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Abstract

The minimum covariance determinant (MCD) problem selects a fixed-cardinality subset
of data points to minimize its sample covariance determinant. We develop approximation
and exact algorithms and apply them to prediction residuals, using the selected mean and
covariance to define ellipsoidal conformal regions. For rational data, quadratic-form selection
gives a deterministic approximation scheme for the geometric mean of the covariance eigenvalues.
Its running time is polynomial for fixed dimension and accuracy, with an exponent linear in
the dimension at fixed accuracy. An affine-hull test solves instances with optimal value zero
exactly. Zonotope enumeration gives an exact algorithm with polynomial bit complexity in
fixed dimension, without a general-position assumption, and permits repeated observations
and affine dependencies. Sampled versions of both constructions provide a hybrid initialization
for branch-and-bound with spectral and completion lower bounds. We also derive two-sided
bounds relating the optimal MCD value to minimum covering ellipsoid volume. Computational
comparisons under common search rules and time limits show that the proposed node bounds
increase the number of instances solved within numerical tolerances. Prediction experiments on
synthetic, weather, and river-flow data show smaller calibrated region volumes with empirical
coverage evaluated alongside volume.

Keywords. Minimum covariance determinant, subset selection, approximation algorithms, fixed-
dimensional optimization, branch-and-bound, conformal prediction.

1 Introduction

1.1 Problem formulation

Let v1, . . . ,vn ∈ Qd be data points, where d ≥ 1, and let h ∈ {1, . . . , n} be the fixed subset size.
Write [n] = {1, . . . , n}. For each nonempty S ⊆ [n], define the sample mean and covariance matrix
by

v̄S = 1
|S|

∑︂
i∈S

vi, CS = 1
|S|

∑︂
i∈S

(vi − v̄S)(vi − v̄S)⊤.

Let v(S) = d
√︁

det(CS) be the objective value of S. The minimum covariance determinant (MCD)
problem is formulated as

v⋆ = min
S⊆[n]
|S|=h

d

√︂
det(CS). (1)

Taking the dth root preserves the minimizing subsets, so MCD (1) is equivalent to the determinant
minimization formulation. The sample mean and covariance of an optimal subset estimate the center
and spread of the data. We write k = n− h for the number of excluded data points. The objective
v(S) is the geometric mean of the eigenvalues of CS . Both the sample mean and covariance depend
on the selected subset. Since CS is positive semidefinite, v⋆ ≥ 0. The optimal value is zero if and
only if some h data points lie in a proper affine subspace of Rd. In particular, h ≤ d implies v⋆ = 0.
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1.2 Applications

The MCD estimator provides robust estimates of the mean vector and covariance matrix, with h
specifying the number of data points used in the estimates [1, 2]. Covariance matrices are inputs to
several operations research models. In portfolio optimization, they determine portfolio variance [3],
and robust estimates have been used in mean–variance models with integer transaction lots [4]. In
process monitoring and outlier detection, they define multivariate control statistics and Mahalanobis
distances, which measure deviations from the mean using the inverse covariance [5, 6]. In robust
optimization, they specify the shape of ellipsoidal uncertainty sets [7]. These applications motivate
algorithms for solving MCD (1) with approximation guarantees and computable bounds on the
optimal value.

We apply the MCD algorithms to conformal prediction, which constructs prediction regions
with finite-sample coverage guarantees under exchangeability [8, 9]. Exchangeability means that the
joint distribution is invariant under permutations of the observations. The coverage guarantee is
marginal: the probability that the region contains a future response, averaged over the observed data
and the future observation, is at least the target coverage level. In split-conformal prediction, the
prediction function and nonconformity score are specified using data separate from the calibration
set. Once both are fixed, the calibration data determine a threshold through an order statistic of
the error values, with a finite-sample correction. The prediction region contains all responses whose
nonconformity score does not exceed this threshold. Its geometry and volume depend on both the
nonconformity score and the calibrated threshold.

For multivariate regression, we apply MCD to residual vectors, defined as the differences between
observed and predicted responses. The selected subset determines a residual mean and covariance.
When the covariance is positive definite, its Mahalanobis distance defines ellipsoidal prediction
regions. The residual mean adjusts the prediction center. The covariance specifies the shape and
orientation, and calibration determines the radius in the Mahalanobis metric. The region volume
depends on both the covariance determinant and the radius. In our numerical study, we compare
volume and empirical coverage on synthetic, weather, and river-flow data.

1.3 Relevant literature

Hubert et al. [2] review the statistical properties and reweighting procedures of the MCD estimator.
Related developments include robust principal component analysis (ROBPCA) [10] and the minimum
regularized covariance determinant estimator [11]. We study the optimization of the MCD criterion
through approximation algorithms, exact enumeration, and branch-and-bound.

Computational methods include Hawkins’s feasible solution algorithm [12], Woodruff’s ghost-
image method [13], FAST-MCD [1], and RelaxMCD [14]. These methods use multistart search,
concentration steps, or continuous optimization. We provide a deterministic worst-case approxima-
tion guarantee for v(S) to complement these feasible-solution procedures. For fixed multiplicative
accuracy, our running-time exponent is linear in d, compared with the quadratic dependence
in the exact algorithm of Bernholt and Fischer [15]. To our knowledge, this is the first MCD
approximation–complexity tradeoff with this dimension dependence for the determinant-root ob-
jective. The guarantee applies when all index–weight tuples in the specified finite family are
examined.

Our approximation proof draws on the inverse-moment analysis of leveraged volume sampling, a
determinant-weighted sampling method for least-squares regression [16]. A trace-product inequality
and discretization of bounded weights convert the inverse-moment argument into an approximation
guarantee for v(S). Related results for D-optimal design and data fusion concern information
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determinant maximization [17, 18]. Our analysis addresses covariance determinant minimization,
including the dependence of the center on the selected subset.

For exact optimization, Bernholt and Fischer [15] impose a general-position condition on the
data points relative to quadratic surfaces. We remove this condition and give an nO(d2) poly(B)-
time algorithm for arbitrary rational data points, where B is the binary input encoding length.
The result includes repeated data points, affine dependencies, and both v⋆ = 0 and v⋆ > 0. We
specialize the projected-edge method of Onn and Rothblum [19], which uses images of polytope
edge directions to enumerate linear objectives, to the centered MCD criterion and provide an exact
rational implementation.

For branch-and-bound, Agulló [20] develops an order-statistic bound on completing a partially
selected subset, while Pesch [21, 22] uses determinant monotonicity and geometric pruning. Our
completion bound dominates Pesch’s scalar monotonicity bound and complements Agulló’s bound.
We also derive spectral bounds based on the possible exclusions. These bounds can be informative
even when the covariance of the data points fixed for inclusion has determinant zero. The construction
uses cardinality-dependent Gershgorin bounds, quadratic-knapsack relaxations, and spectral moment
inequalities [23–25]. Comparisons within a common solver show that the bounds increase the number
of searches completed under the same time limit and numerical tolerances.

Conformal uncertainty sets and ellipsoidal prediction regions are studied by Johnstone and
Cox [26] and Messoudi et al. [27]. Braun et al. [28] directly optimize covering-set volume. We
optimize the residual subset defining the ellipsoid’s mean and covariance, with approximation
guarantees and computable bounds on the MCD objective. We also derive a two-sided comparison
between v⋆ and the minimum covering ellipsoid volume. Coverage follows from separate conformal
calibration under exchangeability. The experiments identify contamination settings in which the
resulting regions have smaller calibrated volumes than the comparison methods.

1.4 Summary of contributions

In this paper, we develop approximation and exact algorithms for solving the MCD (1), derive bounds
on covering ellipsoid volume, and evaluate the algorithms and prediction regions computationally.
The contributions are as follows.

1. We develop an approximation algorithm based on quadratic-form selection. An affine-hull test
solves the case v⋆ = 0 exactly. For v⋆ > 0, the algorithm constructs auxiliary matrices from
weighted outer products of augmented data points. The inverse of each positive definite matrix
defines the objective coefficients of a cardinality-constrained linear selection problem. For any
integer t ≥ d+ 1 and rational grid parameter δ ∈ (0, 1], enumerating all index tuples of length
t and their grid weights returns a feasible subset Salg satisfying d

√︂
det(CSalg) ≤ (1 + δ) t

t−dv
⋆.

The approximation ratio can be made arbitrarily close to one, with polynomial running time
in the input encoding length for fixed dimension and accuracy.

2. We analyze an exact algorithm with bit complexity nO(d2) poly(B). It partitions a parameter
space of dimension at most d(d + 3)/2 by hyperplanes on which two linear selection costs
coincide, and solves one linear selection problem in each full-dimensional region. Different
from the literature, the algorithm applies to repeated data points and affine dependencies,
with no position assumption.

3. We develop a branch-and-bound algorithm with spectral and completion lower bounds. The
spectral bounds limit the joint determinant decrease from the remaining exclusions, while the
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completion bounds account for the additional observations required for inclusion. A hybrid
initialization combines sampled quadratic-form selection and zonotope walks, using the best
generated subset as the initial incumbent.

4. We derive two-sided bounds relating the optimal MCD value to the minimum volume of
an ellipsoid containing at least h data points. For v⋆ > 0, a feasible subset satisfying
v(S) ≤ ρv⋆, with ρ ≥ 1, yields an ellipsoid covering the selected data points with volume at
most

(︁
ρ(h− 1)/d

)︁d/2 times the minimum covering volume.

Organization. Section 2 introduces the approximation algorithm and analyzes v⋆ = 0 and v⋆ > 0
separately. Section 3 presents exact enumeration. Section 4 develops branch-and-bound with hybrid
initialization and spectral bounds. Section 5 derives the covering-volume bounds. Section 6 reports
the computational results, and Section 7 concludes.

Notation. For a positive integer m, let [m] = {1, . . . ,m}. Bold lowercase and uppercase letters
denote vectors and matrices. We write Im for the identity matrix, 1 for an all-ones vector, and ej for
a coordinate unit vector of the required dimension. The sets Sm, Sm

+ , and Sm
++ contain symmetric,

positive semidefinite, and positive definite real matrices, respectively. We write A ⪰ B if A−B
is positive semidefinite, and A ≻ B if A − B is positive definite. The matrix inner product is
⟨A,B⟩ = tr(A⊤B). We write det(A), tr(A), and rank(A) for the determinant, trace, and rank.
The symbols aff, conv, and span denote affine hull, convex hull, and linear span. For a symmetric
matrix, λmin and λmax denote its smallest and largest eigenvalues, respectively. The constant ωd is
the volume of the Euclidean unit ball in Rd. Probability laws are denoted by P and Q, expectations
by E, and random quantities by a tilde. All logarithms are natural. In complexity bounds, poly
denotes a polynomial in its displayed arguments.

