=ri
R™-1
| D7 |TE () + Y (ST = ST ) WE | +4T| TGP (pF) T, € (G (p;g,r_l),

lu:”rl 2 O’ ﬂ:‘rlq:‘rl :O}

= max {D" 17 (x(q) = T7 (x(q)) +Z (SF-S7, A”] Wy, € (G™)™! (pfl) s WE € (G™7! (p;f_l)}

r=ri

= D"

T7 (x(q)) - T"(x(q>>+2 (s7- ,+1)—"]

r=ri

n [Tr’: (x(q)) = TZ (x(q)) + (S} - 5F) Wfl] (EC.31)

which contradicts the optimality of g.
It follows from (23) that

T2 (x(q)) +w'ST, < TF(x(q)+w"S]  VreR"
Thus, for any w > w”™ and any r < r; it holds that ST > S’,’l, and hence
T T T T V.4 T T (23) T T
(ST=ST)w > (SF=-S8)w = T'(x(q)+wS; > T(x(q))+wS; (EC.32)

In Algorithm 1, w7 is determined by (24) or (26) or (28) or (30).

Case 1: w}, is determined by (24) or (28):

Then, for any w < wmm and any r > r it holds that either ST = S, and T (x(q)) > T (x(q)),
or Sy, > S and

win _ T70(@) ~TE(x())
w <
K

TR (x(@) +wS}, < T7(x(g))+wSF
(EC.33)
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It follows from (EC.32) and (EC.33) that

T/ (x(q) +wSy, < T (x(q)) +wS; VreR™, Vwe[w", w nlcw” w'lnm]

ro?

Case 2: w{, is determined by (26):
Case 2.1: g7, = 0: It was established above that g7 = 0 for all r < ry, and thus p7 =0 and
min {w € (G*)~' (p7 )} }. It follows from (23) that

wr =w’ —max{wm,

T (x(q) +wS; < T7(x(q)) +wS; VreR™, Vwe[wy,wi]=[w"w']

Case 2.2: g7, > 0: For any r € R7, if St =87, then T (x(q)) 2 T (x(g)) and thus T (x(q)) +
wST > T (x(q)) +wS7, for all w. Suppose that wy, = min {w e (G™)™! pfl)} > w”™ and there
is # > ry such that ST < ST and 77 (x(q)) + wrlS”1 > T7(x(q)) +wy S%. Then consider the

directional derivative of Y at g in the feasible direction €7 — e :

R™-1
max{ D™ |TZ(x(q)) + ) (ST =S, ) Wi |+47 — uf

R™-1
—| D™ |17 (x(g)) + Z (ST = ST )W [+47 | : w7 e (G (p])... . Wh, € (GT)! (p;gn_l),
= maX{D’r 7 (x(q) =T (x(q)) - Z (SF-ST, A”] Wy e (G™™! (pfl),.. 1E(G’T)
< D™ |T7(x(q) - T} (x(q)) - Z (7 -S%.,) ]
= D" [T (x(q)) =T} (x(@) +w], (ST =S7,)] < 0

which contradicts the optimality of ¢q. (The first inequality follows from wy =

min {w € (G™)™" (p7)}.) Thus, for all r € R™ such that r > ry it holds that

TR (x(q) + Wi ST, < T7(x(9))+ W}, ST

= T (x(q) +wS;, < T (x(q)) +wS] Vw<wy (EC.34)
It follows from (EC.32) and (EC.34) that

T (x(q@) +wSy < T7(x(q)) +wS] VreR™, Vwe [wr, w "l

ro?
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Case 3: w7, is determined by (30).
Then ST > ST forall r € R”, and thus it follows from (EC.32) that

T (x(q) +wSy < T7(x(q)) +wS] VreR™, Vwe[w" wy ] C [w", )

ro?

Induction.
Suppose that the following induction hypothesis holds for some £ € {1,...,L —1}:

(1) The thresholds w satisfy w™ =wj <--- <wj,  <wy <w".

(2) For every r € R™\ R” . such that r < r¢, it holds that g¥ = 0.

(3) For every r € R™ such that r < r, it holds that w7 € (G™)™" (p~).

(4) Forevery ¢’ € {1,...,¢}, it holds that 7 (x(q)) + wS}, < T (x(q)) +wS; forall r € R™ and

rer —
w? 1.

T
allwe[w], ,wi,

The initialization step above established that the hypothesis holds for ¢ = 1. Next we show how the

hypothesis extends to £+ 1.

(1) If wy, is determined by (30) in Algorithm 1, then £ = L. If w, is determined by (24) or (28),
and w?’i“ >Ww", then £ = L. Otherwise, w7, is determined by (24) or (28), and w}, = w?ﬁ“ <w",

or wy, is determined by (26). In all of these cases, it holds that

T7 (x(q)) +w], 87, =TI (x(q))+w],ST (EC.35)

re+l

Also, wy,  is determined by (24) or (26) or (28) or (30) or (31).
Case 1: w7,  is determined by (24) or (28):

min 57 — bid T 57 ; T _,Mmn 35T Qn b
If wpl >w", then L={+1and wy, <w;, =w". Otherwise, wy, =wpli <w", ST >S7 |

and 77 (x(q))+wy, ST, =T7 (x(q))+wy, ST

Y T
ot ron =17, rr.p- Suppose that wii > wy, . Then

revl

(ST = ST IWE, > (ST = ST Why = T, (x(a) =T, (x(q))

re+l res2 re+l res2 res2

(EC.35)
= Tr(x(g)+wisy Y= 1E

(x(@) + Wi ST, > TE,(x(q) +WhSE

re+l res2

which contradicts the induction hypothesis (4). Thus w, <wJ, <w".

Case 2: wy,  is determined by (26):

Then it follows immediately that w}, <w7,  <Ww”".
+1

Case 3: wy,  is determined by (30) or (31):

Then wy, =Ww", and thus w}, < w}

T Tl
re SWrey =W, =W
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(2) Suppose that there is a r € R™ \ R, such that rp <7 <rgyp and g > 0. In Algorithm 1, w7,
is determined by (24) or (26) or (28) or (30). If wy, is determined by (30), then £ = L. The
remaining cases are considered next.

Case 1: w{, is determined by (24), or by (28) and S7, > S7.
If wi" > W”, then £ = L. Otherwise, w? = wil" <Ww", and

x min _ Lren (X(@)) =T, (x(q)) B 17 (x(q)) =T}, (x(q))

w = w =
4 T _ QT n _ QT
St =587, S7, =87

= TE((@)+whSE = T (x(@)+WiSL, < TF(x(q)+ WS ST

¢

It follows from the induction hypothesis that wy, € (G™)™! (pT 6). Also, note that if g7 > 0 then

p}, < pF < p7, forall ¥’ >r. Thus wf, < W7, for all W7, € (G™)' (p%), and all ¥’ > r. Consider

the directional derivative of Y at g in the feasible direction ey,  —e;:
R™-1
max{ D™\T] (x(q))+ Z (S5 ST ) Wi |+ A" =l
r'=res
R™—1
| DTG (@) + Y (SE = SE ) AR [+ 47| 8T e (6T (pF) 0 € (G (pE, )
r'=r
ﬂ:’r{‘H 2 0’ ’u:TfH q;'rhl = 0}
res1—1
= max {D’r 17, (x(q) =T (x(q)) - Z (S%, -S%.,) Wf,] W e (GM)7! (pf),...
r'=r
W1 € GM” (plrrm—‘)}
res1—1
< D|T7 (x(g) =T (x(@) = ). (S} =Sk)wr,
r'=r

= D (17, (x(q) =T (x(@)) + (S, = ST)wi] < O

which contradicts the optimality of g.
Case 2: w7, is determined by (26), or by (28) and S}, = S7.
Then 77 (x(¢q)) < T (x(q)) and S7, = 87, = ST for all ¥’ =r¢,...,r. Consider the directional

¢

derivative of Y at g in the feasible direction ey, — 7

R™-1
max{ D™ |T7 (x(q)) + Z (S5 = ST, ) Wi | + A7 =,

r'=re
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R™-1
o 2l L ET 0 P S Y R Bl e (el ) IO S (e w2 S B

r'=r

l‘tr[ > O ﬂrgQrg _O}

r—1

T (x(@) =TT (e(a)) + 3 (S5 = Su) W] :vv:;em”)—l(pm,...,w:f_le(G")—l(p:f_l)}

_rf

= max {D”

T (@) ~TF (x(q)] < 0

which contradicts the optimality of g.

(3) By the induction hypothesis, w” € (G*)~' (p%). By Algorithm 1, wf = w? for all r =
res. .., res1 — 1. It was established in (2) above that g7 =0 for all r € {re + 1,...,7p41 — 1},
and thus pJ = p}, and w} € (G™)"'(pF) for all r € {rp+1,...,7¢1 — 1}. Next we show by
contradiction that w*,_ € (G™)™" (pT. ).

