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Abstract

Slope change detection seeks to identify changes in the trends of time-ordered signals. We
study the problem of fitting a multidimensional time series by continuous piecewise-linear func-
tions with a common, continuously varying breakpoint and unrestricted slopes. We consider
both the dense setting, in which every dimension may change slope, and the sparse setting,
in which at most k dimensions may change slope. Although the resulting optimization prob-
lems are nonconvex mixed integer nonlinear programs and may have irrational optimal solutions
even for rational input data, we prove that all six variants, corresponding to the ℓ1, ℓ2, and ℓ∞
losses in the dense and sparse settings, are exactly solvable in polynomial time. In particular,
optimal solutions admit polynomial-size algebraic representations and can be computed with
polynomial bit complexity. For the least-squares loss, we obtain especially efficient algorithms
requiring O(JT ) operations in the dense setting and O(J2T log J) operations in the sparse set-
ting, where T is the number of time points and J is the number of dimensions. We implement
these least-squares algorithms and evaluate them on simulated data and on three real-world mul-
tidimensional time series, namely, regional surface temperatures (ERA5), hand-tracking data
from a mixed-reality headset (HoloAssist), and turbofan engine sensor data (NASA C-MAPSS).
The dense algorithm solves instances with up to J = 105 and T = 100, that is, 107 observations,
in less than 0.1 seconds on a laptop, while the sparse algorithm solves instances with about 103

dimensions and up to T = 240 in under a second. Compared with a mixed-integer nonlinear
programming (MINLP) formulation solved by Gurobi on the same instances, our algorithms
are several orders of magnitude faster (approximately 8.9 × 103 to 3.4 × 106 times) on those
instances where Gurobi terminates within its default optimality tolerance of 0.01% optimality
gap. On larger instances, Gurobi frequently reaches a 10,000-second time limit with substantial
optimality gaps.

Keywords: High-dimensional slope change detection; Mixed integer nonlinear program; Irrational
solutions; Polynomial-time solvability.

1 Introduction

Slope change detection seeks the location in a time-ordered sequence, called a breakpoint, at which
the rate of change of an underlying signal changes. Unlike mean-shift detection, which seeks
abrupt changes in the signal level, slope change detection considers changes in trend while pre-
serving continuity. Slope-change models have been used in a variety of applications, including
surface-temperature trends in climatology [2, 48, 7, 57], rainfall trends [20], changes in health out-
comes measured repeatedly over time [17], and sensor-based monitoring [19]. In many applications,
multiple signals are observed at each observation time, and a common event, such as a regime shift
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or a system fault, may change their trends simultaneously. This motivates fitting a slope change
that is shared across the dimensions of a multidimensional time series.

1.1 Problem formulation

Let T ≥ 4 be an integer, let x1 < x2 < · · · < xT be rational time coordinates, and let yi =
(y1i , . . . , y

J
i ) ∈ QJ be the observation at time xi, so that yji is the observation of dimension j ∈ [J ]

at time xi. For a breakpoint z ∈ R, every continuous function that is affine on (−∞, z] and on
[z,∞) can be written uniquely as

x ↦→ α+ βx+ δ(x− z)+,

where (t)+ := max{t, 0}. We call z the breakpoint of this function. This function has slope β and
intercept α before the breakpoint, and slope β + δ and intercept α − δz after it. Thus δ is the
change in slope, and continuity at z is built into the representation. We fit one such function to
each dimension, with a breakpoint common to all dimensions. Given z ∈ R and α, β, δ ∈ RJ , the
residual of dimension j at time xi is

rji = yji − αj − βjxi − δj(xi − z)+, i ∈ [T ], j ∈ [J ], (1)

and r ∈ RTJ denotes the vector of these TJ residuals. For p ∈ {1, 2,∞}, define the loss

Lp(r) :=

⎧⎪⎨⎪⎩
∑︁

i,j |r
j
i |, p = 1,∑︁

i,j(r
j
i )

2, p = 2,

maxi,j |rji |, p = ∞.

Given data (xi, yi)i∈[T ] with xi ∈ Q and yi ∈ QJ , and k ∈ {0, 1, . . . , J}, the slope change problem is

OPTp,k := min
z,α,β,δ,r

{︁
Lp(r) : r satisfies (1), ∥δ∥0 ≤ k, z ∈ [x2, xT−1]

}︁
. (2)

The constraint ∥δ∥0 ≤ k allows at most k dimensions to change slope, and each remaining dimension
is fitted by a single line. We refer to the case k = J as the dense problem and to the case k < J
as the sparse problem. The constraint z ∈ [x2, xT−1] ensures that at least two observations lie on
each side of the breakpoint, since a change in slope cannot be inferred from a segment containing
a single observation.

Three features make this problem nontrivial. First, the breakpoint z is a continuous decision
variable, and the terms δj(xi−z)+ introduce nonconvexity. Second, the breakpoint is shared across
all dimensions, coupling their fitting problems. Third, the sparse problem introduces the additional
combinatorial problem of selecting which dimensions may change slope. Although the problem can
be formulated as a mixed-integer nonlinear program [47], we show that its special structure permits
polynomial-time algorithms.

1.2 Related literature

Single-dimension time series. Most methods for a single time series allow several breakpoints but
restrict the breakpoints to the observation times or a prespecified candidate set. Without conti-
nuity, dynamic programming finds exact solutions [38, 5, 39]. With continuity, [25] use functional
dynamic programming with an ℓ0 penalty on the number of slope changes, and [24] allow unevenly
spaced observations and more flexible candidate sets. The convex alternative, ℓ1 trend filtering
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[42, 55], penalizes the second differences of the fitted values, so its breakpoints arise implicitly at
observation times. Fewer methods treat breakpoint locations as continuous. For one breakpoint
under least squares, the setting closest to ours, [37] obtains the exact fit by examining each interval
between consecutive observations, with statistical properties studied in [36, 26] and a grid-search
alternative proposed by [44]. For several breakpoints, iterative linearization [46] guarantees only
local optimality, while mixed-integer programming provides exact formulations [56, 49, 30, 47].

Multiple-dimension time series with shared breakpoints. Here, the breakpoints are com-
mon to all dimensions. [40] estimates a break in the intercept, slope, or both of a linear trend,
common to all series in a large panel, by minimizing the total sum of squared residuals over all
break dates, and [41] estimates the break date jointly with latent common factors in the errors. For
shared changes in the mean, the group fused lasso [11] gives a convex formulation. [19] detects, on-
line, a common change point after which a subset of the dimensions moves from a constant mean to
a linear drift, with sparsity modeled through the probability that each dimension is affected. Sparse
changes in the mean of high-dimensional time series are studied by [58] and [23]. These works differ
from our setting in their restrictions on breakpoint locations, assumptions on the form of the slope
change, or statistical detection objectives, and none establishes polynomial-time global optimiza-
tion for the formulation (2). [47] extends their mixed-integer formulations to shared breakpoints.
These formulations are exact, but they are not known to be solvable in polynomial time.

Parametric linear programming. [15] optimizes the value of min{c⊤x : (A0+λA1)x ≤ b, x ≥
0} over a scalar λ in an interval, extending sensitivity analysis [28]. They prove that both minimizing
and maximizing this value are NP-hard, and identify easier cases where A1 has entries of one sign or
a single nonzero row or column. For p ∈ {1,∞} and fixed i∗, our dense problem is the minimization
version with λ = z. However, because of the absolute values, A1 always has entries of both signs,
and for J ≥ 2 it has J nonzero columns, so none of these cases applies. We nevertheless solve the
dense and sparse problems exactly in polynomial time, even though the optimal z may be irrational
and the sparse problem is not an LP for fixed i∗.

Complexity and connection to ReLU networks. Closely related function recovery problems
are NP-hard [60], and [25] notes that it is unclear whether detecting multiple slope changes is
NP-hard. We study the setting with a single breakpoint that is shared across dimensions and
located continuously. This setting is also the global training of a ReLU network whose input is
time, with a single hidden unit (x−z)+ shared by J outputs with affine skip connections, where the
breakpoint z is restricted to [x2, xT−1]. Training ReLU networks is NP-hard for other architectures
[22, 14, 29], and optimal weights can be irrational [1, 9]. These results do not imply hardness for
ours. Exact polynomial-time training is known for one hidden layer with a single output and fixed
input dimension [4], but this does not cover multiple outputs.

2 Main complexity results

Throughout, ⟨D⟩ denotes the binary encoding length of the data D := (xi, yi)i∈[T ]. The existence
and representation of rational solutions are important issues in mixed-integer nonlinear program-
ming. For example, mixed-integer quadratic programming admits polynomial-size certificates of
feasibility [21], whereas systems of cubic polynomial inequalities with rational data may have only
irrational feasible solutions, and deciding the existence of rational solutions is NP-hard [10]. Prob-
lem (2) exhibits both phenomena, that is, optimal breakpoints can be irrational, yet we show that
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optimal solutions admit polynomial-size algebraic representations and can be computed exactly in
polynomial time. To see that optimal breakpoints can be irrational, let T = 6, J = 2, xi = i − 1
for i ∈ [6], y1 = (−2, 2,−2,−2, 5, 0), and y2 = (−9, 4, 8,−6,−4, 0). Then

OPT2,2 =
74531−

√
477755737

420
≈ 125.4128,

attained at z⋆ = (−58563+5
√
477755737)/49162 ≈ 1.0318. Since 477755737 is not a perfect square,

both z⋆ and OPT2,2 are irrational. This irrationality is caused by sharing the breakpoint across
dimensions. For J = 1 and p = 2 a rational optimal breakpoint always exists (see Section 3). We
therefore specify what an algorithm returns.

Definition 1. An algorithm solves (2) if it returns an optimal breakpoint z⋆, represented as a real
algebraic number by a univariate polynomial with rational coefficients together with an interval with
rational endpoints that contains z⋆ and no other root of the polynomial, and returns α⋆, β⋆, δ⋆ as
explicit rational functions of z⋆ with rational coefficients.

As we shall see, for p ∈ {2,∞}, our algorithms return an optimal breakpoint z⋆ that is algebraic
of degree at most two over Q. For p = 1, its degree is at most max{2, 2J − 2} in the dense problem
and at most max{2, 2k− 2} in the sparse problem. In all cases, the optimal fitting coefficients can
be chosen in Q(z⋆), the smallest subfield of R containing Q and z⋆, which consists of the values at
z⋆ of rational functions with rational coefficients.

The encoding length of an algebraic number represented as in Definition 1 is the total binary
encoding length of the coefficients of the polynomial and the endpoints of the interval. All ra-
tional and algebraic numbers arising in our algorithms admit representations of encoding length
polynomial in T , J , and ⟨D⟩. Standard algorithms for real algebraic numbers perform exact arith-
metic, root isolation, sign evaluation, and comparison on these representations in polynomial time
[6, 51]. Consequently, the optimal breakpoint, objective value, and fitting coefficients can also be
approximated to within 2−t in time polynomial in T , J , ⟨D⟩, and t [16, 51].

