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Abstract. We introduce a novel decision-diagram-based framework for generating intersection cuts to strengthen polyhedral
relaxations of bounded mixed-integer nonlinear programs (MINLPs) with general nonlinear constraints. Building on decision
diagrams (DDs) that provide outer approximations of MINLP feasible regions, we propose the concept of DD-free sets, which are
convex regions whose interiors do not intersect the sets represented by the DDs. By exploiting the underlying graphical structure,
we develop efficient methods for constructing these regions without requiring restrictive assumptions on the functional form of
nonlinear constraints or access to distance oracles. We investigate the maximality properties of DD-free sets and devise algorithms for
obtaining maximal forbidden regions within several structured classes. The resulting intersection cuts exploit geometric information
retained in DD representations, enabling further strengthening of relaxations beyond what can be achieved through conventional
DD-based convexification. We also introduce interval DDs to facilitate the representation of general nonlinear constraints and
establish convergence results for intersections of constraint-specific DDs, providing a theoretical foundation for their integration
into global optimization frameworks. Computational experiments on challenging open instances from MINLPLib, encompassing a
broad range of nonlinear and nonconvex structures, demonstrate that the proposed approach can substantially improve dual bounds
and achieve greater optimality-gap closure than state-of-the-art global optimization solvers. These findings highlight the potential

of exploiting graphical representations of infeasible regions to develop stronger cutting planes for general MINLPs.
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1. Introduction Intersection cuts provide a classical geometric approach to strengthening
linear programming (LP) relaxations of mixed-integer linear programs [3, 15]. These cuts are
derived from convex forbidden regions, or S-free sets, whose interiors do not intersect the relevant
feasible set S. Intersection cuts have also been developed for mixed-integer nonlinear programs
(MINLPs), including problems with polynomial [8] and signomial constraints [51]. For general
MINLP constraints, however, a central challenge is to construct S-free sets in a computationally
tractable form and to exploit them efficiently in cut generation.

Several existing approaches construct such forbidden regions by exploiting specific properties

of nonlinear constraint functions, including factorability [45] and Lipschitz continuity with known
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constants [27, 42], or by assuming access to geometric information about the feasible set, such as
a distance oracle [8]. These requirements limit their applicability to more general MINLPs that do
not satisfy such structural assumptions.

Recently, [19] showed that general bounded MINLPs can be modeled using decision diagrams
(DDs), providing a graphical representation of their feasible regions. By employing cut-generation
methods, this representation can be used to construct polyhedral outer approximations of MINLPs.
In this paper, we show that such DD representation offers an additional advantage beyond generating
cutting planes for the feasible region: it also provides graph-based structural information about
the infeasible region of the problem. This observation motivates the notion of a decision-diagram-
free (DD-free) set, defined as a convex set whose interior does not intersect the feasible region
represented by the DD. Since this DD contains the original feasible set, every DD-free set is also
S-free and can therefore serve as a forbidden region for cut generation. For points in the relaxation
that lie outside the DD feasible region, we exploit the graphical structure of the DD to efficiently
construct DD-free regions and develop procedures for attaining set maximality within different
classes of DD-free sets.

This DD-free construction also provides a mechanism for strengthening DD-based outer approx-
imations beyond the convexification of DDs representing individual nonlinear constraints of the
MINLP. Existing DD-based cut-generation methods derive inequalities that are valid for the convex
hulls of the sets represented by the DDs [19, 21, 49]. For fixed diagrams, however, such cuts cannot
separate points that lie in the intersection of these convex hulls, even when they are excluded by
an individual DD. By combining the nonconvex geometric information retained by the DDs with
information from the current polyhedral relaxation, the proposed intersection cuts can separate
such points when they are extreme points of that relaxation. This approach avoids the potentially
costly construction of a joint DD representing the intersection of the solution sets associated with
multiple nonlinear constraints.

To demonstrate the effectiveness of the proposed methods for constructing DD-free sets and
generating intersection cuts, we conduct computational experiments on several classes of MINLPs
from MINLPLIib that are classified as ‘open’ problems, meaning that a gap remains between the
dual bounds obtained by existing solvers and the best-known primal bounds. These instances span
a broad range of nonlinear structures, including quadratic, polynomial, fractional, exponential,
logarithmic, and other forms. Our results show that the dual bounds obtained using the proposed
DD-based cutting planes can substantially outperform those produced by state-of-the-art global
solvers, highlighting the potential of the proposed approach.
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1.1. Review of Relevant Work Balas [3] introduced intersection cuts for integer program-
ming; see also [15] for a survey of corner polyhedra and intersection cuts. For MINLPs, intersection
cuts have been developed using S-free sets constructed by exploiting nonlinear constraint structures
or geometric information about feasible regions. For factorable nonlinear constraints, Serrano [45]
constructs concave underestimators that are tight at the point to be separated and uses the cor-
responding nonnegative superlevel sets as convex S-free regions for generating intersection cuts.
Related constructions include outer-product-free sets for polynomial optimization [8], quadratic-
free sets for quadratic constraints [38], and signomial term-free sets for signomial programming
[51]. Beyond these specialized constructions, Bienstock et al. [8] also develop a cutting-plane
method for strengthening polyhedral outer approximations using S-free Euclidean balls, assuming
access to a distance oracle for a closed set S. In a different approach, Schmidt et al. [42] construct
nonconvex outer approximations by excluding open {-balls around points violating implicit non-
linear equality constraints, with radii determined by constraint residuals and known global Lipschitz
constants. GO et al. [27] then generalize this idea to vector-valued nonlinear inequality constraints
and a broader class of norms. In our approach, valid lower bounds on nonlinear constraint functions
over box domains form the basis for compiling DD relaxations, enabling efficient graph-based
construction of DD-free regions in a general bounded MINLP setting.

For intersection cuts, enlarging an S-free set can strengthen the resulting cut, motivating the
study of inclusion-wise maximal S-free sets [8, 14]. For § = Z", full-dimensional maximal S-free
sets are polyhedra with an integer point in the relative interior of each facet [4, 35]. Maximality
results have also been developed for outer-product-free sets in polynomial optimization [8] and
for quadratic-free sets [37-39]. In our setting, we first analyze maximality for general convex sets
and then specialize the analysis to structured families inspired by norm-induced DD-free balls, for
which tractable results can be obtained. We also develop efficient procedures for enlarging these
sets and achieve maximality.

More broadly, spatial branch-and-bound (B&B) methods for globally solving MINLPs typi-
cally rely on convex relaxations and bound tightening; see [34] for a recent review. Tawarmalani
and Sahinidis [48] develop a polyhedral branch-and-cut approach that exploits convex subexpres-
sions to generate relaxations and cutting planes. Further developments in strengthening polyhedral
relaxations for specific problem classes include learning-based partitioning of variable domains
to improve approximations for quadratic problems [29], convex hull characterization for bilinear

programs [20, 28, 32], and convexification of multilinear terms in binary polynomial optimization
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[22, 23]. DDs provide a complementary graphical approach to developing relaxations and cutting
planes.

In their standard use for discrete optimization, DDs represent sets of variable assignments using
layered directed acyclic graphs, with each root-to-terminal path encoding an assignment; see [6, 50].
Early work developed binary decision diagrams (BDDs) for representing and manipulating Boolean
functions [1, 9]. BDDs have also been used to construct feasible solutions and primal bounds
for binary optimization [7]. Multivalued decision diagrams (MDDs) extend BDDs from binary
variables to discrete variables with general finite domains [46]. Andersen et al. [2] introduced relaxed
MDD representations for constraint programming by limiting the diagram width to control its
size. Ciré and van Hoeve [13] developed limited-width MDD relaxations for sequencing problems.
Cappart et al. [10] use deep reinforcement learning to learn variable orderings for improving the
bounds obtained from relaxed and restricted DDs. Serra and Hooker [44] develop compact weighted
DD representations of near-optimal integer programming solutions for postoptimality analysis. For
discrete optimization, relaxed DDs have subsequently been integrated into B&B frameworks to
provide dual bounds [26, 33]. Methods for parallelizing DD-based B&B algorithms have also been
investigated to improve the scalability of the solution process [5, 31].

For continuous nonlinear programs, Davarnia [17] extends DD-based modeling to continuous
domains through arc-reduced DD relaxations. For mixed-integer optimization, Salemi and Davarnia
[40] establish necessary and sufficient conditions for DD-representability of compact mixed-integer
sets using rectangular decompositions and develop a specialized DD-based Benders decomposition
for bounded MILPs. This extension has enabled the application of DD-based solution methods to
broader problem classes such as unit commitment [40], unsplittable network-flow problems [41],
and sparse regression with nonconvex regularization [18].

DDs have also been used for cut generation; see [11] for a survey. Tjandraatmadja and van Hoeve
[49] exploit the connection between DDs and polar sets to generate target cuts for the convex hull
of the set represented by a relaxed DD. Davarnia and van Hoeve [21] develop a cut-generating
linear program and a subgradient-type method for separating points from such convex hulls and
incorporate the resulting cuts into outer-approximation methods for integer nonlinear programs.
More recently, Davarnia et al. [19] extend DD-based convexification and cut generation to general
bounded MINLPs within a spatial B&B framework that guarantees convergence to global optimal
solutions. In this paper, we build on these results by exploiting the DD structure used to model

MINLPs to construct DD-free regions, which are then used to derive intersection cuts.
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1.2. Contributions

Contributions to the MINLP literature This work introduces a new framework for con-
structing S-free sets for bounded MINLPs with constraints of general functional form, thereby
addressing a gap in the literature for problems that do not satisfy the structural assumptions or
fall within the problem classes covered by existing frameworks for deriving intersection cuts. We
establish maximality properties for the proposed sets and develop efficient algorithms for attain-
ing maximality in different settings. We discuss how these DD-free sets can be used to derive
intersection cuts that strengthen MINLP relaxations. We further demonstrate the effectiveness of
the proposed framework through computational experiments on a collection of open benchmark
instances from the MINLPLib. Our approach achieves greater gap closure than state-of-the-art
global solvers, even when those solvers are configured to aggressively exploit their full suite of

relaxation-strengthening techniques and tools.

Contributions to the DD literature This work advances the recent line of research on
extending DD-based solution methods to MINLPs by introducing a new framework for deriving an
important class of cutting planes, namely intersection cuts, directly from DD structures to strengthen
problem relaxations. In particular, we show that the proposed intersection cuts can strengthen
previously developed DD cuts, providing a systematic mechanism for extracting additional strength
from a given DD representation. We also establish convergence results for the intersection of
DDs associated with multiple constraints, which provides a theoretical foundation for combining
constraint-specific DD representations within a unified global optimization framework. This work
further extends the graphical DD framework through the introduction of interval DDs, which
compactly represent state values for arc reduction when modeling general MINLP constraints. This

representation facilitates the translation of forbidden regions identified in the DD space.

The remainder of this paper is organized as follows. Section 2 presents the notation, problem
formulation, and basic DD concepts. Section 3 introduces interval DDs, describes their construction
as relaxations of individual nonlinear constraints, and reviews their use in outer approximation.
Section 4 introduces DD-free sets, establishes convergence results for the associated cut closures,
and describes how these sets are used to derive intersection cuts. Section 5 establishes general
maximality results for DD-free sets, characterizes maximality within the families of DD-free boxes
and {,-balls, and develops procedures for enlarging these sets to strengthen the resulting cuts.
Section 6 presents computational experiments on benchmark MINLP instances to evaluate the

performance of the proposed methods against state-of-the-art solvers. Section 7 concludes the paper.
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2. Preliminaries In this section, we introduce the notation used throughout the paper, formu-

late the class of MINLPs under consideration, and review the basic concepts of decision diagrams.

2.1. Notation We use bold letters for tuples, vectors, and matrices. For a vector x € R”, x;
denotes its i-th component. We generally use calligraphic letters for sets (e.g., ) and uppercase
Roman letters for index sets (e.g., I), with occasional exceptions following standard notation. For
an index set /, |I| denotes its cardinality. Symbols associated with decision diagrams (DDs) are
typeset in typewriter font (e.g., D).

WeletN:={1,2,...} and W:={0, 1,2,...} denote the sets of positive and nonnegative integers,
respectively. For k € W, we write [k] :={1,2,...,k}, with [0] := 0. For § e R, let (¢); := max{d,0}
denote its positive part.

For a set S C R”, conv(S), cl(S), int(S), relint(S), and bd(S) denote its convex hull, closure,
interior, relative interior, and boundary, respectively. For a convex set C, ext(C) denotes its set
of extreme points. For a nonempty compact set S C R, we write S |:= min{x :x € S} and S T:=
max{x : x € S}. Unless stated otherwise, an interval is understood to be nonempty and compact. A
hyperrectangle is a Cartesian product of intervals.

For p € [1, 0], let ||-|| , denote the standard £,,-norm on R". Specifically, ||x||, := (Zie[n] |x,~|p) i

for p € [1,00), and ||x || := max;epp |x;|. Forx € R" and r > 0, let
By(x,r) ={y eR": |ly —x||, <r}
denote the closed £,,-ball of radius r centered at x. For x € R" and a nonempty set S C R", we define
dp(x,S) :=inf||x —s][,.
seS
When S is closed, the infimum is attained.

2.2. Problem Formulation Consider an MINLP of the form

[f=max c¢'x (1a)
X

s.t. gh(x) < by, Vk €K, (1b)

x; € Dy, VielUJ, (Ic)
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Here, I and J are disjoint index sets of integer and continuous variables, respectively, and /U J = [n]
indexes all decision variables. For each i € [n], D, denotes the domain of variable x;, where
Oi=[D: l,DiTInZitiel,and O; = [D; |, D; T] if i € J. We write D = [];cp,,) D; for the
domain of x. Let K be a nonempty finite index set for the nonlinear constraints. For each k € K, we
assume that g¥ is well defined and bounded below over D. We define the feasible region associated

with the k-th nonlinear constraint by
G ={xeD:g"(x)<bi}).

2.3. Decision Diagram Overview A DD D = (U,A,1(-)) over variables xp,...,x, is a
layered directed acyclic graph. Its node set U is partitioned into layers Uy, . .., U,41, and its arc set A
is partitioned into layers Ay, ..., A,. Arc layer A; corresponds to variable x; for each i € [n]. Layer
U contains a single root node r, and layer U,,;; contains a single terminal node t. For eachi € [n],
every arc a € A; is directed from its tail node tail(a) € U; to its head node head(a) € Uj4i.
Each node u € U is associated with a state, denoted by s(u), and the mapping 1 : A — R assigns a
label to each arc a € A. For a node u € U, let e*(u) and e~ (u) denote the sets of its outgoing and
incoming arcs, respectively. The width of D is the maximum number of nodes in any node layer,
i.e., width(D) = max;e[s+1] [U;].

An r—t path p of D is an arc sequence p = (ay,...,a,) with a; € A; for all i € [n] such that
tail(aj) =r, head(a,) =t, and head(a;) =tail(a;4;) for all i € [n — 1]. When the label
mapping 1 : A — R is scalar-valued, the path p encodes the assignment x; = 1(a;) for alli € [n]. In
particular, bounded subsets of Z" can be represented by DDs with integer-valued arc labels.

Throughout, we take the node set of a DD to consist of its root, its terminal, and the endpoints

of its arcs. For any such DD containing an r—t path, we have
|U| <2|a] and n<|Al. 2)

Indeed, every node is incident to at least one arc, and every r—t path contains exactly n arcs.
Consequently, in the subsequent running-time analyses, we express the complexity in terms of |A|,
as both |U| and n are O(|A]).

In Section 3, we extend this DD representation by allowing arcs to carry intervals of values. The
resulting interval decision diagrams (IDDs) will be used to model MINLP structures that contain

both discrete and continuous variables.
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3. Interval Decision Diagrams IDDs extend standard DDs by allowing arcs to carry
interval-valued labels; see, e.g., [47]. Here, we use IDDs to represent relaxations of nonlinear
feasible regions as finite unions of hyperrectangles.

Consider an IDD D = (U, A, 1(+)) with n arc layers, where arc layer A; corresponds to variable
x; for each i € [n]. Each arc a € A carries an interval-valued label 1(a) C R. For a node u € U, let
P(u) denote the set of all r—u paths in D. In particular, P(t) denotes the set of all r—t paths.

Consider a node u € U; for some i € {2,...,n+ 1}. Each pathp = (ay,...,a;-1) € P(u) induces

the hyperrectangle

S, = ]_[ 1(aj)={xeR™":x;e1(a;) Vjeli-1]}.
jeli-1]

Thus, Sy is the set of assignments to xi,...,x;—1 that are consistent with the interval labels

encountered along p. For such a node u, define

SU(U) = U SpQRi_l,

pEP(u)
When u = t, each path in P(t) specifies all n variables. Therefore, we can characterize the entire

solution set represented by D as

Sol(D) :=8Y(t) = U S, CR".

PEP(t)
Since P(t) is finite, Sol(D) is a finite union of compact hyperrectangles and is therefore compact.
For later use, we define S¥(r) to consist solely of the empty assignment.
We say that an IDD D is an IDD relaxation of a set # C R" if  C Sol(D). Equivalently, every
point in ¥ belongs to a hyperrectangle induced by some r—t path of D. In particular, if D is an IDD
relaxation of P, then

conv(P) C conv(Sol(D)).

The IDD representation is closely related to the arc-reduced DDs used in DD-based approaches
for nonlinear optimization [17, 19]. Indeed, replacing each interval-labeled arc by arcs carrying
its two endpoints, followed by standard arc reduction, preserves conv(Sol(D)). Our development
instead retains the interval-valued labels because the path-induced hyperrectangles themselves are
used to characterize DD-free regions.

In the remainder of this section, we construct an IDD relaxation of Qk associated with a single

nonlinear constraint g*(x) < by, for k € K. Following existing DD-based outer-approximation
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frameworks, we construct a separate IDD for each nonlinear constraint [19, 21]. Whenever the
analysis applies to an arbitrary constraint k € K, we suppress the constraint index for notational
simplicity whenever no ambiguity arises and write g := gk, b := by, and G = G*.

Section 3.1 introduces three components used in the IDD construction. Section 3.2 then com-
bines these components in a top-down compilation algorithm that yields an IDD relaxation of G.
Section 3.3 reviews how cuts derived from IDDs can be incorporated into an outer-approximation
framework. Finally, Section 3.4 illustrates a limitation of these cuts for fixed diagrams and motivates

the intersection cuts proposed in this paper.

3.1. IDD Components This subsection introduces three components of the IDD construc-

tion: a subdomain partition, a look-ahead node state, and a node-merging oracle.

3.1.1. Subdomain Partition Consider an IDD D = (U, 2, 1(-)). For eachi € [n], let m; € N
and define L, := [m;]. Let {Z)l.j } jer; be a collection of nonempty subdomains of O;. If i € I, each
Z)l.j is a set of consecutive integers, i.e., Z)l.j = [Z)l.j L, Z)l.j T] NZ, where Z)l.j L, Z)l.j Te Z.1fi € J, each
Z)l.j is an interval, i.e., Z)ij = [Z)l.j 1, Z)ij T]. The subdomains cover D; and are ordered consecutively

so that, for every j < m;,

D1, iel.
Thus, the subdomains are disjoint for integer variables, whereas adjacent subdomains for continuous

variables may share a common endpoint.

3.1.2. Look-ahead Node State Consider an IDD D = (U, A, 1(+)). For a node u € U; with
i€{2,...,n+1}, define S (u) :==SY(u) N H;;ll D;. For the root node, we set S (r) := SY(r).
Thus, S;) (u) consists of the partial assignments reaching u that lie in the variable domains. Since
S; (r) contains only the empty assignment, we identify Sy (r) x [1}_; D; with D.

DEFINITION 1 (LOOK-AHEAD STATE). Let u € U; for some i € [n]. A look-ahead state of u

with respect to g(x) is any scalar s(u) satisfying
n
s(u) < inf {g(x):x € SH(u) x ﬂz)j}.
j=i

Equivalently, s(u) is a valid lower bound on g over all completions of the partial assignments

reaching u that are consistent with the variable domains.
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The techniques in [19] can be adapted to efficiently compute valid look-ahead states for general
nonlinear functions, including non-separable functions. In particular, coordinatewise bounds on the
partial assignments reaching a node can be updated recursively and used to construct a bounding
box over which a lower bound on g is computed. Since the adaptation is straightforward, we omit

the details and refer interested readers to Section 3.4 of [19] for a detailed treatment.

3.1.3. Merging Oracle Consider an IDD D = (U, A, 1(-)). Let w € N denote a prescribed
width limit. For each intermediate node layer U;, j = 2,...,n, we apply the merging oracle
Merge(w,U;), which selects and merges nodes in U; so that the resulting layer contains at most
w nodes. Specifically, the oracle partitions U; into at most w nonempty subsets and replaces the
nodes in each subset M by a single node ¥. All incoming arcs of nodes in M are redirected to ¥,
whose look-ahead state is defined as s(¥) := min{s(v) : v € M}. Since S (V) = Uy en Sy (v), all
partial assignments reaching the original nodes that satisfy the variable domains are retained, and
the minimum of their look-ahead states remains a valid look-ahead state for ¥.

The particular choice of node groups determines the merging policy. Two general-purpose
merging oracles for MINLPs are given in [19, Algorithms 4 and 5]. Since these oracles can be

directly incorporated into our IDD construction, we treat Merge(w, -) as a black-box oracle.

3.2. IDD Construction We now present the top-down compilation procedure used to con-
struct an IDD relaxation of G in Algorithm 1. The procedure follows the standard top-down DD
compilation framework in [19]. For each i € [n] and each arc a € 2;, the interval label satisfies
1(a) = COHV(Dl.j ) = [Z)l.j J,,Z)l.j T] for some j € L;. At each intermediate node layer, nodes whose
look-ahead states exceed b are pruned in Line 9. Here, pruning a node means deleting the node
together with all of its incident arcs. The merging oracle is then applied in Line 10 to enforce the
width limit w.

We next establish the correctness of Algorithm 1 and characterize the size of the resulting IDD. In
particular, Theorem 1 shows that the resulting diagram is an IDD relaxation of G, i.e., G C Sol(D),

and hence conv(G) C conv(Sol(D)).