Case 1: Suppose that w < w”

Terl ~ —res1”

Note that wy, | <w( implies that G" (w7, ) < py,, . It was established in (1) above that wf, =

— /8 /8 /e
=wl S Wi, It follows from w7 I SWESWEL

is determined by (24) or (26) or (28) or (30) or (31). It follows

e T
from w7, ~<wl thatw[  isnotdetermined by (26). Also, it follows from w  <w? ~<w

is determined by (24) or (28). In both

< m’rrm that p’rrm_1 < py,., that
is, g7, , > 0.In Algorithm 1, wy

re+l

that w’  is not determined by (30) or (31). Thus w’

re+l re+l

cases, S7, > S7 ,andwy=w] forallr € {re,...,ree0— 1} Itfollows fromwy,  <w? <

re+l res2? Tevl —Treil T

w” that
i 17 (x(q) = T7,,,(x(q)) 5 17, (x(q)) =T, (x(q))
wr o= wil = min{ uy Sy >Shre R”} = = ad

e ¥ S;Tm - S7 T ' Sjrrf+1 S;rmz
= rt’+l (.X(q)) + Wr(’+l S;r(’+l = V€+2 (x(q)) + W”ZHS:’THZ
= 1], (x(q@)+wS;,, > T] (x(q)+wS;,, Yw>w] (EC.36)
It follows from g7, > O that direction ef,  — ey,  is feasible. Next, consider the directional
derivative of Y at g in the direction e},  —e7, :

R™-1
max{ DR |TE (@) + Y, (ST =ST)WE[+07 = u,

r=res
R™-1
—| D7 |TE @)+ Y (ST =S ) RE AT | AT e (6T (pF) W, € (G (PR, )

r=res+l
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'u;r(uz 2 O’ ﬂfmzq;:mz = 0}

resa—1

TV7;+2(x(q)) Vm (x(q)) - Z ( SZ+1) v ] : r[ 1 E(Gn) (p;rgn)""

r=re+]

= max {D”

) ’W;rmz—l < (Gﬂ)_l (pfmz—l) }

Dﬂ'

IA

resa—1
17, (@) =T, (x(@) = ) (S an)—rm]

r=re4
(EC.36)
= D7 [77, () ~ T, (x(@)) + (ST, - ST w5

which contradicts the optimality of g.

Case 2: Suppose that wi,_ >wy .

Note that wy, > Wwy,

implies that 1 > G™ (w7, ) > p7,,, . It follows from p7, <1 that {re

1

{}"g+1+1,...,R”} L qr >0}¢®. Letf::min{re{r5+1+1 Ié”} : q’r’>0}.Itfollowsthat

pr=pr. . and (GM)7" (pr) =(G™)" (pF.,) = [w" W}, ] forall r € {re,.... 7~ 1},
Case 2.1: §7, =ST.

e+l
Then w’r ,, 1s determined by (26) or (28) or (30). It follows from w 4= me_l <wy o <
wy,, thatw? isnotdetermined by (26). If wy,  is determined by (28) or (30), thenT7 (x(q)) >
T;‘fl“ 17, (x(q)), and thus T (x(q)) +wS? > T7  (x(q)) +wS7, | for all w, which contradicts

the optimality of g with g% > 0.
Case 2.2: 57, > S7.
Then w , 1s determined by (24) or (26) or (28). It follows from w 4 = me_ 1 < wr o <

wfm that wr .., 1s not determined by (26). If wr .., 1s determined by (24) or (28), then

. T7T X r X R Tzr X ” X
W;Thl < W?}:Ill = mln{ ( (qs?ﬂ)_ grlr( (q)) S;T“l S;T,I’ER”} < ( (q;ﬂ)- g;( (q))
re+l re+l ¥
= r[+1(X(Q))+Wr[+lS;T[+l < T;T(x(Q))'i'W:r[HS;
= T, (@) +wSp, < T7(x(@)+wSp Vw<wp (EC.37)

It follows from g7 > O that direction ey,  —e? is feasible. Next, consider the directional deriva-

tive of Y at g in the direction ey, —e7:
r

R™—1
max{ D7 T2 (x(@) + Y (SF =S ) W7 | +47 = 4,

Ir=re+]
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R™-1
—| D7 |TEC (@) + Y (SE=SE) W[ +47 | 1 0T e (G (pT) %, € (6D (PR ),

r=F
'u:'r{,’ﬂ z O’ ’ui'rl+1 qi'rhl :0}
=1
= max {D” Tr’gﬂ(x(q))—T;r(x(q))+ Z ( S:’H) 0 ] : rm e(Gfr) (p;f€+l),...
r=re+l

W€ (G (pE) }

DT(

-1
17, (@) = TF (x(g) + Y. (S S:L)‘ZH]

r=res+l

D™ [TF, (x(q) ~T7 (x(q)) + (S5, - ST wh, | ©<

which contradicts the optimality of g.

(4) We show that the following inequalities hold, which implies the induction hypothesis for £ + 1:

T7, (x(@)+wSy, < TT(x(q)+wS; VrieR st.S*>S8"  Vw> wy, (EC.38)

res1? = r
77, (x(q@)+wS7, < Tr(x(q)+wS; VreR” st Sy <S;,,.,Yw=swy ~ (EC39)
In Algorithm 1, if wi is determined by (24) or (28), and w““n w”, or wy, is determined

by (30), then ¢ = L. Otherw1se, wy, is determined by (24) or (28), and wlgﬁn < W', or wy, is

determined by (26). In all these cases, wy, = w}“i“ <w”" and
T;;(x(q))+w:f€S;r - V€+l (X(Q))'I'Wrg r(z+1
It follows from the hypothesis that
TR (x(q) + Wi, ST, < TH(x(q) +wi ST VreR”
Thus

T%, (@) +wi ST, < TF(x(@)+w ST VreR™

= rf+1 ('x(q)) +WSV[+1 S T;T(x(q)) +WS;T V r e Rn s.t. Sn > S’r

Ve
”fl’vwzwrf

Thus, (EC.38) holds for £+ 1. Next we show that (EC.39) holds for £ + 1.
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Case 1: w7,  is determined by (24) or (23).

Then
T (x (x(q)) 5
wh o< owii = min{ (qS)’; _rgf;r 1 DSy > S E‘R”}
+1
= T7. (x(q@)+wy, Sy, < TT(x(q)+wy, S; VreR™ st Sy, > Sy
= 77, (x(@)+wSy, < Tr(x(q)+wSy VreR” st Sy <S5, Ywswp

and thus (EC.39) holds for £+ 1.

Case 2: wi,  is determined by (26).

Case 2.1: g7, =0.

It was established in (2) above that g; =0 for rp <r <rey. Thus p7, = p7, . It follows from the

hypothesis that w7, € (G771 (pF.), and thus
wr. = max {w’rz,, min {w e (G™! (pfm)}} = max {w’f(,, min {w e (G™™! (p’rrf)” = wy,
It also follows from the hypothesis that

T (@) +WESE, = TE((@) +wiS, < TF(x(@)+wlST  VreR"
= T (x(q)+wy, S5, < T (x(q)+wy, S§ VreR"

revl “Tresl — rev1 =1

A

= 17, (x(q@)+wS;, < T (x(q)+wS; VrieR st. ST <S™ Vw<w!

ree1? Te4l

Thus, (EC.39) holds for £+ 1.

Case 2.2: g7, > 0.

We will show by contradiction that (EC.39) holds for £ + 1. First, suppose there is an 7 € R”
such that ST < §7, and T (x(q)) +wy, S7,  >TI(x(q))+wy, S7.Thus 7> rey. It follows

from the hypothesis that w7, € (G™)™! (p}). Also, g7, > 0 implies that p7 > p7 , and thus

wi <min{w € (G™)~! (pr,,)}- Hence

. -1 . -1 . 1
wl = max {wfg, min {w € (G™) (pfm)}} = min {w € (G (pfm)} < min {w € (G (pf)}
(EC.40)
for all r € R” such that r > re+1- Then consider the directional derivative of Y at g in the feasible

direction e —e;,
f+l

R™-1
max{ D™ T (x(q)) + Z (SF—ST ) Wi+ A" —uk

r=f
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R™—1
D7 |7z g+ Y (ST SR 9|+ 47| 9T (G () i € (G (P )
r=re+l
ui =0, u?q’;:O}
A1
= max {D” TT (x(q)) = TF, (x(q)) - Z (Sf—SfH)Wf] DV e (GM)! (p7.)s--
r=re+]
W (G () }
(EC.40) b/d u T o U U b/d
< DM|TFx(@) - TE, (x(@) = D (SF=SF )W,
r=re+

= D" [T} (x(q) - T}, (x(q) +w},  (SF=SF,,)] < 0

which contradicts the optimality of g. Thus, for all » € R” such that ST < 87 it holds that

re+l

17, (@) +WF, ST, < T (e(q) + W], ST

e+l 7 Te+l res1~r

= T, (@) +wS,, < TT(x(g)+wS  Vw<wy

re+l — T Te+

Thus, (EC.39) holds for ¢ + 1.
Case 3: wy,  is determined by (30).
Then {r e R™ : ST > S*} =0, and thus (EC.39) holds for £ + 1.