2 Approximation by quadratic-form selection
We construct feasible subsets by solving cardinality-constrained linear selection problems. An
augmented moment matrix represents the covariance objective, and the inverse of a positive definite
auxiliary matrix defines the selection coefficients as quadratic forms in the augmented data points.
We treat the cases v⋆ = 0 and v⋆ > 0 separately.

First, let r = d+ 1. Append a final coordinate equal to one to each data point, and define

zi = (v⊤
i , 1)⊤ ∈ Qr, ∀ i ∈ [n],

ZS =
∑︂
i∈S

ziz
⊤
i , ∀S ⊆ [n].

We call zi the augmented data point and ZS the subset moment matrix. By convention, the empty
sum is Z∅ = 0. For S ⊆ [n] with |S| = h, we have

ZS =
(︄∑︁

i∈S viv
⊤
i hv̄S

hv̄⊤
S h

)︄
.

The Schur complement of the bottom-right entry is
∑︁

i∈S viv
⊤
i − hv̄S v̄⊤

S = hCS . The block
determinant identity yields

det(ZS) = hr det(CS), v(S) = h−r/d d

√︂
det(ZS). (2)
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Both identities hold when the determinant is zero. The subset moment matrix accounts for the
subset-dependent mean and is linear in the selection indicators: if xi = 1 for i ∈ S and xi = 0
otherwise, then ZS =

∑︁n
i=1 xiziz

⊤
i .

2.1 The case v⋆ = 0
The affine hull is the smallest affine subspace containing the data points. Its dimension equals the
rank of their covariance matrix. The following criterion gives an exact test for v⋆ = 0.

Proposition 1 (Affine-hull criterion). For every nonempty S ⊆ [n],

rank(CS) = dim aff{vi : i ∈ S}. (3)

If h ≤ d, then v⋆ = 0. If h > d, then v⋆ = 0 if and only if the affine hull of some d data points
contains at least h data points, counted by their indices.

Proof. Let XS have columns vi − v̄S , indexed by i ∈ S. Since CS = |S|−1XSX⊤
S , its rank equals

the dimension of the span of the centered data points, which proves (3).
If h ≤ d, this affine dimension is at most h − 1 < d for every feasible subset. Suppose h > d

and v⋆ = 0. Choose a feasible subset S with det(CS) = 0. An affine basis, that is, an affinely
independent set spanning its affine hull, uses at most d indices. Add indices from S until the
resulting set has cardinality d. Its affine hull contains every data point indexed by S. Conversely,
the affine hull of d data points has dimension at most d− 1, so any h data points in that hull have
objective value zero.

When h ≤ d, any feasible subset is optimal. When h > d, we enumerate the
(︁n

d

)︁
index sets and

test which data points belong to each affine hull. If one hull contains at least h data points, any
h corresponding indices give an optimal solution. If no such subset exists, then v⋆ > 0 and every
feasible covariance matrix is positive definite.

2.2 The case v⋆ > 0
Let A ∈ Sr

++. We call A an auxiliary matrix since it is used only to define selection costs. For each
data point, let

qi(A) = z⊤
i A−1zi, ∀ i ∈ [n].

With A fixed, solve the linear selection problem

min
x∈{0,1}n

{︄
n∑︂

i=1
qi(A)xi :

n∑︂
i=1

xi = h

}︄
. (4)

Let S(A) contain the indices of the h smallest costs qi(A), with ties resolved by increasing index.
Equivalently, S(A) minimizes tr(A−1ZS) over S ⊆ [n] with |S| = h. The auxiliary matrix A
determines the selection costs. The selected subset is evaluated using its sample covariance through
the MCD objective v(S(A)) = d

√︂
det(CS(A)).

Fix an integer t ≥ r and a rational δ ∈ (0, 1]. The integer t is the number of terms used to form
an auxiliary matrix. It can differ from the selected cardinality h. Define the geometric grid

K = min{j ∈ Z≥0 : (1 + δ)j ≥ h}, Gδ = {(1 + δ)j : j ∈ {0, . . . ,K}}.
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Successive grid values differ by the factor 1 + δ. For an ordered tuple of indices (i1, . . . , it) ∈ [n]t,
with repetitions allowed, and weights (g1, . . . , gt) ∈ Gt

δ, form

A = r

t

t∑︂
j=1

gjzij z⊤
ij
. (5)

For each index tuple (i1, . . . , it) ∈ [n]t, enumerate all weight vectors (g1, . . . , gt) ∈ Gt
δ. The weight gj

is assigned to the jth tuple entry and multiplies zij z⊤
ij

in (5). Since the weights are positive, A ≻ 0
exactly when the tuple vectors {zij}tj=1 span Rr. Skip tuples that do not satisfy this condition.

For each remaining index–weight tuple, compute qi(A) = z⊤
i A−1zi for all i ∈ [n], and let S(A)

contain the h indices with the smallest costs, breaking ties by index. The selection is made from all
n observations, with no requirement to include the indices used to construct A. Compute the mean
and covariance of S(A) using equal weights 1/h. After examining all index–weight tuples, return
the candidate with the smallest covariance determinant. Thus candidates from different tuples are
compared by the MCD objective. We call this procedure quadratic-form selection (QFS).

Note that the weights determine the selection costs through a weighted mean and covariance.
For the current index–weight tuple, define

G =
t∑︂

j=1
gj , µg = 1

G

t∑︂
j=1

gjvij , Cg = 1
G

t∑︂
j=1

gj(vij − µg)(vij − µg)⊤.

If A ≻ 0, then Cg ≻ 0, and block inversion leads to

qi(A) = t

rG

[︂
1 + (vi − µg)⊤C−1

g (vi − µg)
]︂
, ∀ i ∈ [n].

For any fixed indices i1, . . . , it and weights g1, . . . , gt, the quantities G, µg, and Cg appear in the
formula of evaluating qi(A) for all i ∈ [n]. Adding one and multiplying by the positive factor t/(rG)
preserves the ordering of the squared Mahalanobis distances. For a center µ and a positive definite
covariance matrix C, the Mahalanobis distance of v from µ is

√︂
(v − µ)⊤C−1(v − µ). Thus, S(A)

consists of the h observations with smallest distances under (µg,Cg), with ties resolved by index.
Hence, selecting the h smallest costs is equivalent to selecting the h smallest Mahalanobis distances
under (µg,Cg). These weighted quantities define the selection rule only. The selected subset is
evaluated using its own equally weighted mean and covariance.

Algorithm 1 combines the affine-hull test and the finite enumeration. It compares ordinary
determinants, which are rational and order feasible subsets in the same way as v(S). The variable
Dbest in the algorithm represents the determinant of the best subset found.

6



Algorithm 1 Quadratic-form selection for MCD
Require: Data points vi ∈ Qd , i ∈ [n], cardinality 1 ≤ h ≤ n, integer t ≥ d+ 1, and rational δ ∈ (0, 1].
Ensure: A feasible subset Salg.
1: if h ≤ d then
2: return {1, . . . , h}.
3: end if
4: for each T ⊆ [n] with |T | = d do
5: HT ← {i ∈ [n] : vi ∈ aff{vj : j ∈ T}}.
6: if |HT | ≥ h then
7: return the h smallest indices in HT .
8: end if
9: end for

10: Set r ← d+ 1 and zi ← (v⊤
i , 1)⊤, for each i ∈ [n].

11: Form the grid Gδ defined above.
12: Sbest ← {1, . . . , h} and Dbest ← det(CSbest).
13: for each tuple (i1, . . . , it, g1, . . . , gt) ∈ [n]t × Gt

δ do
14: Form A using (5).
15: if A ≻ 0 then
16: Solve Ayi = zi and set qi ← z⊤

i yi, for each i ∈ [n].
17: Let S contain the first h indices ordered by (qi, i).
18: Compute v̄S , CS , and D ← det(CS).
19: if D < Dbest then
20: Sbest ← S and Dbest ← D.
21: end if
22: end if
23: end for
24: return Sbest, with objective value d

√
Dbest.

Theorem 1 (Quadratic-form selection). Algorithm 1 returns a feasible subset Salg satisfying

d

√︂
det(CSalg) ≤ (1 + δ) t

t− d
v⋆. (6)

It returns an optimal subset whenever v⋆ = 0. For h > d, let B be the binary encoding length of the
data points, h, and δ. Its bit complexity is bounded by[︄(︄

n

d

)︄
+
(︁
n(K + 1)

)︁t]︄ poly(B, t,K). (7)

Note that increasing t reduces the factor t/(t − d), and decreasing δ reduces the error from
rounding the weights. For example, setting t = 2d and δ = 1/2 guarantees a factor 3 for v(S) in
nO(d) poly(B) time. The next subsection proves Theorem 1.

2.3 Proof of Theorem 1

We first prove the following lemma that compares the objective of the feasible subset S(A) with
that of any feasible subset P . The bound is expressed as a product of two traces.

Lemma 1 (Trace-product bound). Let P ⊆ [n] satisfy |P | = h and ZP ≻ 0. For every A ≻ 0, we
have

d

√︂
det(CS(A))
d
√︁

det(CP )
≤ tr(Z−1

P A) tr(A−1ZP )
r2 .
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Proof. By optimality in (4), we have

tr(A−1ZS(A)) =
∑︂

i∈S(A)
qi(A) ≤

∑︂
i∈P

qi(A) = tr(A−1ZP ).

Set Y = Z
−1/2
P AZ

−1/2
P , a = tr(Y ), and b = tr(Y −1). Let M = A−1/2ZS(A)A

−1/2 ⪰ 0. Since
Y −1 = Z

1/2
P A−1Z

1/2
P , cyclic invariance of the trace and the preceding selection inequality imply

tr(M) = tr(A−1ZS(A)) ≤ tr(A−1ZP ) = tr(Y −1) = b.

Let λ1, . . . , λr be the eigenvalues of M , with λj ≥ 0, for all j ∈ [r]. The arithmetic–geometric mean
inequality implies

det(M) =
r∏︂

j=1
λj ≤

⎛⎝1
r

r∑︂
j=1

λj

⎞⎠r

=
(︃tr(M)

r

)︃r

≤
(︃
b

r

)︃r

.

Using det(M) = det(ZS(A))/ det(A) and det(Y ) = det(A)/det(ZP ), we obtain

det(ZS(A))
det(ZP ) = det(Y ) det(M) ≤ det(Y )

(︃
b

r

)︃r

.

Let er−1(Y ) be the sum of all products of r − 1 distinct eigenvalues of Y . Maclaurin’s inequality
bounds this term by

det(Y )b = er−1(Y ) ≤ r
(︃
a

r

)︃r−1
.

Combining the inequalities, we obtain

det(ZS(A))
det(ZP ) ≤

(︃
ab

r2

)︃r−1
.

By (2), the determinant ratio on the left is
(︁
v(S(A))/v(P )

)︁d. Taking the dth root and using r−1 = d
proves the claim. Cyclic invariance of the trace gives a = tr(Z−1

P A) and b = tr(A−1ZP ).