2.1 Poly-time complexity

Theorem 1. For every p ∈ {1, 2,∞} and k ∈ {0, 1, . . . , J}, problem (2) can be solved, in the
sense of Definition 1, in time polynomial in T , J , and ⟨D⟩. More precisely, the algorithms perform
the arithmetic operations counted in Table 1. All numbers involved are rational or algebraic, with
encoding length polynomial in T , J , and ⟨D⟩. For p ∈ {2,∞}, these operations include, and the
table counts among them, computations of roots of quadratic polynomials and exact comparisons
of quadratic algebraic numbers. For p = 1, the algorithm additionally performs root isolations and
algebraic-number comparisons, counted in Table 1. All these algebraic operations have polynomial
bit complexity.

When k = 0, each dimension is fitted by a single line, and the problem is solved directly. For
p = 2, the dense algorithm is linear in the number JT of observations, which is optimal up to a
constant factor since every observation must be read, and the sparse algorithm is linear in T and
nearly quadratic in J . In our experiments, a dense instance with J = 105 and T = 100, that is,
107 observations, is solved in less than 0.1 seconds on a laptop, and sparse instances with about
103 dimensions are solved in under a second. Section 5 describes the experiments, software, and
hardware. We have not tried to optimize the running-time for p ∈ {1,∞}, whose purpose is to
establish polynomial-time solvability.
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Table 1: Number of operations of the algorithms. Quadratic root computations and comparisons
of quadratic algebraic numbers count as single operations. For p = 1, the table also lists the
root isolations of the polynomials of degree at most 2J − 2 or 2k − 2, which are needed only if
J ≥ 2 or k ≥ 2, and the comparisons of the resulting algebraic numbers. All these operations have
polynomial bit complexity (Theorem 1).

Dense (k = J) Sparse (k < J)

p = 2 O(JT ) O(J2T log J)

p = ∞ O(J3T 9 log(JT )) O(JT + J log J + k3T 9 log(kT ))

p = 1

O(J3T 9 + JT 9 log(JT ))

arithmetic operations;

O(JT 9) root isolations,

degree ≤ 2J − 2 (J ≥ 2);

O(J2T 9) algebraic comparisons

O((J + k2)J3T 9 + JT 9 log(JT ))

arithmetic operations;

O(J3T 9) root isolations,

degree ≤ 2k − 2 (k ≥ 2);

O(kJ3T 9) algebraic comparisons

2.2 Outline of the proof of Theorem 1

The three losses, each in the dense and the sparse setting, give six variants of the problem. All
six variants are solved by the same six-step strategy described below. The details of each step
depend on the variant. The main idea is that, for a fixed breakpoint z, the problem splits into J
small fitting problems, one for each dimension. We study how the optimal error of each of these
problems varies with z, combine these errors over the dimensions, and reduce the search for z to
finitely many candidates.

Step 1: reduction to intervals. The nonlinear terms (xi − z)+ depend on which observations
lie to the right of z. Once we restrict z to an interval between consecutive observations, this set is
fixed and each residual term, rji , becomes affine in z. For i∗ ∈ {2, . . . , T − 2}, let OPTi∗

p,k denote
the optimal value of (2) with z ∈ [xi∗ , xi∗+1]. Since these intervals cover [x2, xT−1], we have that
OPTp,k = mini∗∈{2,...,T−2}OPTi∗

p,k. For z ∈ [xi∗ , xi∗+1], including the endpoints, the residuals (1)
become

rji = yji − αj − βjxi − δjhi(z), hi(z) :=

{︄
0, i ≤ i∗,

xi − z, i > i∗.

Since 2 ≤ i∗ ≤ T − 2, each side of the breakpoint contains at least two observations with distinct
time coordinates. We show this implies the three columns (1)i∈[T ], (xi)i∈[T ], and (hi(z))i∈[T ] of the
fitting problem, corresponding to αj , βj , and δj , are linearly independent for every z, so none of
them becomes redundant. We fix i∗ for the rest of the outline.

Step 2: decoupling for fixed z. For fixed z, the dimensions interact only through the choice
of which of them may change slope. Each dimension is otherwise fitted separately using the three
variables (αj , βj , δj). For j ∈ [J ] and z ∈ [xi∗ , xi∗+1], let fj(z) be the minimum error when dimension

j may change slope at z. This error is
∑︁

i |r
j
i |,

∑︁
i(r

j
i )

2, or maxi |rji | for p = 1, 2,∞, respectively.
Let Uj be the corresponding minimum with δj = 0. Thus Uj is the error of the best single line,
independent of z, and fj(z) ≤ Uj . Then

OPTi∗
p,k = min

z∈[xi∗ ,xi∗+1]
min

S⊆[J ], |S|≤k

(︂⨁︂
j∈S

fj(z)
)︂
⊕
(︂⨁︂

j /∈S

Uj

)︂
,

where ⊕ denotes addition for p ∈ {1, 2} and maximum for p = ∞, and an empty aggregation equals
zero. Thus the problem reduces to understanding and combining the functions fj(·).
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Step 3: structure of each fj(·). We establish that fj(·) is continuous. As we cannot evaluate
fj(z) for every z, we show that each fj(·) is piecewise rational on [xi∗ , xi∗+1], with polynomially
many pieces. Each piece has numerator and denominator of degree at most two, and its endpoints
are roots of polynomials of degree at most two with rational coefficients.

For p = 2, the least-squares projection gives a single piece, fj(z) = Uj − νj(z)
2/D(z), where

νj(z) is affine in z andD(z) is a positive quadratic in z. Crucially, D(·) is common to all dimensions.
For p ∈ {1,∞}, fj(z) is the optimal value of a linear program. We show that its feasible region

is pointed. Since its objective is bounded below by zero, the linear program has an optimal vertex.
Since z appears only, and affinely, in the column of δj , the Cramer rule shows that every basic
solution has entries (a + bz)/(c + dz) with a, b, c, d ∈ Q. We call such functions linear-fractional.
Such a function can be shown to be monotone on every interval that avoids its pole, and two distinct
ones cross at most twice. We bound the number of vertices and determine where each is feasible.

• For p = ∞, the linear program minimizes η over the four variables (αj , βj , δj , η), subject to

the 2T constraints −η ≤ rji ≤ η for i ∈ [T ]. A vertex is determined by four active constraints,
so there are O(T 4) candidate vertices. For each candidate, η is linear-fractional in z, and
the candidate is feasible on a union of O(T ) intervals. Hence fj(·) is the minimum of O(T 5)
linear-fractional functions, each restricted to one interval.

• For p = 1, we prove that an optimal fit can be chosen to pass through three observations,
not all on the same side of the breakpoint. Thus, there are O(T 3) choices. Each determines
(αj , βj , δj) uniquely as linear-fractional functions of z. Every such fit is feasible, so, unlike

for p = ∞, no restriction on z is needed. Its loss
∑︁

i |r
j
i | is piecewise linear-fractional, with

O(T ) pieces separated by residual sign changes. Thus fj(·) is the minimum of O(T 4) linear-
fractional functions, each restricted to one interval.

Step 4: aggregation in the dense problem. Here we minimize
⨁︁

j∈[J ] fj(z). Each fj is
piecewise rational on [xi∗ , xi∗+1], and together their breakpoints partition this interval into cells.
On each cell, every fj is given by a single rational expression whose denominator does not vanish
on the cell. We minimize the resulting univariate function on each cell and take the best value over
all cells.

• If ⊕ is addition, the objective on each cell is a single rational function. We show that its
minimum occurs at a cell endpoint or a root of the numerator of its derivative. This numerator
has degree at most two for p = 2 and at most 2J − 2 for p = 1.

• If ⊕ is the maximum, the objective on each cell is the upper envelope of J linear-fractional
functions. We show each is monotone on the cell, so a minimum occurs at a cell endpoint or
a crossing of two functions.

Step 5: support selection in the sparse problem. Allowing dimension j to change slope
gives the gain uj(z) := Uj − fj(z) ≥ 0. Our task is to choose at most k dimensions. The optimal
choice depends on the aggregation.

First, suppose ⊕ is addition. For a set S, the total error is
∑︁

j∈[J ] Uj −
∑︁

j∈S uj(z). For fixed z,
an optimal S consists of the k dimensions with the largest gains. The ranking of the gains, however,
varies with z, and the set of the k largest gains can change only at crossings of two gains, where
their relative order may change. Therefore, between consecutive crossings, S is fixed and we solve
the dense problem restricted to S. For p = 1, the gains are linear-fractional on each cell of Step 4,
so two distinct gains cross at most twice, giving O(J2) crossings per cell. For p = 2, the common
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denominator in uj(z) = νj(z)
2/D(z) means that the ranking is determined by |νj(z)|, which gives

the subcells on which the ranking is constant.
Next, suppose ⊕ is maximum. For S ⊆ [J ] with |S| = k, the objective is

ΦS(z) := max{max
j∈S

fj(z),max
j /∈S

Uj}.

A dimension outside S keeps its single-line error Uj , so the dimensions with the largest Uj should
be the ones allowed to change slope. We verify this as follows. Let S⋆ be the set of the k dimensions
with the largest single-line errors Uj , with arbitrary tie-breaking. This set is independent of z. We
claim that ΦS⋆(z) ≤ ΦS(z) for every z and every S of size k. If S ̸= S⋆, choose j ∈ S⋆ \ S and
j′ ∈ S \S⋆. Then Uj ≥ Uj′ . Swapping j and j

′ removes Uj and fj′(z) from the maximum and adds
fj(z) ≤ Uj and Uj′ ≤ Uj . Thus the maximum cannot increase. Repeated swaps yield S⋆, proving the

claim. Setting M := maxj /∈S⋆ Uj , the problem becomes minz∈[xi∗ ,xi∗+1]max
{︂
maxj∈S⋆ fj(z), M

}︂
,

which is the dense problem on S⋆, followed by a maximum with the constant M .

Step 6: candidates and exact comparison. Steps 4 and 5 reduce the search to finitely many
candidates, namely cell endpoints, stationary points, and crossings. These are algebraic numbers of
low degree (see Definition 1), so we evaluate the objective at each and compare the values exactly.
Given an optimal breakpoint z⋆, solving the fitting problems of Step 2 at z⋆ recovers (α⋆, β⋆, δ⋆).

Complexity. Each fj(·) has one piece for p = 2 and O(T 8) pieces for p ∈ {1,∞}. Merging the
endpoints of all pieces, and refining by pairwise crossings where needed, gives polynomially many
cells. The bounds in Table 1 multiply the number of cells by the cost per cell and by the T − 3
intervals of Step 1.

Detailed proofs are presented in Section 3 for the dense case and Section 4 for the sparse case.

3 Polynomial-Time Solvability: Dense Setting

This section and the next carry out Steps 3 to 6 of Section 2.2, with the notation introduced there.
Throughout, we fix i∗ ∈ {2, . . . , T − 2} and write I := [xi∗ , xi∗+1]. By Step 1, the algorithm is run
once for each of the T − 3 values of i∗, and the best of the resulting solutions is returned. Hence,
all operation counts below are per interval, and they are multiplied by T in Table 1. For i ∈ [T ]
and z ∈ R, let ai(z) := (1, xi, hi(z))

⊤, and for θj = (αj , βj , δj)
⊤ let rji (θj , z) := yji − ai(z)

⊤θj be
the residual of Step 1. For a linear-fractional of the form (a+ bz)/(c+ dz) with (c, d) ̸= (0, 0), its
derivative is (bc − ad)/(c + dz)2, whose sign is that of the constant bc − ad wherever c + dz ̸= 0.
Hence it is strictly increasing, strictly decreasing, or constant on every interval on which c+dz ̸= 0.