Thus the hypothesis has been established. It remains to verify that (2) and (3) hold for r > ry.

(2) In Algorithm 1, when € =L, wILIlin and wy, are determined by (24) or (28) or (30), and erni“ >
w". Consider any r > r; and suppose that g} > 0. Then for any ’ < r it holds that p”, < 1, and
thus any W € (G™)~! (pf) satisfies w < w”.

Case 1: w7 is determined by (24) or (28) and S}, > S7.

Then
, T7(x -T7 (x R T (x -T7 (x
T < W = min { P TEE@) o Rﬂ} _ TG() =T} (x(9))
A Sy, =87
= T7 (x(q) +W"Sy, < T7(x(q)) +W"S} (EC.41)

T.

Next, consider the directional derivative of Y at g in the feasible direction ey, —e7:

R™-1
max { D™ |T] (x(q)) + Z (S5, =S, )W | +A7 — My,

r'=rp,
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R™-1
o 2l L ET 0 P S Y R Bl e (el ) IO S (e w2 S B

r'=r

l‘t;'rL Z O’ Iu:‘TLq:‘rL = O}

r—1

T (@) T (x(@) + Y (S5 -S%.,) w] W, (G (P, )W € (G () }

r'=rp,

= max {D”

Dﬂ'

IA

r—1
T7 (x(9)) ~TF(x(g)+ . (SF~ s;r,+1)w]

= D7 [T7 (x(q) ~TF(x(q)) + (57, - s7) 7] "<

which contradicts the optimality of g.
Case 2: wy is determined by (28) and S7, = ST, or by (30).
Then 77 (x(q)) < T (x(q)) and ST =87, =S} for all " =ry,...,r. Next, consider the direc-

.

tional derivative of Y at g in the feasible direction ey, — e}

R™—1
max{ D™ |T] (x(q)) + Z (S7, = ST, ) W + A" -y,
r'=rp,
R™—1
(D TE ) + Y (S5 =S5 ) W8 [+47 | £ 0T e (67 (pF) 0, € (6D ()
lu:”rL 2 O’ l’l:’qui‘rL = O}
r—1
= max {D” T (x(q)) - TF (x(q)) + Z (7 —Sm, )wn |« wE e (G (pr), ... W e (G (p;f_l)}
r'=rp

D™ [T}, (x(9)) =T (x(¢q))] < O

which contradicts the optimality of g. Thus if r > ry then g7 =0.

(3) It was established by induction that wy, € (G™! (pr). By Algorithm 1, w} = w] =w" for
all r > rp. It was established in (2) above that gy =0 for all » > rp, and thus p7 = p7 =1 and
wT e (G™) (pF) forall r > ry.

O



e-companion to Aguirre, Kleywegt, and Monteiro: Bicriteria Traffic Assignment ec23

Lemma 9 Assume that t, : Ry — R, is continuous for all a € A. Consider any optimal solution

q for problem (18), and the resulting output w and R". ={ry,...,rp} of Algorithm I. Let R™ be

indexed withr =1,...,R", and let

A" = —_D7 T;r (x(q))_i_wﬂ (S:TL_Sgﬂ’):l Vraell

L
Then (g, A, w) satisfies the optimality conditions (21)—(22).

Proof.  Consider any & € II. Let py = L7(q™). Consider any successive pair r¢,rerp € R
If wy, is determined by (30) in Algorithm 1, then £ = L, and thus this case does not apply here.
Similarly, if w7 , is determined by (24) or (28), and w?‘in >Ww", then € = L, and thus these cases also
do not apply here. Otherwise, wy, is determined by (24) or (28), and wy, = w?‘i“ <W”", or wy, is
determined by (26). In all of these cases it holds that

T (x(9)) +WESE, = T7, (x(q)) + W, ST (EC.42)

re+l

that is, wy, is a boundary or indifference point between the interval [w’rrf_l, wy, | where r¢ has least

bicriteria cost and the interval [w” ,w” | where r¢, has least bicriteria cost.

re? T resl
Also, note that wy = w7, forall r € {re,...,ree1 — 1}, and thus
res1—1 ree1—1
D, (ST=ST)wl = > (ST=SL)wl, = (SE-ST,)w], (EC43)
r=re r=ry
Similarly, wi =w}, =w" forallre{ry,..., Ié”}, and thus
R™-1 R™-1
(ST-SEwE = 3 (SE-Sn )W = (S - Sh )W (EC.44)
r=rr, r=rr,

Casel:reR”™. .
min

Let r =r¢ for some € € {1,...,L}. Then

D™ |T7 (x(q)) + > (S~ 87, ) wh |+

{r'eR™ .r=<r’ r'+1eR7}

(G4)(ECAECH) 1 p

L-1
TE () + Y (s;;, - s;;,ﬂ) W+ (s;TL - 52,,) T
=t

L-1

= D"y [TZZ, (x(q)) =T, (x() + (Sff’ B S;r'f’“) e
=t

EC.42
] (EC4)

= D" |17 (x(q)) + 7" (7, - 5%, )|
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Thus conditions (21)—(22) hold for all r e R7. .
Case2: r ¢ R . .

It follows from Lemma 8(2) that g7 =0, and thus condition (21) holds. Next we show that condi-
tion (22) also holds.

Case2.1:r<ryp.

Then either r < ry, or there is a successive pair r¢,rep1 € RT. - such that rp <r <repq. If r <ry,

then £ =0 and w7, = wfo =w" forall ¥’ €{r,...,ri =1}, and if rp <7 <rgy, then w7, = wf[ for all

r'e{r,...,rey1 —1}. Then

D™ |T"(x(q)) + > (S7, = 8%, ) wh |+
{r’eﬁ” :rﬁr’,r/+leﬁ”}
(EC.43),(EC.44) res! S
FEE DT () + Y (SE-SE) W+ D (Sf(,—Sf€,+l)wfg,+(SfL—Sg")wﬂl
r'=r '=t+1

- D" [T,’; (x(q)) +W" (S:’TL B 52")]

L-1
= D" |T7(x(q) ~ TE, (x(q)) +T7,, (x(q)) = TZ (x(q)) + (ST = ST, ) wh + ) (s:;,—s:;,+l)wz,]
'=(+1
L-1
= D™ [T7(x(9) = T7, (x(q) + (ST = S5, ) wi |+ D™ 3" |77, (x(a) - T, (x(q)) + (S5, = S5, ) Wi, |
'=C+1
(EC.42)

=7 D" [T (x(q)) - TF, (x(q)) + (ST=ST_)wr ]

Case 2.1.0: r < ry.
Then £ =0 and wy, = w”. Thus
T T T T w T T T T Ve (23)
Tr (X(Q))_Tr“l (X(q>)+ (Sr _Sr“l)wrg = Tr (X(Q))—Trl(X(Q))'i'(Sr _Srl)m 2 0
Case2.1.1:ry<r<ryg.

Then there is a successive pair rg, 14 € Rgﬁn such that rp <r <rgq.

Case 2.1.1.1: wy, is determined by (24) or (28) and S, > S7.

Then
WE = i 17, (x(q) =T (x(q)) § T (x(q) =T/, (x(q))
‘ S;’r[ - S;rm S7FT€ - S7
= TE (@) +WLSE, < T7(x(q) + WS

= DT[T7(x(g) T, (x(q) + (ST -85, )wh] > 0

£+1 re+l
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(The strict inequality holds because r1 is chosen in (25) and (29) as the smallest minimizer.)
Case 2.1.1.2: wf, is determined by (28) and S7, = S7.
Then 77 (x(q)) < T7(x(g)). Thus

4

D™ [T7(x(9)) ~ T, (x(q)) + (ST = 5%, ) wF,
= D" [T7 (x(g)) ~ T (x(9)) + T (x(q)) = T7., (x(q)) + (ST, = %, ) wF, ]

T2 pr 17 (x(g) - T7 (x(g)] > O

Case 2.1.1.3: w{ is determined by (26).
Then S, = S7 = 57, and T (x(¢)) =T%,, (x(¢)) < T/ (x(g)). and thus

D™ |17 (x(q) = T, (x(@) + (ST = 57, ) wi,| = D™ [T7(x(q)) - T, (x(¢))] > O

Therefore condition (22) holds for all » < 7.

Case2.2:r>ry.

Then
D™ |T™(x(q)) + Z (s, — 8%, ) wh |+
{r’E?Q’r :rﬁr’,r’+1€7§”}
R™-1
= D |TF(x(@)+ Y. (S5-585,,)W | -D" [Tr’rL(x(q))+W" (s;fL—Sgn)]

D™ |TX(x(q)) = TZ (x(q)) + (SF = ST ) w”|

Case 2.2.1: wy, is determined by (24) or (28) and S7, > S7.