THEOREM 1. Consider G == {x € D : g(x) < b}, and let D= (U, A, 1(+)) be the IDD con-
structed by Algorithm 1 for G using subdomain partitions {Z)ij }jer for i € [n], width limit w,
and merging oracle Merge(w,-). Then D is an IDD relaxation of G, i.e., G C Sol(D), and hence

conv(G) C conv(Sol(D)).
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Algorithm 1 IDD construction for a general nonlinear constraint

Require: nonlinear constraint g(x) < b over 9; subdomain partitions {Z)l.j }jer, fori€ [n]; width
limit w; merging oracle Merge(w, -)
Ensure: an IDD D = (U, A, 1(+))
1. Initialize root: create the root node r € U; with look-ahead state s(r)

2: Initialize terminal: create the terminal node t € U, 41

3: forie[n-1] do

4: for each node u € U; and each j € L; do

5: create a node v € U4

6: add an arc from u to v with label CODV(Z)l.j )

7: compute a look-ahead state s(v) satisfying
s(v) <inf {g(x) x €SP (v) X ﬁ Dy,

8: end for S

9: prune every node v € U;y1 with s(v) > b

10: enforce the width limit w at layer U;4 by applying Merge(w, U;j+1)
11: end for

12: for each u € U, and each j € L, do

13: compute n* such that n* < inf {g(x) :x €87 (u) x Z),ﬁ}

14: if n* < b then

15: add an arc from u to t with label conv(l),{ )

16: end if

17: end for

18: return D

Proof. Fix an arbitrary ¥ € G. Since the subdomains cover the variable domains, for each
i € [n], choose j; € L; such that x; € Z)f.

If n =1, processing (r, j1) in the final loop yields n* <inf{g(x;) : x; € Z){l} < g(x) <b. Hence,
the algorithm adds an arc a; from r to t labeled conV(D{ "). Since X € Z){ 'C conv(l){ N =38,
where p = (a1), we have ¥ € Sy C Sol(D). Thus, x € Sol(D) when n = 1. Henceforth, suppose that

n=?2.
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We prove by induction that, for every i € [n — 1], after completing iteration i, including the
pruning and merging steps, there exist a node v € U;,; and an r—v¥) path o) = (ay,..., a;) such
that 1(ay) = conv(Z)]{") for all k € [i] and (%y,...,%;) € Sy C SY(v®).

Base case (i = 1). When the algorithm processes (r, ji), it creates a node ¥ € U, and an
arc a; from r to ¥(!) labeled COIIV(Z){I). Let p'V) = (a;). Since %, € Z){l - COHV(Z){I), we have
¥ €S0 C SY(¥). Moreover, since % € D, we have % € S;)(\N/‘(l)) and hence x € S;)({f(l)) X
[T}, Dy Definition 1 therefore yields s (V) < g(¥) < b, so ¥V is not pruned. Let v(!) denote
the head of a; after the merging step. Since merging only redirects incoming arcs without changing
their labels, p'") remains an r—v(!) path satisfying the claimed properties.

Inductive step. If n >3, fix i € {2,...,n— 1} and suppose that the claim holds for i — 1. When
the algorithm processes (v~1, j,), it creates a node ¥ € U;,; and an arc a; from v~ to ()
labeled conV(Z)l.j "). The path ') = (ay,...,a_1,a;) therefore has the required labels. Since X €
D,{" - conV(D,{k) for all k € [i], we have (X1,...,%) € Syi) C SY(7D). Because ¥ € D, it follows
that (Xq,...,%;) € S;)(x?(i)), and hence x € S;)(G(i)) X [15_ ;1 Dn. Thus, s(¥9) < g(¥) < b, so
7@ is not pruned. Let v\¥) denote the head of a; after the merging step. Again, because merging
only redirects incoming arcs, p'”) remains an r—v(® path satisfying the claimed properties. This
completes the induction.

Applying the induction result with i = n — 1, there exist a node v""! € U, and an r—v*1
path p*Y = (ay,...,a,-1) such that 1(a;) = conv(Di") for all k € [n—1] and (Xy,...,X,-1) €
So-n € SY(v"7V). Since ¥ € D, we further have (%, ...,%,-1) € S (v("™).

When the final loop processes (v"~1, j,), the inclusion X, € Z),{"’ implies that X € S;) (v~ x
Z),{". Therefore, the computed value satisfies n* < g(¥) < b, and the algorithm adds an arc a, from
v~ (o t labeled conv(D/").

Consequently, p = (ay,...,a,) is an r—t path satisfying 1(a;) = CODV(Diji) for all i € [n]. Since
Xi € Z)l.ji C 1(a;) for every i € [n], we have ¥ € S, € SY(t) = Sol(D). Since X € G was arbitrary,
together with the case n = 1, we conclude that G C Sol(D). Taking convex hulls for both sides yields
conv(G) Cconv(Sol(D)). O

The following result bounds the number of arcs in the IDD constructed by Algorithm 1, showing

that it is quadratic in the prescribed width limit and the subdomain partition size.

LEMMA 1. Let D= (U, A, 1()) be the IDD constructed by Algorithm 1 using width limit w and

subdomain index sets L;, i € [n]. Then |A| <|Li|+w X, |Lil.
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Proof. By construction, pruning can only delete arcs, whereas merging only redirects existing
arcs. For each i € [n], the algorithm adds at most one arc in 2; for each pair (u, j) € U; X L;. Hence,
|2;] < |U;||L;|. Since |U;| =1 and |U;| < w for every i € {2,...,n}, summing over the arc layers
gives the stated bound. O

By (2), both |U| and n are O(|A|) for any IDD with a nonempty solution set. In the remainder of
the manuscript, we express the running-time complexity of the algorithms in terms of the number of

arcs in the IDD, as Lemma 1 provides a corresponding bound in terms of the prescribed parameters.

3.3. IDD Cuts In the literature, DDs have been used within an outer-approximation frame-
work to globally solve MINLPs [17, 19, 21]. Inspired by this approach, we can leverage the
correspondence between DDs and IDDs to design an outer-approximation framework for globally
solving (1). Below, we provide a high-level overview of the main components of this framework
and refer the reader to the aforementioned references for full details.

Once an IDD relaxation D¥ is constructed for each set gk for k € K, we can use cut-generation
methods developed in [21] to efficiently generate valid inequalities for conv(Sol(D¥)). By analogy
with the DD cuts introduced in the DD literature, we refer to these inequalities as IDD cuts. These
cuts can be incorporated into an outer-approximation framework to produce a linear relaxation of
the feasible region of (1). The resulting linear relaxation is then solved repeatedly, with additional
IDD cuts generated from individual IDDs to progressively strengthen the relaxation (dual) bound.

Once the improvement in the dual bound becomes negligible, a spatial B&B procedure is
invoked to tighten variable domains through spatial partitioning. The process is then repeated by
constructing stronger IDDs over the reduced variable domains. As shown in [19], this combination
of outer-approximation and spatial B&B guarantees convergence to the global optimal solution of
the MINLP (1).

Our goal in this paper, however, is to strengthen the aforementioned outer-approximation method-
ology by introducing a new tool for improving the dual bounds of the linear relaxation: intersection
cuts derived from characterizing infeasible regions encoded by IDDs. This tool complements the
previously developed IDD cuts that form the outer-approximation. Specifically, these cuts are gen-
erated from feasible regions represented in the IDD structure, whereas the proposed intersection

cuts are produced from infeasible regions induced by the IDD structure.

3.4. lllustrative Example We illustrate the limitation of IDD cuts for fixed diagrams using

a two-dimensional example, which will also be used in subsequent sections. Consider two nonlinear
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[ 1IDDAonly [ IDDBonly Sl IDD overlap

Ficure 1. Limitation of IDD cuts for fixed diagrams. The thick solid curves labeled A and B depict the nonlinear boundaries of G*
and G®, respectively, with each feasible region lying on the side containing the origin. The light and medium gray regions belong
only to Sol(D#) and Sol(D?), respectively, whereas the dark gray region is their intersection. The dashed line Ha and the dotted
line Hp each define a facet of the corresponding convex hull. The marked point ¥ belongs to both convex hulls but neither IDD

solution set.

constraints, labeled A and B, in continuous variables x| and x; over a bounded rectangular domain
D. Let D4 and D? be IDD relaxations of the corresponding constraint sets G and G2, respectively.
Figure 1 depicts the nonlinear boundaries of these constraint sets and the solution sets represented
by the IDDs.

For these fixed diagrams, adding all IDD cuts to the box relaxation yields the polytope

Prpp := conv(Sol(D?)) N conv(Sol(DF)).

Together with the remaining axis-aligned supporting halfspaces, the halfspaces bounded by H4 and
Hp exactly describe conv(Sol(D4)) and conv(Sol(D?)), respectively. Since ¥ € Pipp lies at the

intersection of the nonparallel lines H4 and Hp, it is an extreme point of Pipp.
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Every IDD cut generated from either diagram is valid for its associated convex hull and therefore
cannot separate ¥. Nevertheless, & lies outside both Sol(D#) and Sol(D?). Since the correspond-
ing constraint sets are contained in their respective IDD solution sets, X violates both nonlinear
constraints. Thus, the fixed IDDs already exclude X, but convexifying their solution sets separately
does not retain this exclusion.

In Section 4, we return to this example and combine a DD-free set from either IDD with the

corner relaxation at X to derive an intersection cut that separates this point.

4. DD-Free Sets and Intersection Cuts In this section, we develop a framework for
deriving intersection cuts from an IDD relaxation. For each k € K, let DF = (U*, A%, 1%(.)) denote
the IDD relaxation of G¥, such as one constructed by Algorithm 1. Throughout the remainder of
the paper, we assume that Sol(D¥) # 0 for all k € K. Indeed, if Sol(D¥) = 0 for some k € K, then
G* =0, and hence (1) is infeasible. Following the earlier convention, when considering a single
constraint for an arbitrary k € K, we suppress the index k and write G := G* and D := D*. We retain

the index when referring to the family {D*};cx.

4.1. S-Free and DD-Free Sets Let S :=cl(G). We adopt the standard notion of an S-free
set, which is the basic geometric object used to generate intersection cuts; see, e.g., [3, 8, 14].

DEFINITION 2 (S-FREE SET). A convex set C C R" is S-free if int(C) N S = 0.

Replacing S in Definition 2 by Sol(D) yields the following notion.

DEFINITION 3 (DECISION-DIAGRAM-FREE SET). Given an IDD D, a convex set C C R” is
DD-free with respect to D if int(C) N Sol(D) = 0.

In the remainder of this paper, whenever a set C is referred to as DD-free, it is understood to be
convex unless stated otherwise. The next proposition shows that DD-free sets are S-free and hence

are valid forbidden regions for intersection-cut constructions for G.
PROPOSITION 1. Let D be an IDD relaxation of G. Then every DD-free set is S-free.

Proof. Let C be a DD-free set. Because D is an IDD relaxation of G, we have G C Sol(D).
Since C is DD-free, int(C) N G = 0. Hence G C R" \ int(C). Because the latter set is closed,
S=cl(@) CR"\int(C). Thus, int(C) NS = 0, and hence C is S-free by Definition 2. O

To abstract the pointwise construction of DD-free sets from IDDs, we introduce the following
oracle model.

DEFINITION 4 (DECISION-DIAGRAM-FREE-SET ORACLE). Given an IDD D, a set-valued

mapping C(-) : R" 23 R" is a DD-free-set oracle for D if it satisfies the following properties:
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(i) C(x) =0 for all x € Sol(D);
(i1) for every x ¢ Sol(D), the set C(x) is DD-free with respect to D and x € int(C(x)).
An important component in designing a DD-free-set oracle is verifying that a convex set C(x)
is DD-free, as required by condition (ii) of Definition 4. The following result establishes the
computational difficulty of this verification task by showing that the associated decision problem

is coNP-complete even when C(x) is restricted to be a rational polyhedron.

PROPOSITION 2. Given an IDD D with rational interval endpoints and a full-dimensional
polyhedron C described by rational linear inequalities, deciding whether C is DD-free with respect
to D is coNP-complete. Equivalently, deciding whether int(C) N Sol(D) # 0 is NP-complete. Both

conclusions hold even when D has width one and every arc label is either [0,0] or [1,1].

Proof. It suffices to prove that deciding whether int(C) N Sol(D) # 0 is NP-complete, since the
two problems are complements.

We first show that this problem belongs to NP. Write C = {x e R" : Ax < 8}, where A has no
zero rows. Since C is full-dimensional, its interior is {x € R" : Ax < B}. If int(C) N Sol(D) # 0,
then there exists an r—t path p such that S, Nint(C) # 0, which can be considered as the certificate
for this assumption. For any given path p € P(t), the condition S, Nint(C) # @ holds if and only
if the linear program

max {e: Ax +el<B, x€S,, 0<e<1}
X,E

has a positive optimal value. Since p consists of n arcs and the linear program has rational data
and encoding length polynomial in the input size, the intersection condition can be verified in
polynomial time. Hence the problem belongs to NP.

We now establish NP-hardness by a reduction from PartiTion [30]. Consider an instance of
ParTITION problem specified by positive integers ay, . . . , a,, where the goal is to determine whether
they can be divided into two subsets of equal sum. Construct an IDD with » arc layers, one node in
each node layer, and two parallel arcs, labeled [0,0] and [1, 1], between each pair of consecutive

node layers. This IDD has n + 1 nodes, 2n arcs, and width one, with Sol(D) = {0, 1}". Define

. 1 < 1
C.:{xeR .—ESZai(hi—l)SE}.

i=1
The set C is a polyhedron described by rational linear inequalities and is full-dimensional, since
(1/2,...,1/2) €int(C). For every x € Sol(D), the sum ", a;(2x; — 1) is an integer. Thus, x €
int(C) if and only if ¥, a;(2x; — 1) = 0, or equivalently, 3., _j a; = X;.,.-o @;- Consequently,
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int(C) N Sol(D) # @ if and only if the PArRTITION instance has a solution. This construction can be
carried out in polynomial time. Therefore, the problem of deciding whether int(C) N Sol(D) # 0 is
NP-complete. The complementary problem of deciding whether C is DD-free with respect to D is
therefore coNP-complete. 0O

Although deciding whether a general convex set, such as a polyhedron, is DD-free is compu-
tationally difficult, certain families of convex sets induced by £,-norm functions admit efficient
DD-freeness verification by exploiting the recursive structure of DDs. In what follows, we focus
on these families to construct DD-free-set oracles and show that both their construction and DD-
freeness verification can be carried out efficiently.

For each p € [1, co], the distance to Sol(D) naturally induces the following £,,-ball oracle:

B,(x,d,(x,Sol(D))), ifx ¢Sol(D),
Cox) = p (X, d)p ) -
0, otherwise.

PROPOSITION 3. For each p € [1,c0], the mapping C,(-) defined in (3) is a DD-free-set

oracle for D.

Proof. Fix p € [1,00]. Property (i) of Definition 4 follows directly from (3). Now let x ¢
Sol(D) and set r := d,(x,Sol(D)). Since Sol(D) is nonempty and closed and x ¢ Sol(D), we have
r € (0,00). Thus C,(x) = B,(x,r) is convex and contains x in its interior. Furthermore, every
s € Sol(D) satisfies ||s — x||, > r, whereas every y € int(C,(x)) satisfies ||y — x|, <r. Hence
int(C,(x)) N Sol(D) = 0. Therefore C, (x) is DD-free, and property (ii) follows. O

We return to the illustrative example in Section 3.4, focusing on constraint A with the same IDD
relaxation D4 and point £. As illustrated in Figure 2, varying p need not produce a nested family of
DD-free sets, because both the geometry of the £,-ball and its radius d, (x, Sol(D)) can change for
different p. Consequently, DD-free sets obtained from different norms may be incomparable under
set inclusion.

To evaluate the £,-ball oracle at a query point X € R", we need to compute d, (¥, Sol(D)). For
each i € [n] and a € 2;, define the arc deviation as the distance from x; to the interval 1(a). We

can write
£(arx) = n}i(n) % -yl =max{1(a) | %, & — 1(a) T, 0}. 4)
yel(a

The next proposition shows that d,, (¥, Sol(D)) can be computed through path optimization problems

on the IDD using arc deviation values.
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X2

N

X1

—— {y-ball e ¢r-ball  —-— L -ball

FIGURE 2. DD-free £,,-balls centered at ¥ for p € {1,2,00}. The thick solid curve labeled A depicts the nonlinear boundary of
G*, with the feasible region lying on the side containing the origin. The shaded region represents Sol(D4). Each ball has radius
d,(%,S0l(D%)).

PROPOSITION 4. Let D= (U, A, 1(+)) be an IDD with Sol(D) # 0. For every x € R" and every
p€[l, ),

dpy(x,Sol(D))? = min Zf(a,,x) (5)

q_ a1$ ,an)EP( )
and, for p = oo,

dw(x,Sol(D)) = min max £(a;;x). (6)

g=(al,....an)€P(t) i€[n]
Proof. Fix x € R" and an r—t path q = (ay,...,a,) € P(t) with induced hyperrectangle
Sy =1T1L, 1(ai). By (4), for each i € [n], choose yi € 1(a;) such that |x; — y;| = £(a;;x). Let
*i=(y]»--.,¥n) € Sq. For every y € Sq and i € [n], it follows from (4) that |x; — y;| > £(a;;x) =
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lx; — y;."|. Hence, for every p € [1, o),

dp(x,85)" = ) £(aisx)”,
i=1

and

doo (x,8g) = m[21>]<§(ai;x).
1€(n
Since g was arbitrary, these relations hold for every g € P(t). Using the fact that Sol(D) =
Uger(+) Sq and the finiteness of P(t), we obtain, for every p € [1, ),

P — 1 P — 1 L. p
dy(x,S0l(D))” = min dy(¥,Sq)" = min Zf(a,,x),

g=(at,...,an)€P(t) =

which proves (5). Similarly,
oo 1, 501(D)) = o oo ¥, S) = q:(al’g%@(t)g&;]cg(ai;x),

which proves (6). O

Proposition 4 reduces the evaluation of the £,-ball oracle at a query point X € R" to an optimization
problem over the paths of the IDD, which can be solved efficiently, as discussed next. Let r :=
dp(x,Sol(D)). For p € [1,00), assign each arc a € A the weight w(a) := &(a;%)”. Then r? is the
shortest-path distance from r to t under these arc weights. For p = oo, instead set w(a) :=&(a;x).
In this case, r is the value of a minimax r—t path, i.e., the minimum, over all r—t paths, of the
largest arc weight along the path. Since D is layered and acyclic, each path problem can be solved by
a single forward pass over the layers. Algorithm 2 combines these two cases and computes C, (X)
as defined in (3).

Theorem 2 establishes that Algorithm 2 exactly computes the £,,-ball oracle in (3) for every
p € [1, 0], while Proposition 5 shows that the algorithm has running-time complexity linear in the

number of arcs in the IDD.

THEOREM 2. Let D= (U, A, 1(-)) be an IDD with Sol(D) # 0. For any X e R" and p € [1, ],
let r denote the radius computed by Algorithm 2. Then r = d,, (X, Sol(D)), and Algorithm 2 returns
Cp (%) as defined in (3).

Proof. We first show that the forward pass computes the appropriate optimal path value. For
an r—u path, define its cost as the sum of the p-th powers of its arc deviations when p < oo, and as

its largest arc deviation when p = co. The trivial path at r has cost zero.
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Algorithm 2 Computing the £,-ball oracle for an IDD relaxation
Require: an IDD D = (U, A, 1(+)) with Sol(D) # 0; a point X € R"; and a norm order p € [1, oo]

Ensure: C,(x) as defined in (3)

—_

. initialize dist(u) «—+ooforallue U\ {r}and dist(r) « 0

2: forie [n] do

3: for each arc a = (u,v) € A; do

4: if p < oo then

5: dist(v)<—min{dist(v),dist(u)+§(a;f)”}

6: else

7: dist(v) « min{dist(v),max{dist(u),f(a;f)}}
8: end if

9: end for

10: end for

11: if p < co then

12: redist(t)l/p
13: else

14: r«dist(t)

15: end if

16: if r > 0 then

17: return 8, (x,r)
18: else

19: return ()

20: end if

A layer-by-layer induction shows that, before processing 2;, dist(u) equals the minimum cost
of an r—u path for every u € U;. The claim holds for i = 1 by initialization. For the induction step,
every r—v path to a node v € U;4 is obtained by appending an arc a = (u,v) € A; to an r—u path.
The update in Algorithm 2 minimizes over exactly these choices, using addition when p < oo and
the maximum operator when p = co. Thus, after processing 2,, dist(t) equals the minimum cost

of an r—t path.
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For p < oo, Proposition 4 therefore gives dist(t) = d,(¥,Sol(D))”. For p = oo, the same
proposition gives dist (t) = dw (X, Sol(D)). Hence, the radius assignment yields r = d,, (%, Sol(D))
for all p € [1, 00].

Finally, since Sol(D) is closed, r = 0 if and only if ¥ € Sol(D). Hence, the algorithm returns 0
if ¥ € Sol(D) and 8B, (x,r) otherwise. Together with r = d, (¥, Sol(D)), this is precisely C,(x) as
definedin (3). O

PROPOSITION 5. Let D= (U, A, 1(-)) be an IDD with Sol(D) # (. For every fixed p € [1, ]

and every X € R", Algorithm 2 computes C,(x) in O(|A|) time.

Proof. Initializing the distance labels requires O(|U|) time. The forward pass processes each
arc exactly once. For each arc, computing its deviation using (4) and performing the corresponding
update take constant time. Including the iteration over the n arc layers, the total running time is
therefore O(|U| + |A| + n). By (2), |U| <2|2| and n < |2|. Therefore, Algorithm 2 runs in O(|2|)
time. O

The above results show that, for any query point ¥ ¢ Sol(D), a DD-free set containing X in its
interior can be constructed efficiently by evaluating an £,,-ball oracle. By Proposition 1, every such
set is also S-free and can therefore serve as a forbidden region in cut-generating procedures for G.
The remainder of this section considers the valid inequalities associated with DD-free sets from two
complementary perspectives. We first study the convergence properties of the resulting cut closure

and then focus on intersection cuts, a subclass of these inequalities.

4.2. Convergence of Cut Closures Let  C conv(D) be a polytope representing the
current outer approximation in the procedure described in Section 3.3. We first consider a single
pair (D,C(-)) and show how DD-free sets induce valid separating inequalities for extreme points
of P lying outside Sol(D). We then consider the oracle family {C¥(-)}rex associated with the
individual constraint IDDs {D¥ },cx and define the cut closure induced jointly by these DD-free-set
oracles. Our main result establishes a sufficient local covering condition on the oracle family under
which the infinite-rank cut closure coincides with conv(® N (e Sol(D¥)). We then verify this
condition for the £,-ball oracle family, yielding a concrete convergence guarantee for every fixed
p€[l,c0].