3.1 Preliminaries

Lemma 1. Fix j ∈ [J ] and p ∈ {1, 2,∞}.

(a) For every z ∈ R, the vectors 1, x, and h(z) := (hi(z))i∈[T ] are linearly independent. Equiva-
lently, the vectors ai(z), i ∈ [T ], span R3.

(b) For every z ∈ I, the minimum defining fj(z) is attained, and fj is continuous on I.

Proof. (a) Let λ11+ λ2x+ λ3h(z) = 0. Since i∗ ≥ 2 and h1(z) = h2(z) = 0, we have λ1 + λ2xi = 0
for i ∈ {1, 2}, and x1 ̸= x2 gives λ1 = λ2 = 0. Since i∗ ≤ T − 2, we have hi(z) = xi − z for
i ∈ {T − 1, T}, and these cannot vanish, so h(z) ̸= 0 and λ3 = 0.
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(b) Let ℓj(θ, z) denote the loss of dimension j, that is,
∑︁

i |r
j
i |,

∑︁
i(r

j
i )

2, or maxi |rji |. We

remind the reader that Uj = minαj ,βj
Lp

(︁
(yji − αj − βjxi)i∈[T ]

)︁
is the error of the best single line,

so fj(z) ≤ Uj for every z. Let ρ := Uj + 1 for p ∈ {1,∞} and ρ :=
√︁
Uj + 1 for p = 2. Let

Θ :=
{︁
θ ∈ R3 : ℓj(θ, z) ≤ Uj + 1 for some z ∈ I

}︁
,

which does not depend on z. Let θ ∈ Θ, and let z ∈ I satisfy ℓj(θ, z) ≤ Uj + 1. Then |rji (θ, z)| ≤ ρ
for every i. Using h1(z) = h2(z) = 0, hi(z) = xi − z for i ∈ {T − 1, T}, and

rj1 − rj2 = yj1 − yj2 − β(x1 − x2), rjT − rjT−1 = yjT − yjT−1 − (β + δ)(xT − xT−1),

we obtain |β| ≤ (|yj1 − yj2| + 2ρ)/(x2 − x1) and |β + δ| ≤ (|yjT − yjT−1| + 2ρ)/(xT − xT−1). Since

α = yj1 − βx1 − rj1, we have |α| ≤ |yj1| + |β||x1| + ρ. Hence Θ is bounded, and its closure Θ̄ is
compact.

Fix z ∈ I. We show that the minimum defining fj(z) is attained. By definition, fj(z) =
infθ∈R3 ℓj(θ, z), and fj(z) ≤ Uj < Uj + 1. If θ /∈ Θ, then, by the definition of Θ, ℓj(θ, z

′) > Uj + 1
for every z′ ∈ I, and in particular ℓj(θ, z) > Uj + 1 > fj(z). Hence the points outside Θ do not
affect the infimum, and fj(z) = infθ∈Θ ℓj(θ, z). Moreover, Θ ⊆ Θ̄ ⊆ R3 gives

fj(z) = inf
θ∈R3

ℓj(θ, z) ≤ inf
θ∈Θ̄

ℓj(θ, z) ≤ inf
θ∈Θ

ℓj(θ, z) = fj(z),

so fj(z) = infθ∈Θ̄ ℓj(θ, z).

Each residual rji (θ, z) = yji − α − βxi − δhi(z) is continuous in (θ, z). Since ℓj is a sum of
absolute values (p = 1), a sum of squares (p = 2), or a maximum of absolute values (p = ∞)
of these residuals, ℓj is continuous on R3 × I. In particular, ℓj(·, z) is continuous, and since Θ̄
is compact and nonempty, the infimum is attained, that is, fj(z) = minθ∈Θ̄ ℓj(θ, z). As ℓj is
continuous on the compact set Θ̄ × I, fj(·) is continuous on I, by Berge’s maximum theorem [8]
(Chapter VI, Section 3).

For p ∈ {1,∞}, fj is the pointwise minimum of finitely many linear-fractional functions, each
available on a part of I. The next lemma turns such a minimum into a piecewise linear-fractional
function. It is also used to aggregate the dimensions for p = ∞.

Lemma 2. Let C = [l, u] with l < u, where l and u are rational or roots of quadratic polynomials
with rational coefficients. For k ∈ [m], let φk = (ak+ bkz)/(ck+dkz) have rational coefficients. Let
Vk ⊆ C be the set of points at which φk takes part in the minimum below. Assume the following.

(i) Each Vk is a union of at most r intervals. Each interval may be open, closed, half-open, or a
single point.

(ii) Each endpoint of these intervals is rational, equal to l or u, or a root of a quadratic polynomial
with rational coefficients.

(iii) For every k, ck + dkz ̸= 0 for all z ∈ Vk.

(iv) V1 ∪ · · · ∪ Vm = C, and φ(z) := mink∈[m]: z∈Vk
φk(z) is continuous on C.

Then there exist points l = ζ0 < ζ1 < · · · < ζP = u with P ≤ 2mr + m2, and linear-fractional
functions ψ1, . . . , ψP with rational coefficients, with the following properties. For every ℓ ∈ [P ],
the denominator of ψℓ has no zero in [ζℓ−1, ζℓ], and φ = ψℓ on [ζℓ−1, ζℓ]. Each ζℓ is l, u, an
endpoint of an interval of some Vk, or a root of a nonzero polynomial of degree at most two with
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rational coefficients. Given the φk and the endpoints of the intervals of the Vk, the points ζℓ and
the functions ψℓ are computed with O((m2 +mr) log(m+ r)) operations. The same holds with the
minimum replaced by the maximum.

Proof. For k ̸= k′, let πkk′ := (ak + bkz)(ck′ + dk′z)− (ak′ + bk′z)(ck + dkz), a polynomial of degree
at most two. Wherever both functions are defined, we have

φk(z)− φk′(z) =
πkk′(z)

(ck + dkz)(ck′ + dk′z)
.

Let E be the set of points of (l, u) that are endpoints of the intervals forming the sets Vk, or roots
of a polynomial πkk′ ̸≡ 0. Then |E| ≤ 2mr + m(m − 1). Let ζ0 < · · · < ζP be the points of
E ∪ {l, u}, where points that coincide are listed once, which is detected by exact comparisons as in
Remark 1, so that P ≤ |E|+1 ≤ 2mr+m2, and consider an open cell Cℓ := (ζℓ−1, ζℓ). No endpoint
of an interval of Vk lies in Cℓ, so either Cℓ ⊆ Vk or Cℓ ∩ Vk = ∅. Let Aℓ := {k : Cℓ ⊆ Vk}. Since
V1 ∪ · · · ∪ Vm = C, the set Aℓ is nonempty.

Let k, k′ ∈ Aℓ. Then Cℓ ⊆ Vk ∩Vk′ , so both denominators have no zero in Cℓ by the assumption
on Vk and Vk′ . If πkk′ ≡ 0, then φk = φk′ on Cℓ. Otherwise, πkk′ has no zero in Cℓ, since all its roots
in (l, u) belong to E. Hence φk − φk′ is continuous and nonzero on Cℓ, and by the intermediate
value theorem it has a constant nonzero sign on Cℓ. Order Aℓ by k ≺ k′ if φk < φk′ on Cℓ, or if
φk = φk′ on Cℓ and k < k′. This order does not depend on z ∈ Cℓ, so its first element kℓ satisfies
φ = φkℓ on Cℓ.

We now extend the formula φ = φkℓ from Cℓ to its closure [ζℓ−1, ζℓ]. If bkℓckℓ = akℓdkℓ , then
(akℓ , bkℓ) is a multiple of (ckℓ , dkℓ), so φkℓ is a rational constant on its domain, and we let ψℓ be
this constant. Otherwise, φkℓ is nonconstant, and we let ψℓ := φkℓ . The denominator ckℓ + dkℓz
of ψℓ has no zero in Cℓ, since Cℓ ⊆ Vkℓ . We show that it has no zero at ζℓ−1 or ζℓ either. Since
φ is continuous on the compact interval [l, u], it is bounded. As ψℓ = φ on Cℓ, the function ψℓ is
bounded on Cℓ. A nonconstant linear-fractional function, however, is unbounded near a zero of its
denominator. Hence the denominator of ψℓ does not vanish at ζℓ−1 or ζℓ. Thus, in both cases, ψℓ

and φ are continuous on [ζℓ−1, ζℓ] and agree on Cℓ, so they agree on [ζℓ−1, ζℓ].
It remains to compute kℓ for all ℓ, and for this we compare neighboring cells. For ℓ ∈ [P − 1],

call an index k involved at ζℓ if ζℓ is an endpoint of an interval of Vk or a root of πkk′ ̸≡ 0 for some
k′, and let Eζℓ be the set of these indices. Indices that are not involved at ζℓ are unaffected when
passing from Cℓ to Cℓ+1. Indeed, let k /∈ Eζℓ . Since ζℓ is not an endpoint of an interval of Vk, either
ζℓ is an interior point of an interval of Vk, and then k ∈ Aℓ ∩ Aℓ+1 and ζℓ ∈ Vk, or k /∈ Aℓ ∪ Aℓ+1.
If, moreover, k′ /∈ Eζℓ and k, k′ ∈ Aℓ, then both denominators are nonzero at ζℓ ∈ Vk ∩ Vk′ , and
either πkk′ ≡ 0 or πkk′(ζℓ) ̸= 0. Hence φk − φk′ is identically zero or has the same sign on Cℓ and
Cℓ+1, so the relative order of k and k′ is the same on both cells.

This suggests the following sweep. Sort E, which takes O(|E| log |E|) operations, and visit
the cells from left to right, keeping the indices of the current set Aℓ in a balanced binary search
tree ordered by ≺. When the sweep passes ζℓ, delete from the tree the indices of Eζℓ that it
contains, and insert those indices of Eζℓ that belong to Aℓ+1, each at its position on Cℓ+1. By
the observation above, the tree then contains Aℓ+1 ordered by ≺ on Cℓ+1, and its first element is
kℓ+1. Each comparison of two indices k, k′ during an insertion is decided by the index if πkk′ ≡ 0,
and otherwise by the signs on Cℓ+1 of πkk′ and of the two denominators. Each of these is a
nonzero polynomial g of degree at most two with no zero in Cℓ+1. By the exact Taylor expansion
g(ζℓ + t) = g(ζℓ) + g′(ζℓ)t +

1
2g

′′(ζℓ)t
2, its sign on Cℓ+1 is the sign of the first nonzero number

among g(ζℓ), g
′(ζℓ), and g

′′(ζℓ). Each index k is involved at no more than the 2r endpoints of the
intervals of Vk and the 2(m−1) roots of the polynomials πkk′ . Hence

∑︁
ℓ |Eζℓ | ≤ 2mr+2m(m−1),
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and the sweep, including the construction of the initial tree for C1, takes O((m2 +mr) log(m+ r))
operations (see [31] for the runtime guarantees of balanced binary search tree operations). For the
maximum, the same argument applies with the order of the values reversed.

Remark 1. Two numbers a+ b
√
∆ and a′ + b′

√
∆′ with a, b, a′, b′,∆,∆′ ∈ Q and ∆,∆′ ≥ 0 can be

compared exactly, by sign tests on rational numbers after squaring at most twice, in time polynomial
in the encoding lengths of a, b, a′, b′,∆,∆′.