We prove the existence of a suitable weighted auxiliary matrix by determinant reweighting.
Starting from independently sampled indices, we multiply each tuple probability by the determinant
of its associated matrix and normalize, as in leveraged volume sampling [16]. The resulting
distribution is supported on positive definite matrices. We bound the expected trace of the inverse
matrix under this distribution, so at least one realization satisfies the same upper bound.

Lemma 2 (Auxiliary matrix with bounded weights). Let P ⊆ [n] satisfy |P | = h and ZP ≻ 0. For
every integer t ≥ r, there exist tuples (i1, . . . , it) ∈ P t and (γ1, . . . , γt) ∈ [1, h]t such that

A = r

t

t∑︂
j=1

γjzij z⊤
ij
≻ 0, tr(Z−1

P A) = r, tr(A−1ZP ) ≤ rt

t− r + 1 .

Proof. The proof has three steps.
Step 1. Define the leverage values relative to P by

ℓi = z⊤
i Z−1

P zi, ∀ i ∈ P.
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Taking a trace gives
∑︁

i∈P ℓi = r. The inequality ziz
⊤
i ⪯ ZP implies ℓi ≤ 1, for all i ∈ P . For the

last coordinate vector er, Cauchy–Schwarz gives

1 = (e⊤
r zi)2 ≤ (e⊤

r ZP er)(z⊤
i Z−1

P zi) = hℓi, ∀ i ∈ P.

Thus 1/ℓi ∈ [1, h] for all i ∈ P .
Set

pi = ℓi
r
, ui = Z

−1/2
P zi√
pi

, ∀ i ∈ P.

Under a product distribution P, draw ˜︁I1, . . . , ˜︁It independently from P with

P(˜︁Ij = i) = pi, ∀ i ∈ P, j ∈ [t],

and define ˜︂Y = 1
t

t∑︂
j=1

u˜︁Ij
u⊤˜︁Ij

.

Then
EP[u˜︁Ij

u⊤˜︁Ij
] = Ir, ∀ j ∈ [t],

∥ui∥22 = r, ∀ i ∈ P.

In particular, tr(˜︂Y ) = r for every realization.
Step 2. For s ∈ [r], write (t)s = t(t − 1) · · · (t − s + 1). For J ⊆ [r] with |J | = s, the notation˜︂Y [J, J ] denotes the principal submatrix with row and column indices in J . Fix s ∈ [r] and
J = {j1, . . . , js} ⊆ [r], with j1 < · · · < js. Restrict each sampled vector to the coordinates in J and
define ˜︁wk =

(︁
(u˜︁Ik

)j1 , . . . , (u˜︁Ik
)js

)︁⊤ ∈ Rs, ∀ k ∈ [t].

The vectors ˜︁w1, . . . , ˜︁wt are independent. Since EP[u˜︁Ik
u⊤˜︁Ik

] = Ir, their second-moment matrices
satisfy

EP[ ˜︁wk ˜︁w⊤
k ] = Is, ∀ k ∈ [t].

Set ˜︂W = [ ˜︁w1 · · · ˜︁wt ] ∈ Rs×t. Then

˜︂Y [J, J ] = 1
t
˜︂W ˜︂W ⊤.

For T ⊆ [t] with |T | = s, let ˜︂WT be the square submatrix consisting of the columns indexed by T ,
ordered increasingly. Cauchy–Binet gives

det(˜︂Y [J, J ]) = 1
ts

det(˜︂W ˜︂W ⊤)

= 1
ts

∑︂
T ⊆[t]
|T |=s

det(˜︂WT )2.

To compute the expectation of each summand, fix T and write ˜︂B = ˜︂WT . The columns of ˜︂B are
independent, and

EP[ ˜︁Baj
˜︁Bbj ] =

{︄
1, a = b,

0, a ̸= b,
∀ a, b, j ∈ [s].
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Let Ss denote the set of permutations of [s], and let sgn(σ) denote the sign of a permutation.
Expanding the determinant by columns and using column independence gives

EP[det(˜︂B)2] =
∑︂

σ,τ∈Ss

sgn(σ) sgn(τ)EP

⎡⎣ s∏︂
j=1

˜︁Bσ(j),j ˜︁Bτ(j),j

⎤⎦
=

∑︂
σ,τ∈Ss

sgn(σ) sgn(τ)
s∏︂

j=1
EP
[︂ ˜︁Bσ(j),j ˜︁Bτ(j),j

]︂
= s!.

If σ ≠ τ , at least one factor vanishes. If σ = τ , all factors and the sign product equal one. The sum
therefore contains exactly s! nonzero terms, each equal to one. This argument uses independence
across columns and the second-moment identity.

There are
(︁t

s

)︁
column subsets of cardinality s. By linearity of expectation,

EP[det(˜︂Y [J, J ])] = 1
ts

∑︂
T ⊆[t]
|T |=s

EP[det(˜︂WT )2] =
(︁t

s

)︁
s!
ts

= (t)s

ts
.

Since J is arbitrary, the identity holds for every J ⊆ [r] with |J | = s. Let adj(M) denote the
adjugate matrix, whose entries are the transposed cofactors of M . Taking s = r and summing the
principal minors of order r − 1, we have

EP
[︂
det(˜︂Y )

]︂
= (t)r

tr
> 0, EP

[︂
tr(adj(˜︂Y ))

]︂
= r

(t)r−1
tr−1 .

Step 3. Define Q by assigning each tuple (i1, . . . , it) ∈ P t the probability

Q(˜︁I1 = i1, . . . , ˜︁It = it) =
det

(︂
1
t

∑︁t
j=1 uij u⊤

ij

)︂
EP[det(˜︂Y )]

t∏︂
j=1

pij .

Every matrix in the numerator is positive semidefinite, so the assigned probabilities are nonnegative.
By the definition of expectation under the product distribution, the sum of determinants weighted
by
∏︁t

j=1 pij equals EP[det(˜︂Y )]. The denominator is this same positive sum, so the probabilities sum
to one. Thus Q is a probability distribution. Tuples with determinant zero have probability zero
under Q. Since a positive semidefinite matrix has positive determinant if and only if it is positive
definite,

Q(˜︂Y ≻ 0) = 1.

On the positive definite realizations,

det(˜︂Y ) tr(˜︂Y −1) = tr(adj(˜︂Y )).

The trace of the adjugate is nonnegative for every positive semidefinite realization, including those
with rank below r. It follows that

EQ
[︂
tr(˜︂Y −1)

]︂
≤

EP
[︂
tr(adj(˜︂Y ))

]︂
EP
[︂
det(˜︂Y )

]︂ = rt

t− r + 1 .

10



Under probability Q, at least one positive definite realization has inverse trace no greater than its
expectation. Hence there exists a tuple (i1, . . . , it) ∈ P t whose associated matrix

Y = 1
t

t∑︂
j=1

uij u⊤
ij

satisfies
Y ≻ 0, tr(Y −1) ≤ EQ[tr(˜︂Y −1)] ≤ rt

t− r + 1 .

Fix such a tuple. Define its weights and the corresponding auxiliary matrix by

γj = 1
ℓij

, ∀ j ∈ [t], A = Z
1/2
P Y Z

1/2
P .

Since 1/h ≤ ℓi ≤ 1 for all i ∈ P , the weights satisfy γj ∈ [1, h] for all j ∈ [t].
The matrix A has the required weighted-sum representation. Since uij = Z

−1/2
P zij/

√
pij and

pij = ℓij/r, we have

A = 1
t

t∑︂
j=1

Z
1/2
P uij u⊤

ij
Z

1/2
P = 1

t

t∑︂
j=1

1
pij

zij z⊤
ij

= r

t

t∑︂
j=1

γjzij z⊤
ij
.

Moreover, A ≻ 0 since Y ≻ 0 and Z
1/2
P is invertible.

Cyclic invariance of the trace and ∥ui∥22 = r for all i ∈ P , give

tr(Z−1
P A) = tr(Z−1/2

P AZ
−1/2
P ) = tr(Y ) = 1

t

t∑︂
j=1
∥uij∥22 = r.

For the inverse-trace bound, the definition of A implies

A−1 = Z
−1/2
P Y −1Z

−1/2
P .

Another application of cyclic invariance yields

tr(A−1ZP ) = tr(Z1/2
P A−1Z

1/2
P ) = tr(Y −1) ≤ rt

t− r + 1 .

These identities prove the two trace bounds and complete the proof.

Since the last coordinate of zi = (v⊤
i , 1)⊤ equals one, the preceding Cauchy–Schwarz inequality

reduces to ℓi ≥ 1/h, ∀ i ∈ P . Together with ℓi ≤ 1, this yields γj = 1/ℓij ∈ [1, h], ∀ j ∈ [t]. This
weight interval is independent of the coordinate magnitudes. Each weight can therefore be rounded
upward to a power of 1 + δ using a grid with O(1 + δ−1 log h) values. To complete the proof of
Theorem 1, we bound the effect of this rounding on the trace product.

Proof of Theorem 1. Proposition 1 proves the claim when v⋆ = 0. Suppose v⋆ > 0, and let P ⊆ [n]
be an optimal solution of the MCD problem (1). Thus |P | = h and d

√︁
det(CP ) = v⋆. By (2),

det(ZP ) = hr(v⋆)d > 0. Since ZP ≻ 0, we can apply Lemma 2 to this subset. Lemma 2 supplies
indices (i1, . . . , it) ∈ P t and weights γj ∈ [1, h], for all j ∈ [t], such that

A = r

t

t∑︂
j=1

γjzij z⊤
ij
≻ 0.
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Round each weight upward to the smallest admissible grid value and we obtain

gj = min{g ∈ Gδ : g ≥ γj}, ∀ j ∈ [t].

This grid value exists since γj ≤ h and the grid extends to at least h. Define the auxiliary matrix
using these grid weights and the same indices:

ˆ︁A = r

t

t∑︂
j=1

gjzij z⊤
ij
.

Since successive grid values differ by the factor 1 + δ,

γj ≤ gj ≤ (1 + δ)γj , ∀ j ∈ [t].

Each outer product zij z⊤
ij

is positive semidefinite. Hence,

0 ≺ A ⪯ ˆ︁A ⪯ (1 + δ)A.

The matrix ˆ︁A belongs to the family enumerated by Algorithm 1, since its indices belong to [n] and
its weights belong to Gδ. Thus tr(Z−1

P
ˆ︁A) ≤ (1 + δ)r. Inversion reverses the positive definite order,

so tr( ˆ︁A−1ZP ) ≤ rt/(t− r + 1). Applying Lemma 1 gives

v(S( ˆ︁A))
v⋆

≤ (1 + δ) t

t− r + 1 = (1 + δ) t

t− d
.

The indices and grid weights defining ˆ︁A belong to the enumerated family. The algorithm therefore
constructs ˆ︁A and computes S( ˆ︁A) by selecting the h smallest costs qi( ˆ︁A). Since it returns the best
subset found according to the MCD objective, its output satisfies v(Salg) ≤ v(S( ˆ︁A)).