Consider ¥ € ext(P) \ Sol(D). Since C(¥) is DD-free, we have conv(# N Sol(D)) € conv(P \
int(C(x))). Moreover, since ¥ is an extreme point of ¥ and belongs to int(C(¥)), it does not belong

to conv(# \ int(C(¥))). When this set is nonempty, any inequality separating & from it is valid for
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conv(P N Sol(D)); see, e.g., [8, Section 3.1]. This separation construction motivates the sequence
of cut closures induced jointly by the DD-free-set oracles {C¥(+)}xcx, which we analyze next.
Set Py := P. For t € W, we define the rank-t cut closure (see [12]) induced by {C*(-)}rex

recursively as

Par= [ ) ﬂconv(ﬂ\int(()k(x))). %)

xeext(Py) keK

The corresponding infinite-rank cut closure 1S Poo := ( ;e Ps-

Theorem 3 shows that the local covering condition is sufficient for the infinite-rank cut closure to
recover the convex hull obtained by intersecting # with the solution sets of all IDD relaxations for
individual constraints. Proposition 6 shows that the £,,-ball oracle family satisfies this condition for
every fixed p € [1, oo]. Corollary 1 extends the resulting convergence guarantee to any DD-free-set

oracle family that contains the corresponding £,-ball oracles at every query point.

THEOREM 3 (Global convergence of cut closures under a local covering condition). Let
{D*} ek be IDD relaxations of {G*}rek, and, for each k € K, let C*(-) be a DD-free-set oracle
for DX. Assume that the following local covering condition holds: for every k € K and every

¥ ¢ Sol(DX), there exists an open neighborhood U (%) of X such that
Ux) cint(C*(y)), Vyed. (8)

Then

P = conv

P N ﬂ Sol(Dk)) .

keK

Proof. Let Q := P Nk Sol(D¥). We first show that conv(Q) C P, for every ¢t € W. The
claim holds for # = 0 since Q € Py =P and P is convex. Suppose the inclusion holds for some
t € W. For every x € ext(%;) and every k € K, Definition 4 implies that int(C*(x)) N Sol(D¥) = 0.
Hence Q € P, \ int(C*(x)), and therefore conv(Q) < conv (%, \ int(C*(x))). Since this holds for
every x € ext(P;) and every k € K, it follows from (7) that conv(Q) C P;1. The claim follows by
induction, and therefore conv(Q) C P.

We next prove the reverse inclusion P, C conv(Q). The result holds trivially for the case
with P, = 0. Suppose therefore that P, # 0. Then every $; is nonempty. By induction, every
P, is compact and convex, with P, C P;. Indeed, for every x € ext(P;) and k € K, the set
P, \ int(C*(x)) is compact, and its convex hull is a compact convex subset of ;. Thus, P is a

nonempty compact convex set. By Minkowski’s theorem [43, Corollary 1.4.5], it suffices to show
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that ext(Pw) C Q. Suppose, to the contrary, that there exists ¥ € ext(P) \ Q. Since P, C Py = P,
there exists k € K such that ¥ ¢ Sol(D¥). Let U(¥) be the open neighborhood of X satisfying the
local covering condition (8). By the cap characterization of extreme points in [43, Lemma 1.4.6],
there exists a closed halfspace H~ :={z:a"z <8} such thata"x < 8 and P, N H~ C U(X). Since
P NH™ C U(x) and the set sequence (P;)ew is decreasing with (e Pr = P, there exists
to € W such that P,, N H~ C U(x). Otherwise, the decreasing compact sets (£, NH™) \ U (x) would
all be nonempty and hence have nonempty intersection, contradicting o, N H~ C U (x). Because
X € P, Nint(H™), we must have min{a "z : z € P;,} < B. Since P, is compact, the minimum is
attained, and the minimizing face contains an extreme point of #;,. Let x,, be such an extreme
point. Then x;, € ext($;,) Nint(H~) € U (x). The local covering condition therefore gives U (x) C
int(Ck(x,,)). Let H* := {z : a"z > 8}. Since U (%) C int(C*(x,,)) and P,, " H~ C U(X), we have
Py, \ int(C*(x,,)) € P, \ U(X) € H*. Since H* is convex, the relation (7) implies P,,1 € H*.
However, ¥ € P, € P41 and x € int(H ™), yielding a contradiction. Therefore, ext(P) € Q, and
Minkowski’s theorem yields Po, C conv(Q). Combining this with the fact that conv(Q) C P, gives

the desired equality. O

PROPOSITION 6.  For every fixed p € [1,c0], the family of €,-ball oracles {Cll,‘(~)}keK asso-

ciated with { D"} rek satisfies the local covering condition (8).

Proof. Fix p € [1,0], k € K, and ¥ ¢ Sol(DX), and write 7~ := Sol(DX). Set r := d,, (¥, 7). Since
7 is nonempty and closed and x ¢ 7, we have r € (0,0). Let p :=r/3 and U(x) :=int(B,(x, p)),
which is an open neighborhood of x.

For any y € U(x), let t(y) € 7 be the point that yields the minimum distance d,(y, 7). Then,
we can write d,(y,7) > ||t(y) =%, = lly —=%|l, >r = |ly = %||, >r — p =2p > 0, where the first
inequality follows from the triangle inequality, the second inequality holds by definition of r, and
the third inequality is due to y € U(x). Hence y ¢ 7, and (3) yields C5(y) = B,(y.d,(y.7)).
Now consider any z € U (¥). We can write ||z —y||, < |z —%||, + [ly —%||, <2p <d,(y,T), where
the first inequality follows from the triangle inequality, the second inequality is due to y € U (X)
and z € U(x), and the last inequality holds because of the relation derived above. Therefore,
z €int(Ch(y)).

Since y € U(x) was arbitrary and the preceding argument applies to every z € U (¥), we obtain

U(x) C int(Cll,‘(y)) for every y € U(x). Thus, (8) holds. O
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COROLLARY 1. Forevery fixed p € [1,0], let {C*() }rek be a family of DD-free-set oracles

associated with {D} rex satisfying
Ck(x)cCr(x),  VkeK,xeR"

Then {6 () Ykex satisfies the local covering condition (8). Consequently, if {ﬁ,}tew denotes the

cut closures in (7) induced by this oracle family, then

P N ﬂ Sol(Dk)) .

keK

—_~

P = conv

Proof. By Proposition 6, the family {C,lf(')}kek satisfies the local covering condition (8).
The inclusion assumption implies int(Cl’,‘ (x)) C int(ék (x)) for every k € K and x € R”". Hence,
{5 k()}xek also satisfies (8). The desired equality then follows from Theorem 3. O

An important implication of the global convergence property established above is the ability to
derive strong cuts that can further tighten the relaxations obtained from DD-based outer approxi-
mation methods for MINLPs, even when individual constraints are treated separately. To illustrate,
a direct approach to deriving valid inequalities for conv((Niex Sol(Dk )) is to explicitly represent
the intersection of the solution sets of the individual IDDs. Specifically, one may construct an
intersection IDD, denoted by D", satisfying Sol(D") = (\yex Sol(D¥) and then apply DD-based
cut-generation methods, as described in Section 3.3, to generate IDD cuts valid for conv(Sol(D")).
However, explicitly constructing D" can be computationally expensive. Under a common variable
ordering, the width of an intersection IDD can be as large as the product of the widths of the
individual IDDs [6, Section 9.3.3]. This worst-case width growth can substantially increase the size
of the resulting diagram and the computational cost of subsequent cut generation.

In contrast, Theorem 3 shows that, under the local covering condition, cuts induced by DD-
free-set oracles for the individual IDDs can be generated separately and, when combined through
the cut closure procedure, collectively recover the convexification characterized above without
explicitly constructing an intersection IDD. The computational results in Section 6 complement
the preceding theoretical analysis. In particular, they show that the outer approximation augmented
with the proposed intersection cuts, generated from DD-free sets associated with individual IDDs,

can yield stronger bounds than those obtained by global solvers.
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4.3. Classical Intersection Cuts Derivation The cut-closure analysis above does not
prescribe how the separating inequalities are generated. Exact separation over conv(® \ int(C )) can
be computationally demanding; in particular, the associated separation problem is NP-hard even
when C is a ball [8, 25]. We therefore use the classical intersection-cut construction introduced by
Balas [3], applied to the corner relaxation induced by a fixed LP basis; see also [16, Section 6].

Let ¥ € £ \ Sol(D) be a basic feasible solution, and fix an associated LP basis. Let #’ =
¥ + cone{v/ : j € R} denote the resulting simplicial cone relaxation of P, where R indexes the
extreme rays of #” and v/ is a direction vector for ray j. By construction, P C P’. Since P’ is
simplicial, every x € " admits a unique representation x =X + 3 jcg 4; (x)v/, where 1 j(x) >0 for
all j e R.

Let C C R" be a DD-free set with respect to D such that ¥ € int(C). For each j € R, define the
step length

a; = sup{tZO:x‘:+tvf EC} € (0, +oo].
Thus, @; = +co when the entire ray {x + tv/ 1t >0} is contained in C. With the convention
1/(+00) := 0, the classical intersection cut is given by
> L)y,
jer Y
This inequality is valid for #’\ int(C). Since C is DD-free and # € #’, we have $ N Sol(D) C
#’\ int(C). The cut is therefore valid for N Sol(D) and for P NG as G C Sol(D).

For later use, it is convenient to express the cut coefficients through a gauge function. Define
K :=C —x, so that 0 € int(K), and let yx(w) :=inf{r > 0 : w € tK} denote the gauge of K. The
definition of a; gives Y =1/a ; for every j € R. Hence, the intersection cut can equivalently

be written as

D rx(v)A;(x) = 1. ©)

JER
We finally specialize (9) to the DD-free set generated by the £,,-ball oracle. Let r := d, (X, Sol(D)).
Since ¥ ¢ Sol(D), we have r > 0, and C,(x) = B8,(x,r) by (3). It follows that K = 8,(0,r) and

Yx(w) = [[w||,/r. Substituting into (9) yields the £,-ball intersection cut

D ”vi””/lj(x) > 1. (10)

JER
To illustrate, consider the example in Section 3.4, with the same IDD relaxations D4 and D

and point x. Take # = Pipp and form the corner relaxation £’ from the two active inequalities
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X2 X2

X1

==+ DD-free ball == Intersection cut

FiGure 3. Intersection cuts generated separately from DD-free {.-ball for constraints A (left) and {,-ball for constraint B (right).
The solid curves labeled A and B depict the nonlinear boundaries of the corresponding constraint sets, with each feasible region lying
on the side containing the origin. The shaded regions represent Sol(D4) (left) and Sol(D?) (right). The gray rays with directions v’
and v? are the extreme rays of the common corner relaxation ?’. In each panel, the black dashed lines/curves bound the DD-free
balls centered at ¥, and the two filled dots mark the intersections of the rays with the ball boundary. The thick black segment and its

gray dashed extensions show the cut boundary, with the retained halfspace lying on the side opposite to x.

whose boundaries are H4 and Hp. Figure 3 illustrates the {-ball and ¢,-ball intersection cuts
obtained separately from the two IDDs on this common corner relaxation. For constraint A, we
use the DD-free £.,-ball B (JE, do (X, Sol(DA))), and for constraint B, we use the DD-free ¢,-ball
B, (%, da (%, Sol(DB))). The corresponding cut given by (10) is valid for Pipp N Sol(D¥), and hence
for G4 N G®B. Although no IDD cut generated from either fixed diagram can separate &, each of the

two intersection cuts separates this point and thereby strictly tightens Ppp.

5. Maximal DD-Free Sets The preceding section developed intersection cuts from DD-free
sets. For a fixed corner relaxation $’ with apex X, let C; € C, be DD-free sets with respect to the
same IDD D, and suppose that X € int(C)). Define K] := C; — % and K, := C, — X. The set inclusion
implies that yg, (v/) <y, (v/) for every j € R. Hence, by (9), the intersection cut generated from

C; is at least as strong on #’ as that generated from C;. This monotonicity motivates the study of
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inclusion-wise maximal DD-free sets, following the general notion of maximality for S-free sets;
see, e.g., [8, 14].

Section 5.1 establishes general maximality results for DD-free sets, analyzes their computational
complexity, and discusses how these derivations can be facilitated by focusing on structured families
based on £,-balls, building on the results of the previous section. We then focus on two structured
families: boxes, which include £.-balls, in Section 5.2, and £,,-balls for p € [1,00) in Section 5.3.
For each family, we characterize maximality and develop corresponding enlargement procedures.
For the remainder of this section, we assume that the IDDs under consideration have nonempty

solution sets.

5.1. General Maximality Results We begin by defining maximality for DD-free sets.
Given an IDD D, we say that a convex set C is maximal with respect to D if there is no DD-free set C’

such that C ¢ C’. We first show that every full-dimensional maximal DD-free set is a polyhedron.

PROPOSITION 7. Let D be an IDD. Every full-dimensional maximal DD-free set with respect

to D is a polyhedron that can be described by at most |P(t)| linear inequalities.

Proof. Let C be a full-dimensional maximal DD-free set with respect to D. For each p € P(t),
the sets int(C) and S; are nonempty, convex, and disjoint. By the separating hyperplane theorem,
there exists a closed halfspace Hy such that int(C) C H,, and int(Hy) NS = 0. Since C is full-
dimensional and convex, we have C C cl(int(C)) C Hp. Let Q = (,ep () Hp. Because P(t) is
finite, Q is a polyhedron containing C and is described by at most |P(t)| linear inequalities.
Moreover, int(Q) C int(Hy,) for every p € P(t), so int(Q) NS, = 0. Since Sol(D) = Upep(r) Sp»
the polyhedron Q is DD-free. Maximality of C implies that C=Q. O

For a closed DD-free set C, a point z € Sol(D) Nbd(C) is called a contact point of C. We next

characterize maximality for full-dimensional DD-free polyhedra through a facet-contact condition.

PROPOSITION 8. Let D be an IDD, and let C C R" be a full-dimensional DD-free polyhedron
with respect to D. Then C is maximal if and only if every facet F of C satisfies relint(F) N Sol(D) # 0.

Proof.  Write C = {x € R" : Ax < 8}, where the description is irredundant and A has m rows.
For each j € [m], let aJT denote the j-th row of A and define F; :={x €C: aJTx =B}

Suppose first that C is maximal. Assume, to the contrary, that relint(F;) N Sol(D) = @ for some
i € [m], and choose z € relint(F;). We construct a DD-free polyhedron Q containing C such that

z €int(Q). Since Sol(D) is a finite union of path-induced hyperrectangles, it suffices to construct,
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for each p € P(t), a closed halfspace Hy, satisfying C € Hy, z € int(H}), and int(H,) NS, = 0. Fix
p €P(t). If Sy N{x:a/x < B} =0, compactness of S, implies that 6, := minycs, ax > ;. Then
Hy :={x e R":a/x <6} has the required properties. If S, N {x : a/x < B} # 0, then we write
Sy, ={x €R": 1, <x <u,} and consider the linear program

max{r:x €Sy, ajx<pi, ajx+1<B; Vje[m] \{i}}-
X, 7

In this case, m > 2; otherwise, Sp N {x : al.T x < B;} # 0 would contradict the fact that C is DD-free
or the assumption that relint(F;) N Sol(D) = 0. The above linear program is feasible because Sy
intersects {x : @/ x < f;} and 7 can be chosen sufficiently small. Its optimal value is at most zero,
since a feasible solution with 7 > 0 would imply x € int(C) U relint(F;), contradicting DD-freeness
of C or the assumption that relint(F;) N Sol(D) = @. The dual linear program is

min Nup,—(u) 1, + ;B
Jmin () Ty = () T+ ) 4B

Jj€lm]
st pT-p+ Z dja; =0,
Jj€lm]
>oa=1,

Jelm]\{i}

putpm>0,2;>0 Vje[m].
By strong duality, the dual admits an optimal solution with the same nonpositive objective value.
Let (u*, u~, A) be such a solution. For every s € S, we have

> djals=(u)Ts—(u) s 2 ()Tl - (1) Tug > > ;85 (11)
jelm] Jj€[m]

where the equality follows from the first dual equality constraint, the first inequality from I, < s <
uy, and p*, u~ >0, and the second inequality from the nonpositive dual objective value. Define
Hy={x €R": X jcim /lj(aJT.x — ) <£0}. Since A; >0 for all j € [m], we have C C Hp, and (11)

gives int(Hy) NS, = 0. Moreover, since z € relint(F;), we have
Z Aj(ajz-pB)) = Z Aj(ajz~pB;) <0,
Jj€lm] jelm]\{i}
where the equality is because az = 3;, and the strict inequality follows from aJTz <Bjand4; >0
for all j € [m]\ {i}, together with 3’ ;¢\ (i} 47 = 1. Hence, z € int(Hy).
Let Q = (Npep(r) Hp- Since P(t) is finite, Q is DD-free and satisfies C C Q and z € int(Q).

Because z € bd(C), we have C € Q, contradicting maximality.
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Conversely, suppose that every facet of C satisfies the stated condition. Assume, to the contrary,
that there exists a DD-free set C’ with C ¢ C’. Choose y € C"\ C, and let i € [m] satisfy ay > f3;.

By assumption, there exists z € relint(F;) N Sol(D). Therefore, since z € relint(F;), for sufficiently

1
l+e

int(C) Cint(C’), y € C’, and C’ is convex, we have z € {t : t = Ay + (1 —2)q, 1€ [0, 1)} Cint(C’).
This contradicts the fact that C’ is DD-free because z € Sol(D). O

small & > 0, the point g := z + £(z — y) belongs to int(C). Moreover, z = 1—¢ + 7=y. Since q €

Despite the facet-contact characterization established above, the following proposition shows

that deciding maximality is computationally difficult even when DD-freeness is guaranteed.

PROPOSITION 9. Given an IDD D with rational interval endpoints and a full-dimensional
polyhedron C described by rational linear inequalities, deciding whether C is maximal is NP-
complete, even under the promise that C is DD-free with respect to D. This conclusion holds even

when D has width one, every arc label is either [0,0] or [1, 1], and C has only two facets.

Proof. We first show that the problem belongs to NP under the stated promise. Write C = {x €
R" : Ax < B}. We may assume that this description is irredundant, since redundant inequalities can
be deleted in polynomial time by LP. Let A have m rows. For each i € [m], let a] denote its i-th
row and define F; := {x € C : a/ x = ;}. By Proposition 8, C is maximal if and only if, for every
i € [m], there exists an r—t path p; such that S, Nrelint(F;) # 0. For a given path p;, the condition
Sp, Nrelint(F;) # 0 holds if and only if the linear program

max{gzxeSpi, a/x=pi, ajx+e<p; Vje[m]\{i}, OSSSI}

X,&

has a positive optimal value. Since each path p; consists of n arcs, there are m facets in C, and
each linear program has rational data and encoding length polynomial in the input size, the paths
P1s...,P, form a polynomial-size certificate that can be verified in polynomial time through
solving the above LP. Hence the problem belongs to NP under the stated promise.

We now establish NP-completeness by a reduction from PartiTion [30]. Consider an instance
of ParTITION specified by positive integers ay, ..., a,, where the goal is to determine whether they
can be divided into two subsets of equal sum. Construct an IDD with n arc layers, one node in each
node layer, and two parallel arcs, labeled [0,0] and [1, 1], between each pair of consecutive node
layers. This IDD has n + 1 nodes, 2n arcs, and width one, with Sol(D) = {0, 1}". For x € R”, write
q(x):= 27", a;(2x;— 1), and define

C={xeR":0<2g(x)+x; <1}.
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The set C is a polyhedron described by rational linear inequalities and is full-dimensional, since
(1/2,...,1/2) € int(C). Its two facets are the hyperplanes Fy = {x € R" : 2g(x) + x; = k} for
k € {0, 1}. In particular, relint(Fy) = Fj. For every x € Sol(D), the expression 2¢(x) + x; is an
integer. Thus, no such point belongs to int(C), and C is DD-free for every ParTiTION instance.
Moreover, for every x € Sol(D), we have g(x) € Z and x| € {0, 1}. Thus, for each k € {0, 1}, x € F}
if and only if g(x) = 0 and x| = k. The condition ¢(x) = 0 is equivalent to }};.,.—; a; = X;.y,—0 @;- If
the PARTITION instance has a solution, choose x € {0, 1}" with g(x) =0. Then 1 —x € {0, 1}" and
q(1-x) =—-q(x) =0. Since these two points have different first coordinates, one belongs to Fj
and the other to F. Conversely, if C is maximal, then Proposition 8 implies that Sol(D) N Fy # 0.
Any point x € Sol(D) N Fy satisfies g(x) = 0 and hence yields a solution to the PARTITION instance.
Consequently, C is maximal if and only if the PaArTITION instance has a solution. This construction
can be carried out in polynomial time and always satisfies the DD-freeness promise. Therefore,
deciding whether a given full-dimensional polyhedron C is maximal with respect to an IDD D is
NP-complete, even under the promise that C is DD-free with respectto D. O

It follows from Proposition 8 that a key step in determining whether a given polyhedron is maximal
is verifying the facet-contact condition for each of its facets. The reduction in Proposition 9, however,
implies that such a verification task is itself computationally difficult for a general polyhedron, as

presented next.

COROLLARY 2. Given an IDD D with rational interval endpoints and a full-dimensional DD-
free polyhedron C described by rational linear inequalities, and a specified facet F of C, deciding
whether relint(F) N Sol(D) # 0 is NP-complete. Moreover, deciding whether F N Sol(D) # 0 is
NP-complete.

Proof. We first show that both problems belong to NP. By the definition of Sol(D), a certificate
for either problem is an r—t path p whose induced hyperrectangle S, satisfies the corresponding
contact condition. We may assume that this description of C is irredundant, since redundant
inequalities can be deleted in polynomial time by LP while retaining an inequality defining F. Then,
the condition S, Nrelint(F) # @ can be verified by solving the LP used to establish membership
in NP in the proof of Proposition 9. The condition S, N F # ( can be verified by solving a linear
feasibility problem. Since each path consists of n arcs and the resulting LPs have rational data and
encoding length polynomial in the input size, these certificates can be verified in polynomial time.

Hence both problems belong to NP.
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To establish NP-hardness, consider the reduction from ParTITION in the proof of Proposition 9,
and let F = Fy. Recall that g(x) = 3.7, a;(2x; — 1) and Fy = {x € R" : 2¢(x) +x1 = 0}. Since Fyis a
hyperplane, we have relint(Fy) = Fy. Moreover, Sol(D) = {0, 1}"* and g(x) € Z for every x € {0, 1}",
SO

relint(Fp) N Sol(D) = FyN'Sol(D) ={x € {0,1}" : g(x) =0, x; =0}.