3.2 The ℓ2 loss

Let A := [1 x] ∈ QT×2 and G := A⊤A, which is invertible since the xi are distinct. Let M :=
IT −AG−1A⊤ be the orthogonal projector onto the orthogonal complement of the column space of
A. Write h(z) = v − zw, where v, w ∈ QT are given by

vi :=

{︄
0, i ≤ i∗,

xi, i > i∗,
wi :=

{︄
0, i ≤ i∗,

1, i > i∗.

Lemma 3 establishes the structure of fj , which completes Step 3 for p = 2.

Lemma 3. For every j ∈ [J ] and z ∈ R,

fj(z) = Uj −
νj(z)

2

D(z)
, Uj = (yj)⊤Myj ,

where

νj(z) := (yj)⊤Mh(z) = sj,0 + sj,1z, D(z) := h(z)⊤Mh(z) = d0 + d1z + d2z
2,

with sj,0 := (yj)⊤Mv, sj,1 := −(yj)⊤Mw, d0 := v⊤Mv, d1 := −2v⊤Mw, and d2 := w⊤Mw.
Moreover, D(z) > 0 for every z ∈ R, and the minimum defining fj(z) is attained at

δj =
νj(z)

D(z)
, (αj , βj)

⊤ = G−1A⊤(︁yj − δjh(z)
)︁
.

Proof. For fixed δj , the minimum of ∥yj − δjh(z) − A(αj , βj)
⊤∥22 over (αj , βj) is attained at

G−1A⊤(yj − δjh(z)), with value ∥M(yj − δjh(z))∥22. Since M is symmetric and M2 = M , this
value equals Uj−2δjνj(z)+δ

2
jD(z), where Uj = (yj)⊤Myj is the value for δj = 0 (that is, the error

of the best single line). By Lemma 1(a), h(z) is not in the column space of A, so Mh(z) ̸= 0 and
D(z) = ∥Mh(z)∥22 > 0. Minimizing the quadratic Uj − 2δjνj(z) + δ2jD(z) in δj gives the claim.

Lemma 4. Let D be as in Lemma 3, a polynomial of degree at most two with D > 0 on R. Let N
be a polynomial of degree at most two, let c ∈ R, and let F := c−N/D. Then R := N ′D−ND′ has
degree at most two, and F ′ = −R/D2 on R. Consequently, for every interval [l, u], the minimum
of F over [l, u] is attained either at l, or at u, or, if R ̸≡ 0, at a root of R in (l, u).

Proof. If N = n0 + n1z + n2z
2, the coefficient of z3 is 2n2d2 in both N ′D and ND′, so degR ≤ 2.

Since D > 0, F is differentiable on R with F ′ = −R/D2. The continuous function F attains its
minimum over [l, u]. At an interior minimizer, F ′ = 0, so R = 0. If R ≡ 0, then F is constant, and
l is a minimizer.
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Aggregation and candidates (Step 4). By Step 2, OPTi∗
2,J = minz∈I F (z), where, by Lemma 3,

F (z) :=
∑︂
j∈[J ]

fj(z) = C − N(z)

D(z)
, C :=

∑︂
j∈[J ]

Uj , N(z) :=
∑︂
j∈[J ]

νj(z)
2.

The polynomial N = n0 + n1z + n2z
2, with n0 =

∑︁
j s

2
j,0, n1 = 2

∑︁
j sj,0sj,1, and n2 =

∑︁
j s

2
j,1,

has degree at most two irrespective of J . By Lemma 4, an optimal breakpoint on I lies in the set
consisting of xi∗ , xi∗+1, and at most two roots in (xi∗ , xi∗+1) of the quadratic R = r0 + r1z + r2z

2

with rational coefficients. Hence every candidate lies in Q(
√
∆) with ∆ := r21 − 4r0r2 ∈ Q, and

so does its value C − N(z)/D(z). By Remark 1, the values at the at most four candidates are
compared exactly in polynomial time, which yields an optimal breakpoint on I.

Remark 2. For J = 1, this procedure is closely related to the classical approach of [37], which
also examines each interval between consecutive observations. For J ≥ 2, the key point is that D
depends only on the time coordinates, so N has degree at most two for every J , which is what makes
the bound O(JT ) possible. Sharing the breakpoint does change the arithmetic, however. For J = 1,
we have R = ν1 · (2ν ′1D−ν1D′), and 2ν ′1D−ν1D′ = (2s1,1d0− s1,0d1)+(s1,1d1−2s1,0d2)z is affine.
Hence every candidate is rational, and a rational optimal breakpoint exists, whereas for J = 2 the
optimal breakpoint can be irrational (Section 2).

Recovering the solution. Given an optimal breakpoint z⋆, Lemma 3 gives δ⋆j = νj(z
⋆)/D(z⋆)

and (α⋆
j , β

⋆
j )

⊤ = G−1A⊤(yj − δ⋆jh(z
⋆)), which lie in Q(z⋆). This takes O(JT ) operations.

Operation count. Hence the coefficients d0, d1, d2 of D, the coefficients sj,0, sj,1 of νj , and Uj

are determined by G, the vectors A⊤yj = (
∑︁

i y
j
i ,
∑︁

i xiy
j
i ), the numbers

∑︁
i(y

j
i )

2, and the suffix
sums ∑︂

i>i∗

xi,
∑︂
i>i∗

x2i ,
∑︂
i>i∗

yji ,
∑︂
i>i∗

xiy
j
i ,

together with T − i∗, since A⊤v = (
∑︁

i>i∗ xi,
∑︁

i>i∗ x
2
i ), A

⊤w = (T − i∗,
∑︁

i>i∗ xi), v
⊤v =

∑︁
i>i∗ x

2
i ,

v⊤w =
∑︁

i>i∗ xi, w
⊤w = T − i∗, (yj)⊤v =

∑︁
i>i∗ xiy

j
i , and (yj)⊤w =

∑︁
i>i∗ y

j
i . The quantities

that do not depend on i∗ are computed once with O(JT ) operations. The suffix sums are updated
from one value of i∗ to the next with O(J) operations, after which D, the sj,0, sj,1, N , and R are
formed with O(J) operations. Each interval then requires one quadratic root computation and a
constant number of comparisons. Over all intervals, and with the recovery step, this gives O(JT )
operations.

3.3 The ℓ∞ loss

Fix j and we drop the superscript j for simplicity. For z ∈ I, f(z) is the optimal value of the linear
program

min
θ∈R3, η∈R

{︂
η : σ

(︁
yi − ai(z)

⊤θ
)︁
≤ η for all (i, σ) ∈ [T ]× {−1, 1}

}︂
. (3)

Call a set B ⊆ [T ]× {−1, 1} with |B| = 4 a basis, and let KB(z) ∈ R4×4 be the matrix with rows
(ai(z)

⊤, σ) for (i, σ) ∈ B. The constraint (i, σ) holds with equality if and only if ai(z)
⊤θ+ση = yi.

Lemma 5. (a) For every basis B, detKB(z) is an affine function of z. If detKB ̸≡ 0, let
(θB(z), ηB(z)) be the solution of ai(z)

⊤θ + ση = yi, (i, σ) ∈ B. Then ηB is linear-fractional
with rational coefficients and denominator detKB, and, for every (i, σ), the slack ηB(z) −
σri(θB(z), z) is an affine function with rational coefficients divided by detKB(z).
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(b) For each basis B with detKB ̸≡ 0, let

VB :=
{︁
t ∈ I : detKB(t) ̸= 0 and all 2T slacks of (θB(t), ηB(t)) are nonnegative

}︁
,

the set of breakpoints at which B defines a feasible vertex of (3). Each VB is a union of at
most 4T + 5 intervals with rational endpoints. Moreover, for every fixed z ∈ I,

f(z) = min
{︁
ηB(z) : B a basis with z ∈ VB

}︁
.

Proof. (a) Only the third column of KB(z) depends on z, and its entries hi(z) are affine in z.
Expanding along this column shows that detKB(z) is affine in z. By Cramer’s rule, each entry
of (θB(z), ηB(z)) is a determinant divided by detKB(z). For δB, the third column is replaced
by the right-hand side, so the numerator is a rational constant κ. For αB, βB, and ηB, the
numerator still contains the third column, so it is affine. Hence ηB is linear-fractional. Moreover,
δB(z)hi(z) = κhi(z)/ detKB(z), so every residual ri(θB(z), z) = yi−αB(z)−βB(z)xi− δB(z)hi(z),
and therefore every slack, is an affine function divided by detKB(z).

(b) By Lemma 1(a), the vectors ai(z) span R3. Since the rows (ai(z)
⊤, 1) and (−ai(z)⊤, 1) of

the constraints of (3) add up to (0, 0, 0, 2), the constraint matrix has rank four. Hence the feasible
region contains no line, that is it is pointed. As (3) is feasible and objective bounded below by 0,
it has an optimal vertex [53]. A vertex is the unique solution of four linearly independent active
constraints. Thus it equals (θB(z), ηB(z)) for a basis B with detKB(z) ̸= 0, and then z ∈ VB.
Conversely, for z ∈ VB, the point (θB(z), ηB(z)) is feasible, so ηB(z) ≥ f(z).

By (a), detKB is an affine function with rational coefficients, and it is not identically zero,
so it has at most one zero, which is rational. Also by (a), each of the 2T slacks has the form
n(t)/ detKB(t), where n is an affine function with rational coefficients. If n ̸≡ 0, then n has at
most one zero, which is rational. If n ≡ 0, the slack is zero wherever it is defined and never changes
sign. Hence the points at which detKB or some slack numerator vanishes are at most 2T + 1
rational points. They split I into at most 2T + 2 open intervals, on each of which all signs are
constant, and at most 2T + 3 remaining points, namely these zeros and the two endpoints of I.
Hence VB is a union of at most (2T +2)+(2T +3) = 4T +5 intervals, some of which may be single
points.

Structure of fj (Step 3). We discard the bases with detKB ≡ 0. We apply Lemma 2 on
[l, u] = I, whose endpoints are rational, to the functions ηB on the sets VB, with m ≤

(︁
2T
4

)︁
= O(T 4)

and r ≤ 4T + 5. Its hypotheses hold for the following reasons. By Lemma 5(a), each ηB is
linear-fractional with rational coefficients and denominator detKB, which is nonzero on VB by the
definition of VB. By Lemma 5(b), each VB is a union of at most 4T + 5 intervals with rational
endpoints, the sets VB cover I, and fj(z) = minB: z∈VB

ηB(z). By Lemma 1(b), fj is continuous
on I. Hence fj is piecewise linear-fractional with O(T 8) pieces. On each piece, fj is a linear-
fractional function with rational coefficients whose denominator has no zero on the closed piece.
The endpoints of the pieces are rational or roots of quadratic polynomials with rational coefficients.
Forming the bases and the sets VB takes O(T 5 log T ) operations, and Lemma 2 takes O(T 8 log T )
operations.