Then
. T" (x -7 (x T (x -7 (x
I R T " T (x(q) =T7 (x(q)) AR F(x(q) =17 (x(q))
L S, =87 L Sy, =87
= T (x(@)+w'Sy, < TT(x(q)+W"S]

= D"[T](x(q)) - T}, (x(9)) + (SF = S7,) W] > 0

Case 2.2.2: wy is determined by (28) and S}, = S7.
Then 77 (x(gq)) <T7(x(q)). Thus

L

D™ [T7(x(9)) ~ T (x(9) + (ST~ S5, ) W] = D™ [TF(x(q) ~T7 (x(9))] > O
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Case 2.2.3: wy, is determined by (26).
Then ry 41 set in (27) would satisfy rp4; > rp and rpyg € Rglin, which cannot hold, and thus w{, is
not determined by (26).
Case 2.2.4: wy is determined by (30).
Then 7, =87 = Szﬂ and 77" (x(q)) > T7 (x(g)). Thus
D7

T (x(q)) — T}, (x(q) + (ST = 87, ) w"| = D™ [T (x()) - T}, (x(¢))] > 0

Therefore conditions (21)—(22) hold for all r € R™. O

Lemma 10 Assume that t, : R, — R is continuous for all a € A. For each n € I1, let R™ denote
the complete path set and let R™ c R™. Consider any optimal solution § for problem (18) with path
sets R™, n € I1. Let w = (Wf,ﬂ ell,r € {0} Uﬁ”) and ﬁgﬁn = {71,...,7}} denote the output of
Algorithm I with input R™ and §.

Let g* = (q7*, m € I1,r € R™) be as follows: Foreachr € R” let qr* =q7, andforeachr € R7\ R”
let g7* =0. Then x(q*) =x(q).

Let w* = (Wi, m €Il,r e {0} UR") and R™* ={r},...,r;.} denote the output of Algorithm 1

min 1°

with input R™ and q*. Let R™ be indexed withr =1,...,R”", and let
= D7 [T”L (x(g*)) +W" (s;fz* - S;”)] Vrel

For each mt € T, let R™ denote an optimal set of paths for the parametric shortest path problem
(over the complete path set R™) with arc costs t,(x4(§)) and sq. Suppose that R™ c R™ for each

n € I1. Then it holds that (g*, A%, w") satisfies the optimality conditions for the complete path set:

R™—1
qr {D” T (x(q")) + Z (8% =87 ) wi +/l”*} =0 Vrxgell,VreR™
r’'=r
R™-1
D™ |TF(x(q")+ Y (SE=SE ) wi[+4™ > 0 Vrxell, VreR"
r'=r

Proof. It is easy to check that x(¢*) = x(§).

Consider any 7 € II. It follows from Lemma 8(4) that for each ¢ € {1,.. .,ﬁ} it holds that
T (x(g))+ wS; < T7 (x(§)) +wS™ forall r e R”* c R™ and all w € [W:IH , W:fg]. Next we show that
this inequality holds for the complete set of paths r € R™. Suppose that for some £ € {1,...,L} and

some wt € [W;f[_l , W;ff] there is an » € R™ \ R™ such that 77 (x(g*)) + w*S7 < Tf’; (x(g%)) + w+S;I[.
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Let r* € R™ denote the shortest path produced by the parametric shortest path algorithm when the
arc costs are c, (W, x4(g")) =14(x4(q*)) +w*s,. Then r* € R™ \ R™, which contradicts R™ c R”.
Thus

7 (x(g")) + wSi < TT(x(g")) +wS~ VreR™, Vwe W]

Fo W] (EC.45)
Let 79 = r; =0, and note that wj = wi™ = w”. Note that R™" C R”™ does not imply that all efficient
paths are in R”, because there may be efficient paths ry €RE \R” (and thus q”* 0). Next we show
that YQI’; e ‘Rr’; ";n, and that for each 7, € ‘ﬁ” , Algorithm 1 produces the same 1nterva1 [wA Fo W’;{]
whether the input is R” and g or R™ and g*. Thereafter the proof can proceed similarly to the proof
of Lemma 9. Specifically, next we show by induction on £ € {1,..., L} that
(1) there are indices £*(1) < --- < £*(L) such that for each € € {1,..., L} it holds that 7, = rf*(g),
and
(2) foreach £ € {1,...,L} it holds that W;fg = =wr

. -1
It follows from R™ c R”, (23), and (EC.45) that
Tr’% (x(g")) +m’rSfT = T (x(q") +w"S%, (EC.46)

and thus r} < 7. If r§ = 7, then claim (1) of the hypothesis holds for £ =1 with £*(1) = 1. Also,
wA =w' = w’r *, and hence claim (2) of the hypothesis holds for £ = 1. Otherwise, r} < 71, and thus
S”* > S’r Let f =max{¢€{l,...,L"} : r; <F1}. Then it follows from Lemma 8(2) that 47 = 0 for
all r € R™ such that r < 7, and thus qr = O for all r € R™ such that r <7y, and L7, (¢g™) =0 for all
5e{1,...,5}.Also,SfTzs;f;zs;fl. [
Case A.1: S” =S7..
Then it follows fr(;m rp € R and ST, =87, forall £ € {1,... ,{} that T7(x(q*)) =T~ (x(q")) for
all e {1,... ,f}. Then, in Algorithm 11, wfi is determined by (26) for alll te{l,... ,EV— 1}. Thus
wrr = wi* =w™ forall £ € {1,...,0—1}. '
Ca[se A.1.1: S’r S’r St,-
Then it follows from (EC.46) that T” (x(g")) = T” (x(g") = T” (x(¢*)). Then, in Algorithm 1, w’r ;
is determined by (26), wr; =w” ; = =w’”, and r o =71, hence claim (1) of the hypothesis holds for
¢=1with £*(1) ={+1. Also, W =w'= w i and hence claim (2) of the hypothesis holds for £ = 1.
Case A.1.2: S:TT = S’:; > S:fl.
Then, in Algorithm 1, wf[* is determined by (24) or (28). Then
o | T (x(g) - T,’%(X(q*))
wi™ = min ST 5t : S’VT;>S’,T

¢
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@) ) @) T sy
ST s ST ses -
4 1

14

Suppose that w?‘in <w”". Then

T (x(¢")—T7(x(g"))
- {+1 14 < w
‘ ST, — 87 =
14 l+1

T * T Qm T * T QI — T * T Qom
=TT (g +wSL < TI((g)+w S = TT(x(g") +wST

T

which contradicts 77 (x(g*)) + w”S™. < T (x(g")) +w” S} for all r € R™ from (23). Thus w}ni“ =w",
1 1

and hence
. 7 (x(q")) — T (x(q")) TT(x(q%) =T (x(g7))
TR min __ : 4 . QT v _ 4
wr; = w; = min CA : Sr; >80 = 5™ —S’,fl
I ’

and r;§+1 = 71. Hence claim (1) of the hypothesis holds for £ = 1 with £*(1) = { + 1. Also, W;IO =w'=
w?’i“ = w7, and hence claim (2) of the hypothesis holds for £ =1.
¢
Case A.2: §7. > S7..
1 ‘

Then rf <77 < 1. Let £ :=max {¢ € {1,...,0~ 1} : $%=ST.|. Thus, $7 = S and T7(x(¢") =

Tr’i (x(g*))forall£e{1,... ,f}, and in Algorithm 1, w’:** is determined by (26) forall £ =1, ... -1,
t 4

and w”™ = w’:f =-..= w’rr;" . Also, in Algorithm 1, w’rr;" is determined by (24) or (28). Then
0 7-1 l

T7(x(¢) =T (x(q"))

wi'™ = min ST 57 :Sf;>Sf
r
14
R -TEG) Be@) T sy
A SL-; .
Suppose that w?‘i“ <w”". Then
, T (x(q7) =T (x(q)
min __ + T
Weo = ST —S7, =Y
14 l+1
= T (@)W < TEG(@))+WSE = TE(x(g) + WS
l+1 l+1 l I3 1 1

which contradicts 77 (x(g*)) + w™S™, < T (x(gq*)) + w" Sy for all r € R”™ from (23). Thus w’* =
1 1 ¢

Wit = T and TE (x(¢%)) + WTS. =T (x(¢%)) + w7SE. = T% (x(¢")) + w*S™.. It £+ 1 <, then
7+1 7+1 7 4 1 1
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let £ := max {5 e{f+1,...,0}: ST = Sf} Then the argument is repeated by induction, to obtain
+1 4

that w7 =w”" and
-1

T,’E;(x(q*)) +m”Sf; = Ti(x(g") +w"S% (EC.47)

Case A.2.1: S:Z > Sf* = S’rfl.
1 ¢
Then

(EC.406) (EC4T)

Tr (x(g")) +w"S% TZ(x(g")) + w" S~ TZ (x(g")) + w™S™
I Z PR r = r = &r
1 ¢ l

= T(x(q") = T,’%(x(q*))

Thus, in Algorithm 1, w7 is determined by (26), and r;‘;+1 = 71. Hence claim (1) of the hypothe-
‘
sis holds for £ = 1 with €*(1) = £ + 1. Also, wr' = max {wfj‘_l, min {w e (G™)! (Lf*(q”*))}} =
max {wf;" , min {w € (G™)™! (O)}} =w”™. Thus w7 =w” = w7, and hence claim (2) of the hypoth-
| g

- €

esis holds for £ =1.
Case A.2.2: Sf* > Sf,t > S;Il.