The affine-hull test examines at most
(︁n

d

)︁
subsets of cardinality d. For each subset, it tests

membership of all n data points in the corresponding affine hull using rational linear algebra.
These tests require polynomially many bit operations in B. The grid Gδ is computed once. Since
δ is rational, each value (1 + δ)j has encoding length O((K + 1)B), for all j ∈ {0, . . . ,K}. The
enumeration examines nt(K + 1)t index–weight tuples. For each tuple, the algorithm forms A and
tests positive definiteness. If A ≻ 0, it solves Ayi = zi, for all i ∈ [n], computes and orders the costs
z⊤

i yi, selects h indices, and evaluates the resulting covariance determinant. All matrices and costs
used in these computations are rational, with encoding lengths polynomial in B, t, and K. Exact
rational linear algebra and comparisons therefore require poly(B, t,K) bit operations per tuple.
This includes the computations defining S(A) in Lemma 1. Comparisons of v(S) use det(CS), so
extracting dth roots is unnecessary. Since B is the total input encoding length, the polynomial
factors in n and d are also included. The total bit complexity is [

(︁n
d

)︁
+ nt(K + 1)t] poly(B, t,K),

which proves (7).

2.4 Accuracy and implementation

The following parameter choice specifies a desired accuracy for the MCD objective (1).

Corollary 1 (Desired accuracy). For rational ε ∈ (0, 1], set t = d+⌈2d/ε⌉ and δ = ε/2. Algorithm 1
returns a feasible subset with

d

√︂
det(CSalg) ≤ eεv⋆.

Its bit complexity is [︁
n(1 + ε−1 log h)

]︁O(d/ε) poly(Bε),
where Bε includes the encoding of ε. The case v⋆ = 0 is solved exactly.
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Proof. The case v⋆ = 0 follows from the theorem. For v⋆ > 0, use

log t

t− d
≤ d

t− d
≤ ε

2 , log(1 + δ) ≤ δ = ε

2

in (6). Since log(1 + δ) ≥ δ/2, the grid has K = O(1 + ε−1 log h). Substitution into (7) proves the
complexity bound.

The approximation guarantee requires checking all index–weight tuples in [n]t×Gt
δ and choosing

the best subset S(A) generated by a positive definite auxiliary matrix. To accelerate the solution
process, the computational implementation in our numerical study instead samples these tuples
under a specified time or trial limit. Since sampling may omit the matrix used in the proof, the
sampled feasible solutions for branch-and-bound may not satisfy the theorem’s approximation
guarantee.

We improve each candidate by the following concentration steps. For a current subset S with
CS ≻ 0, compute the score ηi(S) = (vi − v̄S)⊤C−1

S (vi − v̄S) for each i ∈ [n]. Replace S by the
indices of the h smallest scores, resolving ties by index, and recompute the mean and covariance on
the new subset. Each update is nonincreasing in det(CS) and therefore in v(S) [1]. If v(S) = 0, the
subset is globally optimal and no further update is needed. Section 6 specifies the sampling and
iteration limits and compares the resulting initial solutions for the branch-and-bound method.

3 Exact optimization based on a hyperplane arrangement

For fixed d, we reduce the worst-case arithmetic bound for exact MCD from Od(nd(d+3)/2+1) to
Od(nd(d+3)/2) and remove the general-quadric-position assumption of Bernholt and Fischer [15,
Theorem 3.1]. Their algorithm determines the points selected by each candidate quadric by scanning
all n observations. Our algorithm orders the computation so that moving between adjacent regions
adds or removes one group of identical observations. This updates the subset moment matrix in
constant time for fixed d, including when observations coincide.

3.1 Exact optimization by zonotope enumeration

Let Ai = ziz
⊤
i for each i ∈ [n], using the augmented data points of Section 2. The cardinality

polytope and its image under the moment map are

∆(n, h) =
{︄

x ∈ [0, 1]n :
n∑︂

i=1
xi = h

}︄
, Ph =

{︄
n∑︂

i=1
xiAi : x ∈ ∆(n, h)

}︄
.

Since the vertices of ∆(n, h) are the indicators of h-element subsets, the projected cardinality
polytope satisfies

Ph = conv{ZS : S ⊆ [n], |S| = h} ⊆ Sr
+.

Lemma 3. Some optimal MCD subset S⋆ has ZS⋆ at a vertex of Ph.

Proof. For M ∈ Sr
+,

r

√︂
det(M) = inf

W ≻0
det(W )=1

1
r

tr(W M). (8)
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The arithmetic–geometric mean inequality for the eigenvalues of W 1/2MW 1/2 establishes the lower
bound on the trace. If M ≻ 0, equality holds at W = r

√︁
det(M) M−1. If M is singular, use the

minimizing W for M + εIr, where ε > 0. Then tr(W M)/r ≤ r
√︁

det(M + εIr)→ 0 as ε ↓ 0.
According to (8), the determinant root is concave. Its value at any convex combination of

vertices of Ph is at least its smallest value at those vertices. Each vertex equals ZS for some |S| = h,
and (2) shows that r

√︁
det(ZS) and v(S) have the same minimizing subsets.

The last coordinate of every zi equals one. Thus, the bottom-right entry of a subset moment
matrix counts the selected observations. To use this fact, first allow the cardinality to vary and
form the sum of line segments

Z =
{︄

n∑︂
i=1

xiAi : 0 ≤ xi ≤ 1, ∀ i ∈ [n]
}︄

=
n∑︂

i=1
[0,Ai].

This polytope is a zonotope, with generators Ai. Let V = span{Ai : i ∈ [n]}. For M =
∑︁n

i=1 xiAi,
we have Mrr =

∑︁n
i=1 xi. Thus

Ph = Z ∩ {M ∈ V : Mrr = h}. (9)

Every vertex of this intersection lies at a zonotope vertex or on an edge, as we show below. Consider
maximizing ⟨W ,M⟩ over Z, with W ∈ V. The coefficient of xi is ⟨W ,Ai⟩. Its sign can change
only on the hyperplane

{W ∈ V : ⟨W ,Ai⟩ = 0}, ∀ i ∈ [n]. (10)

The complement of these hyperplanes in V consists of full-dimensional regions, called cells. Within
each cell C, the coefficients ⟨W ,Ai⟩ have fixed nonzero signs. Every W ∈ C therefore exposes
the same vertex MC of Z, obtained by summing the generators with positive coefficients. This
correspondence follows the zonotope construction of Onn and Rothblum [19]. Together with (9),
it permits enumeration using one hyperplane per distinct generator. A construction based on
pairwise cost orderings uses up to

(︁n
2
)︁

hyperplanes. The reduction follows from the fact that linear
maximization over Z requires only the signs of the generator coefficients, not their pairwise ordering.

Two adjacent cells share a face of codimension one, called a facet. On crossing it, the coefficient
signs change for one group J of identical generators. Indeed, coincident hyperplanes have parallel
generators, and (Ai)rr = 1 forces parallel generators to be identical. Write Ai for their common
matrix, with i ∈ J , and M− for the vertex on the side where that group’s coefficient is negative.
The other endpoint is M+ = M− + |J |Ai. If M−

rr ≤ h ≤M+
rr, their edge meets Ph at

Mh = M− + (h−M−
rr)Ai. (11)

Take the observations selected at M− and add any h −M−
rr indices from J . This gives exactly

h observations with moment matrix Mh, even when h lies strictly between the two endpoint
cardinalities.

Let m be the number of distinct generators. Define

L = span{Ai −A1 : i ∈ [n]}, s = dimL.

All matrices in L have bottom-right entry zero, whereas (A1)rr = 1. Hence V = L ⊕ span{A1},
dimV = s+1, and s ≤ r(r+1)/2−1 = d(d+3)/2. Choose a basis B1, . . . ,Bs+1 from the generators
and write W =

∑︁s+1
k=1wkBk. Positive scaling of W preserves every coefficient sign. We therefore
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enumerate cells and shared facets on the 2(s+ 1) affine slices wj = ϵ, (j, ϵ) ∈ [s+ 1]×{−1, 1}. Each
slice has s free coordinates.

Algorithm 2 processes one such slice. It stores the best determinant and a cell or edge identifying
the candidate. Copying the selected indices at each improvement can take O(n) time. Algorithm 3
recovers those indices once, after the minimum is known.

Algorithm 2 Candidate moment matrices on one affine slice
Require: The cells and shared facets on wj = ϵ, the generator groups, and h.
Ensure: The smallest candidate determinant on this slice and its cell or edge, if one exists.
1: Set D ← +∞. For a root cell C, sum its positive-coefficient generators to obtain MC , counting

multiplicities.
2: for each parent–child pair (C,C ′) of a spanning tree of the cell adjacency graph, parent first do
3: Let J be the group whose sign changes and choose i ∈ J .
4: Set MC′ ←MC ± |J |Ai, adding if J becomes positive.
5: end for
6: for each cell C with (MC)rr = h do
7: If det(MC) < D, store this determinant in D and record C.
8: end for
9: for each shared facet, including those outside the spanning tree do

10: Order its endpoint matrices by M−
rr < M+

rr.
11: if M−

rr < h < M+
rr then

12: Compute Mh by (11).
13: If det(Mh) < D, store this determinant in D and record the edge.
14: end if
15: end for
16: return D and the recorded cell or edge if D < +∞.

Algorithm 3 Exact MCD by zonotope enumeration
Require: Data points vi ∈ Qd, i ∈ [n] and an integer 1 ≤ h ≤ n.
Ensure: A subset S⋆ of cardinality h attaining v⋆ in (1).
1: Form Ai = ziz

⊤
i , for each i ∈ [n]. Group identical matrices and retain the original indices of each group.

2: if there is only one group then
3: return {1, . . . , h}.
4: end if
5: Choose a basis of V from the generators. Set Dbest ← +∞.
6: for each (j, ϵ) ∈ [s+ 1]× {−1, 1} do
7: Construct the arrangement (10) on wj = ϵ.
8: Apply Algorithm 2. If D < Dbest, store D in Dbest and record the slice and its winning cell or edge.
9: end for

10: Recover the positive groups of the winning cell, or of the lower endpoint of the winning edge. For an
edge, add h−M−

rr indices from its crossing group.
11: return the resulting subset S⋆.

Theorem 2 (Exact optimization by zonotope enumeration). For fixed d, Algorithm 3 returns a
subset S⋆ ⊆ [n] satisfying

|S⋆| = h, d

√︂
det(CS⋆) = v⋆.