Aggregation and candidates (Step 4). By Step 2, OPTi∗
∞,J = minz∈I F (z) with F :=

maxj∈[J ] fj . We merge the endpoints of the pieces of all fj , which partitions I into O(JT 8) closed
cells. On a cell C, each fj is a linear-fractional function ψj with rational coefficients whose denomi-
nator has no zero on C, and F is continuous. Lemma 2, applied to the maximum withm = J , r = 1,
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and Vj = C, splits C into O(J2) closed subcells, on each of which F equals one linear-fractional
function whose denominator has no zero on the subcell.

On a subcell [α, β], we have F (z) = az+b
cz+d with cz + d ̸= 0 for all z ∈ [α, β]. Since cz + d is

continuous and has no zero on [α, β], it has constant sign on [α, β]. Hence, for all z, w ∈ [α, β],

F (z)− F (w) =
(az + b)(cw + d)− (aw + b)(cz + d)

(cz + d)(cw + d)
=

(ad− bc)(z − w)

(cz + d)(cw + d)
,

(cz + d)(cw + d) > 0.

Thus F is nondecreasing on [α, β] if ad− bc ≥ 0 and nonincreasing on [α, β] if ad− bc ≤ 0. In either
case,

min
z∈[α,β]

F (z) = min{F (α), F (β)}.

Hence an optimal breakpoint is among the endpoints of the subcells, and it remains to select an
endpoint with the smallest value of F . Each endpoint lies inQ(

√
∆) for some ∆ ∈ Q, and so does the

value of F at it, since F is linear-fractional with rational coefficients on the subcell. By Remark 1,
these values are compared exactly, so an optimal breakpoint is found exactly in polynomial time.

Recovering the solution. Given an optimal breakpoint z⋆ and j ∈ [J ], Lemma 5(b) gives an
optimal vertex (θB(z

⋆), ηB(z
⋆)), where B minimizes ηB(z

⋆) over the O(T 4) bases with z⋆ ∈ VB. By
Cramer’s rule, its entries lie in Q(z⋆). This takes O(JT 5) operations.

Operation count. For each interval, computing the pieces of all fj takes O(JT 8 log T ) oper-
ations, and sorting their endpoints takes O(JT 8 log(JT )) operations. Each of the O(JT 8) cells
takes O(J2 log J) operations, and each of the resulting O(J3T 8) candidates is evaluated with O(1)
operations. This gives O(J3T 8 log(JT )) operations per interval, and O(J3T 9 log(JT )) operations
in total.

3.4 The ℓ1 loss

Fix j ∈ [J ]. For convenience, we drop the superscript j. For z ∈ I, f(z) is the optimal value of the
linear program

min
θ∈R3, e∈RT

{︂ ∑︂
i∈[T ]

ei : σ
(︁
yi − ai(z)

⊤θ
)︁
≤ ei for all (i, σ) ∈ [T ]× {−1, 1}

}︂
. (4)

For Q ⊆ [T ] with |Q| = 3, let AQ(z) ∈ R3×3 have rows ai(z)
⊤, i ∈ Q. If detAQ(z) ̸= 0, let

θQ(z) := AQ(z)
−1(yi)i∈Q be the unique fit with zero residual at the observations in Q, and let

LQ(z) :=
∑︁

i∈[T ] |ri(θQ(z), z)| be its loss.

Lemma 6. (a) If detAQ(z) ̸= 0, then Q contains an index i ≤ i∗ and an index i > i∗.

(b) For z ∈ I, f(z) = min{LQ(z) : |Q| = 3, detAQ(z) ̸= 0}.

(c) If detAQ(z) ̸≡ 0, then detAQ(z) is affine in z, and ri(θQ(z), z) = nQ,i(z)/ detAQ(z) for
affine functions nQ,i with rational coefficients. Consequently, detAQ has at most one zero,
and each of the at most T − 3 functions nQ,i ̸≡ 0, i /∈ Q, has at most one zero. These at
most T − 2 points split I into at most T − 1 closed intervals. On each of them, with the zero
of detAQ removed, LQ =

(︁∑︁
i σinQ,i

)︁
/(σ0 detAQ) for fixed signs σ0, σi ∈ {−1, 1}, which is

linear-fractional.
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Proof. (a) If Q ⊆ [i∗], the third column of AQ(z) is zero. If Q ∩ [i∗] = ∅, the third column equals
the second column minus z times the first. In both cases, AQ(z) is singular.

(b) We show that f(z) = min
{︁
LQ(z) : Q ⊆ [T ], |Q| = 3, detAQ(z) ̸= 0

}︁
.

Step 1: f(z) ≤ LQ(z) for every such Q. The point (θQ(z), (|ri(θQ(z), z)|)i) is feasible for (4),
and its objective value is LQ(z). Hence f(z) ≤ LQ(z).

Step 2: f(z) = LQ(z) for some such Q. We first show that (4) has an optimal vertex. Every
feasible point satisfies ei ≥ |ri(θ, z)| ≥ 0 for all i. Let (θ, e)+ t(θ′, e′), t ∈ R, be a line in the feasible
region. Since e+ te′ ≥ 0 for all t ∈ R, we have e′ = 0. Then |yi − ai(z)

⊤θ − t ai(z)
⊤θ′| ≤ ei for all

t ∈ R and all i, so ai(z)
⊤θ′ = 0 for all i. By Lemma 1(a), the vectors ai(z), i ∈ [T ], span R3, so

θ′ = 0. Hence the feasible region contains no line. As (4) is feasible and its objective is bounded
below by 0, it has an optimal vertex (θ̄, ē) [53].

We next count the active constraints at (θ̄, ē). By optimality, ēi = |ri(θ̄, z)| for every i, since
otherwise ēi could be decreased. Let Q̄ := {i : ri(θ̄, z) = 0}. For i /∈ Q̄, exactly one of the two
constraints of i is active. For i ∈ Q̄, both are active, and their rows (ai(z)

⊤,1⊤i ) and (−ai(z)⊤,1⊤i )
span the same space as (ai(z)

⊤, 0) and (0,1⊤i ), where 1i is the ith unit vector in RT . Hence the
rank of the active constraints is at most

rank{ai(z) : i ∈ Q̄}+ |Q̄|+ (T − |Q̄|) = rank{ai(z) : i ∈ Q̄}+ T.

At a vertex of a polyhedron in RT+3, this rank equals T + 3. Therefore the vectors ai(z), i ∈ Q̄,
span R3, and some Q ⊆ Q̄ with |Q| = 3 has detAQ(z) ̸= 0. Since ai(z)

⊤θ̄ = yi for i ∈ Q, we get
θ̄ = θQ(z), and therefore LQ(z) =

∑︁
i |ri(θ̄, z)| =

∑︁
i ēi = f(z).

Steps 1 and 2 together prove the claim.
(c) As in the proof of Lemma 5(a), detAQ(z) is affine, and by Cramer’s rule, δQ is a rational

constant divided by detAQ(z), while αQ and βQ are affine functions divided by detAQ(z). Hence
each residual is an affine function nQ,i divided by detAQ(z), with nQ,i ≡ 0 for i ∈ Q. Neither
detAQ nor any nQ,i ̸≡ 0 vanishes in the interior of one of the closed intervals. At an endpoint, the
nQ,i that vanish contribute zero with either sign. This gives the formula.

Structure of fj (Step 3). By Lemma 6(b) and (c), fj is the minimum of the m ≤
(︁
T
3

)︁
(T −

1) = O(T 4) linear-fractional functions of Lemma 6(c), each available on a single interval. By
Lemmas 1(b) and 2 with r = 1, fj is piecewise linear-fractional with O(T 8) pieces. On each piece,
fj is a linear-fractional function with rational coefficients whose denominator has no zero on the
closed piece. The endpoints of the pieces are rational or roots of quadratic polynomials with rational
coefficients. Forming the functions takes O(T 4 log T ) operations, and Lemma 2 takes O(T 8 log T )
operations.

Aggregation and candidates (Step 4). By Step 2, OPTi∗
1,J = minz∈I F (z) with F :=

∑︁
j∈[J ] fj .

Merging the endpoints of the pieces of all fj partitions I into O(JT 8) closed cells. On a cell C,
fj = (aj + bjz)/(cj + djz) with rational coefficients and cj + djz ̸= 0 on C. Hence F = P/Q on C,
where

Q(z) :=
∏︂
j∈[J ]

(cj + djz), P (z) :=
∑︂
j∈[J ]

(aj + bjz)
∏︂

h∈[J ]\{j}

(ch + dhz),

both of degree at most J , and Q ̸= 0 on C. Then F ′ = H/Q2 with H := P ′Q − PQ′. If
P =

∑︁
t≤J ptz

t and Q =
∑︁

t≤J qtz
t, the coefficient of z2J−1 in H is JpJqJ − JpJqJ = 0, so

degH ≤ 2J − 2. As in the proof of Lemma 4, the minimum of F over C is attained at an endpoint
of C or, if H ̸≡ 0, at a real root of H in the interior of C. We isolate these roots and compare the
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values of F at all candidates exactly. Every candidate is rational, a root of a quadratic polynomial
with rational coefficients, or a root of H, which has rational coefficients and degree at most 2J − 2.
Hence every candidate and every value of F at a candidate is a real algebraic number of degree
at most 2J − 2 whose representation has encoding length polynomial in T , J , and ⟨D⟩, and such
numbers are compared exactly in polynomial time, even when their degrees differ [6, 51].

Recovering the solution. Given an optimal breakpoint z⋆ and j ∈ [J ], Lemma 6(b) gives an
optimal fit θQ(z

⋆), where Q minimizes LQ(z
⋆) over the triples with detAQ(z

⋆) ̸= 0. By Cramer’s
rule, its entries lie in Q(z⋆). We find such a Q by enumerating the O(T 3) triples and evaluating
LQ(z

⋆) for each with O(T ) operations, which takes O(JT 4) operations in Q(z⋆) over all j.

Operation count. For each interval, computing the pieces of all fj takes O(JT 8 log T ) opera-
tions, and sorting their endpoints takes O(JT 8 log(JT )) operations. On each of the O(JT 8) cells,
P , Q, and H are formed with O(J2) operations, the real roots of one polynomial of degree at most
2J − 2 are isolated, and at most 2J candidates are compared. This gives O(J3T 9 + JT 9 log(JT ))
arithmetic operations, O(JT 9) root isolations, and O(J2T 9) algebraic comparisons in total.

4 Polynomial-Time Solvability: Sparse Setting

We now carry out Step 5 of the proof outline, which handles the sparsity constraint. Let 1 ≤ k < J ,
since the case k = 0 is solved directly. For p ∈ {1, 2}, let uj := Uj − fj ≥ 0 be the gains of Step 5.
Since the gains are nonnegative, the constraint |S| ≤ k may be replaced by |S| = k. By Step 2,

OPTi∗
p,k = min

z∈I
Φ(z), Φ(z) :=

∑︂
j∈[J ]

Uj − max
S⊆[J ], |S|=k

∑︂
j∈S

uj(z).

Lemma 7. Let p ∈ {1, 2}, let xi∗ = t0 < t1 < · · · < tn = xi∗+1, and for each q ∈ [n] let Sq ⊆ [J ]
with |Sq| = k attain the maximum in the definition of Φ(z) for every z ∈ (tq−1, tq). Then

OPTi∗
p,k = min

q∈[n]
min

z∈[tq−1,tq ]

(︂ ∑︂
j /∈Sq

Uj +
∑︂
j∈Sq

fj(z)
)︂
.