1 l

Then, in Algorithm I, w’* is determined by (24) or (28). Then
‘

T7(x(q")) - T,’%(X(q*)) T7 (x(q)) = Tf;(X(q*))

: ) . (EC.46),(EC.47)
w?“n = min A : S’:; >SSt < A = w”
rz; r r; 71
Suppose that w‘;i“ <w) Then
. T,’E; (X(q*))—Tr’%(X(q*))
win = &l < w"
t ST —S% -
4 i+1
i * mQn b * rer (ECAN) q * mQn
= Tr; l(x(q ) +w Sr;l < Tr;(x(q ) +w Sr; = TrT(x(q ) +w S’T

which contradicts 77 (x(g*)) + w”S™. < T (x(g")) +w” S} for all r € R™ from (23). Thus w}“m =w",
1 1

and hence
. 7 (x(q)) —T%(X(q*)) T7(x(q") - T%(X(q*))
TR _ min _ . . QTm v —
Wr;; = w;, = min ST : Sr;>S, = TSt
¢ ’

and r;ﬂ = 7. Hence claim (1) of the hypothesis holds for £ = 1 with £*(1) = £+ 1. Also, W’rfo =w" =

w?‘in =w’’, and hence claim (2) of the hypothesis holds for £=1.

14
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Suppose that the hypothesis holds for € € {1,...,L — 1}. Then

(EC.45)
Tr’;(x(q ))+wi ST = T’r (x(q N+wlht ST <  Tr(x(g"))+w} Sf VreR”

Wie1 O Terer-1 Texe) -
(EC.48)
Also, note that L;If(é” ) = L” (q”*) Next we show that 7 < 7ee1. In Algorithm 1, 7y is
determined by (25) or (27) or (29)

Case B.1: 7y, is determined by (25) or (29).

e (£)+1

Suppose that rt,*(f) 1>rg+1 Then S”mg)+l <S’:€+1 <S’rT() S”m” Then
T” (X(q*))—T,’i (x(g")) 7 (x(g")-T~. (x(q"))
min  _ (04 £ (0) ol "o ()
Yew T st s < A
Tex(e) Tex(e)+1 Tex(e) Fesl
7, (@) -T7(x(@)
T _ Qn - vvfg
e Fesl
= T,E*(K)I(X(q )+ W5, S5 o S Iz O(X(CI )+ W5, ST o 17 (x(q")) + W5, S,
which contradicts (EC.45).
Case B.2: 7, is determined by (27).
Then S;I[+1 = S;I[ = Sf;*m and T&l(x(‘?)) = Tf’;(x(qA)) = Tr’%*g (x(¢g*)). Then
re{ri, +1,...,R"} : ST = S’T # @. Suppose that there is an 7 € {r* +
e (0) Pty ¢ (t’)
I,...,R"} such that ST = §7. and T7(x(g")) < T;; 1()c(q )). Then T7(x(g")) + W <
()

TZ (x(g*)) + w*ST  which contradicts (EC.45). Thus it follows from R” C R” that
re re+l

rt’l

mln{Tr’T(x(q*)) : S;T:S:r , red{r, ot +1,. .,R”}} T (x(q")), and
©

re+l

r;*(€)+1 = min {argmin T7(x(q")) : S’rT:S’rT o’ , T € {ré,*({,) +1,. .,R”}}} < Fgs1. Thus r[*([) 1 =

ff+1-

If rf*(é,)ﬂ = 7¢+1, then claim (1) of the hypothesis holds for £+ 1 with £*(€+ 1) =£*(£) + 1. Also,
Wi =wil =wr , and hence claim (2) of the hypothesis holds for £+ 1. Otherwise, 7. ., <
e o (6) Tex(ex1)-1 O+
Fev1, and thus ST, > S”{ Let £ :=max{¢ € {€*(€) +1,...,L*} : r% < e ). It follows from
5 (0)+1 +1

Lemma 8(2) that g7 =0 for all r € R™ such that r € {fp + 1,..., 1 — 1}, and thus L7, (¢™) =
el
L™, (¢g™)= L’;e(qA”) for all ¢’ € {€*(0),...,¢}. Also, S;, =S5 =28L>87

e (e e Tp Ter”

Case C.1: S’T =57

"es0) e

Then it follows from rj, , € R™ and ST, =57 forall &' € {*({),... ,{} that T (x(¢") =
£:(0)

f*({) [*([r) r[/
T% (x(g")) for all &' € {€*(¢), ... ,{}. Then, in Algorithm 1, w? is determined by (26) for all ¢’ €
144 Va
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{€*(¢),...,{—1}. Also, it follows from L™, (¢™)=L". (q™)= L7 (§™) forall £ € {€*(¢), ... L0}
14 (L)

and induction on ¢’ that

wf*/ max {w ', min {w e (G")” (Lf;/(q”*))}} = max {w . , min {w e (G™)! (L;r (q”*))}}

¢ Tpx (€)-1 5 (0)
max {w;fH, min {w € (G™)~! (L;;(q"))}} Vet (0),... . [-1)

Case C.1.1: S’r :S’Z:Sir

Then T7 (X(q )) [T”(X(q ) < I7, I(X(q ). Suppose T” (x(¢")) < T7 (x(g")). Then
T’r (x(q” )) + S’r < T’r (x(q ) +w , which contradlcts (EC.45). Thus T’r (x(q*)) =
T~ n (x(q ) =T~ (x(q ). Then in Algorlthm I, w” " is determined by (26), and

e+l

S
Il

iy max {wf{‘_l, min {w e (G (Lff(q”*))}} = max {wf* , min {w e (G™™! (L” (q”*))}}
‘ ¢ o+ (0)-1 £4(6)
max {W’rf[_l, min {w e (G™! (L,’fg(q”))}} = W;f[

Thus r’5 1 = fg+1, hence claim (1) of the hypothesis holds for £ + 1 with £*(€ + 1) = ¢+ 1. Also,

W;ff =wi =wl , and hence claim (2) of the hypothesis holds for £ + 1.
Ty Tex(e41)— P
Case C.1.2: §7. =87 >S7
[* () tg Pesr”

Then, in Algorithm 1, w’ is determined by (24) or (28). Then
‘

(TR@)-TER)
wy'" = min ST 57 :Sr;>S,
Th (x(a7) ~ TR (x(q7)) Tr’ZI(X(q ) - T, @) TE (@) - TE(x(9) -
ST _ g7 ST _Qn T _ QT Fe

* A A A
r[ re+1 r[*([) re+1 re re+1

IA
|
Il

<

Suppose that w‘?i“ < W’f . Then

e () -Tax(q)) T (x(¢")) -1 (x(g")) T’; ((x(g") ~T; (x(q")

Wr}lin — — +1 —
4 S’r S’r S7 —S” S’T S’r
l’+1 ré’*(é’) (’+l [+1
U T
7 (x (q)) 7 x(q) o
7 — ST L
Fest

= TR @) +RESL < TEG@)ARSE, = T () + 0 ST

r{’ r(’ re+l Fe P

which contradicts (EC.45). Thus w?‘i“ = v?z’;(, and hence

, T7(x(g") - T (x(q%) T (@) ~ T (x(q7))
Wre =W i S7. — ST oo S, — S’rfm

¢ 4
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and r;H = 7¢+1. Hence claim (1) of the hypothesis holds for € + 1 with £*(€ + 1) = {+ 1. Also,

Wi =wii=wi , and hence claim (2) of the hypothesis holds for ¢ + 1.
Ty o5 (L+1)—1
Case C.2: 7. > S7.
Ter (o) ‘
Thenr},, , < r < Feer. Let £ :=max { €' € {€*(0), . —1}: 87 =87 . Thus, §7. =87 and
£ (€) Tex () Ty Tex(e) "o
% (x(q") = T’i (x(g*)) for all &' € {€*(£),...,£}. Then, in Algorithm 1, w? is determined
o (0) ¢
by (26) for all £’ = 5* (£),. — 1. Also, it follows from L” (q”*) =L7. (¢"™)= L:fg (g™) for all
a0)

¢ e {*(¢),...,¢} and induction on ¢ that

wf* max {w ', min {w e (G")” (Lf;/(q”*))}} = max {wff , min {w e (G (Lf;*([) (q”*))}}