It evaluates Od(ms) candidate moment matrices and uses Od(n logn+ms) arithmetic operations
and comparisons, with constants depending only on d. For rational input of total binary encoding
length B, the bit complexity is (n logn+ms) poly(B).
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Theorem 2 improves the worst-case exponent and adapts the complexity bound to the affine
dimension of the generators. For d = 2, the general arithmetic bound is O(n5), compared with
O(n6) in Bernholt and Fischer [15, Theorem 3.1] under their general-quadric-position assumption.
For observations on the unit circle, the additional equality (Ai)11 + (Ai)22 = 1, ∀ i ∈ [n], implies
s ≤ 4 and reduces our bound to O(n4). This reduction does not require rank-deficient covariances.
For distinct observations on the circle and h ≥ 3, every feasible subset contains three noncollinear
points, so its covariance matrix is positive definite.

3.2 Proof of Theorem 2

Proof. If s = 0, all the generators are identical and every feasible subset has the same moment
matrix. Assume s ≥ 1. Next, we split the proof into two steps.
Step 1. Coverage of the section. Let M be a vertex of Ph and let F be the smallest face of
Z containing it. The point M lies in the relative interior of F . If dimF ≥ 2, its direction space
contains a nonzero H with Hrr = 0. For sufficiently small δ > 0, both M + δH and M − δH
belong to F ∩ Ph, contradicting extremality. Thus M is a zonotope vertex of cardinality h or lies in
the interior of a zonotope edge that meets Mrr = h.

For any objective W , the maximizing face of Z fixes xi = 1 at positive coefficients and xi = 0 at
negative coefficients. The zero-coefficient generators may vary freely, so their span is the direction
space of that face. A vertex therefore corresponds to a cell with all coefficients nonzero. For an edge,
the zero-coefficient generators span one dimension and hence form one group of identical matrices.
Perturbing an objective exposing that edge to either side of the group’s hyperplane identifies its two
endpoint cells. Conversely, an objective in the relative interior of a shared facet exposes precisely
the edge joining the adjacent vertices.

Each cell and each shared facet contains a nonzero objective in its relative interior since s ≥ 1.
Choose j with wj ̸= 0 and divide the coordinates by |wj |. This preserves all signs, including zeros,
and puts the objective on wj = 1 or wj = −1. Thus Algorithm 2 examines every vertex of Ph on at
least one slice. Its cell candidates are feasible by their cardinality. Its edge candidates are feasible
by (11). Optimality now follows from Lemma 3 and (2).
Step 2. Arithmetic and bit complexity. Sorting the upper-triangular entries of the generators
lexicographically groups duplicates in Od(n logn) operations. A basis of V can be extracted in Od(m)
operations by testing each distinct matrix for independence against the current basis. Substitution of
wj = ϵ into (10) gives at most m affine hyperplanes in dimension s. An equation with zero left-hand
coefficients has a nonzero constant term and can be discarded. For fixed s ≥ 2, the cells and their
facet incidences can be constructed in Os(ms) operations, including for degenerate arrangements
[29, 30]. For s = 1, sorting the intersection points takes O(m logm) operations and produces O(m)
cells and shared facets.

On each slice, the initial sign tests and moment sum take Od(m) operations. Each tree update,
edge intersection, and determinant evaluation or comparison costs Od(1) since the matrices have
order d+ 1. There are 2(s+ 1) slices and Od(ms) cells and shared facets in total. To recover the
winning subset, replay the spanning-tree path on its slice, updating one sign per group crossing,
then list the selected indices once. The path costs Od(ms) and listing costs O(n). This proves the
arithmetic bound.

For rational data, the basis consists of input generators. Arrangement incidence and orientation
tests use determinants of fixed order in their rational coefficients. Every candidate matrix is a sum
of at most n generators whose entries are products of input coordinates. A common denominator
for those entries is the square of the product of all input denominators, which has O(B) bits. Thus
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all required signs and determinant comparisons can be computed with poly(B) bit operations per
arithmetic step.

The worst-case exponent d(d + 3)/2 still grows quadratically with dimension. Section 4 uses
selected cells of the same arrangement to initialize a branch-and-bound search.

4 Branch and bound with a hybrid warm start and spectral bounds
We develop a customized branch-and-bound method with hybrid initialization and spectral and
completion lower bounds. The warm start combines sampled QFS and concentration steps in Section 2
with a randomized search over zonotope vertices in Section 3.1. The subsequent search branches on
the selection or exclusion of data points. The spectral bounds use cardinality-dependent Gershgorin
bounds [23], row-wise bounds for quadratic knapsack [24], and spectral moment inequalities [25]. The
bounds limit the determinant decrease attainable by the remaining exclusions and the determinant
increase required by the remaining inclusions.

4.1 Hybrid warm start

We initialize the search using QFS from Section 2 and a random search through the generator
hyperplane arrangement in Section 3.1. Both components apply the concentration steps in Section 2
to their candidate subsets. The best feasible subset becomes the initial incumbent.

Sampled QFS. Each QFS trial samples an ordered tuple (i1, . . . , it) ∈ [n]t uniformly with
replacement and independently samples each weight gj uniformly from the geometric grid Gδ defined
in Section 2. Form

A = r

t

t∑︂
j=1

gjzij z⊤
ij
.

If A is not positive definite, reject the trial. Otherwise, compute qi(A) = z⊤
i A−1zi for every data

point and select the h smallest costs, resolving ties by index.

Random zonotope search. Random zonotope search traverse selected cells without constructing
the full arrangement. Let Sbest be the incumbent subset, with |Sbest| = h < n. If v(Sbest) = 0, it is
globally optimal and the procedure terminates. Otherwise, define

qi = z⊤
i Z−1

Sbestzi, ∀ i ∈ [n].

Order the quadratic costs as q(1) ≤ · · · ≤ q(n), and let

τ =
q(h) + q(h+1)

2 , W0 = τere⊤
r −Z−1

Sbest . (12)

Then ⟨W0,Ai⟩ = τ − qi. When q(h) < q(h+1), the positive inner products identify exactly the h
smallest costs, as in Section 3.1. We also evaluate the subset defined by the h smallest costs directly,
with ties resolved by index. We use the positive-sign convention of Section 3.1. The objective
matrices may lie in Sr: only their orthogonal projections onto set V affect their inner products with
the generators.

Draw a random symmetric direction D and follow the ray

W (α) = W0 + αD, α ≥ 0.
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Along the ray, each generator coefficient is affine:

gi(α) = ⟨W0,Ai⟩+ α⟨D,Ai⟩. (13)

For each i ∈ [n] with ⟨D,Ai⟩ ≠ 0, solving gi(α) = 0 gives αi = − ⟨W0,Ai⟩
⟨D,Ai⟩ . If αi > 0, the ray crosses

the hyperplane ⟨W ,Ai⟩ = 0 at W (αi), and gi(α) changes sign as α passes through αi. Negative
values lie outside the ray, while αi = 0 means that W0 already lies on the hyperplane.

Sort the finite positive crossing parameters. The coefficient signs are constant between consecutive
crossings, identifying the cells visited by the ray without constructing the full arrangement. After
processing each group of crossings, choose an interior point of the next interval and update

S = {i : gi(α) > 0}, M =
∑︂
i∈S

Ai

by the corresponding generator additions or deletions. Simultaneous crossings are processed together.
A visited cell supplies a candidate when every coefficient is nonzero and |S| = h.

Evaluate the sign pattern at an interior point of each open interval, including the intervals
before the first crossing and after the last. For each previously unevaluated candidate of cardinality
h, recompute the covariance determinant and apply concentration steps. A concentration step
replaces the current subset with the h data points with the smallest Mahalanobis distances under
its mean and covariance. Update Sbest whenever a subset evaluated within the time limit improves
the incumbent objective. After completing a ray, construct another ray from the latest incumbent
and continue until the time allocated to this component is exhausted.

4.2 Node bounds

A node is described by F ⊆ A ⊆ [n]. The data points in F are fixed for inclusion, those outside A
are excluded, and those in A \ F are undecided. The node bound depends on these fixed inclusion
and exclusion decisions. Assume |F | ≤ h ≤ |A|. Every feasible completion has the form S = A \R
for R ⊆ A \ F with |R| = |A| − h.

If det(ZA) = 0, then 0 ⪯ ZS ⪯ ZA implies det(ZS) = 0 for every completion. Any such subset
solves MCD globally. Otherwise, factor ZA = LL⊤ and define

ai = L−1zi, ℓi = ∥ai∥22, gij = a⊤
i aj , ∀ i, j ∈ A \ F.

The value ℓi is the leverage of data point i relative to A. For an exclusion set R, put HR =
∑︁

i∈R aia
⊤
i .

Using zi = Lai, we obtain

ZA\R = ZA −
∑︂
i∈R

ziz
⊤
i = L

(︄
Ir −

∑︂
i∈R

aia
⊤
i

)︄
L⊤ = L(Ir −HR)L⊤.

Therefore,

log det(ZA\R) = log det(ZA) + log det(Ir −HR), ∀R ⊆ A \ F with |R| = q. (14)

Spectral lower bounds. We seek a lower bound valid for every completion S of the node (A,F ).
By (14), it suffices to bound the decrease − log det(Ir −HR) uniformly over all admissible exclusion
sets.
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Proposition 2 (Spectral lower bounds). Suppose that for every admissible R, we have

tr(HR) ≤ T1, tr(H2
R) ≤ T2, λmax(HR) ≤ ˆ︁u

for some T1, T2 ≥ 0 and ˆ︁u ∈ [0, 1). Then, every completion S of the node satisfies

log det(ZS) ≥ log det(ZA)− T1 − ψ(ˆ︁u)T2,

where
ψ(t) := − log(1− t)− t

t2
, 0 < t < 1, ψ(0) := 1

2 .

Proof. For 0 ≤ λ ≤ ˆ︁u < 1, the logarithm series implies

− log(1− λ) ≤ λ+ ψ(ˆ︁u)λ2.

Applying this inequality to the eigenvalues of HR yields

− log det(Ir −HR) ≤ tr(HR) + ψ(ˆ︁u) tr(H2
R) ≤ T1 + ψ(ˆ︁u)T2.

Substitution into (14) proves the bound.

The next lemma provides the values of T1, T2 and û.

Lemma 4. Let Topq(c) be the sum of its q largest entries,

T1 = Topq((ℓi)i∈A\F ), bi = Topq((g2
ij)j∈A\F ), T2,row = Topq((bi)i∈A\F ), ∀ i ∈ A \ F.

For a positive scaling vector p = (pi)i∈A\F , define

u(p) = max
i∈A\F

Topq((|gij |pj)j∈A\F )
pi

, uF = 1− λmin
(︁
L−1ZF (L−1)⊤)︁.

Choose a finite family P of positive scaling vectors containing 1, for example, P = {1}. Set

ˆ︁u = min
{︃

1, T1,
√︂
T2,row, uF ,min

p∈P
u(p)

}︃
, T2 = min{T 2

1 , T2,row, ˆ︁uT1}.

Then for every R ⊆ A \ F with |R| = q, we have

tr(HR) ≤ T1, tr(H2
R) ≤ T2, λmax(HR) ≤ ˆ︁u.