For x € {0,1}", g(x) = 0 is equivalent to };.,._; @; = X;.;,=0 @;. If the PARTITION instance has a
solution, choose x € {0, 1}" satisfying ¢g(x) = 0. Since ¢(1 —x) = —g(x) = 0, we may replace x
by its complement, if necessary, so that x; = 0. Hence, x € relint(Fp) N Sol(D). Conversely, any
x € Fy N Sol(D) satisfies g(x) = 0 and hence yields a solution to the ParTiTION instance. Thus,
each of the two contact conditions holds if and only if the PArRTITION instance has a solution. The
reduction can be carried out in polynomial time and satisfies the DD-freeness promise for every
instance. Therefore, both problems are NP-complete. O

Although deciding whether a specified facet of a general DD-free polyhedron contains a contact
point is NP-complete, boundary contacts of DD-free £,-balls admit an efficiently computable
implicit representation. Building on Proposition 4, the following result presents a polynomial-time
procedure for identifying, without enumerating its r—t paths, a subgraph of the IDD whose paths

induce exactly the hyperrectangles that contain a contact point.

PROPOSITION 10. Let D= (U, A, 1(-)) be an IDD with Sol(D) # 0. Fix p € [1,00], and let
B,(c,r) be a DD-free ball with r > 0. A subgraph D? of D containing r and t can be constructed in
O(|A|) time such that, for every r—t path qof D, the path qis retained in D° ifand only ifits induced
hyperrectangle Sg intersects the boundary of B,(c,r). For each retained path, a contact point
can be recovered in O(n) time by projecting ¢ coordinatewise onto its induced hyperrectangle. If
p < oo, this projection is the unique contact point in the induced hyperrectangle, and every contact

point of the ball is obtained from a retained path in this way.

Proof. For every r—t path g, DD-freeness implies that d,, (¢, Sy) > r. Since Sy is compact, it
intersects bd(8B, (¢, r)) if and only if d,, (¢, Sy) = r. Using Algorithm 2, we compute d,, (¢, Sol(D)).
Since the ball is DD-free, this distance is at least r. If it exceeds r, no path-induced hyperrectangle
contains a contact point, so we take DY to consist of r and t with no arcs. Otherwise, the distance
equals r and the subgraph can be constructed as follows.

For p < oo, assign each arc a € A the weight w(a) = &(a;c)?, where ¢ is the arc deviation

defined in (4). By Proposition 4, the contact paths are precisely the shortest r—t paths under these
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weights. Since the path costs are additive, we augment the forward pass of Algorithm 2 to record
all minimizing predecessor arcs at each node. Traversing these arcs backward from t identifies all
arcs that belong to at least one shortest r—t path. We take D? to consist of these arcs and their
incident nodes.

For p = oo, we first construct a subgraph consisting of r, t, and all arcs a € A satisfying
£(a;c¢) <r, together with their incident nodes. We then obtain D? by removing all nodes and arcs
that do not lie on any r—t path of this subgraph, using forward and backward reachability passes
from r and t, respectively. An r—t path g is retained if and only if its maximum arc deviation is at
most 7. By the definition of arc deviation and the fact that S is a Cartesian product of intervals, this
condition is equivalent to de(¢,Sy) < r. Since DD-freeness implies do(c,Sq) > r, the retained
r—t paths are precisely those whose induced hyperrectangles intersect bd(Boo(c, r)).

The initial distance computation requires O(|A|) time by Proposition 5. In either case, the
remaining construction requires a constant number of graph traversals and hence takes O (|U| + |A|)
time. By (2), we have |U| <2|a|. Therefore, the total running time is O(|2]).

Finally, consider a retained path g = (aj,...,a,), and let z be the coordinatewise projection of
¢ onto 8. Since z is the coordinatewise projection, (4) gives |c; — z;| = £(a;;¢) for all i € [n].
Because each z; is the closest point to ¢; in 1(a;), z minimizes the £,-distance from ¢ over Sg.
Hence, ||c —zl|, =d,(c,Sy) = r, where the last equality follows from the retention of g. Therefore,
z is a contact point of B,(c,r). Each coordinate of z is obtained by projecting a scalar onto an
interval, which takes constant time, giving O(n) time in total. If p < co, consider any y € Sq \ {z}.
By coordinatewise projection, |c; — y;| > |c; — z;| for all i € [n]. Since projection onto a closed
interval is unique and y # z, at least one of these inequalities is strict. Hence, ||c —y||, > r, which
shows that z is the unique contact point in S. Moreover, every contact point of the ball belongs to
a hyperrectangle induced by some r—t path retained in D?. For p < oo, the uniqueness established
above implies that projecting ¢ coordinatewise onto the hyperrectangles induced by the retained
paths recovers all contact points of the ball. O

Proposition 10 provides an efficient representation of boundary contact points for DD-free £,-
balls through a compact subgraph structure. This representation facilitates the characterization of
maximality among DD-free sets. For example, unlike the general case in Corollary 2, which shows
that determining whether a facet of a DD-free polyhedron contains a contact point is computationally
difficult, this verification can be performed in time linear in the size of the IDD when the polyhedron

is an £,,-ball with p € {1, co}.
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COROLLARY 3. Let D= (U,A,1(-)) be an IDD with Sol(D) # 0. Fix p € {1,c0}, and let
B,(c,r) be a DD-free ball with r > 0. Given a facet F of this ball, it can be determined in O(|A|)
time whether F contains a contact point and whether its relative interior contains one. Whenever
either condition holds, a corresponding r—t path can be identified within the same time bound,

from which a contact point satisfying that condition can be recovered in O(n) time.

Proof.  Construct the subgraph D? from Proposition 10. For each i € [n] and a € A;, let z(a)
denote the projection of ¢; onto 1(a). For each norm, we characterize F and relint(F) and then
reduce the corresponding contact conditions to r—t reachability tests in subgraphs of D?.

Suppose first that p = 1. There exists o € {—1, 1}" such that
F={xeBi(c,r):0 (x—¢c)=r}.

We first show that a point x € R” belongs to F if and only if o' (x — ¢) = r and o;(x; — ¢;) > 0 for

alli € [n]. For every x € 8B;(c,r),
n n
O'T(x—c):Za',-(xi—ci)§Z|x,~—c,~|§r. (12)
i=1 i=1

If x € F, then o " (x —¢) = r, and hence both inequalities in (12) hold with equality. In particular, the
first inequality in (12) holds at equality only if o;(x; — ¢;) = |x; — ¢;| for all i € [n], or equivalently,
oi(x; — ¢;) >0 for all i € [n]. Conversely, suppose that oo™ (x — ¢) = r and o;(x; — ¢;) > 0 for all
i € [n]. Since oy € {—1, 1}, these inequalities give |x; — ¢;| = 0y(x; — ¢;) for all i € [n]. Hence,
|[x —c||; = r, which shows that x € F. We next characterize the relative interior of F. Since r > 0,
the point y = ¢ + (r/n)o belongs to F and satisfies o;(y; — c¢;) =r/n >0 for all i € [n]. Hence, a
point x € R” belongs to relint(F) if and only if o7 (x — ¢) =r and o;(x; —¢;) >0 for all i € [n].
Let D be obtained from D? by retaining, for each i € [n], only those arcs a € 2; satisfying
oi(z(a) —¢;) > 0. Similarly, let D™!"(F) be obtained by replacing the non-strict inequality above with
a strict inequality. By Proposition 10, each r—t path q = (a1, ..., a,) of D? induces a hyperrectangle
whose unique contact point is zq = (z(a1),...,z(as)). The facet descriptions above imply that
Z4 € F ifand only if q is retained in D', and that z, € relint(F) if and only if g is retained in prelint(F)
Since every contact point of the £;-ball equals z4 for some r—t path g of DY, the equivalences above

imply that F N Sol(D) # 0 if and only if D contains an r—t path. The same holds for relint(F) and
Drelint(F )‘
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Now suppose that p = co. Since B (¢, 7) = [;e[n[ci — 7, ci +7] is a full-dimensional hyperrect-
angle, each of its facets is obtained by fixing one coordinate at an endpoint of its corresponding

interval. Thus, there exist j € [n] and o € {—1, 1} such that
F:{xeRn:xj:cj+ar, lx; —c;|<r Vie [n]\{j}}.

In F, the j-th coordinate is fixed at ¢; + or, while each remaining coordinate ranges over [c; —
r,c;+r]. Since r > 0, relint(F) is obtained by replacing |x; — ¢;| < r with |x; —c;| <r foreveryi # j.

Let DI be obtained from D? by retaining in arc layer j only those arcs a € A ; satisfying
cj +or € 1(a), and leaving all other arc layers unchanged. Let prelint(F) pe obtained from DF by
additionally retaining, for each i # j, only those arcs a € 2; satisfying |z(a) — ¢;| < r. We next show
that the two subgraphs D and D™!i"F) retain precisely the paths whose induced hyperrectangles
intersect F and relint(F), respectively. Consider an arbitrary r—t path g = (ay,...,a,) of D’.
By Proposition 10, the coordinatewise projection z4 = (z(a1),...,z(a,)) is a contact point of
B (c,r). Hence, max;e[, |z(a;) — ¢;| = r, which implies that |z(a;) — ¢;| < r for every i € [n].
Hence, 1(a;) N [¢; —r,c; +r] # 0 for every i € [n]. Moreover, for every i € [n] \ {j}, the interval
1(a;) intersects (c¢; —r,c; +r) if and only if |z(a;) — ¢;| <r, since z(a;) is the projection of ¢;
onto 1(a;). Since S is a Cartesian product of the arc labels, it follows that S; N F # 0 if and only
if g is retained in D, and that Sy Nrelint(F) # 0 if and only if q is retained in prelint(F) - Since
every contact point of the {.-ball belongs to S for some r—t path g of DY, the equivalences above
imply that F N Sol(D) # 0 if and only if D contains an r—t path. The same holds for relint(F)
and D" For any r—t path g = (ay,...,a,) of Df, setx; = c; +or and x; = z(a;) for all i # .
Then x € S; N F, so x is a contact point. If g is a path of prelint(F) ' the same construction yields
x erelint(F).

In either case, the subgraph D? can be constructed in O(|A|) time by Proposition 10. For each arc
a of DY, computing z(a) and determining whether a is retained in D¥ and D™""(¥) take constant
time. Thus, both D and D™"(¥) can be constructed in O(|2]) time. Testing r—t reachability in
either subgraph takes O (|U| + |A|) time. By retaining predecessor arcs during the reachability tests,
an r—t path can be recovered in O(n) time whenever one exists. Given such a path, a contact point
can be recovered in O(n) time by the constructions above. Since |U| < 2|A| and n < |A| by (2), the
total running time is O(|2]). O

The results of Proposition 10 and Corollary 3 show that verifying maximality of DD-free sets

can be facilitated by restricting attention to structured families such as £,,-balls. This motivates the
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study of maximality relative to a prescribed family &, where a DD-free set is considered maximal
with respect to other DD-free sets belonging to .

DEFINITION 5 (-MAXIMAL DD-FREE SET). Given an IDD D and a family & of convex sets
of R, a set C € § that is DD-free with respect to D is &-maximal if there is no DD-free set C’ € &
such that C € C’. When & is the family of all convex subsets of R”, this definition reduces to the
general notion of maximality for C introduced earlier.

Motivated by the above results for £,,-balls, we focus on two structured families. The first consists
of boxes, which generalize {.-balls, and is denoted by F". Because Sol(D) is a finite union of
compact hyperrectangles, boxes are a natural choice for identifying maximality of DD-free sets.
Here, a box is a Cartesian product of nonempty closed intervals, which are allowed to be unbounded.
A DD-free box that is maximal within " is called box-maximal. Section 5.2 shows that, for
full-dimensional boxes, box-maximality coincides with maximality among all DD-free sets and
develops an efficient sequential facet expansion algorithm for constructing box-maximal DD-free
sets.

The second family consists of £,-balls, for p € [1,00), and is denoted by &r. For a fixed
p € [1,00), a DD-free £,-ball that is maximal within &r is called {p-ball-maximal. The {,-ball
Cp (x) is centered at X, whereas an ¢ p-ball-maximal DD-free ball containing X in its interior need
not be centered at X. Section 5.3 characterizes £,-ball-maximality for every fixed p € [1, o) and

develops a radial expansion algorithm for enlarging C, ().

5.2. Box-Maximal DD-Free Sets We restrict attention to full-dimensional boxes, since
every lower-dimensional box has empty interior in R” and is therefore automatically DD-free.
We first characterize DD-freeness through reachability in the IDD and box-maximality through a
facet-contact condition. We then use these characterizations to develop a sequential facet expansion
procedure initialized at C, (X) and show that it constructs a box-maximal DD-free set in time linear
in the size of the IDD. Finally, we derive the intersection cut associated with the expanded box,

compare its strength with the initial {.,-ball cut, and establish the corresponding cut-closure result.

5.2.1. Reachability and Box-Maximality Recall that Sol(D) is the union of the hyperrect-
angles induced by all r—t paths of D. Testing each path-induced hyperrectangle for intersection with
the interior of a box may require examining exponentially many paths. The following reachability

characterization avoids this enumeration.
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Let R = [1;e[n) [Li» ui] be abox, where [; € RU{—oo}, u; € RU {+00}, and I; < u; forevery i € [n].

For each i € [n], define
AYR)={aen;:1(@)N(,u)#0}={aen;:1(a) l<u; 1(a) T>1}.

We call these arcs active with respect to R. The open interval (/;, u;) reflects the use of int(R) in
the definition of DD-free sets; in particular, an arc whose label only touches an endpoint of [/;, u;]
is not active. Let A*'(R) := ;e[ 2i'(R), and refer to the subgraph obtained from D by retaining
only the arcs in A*'(R) as the active subgraph induced by R. It is clear that this subgraph can be
computed in O(|A|) time.

LEMMA 2. Let D= (U, A, 1()) be an IDD, and let R = [;e[n)[Li»ui] be a full-dimensional
box. Then R is DD-free with respect to D if and only if the active subgraph induced by R contains
no r—t path.

Proof.  Fix an arbitrary r—t path p = (ai,...,a,). Then S Nint(R) = [T;ep, (1(ai) N (L, ui)).
This intersection is nonempty if and only if every arc of p is active with respect to R. Since p
was arbitrary and Sol(D) = {Uyep(+) Sp. it follows that int(R) N Sol(D) # @ if and only if the active
subgraph induced by R contains an r—t path. The result then follows from Definition 3. O

We next show that box-maximality is characterized by the requirement that every finite facet of
R contains a contact point in its relative interior, thereby coinciding with the maximality condition
for general polyhedra established in Proposition 8. For each i € [n] with [; € R, define the finite
lower facet of R in coordinate i by F; (R) := {x € R: x; =/;}. Similarly, for eachi € [n] withu; € R,
define its finite upper facet by F*(R) :={x € R : x; = u;}.

PROPOSITION 11 (Maximality characterization for DD-free boxes). Let D = (U, A, 1(+))
be an IDD, and let R := [1;c(,[li> ui] be a full-dimensional DD-free box with respect to D. The
following statements are equivalent:

(1) R is box-maximal;
(ii) every finite facet F of R satisfies relint(F) N Sol(D) # 0;

(i) R is maximal among all DD-free sets.

Proof. We first prove that (i) implies (ii). Suppose that R is box-maximal, and fix an arbitrary
finite lower facet F; (R). Since A; contains finitely many arcs, there exists & > 0 such that 1(a) ¢
(l;—&,1;) forall a € A;. Let R be obtained from R by replacing /; with [; — . Because R C ﬁ, box-
maximality implies that R is not DD-free. By Lemma 2, there exists an r—t path p = (ay,...,a)

whose arcs are all active with respect to R.
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For every j # i, the interval corresponding to coordinate j of R is unchanged, so a; is active
with respect to R. Since R is DD-free, a; cannot be active with respect to R. Because a; is active
with respect to R but inactive with respect to R, and only the lower endpoint in coordinate i of
R has changed, we have [; — & < 1(a;) < [;. By the choice of &, this inequality can hold only if
1(a;) T=1;. Set z; := [; and, for each j # i, choose z; € 1(a;) N (Ij,u;), which is nonempty as a; is

active with respect to R. Then, we can write
z € S, Nrelint(F; (R)) € Sol(D) Nrelint(F; (R)),

where the first inclusion follows from the fact that z € []c[,) 1(a;) = Sy and the definition of
F7(R). Since the finite lower facet F; (R) was arbitrary, every finite lower facet satisfies the contact
condition. The argument for finite upper facets is symmetric, using the lower endpoints of the arc
labels. This proves (ii).

Because R is a full-dimensional DD-free polyhedron and every facet of R is a finite lower or
upper facet, (ii) implies (iii) by Proposition 8. Finally, (iii) implies (i), since every DD-free box is
a DD-free set. O

We next use the reachability characterization to develop a sequential facet expansion procedure
that preserves DD-freeness and yields a box satisfying the facet-contact condition in Proposition 11.
As shown below, this procedure also provides an efficient test for box-maximality by checking

whether the input box is returned unchanged.
5.2.2. Sequential Box Expansion Let r := d« (%, Sol(D)), and set

R :=Coo(®) = | | [%i=r. % +7].
i€[n]
By Proposition 3, R? is DD-free and contains ¥ in its interior.

Consider a DD-free box R =[] [y [/}, u;]. We first determine the largest expansion of a single
facet of R that preserves DD-freeness. For each i € [n+ 1], let Ude(R) denote the set of nodes in
U; that are reachable from r using only arcs active with respect to R. Similarly, let U?Wd(R) denote
the set of nodes in U; from which t is reachable using only arcs active with respect to R. It is easy
to verify that both of these sets can be computed in O(|2]) time.

For each i € [n], define the set of critical arcs in layer i by

Alqrit(R) = {a €EN;: taj_]_(a) € Ulde(R), head(a) S Ude(R)} . (13)

i+1
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The next lemma shows that, when only coordinate i is expanded, the resulting box remains DD-free

if and only if no critical arc in layer i becomes active.

LEMMA 3. Let D= (U, A, 1(-)) be an IDD, and let R =[] e, 1}, u;] be a full-dimensional
DD-free box with respect to D. Fix i € [n]. Let R = [Tjem [E,ﬁj] be a box obtained from R
by enlarging only its i-th coordinate interval, i.e., [l;,u;] C [Z,L’[L] and [E-,Z[j] = [l;,u;] for all

je[n]\{i}. Then R is DD-free if and only if
AT R) N AXY(R) = 0.

Proof.  Suppose first that A{(R) N A?Ct(ﬁ) # 0, and let a belong to this intersection. By the
definition of Afrit(R), there exists an r—tail(a) path and an head(a)-t path in the active
subgraph induced by R. Since neither path contains an arc in layer i and R differs from R only in
its i-th coordinate interval, all arcs on these paths remain active with respect to R. Concatenating
the r—tail(a) path, the arc a, and the head(a)—t path yields an r—t path in the active subgraph
induced by R. Lemma 2 therefore implies that R is not DD-free.

Conversely, suppose that R is not DD-free. By Lemma 2, the active subgraph induced by R
contains an r—t pathp = (ay,...,a,). Forevery j # i, the j-th coordinate interval is unchanged, so
aj is also active with respect to R. Hence the prefix (ai,...,a;—1) shows thattail(a;) € Ulde (R),
and the suffix (a;+1,...,a,) shows that head(a;) € U}.’fld(R). Therefore, a; € Al?rit(R). Since a; is
active with respect to R, we conclude that Al?rit(R) N A?Ct(ﬁ) #0. O

Lemma 3 reduces a single coordinate expansion to determining when a critical arc becomes

active. Accordingly, for each i € [n], define the lower-facet expansion threshold by

67 (R) := max ({—00} U{1(a) T:a € A%(R), 1(a) T < zi}) . (14)
Similarly, define the upper-facet expansion threshold by

6% (R) := min ({+oo} U{1(a) J:a e a"(R), 1(a) | > ui}) . (15)

Thus, 67 (R) is the first upper endpoint of a critical arc encountered as the lower facet is moved
toward —oo, whereas 6 (R) is the first lower endpoint of a critical arc encountered as the upper facet
is moved toward +oo. If no such critical arc exists in the corresponding direction, then 8 (R) = —oo
+ _ .
or 67 (R) = +oo, respectively.
For notational convenience, let o € {—, +}, where o = — and o = + indicate expansion of the

lower and upper sides, respectively. Thus, (i, 0) € [n] X {—, +} specifies which side in coordinate
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is expanded. We write 67 (R) to encompass both cases, with 67 (R) when o = — and 6 (R) when
o = +. Whenever the corresponding endpoint of R is finite, we similarly write F/” (R) to encompass
both cases, with F;(R) when o = - and F*(R) when o = +. For fixed (i,0) € [n] X {—,+}, a
single-facet expansion of R associated with (i,07) is a box obtained by replacing /; with a value
no larger than /; if o = —, or u; with a value no smaller than u; if oo = +, while leaving all other

endpoints unchanged. The replacement value may be —co or +oco, respectively.

PROPOSITION 12 (Single-facet expansion threshold). Let D= (U, A4, 1(+)) be an IDD, and
let R =11 cin ;. u;] be afull-dimensional DD-free box with respect to D. Fix (i,0) € [n] X{—, +}.
Let R be obtained from R by replacing l; with 67 (R) if o = —, or u; with 67 (R) if o = +, while
keeping all other endpoints unchanged. Then, among the single-facet expansions of R associated
with (i, o) that are DD-free, R is the largest with respect to set inclusion. Moreover, if 67 (R) is

finite, then relint(F{ (ﬁ)) N Sol(D) # 0.

Proof. We prove the result for oo = —; the case o = + is symmetric. It follows from (14) that
07 (R) <1;. Thus, R C R and R is full-dimensional. Since R is DD-free, Lemma 3 implies that
ATY(R) N AXY(R) = 0. Hence, every a € AT (R) satisfies either 1(a) 1< /; or 1(a) |> u;. For
critical arcs on the lower side, the definition of 6 (R) gives 1(a) T< 67 (R); critical arcs on the
upper side remain inactive because u; is unchanged. Therefore, no critical arc is active with respect
to 7’%\, and Lemma 3 shows that R is DD-free.