¥ (0)-1

max {w;fm, min {w € (G™)~! (L;;(q"))}} Vet (0),... . I-1)

Also, in Algorithm 1, wfj‘ is determined by (24) or (28). Then
i

T7(x(g7) T (x(q7))

Wr{;nn = min Sf*—S;r :S;T;>S7,T
‘
* * T T *
. T, (@) =T (x(q)) ) T X)) - T (x(q") CTE @) -TE((@) o
= - - P
S:’T; - S;Tml Sﬂg*([) B S;Tm Sﬂ rf+1 ‘
Suppose that wg‘in < W;Ig. Then
T3 (x(q7) =T (x(q")
min _ /+ AT
w[ - ST g7 < Wi,
o T
= T (NS < T REST = TE (e(g)+ RS = T(x(g") + WS,
{+1 {+1 (L *(C)

rpr

which contradicts (EC.45). Thus w’ = wg‘i“ = W and T (x(q*)) + wi ST, =T7(x(q")) +
l I+1 13 -
Wi ST, = T” (x(q ) + vT/’rT = TrZ;(x(q*)) + Wf S’I{. If ¢ +1 < 5, then let ¢ :=
: o o) : :

max {f’ e {l+ 1, AT S7. =87 1. Then the argument is repeated by induction, to obtain that

+1 t
wr =w7T and
e
Vs T T AT T (EC45) T
TZ (N4 ST = T (e )+WE ST = T (x(q")+W S, TE (x(q")+WEST

(EC.49)
Case C.2.1: S’r > S8 =857

rs T
[ () ¢ o+l

It follows from (EC.49) that T7 (x(q ) = r” (x(g*)). Thus, in Algorithm 1, w7 is

14
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determined by (26), and rZ;+1

. % _J ® * . -1 * _
1 with (¢ + 1) = € + 1. Also, wf; = max{wf;_l,mm{we(Gﬂ) (L:T;(qﬂ ))}} =

= 7¢+1. Hence claim (1) of the hypothesis holds for £ +

max{w;ff ,min {w e (G L7 (¢™) } - max{v?/;ff, min{we(G”)_l (L;zf(q”))}} = W
: ,

. oo
i1 ¢

where the last equality follows from Lemma 8(3). Thus W’;{ =wil=wli! , and hence claim (2)
7 oF (L+1)-1
of the hypothesis holds for £ + 1.
Case C.2.2: ST, > S87.>S87 .
% () ¢ {+1
Then, in Algorithm 1, w’ is determined by (24) or (28). Then
¢
T * _ T 3k T * _ T *
(T TR ) TE G TR
+ = : < = A
w; min A S >8 ) < A 7
* r 4 r P+l
4 4
Suppose that w?‘in < w;rg. Then
. T (x(¢")—T7(x(g"))
min __ 7+1 4 AT
WE - §T _§7 < ng
"t Tia
T * AT QT T * AT T (EC_49) T * AT QT
= Tr;+1 (x(g¥))+ ngSr;H < Tr;(x(q )) +er£Sr; = T (x(g¥))+ Wi, S5,
(EC.45) X n
= T'Z:’H (X(q )) + W;Tf S:;(,’H
which contradicts (EC.45). Thus w?‘in = erf, and hence
| T7(x(q") ~ T (x(q")) 77, (x(q") -T2 (x(q")
w = wi™ = min YA S A ’
"t ¢ S;r; - S;r "t ' S;r; - S;r£+1

and r;;H = 7¢+1. Hence claim (1) of the hypothesis holds for £+ 1 with £*(£+ 1) = {+1. Also, W;f[ =

Wil = w’rr* , and hence claim (2) of the hypothesis holds for £+ 1. Therefore the hypothesis has
beén esta(i:)(ﬁ:})lgd. In particular, it follows that ﬁr’;m - Rr’;";n.

Next we show that (g*, 1", w*) satisfies the optimality conditions (36)—(37). Consider any 7 € I1
and any successive pair r,,r, , € R . If w’:;* is determined by (24) or (28), then it holds that

rf+1 min”’
ST > S8" and
Ty Tes1

T (e -TEG(e)
Vi T T st s

¢ Ten

+1 min

determined by (26), then S7. = S7. and T (x(¢q")) =T~ (x(q")), and thus T7(x(g")) + wS”. =
l f+1 4 {+1 4 4
T”. (x(g*))+wS7. forall w. Thus, in all cases it holds that
+1 l+1

(Note that if w?‘i“ >Ww" or wn! is determined by (30), then there is no r;,, € RT: ) If wr is
t £

T (x(g")+wl'ST, = TL (x(g%)+wl'ST (EC.50)
l l 4 l+1 4 £+1
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Also, note that wi™ = w’:;* forall r € {r;, N 1}, and thus
(+1 -1 r{‘%+l_1
Z (ST =87 )™ = Z (S7-St)wr = (st-sn Jwe (EC.51)
r=r, r=r,
Similarly, w —w* =w" forall r € {r.,...,R"}, and thus
R™-1 R7-1
D SE-ST W = Y (SE-ST) W = (SE - Sk (EC.52)
r=ry. r=ry.
Case D.1: r e R™ .
min”
Letr =r; for some £ € {1,...,L"}. Then
R7-1
D™ |T"(x(q")) + Z (ST, — 87, ) W ]mﬂ*
(35),(EC.51),(EC.52) ! &
{EC3L, D" T,’%(x(q*))+; (S;r S”[,H)wf; +(sz* —S},,)W”]
_p" [T;z (x(q") +7" (S;i —Sg,,)]
L* L*
A EC.50
= DY |TE (g -TE, (g N+ (St -s% Jwr] P 0
=t 144 €’+1 t’

Thus conditions (36)—(37) hold for all r € R™" .
Case D.2: r ¢ RT" .

It follows from Rr’; L CRM that r ¢ ﬁr’; o fre R7™, then it follows from Lemma 8(2) that qr =
0, and thus ¢™* = 0. If r € R™ \ R”™ then g™ = 0. Thus condition (36) holds. Next we show that
condition (37) also holds.

Case D.2.1: r <rj..

Then either r <r{, or there is a successive pair r,,r,, € RT. suchthatr, <r <r; . If r <rj, then

t=0and wiF =wr =w” forall " € {r,...,r] —1} and if r;, <r <ry,, then wi = w’* for all

Ty — ’ +1° 7
r"e{r,...,r;, —1}. Then
R™-1
D™\ T (x(g")) + ), (S} =Sk ) wi |+
r'=r
7”1 L*-1

35),(EC.51), 52 % % * —
GIECIDECSD) - hyr T (x(q"))+ Z (S5, -S7.1) w’r + Z (S’r - S7 )w’rr +(S;ZL*—S§,,)W”

Terv t
r'=r =0+1
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_pr | * —n(qn _ ¢n
D [Trz*(x(q )+ (Sr;;* SR,I)]

L*—1
— Ve T * _ T * T * _ T * ﬂ'_ T JT* T _ v TT*
= 7| (xlq) ~ T (g N+ (x(g) ~T7 (x(q) + (8] S,;+l)wr;+€2“(8,;, Sr;,ﬂ)wr;,]
"=+
L -1
_ | *\\ _ T * T _Qn T g 3 *\Y _ T * T QW T
= D[ ) ~TE (xlg )+ (ST ST, | +D g;ﬂ |77, (e =77, e+ (ST, - ST, )|
(EC.50) . . «
=V D17 (el - TE (g + (87— ) wr]
If r <rj, then wii =w?"=w”" and r; , =r]. Then it follows from (23) that

t 0

TF(x(g) =T (e(g")+(ST=8% Jwi = [TFGr(g™) +wS7] = T2 (x(g™) +w7SE| > 0

4

Otherwise, if r > r{, then consider the following cases.

Case D.2.1.1: w7 is determined by (24) or (28) and ST, > S7.
£ 4

Then
o IE (@) -TE(x(g")  T7(x(g") —T7(x(g"))
W7T** — Wmm — £+1 14 < 11
e f ST, — ST, St — ST
4 +1 ¢

= T (g AWESE < TR(x(g) 4 WS

=~ D" Tr”(x(q*))—Tr’%+l(x(q*))+(S’:—szﬂ)w”**] > 0

e

Case D.2.1.2: w7," is determined by (28) and S7. = S7.
t t
Then T7 (x(q")) <T](x(g")). Thus
4
D7 [T7(x(g") = T7 (x(q") +(S7=SE )wr]
= D" |17 (x(g) = TE (") +TE () = T2 (x(q") +(S% =57 Jwr|
L +1

Tent ¢
=Y pr|1r e ) - TEw@ | > 0

Case D.2.1.3: w7," is determined by (26).
£
Then S7, =7 =57 and T7(x(¢") =T%_(x(q")) <T7(x(¢")), and thus
4 t+1 14 £+1

D™ | (x(q ) ~T7 (gD + (ST =87 )wi| = D7 |T7(x(a) - T (x(a))| > 0

Therefore condition (37) holds for all r <r7..
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Case D.2.2: r > rz*.