Proof. Fix an exclusion set R of cardinality q. Then

tr(HR) =
∑︂
i∈R

ℓi ≤ T1, tr(H2
R) =

∑︂
i,j∈R

g2
ij ≤

∑︂
i∈R

bi ≤ T2,row.

The factorization of the moment matrix implies 0 ⪯HR ⪯ Ir. Its largest eigenvalue is also at most
its trace and at most

√︂
tr(H2

R). These prove the bounds 1, T1, and
√︁
T2,row.

The nonzero eigenvalues of HR equal those of (gij)i,j∈R. The matrix (gijpj/pi)i,j∈R is diagonally
similar to this Gram matrix. By Gershgorin’s circle theorem [31, Section 6.1], we have

λmax(HR) ≤ max
i∈R

∑︁
j∈R |gij |pj

pi
≤ u(p), ∀p ∈ P.
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Since gii = ℓi ≥ 0, the absolute row sum includes the diagonal term. Since S = A \R contains F ,

Ir −HR = L−1ZS(L−1)⊤ ⪰ L−1ZF (L−1)⊤.

Taking smallest eigenvalues proves λmax(HR) ≤ uF . Also 0 ⪯ L−1ZF (L−1)⊤ ⪯ Ir, so uF ∈ [0, 1].
These bounds imply λmax(HR) ≤ ˆ︁u. Since the eigenvalues are nonnegative, we have

tr(H2
R) ≤ [tr(HR)]2 ≤ T 2

1 , tr(H2
R) ≤ ˆ︁u tr(HR) ≤ ˆ︁uT1,

which proves the bound T2.

Note that when ˆ︁u = 1, this spectral construction does not provide a finite lower bound.

Completion lower bounds. Every completion S of the node (A,F ) adds exactly m = h− |F |
data points to F . Thus, we have ZA ⪰ ZF . When ZF ≻ 0, define

si = z⊤
i Z−1

F zi, i ∈ A \ F,

and write s(1) ≤ · · · ≤ s(|A\F |) for these quadratic costs in non-decreasing order.

Proposition 3 (Completion lower bounds). If ZF ≻ 0, every completion S satisfies

log det(ZS) ≥ log det(ZF ) + log

⎛⎝1 +
m∑︂

j=1
s(j)

⎞⎠ . (15)

Proof. Define
Q = Z

−1/2
F (ZS −ZF )Z−1/2

F ⪰ 0.

For any positive semidefinite matrix Q, det(Ir + Q) ≥ 1 + tr(Q). It follows that

det(ZS) = det(ZF ) det(Ir + Q) ≥ det(ZF )

⎛⎝1 +
∑︂

i∈S\F

si

⎞⎠ ≥ det(ZF )

⎛⎝1 +
m∑︂

j=1
s(j)

⎞⎠ .
Taking logarithms proves the bound.

When ZF is singular, the completion bound is not finite. The node lower bound is the maximum
of the completion and spectral bounds.

For a nonempty subset S, let ΣS = |S|CS . Suppose ΣF ≻ 0, and put f = |F | and m = h−f ≥ 1.
Define

B0 =
d
√︁

det(ΣF )
h

, τi = (vi − v̄F )⊤Σ−1
F (vi − v̄F ), ∀ i ∈ A \ F.

Let τ(j) denote the jth smallest optional value, j ∈ [|A \ F |]. Pesch’s scalar monotonicity bound
[21], Agulló’s order-statistic bound [20], and (15), in units of v(S), are

B0, B0
d

√︄
1 + f

f + 1τ(m), B0 d

⌜⃓⃓⎷1 + f

h

m∑︂
j=1

τ(j).

The second and the third bounds do not dominate each other while both dominate the third bound.
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Algorithm 4 Branch-and-bound with hybrid initialization for MCD
Require: Data points vi ∈ Qd, i ∈ [n], cardinality h, initialization budget, gap tolerance εgap ≥ 0, and

stopping limits.
Ensure: A feasible subset ˆ︁S, objective bounds vL, vU , and termination status.
1: Start the timer and form the augmented data points.
2: Solve h ≤ d, det(Z[n]) = 0, and n− h ≤ 2 directly when applicable, returning equal objective bounds.
3: Obtain ˆ︁S by the hybrid warm start within its budget.
4: If v(ˆ︁S) = 0, return it with both objective bounds zero.
5: Set U ← log det(Zˆ︁S), Lclosed ← +∞, and Q ← {([n],∅,−∞)}.
6: while Q ̸= ∅ and the stopping limits permit do
7: Update L according to newly computed lower bounds.
8: If L is finite and U − L ≤ εgap, stop the search.
9: Pop (A,F, bparent). Discard the node if |F | > h or |A| < h.

10: if bparent ≥ U then
11: Lclosed ← min{Lclosed, bparent}. Continue.
12: end if
13: If det(ZA) = 0, return any completion with both objective bounds zero.
14: Set q ← |A| − h and factor ZA as needed.
15: if q = 0, q = |A \ F |, or q ∈ {1, 2} then
16: Solve the node directly, obtaining S and w = log det(ZS).
17: Update (ˆ︁S,U) if w < U .
18: If U = −∞, return objective bounds zero.
19: Lclosed ← min{Lclosed, w}. Continue.
20: end if
21: Set b← max{bparent, b(A,F )}.
22: if b ≥ U then
23: Lclosed ← min{Lclosed, b}. Continue.
24: end if
25: Choose j ∈ arg maxi∈A\F ℓi, with ties resolved by index.
26: Push (A,F ∪ {j}, b), then (A \ {j}, F, b).
27: end while
28: Update L according to newly computed lower bounds.
29: Return ˆ︁S, vL = exp((L− r log h)/d), vU = exp((U − r log h)/d), and termination status.
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4.3 Branching rules and computational cost

At a node requiring further branching, choose j ∈ arg maxi∈A\F ℓi, with ties resolved by index. The
children (A \ {j}, F ) and (A,F ∪ {j}) partition the feasible completions according to whether data
point j is excluded or selected. We use depth-first search and visit the exclusion child first.

For a fixed number of supplied scaling vectors, a nonterminal node requires O(|A|r2+r3+|A\F |2r)
arithmetic operations and O(|A \ F |2) optional Gram-matrix storage. Each sampled initialization
ray has at most n crossings and requires O(nr2 + n logn) work to form and order them, in addition
to candidate evaluations and concentration steps. The search tree can be exponential. The
computational study reports solution times and optimality gaps.

5 Comparison with minimum-volume ellipsoids
The minimum-volume ellipsoid (MVE) problem minimizes the volume of an ellipsoid containing
at least h data points. We compare its optimal value with v⋆ in (1) and obtain a covering-volume
guarantee for approximate MCD solutions.

Let vol denote d-dimensional volume, and recall

ωd = vol
(︁
{u ∈ Rd : ∥u∥2 ≤ 1}

)︁
,

the volume of the Euclidean unit ball. For a center µ ∈ Rd and a positive definite matrix H ∈ Sd
++,

define
E(µ,H) =

{︂
v ∈ Rd : (v − µ)⊤H(v − µ) ≤ 1

}︂
.

This ellipsoid is the image of the unit ball under u ↦→ µ + H−1/2u, so

vol(E(µ,H)) = ωd√︁
det(H)

.

The MVE problem jointly optimizes the subset, center, and quadratic-form matrix [32]:

VMVE = inf
S,µ,H

{︄
ωd√︁

det(H)
: (vi − µ)⊤H(vi − µ) ≤ 1,∀ i ∈ S ⊆ [n], |S| = h,µ ∈ Rd,H ∈ Sd

++

}︄
.

(16)
The constraint |S| = h requires the ellipsoid to contain at least h data points. It may contain
additional data points. The center µ is a decision variable and may not be equal v̄S . In MCD,
the selected subset determines its mean and covariance. We use an infimum in (16) since, when a
feasible subset lies in a proper affine subspace, the volumes of feasible ellipsoids can approach zero
without attaining the infimum.

The next theorem bounds the MVE optimal value in terms of the MCD optimal value. The
proof constructs a covering ellipsoid from any feasible subset with positive definite covariance.

Theorem 3 (MCD and minimum-volume ellipsoids). Let v⋆ and VMVE be the optimal values of
MCD Problem (1) and MVE problem (16), respectively. For d+ 1 ≤ h ≤ n,

ωd(dv⋆)d/2 ≤ VMVE ≤ ωd

(︁
(h− 1)v⋆)︁d/2

. (17)

Moreover, VMVE = 0 if and only if v⋆ = 0. When h = d + 1, both inequalities hold with equality.
For 1 ≤ h ≤ d, both optimal values are zero.
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Proof. We first prove the lower bound. Let (S,µ,H) be any feasible solution of (16). Expanding
the quadratic terms about v̄S and using

∑︁
i∈S(vi − v̄S) = 0, we obtain

tr(HCS) = 1
h

∑︂
i∈S

(vi − µ)⊤H(vi − µ)− (v̄S − µ)⊤H(v̄S − µ) ≤ 1.

The matrix H1/2CSH1/2 is positive semidefinite. Applying the arithmetic–geometric mean inequal-
ity to its d nonnegative eigenvalues yields

det(H) det(CS) = det(H1/2CSH1/2) ≤
[︄

tr(H1/2CSH1/2)
d

]︄d

=
[︃tr(HCS)

d

]︃d

≤ d−d.

Therefore,

vol(E(µ,H)) = ωd√︁
det(H)

≥ ωdd
d/2
√︂

det(CS) = ωd

(︁
dv(S)

)︁d/2 ≥ ωd(dv⋆)d/2.

Taking the infimum over all feasible ellipsoids proves the lower bound.
To construct a covering ellipsoid, fix any S = {i1, . . . , ih} ⊆ [n] with |S| = h and CS ≻ 0. Let

Y ∈ Rd×h have jth column (vij − v̄S)/
√
h, for each j ∈ [h]. Then

Y Y ⊤ = CS , Y 1 = 0.

Define P = Y ⊤C−1
S Y . The identities P ⊤ = P , P 2 = P , and P 1 = 0 show that P is an orthogonal

projection onto a subspace of {x ∈ Rh : 1⊤x = 0}. The projection onto this latter space is
Ih − 11⊤/h. Hence

0 ⪯ P ⪯ Ih −
1
h

11⊤, Pjj ≤ 1− 1
h
, ∀ j ∈ [h].

By the definition of the columns of Y ,

(vij − v̄S)⊤C−1
S (vij − v̄S) = hPjj ≤ h− 1, ∀ j ∈ [h].

Thus E(v̄S ,C
−1
S /(h− 1)) contains every data point indexed by S, and its volume is

vol
(︁
E(v̄S ,C

−1
S /(h− 1))

)︁
= ωd(h− 1)d/2

√︂
det(CS) = ωd

(︁
(h− 1)v(S)

)︁d/2
.

If v⋆ > 0, choose S to be an optimal solution of (1), so that v(S) = v⋆. This proves the upper
bound.