If 67 (R) = —oo, then no single-facet expansion of R associated with (i, ) strictly contains R,
so maximality follows. Now suppose that 6; (R) > —co. Since Afrit(R) is finite, the maximum in
(14) is attained by some a* € Al?rit(ﬂ) such that 1(a*) T= 67 (R). It follows from (13) that this arc
can be concatenated with an active r—tail(a*) path and an active head(a*)-t path to obtain
an r—t path p=(ay,...,a,), where a; = a* and every a; with j #1i is active with respect to R.
Set z; == 67 (R) and choose z; € 1(a;) N (Ij,u;) for each j #i. Since z; = 1(a*) Te 1(a*), we
have z € S, C Sol(D). Moreover, z; =6, (R) and [; <z; <u; forevery j #i,s0z € relint(Fl._(ﬁ)).
Hence, relint(F;- (7’5)) N Sol(D) # 0. Any single-facet expansion associated with (i, —) that strictly
contains R contains Z in its interior and is therefore not DD-free. As a result, R is the largest
DD-free single-facet expansion of R associated with (i,—). O

Starting from R?, we can apply the single-facet expansion method established above sequentially.
Let IT = ((i1,01), . . ., (i21, 021)) be an arbitrary ordering of [n] X {—, +}. Each pair is processed

once, using the expansion threshold associated with the current box. An expansion can alter the
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reachability sets and, consequently, the thresholds used in subsequent iterations. Therefore, the
resulting box generally depends on the ordering II.

REMARK 1. For a fixed box, all forward and backward reachability sets can be computed in
O(|a]) time. Thus, recomputing these sets from scratch for each of the 2n single-facet expansions in
the ordering IT would require O(n|A|) time in total, and hence O(|A|?) time when expressed solely
in terms of |A|. This quadratic-time repeated computation can be avoided and, in fact, reduced to
linear time by maintaining the reachability sets incrementally. Since each single-facet expansion
replaces the current box by a containing box, the set of active arcs and the forward and backward
reachability sets can only grow across iterations. This enables the following update procedure,
which can be carried out much more efficiently.

After each single-facet expansion, we first identify all newly active arcs and mark them active.
For the forward update, each newly active arc a = (u, v) is processed. If u is currently forward
reachable and v is not, then v is marked forward reachable. Whenever a node becomes forward
reachable for the first time, its outgoing arcs are scanned, and the same test is applied to each
active outgoing arc. This propagation continues until no additional node is marked. The backward
update is symmetric, using incoming arcs and interchanging the roles of tails and heads. As shown
in Proposition 13, these incremental reachability updates require only O(|2|) time over the entire

expansion sequence.

Algorithm 3 presents the sequential facet-expansion procedure. We next establish the correctness
and running-time complexity of Algorithm 3. In particular, Theorem 4 shows that the algorithm
returns a box-maximal DD-free box containing R, while Proposition 13 established that this box

can be computed in time linear in the size of the IDD.

THEOREM 4. Let D= (U, A, 1(-)) be an IDD, let R° be a full-dimensional DD-free box with
respect to D, and let Il be an ordering of [n] X {—, +}. Algorithm 3 computes the exact forward and
backward reachability sets at initialization and after each iteration of facet-expansion. Moreover,
the generated boxes R, . .., R*" are full-dimensional and DD-free and satisfy R C R! C - .- C R?".
The box R*" returned in the last iteration is box-maximal and, consequently, maximal among all

DD-free sets.

Proof. For each ¢ € {0,...,2n}, write A% := A*Y(RY) = (J;ep,) AZY(RY). Let U™ =
Ujerns1] U?Wd(Rq) and U™ = e U?Wd(Rq). We prove by induction on ¢ that, for every

q €{0,...,2n}, R? is a full-dimensional DD-free box and the forward and backward reachability
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Algorithm 3 Sequential box expansion
Require: an IDD D = (U, 2, 1(-)); an initial full-dimensional DD-free box RO: an ordering I =

((i1,01), ..., (i2n, 02p)) Of [n] X {—, +}
Ensure: a box-maximal DD-free box R?" containing R°
I: initialize the active arcs with respect to R”
2: compute U§Wd(7€0) and U'J?Wd(RO) forall j € [n+1]

3: for g € [2n] do

4: (i,0) « (ig,09)

5: if o = — then

6: compute 6; (R4~1) using equation (14)

7: obtain R? from R4~ by replacing its lower endpoint in coordinate i with 6 (R4 )
8: else

9: compute 67 (R4~1) using equation (15)

10: obtain R? from R4~ by replacing its upper endpoint in coordinate i with 67 (R? -1
11: end if

12: ARY — AXY(RY) \ Af‘“(Rq_l)
13: mark all arcs in AA? as active
14: update the forward and backward reachability sets from AA? using the incremental proce-

dure in Remark 1.
15: end for

16: return R2"

sets maintained by the algorithm after line 14 are exactly U%™¢ and U%®¥4, respectively. In each
inductive step, we also establish that R? “lcRa,

Base case (q =0). By assumption, R is a full-dimensional DD-free box. The initialization steps
identify exactly the arcs in 2% and compute U%™ and U%P%4, Hence the claim holds for ¢ = 0.

Inductive step. Fix q € [2n] and suppose that the claim holds for ¢ — 1. Let (i, o) = (iy, o) be
the facet processed in iteration ¢, and write the i-th coordinate interval of R4 -1 as [/;,u;]. By the
induction hypothesis, the maintained forward and backward reachability sets for RY~! are yg-1-fd
and U7~1PVd_ respectively. Hence, the set of critical arcs used to compute the threshold in iteration

. : -1
g is ASTY(RIT).
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If o = —, then 67 (R4~1) < ; by definition, and RY is obtained by replacing /; with this threshold.
If o = +, then 6] (R4 =1 > u;, and RY is obtained by replacing u; with this threshold. In either case,
R?~1 C R, and RY remains full-dimensional. Proposition 12 further implies that R is DD-free.

Because only the i-th coordinate interval is enlarged, every arc active with respect to R%~!
remains active with respect to R?. Thus, A9~12t € a9t T et AT := 921\ 7913 denote the set
of newly active arcs. Since only the i-th coordinate interval changes, AA? = AX'(RY) \ AX!(RY -1,
which is precisely the set computed in line 12 of iteration g of Algorithm 3.

Consider the forward reachability update. By the incremental update rule in Remark 1, the
algorithm retains all nodes in U9~"4, processes every arc in AAY, and processes every active
outgoing arc of anode when that node is first marked forward reachable. We show that the maintained
forward reachability set is exactly U%™9 by proving both forward and reverse inclusions.

First, since 29712t € a9t every node in U?~1™4 remains reachable from r under RY. Every
node marked subsequently is the head of an arc in A%* whose tail is already marked. An induction
on the order in which nodes are marked therefore shows that every marked node is reachable from
r using arcs in A%, Hence, the maintained forward reachability set is contained in UV,

For the reverse inclusion, fix v € U¢™4 and choose an r—v path consisting of arcs in A%2{, We
show, in order along this path, that every node on the path is marked. The root node r belongs to
y9~1t%d and is therefore marked. Now consider an arc a = (u, u’) on the path and suppose that u
is marked. If u ¢ U4~1™d, then u was first marked during the current update, so all of its active
outgoing arcs, including a, are processed. If u € Ua-1Wd then either a € A9714¢t in which case
u e u4~ bW or a € AAY, in which case a is processed as a newly active arc. Thus, in every case,
u’ is marked. Proceeding along the path shows that v is marked. Hence, U™ is contained in the
maintained forward reachability set, proving equality.

The backward reachability update follows the symmetric incremental rule. The algorithm retains

all nodes in y2-1:bwd

, processes every arc in AAY, and processes every active incoming arc of a node
when that node is first marked backward reachable. Applying the above two-inclusion argument in
the reverse direction, with t in place of r and incoming arcs in place of outgoing arcs, shows that
the maintained backward reachability set is exactly U%:°"9,

This completes the induction and establishes the claimed reachability sets, DD-freeness, and

nestedness. Each incremental reachability update terminates because it only marks previously

unmarked nodes and U is finite. Thus, the algorithm completes its 2n iterations.
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It remains to prove maximality of the returned box. For each g € {0,...,2n}, write RY =
[Tjem [l;?, u;l.]. Fix a finite lower facet F;” (R?"), and let ¢ be the unique iteration with (ig,0q9) =
(i,—). Since the lower endpoint in coordinate i is not modified after iteration ¢, we have 11.2” = ll.q =
9;(7{‘1_1) € R. Proposition 12 therefore provides a point z € relint(Fl._ (R?)) N Sol(D). For every

J #1i, nestedness gives

2n

2n q q
< ; <u”
l] _l]<zj<u]_u].

Together with z; = I = [?", this implies
z e relint(F; (R*")) N Sol(D).

Thus, every finite lower facet of the returned box satisfies the facet-contact condition (ii) in Propo-
sition 11. The argument for finite upper facets is symmetric. Proposition 11 now implies that R*"

is box-maximal and maximal among all DD-free sets. O

PROPOSITION 13. Let D = (U, A, 1(:)) be an IDD with Sol(D) # 0, let R® be a full-
dimensional DD-free box with respect to D, and let T1 be an ordering of [n] X {—,+}. Then

Algorithm 3 can be implemented in O(|A|) time.

Proof. Consider the IDD representation by outgoing and incoming adjacency lists, with the
arcs also indexed by layer, and maintain Boolean flags indicating arc activity and forward and
backward node reachability. One scan of the arcs identifies the active arcs with respect to R, and
forward and backward traversals of the resulting active subgraph compute the initial forward and
backward reachability sets. Together, these initialization steps require O(|U| + |A|) time.

Fix an iteration g € [2n] and let (i,07) = (iy,0,). Using the maintained reachability flags,
membership in Afm(Rq ~1) can be tested in constant time for each arc in 2;. Hence, one scan of 2;
computes 67 (R9~1). After the corresponding endpoint is updated, a second scan of 2; identifies
the arcs in AAY. Since IT is an ordering of [n] X {—, +}, each pair (i, o) is processed exactly once.
Hence, each arc participates in at most four such layer scans, and all threshold computations and
newly active arc identifications require O(|2]|) time in total.

It remains to bound the incremental reachability updates as described in Remark 1. By Theorem 4,
the generated boxes are nested, so the sets of active arcs and forward and backward reachable nodes
are monotone across iterations. Consequently, each arc becomes newly active at most once, and
each node becomes newly reachable at most once in each direction. When a node first becomes

forward reachable, its outgoing adjacency list is scanned once; when it first becomes backward
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reachable, its incoming adjacency list is scanned once. Thus, each arc is examined at most once
through the forward scan of its tail node and at most once through the backward scan of its head
node. Moreover, since each arc belongs to AA? for at most one iteration g, it is tested at most once
in each direction upon activation. Hence, each arc is examined only a constant number of times over
all incremental updates. Since each node is marked at most once in each direction and the sums
of the outgoing and incoming degrees are both |2|, all incremental reachability updates require
O(|u] +|a]) time.

With the current box stored by its endpoints and updated in place, the remaining work over the
2n iterations requires O (n) time. Thus, the total running time is O (|U| + |A| + n). By (2), |U| < 2|3
and n < |A|. Therefore, Algorithm 3 can be implemented in O(|2]) time. O

Algorithm 3 also provides an efficient test for box-maximality as presented in Proposition 11.
Indeed, Theorem 4 guarantees that, for any full-dimensional DD-free box RY the algorithm returns
a box-maximal DD-free set R?" containing R". Hence, R? is box-maximal if and only if R?" = RY.
By Proposition 13, this test can be performed in O(|2]) time.

To illustrate the box expansion procedure introduced above, we return to the example in Sec-
tion 3.4, focusing on constraint A with the same IDD relaxation D# and point &. Figure 4 shows
the expansion of the initial DD-free £o-ball RY = C (¥) by Algorithm 3. The left and right panels
depict two resulting box-maximal DD-free boxes, Ry, and Rp,, obtained under different facet
orderings. In both cases, the expanded box contains R® and is unbounded in both positive coordinate

directions, while each finite facet contains a contact point with Sol(D4) in its relative interior.

5.2.3. Intersection Cuts from Expanded Boxes We now return to the corner relaxation
setting of Section 4.3. Let X € $ \ Sol(D) be a basic feasible solution of #, and fix an associated
corner relaxation P’ = ¥ + cone{v/ : j € R}. Recall that R indexes the extreme rays of #’, and every

x € P’ admits a unique representation x =X + 3’ ;cp 4; (x)v/, where Aj(x)>0forall j €R.

COROLLARY 4. LetR*" = [Liepny [li» ui] be the box returned by Algorithm 3 under an arbitrary

facet ordering, initialized at R® = Cw (¥). For each i € [n), define

Xl L eR, . u—x;, u;€R,

Pi = p; =

+00, [; = —o0, +00, u; = +o0o.

Then the intersection cut obtained from R*" on P’ is

I
> max G Vel s, (16)
Shielnl | pf T oo |
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Ficure 4. Box-maximal DD-free sets obtained by sequential facet expansion. The solid curve labeled A depicts the nonlinear
boundary of G4, with the feasible region lying on the side containing the origin. The shaded region represents Sol(D?). In each
panel, the dashed square bounds the initial DD-free £w-ball R = Cw (), and the thick solid rays bound the expanded boxes Ry,
(left) and Ry, (right), which are unbounded in both positive coordinate directions. The numbered arrows indicate the order in which

the two lower facets are processed.

This inequality cuts off X and is valid for N Sol(D) and hence for PN G.

Proof.  Since % ¢ Sol(D), the initial DD-free box R” = C.(¥) contains ¥ in its interior. By
Theorem 4, R?" is DD-free and contains R". Hence, ¥ € int(RZ”) and p;, plf € (0, +oo] for all
i € [n]. By definition, R*" — X = [Tiepn)[=p; . 0] 1. For every w € R" and ¢ > 0, the condition

w € t(R?" — %) is equivalent to the coordinatewise inequalities

Iz

(Wi)+ and t> ﬂ, Vi€ [n].
p; P;

Taking the infimum over 7 > 0 gives

Yron_g (W) = max (17)

i€[n]

{ Wi)e (=wi)s }
i TPy

The terms corresponding to unbounded sides of R2" are zero. Substituting (17) into (9) yields (16).
By the validity argument in Section 4.3, inequality (16) is valid for # N Sol(D) and hence for PN G.

Finally, A,(x) = 0 for every j € R, so X violates (16). O
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The inclusion R® € R?" yields the following comparison with the initial £.,-ball intersection cut

on the same corner relaxation.

COROLLARY 5. Let 1 :=dw (%, Sol(D)), and let R*" be the box returned by Algorithm 3 from
RO = Co (¥) under any sequential expansion ordering 11 of [n] X {—,+}. Then, for every j € R,
Yran_z (¥)) < |[v/ || /7. Consequently, (16) is at least as strong on the corner relaxation P’ as the

{e-ball intersection cut obtained from (10) by setting p = oo.

Proof. By Theorem 4, B, (%,r) = R C R?". Translating both sets by —% and using gauge
monotonicity under set inclusion gives ygan_g (v/) < yg_ 0. (¥/) = |[v/ || /7 for every j € R. Since
Aj(x) >0 for every j € R and x € ', every point of P’ satisfying (16) also satisfies the initial
{-ball intersection cut. 0O

We now consider the cut closures defined in (7) and reinstate the constraint index. For each k € K,
fix any sequential expansion ordering IT¥ of [n] x {—, +}. For x ¢ Sol(DF), let Cé‘ox (x) denote the
box returned by Algorithm 3 applied to D¥ with initial box CX (x) and expansion ordering IT*. For

x € Sol(D¥), set Gt (x) :=0.

COROLLARY 6. Foreveryk € K, the mapping leox() defined above is a DD-free-set oracle for
DX, and the resulting family {Cé‘ox(-)}keK satisfies the local covering condition (8). Consequently,

if {P:}iew denotes the cut closures in (7) induced by this oracle family, then

PN ﬂ Sol(Dk)) :

keK

P, =conv

Proof. Fix k € K and x ¢ Sol(D¥). By Proposition 3, CX (x) is a DD-free box containing x in
its interior and hence is full-dimensional. Applying Theorem 4 shows that C]fox (x) is DD-free and
contains CX (x). Therefore, x € int(Ct’;‘OX (x)). Together with the definition on Sol(D*), this proves

that Ck

box ) 18 @ DD-free-set oracle for DX,

Moreover, CX (x) C Cé‘ox (x) for every k € K and x € R". Corollary 1 therefore applies with

p = oo, yielding the local covering condition and the stated cut-closure equality. O

5.3. ¢,-Ball-Maximal DD-Free Sets In this section, we focus on DD-free families defined
by £,-balls for p € [1, c0), characterize £,-ball maximality, and study procedures for expanding the
initial DD-free ball C, (¥). Fix a contact point of C,(x). Beginning with C,(X), we construct a

nested family of £,-balls, parameterized by their radius, whose centers move along the ray from the



Qiu and Davarnia: Intersection Cuts via Decision-Diagram-Free Sets

47

contact point through x, while the contact point remains on the boundary. We call this construction
the radial expansion induced by the selected contact point.

For p € (1,00), we show that every DD-free ¢),-ball containing C,(x) belongs to this family.
Consequently, if there is a largest radius for which a ball in this family is DD-free, the corresponding
ball is the unique largest DD-free £,-ball containing C,(X) and is therefore £,-ball-maximal. If
this family contains DD-free balls of arbitrarily large radius, no such £,,-ball-maximal DD-free ball
exists; instead, the unbounded case yields a DD-free halfspace containing the entire family, which
is itself a maximal DD-free set.

For p = 1, however, the resulting family need not include every DD-free £;-ball containing C; (X).
Consequently, a largest DD-free member of this family, when it exists, need not be ¢;-ball-maximal.
We instead characterize ¢;-ball-maximality by examining how the path-induced hyperrectangles
touching the ball boundary constrain expansion along the coordinate directions.

The remainder of this section is organized as follows. We first study boundary contacts and, for
p € [1,00), characterize £,-ball-maximality. We then analyze the radial expansion induced by a
selected contact point and develop an IDD-based procedure for constructing the resulting expanded
DD-free set. Finally, we derive intersection cuts from these expanded sets, compare their strength

with the initial £,-ball cut, and establish the corresponding cut-closure result.

5.3.1. Boundary Contacts and ¢,-Ball-Maximality For p € [1, o) and a DD-free £,,-ball

B,(c,r) with r > 0, define its contact set by
Z,(c,r) :=Sol(D) Nbd(B,(c,r)).

Whenever this set is nonempty, we have r = d, (¢, Sol(D)), and the contact points are precisely the
nearest points in Sol(D) to ¢ under the £,-norm. In this case, Proposition 10 provides an efficiently
computable DD-based representation of this contact set through coordinatewise projections onto
the hyperrectangles induced by shortest r—t paths.

The following lemma shows a basic inclusion property for £,,-balls.

LEMMA 4. Letpe[l,00),ci,¢2€R", andri,ry>0. Then B,(c1,r1) C B,(c2,12) if and only

iflleca—cillp +ri<r.

Proof.  Suppose first that B, (c1,71) € B,(c2,72). If ¢1 = ¢2, then the desired inequality reduces

to r1 < rp, which follows immediately from the containment. Otherwise, let w := (¢; — ¢2)/||c1 —
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¢l so that ||w|, =1, and set x := ¢ +ryw. Thenx € B,,(c1,r1) and hence x € B,,(¢2,r). Since
ci—cr=|lci—call,w, wehavex —cr = (|[c1 —callp +r1)w. Thus, |x —c2|l, = lle1 —c2ll, +71 <72
Conversely, suppose that [[c2 —¢1]|, + 71 <rp, and let x € B,,(c1,71). By the triangle inequality,
lx —call, < llx —cill, + ller = call, <71+ ller = eall, < 72 Thus, x € B,(c2,72). Since x was
arbitrary, it follows that B,,(c1,r1) € B,(c2,72). O
The following lemma characterizes that, for p € (1,00), once a contact point z of a DD-free
{p-ball B, (c,r) is fixed, every DD-free £,-ball containing B, (c,r) must have its center on the ray

from z through c.

LEMMA 5. Let D be an IDD and let p € (1,0). Let B, (¢, r) be a DD-free {,-ball with respect
to D, where r >0, and let z € Z,(c,r). If another DD-free {,,-ball B, (c,7) contains B, (c,r), then

r>rand

E:z+;(c—z). (18)

Proof. By Lemma 4, 8,(c,r) C B,(c,7) gives |[c —¢||, + r <7, and hence 7 > r. Since
z€Z,(c,r), we have z € Sol(D) and ||¢ — z||, = r. The inclusion 8B, (c,r) € B, (c,7) then implies
that z € B,(¢,7). Since B,(¢,7) is DD-free, z cannot lie in its interior. Thus, z € bd(8B,(c, 7)),

which implies that || — z||, =7. Combining these relations with the triangle inequality yields
r=lle=zll, <lle—cllp +llc =zll, = llc—cll, +r <T.

Since the chain begins and ends at 7, both inequalities must hold with equality. In particular,
lc—zllp =llc—cll, + llc —z|l, and |lc —¢||, =7 — r. Because the {,-norm is strictly convex for
p € (1, 0), equality in the triangle inequality implies that there exists A > O such thatc—c¢ = A(¢ —z).
Taking norms on both sides and using ||¢ —z||, =7 gives A = (¥ —r)/r. Hence, c = ¢ + ?%’(c -2)=
Z+ ;(c —Z), which proves (18). O

We next establish that, for every p € [1,00), a DD-free £,-ball with a unique contact point can

be strictly enlarged while preserving DD-freeness.

LEMMA 6. Let D be an IDD and consider p € [1,00). Let B,,(c,r) be a DD-free €,-ball with
respect to D, where r > 0, and suppose that Z,(c,r) = {z}. Then there exists &y > 0 such that, for

every € € (0,80, B, (c +&(c —z)/r,r + &) is DD-free and strictly contains B, (c,r).

Proof. For each € >0, define

u=—-, cle)=c+eu=z+(r+¢e)u.
r
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Since |lu]|, = 1, we have |lc(¢) — ¢||, = &. Hence, Lemma 4 gives B,(c,r) C B,(c(e),r + &).
Moreover, the inclusion is strict, since ¢ (&) + (r + £)u belongs to B, (¢c(¢),r + &) but not to B, (¢, r).
It remains to show that B, (¢ (&), r + &) is DD-free for sufficiently small & > 0.

Consider first any path g = (ay,...,a,) € P(t) such that z € S. Since z € S5 and B,(c,r) is
DD-free, we have d,, (¢, Sy) = r. By Proposition 10, z is the coordinatewise projection of ¢ onto S,
which implies that each z; is a closest point in 1(a;) to ¢;. If ¢; € 1(a;), then we must have z; = ¢; as
zi is a closest point in 1(a;) to ¢;. Hence, (¢(¢)), =c¢;+ (¢/r)(ci—z)) = ci =zi. If ¢; ¢ 1(a;), then
zi is the endpoint of 1(a;) closest to ¢;. Since (¢(&)), =z + (1 +&/r)(c; —z;) with 1 +&/r > 1, the
point (¢ (‘9))1' lies beyond ¢; on the ray emanating from z; through c;. Thus, in either case, z; remains
a closest point in 1(a;) to (c(s))l.. Consequently, d,(c(&),Sq) = |lc(g) —z||, = r + &. Thus, this
equality holds for every path satisfying z € S4.