Then
R™-1
D™ |TF(x(q"))+ > (S5 =Sk, ) wi [+
r'=r
35) R™—1
2 D7 (g + Y (S5 =85,) W |- D7 T2 (x(q") + 7" (ST - Sk
r'=r

= D" [17(e(a") -T2 (x(g" )+ (87 -7, )]

Case D.2.2.1: w7 is determined by (24) or (28) and S7. > S7.
L* L*
Then

T — min

ST >8%F <
s n ., r = n _ QT
ST S : S5 =S

L*

{T;f(x(q*)) -1 (x(g7) } 7 (x(q")) - T~ (x(q%))
wh = w' < wi™ = min L L
= T;L* (x(q*))‘?Wﬂsz* < T (x(g")+W"S;

= D717 g ) - T (g + (5757 )w| > 0

Case D.2.2.2: w7 is determined by (28) and S7, =S7.
Then T7. (x(q")) <T](x(g")). Thus
L*

D™ |17 (x(a™) =T (el + (ST -% )& | = D7 |17 (xa) -T%_ (x(a)| > 0

Case D.2.2.3: w7, is determined by (26).

L*

Thenrj. , setin (27) would satisfy r;.., >r;. andry, € R

* . which cannot hold, and thus w”,
min oy

L

is not determined by (26).
Case D.2.2.4: w’rrj is determined by (30).
L*
Then ST, =87 =8%. and T (x(q*)) > T%. (x(g")). Thus
L* L*

D" |TF(x(q") = T (x(g) + (7 —sz*)W”] = D™ |17 (xa" ) - TE (g > 0

Therefore conditions (36)—(37) hold for all r € R*. O

EC.4. Supplementary Numerical Data and Results

In this section of the appendix, we provide additional data and numerical results to evaluate the

performance of BTA.
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Table EC.1 Summary network data for the benchmark networks.

Network Nodes Links Zones OD records Total demand a B
Braess 4 5 1 2 6 015 4
Sioux Falls 24 76 24 576 360,600 0.15 4
Friedrichshain 224 523 23 506 11,205 0.15 4
Berlin Prenzlauerberg 352 749 38 1,406 16,660 0.15 4
Berlin Tiergarten 359 766 26 644 10,755 0.15 4
Berlin Mitte 397 871 36 1,260 11,482 0.15 4
Anaheim 416 914 38 1,406 104,694 0.15 4
Barcelona 930 2,522 97 7,922 184,680 0.15 4
Winnipeg-Asym 948 2,535 135 4,345 1,361,475 0.1 1.5
Berlin M.—P-F. 974 2,184 98 9,505 23,648 0.15 4
Winnipeg 1,040 2,836 135 4,345 64,784 0.15 4
Terrassa-Asym 1,603 3,264 55 2,215 25,225,747 0.1 1.5
Hessen-Asym 4,660 6,674 195 17,213 71,250,600 0.1 1.5
Goldcoast 4,783 11,140 1,068 1,140,624 139,256 0.15 4
Chicago Regional 12,979 39,018 1,771 3,136,441 1,360,428 0.15 4
Berlin Center 12,981 28,376 865 49,688 168,222 0.15 4
Philadelphia 13,389 40,003 1,489 1,151,166 18,503,872 0.15 4

EC.4.1. Test Networks

Table EC.1 gives summary network data for the benchmark networks used in the numerical tests.

EC.4.2. BTA Subroutine Parameters

BTA was used with two solvers for solving problem (18) with subsets of paths R™ in Line 10
of Algorithm 2. The FISTA method of Sujanani and Monteiro (2024) was used for the smooth
instances, and the two-cut adaptive proximal bundle method (Ad-GPB) of Monteiro and Zhang
(2024) was used for the nonsmooth instances. Table EC.2 gives the parameter settings chosen for
these solvers, including the network-specific initializations for Ad-GPB. FISTA estimates the Lip-
schitz constant from an initial Lipschitz estimate My with backtracking, using backtracking factor
B. We use the unknown-optimum variant of Ad-GPB with a two-cut bundle update; see Monteiro

and Zhang (2024) for details.

EC.4.3. Numerical Results Comparing Different Methods

Table EC.3 compares the computational performance of Algorithm BTA and the methods of
Daganzo (1983), Dial (1996), Marcotte et al. (1996), and Xie et al. (2026) on smooth instances i.
If method m achieved relative gap y;,,(t) < &; = 10~ for instance i at some time ¢ < T}, where

T; = 3600 seconds for all instances except Goldcoast, Chicago Regional, and Philadelphia, which
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Table EC.2  Parameter settings for the two solvers.

Solver  Parameter Value
FISTA  Restricted-master tolerance & 1076
Backtracking factor 1.25
Initial Lipschitz estimate M 50
Metric fraction (g) coordinates
Lipschitz estimate allowed to decrease
Backtracking acceptance scaled to iterate magnitude
Ad-GPB Initial tolerance & 1073
Initial acceptance parameter 3 1/4
(t,41) (0.5,1073)
Maximum number of affine cuts in the model 2
Both Path pool monotone retention

Outer stopping rule

PSPP solution adds no new path

used 7; = 21600 seconds, then the table shows the solve time #; ,, (in seconds), otherwise the table

shows the final relative gap y;,(7;) achieved by method m in parentheses. Dial saved no feasible

solution within the 7; = 21600 second cutoff for Chicago Regional and Philadelphia, because it did

not complete its initial minimum-path assignment. A summary of these results is given in Table 1

and Figure 6.

For each smooth instance i, Figures EC.1-EC.3 show the relative gaps 7; ,, (¢) of each of the five

methods m as a function of computation time #, with both axes using a logarithmic scale.
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Table EC.3

Computational performance on smooth instances i. The table shows either the solve time #; ,;, (in seconds) for

instance 7 if method m achieved relative gap y; ,» (?) < &; = 1073 at some time ¢ < T; (T; = 6h for Goldcoast, Chicago Regional, and

Philadelphia; 7; = 1h otherwise), or otherwise the final relative gap y; ,,(7;) achieved by method m in parentheses, or “—"

meaning that the method saved no feasible solution within 7;.

Network Daganzo Dial Marcotte—Zhu SBA BTA
Braess (2.38x 1071 0.00678 0.00784 0.00214 <0.001
Sioux Falls 0.473 0.131 0.0597 0.122 0.032
Friedrichshain (2.09x 1072) 2.86 0.457 0.259 0.045
Berlin Prenzlauerberg (1.79 x 1071) 13.7 0.586 2.78 0.168
Berlin Tiergarten (4.41x107") 2.13 0.0864 0.143 0.040
Berlin Mitte (2.00x 1072) 4.01 0.214 0.470 0.070
Anaheim (2.61x1071) 26.9 2.35 1.16 0.321
Barcelona (24.1) 1750 289 38.3 5.987
Winnipeg-Asym (6.22x1072) 611 161 113 1.275
Berlin M.-P.-F. (3.72x1072) 112 1.91 6.47 1.038
Winnipeg (33.5) 2280 823 88.7 4.673
Terrassa-Asym (3.539x 107 1030 593 496 9.935
Hessen-Asym (3.59x1072) (1.94x107°) 820 2130 14.657
Goldcoast (112) (4.71) (1.37x1072) (1.01x1072) (1.09x1072)
Chicago Regional (3.28 x 10%) — (8.67x1071)  (1.85x10% (2.03x107")
Berlin Center (3.44%x10%) (1.29%x1072) (1.00) (2.60x1073) 25.352
Philadelphia (2.21) — (1.00) (24.7) (5.06x107%)
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- - - Daganzo ----- Dial = ------ Marcotte—Zhu
--—- SBA ——BTA

Sioux Falls Anaheim

1072

1074

1072 1 102 3600

relative gap y; (1)

3 Dial:
1072 - no saved solution within T}, B
10-5 \ \ | |
1 10 102 103 21600

elapsed time ¢ (seconds)

Figure EC.1 For each smooth instances i, the curves show the relative gaps y; ,,;(¢) of the five methods m as a function of
computation time 7. The dashed line shows the tolerance &; = 107>, Each curve stops at its first recorded point

with y; (1) < g, orat T;.
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- -- Daganzo --—-- Dial = ------ Marcotte-Zhu
--—- SBA ——BTA