Proof. Let Φq(z) :=
∑︁

j /∈Sq
Uj +

∑︁
j∈Sq

fj(z) =
∑︁

j∈[J ] Uj −
∑︁

j∈Sq
uj(z). Then Φq ≥ Φ on I,

with equality on (tq−1, tq). Both functions are continuous by Lemma 1(b), so they are equal on
[tq−1, tq].

4.1 ℓ2 loss with sparsity constraint

By Lemma 3, uj(z) = Uj − fj(z) = νj(z)
2/D(z), where νj(z) = (yj)⊤Mh(z) is affine in z and

D(z) = h(z)⊤Mh(z) is a quadratic in z that is positive on R and the same for all j. For each
z, rank the dimensions by j ≺ j′ if νj(z)

2 > νj′(z)
2, or if νj(z)

2 = νj′(z)
2 and j < j′. For

every z, the first k dimensions in this ranking attain the maximum in the definition of Φ(z). The
ranking can change only at points where νj(z)

2 = νj′(z)
2 for some j ̸= j′, so we partition I

by these points. Let E be the set of roots in (xi∗ , xi∗+1) of the affine functions νj(z) − νj′(z)
and νj(z) + νj′(z), for the pairs j ̸= j′ with νj(z)

2 − νj′(z)
2 ̸≡ 0. These roots are rational, and

|E| ≤ J(J − 1). On each open cell between consecutive points of E ∪ {xi∗ , xi∗+1}, the function
νj(z)

2− νj′(z)2 = (νj(z)− νj′(z))(νj(z)+ νj′(z)) is either identically zero or has a constant nonzero
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sign. Hence the ranking, and therefore the set S of its first k dimensions, is constant on the cell.
By Lemma 7, on the closed cell we minimize∑︂

j∈[J ]

Uj −
NS(z)

D(z)
, NS(z) :=

∑︂
j∈S

νj(z)
2,

where NS(z) has degree at most two irrespective of k and J . Lemma 4 gives at most four candidates
per cell. Each lies in Q or in a real quadratic field over Q and, by Remark 1, the candidates are
compared exactly in polynomial time. Given an optimal breakpoint z⋆ and the set S of its cell,
we set δ⋆j = 0 and (α⋆

j , β
⋆
j )

⊤ = G−1A⊤yj for j /∈ S, and we recover (α⋆
j , β

⋆
j , δ

⋆
j ) for j ∈ S as in

Section 3.2.

Sweep. The cells are visited from left to right. On the first cell, the ranking is obtained by
sorting, with comparisons at a rational point of the cell. For t ∈ E, let Et be the set of dimensions
j such that t is a root of νj − νj′ or of νj + νj′ for some j′ with ν2j − ν2j′ ̸≡ 0. If j /∈ Et, then, for

every j′, the sign of ν2j − ν2j′ is the same on the two cells adjacent to t, so j has the same rank
on both cells. Hence the ranks held by the dimensions in Et are also the same on both cells. The
set S of the cell to the right of t is therefore obtained from the set S of the cell to the left of t
by replacing S ∩ Et with the first |S ∩ Et| dimensions of Et in the ranking on the right cell. This
takes O(|Et| log |Et|) operations. The coefficients of NS are updated with O(|Et|) operations. Since∑︁

t∈E |Et| ≤ 2J(J − 1), the sweep takes O(J2 log J) operations.

Operation count. For each interval, the coefficients sj,0, sj,1 and d0, d1, d2 are obtained with
O(J) operations from the suffix sums of Section 3.2. Forming and sorting E takes O(J2 log J)
operations, the sweep takes O(J2 log J) operations, and each of the O(J2) cells requires a constant
number of operations, quadratic root computations, and comparisons. Over all intervals, and with
the recovery step, this gives O(J2T log J) operations.

4.2 ℓ∞ loss with sparsity constraint

By Step 5, where S⋆ consists of the k dimensions with the largest Uj , any minimizer of g :=
maxj∈S⋆ fj over I also minimizes max{g,M}, since t ↦→ max{t,M} is nondecreasing. Hence we
run the algorithm of Section 3.3 on the dimensions in S⋆, which takes O(k3T 9 log(kT )) operations.
For j /∈ S⋆, we use an optimal single line with δ⋆j = 0, obtained as a rational optimal vertex of a
linear program with three variables and 2T constraints in O(T ) operations [45]. This also gives Uj ,
so computing all Uj and sorting them takes O(JT + J log J) operations.

4.3 ℓ1 loss with sparsity constraint

Each Uj is the optimal value of a linear program, so it can be computed in polynomial time by any
polynomial-time linear programming algorithm. To obtain an operation count that does not depend
on the encoding length of the data, we instead compute it as follows. The proof of Lemma 6(b),
with ai(z) replaced by (1, xi)

⊤, shows that some optimal single line passes through two observations.
Hence Uj is the smallest loss among the

(︁
T
2

)︁
lines through two observations. Computing all Uj ,

together with optimal lines, takes O(JT 3) operations.
By Section 3.4, each fj , and hence each gain uj = Uj − fj , is piecewise linear-fractional with

O(T 8) pieces. Merging the endpoints of the pieces of all fj partitions I into O(JT 8) closed cells.
On a cell C, each uj = (aj + bjz)/(cj + djz) has rational coefficients, and cj + djz ̸= 0 on C. For
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each pair j ̸= j′, let πjj′ be the polynomial of degree at most two defined in the proof of Lemma 2.
We refine C by the at most J(J − 1) roots in its interior of the polynomials πjj′ ̸≡ 0. As in the
proof of Lemma 2, on each open subcell the order of the values uj , with ties broken by index, is
constant. Hence the set S of the k largest gains is constant on the subcell. We find S with O(J)
comparisons by linear-time selection [12]. To compare uj and uj′ on the subcell, let ζ be its left
endpoint, and note that

uj(z)− uj′(z) =
πjj′(z)

(cj + djz)(cj′ + dj′z)
.

If πjj′ ≡ 0, the tie is broken by index. Otherwise, πjj′ has no zero on the open subcell, and the
denominator has no zero on the closed cell C. Hence the sign of uj − uj′ is constant on the open
subcell, and it equals the sign of (cj + djζ)(cj′ + dj′ζ) times the sign of πjj′(z) for z > ζ close to ζ.
Since πjj′(ζ + ε) = πjj′(ζ) + π′jj′(ζ)ε+

1
2π

′′
jj′(ζ)ε

2, the latter is the sign of the first nonzero number
among πjj′(ζ), π

′
jj′(ζ), and π

′′
jj′(ζ). As ζ lies in Q or in a real quadratic field over Q, these signs

are determined exactly with O(1) operations by Remark 1.
If πjj′ ≡ 0, the tie is broken by index. By Lemma 7, on the closed subcell we minimize∑︁

j /∈S Uj +
∑︁

j∈S fj(z). This is the problem of Section 3.4 with J replaced by k. Its minimum is
attained at an endpoint of the subcell or at a root of a polynomial HS of degree at most 2k − 2,
formed with O(k2) operations. For k = 1, HS is constant, and only the endpoints are candidates.
Given an optimal breakpoint z⋆ and the set S of its subcell, the fits of the dimensions in S are
recovered as in Section 3.4, and an optimal line is used for every j /∈ S.

Operation count. For each interval, computing the pieces of all fj and sorting their endpoints
takes O(JT 8 log(JT )) operations. Each of the O(JT 8) cells requires O(J2 log J) operations to form
and sort the crossings, and each of its O(J2) subcells requires O(J + k2) operations, one root
isolation of a polynomial of degree at most 2k − 2, and O(k) algebraic comparisons. Together
with the computation of the Uj , this gives O((J + k2)J3T 9 + JT 9 log(JT )) arithmetic operations,
O(J3T 9) root isolations, and O(kJ3T 9) algebraic comparisons in total.

5 Computational Results

In this section, we evaluate the practical performance of our algorithms for the least-squares loss
(p = 2). We solve the dense and sparse problems on simulated time series and on three public
datasets, and we compare our algorithms against Gurobi applied to a mixed-integer nonlinear
programming (MINLP) formulation.

5.1 Scope of the experiments

Why only the ℓ2 loss. We restrict the experiments to p = 2. Least squares is the standard loss
for fitting a continuous piecewise-linear trend, and it corresponds to maximum likelihood estimation
under Gaussian noise [37, 40, 25]. It is also the case in which our algorithms are practical. By
Table 1, the dense algorithm is linear in the size of the input, and the sparse algorithm performs
O(J2T log J) operations. Although the algorithms for p ∈ {1,∞} run in polynomial time, their
high-degree dependence on T makes them impractical for moderate-sized instances. This is not
merely an artifact of the worst-case analysis: for p = ∞, the algorithm explicitly enumerates all

(︁
2T
4

)︁
bases of (3) for each dimension and interval, resulting in more than 6.4× 107 bases per dimension
when T = 100.
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Why floating-point arithmetic. Theorem 1 guarantees exact computation, but our implemen-
tation uses double-precision arithmetic, so its solutions are approximately optimal and not certified
in the sense of Definition 1. Exact arithmetic is possible, but for large J its cost would be dominated
by large-integer operations, since the coefficients of N aggregate all J dimensions.

5.2 Datasets

Table 2 summarizes the instances. Each dataset gives one dense instance and two sparse instances
with k = ⌊0.20J⌋ and k = ⌊0.10J⌋. We consider sparsity levels of 20% and 10% to evaluate the
algorithms under different degrees of sparsity, where changes are restricted to a subset of dimensions,
motivated by similar sparsity levels considered in the computational experiments of [33, 3]. The
subsets of the three public datasets used in our experiments, together with visualizations, are
available in the repositories listed below.

Simulated data. We generate correlated stock-price trajectories with market, sector, and stock-
specific fluctuations, as described in Appendix A. Each dimension independently undergoes a change
in its expected daily log-return with a fixed probability, at a randomly selected time near the middle
of the observation horizon. We use T = 100 and xi = i− 1.

ERA5 temperature data. ERA5 is a global atmospheric reanalysis produced by the Euro-
pean Centre for Medium-Range Weather Forecasts, which combines historical observations with
numerical weather models [35]. Motivated by studies of changing warming rates [18, 48, 27], we
use the 2m air temperature on a 201 × 201 latitude-longitude grid with 0.25◦ spacing, covering
10◦N to 60◦N and 125◦W to 75◦W, including land and ocean. Each grid point is one dimension,
so J = 40,401. We use annual values for 2000 to 2025, so T = 26 and xi = 1999 + i, where each
value is the average over the year of the daily temperatures at 17:00 UTC. The data are available
at https://github.com/ApoorvaGOR/ERA5-Regional-Temperature.

HoloAssist hand-tracking data. The HoloAssist dataset [59] contains hand movements tracked
by the Microsoft HoloLens mixed-reality headset. We use an 8.013-second sequence sampled at
about 30 frames per second, so T = 240, and the time coordinates are the timestamps in seconds.
Each hand has 26 tracked joints with 21 measurements per joint, namely 16 entries of a pose
transformation matrix, 3 spatial coordinates, and 2 tracking-status indicators. This gives 546
dimensions per hand and J = 1,092 for both hands. The data are available at https://github.
com/ApoorvaGOR/HoloAssist-Hand-Sample.