Now consider the paths g € P(t) satisfying z ¢ Sq. For every such path, d,(c,Sy) > r. Indeed,
because B),(c,r) is DD-free, d), (¢, Sy) > r. If equality held, compactness of S, would yield a point
y € 84 such that ||¢ —y||, = r. It would follow that y € Z,(c,r) = {z}, contradicting z ¢ S;. Since
there are finitely many such paths, we may choose g9 > 0 sufficiently small that d,, (¢, Sq) >r +2¢&g
for all of them. Fix any & € (0, &¢]. For every such path, it follows from the triangle inequality that
d,(c(€),8q) =2d,(c,Sq) —llc(e) —c|l, >r+e.

Since z € Sol(D), at least one path g satisfies z € S;. Combining the two cases and using
Sol(D) = Ugep(r) Sg» We obtain d,(c(g),Sol(D)) = r + &. Therefore, for every & € (0,£9], the
y-ball B, (c(¢),r + &) is DD-free and strictly contains 8,(c,r). O

Lemmas 5 and 6, together with the fact that Sol(D) is a finite union of hyperrectangles induced

by r—t paths, yields the following characterization of £,-ball-maximality for p € (1, c0).

THEOREM 5 (Maximality characterization for DD-free £,,-balls for p € (1,00)). Let D =
(U, A, 1(+)) be an IDD with Sol(D) # 0. Consider p € (1,00), and let B,(c,r) be a DD-free {,-ball
with respect to D, where r > 0. Then B,(c,r) is {,-ball-maximal if and only if Z,(c,r) contains at

least two distinct points.

Proof.  First, suppose that z1,22 € Z,(c,r) with z; # zo. Let 8,(c,7) be any DD-free £,-
ball containing B, (c,r). Applying Lemma 5 to each contact point gives ¢ = z; + ; (¢ —z;) for
i € {1,2}. Subtracting these identities yields (1 - ;) (z1—2z2) =0. Since z; # 22, we obtain 7 = r and
consequently ¢ = c¢. Thus, no DD-free £,,-ball strictly contains 8, (¢, r), proving {,-ball-maximality.

Conversely, suppose that 8, (c,r) is {,-ball-maximal. If Z,(c,r) = 0, then we have 8,(c,r) N
Sol(D) = 0 because B,(c,r) is DD-free. Since Sol(D) is nonempty and compact, d, (¢, Sol(D)) >
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r. Then B, (c,d,(c,Sol(D))) is a DD-free ¢,-ball strictly containing B,(c,r), a contradiction.
If Z,(c,r) ={z}, then Lemma 6 yields a DD-free ,-ball strictly containing 8,(c,r), again a
contradiction. Therefore, Z, (¢, r) contains at least two distinct points. O

The next remark shows that the conclusion of Lemma 5 and the necessary and sufficient conditions
for £,-ball-maximality established in Theorem 5 do not extend to the case p = 1. In particular, the
existence of two distinct contact points is no longer sufficient for £;-ball-maximality. As a result,
in Theorem 6, we characterize ¢;-ball-maximality from a different perspective by examining the
coordinate bounds of the path-induced hyperrectangles that intersect the boundary of the ball.

REMARK 2. Consider an IDD D satisfying Sol(D) = {(-1,0), (1,0)}. Let B = B1((0,1),2).
Since ||(0,1)]]; + 1 =2, Lemma 4 gives B;(0,1) C B. The inclusion is strict because (0,3) €
B\ B,(0,1). Moreover, ||(£1,0) — (0,1)||; = 2, so both points of Sol(D) lie on bd(8B), and B
is DD-free. Thus, $B(0, 1) is not £;-ball-maximal despite having two distinct contact points. The
center (0, 1) of B does not lie on either of the rays emanating from the two contact points of 81(0, 1)
through 0, and hence does not satisfy (18). Thus, Lemma 5 does not extend to p = 1. For the unit
{1-ball B1(0, 1) in this example, the radial expansion induced by z = (1, 0) consists of the ¢;-balls
B1((1-p,0), p) with p > 1. These balls contain B;(0, 1) by Lemma 4. For every p > 1, however,
I(=1,0) = (1 = p,0)|l1 = |p — 2| < p, so the other contact point (—1,0) lies in the interior of the
expanded ball. The argument for the contact point (—1,0) is symmetric. Thus, for either choice of
contact point, the largest DD-free member of the corresponding radial family is $;(0, 1), which is

not ¢;-ball-maximal.

THEOREM 6 (Maximality characterization for DD-free ¢,-balls). LetD= (U, A, 1(-)) bean
IDD with Sol(D) # 0. Let B(c,r) be a DD-free {i-ball with respect to D, where r > 0. For each
p € P(t), write Sp = [ie[n [I7,u7']. Let P* :={p € P(t) : d\(c,Sp) = r} denote the set of active
paths. Then, B:(c,r) is {1-ball-maximal if and only if P* # 0 and

;neipg IF<ci< gleegguf, Vi € [n]. (19)

Proof.  First, suppose that P* # 0 and (19) holds. Let B, (¢, 7) be any DD-free ¢;-ball containing
Bi(c,r), and set h :=c¢ — c. By Lemma 4, we have 7 > r + || h||;. For every p € P*, we have
7<d(¢,Sp) = minllc + b —z|[; < min(|le — 2|l + | k]l1) =7 + || k]l <7,
Z€S z€8p
where the first inequality holds because Bj (¢, 7) is DD-free, the second inequality follows from the

triangle inequality, the subsequent equality is implied by the definition of P*, and the last inequality
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is given by Lemma 4. Since the chain begins and ends at 7, all inequalities must hold with equality.
In particular, we have d; (¢, Sy) =r + ||h||; and 7 =r + ||h|;. We next show that & = 0. Fix i € [n]
and suppose, to the contrary, that #; > 0. By (19), there exists an active path p € P* such that ¢; < u?.
It follows that

di(ci+hi, [I7,u]) < di(ci, [I7,u]]) + hi.

i’ i’

Indeed, if ¢; < I¥, the inequality follows from |c; + h; = I7| < I} —¢; + h;. Otherwise, [T < c; <u;, so
di(ci, [I7,u7]) =0 and dy (¢c; + hy, [I7,ul’]) = max{c; + h; —u},0} < h;. For every j € [n] \ {i}, the
triangle inequality gives d;(c; + hj, [l?, u?]) <di(cj, [l?, u?]) + |h;|. Summing these inequalities
and using the coordinatewise distance decomposition in the proof of Proposition 4 yields d; (¢, S;) <
r+||k|1, contradicting the equality d; (¢, Sp) = r + || ]| | established above. Hence, 4; < 0. Similarly,
using an active path p € P* such that llp < ¢; rules out h; < 0. Thus, h; = 0. Since i was arbitrary,
h = 0. Substituting this into 7 = r + ||h||; gives ¥ = r. Thus, no DD-free ¢;-ball strictly contains
By (c,r), proving £;-ball-maximality.

Conversely, suppose that 8 (c, r) is {;-ball-maximal. If P* = (), then DD-freeness and compact-
ness of Sol(D) imply d;(c,Sol(D)) > r. Consequently, B;(c,d;(c,Sol(D))) is a DD-free ¢;-ball
strictly containing 8 (c, r), a contradiction. Therefore, P* # (.

It remains to establish (19). We consider two cases. For the first case, suppose by contradiction
that u; < ¢; for some i € [n] and every p € P*. For £ > 0 to be chosen below, set ¢(¢) := ¢ + ce;,
where e; is the i-th unit vector. For every p € P, since uf < ¢;, shifting the center from ¢ to ¢ (&)
increases the distance to [/}, u}’] by exactly &, while leaving the distances to the other coordinate
intervals unchanged. Thus, di(c(g),S,) =r + . For every g € P(t) \ P*, DD-freeness and the
definition of P* give dj(c,Sy) > r. Since there are finitely many such paths, we may choose & > 0

sufficiently small that d (¢, Sq) > r + 2¢ for all of them. Thus, for every such path, we have
di(c(£),Sq) 2 di(e,Sq) ~ e —e(&)lli = di(e.S5) — e > 1 +e,

where the first inequality follows from the triangle inequality, and the last inequality is given by
di(c,Sg) > r+2e. Combining the above two results and using P* # 0, we obtain d; (¢ (&), Sol(D)) =
r + &. For this choice of g, the ball B;(c(&),r + €) is DD-free and contains 8B (¢, r) by Lemma 4.
The inclusion is strict, since ¢ + (r + 2&)e; belongs to B;(c(g),r + ) but not to B;(c,r). This
contradicts the assumed ¢;-ball-maximality of B;(c,r). The second case in which lf > c; for every

p € P* is analogous, using the direction —e;. Therefore, (19) holds for everyi € [n]. O
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Geometrically, the active path-induced hyperrectangles must collectively extend to both sides
of the ¢;-ball center in each coordinate, thereby precluding any strictly containing DD-free ¢;-
ball. We show in Corollary 7 of the next section that verifying £,-ball maximality for p € (0, o)
as characterized in Theorem 5, as well as £;-ball maximality in Theorem 6, can be performed
efficiently in time linear in the size of the IDD by exploiting the compact subgraph representation
of contact points established in Proposition 10.

The following remark discusses the difference between £,-ball-maximality, as characterized in
Theorems 5 and 6, and box-maximality, as described in Proposition 11, with respect to obtaining
maximal DD-free sets.

REMARK 3. While Proposition 11 shows that box-maximality coincides with maximality for
full-dimensional DD-free boxes, £,,-ball-maximality need not imply maximality among all DD-free
sets. In particular, Proposition 7 implies that £,-ball-maximal sets for p € (0, c0) are not maximal
among all DD-free sets. Furthermore, since ¢;-ball-maximal sets are polyhedra, Proposition 8
provides a necessary and sufficient condition for determining their maximality among all DD-free
sets. For example, consider an IDD D satisfying Sol(D) = {(-1,0), (1,0), (0,-1), (0, 1)}. For every
p € (1, 00), the unit ball 8,(0, 1) is £,-ball-maximal by Theorem 5, since all four points are contact
points. For p = 1, all four points are contact points, and in each coordinate, both —1 and 1 are
attained among these points. Thus, $(0, 1) is ¢;-ball-maximal by Theorem 6. However, for every
p € [1,00), the unit ball is strictly contained in the DD-free box [—1, 1]2.

For every p € [1,00), the initial £,-ball C,(X) has at least one contact point because Sol(D) is
nonempty and compact. We next use a selected contact point to define the radial expansion and

characterize the radius range over which the resulting £,-balls remain DD-free.

5.3.2. Radial ¢,-Ball Expansion Consider an IDD D with Sol(D) # 0 and a point X ¢
Sol(D). Fix p € [1,00), and set ry := d,, (%, Sol(D)) > 0. Choose a contact point z € Z, (¥, rg) using
the procedure in Proposition 10 and define the unit vector u := (X — z)/ro. For every r € [rg, o),

define

c;(r)=z+ru. (20)

Thus, as r increases from ry, ¢¥(r) moves along the ray from z through ¥, with ¢} (rg) = x. We
refer to the family of balls B, (¢ (r),r), for all r € [rg, o), as the radial family induced by z, which
is denoted by <Bp (¢ (r), r))

(o)

r=ro’
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LEMMA 7. Consider the radial family <Bp (c¥ O’)”’))Zro induced by z. Then, 7 lies on the
boundary of every member of this family and, whenever that member is DD-free, z € Z, (c¢* (r),r).

Moreover, if ro <r <r’, then B, (¢ (r),r) € B, (c¥(r'),r’), with strict inclusion whenever r <r’.

Proof. Since z € Z,(x,rp), we have z € Sol(D) and ||x — z|[, = ro. Hence, by the definition
of u, we have ||u||, = 1. If follows that ||c; (r) — z||, = r||ul||, = r for every r € [rgp, o). Thus,
zZ€ bd(Bp (c¥(r), r)). Whenever this ball is DD-free, the definition of the contact set therefore gives
z€Z,(c(r),r).

Now let rg < r <r’. By construction, we have ||c; (r') —cZ (r)||, = (¥'=r)||lu||, =r'—r.Lemma 4
then yields B,(c*(r),r) € B,(c*(r'),r’). If r <r’, the point y := ¢*(r’) + r'u satisfies ||y —
()|, =r"and ||y —c*(r)||, =2r'—=r >r.Hence,y € B, (c*(r'),r') \ B, (c*(r), r), which proves
strict inclusion. O

Due to the nestedness property of the radial family, as established in Lemma 7, we can define

the radial expansion threshold by
r*:=sup {r € [rg,) : B,(c¥(r),r) is DD-free} . (1)

THEOREM 7 (Radial expansion). Let D = (U, A, 1(-)) be an IDD with Sol(D) # 0, let X ¢
Sol(D), and fix p € [1,). Set ro := d, (¥, Sol(D)) > 0, choose z € Z,,(X,ro), and letu = (X —z) /ro.
Let ¢%(-) and r* be defined by (20) and (21), respectively. Then r* € [ro,+oo], and the following
statements hold.

(i) Foreveryr € [rg,»), B,(c*(r),r) is DD-free if and only if r < r*.
(i) If r* < +oo and p € (1,00), then B, (c¥(r*),r*) is the unique €,-ball-maximal DD-free ball
containing B, (¥,ro). Moreover, Z,(c®(r*),r*) contains a point distinct from z.
(iii) If r* < +co and p =1, then B (c"(r*),r*) is the largest DD-free member of the radial family
<Bp (cg (r), r))jiro. Furthermore, it is €1-ball-maximal if and only if P* # 0 and (19) holds,
where P* is defined as in Theorem 6. In addition, Z, (¢ (r*),r*) contains a point distinct from

Z.

Proof.  We first prove (i). For r € [rg, o), define

W(r):=dpy(c;(r),Sol(D))—r.

Since z € Sol(D) and, by Lemma 7, ||c¥(r) - z||, = r, we must have d,(c¥(r),Sol(D)) <r,

which yields ¥ (r) < 0. By Definition 3, the £,-ball B,(c*(r),r) is DD-free if and only if
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d,(c*(r),Sol(D)) > r. Together with (r) <0, this condition is equivalent to ¢ (r) = 0. Because
dp(-,Sol(D)) is a distance function, it is 1-Lipschitz. Therefore, ¢ is continuous as ¢ (r) depends

affinely on r. Moreover, for ro <r <r’, it follows from the triangle inequality that
d,(c¥(r'),Sol(D)) —d,(c¥(r),Sol(D)) <r' —r,

and hence ¢ (r") <y (r). Since ¢ (ro) = ¥, the definition of r¢ gives ¥ (r¢) = 0. Since ¥ (rp) = 0 and
Y is nonincreasing, the set 7 := {r € [rg, o) : ¥(r) = 0} is a nonempty, possibly unbounded interval
with left endpoint ro. Continuity of ¢ implies that 7 is closed. Since B, (c¢*(r), r) is DD-free if and
only if ¢ (r) =0, it follows from (21) that sup,. 7 {r} = r*. Consequently, 7 = [ro,r*] when r* < +o0
and I = [ro, c0) when r* = +co. Thus, B, (c¥(r),r) is DD-free if and only if r < r*, proving (i).

We now prove parts (i) and (iii). Suppose that r* < +oco. By part (i), B, (c*(r*),r*) is DD-
free, and every DD-free member of the radial family (Bp (c®(r),r) >:ir0 has radius at most r*. By
Lemma 7, the radial family is nested with respect to the radius. Hence, B, (c¥(r*),r*) is the largest
DD-free member of the radial family. Lemma 7 also gives z € Z, (¢ (r*),r*).

We first show that, for p € [1,00), Z, (cg (r"), r*) contains a point distinct from z. Suppose, to the
contrary, that Z,, (¢¥ (r*), r*) = {z}. Forevery & > 0, we have ¢* (r*) + (¢ (r*) —z) /r* = c*(r* + ).
Thus, Lemma 6 implies that B, (c(r* + &),r* + &) is DD-free for all sufficiently small & > 0,
contradicting part (i). Thus, the contact set contains a point distinct from z.

We next prove the maximaility property in part (ii). Suppose that p € (1, 00). Let B=8 ,(C,7) be
any DD-free ¢,,-ball containing 8,(x, ). Applying Lemma 5 to 8, (¥, ro) and its contact point z
gives7>rgand ¢ =z + %(i —z) = ¢*(7). Thus, B belongs to the radial family (B, (c* (), r))jiro.
Since B is DD-free, part (i) gives 7 < r*, and Lemma 7 yields B C B, (c;‘(r*),r*). Therefore,
B, (c¥(r*),r*) is the largest, with respect to set inclusion, among all DD-free ¢,-balls containing
B,(x,r9). Consequently, It is the unique £,-ball-maximal DD-free ball containing 8, (X, o). This
proves (ii).

Finally, we prove the maximality property in part (iii). Suppose that p = 1. Applying Theorem 6
to Bi(c¥(r*),r*) implies the stated necessary and sufficient conditions for ¢;-ball-maximality.
Together with the conclusions established above, this proves (iii). O

When r* < 400, Theorem 7 identifies the largest DD-free member of the radial family. For
p € (1,00), this ball is also ¢,-ball-maximal. For p = 1, whether this ball is ¢;-ball-maximal can
be determined by examining the positions of the path-induced hyperrectangles that intersect the

boundary of the ball. We next characterize the case r* = +oco in Propositions 14 and 15. For
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p € (1, c0), we show that the entire radial family is contained in a DD-free halfspace that is maximal
among all DD-free sets. For p = 1, we identify a DD-free translated polyhedral cone containing the

radial family and characterize when this cone is maximal.

PROPOSITION 14. Consider the setting of Theorem 7. Suppose additionally that p € (1, ).

Let a = (sgn(u;)|u;|P71) ., ., where sgn(0) = 0. Define

i€[n]
H,={xeR":a"(x —z) >0}, (22)

and set

-
= max a (§—2).
H seSol(D) ( )

Then u >0, and the following statements hold.
(i) Foreveryr € [rg, ), B, (c%(r),r) CH,.
(ii) The following statements are equivalent: r* = +oo; u =0; and H,, is DD-free.

(iii) If the equivalent statements in part (ii) hold, then H,, is maximal among all DD-free sets.
Proof.  Since Sol(D) is nonempty and compact, the continuous function s — a ' (s — z) attains

its maximum over Sol(D). Moreover, since z € Sol(D), we have u > a ' (z —z) = 0. By construction,

|l|[, = 1. Since p € (1, 00), the £,-norm is differentiable at u # 0, and its gradient at u is

(Sgn(”i””i'p_l)ie[n]

el
In particular, @ u = ¥, luil? = ||u||1€ =1, and hence a # 0.
We first prove (i). Fix r € [ro, ) and let x € B,,(¢¥(r), r). Since r > 0, we have

a’(x—-z2) i a'(x—-z2)

b

1
-

1> % ||x —c’z‘(r)”p = Hu - J%Hp > |lull, -
where the first inequality is implied by the definition of the selected ball, the first equality is due to
the definition of ¢7 (r), and the second inequality follows from the first-order convexity inequality
for the £,-norm at u. Thus, a’(x —z) >0, and hence x € ‘H,,. Since r and x were arbitrary, part (i)
follows. Moreover, by Lemma 7, z lies on the boundary of every member of the radial family
(Bp (c®(r), r))jiro. Since z € bd(H),), the boundary hyperplane of H,, supports every member of
the radial family at z.

To prove the necessary and sufficient conditions in part (i1), suppose first that u = 0. Then

a’ (s —z) <0 for every s € Sol(D). Since a # 0, we have int(H,) ={x eR":a'(x —z) >0}. It
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follows that int(7,) N Sol(D) = @ and hence H,, is DD-free. The containment established above
then implies that every member of the radial family is DD-free. Theorem 7(i) therefore gives
r* =+oo.

To prove the reverse implication, we argue contrapositively. Suppose that u > 0. Choose a
maximizer s* € Sol(D) satisfyinga " (s* —z) = u. Since a™ (s* —z) = u > 0, we have s* € int(H,) N

Sol(D). Hence, H), is not DD-free. Using ¢ (r) =z + ru and |lul[, = 1, we have

tim (|ls* =40, ~7)

r—+o00
) st—z
= lim r( u- —||u||p)
r—+o00
p
u—t(st=2),-|lu
:lim” ( Mp = lleell
tl0 t
=-a'(s*-2)
=—-u<0,

where the second equality follows by setting # = 1/r, and the third follows from the differentiability
of the £,,-norm at u and its gradient a. Consequently, there exists r| > r( such that ||sJr —c¥(r) ||p <r
for every r > ry. Since s* € Sol(D), the £,-ball B, (c¥(r),r) is not DD-free for every r > r;. By
Theorem 7(i), it follows that 7* < +oo0.

The preceding arguments show that if ;£ = 0, then r* = +co0 and H), is DD-free, whereas if > 0,
then r* < +o0 and H), is not DD-free. Since u > 0, the three statements in part (ii) are equivalent,
proving (ii).

Finally, we prove (iii). Suppose that the equivalent statements in part (ii) hold. Then H), is a
full-dimensional DD-free halfspace, and its unique facet bd(7,) contains z € Sol(D) in its relative

interior. By Proposition 8, #, is maximal among all DD-free sets, proving (iii). O

PROPOSITION 15.  Consider the setting of Theorem 7. Suppose additionally that p = 1. Let
supp(u) :={i € [n] : u; # 0}, and define ® : R" — R by

Ow)= Y, sen(uwi= o il (23)
i€supp(u) i€[n]\supp(u)
Define
Cop={xeR":®d(x —2) >0}, (24)
and set

= max PD(s-—2).
H seSolz(D) ( Z)

Then u >0, and the following statements hold.
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(1) The set Co is a full-dimensional translated polyhedral cone.
(ii) For every r € [ro, ), B,(c*(r),r) € Co.
(iii) The following statements are equivalent: r* = +o0o; u =0, and Cop is DD-free.
(1v) If the equivalent statements in part (iii) hold, then Cq is maximal among all DD-free sets if

and only if every facet F of Co satisfies relint(F') N Sol(D) # 0.