Suppose now that v⋆ = 0, and choose a feasible subset S with det(CS) = 0. There is a unit
vector a ∈ Rd satisfying CSa = 0. Since

0 = a⊤CSa = 1
h

∑︂
i∈S

[︁
a⊤(vi − v̄S)

]︁2
,

we have a⊤(vi − v̄S) = 0, ∀ i ∈ S. Choose R > 0 with R > maxi∈S ∥vi − v̄S∥2. For each τ > 0,
define

Hτ = 1
R2
(︁
Id + τaa⊤)︁ ≻ 0.

Every selected data point satisfies

(vi − v̄S)⊤Hτ (vi − v̄S) = ∥vi − v̄S∥22
R2 ≤ 1, ∀ i ∈ S.
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Thus E(v̄S ,Hτ ) is feasible for every τ > 0. Since ∥a∥2 = 1, the eigenvalues of Id + τaa⊤ are 1 + τ
and d− 1 copies of 1. Its volume therefore satisfies

vol
(︁
E(v̄S ,Hτ )

)︁
= ωdR

d

√
1 + τ

−→ 0 as τ →∞.

This proves VMVE = 0. The lower bound proves the converse. If h ≤ d, every feasible covariance has
rank at most h− 1 < d, so v⋆ = 0 and the same construction establishes VMVE = 0. Finally, when
h = d+ 1, the two bounds in (17) coincide.

The covering construction converts an approximate MCD solution into a feasible MVE solution.
Specifically, suppose v⋆ > 0 and a subset S of cardinality h satisfies v(S) ≤ ρv⋆, where ρ ≥ 1.
Combining its covering volume with the lower bound in (17) proves

vol
(︁
E(v̄S ,C

−1
S /(h− 1))

)︁
VMVE

≤
(︃
ρ
h− 1
d

)︃d/2
.

The factor ρd/2 converts the approximation ratio for v(S) into a volume ratio. The remaining factor
accounts for covering all selected data points with an ellipsoid defined by their sample mean and
covariance. The dependence on h in (17) is necessary. Suppose that h = n ≥ 2d, and consider
the data points {±ej}dj=1 together with h − 2d copies of the origin. There is only one feasible
subset, with mean zero and covariance (2/h)Id, so v⋆ = 2/h. The unit ball contains all data points.
Conversely, if E(µ,H) contains them, averaging the containment inequalities for ej and −ej yields

Hjj + µ⊤Hµ ≤ 1, ∀ j ∈ [d].

Summing over j yields tr(H) ≤ d. The arithmetic–geometric mean inequality then gives

det(H) ≤
(︃tr(H)

d

)︃d

≤ 1.

Every feasible ellipsoid therefore has volume at least ωd, and the unit ball attains this value. It
follows that

VMVE
ωd(v⋆)d/2 =

(︃
h

2

)︃d/2
.

For fixed d, this has the same order in h as the upper bound in (17). At h = 2d, the example also
attains the lower bound.

The volume bounds concern ellipsoids covering the data points in (16). In split-conformal
prediction, a separate calibration sample determines the radius. The prediction-region volume
therefore depends on both the selected covariance and the calibrated radius. The computational
study evaluates that volume together with empirical coverage.

6 Computational experiments
We compare the MCD subsets returned by branch-and-bound (B&B), FastMCD [1], and a medoid-
distance heuristic, which selects the h points nearest to the sample medoid. We then measure how
the node lower bound affects search completion and how the initialization affects the best feasible
determinant. The prediction experiments evaluate the calibrated volume and empirical coverage of
regions fitted to multivariate regression residuals.
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6.1 Algorithms and computational setting

The optimization tables report ratios of covariance determinants. For two feasible subsets S1 and
S2 with positive determinants, the corresponding ratio for the MCD objective is

Rdet = det(CS1)
det(CS2) , Rv = v(S1)

v(S2) = d
√︁
Rdet.

For instances of a common dimension d, the dth root of the geometric-mean determinant ratio gives
the geometric-mean objective ratio. When dimensions vary, we take the root for each instance using
its own dimension and then compute the geometric mean. A determinant ratio below one favors the
method in the numerator.

In the comparison tables, boldface marks the better result for the stated metric. We compare
completion counts within each instance group and strict wins within each pair of methods. We
bold ties for the best completion count, and the tie count when all paired cases agree. A bold
ratio at or below one indicates that the numerator method has the smaller or equal geometric
mean. For empirical coverage, boldface marks the estimate closest to the nominal level. Ordinary
multistart B&B initializes the search from multiple feasible subsets. Hybrid B&B uses the sampled
quadratic-form selection (QFS) and zonotope searches of Section 4.1. The experiments use one
thread on the same ARM64 laptop under macOS 15.6.1, Python 3.13.5, and NumPy 2.1.3.

6.2 Comparison with FastMCD and medoid-distance selection

We tested 60 instances with n = 18, d = 8, and h = 13 against the optimum obtained by exhaustive
enumeration. Within the five-second limit, B&B attained the optimum on all 60 instances. FastMCD
attained it on 21 and the medoid-distance heuristic on 17. Table 1 reports the resulting determinant
ratios to the enumerated optimum.

Table 1: Heuristic and B&B solutions on the same 60 eight-dimensional instances. The ratio is the
geometric mean of the method’s determinant divided by the enumerated optimum.

Method Optima attained Determinant ratio

B&B 60/60 1.000
FastMCD 21/60 1.779
Medoid distance 17/60 9.884

6.3 Comparison of lower bounds

We evaluated three lower bounds at the same 640 nodes in the branch-and-bound tree from 120
instances with n = 18, h = 13, and d ∈ {2, 8}. The combined bound takes the larger of the spectral
and completion bounds in Section 4. It exceeds Pesch’s determinant-monotonicity bound [21] at 496
nodes and ties it at the other 144. Against Agulló’s order-statistic bound [20], it wins at 403 nodes
and loses at seven (Table 2). Taking the maximum therefore improves on the combined bound at
seven of the 640 nodes.

We also used each bound as the pruning rule in the same B&B solver on 49 archived instances.
The suite contains 13 small instances, 24 instances with n = 64, d = 8, and h ∈ {32, 48}, and 12
larger Gaussian or principal-component instances. With the reported 60-second budget, all four rules
completed all 13 small searches within numerical tolerances. The combined bound and the maximum
of all three bounds each completed 15 medium and 10 large searches. Agulló’s bound completed
one medium search, and Pesch’s completed none of the medium or large searches (Table 3).

25



Table 2: Pairwise comparisons of node lower bounds on 640 fixed nodes. A strict win means that
the method computes the larger lower bound at that node.

Benchmark Combined wins Ties Benchmark wins

Pesch 496 144 0
Agulló 403 230 7

Table 3: Numerically completed B&B searches within each size group. The last column sums the
three groups. Maximum uses the largest of Pesch’s, Agulló’s, and the combined bound at each node.
Pruning bound Small Medium Large Total

Pesch 13/13 0/24 0/12 13/49
Agulló 13/13 1/24 0/12 14/49
Spectral and completion 13/13 15/24 10/12 38/49
Maximum 13/13 15/24 10/12 38/49

6.4 Hybrid initialization

We allowed random starts, sampled QFS, random zonotope searches, and the hybrid initialization
for two seconds each. For each of two Gaussian-mixture families, we generated three independent
data matrices at each of (n, d) = (96, 4) and (128, 8). On each of the 12 matrices we used three
retention fractions, h/n ≈ 0.4, 0.6, and 0.8, rounding h to an integer. Thus, there are 36 cases.
Each method ran twice per case.

Each QFS trial draws 2d observation indices with replacement and weights from the geometric
grid with δ = 1/2. When the resulting auxiliary matrix is positive definite, QFS selects the h
observations with the smallest quadratic scores. A random zonotope search proposes feasible subsets
as it crosses generator hyperplanes in Section 3.1. After the common starts, the hybrid splits
the remaining time equally between QFS and zonotope searches. All four procedures refine each
candidate by at most 40 concentration steps. We average the two log determinants within each
method and case before making paired comparisons.

Table 4: Initialization at two seconds on 36 paired cases. The ratio is the geometric mean of the
hybrid determinant divided by the benchmark determinant.
Benchmark Hybrid wins Ties Benchmark wins Determinant ratio

Random starts 17 19 0 0.978712
QFS 4 32 0 0.998657
Zonotope searches 4 32 0 0.994468

The hybrid achieved a smaller determinant than random starts on 17 of 36 cases and tied on the
remaining 19. It improved on QFS alone in four cases and on zonotope searches alone in four, with
no losses in either comparison. The geometric-mean reductions were 2.129% against random starts,
0.134% against QFS, and 0.553% against zonotope searches (Table 4). Figure 1 tracks candidate
quality during initialization.

A separate eight-second comparison measures the effect of adding sampled QFS proposals
to ordinary multistart before the same B&B search. The eight seconds include two seconds of
initialization. At h/n ≈ 0.4, the QFS warm start improved the final determinant in eight of 12 cases
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Figure 1: Candidate quality over the two-second initialization. For each case, the vertical axis is the
difference between the current log determinant and the smallest eligible endpoint log determinant
across the four methods and two repeats, divided by d. Shading shows the interquartile range across
cases.

and tied in four. The geometric-mean reduction was 4.6%, and the largest case-level reduction was
19.8%. At h/n ≈ 0.6, the geometric-mean reduction was 0.09%. At h/n ≈ 0.8, all 12 cases tied.
Before averaging the two repeats within each case, the QFS warm start won 22 of the 72 paired
runs and tied in 50 (Table 5).

Table 5: Final incumbent determinants at eight seconds, including initialization. Each row contains
12 paired cases. The ratio compares the QFS warm start with ordinary multistart after averaging
the two log determinants for each method and case.

Target h/n QFS warm wins Ties Multistart wins Determinant ratio

40% 8 4 0 0.9541
60% 3 9 0 0.9991
80% 0 12 0 1.0000

6.5 Larger instances

Table 6 reports a small Gaussian reference and seven larger instances. For Breast Cancer and Digits,
we standardized the original coordinates and projected them onto the first d principal components,
using (d, k) = (10, 10) and (20, 20) for each dataset, where k = n − h. Breast Cancer uses all
569 observations and Digits uses a fixed sample of 1,000. The other large instances are two clean
Gaussian samples and a 20-dimensional sample whose last 20 observations receive independent
Gaussian perturbations.