NASA C-MAPSS turbofan data. The Commercial Modular Aero-Propulsion System Simu-
lation (C-MAPSS) dataset [52] contains multivariate sensor measurements from simulated aircraft
engines undergoing progressive degradation, a setting that motivates multidimensional slope change
detection [19]. We use training engine 1 of the FD001 subset, with all 21 sensor channels over its
complete trajectory of 192 cycles, so J = 21 and T = 192. Operational settings and remaining use-
ful life (RUL) labels are not fitted. With R0 = 191 the initial RUL and Ri the RUL at observation
i, we set xi = R0 + 1 − Ri, which gives the operating cycles 1, . . . , 192. The data are available at
https://github.com/ApoorvaGOR/C-MAPSS-Turbofan-Data.
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Table 2: Instances considered in the computational experiments, including the dense setting and
the sparse setting with sparsity levels of 20% and 10%.

Dataset Dense: J Sparse: (J ; k), 20% Sparse: (J ; k), 10% T Time coordinates

Simulated
10, 20, 102, 103,

104, 105

(10; 2), (20; 4), (102; 20)

(103; 200), (104; 2000)

(105; 20000)

(10; 1), (20; 2), (102; 10)

(103; 100), (104; 1000)

(105; 10000)

100 0, 1, . . . , 99

ERA5 40,401 (40,401; 8,080) (40,401; 4,040) 26 Years 2000 to 2025

HoloAssist 1,092 (1,092; 218) (1,092; 109) 240 Timestamps (s)

NASA C-MAPSS 21 (21; 4) (21; 2) 192 Cycles 1, . . . , 192

5.3 Implementation and benchmark

Implementation and computing environment. The algorithms are implemented in Python,
and their computationally intensive routines are compiled with the just-in-time (JIT) compiler
Numba [43]. The experiments were run on a MacBook Pro (November 2023) with an Apple M3
chip and 16 GB of unified memory, running macOS Golden Gate 27.0.1, and the MINLP was
solved with Gurobi Optimizer 13.0.2 [32]. Both our algorithms and the Gurobi MINLP benchmark
were run using a single CPU thread. For our algorithms, we restricted Numba and the underlying
numerical libraries to one thread, while Gurobi was configured to use one thread. The source code
and computational results are publicly available at the following repository:
https://github.com/ApoorvaGOR/High-Dimensional-Piecewise-Linear-Fitting.

Runtime measurement. Numba compiles each numerical routine the first time it is called.
Before the experiments, we therefore run each algorithm once on a small instance, with J = 2 and
T = 8 for the dense algorithm and with J = 4, T = 8, and k = 2 for the sparse algorithm. The
experiments for the two sparsity levels (20% and 10%) are conducted in separate executions, each
with its own warmup. The warmup is performed once per execution, and the compiled code is then
reused for all instances within that execution. The warmup takes 3.613 s for the dense algorithm and
5.090 s and 5.120 s for the sparse algorithm in the 20% and 10% sparsity experiments, respectively.
The reported runtimes of our algorithms exclude the warmup, data acquisition or generation,
time-coordinate conversion, and output storage. All runtimes are from single runs. Runtimes
are measured using Python’s time.perf counter(), a high-resolution monotonic wall-clock timer,
which uses macOS’s mach absolute time() with a reported resolution of approximately 41.67 ns
on our machine.

MINLP benchmark. As a benchmark, we use the MINLP formulation of [47] for a single shared
breakpoint, stated with its big-M constants in Appendix B. It has T binary variables that assign
the observations to the two segments, J further binary variables in the sparse problem, and J
bilinear continuity constraints. Each instance is solved by Gurobi with a time limit of 10, 000 s.
The reported MINLP runtime is the solver time, and it excludes the construction of the parameter
bounds and of the model. Gurobi may exceed the time limit slightly while terminating. We report
the best lower bound (LB), the objective value of the best solution found (UB), and the relative
optimality gap. Our algorithms are run without a time limit.

5.4 Results

Table 3 reports the results for the dense and the sparse problem. The column OPT2 gives the
optimal value, that is, the sum of squared errors, computed by our algorithms.
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Table 3: Computational comparison of our algorithms and the MINLP benchmark for (a) the dense
problem of Section 3.2, (b) the sparse problem of Section 4 with k = ⌊0.20J⌋, and (c) the sparse
problem with k = ⌊0.10J⌋.

Our algorithm MINLP benchmark
Dataset J T k OPT2 Runtime (s) LB UB Gap (%) Runtime (s)
(a) Dense problem
Simulated 10 100 – 25,830.48 2.600× 10−4 25,827.92 25,830.48 0.01 1.726× 101

20 100 – 78,409.82 2.020× 10−4 78,403.28 78,409.82 0.01 5.374× 101

100 100 – 417,949.81 2.090× 10−4 417,908.01 417,949.81 0.01 7.097× 102

1,000 100 – 3,691,434.08 4.790× 10−4 3,683,252.43 3,691,434.08 0.22 1.000× 104 ∗

10,000 100 – 36,169,676.73 4.769× 10−3 17,066,148.10 40,817,159.15 58.19 1.000× 104 ∗

100,000 100 – 358,712,206.42 7.961× 10−2 0.04 607,422,150.29 100.00 1.002× 104 ∗

ERA5 40,401 26 – 501,263.44 4.681× 10−3 8.55× 10−6 528,198.01 100.00 1.000× 104 ∗

HoloAssist 1,092 240 – 6,176.35 3.274× 10−3 5,878.88 6,176.43 4.82 1.000× 104 ∗

NASA C-MAPSS 21 192 – 11,686.49 2.960× 10−4 11,685.34 11,686.49 0.01 7.520× 100

(b) Sparse problem (k = ⌊0.20J⌋)
Simulated 10 100 2 31,428.50 1.950× 10−4 31,425.62 31,428.50 0.01 4.090× 100

20 100 4 91,112.37 4.270× 10−4 91,103.76 91,112.37 0.01 9.139× 101

100 100 20 500,700.13 6.138× 10−3 369,423.81 503,853.64 26.68 1.000× 104 ∗

1,000 100 200 4,381,778.86 5.797× 10−1 2,077,935.04 4,399,461.26 52.77 1.000× 104 ∗

10,000 100 2,000 43,815,769.93 6.768× 101 1.09× 10−5 53,566,082.59 100.00 1.000× 104 ∗

100,000 100 20,000 – –† 0.04 617,148,417.09 100.00 1.002× 104 ∗

ERA5 40,401 26 8,080 513,464.42 8.881× 103 8.55× 10−6 537,144.62 100.00 1.000× 104 ∗

HoloAssist 1,092 240 218 6,485.05 7.153× 10−1 1.60× 10−8 7,921.85 100.00 1.000× 104 ∗

NASA C-MAPSS 21 192 4 11,766.44 6.300× 10−4 11,765.34 11,766.44 0.01 1.216× 101

(c) Sparse problem (k = ⌊0.10J⌋)
Simulated 10 100 1 37,049.63 1.710× 10−4 37,049.63 37,051.92 0.01 1.638× 100

20 100 2 105,367.14 3.960× 10−4 105,362.30 105,367.14 0.00 1.064× 101

100 100 10 558,320.79 6.381× 10−3 386,192.66 559,523.91 30.98 1.000× 104 ∗

1,000 100 100 4,888,999.40 6.119× 10−1 1,063,321.38 5,225,165.60 79.65 1.000× 104 ∗

10,000 100 1,000 49,101,280.35 6.590× 101 1.09× 10−5 62,069,667.92 100.00 1.000× 104 ∗

100,000 100 10,000 − − † 0.04 617,148,417.09 100.00 1.002× 104 ∗

ERA5 40,401 26 4,040 521,415.53 7.704× 103 8.55× 10−6 537,144.62 100.00 1.000× 104 ∗

HoloAssist 1,092 240 109 6,807.89 7.194× 10−1 1.60× 10−8 8,179.81 100.00 1.000× 104 ∗

NASA C-MAPSS 21 192 2 12,756.23 1.181× 10−3 12,755.38 12,756.23 0.01 1.048× 101

Notes: The one-time JIT compilation times of approximately 3.613 s for the dense algorithm, 5.090 s for the sparse
algorithm with 20% sparsity, and 5.120 s for the sparse algorithm with 10% sparsity are excluded from the reported
runtimes. LB, UB, and the gap refer to the bounded MINLP, with the gap representing Gurobi’s relative gap. In each
row, bold runtimes indicate the shorter runtime, and bold objective values indicate the lowest displayed objective
value. ∗The MINLP reached the prescribed time limit of 10, 000 s. −†Our algorithm did not terminate within the
prescribed time limit of 10, 000 s; consequently, its runtime and objective value are not reported.

Dense problem. The dense algorithm solves every instance in less than 0.1 s, including the
simulated instance with J = 105 and 107 observations, which takes less than 0.080 s. This speed
matters in online detection [19], where the problem is solved again after each new observation, for
example to evaluate the generalized likelihood ratio statistic [54], which under Gaussian noise is
proportional to

∑︁
j∈[J ] Uj−OPT2,J . On HoloAssist, one solve takes 3.27ms, well below the interval

of about 33ms between consecutive frames at 30 frames per second.

Sparse problem. For both sparsity levels (20% and 10%), the sparse algorithm solves all in-
stances with J ≤ 1092 in less than 1 s. For the simulated instance with J = 104, the run-
times are 67.68 s and 65.90 s for 20% and 10% sparsity, respectively. The ERA5 instance, with
J = 40,401, takes approximately 2.5 hours and 2.1 hours, respectively. For the simulated instance
with J = 105, the algorithm does not finish within 10,000 s at either sparsity level. These results
reflect the quadratic dependence on J in the bound O(J2T log J), since each interval can contain up
to J(J − 1) crossings of two gains, approximately 1.6× 109 for ERA5. Hence, the sparse algorithm
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remains practical for instances with up to about 104 dimensions at both sparsity levels.

Comparison with the MINLP. Gurobi solves the MINLP to its default relative gap of 0.01%
only on the NASA C-MAPSS instances and on the simulated instances with J ≤ 100 in the dense
problem and J ≤ 20 in the sparse problem, at both 20% and 10% sparsity levels. On these instances,
our algorithms obtain objective values no worse than Gurobi’s, and are faster by factors ranging
from approximately 8.9 × 103 to 3.4 × 106. On all other instances, Gurobi reaches the time limit
of 10,000 s with gaps between 0.22% and 100%. Its best solution matches ours only on the dense
simulated instance with J = 1000 and is otherwise worse, for example by 5.4% on the dense ERA5
instance and by 69% on the dense simulated instance with J = 105. For the sparse simulated
instance with J = 105, neither method finishes within 10,000 s at either sparsity level.

6 Conclusion

We studied the problem of fitting continuous piecewise-linear functions with a single breakpoint
shared by all dimensions of a multidimensional time series, where the breakpoint varies continuously.
We showed that this problem is solvable in polynomial time under the ℓ1, ℓ2, and ℓ∞ losses, both in
the dense setting and in the sparse setting, in which at most k dimensions may change slope. Since
optimal breakpoints can be irrational, we specified what it means to solve the problem exactly.
Our algorithms return an optimal breakpoint as a real algebraic number, of degree at most two
for p ∈ {2,∞} and of degree bounded in terms of J or k for p = 1, and they return the fitting
coefficients as rational functions of it. All six variants are handled by the same strategy, which
involves reduction to intervals between consecutive observations, decoupling of the dimensions for a
fixed breakpoint, a description of each dimension-wise optimal error as a function of the breakpoint,
and aggregation of these functions over the dimensions.