Braess Goldcoast

1
it
1073 - i i
B
-6 |- i |
10 b
(I
1079 | ! | | | 10—6 | | | |
10-° 1074 102 1 102 3600 1 10 102 103 21600
Hessen-Asym Philadelphia
= 10 —F= —
1+ |
§ 1 il gy elioleotin Aeelbole ot o
S0
21072 - B
) 1072 |- -
) Dial:
.> 10_4 [~ —4 | no saved solution within 7, B
= 10
=
2 1076 : : 10-6 : ; ‘ ;
1072 3600 21600
L i T . 1 -
10—2 — — 10—2 |
1074 | e 1074 -
L 1
10—6 | | | 1 s
10-2 1 102 3600 10-2 1 102 3600
elapsed time ¢ (seconds)
Figure EC.2  For each smooth instances i, the curves show the relative gaps y; ,,(¢) of the five methods m as a function of

computation time ¢. The dashed line shows the tolerance &; = 107>, Each curve stops at its first recorded point

with y; (1) < g, orat T;.
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- -—- Daganzo --—-- Dial = ------ Marcotte-Zhu
--—- SBA ——BTA

Berlin Center Berlin Mitte
_____ g [
103 |- IV 7
P R SRR S 4
T S oy
' o,
103 I 3 . '—: =l N
10-6 | | | ! | |
10-! 1 10 102 3600 1 10 3600
Berlin M.-P.-F.
Q I I
= |
g
& -3
& f -
eh 1 I 1
2 . b
= | -6 | H ! |
8 | | | | |
10-2 1 102 3600 3600
Berlin Tiergarten
[ [
1 @ — = 1+ -
Bl
10—2 - : : B e s e
b 1073 |- .
1074 | TR . b
1 1 |
6 i ! 1076 |- | :
1076 |- : ' 2 -
| | | | | |
1074 1072 1 102 3600 1074 1072 1 102 3600

elapsed time ¢ (seconds)

Figure EC.3 For each smooth instances i, the curves show the relative gaps y; ,,(¢) of the five methods m as a function of
computation time ¢. The dashed line shows the tolerance &; = 107>, Each curve stops at its first recorded point

with y; (1) < g, oratT;.
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Table EC.4 compares the computational performance of Algorithm BTA and the method of
Dafermos (1972) on nonsmooth instances i. If method m achieved relative gap y; () < &; = 1073
for instance i at some time ¢ < 7;, where 7; = 3600 seconds for all instances except Goldcoast,
Chicago Regional, and Philadelphia, which used 7; = 86400 seconds, then the table shows the solve
time #; ,, (in seconds), otherwise the table shows the final relative gap y; ,, (7;) achieved by method m

in parentheses. A summary of these results is given in Table 2.

Table EC.4 Computational performance on nonsmooth instances i. The table shows either the solve time ¢; ,, (in seconds) for
instance i if method m achieved relative gap y; , (¢) < &; = 10~3 at some time ¢ < T; (T; = 24h for Goldcoast, Chicago Regional,

and Philadelphia; 7; = 1h otherwise), or otherwise the final relative gap y; ,, (T;) achieved by method m in parentheses.

Network Dafermos BTA
Braess 0.0545 0.016
Sioux Falls 0.031 0.191
Friedrichshain 0.060 15.671
Berlin Prenzlauerberg 0.315 39.797
Berlin Tiergarten 0.130 7.915
Berlin Mitte 0.220 33.597
Anaheim 0.670 140.964
Barcelona 26.931 2093.585
Winnipeg-Asym 26.739 42.728
Berlin M.-P.-F. 2.500 275.643
Winnipeg 21.447 84.343
Terrassa-Asym 25.665 280.418
Hessen-Asym 493.420 314.519
Goldcoast 3216.493 (4.75x1073)
Chicago Regional 12385.983 20352.302
Berlin Center 420.221 2014.743

Philadelphia 36485.144 (1.62x1072)
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Figure EC.4  For nonsmooth instances 7, the curves show the relative gaps y; ;,(¢) of Dafermos and BTA as a function of
computation time ¢. The dashed line shows the tolerance &; = 1073. Each curve stops at its first recorded point

with y; (1) < g, orat T;.
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Figure EC.5 For nonsmooth instances i, the curves show the relative gaps y; ,(f) of Dafermos and BTA as a function of
computation time ¢. The dashed line shows the tolerance &; = 1073. Each curve stops at its first recorded point

with y; (1) < g, orat T;.
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Figure EC.6  For nonsmooth instances 7, the curves show the relative gaps y; ;,(¢) of Dafermos and BTA as a function of

computation time ¢. The dashed line shows the tolerance &; = 1073. Each curve stops at its first recorded point

with y; (1) < g, orat T;.



e-companion to Aguirre, Kleywegt, and Monteiro: Bicriteria Traffic Assignment ecd7

EC.4.4. Path-support Sparsity

As mentioned before, in typical networks only a small fraction of the paths from an origin to a
destination carry positive flow. This observation motivated the design of an algorithm that optimizes
the objective for (small) subsets R” C R” of paths. A related statistic that is of interest is the number
of paths generated by the algorithm (3. |R”| when the algorithm stops) that carry positive flow
in the final solution. We define a used path as a path r that has flow g* > 1079 in the final solution.
Table EC.5 reports the number of generated paths, the maximum number of generated paths for any
OD pair, the number of used paths, and the average number of used paths per OD pair, when the
BTA algorithm stopped for Sioux Falls, Anaheim, Barcelona, and Winnipeg. For these instances,
the fraction of paths generated by the algorithm that carry positive flow in the final solution is quite

large, but the fraction tends to decrease as the network size increases.

Table EC.5  The number of paths generated by the algorithm (3} 1y |R™ | when the algorithm stops), the maximum number of
generated paths for an OD pair (max ey |R™|), the number of used paths, and the average number of used paths per OD pair, for

BTA on four smooth instances.

Network  Generated paths Maximum generated paths Used paths Average used paths

per OD pair per OD pair
Sioux Falls 922 5 779 1.48
Anaheim 4513 22 3542 2.52
Barcelona 60435 59 31268 3.95
Winnipeg 57510 85 24642 5.67

EC.4.5. Impact of Tolls on Path Diversity

It is of interest to determine how much the introduction of a second criterion such as tolls affect
the diversity of paths used in equilibrium. We compare the fraction of OD pairs with positive
flow in equilibrium on more than one path in four settings: no tolls, lower marginal-cost tolls
with @ = 1, higher marginal-cost tolls with @ = 18, and selective capacity-UE tolls (specified in
Appendix EC.4). The no-toll case is the single-criterion baseline. For Capacity-UE, we computed

a reference flow xXUF for the single criterion (time) equilibrium problem on each network with the
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Table EC.6 Computation times, final gaps, used-path counts, and fraction of OD pairs with multiple used paths, for the four

tolling schemes. “Used” paths are paths with equilibrium flow above 1076,

Smooth instances Nonsmooth instances

Toll scheme Time Gap Used Multi  Time Gap Used Multi

Sioux Falls

None 0.024 5.52x107° 734 0.265 0.475 7.11x107* 671 0.222
MC ap=1 0.021 9.13x107° 817 0.394 0.204 9.93x107* 975 0.570
MCap=18 0.011 8.19x107° 692 0.286 0.286 9.62x107* 1176 0.697
Capacity-UE  0.013 9.55x107° 762 0.345 2170 8.57x107* 904 0.540

Anaheim

None 0.074 9.45x107% 1949 0.286 0.076 5.09x10™* 2034 0.337
MCap=1 0.270 9.86x107% 2757 0.583 0.532 9.73x10™* 3631 0.764
MC ap=18 1.046 9.89x107° 3965 0.762 17.722 1.43x1073 7250 0.925
Capacity-UE  0.288 9.99x 107 2172 0.323 11.198 2.83x1073 3552 0.698

Berlin Tiergarten

None 0.028 8.51x107° 863 0.222 0.180 6.49x107* 809 0.238
MC ap =1 0.044 9.45x107% 1144 0.484 0.259 9.93x10™* 1565 0.618
MCap=18 0.153 9.61x107% 1383 0.630 4.118 2.04x1072 2534 0.835
Capacity-UE ~ 0.023 9.20x 107 810 0.247 1.740 9.40x107* 975 0.315

Winnipeg-Asym

None 10.783 9.45x107° 19017 0.788 69.067 8.95x10™* 14306 0.786
MCap=1 5.919 9.84x107° 20061 0.827 16.850 9.72x10™* 24380 0.882
MC a9 =18 1.187 9.80x107° 14898 0.722  2.034 9.99x10™* 19598 0.919
Capacity-UE  6.098 9.86x 107 19423 0.789  5.959 9.90x10™* 14293 0.829

same OD demands as the bicriteria instances. Recall that “arc capacities” ¢, are parameters of the

BPR travel-time functions. Then we assign monetary tolls

roundy o1 (ta ()/CEE)) if)?gE > Cqy

0 if xUE < ¢,

where roundy ¢; denotes rounding to the nearest hundredth. Table EC.6 gives the results under the
four tolling schemes, including computation times, final gaps, used-path counts, and fraction of OD
pairs with multiple paths with positive flow in equilibrium. The fraction of OD pairs with positive
flow on more than one path is greater with a second criterion (tolls) than with a single criterion

(time), and in most, but not all, cases, the fraction tends to increase as the tolls increase.