Hybrid B&B closed the numerical log gap on all eight reported instances within the 1,800-second
total limit. The seven larger searches took 2.11–130.38 seconds including initialization. The longest
was the clean 20-dimensional Gaussian instance. These times describe individual runs.
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Table 6: Hybrid B&B running times, including initialization, and final log gaps. The log gap is the
log of the ratio of the upper to the lower determinant bound. C denotes numerical completion.
Instance n d h Time (s) Status Log gap

Small Gaussian 12 3 9 2.00 C 0
Breast Cancer 569 10 559 2.11 C 0
Breast Cancer 569 20 549 9.98 C 0
Digits 1000 10 990 2.53 C 0
Digits 1000 20 980 23.14 C 0
Gaussian 1000 10 990 3.45 C 0
Gaussian 1000 20 980 130.38 C 0
Perturbed Gaussian 1000 20 980 35.53 C 0

6.6 Conformal prediction application

The prediction study uses 440 residual samples and six subset cardinalities per sample, for a total of
2,640 MCD fits. We reused fits with a closed numerical gap and ran hybrid B&B on the remaining
instances, with a 900-second limit per fit including initialization.

Comparison methods. At fixed h, we compared B&B and raw FastMCD on the determinant
of the covariance matrix of the selected residuals. Both methods evaluated the covariance on h
residuals with equal weights. The untrimmed estimator used all 64 residuals. For prediction, we
also compared with the minimum-volume covering sets (MVCS) method of Braun et al. [28]. MVCS
fits a center, a linear transformation, and a shape exponent to minimize empirical region volume
at a target coverage level. We calibrated its fitted score on the same separate sample used for the
MCD score.

Data and regression functions. Let ξ denote the explanatory variables, y ∈ Rd the response,
and f(ξ) the regression function. For the Gaussian instances, d = 8, the residual mean is zero,
the covariance satisfies (C0)ij = 0.65|i−j|, ∀ i, j ∈ [d], and the regression function is identically zero.
The Seoul weather responses are next-day maximum and minimum temperatures [33]. The River
RF1 responses are eight river-flow measurements 48 hours ahead [34]. For each dataset, we fit 400
extremely randomized regression trees with at least five observations per terminal node [35]. We fit
the regression function once and hold it fixed across methods and replications. We impute missing
predictor values with regression-sample coordinate medians. Let D be the diagonal matrix of residual
standard deviations from that sample. The standardized residual is r(ξ,y) = D−1(y − f(ξ)), with
D = Id for the Gaussian instances.

Table 7 separates the samples used to estimate the regression, fit covariance matrices, select h,
calibrate the final score, and evaluate the regions. For weather, we train the regression on 2013–2015
data, group the 2016 station records by date, and evaluate on 2017 data. RF1 uses a fixed random
partition.

Contamination experiments. Let µref and Cref denote the reference mean and covariance. For
Gaussian data, they are 0 and C0. For real data, they are the empirical mean and covariance
of the residual pool before artificial contamination. Let c be the number of replaced residual
vectors, possibly distinct from the exclusion count k = n− h. Each instance uses n = 64 residual
vectors, of which c ∈ {0, 1, 2, 3, 6, 13} are replaced. Let J ⊆ [n] be the set of replaced indices, with
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Table 7: Sample sizes for each stage of prediction. Each covariance fit uses 64 residuals drawn from
the indicated pool. The Gaussian regression function is known.
Dataset d Regression Covariance Validation Calibration Evaluation

Gaussian 8 – 512 512 1,024 4,096
Seoul weather 2 4,638 500 250 547 1,538
River RF1 8 4,106 1,369 456 913 1,825

|J | = c. For each i ∈ J , the scattered replacement is µref + 5Lgi, and the clustered replacement
is µref + L(8u + 0.5gi), where gi ∼ N(0, Id), ∀ i ∈ J , LL⊤ = Cref , and u is a random unit vector
shared by the cluster. Within each instance, all methods receive the same replacements in the
covariance sample. The other samples retain their original observations. We use 20 Gaussian
replications and ten replications per real dataset for each condition, sharing the uncontaminated
case across the two mechanisms. Real-data replications use the same regression function and the
same validation, calibration, and evaluation samples.

Prediction regions and negative log-likelihood. For a selected residual subset S with mean
r̄S and positive definite covariance CS , the nonconformity score is the Mahalanobis distance

sS(ξ,y) =
√︂

(r(ξ,y)− r̄S)⊤C−1
S (r(ξ,y)− r̄S).

For nominal coverage 1− α, α ∈ (0, 1), let mcal be the number of calibration scores. The radius ˆ︁tS
is their ⌈(mcal + 1)(1−α)⌉th order statistic after appending +∞. The region contains the responses
with score at most ˆ︁tS . In the original response coordinates, its volume is

VS = ωd| det(D)|v(S)d/2 ˆ︁t d
S . (18)

Empirical coverage is the fraction of evaluation responses contained in their prediction regions.
The split-conformal guarantee requires exchangeability of the calibration and future nonconformity
scores [9]. For real data, we report observed coverage.

For density estimation, the Gaussian negative log-likelihood at (ξ,y) is

ℓS(ξ,y) = d

2 log(2π) + log |det(D)|+ d

2 log v(S) + 1
2sS(ξ,y)2.

We averaged this loss over the validation sample when choosing h for density estimation.

Choice of subset cardinality. The fixed rule used h = 64−c and thus used the known replacement
count. The validation rule fit each h ∈ H = {51, 58, 61, 62, 63, 64} on the same residual sample. For
density estimation, we chose the fit with the smallest mean validation negative log-likelihood. For
prediction regions, we computed a provisional radius on the validation sample and chose the h with
the smallest provisional volume separately at each nominal level. We then computed the final radius
on the calibration sample. The 900-second limit applies to each MCD fit. Selecting h from the grid
required all six fits and the validation calculations.

Summary statistics. We report geometric means of paired volume ratios. Each pointwise 95%
interval uses 2,000 paired bootstrap resamples with common replication indices for the two methods.
For full-sample real-data negative log-likelihood, we also resampled evaluation blocks of seven
weather dates or 32 original RF1 rows. The real-data intervals condition on the fitted regression
and data partition. We selected the displayed comparisons after examining the results.
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Equal-cardinality comparison on prediction instances. Across the ten conditions with c > 0,
B&B and FastMCD selected the same number of residuals, h = 64− c. There are 200 Gaussian,
100 weather, and 100 RF1 comparisons. For each original sample of residuals, we construct ten
contaminated instances.

Table 8: Fixed-cardinality B&B versus raw FastMCD. A strict win means a smaller determinant.
The last column is the geometric-mean determinant ratio, B&B divided by FastMCD. Absolute
log-determinant differences of at most 10−8 count as ties.
Dataset B&B wins Ties FastMCD wins Determinant ratio

Gaussian 33 167 0 0.969
Weather 2 98 0 0.992
River RF1 26 74 0 0.864

B&B attained a smaller determinant on 61 of the 400 paired instances and tied on the other
339 (Table 8). The largest geometric-mean reduction was 13.6% on RF1, compared with 3.1% on
Gaussian data and 0.8% on weather data.

Calibrated region volume and coverage. The validation-selected MCD ellipsoid and the
MVCS region used the same regression function, residual samples, and nominal coverage level. Both
methods calibrated the chosen score on the separate calibration sample and measure coverage on
the same evaluation responses.

With six scattered Gaussian replacements and a 99% target, the validation-selected MCD region
had 77.5% lower geometric-mean volume than MVCS. Empirical coverage was 99.12% for MCD and
99.08% for MVCS. Figure 2 also illustrates the clustered replacements.

0 20 40 60 80
Calibrated volume reduction vs MVCS (%)

Clustered, 95%

Clustered, 99%

Scattered, 95%

Scattered, 99%

Test coverage (%)
Hybrid B&B MVCS

95.11
[94.74, 95.42]

95.21
[94.77, 95.62]

99.13
[98.99, 99.25]

99.21
[99.12, 99.31]

95.07
[94.67, 95.42]

95.12
[94.78, 95.44]

99.12
[98.99, 99.26]

99.08
[98.96, 99.21]

Figure 2: Gaussian prediction regions with six replacements among the 64 fitting residuals. At
each target, B&B used validation volume to select h. The left panel shows geometric-mean volume
reductions relative to MVCS with paired 95% bootstrap intervals. The right panel shows empirical
coverage with pointwise intervals. The plot labels the MCD fit Hybrid B&B. Both methods used
the same replacements across 20 replications.

The validation-selected MCD regions had smaller geometric-mean volumes in all six real-data
comparisons in Table 9. For RF1 at the 90% target with six clustered replacements, the MCD
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Table 9: Validation-selected MCD versus MVCS on real data. The ratio is MCD-calibrated volume
divided by MVCS-calibrated volume, with a paired 95% bootstrap interval. For coverage, boldface
marks the estimate closer to the nominal target.

Data and replacements Target
Volume

ratio
95% interval

for ratio
MCD

coverage (%)
MVCS

coverage (%)

Weather, 13 clustered 90% 0.828 [0.768, 0.887] 85.76 86.55
95% 0.888 [0.772, 0.988] 95.42 94.30

RF1, 6 scattered 90% 0.370 [0.275, 0.504] 90.04 89.87
95% 0.421 [0.320, 0.567] 94.54 93.93

RF1, 6 clustered 90% 0.364 [0.262, 0.508] 90.00 89.62
95% 0.446 [0.327, 0.615] 94.48 94.00
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Figure 3: One weather replication with 13 clustered replacements at the 95% target. The MCD
region, labeled Hybrid B&B, uses h = 51, selected by the validation step, and has 33.9% of the
untrimmed area and 53.7% of the MVCS area.
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volume was 36.4% of the MVCS volume, with empirical coverage of 90.00% and 89.62%, respectively.
For weather at the 90% target, coverage fell to 85.76% for MCD and 86.55% for MVCS. At the
95% weather target, MCD covered 95.42% with a volume ratio of 0.888. Figure 3 illustrates the
validation-selected cardinality rule for one weather replication. Equation (18) shows why both the
fitted determinant and the calibration radius enter the volume.

7 Conclusion and research directions
The minimum covariance determinant problem selects a subset of fixed size whose sample covariance
matrix has minimum determinant. We develop approximation and exact algorithms for this problem.
Quadratic-form selection provides a deterministic approximation scheme for the geometric-mean
objective, and an affine-hull test solves instances with optimal value zero. Zonotope enumeration
provides a polynomial-time exact algorithm in fixed dimension that permits repeated observations
and affine dependencies. The covering-ellipsoid analysis converts an approximate MCD solution into
a covering-volume guarantee. In the computational study, spectral and completion bounds improve
search completion within numerical tolerances, with the largest gains on medium and large instances.
Hybrid initialization improves starting solutions over random starts, and branch-and-bound finds
smaller covariance determinants than FastMCD on some contaminated prediction instances at equal
cardinality. The prediction experiments also show that smaller region volume can coincide with
empirical coverage below the target level, so both measures are needed to assess prediction regions.
Future research can use dependencies among zonotope generators to strengthen node bounds and
develop criteria for solving residual subproblems by exact enumeration. Computational comparisons
may account for the cost of generating inequalities and enumerating candidates. Further questions
concern subset-cardinality selection with limited validation data and prediction performance when
calibration and evaluation observations come from different periods.
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