For the least-squares loss, the algorithms are also practical. On simulated data and on cli-
mate, hand-tracking, and turbofan data, the dense algorithm solved every instance, with up to 107

observations, in less than 0.1 s, and the sparse algorithm solved instances with about a thousand
dimensions in less than a second. In particular, the dense algorithm is fast enough to solve the
problem again each time a new observation arrives, which makes exact least-squares fitting usable
for online slope change detection. A state-of-the-art MINLP solver, applied to an exact mixed-
integer formulation, solved only the smallest instances within 10, 000 s and otherwise ended with
large optimality gaps.

Several questions remain open. The sparse algorithm took approximately 2.5 hours and 2.1
hours on the ERA5 instance with 40,401 dimensions at 20% and 10% sparsity, respectively, primarily
due to the large number of pairwise crossings of the gains that must be processed. An algorithm that
tracks only the crossings that change the set of the k largest gains could improve this substantially.
For p ∈ {1,∞}, our operation counts are polynomial but of high degree in T , and it would be
valuable to find algorithms whose dependence on T is close to that of the least-squares case. Finally,
the complexity of fitting several shared breakpoints remains open. This problem is equivalent to
globally training a ReLU network with time as its input, several hidden units, and J outputs that
share those units. It is natural to ask whether the problem stays polynomial-time solvable when
the number of breakpoints is fixed, and whether it becomes NP-hard when that number is part of
the input.
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Appendix

A Synthetic Data Generation

Our synthetic data generation procedure is motivated by multifactor models of asset returns [50],
models of time-varying volatility [13], and models allowing changes in the underlying return-
generating process [34]. We generate J correlated stock-price trajectories, each observed over
T = 100 consecutive business days, with observation times xi = i− 1 for i ∈ [T ].

Generating stock returns. Each stock is assigned independently to one of 20 sectors and an
initial price drawn uniformly from [20, 250]. Its daily log-return is generated as

˜︁Rj,t = µj,t + γMj RM
t + γGj R

G
gj ,t + σjvj,tϵj,t, (A.1)

where RM
t represents market-wide fluctuations, RG

gj ,t represents fluctuations shared by stocks in

sector gj , and ϵj,t represents independent stock-specific Gaussian noise. The coefficients γMj , γGj and
σj control the contribution of these components. The market and stock-specific volatility factors
vary over time based on preceding shocks, allowing periods of higher and lower variability. Thus,
stocks are correlated through shared market and sector fluctuations while retaining stock-specific
variability.

Introducing changes. Each stock independently undergoes a change in its baseline drift (the
average daily log-return) with probability 0.70. For each stock, a potential change time is sampled
from a normal distribution centered at 52% of the observation period, with a standard deviation of
10% of its length. The sampled time is rounded to an integer and restricted to lie away from the
endpoints. The daily drift is then given by

µj,t = µj + κjI{t > τj}, (A.2)

where τj is the change time and κj ∼ N (0, 0.00152) for stocks undergoing a change, and κj =
0 otherwise. Thus, different stocks may experience changes at different times and of different
magnitudes.

Constructing prices. The generated daily log-returns are capped to [−0.18, 0.18] to limit ex-
treme daily fluctuations. Prices are then computed recursively as

Pj,t+1 = Pj,t exp(Rj,t), Rj,t = clip( ˜︁Rj,t,−0.18, 0.18), (A.3)

where clip(a, l, u) := min{max{a, l}, u}. The resulting observations are yji = Pj,i. The dense and
sparse experiments use the same generation procedure, with J and k specified in Table 2. The
complete implementation, including the parameter distributions and volatility updates, is available
at: https://github.com/ApoorvaGOR/High-Dimensional-Piecewise-Linear-Fitting/blob/

main/data_simulator.py

.

Relation to the optimization model. These data are not generated from the continuous
piecewise-linear model (2). Changes occur in the drift of log-returns rather than directly in price
slopes, and their locations may differ across stocks. This allows us to evaluate our algorithms on
noisy, correlated time series that do not necessarily satisfy the assumed shared-breakpoint model.
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B A Mixed-Integer Nonlinear Formulation and Its Big-M Con-
stants

We state a mixed-integer nonlinear programming (MINLP) formulation of (2) for p = 2 and describe
its parameter bounds and big-M constants. The construction follows [47].

B.1 Formulation

For each dimension j ∈ [J ] and segment ℓ ∈ {1, 2}, let mj
ℓ and cjℓ be the slope and the intercept of

the affine function on segment ℓ, where segment 1 lies before the breakpoint and segment 2 after
it. In the notation of (1), mj

1 = βj , c
j
1 = αj , m

j
2 = βj + δj , and c

j
2 = αj − δjz. Let ˆ︁yji be the fitted

value of dimension j at time xi, and let the binary variable Xi equal 1 if observation i is assigned
to segment 1 and 0 if it is assigned to segment 2. The dense formulation is

min
∑︂
i∈[T ]

∑︂
j∈[J ]

(︁
yji − ˆ︁yji )︁2 (B.1)

s.t. −M1,ij(1−Xi) ≤ ˆ︁yji −mj
1xi − cj1 ≤M1,ij(1−Xi), i ∈ [T ], j ∈ [J ], (B.2)

−M1,ijXi ≤ ˆ︁yji −mj
2xi − cj2 ≤M1,ijXi, i ∈ [T ], j ∈ [J ], (B.3)

mj
1z + cj1 = mj

2z + cj2, j ∈ [J ], (B.4)

xi ≤ z +M2,i(1−Xi), i ∈ [T ], (B.5)

xi ≥ z −M3,iXi, i ∈ [T ], (B.6)

Xi ≥ Xi+1, i ∈ [T − 1], (B.7)

(m, c, z) ∈ Θ, X ∈ {0, 1}T , (B.8)

where the set Θ and the constants M1,ij , M2,i, and M3,i are defined below. The constraints

(B.2) and (B.3) set ˆ︁yji to the value of the affine function of the segment to which observation i
is assigned. The constraints (B.5)–(B.7) ensure that the observations of segment 1 are exactly
those up to the breakpoint, with either assignment allowed for an observation at the breakpoint.
The constraints (B.4) impose continuity at the breakpoint. They are bilinear, and they are the
source of nonconvexity. For a fixed breakpoint z, every feasible point corresponds to a continuous
piecewise-linear fit with breakpoint z in each dimension, and the objective (B.1) equals L2(r).

In the sparse problem, we add a binary variable ξj for each j ∈ [J ], where ξj = 1 indicates that
dimension j may change slope, and the constraints of Section B.5.

B.2 Parameter bounds

For each dimension j, the lower and upper slope bounds are the smallest and largest slopes between
two observations,

Lj
m := min

i,i′∈[T ]
i̸=i′

yji − yji′

xi − xi′
, (B.9)

U j
m := max

i,i′∈[T ]
i̸=i′

yji − yji′

xi − xi′
. (B.10)
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Given these slope bounds, the intercept bounds are

Lj
c := min

i∈[T ]
min

{︁
yji − Lj

mxi, y
j
i − U j

mxi
}︁
, (B.11)

U j
c := max

i∈[T ]
max

{︁
yji − Lj

mxi, y
j
i − U j

mxi
}︁
. (B.12)

For every j ∈ [J ] and ℓ ∈ {1, 2}, we impose

Lj
m ≤ mj

ℓ ≤ U j
m, Lj

c ≤ cjℓ ≤ U j
c . (B.13)

The breakpoint is restricted to x2 ≤ z ≤ xT−1, as in (2), so that at least two observations lie on
each side of the breakpoint. Hence

Θ :=
{︂
(m, c, z) : Lj

m ≤ mj
ℓ ≤ U j

m, L
j
c ≤ cjℓ ≤ U j

c for all j ∈ [J ], ℓ ∈ {1, 2}, x2 ≤ z ≤ xT−1

}︂
.

(B.14)
The bounds defining Θ are data-driven, and they are not guaranteed to contain an optimal

solution of (2), whose slopes and intercepts are unrestricted. Hence the formulation (B.1)–(B.8)
is a restriction of (2), and its optimal value is at least OPT2,k. The two values are equal if some
optimal solution of (2) lies in Θ. This can be checked using the solution returned by the algorithms
of Sections 3 and 4.

B.3 Big-M constants for the fitted values

For i ∈ [T ] and j ∈ [J ], let

f
ij
:= min

{︁
Lj
mxi, U

j
mxi

}︁
+ Lj

c, (B.15)

f ij := max
{︁
Lj
mxi, U

j
mxi

}︁
+ U j

c . (B.16)

For every (m, c, z) ∈ Θ and ℓ ∈ {1, 2}, we have mj
ℓxi ∈

[︁
min{Lj

mxi, U
j
mxi}, max{Lj

mxi, U
j
mxi}

]︁
,

and therefore
f
ij
≤ mj

ℓxi + cjℓ ≤ f ij . (B.17)

Let
M1,ij := f ij − f

ij
. (B.18)

At every feasible point, ˆ︁yji equals mj
ℓxi+ cjℓ for the segment ℓ to which observation i is assigned, so

f
ij
≤ ˆ︁yji ≤ f ij by (B.17). Hence, for the other segment ℓ′, (B.17) gives⃓⃓

mj
ℓ′xi + cjℓ′ − ˆ︁yji ⃓⃓ ≤M1,ij . (B.19)

Thus the assignment constraint of the segment to which observation i is not assigned is satisfied
automatically, and M1,ij is a valid big-M constant in (B.2) and (B.3).

B.4 Big-M constants for the breakpoint

Since x2 ≤ z ≤ xT−1, valid constants for (B.5) and (B.6) are

M2,i := max{0, xi − x2}, i ∈ [T ], (B.20)

M3,i := max{0, xT−1 − xi}, i ∈ [T ]. (B.21)

If Xi = 1, then (B.5) enforces xi ≤ z, and (B.6) reads xi ≥ z −M3,i, which holds since z ≤ xT−1.
If Xi = 0, then (B.6) enforces xi ≥ z, and (B.5) reads xi ≤ z +M2,i, which holds since z ≥ x2.
The monotonicity constraints (B.7) ensure that the observations of each segment form a contiguous
block.
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B.5 Constraints and Big-M constants for the sparse problem

The bounds (B.13) imply

|mj
2 −mj

1| ≤ U j
m − Lj

m, |cj2 − cj1| ≤ U j
c − Lj

c. (B.22)

Hence valid big-M constants are

M j
m := U j

m − Lj
m, M j

c := U j
c − Lj

c, (B.23)

and the sparse constraints are

−M j
mξj ≤ mj

2 −mj
1 ≤M j

mξj , j ∈ [J ], (B.24)

−M j
c ξj ≤ cj2 − cj1 ≤M j

c ξj , j ∈ [J ], (B.25)∑︂
j∈[J ]

ξj ≤ k, (B.26)

ξj ∈ {0, 1}, j ∈ [J ]. (B.27)

If ξj = 0, these constraints enforce mj
1 = mj

2 and cj1 = cj2, so dimension j is fitted by a single line,
that is, δj = 0. If ξj = 1, they impose no restriction beyond (B.13).
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