Proof. Since Sol(D) is nonempty and compact, the continuous function s — ®(s — z) attains
its maximum over Sol(D). Moreover, since z € Sol(D), we have u > ®(z —z) =0.
We first prove (i). Using || = max{d,—d} for all 6 € R, (23) and (24) imply that x € Cp if and
only if
Z sgn(u;)(x; — i) — Z oi(xi—2z;) 20 (25)

iesupp(u) i€[n]\supp(u)
for every choice of signs 0; € {—1, 1}, fori € [n] \ supp(u). These inequalities define finitely many
closed halfspaces whose boundary hyperplanes pass through z. Thus, Cg is a translated polyhedral
cone. Moreover, since ||u||; = 1, we have ®(u) = ||u||; = 1. By continuity of ®, z + u € int(Cyp),
so Co is full-dimensional. Consequently, its interior is obtained by requiring all the defining
inequalities above to hold strictly, and hence int(Cgp) = {x € R" : ®(x — z) > 0}. This proves (i).
We next prove (ii). For every w € R”, (23) gives ®(w) > —||w||;, because sgn(u;)w; > —|w;| for

every i € supp(u). Furthermore, the definition of ® and ||u||; = 1 imply that ®(w +ru) = D(w) +r

for every w € R". Fix r € [rg, ) and let x € B;(c¥(r),r). Using c¥(r) = z + ru, we obtain
Dx-2) =@ (x—cl(r)+ru)=r+®(x —c¥(r)) >r—|x—ck(r), >0.

Hence, x € Cp. Since r and x were arbitrary, 5 (c? (r), r) C Co forevery r € [rg, 00). This proves (ii).

To prove the necessary and sufficient conditions in part (iii), suppose first that ¢ = 0. Then
®(s —z) <0 for every s € Sol(D), whereas every x € int(Cg) satisfies ®(x —z) > 0, as established
above. Hence, int(Cgp) NSol(D) = 0. By part (i), Co is convex. It follows that Ce is DD-free. The con-

(o)

tainment established above then implies that every member of the radial family (81 (cg (r),r) >r=r0
is DD-free. Theorem 7(i) therefore gives r* = +oco.

To prove the reverse implication, we argue contrapositively. Suppose that ¢ > 0 and choose a
maximizer s* € Sol(D) satisfying ®(s* —z) = u. Since ®(s* —z) = u >0, we have s* € int(Cp) N
Sol(D). Hence, Cg is not DD-free. For any fixed w € R” and each i € supp(u), the quantity ru; — w;

has the same sign as u; for all sufficiently large r. Hence, |w; — ru;| = r|u;| — sgn(u;)w; for all
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sufficiently large r. For each i € [n] \ supp(u), we have |w; —ru;| = |w;| for every r. Summing these

coordinatewise identities and using ||u||; = 1 yields

lw—rully—r=- Z sgn(u;)w; + Z lwil +rlully —r = -®(w),
iesupp(u) i€[n]\supp(u)
for all sufficiently large r. Taking w = s* —z and using ¢¥ (r) = z + ru, we obtain, for all sufficiently

large r,

|s* = ()|, - r=-®(s* —2) =—p <O0.

Consequently, there exists r| > ro such that s* € int(8B;(c%(r),r)) for every r > r;. Since s* €
Sol(D), these balls are not DD-free. Theorem 7(i) therefore implies that r* < +oco.

The preceding arguments show that if 4 = 0, then r* = +c0 and Cgp is DD-free, whereas if u > 0,
then r* < +o0 and Cp is not DD-free. Since u > 0, the three statements in part (iii) are equivalent,
proving (iii).

Finally, we prove (iv). Suppose that the equivalent statements in part (iii) hold. Then Cgp is DD-
free and, by part (i), is a full-dimensional polyhedron. (iv) therefore follows from Proposition 8.

O

We will show later in Proposition 17 that condition (ii) for verifying the DD-freeness of the
halfspace in Proposition 14 and condition (iii) for verifying the DD-freeness of the polyhedral cone
in Proposition 15 can both be checked in time linear in the size of the underlying IDD. Furthermore,
the maximality condition (iv) for the polyhedral cone in Proposition 15 can be checked using an
approach analogous to that of Proposition 10 by identifying the relevant contact points through an
induced subgraph of the IDD.

It follows from Theorem 7 that, when r* < +oo, the largest DD-free £,,-ball in a radial family,
which could also be £,,-ball-maximal depending on p, can be identified by determining r*. Our goal
is therefore to design an algorithm for finding this value. To this end, it is natural to first determine
arange containing r* by deriving lower and upper bounds that can guide the search. A simple lower

bound is given by r(, while Proposition 16 provides an explicit upper bound on r*.
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PROPOSITION 16.  Consider the setting of Theorem 7. Let ji := MaXgesoi(p) @' (§ —2) if p €
(1,00), and let i = maxsesoi(p) P(s —2) if p =1, where a and ® are defined in Propositions 14

and 15, respectively. Suppose that u > 0, and fix any s* € Sol(D) attaining the maximum p. Define

sgn(u;) (st —z;
(max g(l)(l l)_/-l) ’ p:1,
iesupp(u) |u,~| 2 +
_ 1/(p-1)
22 Pllst — p
e (220 2l 1<ps2 (26)
PH
(p=Dlls* —zll;
L 2<p<co.
2u

Then r* < r'® < +co.

Proof. Letv :=s*—z.Since c¢¥(r) =z+ru, wehave ||s* —c¥(r)|l, = ||ru —v||,. We first show
that ||ru —v||, <r for every r > r'°. Due to their structural differences, we consider separately the
casesp=1,1<p<2,and p > 2.

Suppose first that p = 1. For each i € supp(u), let 7; := sgn(u;)v;/|u;|. Then,

lrw=vili=r=">" Jrur=vil+ > |vil-r
iesupp(u) i€[n]\supp(u)
= > lwlr=gl+ > |wil-r
iesupp(u) ie[n]\supp(u)
= Z |ui| (r =7+ 2(7i = 7)4) + Z vil —r
iesupp(u) i€[n]\supp(u)
=r| D0 lwl=1|= D lwilm+ > wil+2 Y fuil(ri—r).
iesupp(u) iesupp(u) ie[n]\supp(u) iesupp(u)
== > sen@uvi+ Y wil+2 > luil(zi—r)s
iesupp(u) i€[n]\supp(u) iesupp(n)
=0 +2 Y |uil(zi—1)s
iesupp(u)
=2 ) luil(ni=r)s.
iesupp(u)

In the above equations, the first equality follows from u; = 0 for every i € [n] \ supp(u). For
the second equality, since i € supp(u), the definition of 7; gives v; = u;7;, and hence |ru; — v;| =
|u;||r — 7;|. The third equality follows from the identity |6| = 6 +2(—0), for § € R. The fifth equality

is due to the facts that Xcqupp) [uil = llulli =1 and |u;|7; = sgn(u;)v; for every i € supp(u).
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Finally, the sixth equality follows from the definition of @, and the last equality follows from

®(v) = O(s* —z) = u. For every r > r'® and i € supp(u), the definition of 7*° and the inequality

ub

(6)+ 26 give r > r'" > maXequpp(u) 7j — #/2 = 7; — /2. Thus, 7; —r < /2. Since u > 0, it follows

that (7; —r)+ < u/2 for every i € supp(u). Consequently,

Iru=vli=r=-p+2 3" lul(mi-r<-p+2 Y lul4=o0.

iesupp(u) iesupp(u)

Hence, ||ru —v||; <r for every r > r'®, which proves the desired inequality for p = 1.
Now suppose that 1 < p <2, so that p — 1 € (0,1]. Let ¢ : R —» R be defined by ¢(9) :=
sgn(6)|6]P~L. If 6,6, > 0, assume without loss of generality that |5;| > |65|. By the definition of ¢

and the subadditivity of # — t”~! on R,
16(51) = ¢ (62)| = 61|77 = 1621771 < (|61] = |62])P 7 =161 — 62|77
If 610, <0, then, by the definition of ¢ and the concavity of ¢ — t»~TonR,,
T 1 e A Lo o
[p(61) —p(02)[ =161 + 16277 <2 — =2"P|5; =677,

Since 2277 > 1, the two cases imply |¢(51) — ¢(52)| < 277|861 — 8|7~ for all 61,5, € R. For each

i € [n], the fundamental theorem of calculus gives

1
V;|P Vi Vi
‘”i__ =|Mi|p—P—/ ¢(Mi—l<—) dx
r r Jo r
1
Vi
=lil? = po(u) =yt | 6w ) Ou)| dx
<|”l|p_p¢(”z)_+p‘ ‘/ ‘(ﬁ ul_K (p(ul)‘dk
S|”i|p_p¢(ui)2+l722_p E‘ / kP! dk
r r 0

Vi i |P
= luil” = p () 2 +227 |

In the above equations, the first equality follows from % |6]7 = p¢p(0) for 6 € R and the chain rule,
and the second equality is obtained by adding and subtracting ¢(u;) inside the integral. The first

inequality follows by taking absolute values and applying the triangle inequality to the integral. For
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the second inequality, we apply |¢(51) — ¢(52)| <227P|61 — 82|P~! with 1 = u; — kv;/r and 8, = u;

for every « € [0, 1]. For every r > r*®

N T

l€l’l

< D lul” =23 gy, N Z vil?

i€[n] i€[n]

__pn 20
r rP

<1—%+M:1.
r r

, summing over i € [n] gives

In the above equations, the second equality uses ||u|, = L and ;e ¢ (u;)vi = a"v = u.Forthe strict
inequality, since p — 1 > 0, the definition of 7*® and r > r*® imply r7~! > (r'®)P~1 =2277||y ||§ /(pu),
and hence 22_p||v||’;/rp < pu/r. Therefore, |[ru —v||, <r for every r > r'°, which proves the
desired inequality for 1 < p <2.

Finally, suppose that 2 < p < co. Let F : R" — R be defined by F(w) := %||w||§. The function F
is continuously differentiable on R"” and twice continuously differentiable on R” \ {0}. For every
w € R"\ {0}, direct differentiation gives VF(w) = ||w||f,_p (|w,~|1"2w,-)l.e[n]. Moreover, for every

heR",

hTV2F(w)h=(p - 1wl pr = (p= 2wl [ ] Iwil? th

i€[n]
2— _
<(p-Dlwl;™ Z wil "1

p=2 2
p p

2—
<(p=DIwlp [ D wi? | | D 1l
i€[n]

i€[n]

= (p—DlAIL.

where the first inequality follows by dropping the nonpositive second term, and the second inequality
follows from Holder’s inequality with conjugate exponents p/(p — 2) and p/2. For arbitrary

wi,wy € R", suppose first that the line segment joining them does not contain the origin. A first-
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order Taylor expansion with integral remainder gives

F(w1)=F(w2) +VF(w2) (Wi —w2)
1
+A (1 —K)(wl —WQ)TVZF(WZ +K(W1 —Wz))(wl —W2) dk

<SF(w)+VF(wp) (w1 —w))
1
+(p—1>||wl—wz||§,/o (1) d

-1
= F(w2)+ VF(w2) (w1 = w2) + F— i = wall}.

where the inequality follows by applying hTV>F(w)h < (p — 1)||h||f7 with h = w; — wy and
w=wy+k(w;—wy) forevery « € [0, 1]. Suppose next that the segment contains the origin. Choose

ko € [0, 1] such that wy + kg(w; —w3) = 0. Then,
F(w1) = F(w2) = VF(w2)" (w1 —w2)
= F((1—ko) (w1 —w2)) — F(~ko(w1 —w2)) = VF(=ko(w1 —w2)) " (w1 —w2)
= (1—k0)*F (w1 —w2) — kGF (W1 —w2) + 2koF (W1 — w2)
=F(wi—w»)
1
= §||W1 —wall;
p—1
<Pl - wall?.
In the above equations, the first equality follows from w| = (1 — kg)(w; —w») and wy = —ko(W| —
w»). The first two terms of the second equality are due to the fact that F(w) = 6°F(w) for every
6 € Rand w € R”. For the third term, differentiating F (§w) = §2F (w) with respect to § and applying
the chain rule gives VF(éw)™w = 26F(w). Setting § = —ko and w = w; — w, therefore yields

~VF(w;y)"(wi —wy) =2koF (w1 — w»). The last inequality follows from p > 2. Thus, in either

case,
T p-1 2
F(wy) < F(w2) +VE(w2) " (w1 =w2) + ——|lwi—wall}.
For every r > r' we have
2
b2 2o )
rlip r

2 p—1
<2F(u) - ;VF(u)Tv + r—2||v||§,

2u (p=DIVI
:1——+—

r r2

2 2
<1-HL Ky

r r
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In the above equations, the first inequality follows by applying F(w{) < F(w,) + VF(w3) T (w; —
wo)+ pT_lllwl —wz||§ withw| =u —v/randw;, = u. The second equality uses F(u) =1/2,VF(u) =
a, and a"v = u. For the strict inequality, the definition of 7'® and r > r*® imply (p — 1) ||v||§,/ r? <
2u/r. Therefore, ||ru —v||, <r for every r > ', which proves the desired inequality for 2 < p < .

Combining the three cases, we have ||s™ —c¥(r)||, = |lru — v||, <r for every r > r'®. We now
prove r* < r". Suppose, to the contrary, that »* > r'°. Since r* > r*® and r* > r(, there exists a
finite 7 € [rg, 00) such that 7*° < 7 < r*. By Theorem 7(i), B, (c(F),7) is DD-free, whereas ||s* —
c*(7)|l, < 7 implies that s* € int(8B,(c*(F),7)). This contradicts the DD-free property because
s* € Sol(D). Therefore, r* <r'® < +c0. O

Next, we present an IDD-based procedure, outlined in Algorithm 4, that determines whether the
radial expansion threshold is infinite and, when it is finite, computes lower and upper bounds whose
gap is within a prescribed tolerance.

To specify the radial family used by the procedure, we recover a contact point z € Z, (X, o) from
the initial distance computation, as described in Proposition 10. The notation introduced above is
then applied to the radial family (B, (c¥(r),r) ):;0 induced by this choice of z.

For p € (1,), let a be as defined in Proposition 14; for p =1, let ® be as defined in Propo-
sition 15. In either case, let u denote the corresponding maximum value computed in those

propositions. For each i € [n] and a € 2;, define the arc weight

max {a;(1(a) | -z),a:(1(a) T-z)}, p>1,
w'(a) = {max {sgn(u;) (1(a) | -z;),sgn(u;) (1(a) T-z)}, p=1, i€supp(u), 27
-£(a3z), p =1, i¢supp(u),

where £(a;z) is computed according to (4). In (27), each weight is the maximum, over the cor-
responding arc label, of the coordinate contribution to the objective defining u. A corresponding
maximizer can be chosen at an endpoint of the arc label, except when p = 1 and i ¢ supp(u), in
which case it is the projection of z; onto the arc label.

Using these weights, Algorithm 4 computes a longest r—t path and sets u equal to its total weight.
If 1 =0, the algorithm returns Cp when p = 1 and H,, when p € (1, 00). If u > 0, it constructs s* by
selecting a maximizing coordinate value along each arc of the longest path and computes r"® from
Proposition 16. The resulting upper bound initializes a bisection search for r*. At each trial radius

r, the distance d,(¢?(r), Sol(D)) is computed by the forward pass in Algorithm 2.
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Algorithm 4 Radial £,-ball expansion

Require: an IDD D = (U, A, 1(+)) with Sol(D) # 0; a point X ¢ Sol(D); a norm order p € [1,00); a

tolerance £ > 0

Ensure: a DD-free set C containing C, (¥); if the radial expansion threshold r* associated with the

12:

13:

14:

15:

16:

17:

18:

19:

20:

21:

22:

23:

24

25:

26:

27:

recovered contact point is finite, also an interval [r,7] satisfying ro <r <r*<randr -r <g,

with C = B, (¢ (r),7)

: compute o < d,(¥,Sol(D)) by the forward pass in Algorithm 2, retaining predecessor infor-

mation to recover a shortest r—t path g°

obtain z by projecting ¥ coordinatewise onto S, and set u « (¥ —z) /7o

: compute a longest r—t path g* = (af,...,a,) with arc weights defined by (27)

M= Ve W (&)

. if 4 =0 then

if p =1 then

return Cp as defined in (24)
else

return H,, as defined in (22)
end if

. end if

foric [n] do
choose 57" € 1(a;") whose coordinate contribution to the objective defining u equals w* (a;")
end for
st (87,008,
compute r'® from (26)
rro; 7 r'®
while 7 —r > e do
re(r+7)/2
compute d, < d,(c*(r),Sol(D)) by the forward pass in Algorithm 2
if d, =r then
rer
else
rer
end if
end while

return (B, (c*(r),r), [r,7])
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We next establish the correctness and running-time complexity of Algorithm 4. Theorem 8 shows
that the algorithm returns a DD-free set containing C,(x). If r* < +oo, the algorithm returns the
DD-free ¢,-ball B,(c*(r),r) satisfying 0 < r* —r < &, so that its radius is within & of that of
the largest DD-free member of the radial family <B (e (r), r))jozro, characterized in Theorem 7.

Proposition 17 gives the corresponding running-time bound.

THEOREM 8. Consider the setting of Theorem 7. Let 7 be the contact point computed in line 2
of Algorithm 4, and let u be the value calculated in line 4. Fix € > 0. Then Algorithm 4 terminates
and returns a DD-free set C containing C,(X). Moreover, the following statements hold.

(1) If u =0, then r* = +oo, and the algorithm returns C= Co when p =1 and C = H,, when
p € (1,00).
(i) If u >0, then r* < +oo, and the algorithm returns C= B, (c¥(r),r) together with an interval

[r,7] satisfying ro <r <r*<randv —r < e&. In particular, 0 <r* —r < ¢.

Proof. By Theorem 2, the initial forward pass computes ro = d, (X, Sol(D)). Since ¥ ¢ Sol(D),
we have rop > 0. By Proposition 10, the recovery of a shortest path followed by coordinatewise
projection in lines 1-2 yields z € Z, (¥, o). Thus, ||X —z||, =7 and [[u]|, = 1. Then, (20) implies
that ¢*(ro) =%, and hence B, (c¥(ro),ro) = Cp(%).

We next verify the computation of u. Consider an r—t path g = (ay,...,a,). By (27), each
wt(a;) is the maximum coordinate contribution to the objective defining p over 1(a;). Since
Sq = [lie[ny 1(a;), the sum 3¢, w*(a;) is the maximum of a (s — z) over Sq when p > 1, and
of ®(s —z) over Sq when p = 1. Taking the maximum over all r—t paths and using Sol(D) =
Ugep(t) Sq shows that the maximum total path weight is exactly u. In particular, u > 0, because
z € Sol(D) gives objective value zero. Propositions 14 and 15 imply that ¢ = 0 if and only if
r* = +oco.

Suppose first that 4 = 0. Algorithm 4 then returns Cp when p =1 and H, when p € (1, ),
which, by Propositions 15 and 14, respectively, are DD-free and contain every member of the radial
family (B, (c*(r),r) >::r0. It therefore contains B, (c¥(r¢),r9) = C,(%). The algorithm terminates
before entering the bisection loop, which proves (i).

Now suppose that ¢ > 0. The coordinatewise maximizers selected along the longest path g* form
apoints* € S;+ C Sol(D) that attains . It follows from Theorem 7 that ro < r*, while Proposition 16

ub

gives r* <r" < +oo. Thus, at initialization, ro <r <r* <r. We next show that this inequality chain

is preserved by each bisection update in lines 22 and 24.
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Let » = (r + 7)/2 be the trial radius. By Theorem 2, the forward pass computes d, =
d,(c(r),Sol(D)) exactly. Since z € Sol(D) and ||c¥(r) — z||, =, we have d, < r. By Definition 3,
the €,-ball B,(c%(r),r) is DD-free if and only if d, > r, and therefore if and only if d, = r. Theo-
rem 7(i) then implies that this equality holds if and only if » < r*. Consequently, replacing r with r
when d, = r preserves the inequality chain. Otherwise, d, < r and r > r*, so replacing 7 with r also
preserves it.

Each iteration halves the interval length. Since the initial length r'® — r( is finite and & > 0,
the loop terminates with 7 — r < &. The maintained inequality chain then gives 0 <r* —r <7 —
r < &. Theorem 7(i) shows that the returned ¢,-ball is DD-free, and Lemma 7 gives C,(X) =

B, (c*(ro),r0) € Bp(c(r),r). This proves (ii) and completes the proof. O

PROPOSITION 17. Consider the setting of Theorem 8. If u = 0, then Algorithm 4 can be
implemented in O(|A|) time. >0, let N := |log, (max{1, (r'"° —rg)/e})|. Then the algorithm
mpl d in O(|Al) time. If 1> 0, let N = [log, (max{1, ("** —ro)/&})|. Then the algorith

performs exactly Ny bisection iterations and can be implemented in O (|2|(1 + N)) time.

Proof. 1Tt follows from Proposition 5 that the initial distance computation in line 1 can be
performed in O(|2|) time. The projection step in line 2 can be done in O(n). In line 3, the arc
weights in (27) can be computed in O(|2|) time. Because the IDD is layered and acyclic, a longest
r—t path can be computed in O(|U| + |2|) time. Both path computations can retain predecessor
information without changing these bounds, and all associated vector operations require O (n) time.
By (2), |U| £2|a] and n < |A|. Thus, all work through the computation of y in line 4 requires O (|A])
time. By Propositions 14 and 15, u = 0 if and only if r* = +co0.

Suppose first that i = 0, equivalently, 7 = +oco. Then Algorithm 4 terminates before entering the
bisection loop, and the total running time is O(|A]).

Now suppose that u > 0, equivalently, 7* < +co. Constructing s*, computing ", and initializing

ub

the bisection interval in lines 12—17 require O(n) time. The initial interval length is r"*° — r, and

after k bisection iterations it is (' — r()/2*. Consequently, the loop in lines 18-26 performs

exactly N, iterations, including no iteration when pub

— ro < &. Each bisection iteration requires a
single distance computation in line 20, which takes O(|2|) time by Proposition 5. The remaining
operations require Q(n) time, so n < |A| implies that each iteration can be executed in O(|2|) time.
Therefore, the total running time is O (|&|(1+N;)). O

When u > 0, the maximality conditions in Theorems 5 and 6 provide a sufficient criterion for
early termination of the bisection search in Algorithm 4. The following corollary establishes that

the corresponding maximality test can be performed directly on the IDD in O(|2]) time.
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COROLLARY 7. Consider the setting of Proposition 17 with u > 0. For anyr € [ro, r*|, whether
B,(c¥(r),r) is {,-ball-maximal can be determined in O(|A|) time. If this ball is {,-ball-maximal,

thenr =r*.

Proof.  Since r < r*, Theorem 7(i) implies that 8,(c%(r),r) is DD-free. By Lemma 7, z is a
contact point of this ball, and hence d,,(c% (r),Sol(D)) = r. By Proposition 10, we can construct
a subgraph DY consisting of all arcs lying on r—t paths whose induced hyperrectangles contain a
contact point of this ball.

For p € (1, 00), each retained path determines a unique contact point through the coordinatewise
projection of ¢ (r) onto its path-induced hyperrectangle, and every contact point arises in this way.
Since z is a contact point and each shortest-path hyperrectangle is at distance r from ¢ (r), this
projection differs from z if and only if the hyperrectangle does not contain z. Thus, by Theorem 5,
the ball is £,-ball-maximal if and only if there exist i € [n] and a retained arc a € A; such that
zi¢1(a).

For p =1, the retained paths are precisely the active paths in P* in Theorem 6. Hence, the
coordinate bounds in (19) can be evaluated by taking the minimum lower endpoint and maximum
upper endpoint of the retained arc labels in each layer. Checking the corresponding strict inequalities
for the coordinates of ¢ (r) therefore determines whether the ball is £1-ball-maximal.

By Proposition 10, the subgraph D? can be constructed in O(|A|) time. In either case, the above
checks require O (|| + n) time, because each retained arc and each coordinate is processed at most
a constant number of times. Since n < |A| by (2), the maximality check requires O(|A|) time.

Finally, suppose that the ball is £,,-ball-maximal. If » < 7*, then Lemma 7 and Theorem 7(i) imply
that a strictly larger DD-free ball exists in the same radial family, contradicting £, -ball-maximality.
Since r < r* by assumption, we conclude that r =r*. O

While Corollary 7 provides a sufficient condition for a lower bound r to equal r*, thereby enabling
early termination, one can also use the upper bound 7 to obtain an alternative early-termination
criterion. The idea is to compute a nearest point in Sol(D) to ¢¥ (7) and then determine the radius
at which the corresponding center is equidistant from this point and the initial contact point z.
The following proposition shows that the radius obtained from this equidistance condition yields a
tighter upper bound on r* and coincides with r* if and only if the selected nearest point is also a

contact point of the radial ball at radius r*.
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PROPOSITION 18. Consider the setting of Theorem 7 with r* < +oo. Fix a finite upper bound

7 > ", and let 7 be any nearest point in Sol(D) to ¢} () under the {,-norm. Then, the equation
lez () 2], =~ (28)

has a unique solution r € [r*,7). Moreover, ¥ = r* if and only if 7 € Z,(c%(r*),r*). In particular,

when p =2,
IZ-zll3
2uT(z-z2)

Proof. Forr € [rg, o), define F(r) :=||c; (r) —zl||, —r. Since ¢} (r) = z + ru, the function F is

7=

(29)

continuous and convex. Moreover, for any ro <r <r’,

F(r')=F(r) <[t () =z (D], = " =r) = (" =r)(llull, ~ 1) =0,

where the inequality follows from the triangle inequality, and the last equality holds because
|l|[, = 1. Thus, F is nonincreasing.

It follows from Theorem 7(i) that B, (c¥(r*),r*) is DD-free, while the member of the radial
family with radius 7 > r* is not. Since z € Sol(D), the DD-free property yields ||c¥ (r*) —z|[, > 77,
and hence F(r*) > 0. On the other hand, because 7 is a nearest point in Sol(D) to ¢ (7), we have
F(r) = d,(c*(7),Sol(D)) — 7 < 0. By continuity, F has a zero 7 € [r*,7). To prove uniqueness,
suppose that F(61) = F(5,) = 0 for some ro < §; < §,. Because F is nonincreasing and F(7) <0, we
must have 6, < 7. Since 61 < 9, <7, we can write 6 = (1—2)0; + A7, where 1 := (6,—-61)/(r—96,) €
(0,1). By convexity, F(d2) < (1 —-A)F(8;) + AF(r) = AF(r) <0, contradicting F(6;) = 0. Thus,
(28) has the unique solution 7. It follows from the definition of the contact set thatz € Z,(c¥ (r*),r")
if and only if F(r*) = 0. Since 7 is the unique zero of F, this is equivalent to 7 = r*.

Finally, suppose that p = 2. Since F(r) <0, we have z # z. Squaring (28) at r =7 and using
llull, =1 gives 2ru" (z - z) = ||z — z|l3 > 0. Since 7 > r( > 0, we obtain 2u " (z - z) > 0. Rearranging
yields (29). O

To apply Proposition 18, consider a current upper bound 7 > r*. The distance d, (c¥(7), Sol(D))
can be computed through Algorithm 2. If this distance equals 7, then 7 = r*. Otherwise, by Propo-
sition 4, a nearest point z can be recovered by projecting the center coordinatewise onto the
hyperrectangle induced by a shortest r—t path of the weighted D. For p # 2, (28) can be solved
numerically using a univariate root-finding method. After solving (28) for 7, another distance com-

putation at ¢y (7) determines whether 7 = r*. If the distance equals 7, then the threshold is attained;
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X2 X2

X1 X1
==+ Initial ball =—— Expanded ball
FiGUurRe 5. DD-free £),-balls obtained by radial expansion, illustrated at r = r* for p = 2 (left) and p =1 (right). The solid curve
labeled A depicts the nonlinear boundary of G, with the feasible region lying on the side containing the origin. The shaded region
represents Sol(D4). In each panel, the dashed boundary encloses the initial ball Cp (x), whereas the thick solid boundary encloses

the expanded ball B, (c*,r*), where ¢* = c¥ (r*). The gray arrow indicates the direction of center movement, the cross marks c*,

and the two filled dots mark contact points with Sol(D%).

otherwise, r can be updated to 7. Thus, this approach provides an alternative to the bisection search
and can, in certain cases, recover r* exactly.

To illustrate the radial expansion procedure, we return to the example in Section 3.4, focusing
on constraint A with the same IDD relaxation D# and point &. Figure 5 shows the radial expansion
of the initial DD-free £,,-ball C,(x) considered in Algorithm 4. In each panel, the expanded ball is

the largest DD-free member of the corresponding radial family, attained at r = r*.

5.3.3. Intersection Cuts from Expanded Balls We now return to the corner relaxation
setting of Section 4.3. Let X € $ \ Sol(D) be a basic feasible solution of £, and fix an associated
corner relaxation P’ = X +cone{v/ : j € R}. Recall that R indexes the extreme rays of #’, and every
x € P’ admits a unique representation x =X + >’ ;cp 4; (x)v/, where 4;(x) >0 for all j € R.

Fix p € [1,00) and & > 0, and let 5 denote the set returned by Algorithm 4 at ¥ with norm order
p and tolerance &. Write r( := d,,(x,Sol(D)) > 0, and let z and u be the contact point and radial

direction computed by the algorithm, so that ¥ = z + rou and |u||, = 1.
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Suppose first that r* < +c0. In this case, the algorithm returns C= 8, (c? (r), 5), where r € [rg,r*]
is the radius lower bound returned by Algorithm 4. The following proposition characterizes the

gauge of C — ¥ in this case and gives an explicit expression when p = 2.

PROPOSITION 19. Consider the setting of Theorem 8, and suppose that r* < +co. For every

w € R", we have yz_.(w) =7,(w), where 7,(w) is the unique nonnegative scalar satisfying

[ =7, (W) (2 = ro)ul, = 7, (w)r. (30)

Moreover, 0 < 1,(w) < |lwl|,/ro, with T,(w) >0 whenever w # 0. In particular, when p =2,

=) @Tw)2 4 702 = ro) Wl = (2= ro)uTw

R = ro2r—ro) | Gh

Proof.  Since ¢%(r) =z + ru by (20) and X = z + rou, we have C-x= B, ((r —ro)u,r). Fix

w e R", and, for ¢ > 0, define
Fp(w,t) = |lw—t(r—roull, —1tr.

For every ¢ > 0, the definition of C — % implies that #(C — ¥) = B, (t(r — ro)u,tr). Therefore,
we t(CA—f) if and only if ||w —¢(r —ro)ul|, < tr, which is equivalent to F,(w,) <0.

The function t — F,(w,) is continuous. For #' >t > 0, we have

Fy(w,t')=Fy(w,t)=|w- t’([—ro)qu —|w—t(r- ro)u”I7 (' -0r
<[ =0 ~ro)ul|, - '~ 0)r
=("=0)(r—ro) - (" -0r

=—ro(t'—1) <O0.

In the above equations, the inequality follows from the triangle inequality, while the second equality
uses r > ro and |lu|[, = 1. The strict inequality follows from ro >0 and ¢ > ¢. Thus, F,(w,-) is

strictly decreasing on [0, c0).
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If w #0, then F),(w,0) = ||w]||, > 0. Moreover, for every ¢ >0,

Fy,(w,t)= ||w —t(r— ro)u”[7 —tr
<wllp + e = royul|, ~1r

=[lwllp = rot,

where the inequality follows from the triangle inequality, and the last equality uses r > ro and
|l||, = 1. Consequently, F,(w,||w||,/ro) <0. By continuity, F,(w,-) has a root in (0, [|w||,/ro],
and strict monotonicity implies that this root is unique. If w = 0, then F, (0, 7) = —rot, whose unique
nonnegative root is ¢ = 0. In either case, denote the unique root by 7, (w).

Since t — F,(w,1) is strictly decreasing with unique root 7,(w), we have F,(w,t) <0 if and
only if # > 7,(w). Together with the equivalence established above between F,(w,t) <0 and
we t(é—f), this implies that w € t(é— x) if and only if > 7, (w) for every ¢ > 0. Hence, by the
definition of the gauge, y5_.(w) =7, (w).

It remains to derive the closed-form expression (31) for p = 2. Squaring (30) and using |||, = 1

shows that 7, (w) satisfies
ro(2r —ro) T2 (w)* + 2(r —ro) (u w) T2 (w) — [|w|3 = 0.

Solving this quadratic equation for its nonnegative root gives (31). O

The following corollary gives the intersection cuts obtained from the sets returned by Algorithm 4.

COROLLARY 8. LetC be the set returned by Algorithm 4 at X with norm order p and tolerance
. Then the intersection cut obtained from Con P is given as follows.
(1) Ifr* < +oo, the intersection cut is
>N 2 1, (32)
JER
where T, is defined in Proposition 19.
(i) If r* =+o0 and p € (1,), then C= H,, where H, is the halfspace defined in (22), namely,
H,={xeR":a"(x-2) >0}, with a; = sgn(u;)|u;|P~" for i € [n]. The corresponding inter-

section cut is

Zﬂa,-(x) > 1. (33)

r
JER 0
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(iii) Ifr* =+ocoand p =1, then C = Co, where Co is the set defined in (24), namely, Cp = {x e R":
@D (x —z) =0}, with ® defined in (23). The corresponding intersection cut is
Z wﬁj(x) > 1. (34)
jek 10
In each case, the inequality cuts off ¥ and is valid for N Sol(D) and hence for P N G.

Proof.  Since ¥ ¢ Sol(D), the initial DD-free ball C,, (X) contains X in its interior. By Theorem 8,
C is DD-free and contains C,(x). Hence, x € int(é ). We next identify the gauge of C — & in each
case.

Suppose first that r* < +oco. By Proposition 19, y5_.(w) = 7,(w) for every w € R".

Suppose next that r* = +oco and p € (1, 0), so that C= H, ={x eR":a"(x —z) > 0}. Since
¥=z+rouanda'u=1,wehave H,-%¥ ={y €eR":a'y > —ro}. Thus, for every w e R" and ¢ > 0,
w € t(H, —x) if and only if —a™w <1ry. By the definition of the gauge, taking the infimum over
such ¢ > 0 yields yg, (W) = (=a"w)4/ro.

Finally, suppose that r* = +co and p = 1, so that C= Co ={x e R": ®(x —z) > 0}. By the
definition of @ in (23), ®(y + rou) = ®(y) + ro for every y € R". Together with ¥ = z + rou,
we have Cp — X = {y € R" : ®(y) > —ro}. For every w € R" and ¢ > 0, it follows from (23) that
®D(w/t) =D(w)/t. Thus, w € t(Cop — X) if and only if ®(w/t) > —ry, or equivalently, —D(w) < try.
It follows from the definition of the gauge that, taking the infimum over such 7 > 0 gives yc,—z (W) =
(=@(w))+/ro.

Substituting these gauge representations into (9) yields the stated cuts. By the validity argument
in Section 4.3, each inequality is valid for N Sol(D) and hence for N G. Finally, 4;(x) = 0 for
every j € R, so x violates each of the corresponding inequalities. O

When r* < +co, Proposition 19 shows that, for each j € R, the coefficient Tp(Vj) is the unique
solution of (30) in (0, ||v/|| »/ro] and can be computed to any prescribed accuracy by bisection. As
a result, after any number of bisection iterations, the updated upper bound can be used in place of
T, (v/) in (32) to obtain a valid intersection cut.

The inclusion C, (x) C C yields the following comparison with the initial £,,-ball intersection cut

on the same corner relaxation.

COROLLARY 9. Fix p € [1,00), and let ro := d,(¥,Sol(D)). Let C be the set returned by
Algorithm 4 at X with norm order p and any tolerance & > 0. Then, for every j € R, y5_; (v/) <
v/ ||,/ro. Consequently, the corresponding cut in (32), (33), or (34) is at least as strong on the

corner relaxation P’ as the {,-ball intersection cut in (10).
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Proof. By Theorem 8, 8,(¥,rg) = C,(¥) C C. Translating both sets by —x and using gauge
monotonicity under set inclusion gives y5_; (v/) < Y8, (o,ro)(vj ) = v/ ||,/ro for every j € R. Since
Aj(x) >0 for every j € R and x € P’, every point of P’ satisfying the corresponding intersection
cut also satisfies the initial £,-ball cut. O

We now return to the cut closures defined in (7) and reinstate the constraint index. Fix a norm
order p € [1,00). For each k € K, fix any tolerance &; > 0. For x ¢ Sol(D), let lea“ (x) denote any
fixed output set returned by Algorithm 4 applied to D¥ at x with norm order p and tolerance &y.

For x € Sol(D), set Cé‘au(x) =0.

COROLLARY 10. Forevery k € K, the mapping Cé‘au() defined above is a DD-free-set oracle
for DX, and the resulting family {leall(-) }rek satisfies the local covering condition (8). Consequently,
if {P; }rew denotes the cut closures in (7) induced by this oracle family, then

P N ﬂ Sol(Dk)) .

keK

P = conv

Proof. Fix k € K and x ¢ Sol(D¥). By Proposition 3, le (x) is DD-free and contains x in
its interior. Applying Theorem 8 shows that lean(x) is DD-free and contains Cl’,c (x). Therefore,
X e int(()é‘all (x)). Together with the definition on Sol(D¥), this proves that lean(-) is a DD-free-set
oracle for D

Moreover, Cl',‘ (x) C Cti(all (x) for every k € K and x € R". Corollary 1 therefore applies with the

fixed p, yielding the local covering condition and the stated cut-closure equality. O

6. Computational Results In this section, we evaluate an IDD-based outer-approximation
procedure augmented with the proposed intersection cuts on 13 benchmark instances from
MINLPLIib [36]. These instances are selected from ‘open’ problem classes, for which the dual
bounds reported by modern solvers and the best-known primal bounds still exhibit notable gaps.
Their computational difficulty makes them well suited for evaluating the effectiveness of the pro-
posed framework relative to existing solvers. We compare the resulting dual bounds with those
obtained by Gurobi 13.0 and SCIP 10.1.0 at the root node. All experiments were performed on
a machine equipped with a 2.40 GHz Intel Core Ultra 7 processor and 64 GB of RAM, running
Windows 11 Education (64-bit). The implementation uses Julia v1.10.11 via JuMP v1.11.1 [24].

6.1. Implementation Settings Each MINLPLIib instance is reformulated to fit the problem
form described in (1), with each equality constraint replaced by two inequalities. For variables

without explicit bounds, we derive valid finite bounds from the model constraints.
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IDD construction. We construct an IDD relaxation for each nonlinear constraint using Algo-
rithm 1. We use uniform subdomain partitions with partition parameter m. For each continuous
variable x;, i € J, we divide O; into m equal-length subintervals. For each integer variable x;,i € I,
we divide D; into m; = min{m, | D;|} subdomains of consecutive integers whose cardinalities differ
by at most one. The default settings are m = 50 and an IDD width limit of w = 10000. For the four
instances with the eg_ prefix, whose nonlinear constraints involve products of exponential terms,
we use m =5 and w = 50. We use the merging policy in [19, Algorithm 5]. Whenever a node layer
exceeds this limit, the range of its state values is divided into w sub-ranges of equal length, and
nodes assigned to the same sub-range are merged. The look-ahead states are computed using the

monotonicity-based bounding rules described in [19, Section 3.4].

Cutting-plane procedure. We incorporate the proposed intersection cuts into an LP-based
outer-approximation procedure, denoted by DD-IC. The procedure also uses the IDD cuts described
in Section 3.3. The initial LP relaxation consists of the variable bounds and all linear constraints of
the reformulated instance. At each iteration, we solve the current LP relaxation to obtain an optimal
basic feasible solution, add cuts generated from the individual IDDs, and reoptimize the LP. To
generate intersection cuts, we first compute a DD-free {-ball using Algorithm 2 with p = co and
then apply Algorithm 3 to expand this initial box, processing variables in increasing index order.
The intersection cuts are generated from the resulting box-maximal DD-free sets using (16). To
generate IDD cuts, we use the subgradient-type separation method in [19, Algorithm 6], with a
constant step size of 1, the origin as the starting point, and a limit of 20 iterations per separation
call. The outer-approximation procedure terminates when no additional cuts are generated or when

the LP relaxation bound improves by no more than 0.01% over the last 20 LP solves.

Solver configurations. To strengthen the dual bounds at the root node, we set Gurobi’s
Cut s parameter to 3 and use SCIP’s aggressive separation setting, enabling both solvers to employ
their full arsenal of cutting-plane tools and techniques to improve the root-node dual bound. To
ensure a fair comparison, for each instance, we set the time limit for both solvers equal to the total
running time of DD-IC. Both solvers are set to process the root node of the B&B tree. All other

solver parameters are left at their default values.

6.2. Results Table 1 summarizes the nonlinear structures and computational results for the 13
MINLPLIib instances. The column “Primal” reports the best-known primal bounds from MINLPLib,

with signs adjusted to match the maximization formulation in (1). The columns “DD-IC”, “Gurobi”,
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TaBLE 1. Computational results for MINLPLib instances.
Nonlinear
Instance structures Primal DD-IC Time Gurobi Ay SCIP Ay
ball.mk4_15  poly, sqr Infeasible Infeasible  15.74 77 - 33.85 -
exp, log,
cesam2log poly -0.51 1435  37.27 639.1  97.68% 468.17  96.83%
eg-all_s exp, sqr —-7.66 -4.96  41.28 2.67  73.86% 391 76.66%
eg_disc_s exp, sqr -5.76 -2.44  43.01 9.71  78.54% 6.86  73.69%
eg_disc2_s exp, sqr -5.64 0.96 56.46 9.77  57.17% 6.64  46.25%
eg_int_s exp, sqr -6.45 -0.57 34.14 3.72  42.18% 426  45.10%
ex6.2.5 frac, log 70.75 2359.37  36.08 16528.73  86.09% 15786.79  85.44%
ex6.2_7 log 0.16 2598  38.42 130.99  80.26% 172.84  85.05%
maxmin sqr, sqrt 0.37 1.03  26.26 1.15  15.38% 1.08 7.04%
exp, power,
pricing050 sqr —1813.83 -1706.47 2543 111724  84.59%  —1382.54  75.11%
abs, mod,
fct sin, sqr 0 0 39.15 - - - -
frac, gamma,
quantum vpower, sqr -0.8 -0.74  25.68 - - - -
frac, errorf,
worst exp, log, sqr -20762609.21 —19891838.51 39.51 - - - -

Notes. The labels “sqr” and “power” denote squared terms and integer powers, respectively, whereas “poly” denotes other polynomial terms. The
label “vpower” denotes powers whose exponents depend on decision variables. The label “frac” denotes fractional expressions whose denominators
depend on decision variables. The labels “mod”, “gamma”, and “errorf” denote the remainder operation, gamma function, and standard normal
cumulative distribution function, respectively. The entry “Infeasible” indicates proven infeasibility. The symbol “~” indicates an unavailable dual
bound or an undefined gap.

and “SCIP” report the corresponding dual bounds, while the adjacent columns A; and A; report the

relative gap improvements achieved by DD-IC over Gurobi and SCIP, respectively. For instance,

Gurobi—¢P
Gurobi—/P

bound from MINLPLib and P is the dual bound obtained by DD-IC. The column “Time” reports

the relative gap improvement is computed as for Gurobi, where (¥ denotes the primal
the total running time of DD-IC in seconds.

For all nine instances for which all three methods report finite dual bounds, DD-IC yields tighter
bounds than both Gurobi and SCIP. The relative gap improvements range from 15.38% to 97.68%,
with an average of 68.42% over Gurobi, and from 7.04% to 96.83%, with an average of 65.68% over
SCIP, demonstrating substantial improvements in gap closure. For example, on pricing050, DD-IC
achieves relative gap improvements of 84.59% and 75.11% over Gurobi and SCIP, respectively.
Moreover, DD-IC proves the infeasibility of ball mk4_15, which neither solver detects within the
time limit at the root node. The procedure also obtains dual bounds for fct, quantum, and worst,
for which no dual bounds are reported by either solver because these instances contain unsupported
nonlinear operators. In particular, the dual bound obtained for fct matches the primal bound. These
results highlight the potential of the proposed DD-IC outer-approximation procedure to strengthen

MINLP relaxations across a wide range of challenging nonlinear structures.
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7. Conclusion In this paper, we develop a DD-based framework for constructing S-free
sets and deriving intersection cuts for bounded MINLPs with constraints of general nonlinear
functional form. We first construct an IDD relaxation for each nonlinear constraint and exploit
the resulting graph structure to efficiently compute DD-free £,-balls. We show that, under a local
covering condition, the sequence of cut closures generated using DD-free sets for the individual
IDDs converges to the convex hull of the intersection of the initial polyhedral relaxation with all
IDD solution sets. We use DD-free sets together with corner relaxations to derive intersection
cuts that strengthen outer approximations beyond the convexification of individual IDD solution
sets. We then study maximality of DD-free sets and characterize the computational complexity of
verifying maximality in general. To obtain more tractable constructions and verification procedures,
we introduce the notion of maximality within structured families. In particular, we first consider
the family of DD-free boxes and develop an efficient sequential facet-expansion algorithm for
constructing box-maximal DD-free sets. We then consider the family of DD-free £,-balls for
p € [1, ), establish maximality conditions, and develop a radial expansion procedure for enlarging
the initial balls. Computational experiments on MINLPLib instances demonstrate that combining
the proposed intersection cuts with existing IDD cuts can strengthen dual bounds beyond those

obtained by state-of-the-art global solvers.
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